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Magnetic perturbations of the Robin Laplacian in the strong
coupling limit

Rayan Fahs *

Abstract

This paper is devoted to the asymptotic analysis of the eigenvalues of the Laplace operator with a
strong magnetic field and Robin boundary condition on a smooth planar domain and with a negative
boundary parameter. We study the singular limit when the Robin parameter tends to infinity which
is equivalent to a semi-classical limit involving a small positive semi-classical parameter. The main
result is a comparison between the spectrum of the Robin Laplacian with an effective operator de-
fined on the boundary of the domain via the Born-Oppenheimer approximation. More precisely, the
low-lying eigenvalue of the Robin Laplacian is approximated by the those of the effective operator.
When the curvature has a unique non-degenerate maximum, we estimate the spectral gap and find
that the magnetic field does not contribute to the three-term expansion of the eigenvalues. In the
case of the disc domains, the eigenvalue asymptotics displays the contribution of the magnetic field
explicitly.

1 Introduction

1.1 Magnetic Robin Laplacian

Let 2 be a bounded open subset of R?. We assume that the boundary I' = 9 is C'*°-smooth. In
this paper, we study the low-lying spectrum of the Laplacian in L?({2) with a strong mixed (Robin)
“attractive” boundary condition on I'; together with the strong magnetic field. Our investigation is
partially motivated by recent works on the Robin Laplacian, in the context of superconductivity [6, 11]
and spectral geometry [14]. The operator is

Pl = —(V —ibAg)?,

with domain
Dom(Pg) ={uec H*Q):v-(V —ibAg)u+yu=0 onT},

where
— Ay is the vector potential,

v is the unit outward normal vector of T,

— = < 0 is the Robin parameter,

b > 0 is the intensity of the applied magnetic field,

— v-(V—ibAg)u+yu=0 onI is the Robin boundary condition.
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The magnetic potential defined by

1
Ao(x1,22) = (Ao,, Ao,) = 5(—@,961),
generates a constant magnetic field:
B =V x AO = axlA[)Q — 8121401 =1.

To be more precise, the magnetic Robin Laplacian 772 is defined via the Lax-Milgram theorem,
from the closed semi-bounded quadratic form (see for example [5, Ch. 4])

1 b = —1 u(z)|? dz u(z)|? ds(z
H(Q)aw%(u).—/gr(v bAg)u(z)[? d +7/F\<>\ ds(x),

where ds is the standard surface measure on the boundary. Note that, by the inequality in [1, Lemma
2.6], the trace of u is well defined as an element of I 2 (T"), and combining with the diamagnetic in-
equality in [18, Theorem 7.21], we obtain that, the quadratic form Qf’y is well defined and bounded from
below.

Since 2 is bounded and regular, then the embedding of H' () into L?(Q) is compact, therefore the
operator 732 has a compact resolvent. Its spectrum is purely discrete, and since Pg is self-adjoint and
bounded from below, it consists of an increasing sequence of eigenvalues. Our aim is to examine the
magnetic effects on the low-lying eigenvalues (An(b, 7))n cn+ » When the Robin parameter v tends to
—oo and b tends to +o0o simultaneously.

If  is simply connected, the eigenvalue \,, (b, y) is independent of the choice of the vector potential
Ag of the magnetic field. This is a consequence of invariance under gauge transformations; if A €
H'(Q;R?) and curl A = 1, then A = Ay + V¢ for a function ¢ € H?(Q) (cf. [3, Propositions D.1.1
and D.2.1]), and in turn

e (V —ibAg)2e % = (V —ibAg — ibV¢)? = (V — ibA)%.

Apart from its own interest, the study of the spectrum of the operator Pg arises in several contexts,
where both situations subject to magnetic fields, b > 0, or without magnetic fields, b = 0, occur.
Estimating the ground state energy of 73,1;, leads to information on the critical temperature/critical fields
of certain superconductors surrounded by other materials ( cf. [14, 10]) . On the other hand, eigenvalue
asymptotics in the singular limit v — —oo, provide counterexamples in the context of spectral geometry,
see e.g. [4, 20], and has connections to the study of Steklov eigenvalues, see e.g. [7]. The case v = 0
corresponds to the Neumann magnetic Laplacian, which has been studied in [21, 22].

1.2 Main results.

In the case without magnetic field, b = 0, the asymptotic expansion of the eigenvalues of the Robin
Laplacian has been the subject of recent studies, see e.g. [2, 6, 16, 20, 12, 11, 15]. In particular, the
derivation of an effective operator on the boundary, involving the Laplace-Beltrami operator as well
as the mean curvature of the boundary. In the same spirit, we will study the negative spectrum of
the Robin’s Laplacian on a bounded domain with the Robin condition at the boundary. Our aim is to
improve/complement earlier estimates and also clarify the magnetic field’s contribution in the spectral
asymptotic.

The main contribution of this article is Theorem 1.1 below, which involves an effective operator that
we introduce as follows. We denote by |(2| the area of the domain (2 and by |0€2| the arc-length of its
boundary. Let us parameterize the boundary, 02, by the arc-length, which we denote by s. Let x(s) be



the curvature of 02 at the point defined by the arc-length s, with the convention that x(s) > 0 when
0f) is convex in a neighborhood of s, and negative otherwise. The effective operators are self-adjoint
operators in the Hilbert space L?(052), acting on periodic functions, and defined as follows

L = —y7%(0s —ibBo)? — 1+ "k(s) i
Dom (£ ) = H*(R/|09|Z)
with 3y being the circulation of the magnetic field,
€2
= . 1.2
Bo 00 (1.2)
By the min-max principle, and standard semi-classical approximation,
ML) = =1+ kmaxy ' +0(v71), (1.3)
where
Kmax = Max k(S) . (1.4)

o0

We will describe the asymptotics of the negative eigenvalues of P2 , via those of the effective operator
on the boundary. More precisely, the n-th eigenvalue for the Laplace operator P?, is approximated by
the n-th eigenvalue of the operators Efffﬁo. We will use the following notation:

M =0(yP) iff Ve>0, M=0O("). (1.5)
Theorem 1.1. Let 0 < n < % and 0 < c1 < ca. Suppose that
aly|" <b < ey
As vy tends to —oo , for any n € N* | we have

(b, 7) = 72 A (L£5))] = O(127 1)

where )\n(ﬁ,efﬂo) is the n-th eigenvalue of the effective operator introduced in (1.1).

It results from Theorem 1.1 and (1.3),
An(b,7) = =7 + Emaxy + O(217Y). (1.6)

When b is a fixed constant (i.e. n = 0), (1.6) is known in [13, Proposition 5.1] and in the absence of the
magnetic field (b = 0) [6, Theorem 1.1] and [19, Theorem 1]. Note that the remainder term is of lower
order as long as n < % Itn= % by [11], we have

) b2’y_3
)‘n(ba '7) =—7" + <’imax + >7 + 0(7) :

4

In a generic situation where the curvature has a unique non-degenerate maximum, Theorem 1.1
allows us to determine the leading order term of the spectral gap between the successive eigenvalues.
This is valid under the following assumption:

K attains its maximum Kp,x at a unique point;

Assumption A . . .
P { the maximum is non-degenerate, i.e. £”(0) < 0,

where Kmax is introduced in (1.4), denotes the maximal curvature along the boundary 9€) and the arc-
length parametrization of the boundary is selected so that £(0) = Kmax -



Under Assumption A , we study the three terms of the eigenvalue asymptotics of the effective oper-
ator and find that

. B —&"(0 B B
ML) = <1t ey + (20— D T2 Q2 o2 )

This yields the following corollary of Theorem 1.1:

Corollary 1.1. Let 0 <17 < % and 0 < ¢1 < co. Suppose that
ciy[T < b < ealry[".

Under the Assumption A, as -y tends to —oo , for any n € N* | we have

A (b)) = —~2 I — 1 L/(O) 1/2 1/2
n(0,7) = =7 + Emaxy + (20 — 1) 5 Y7 = +o(lv|77) -

The technical condition on 7 appears as follows. After inserting (1.7) into the estimate of Theo-
rem 1.1, we get the error O(v2("—1), which is of order o(||!/?) if and only if n < 5.

In the asymptotics of Corollary 1.1, the dependence with respect to the labeling of the eigenvalues, n,
appears in the third term of the expansion. However, in the generic situations described by Assumption
A, the contribution of the magnetic field is hidden in the remainder term, and is of lower order compared
to that of the curvature. Corollary 1.1 follows from the spectral asymptotics of the 1D effective oper-
ators, which is valid under a weaker assumption on the strength of the magnetic field (b = O(|y|%/4))
when compared to the one in Theorem 1.1 (b = O(|y]*/?)).

In the case of disc domains, Assumption A fails, but we can improve Theorem 1.1 and display the
influence of the magnetic field in the lowest eigenvalue asymptotics.

Theorem 1.2. Assume that Q = D(0, 1) is the unit disc and that 0 < n < 1. We have, as v — —o0,

b\? 1
— _ A2 ; _Z _ -
A(b,y) = — +'y+(#lréfz (m 2) 2>+0(1),

uniformly with respect to b up to b = O(||").

Theorem 1.2 was known when b is fixed in [14, Theorem 1.1]. The proof of Theorem 1.2 relies on
the derivation of the following explicitly solvable effective operator, which is more accurate than the one
in (1.1) (note that in the unit disc, the curvature is constant and equal to 1),

B . 1
Lo = =77 2(0s = ibPo)* — 14771 = 5972 (1.8)

1.3 Organization of this paper.

This paper is organized as follows. In Section 3, we introduce an effective semiclassical parameter, we
discuss a semi-classical version of the operator, and we recall why the eigenfunctions are localized, via
Agmon estimates near the boundary. As a consequence, we replace the initial problem by a problem
on a thin tubular neighborhood of the boundary. In Section 4, by using the Born-Oppenheimer approx-
imation, we derive an effective operator whose eigenvalues simultaneously describe the eigenvalues of
the magnetic Robin Laplacian. In Section 5, we recall that the bound states for the effective operator
decay exponentially away from points of maximal curvature. Then, we reduce the study to a free-flux
operator, which is a perturbation of the harmonic oscillator. Moreover, we estimate the eigenvalues for
the effective operator with large magnetic field, thereby proving Corollary 1.1. Finally, in Section 6, in
the case of the disc domains, we describe the term that determines the influence of the magnetic field
on the spectrum of the Robin Laplacian, thereby proving Theorem 1.2. In Appendix A, we recall the
known results related to a family of one dimensional auxiliary differential operators.
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2 Boundary coordinates

The key to proving Theorem 1.1 is a reduction to the boundary. Indeed, the eigenfunctions associated
with low-lying eigenvalues concentrate exponentially near the boundary (cf. Proposition 3.1). To single
out the influence of the boundary curvature, we need a special coordinate system displaying the arc-
length along the boundary and the normal distance to the boundary. We will refer to such as boundary
coordinates. In this section, we introduce the necessary notation to use these coordinates (cf. [9, 3]). Let

R/(|0Q|Z) > s — M(s) € 0

be the arc-length parametrization of 9€). We will always work with |0€2|-periodic functions sometimes
restricted to the interval

_1o9 |99y
2 2

]:]—L,L].

At the point M (s) € 99, T(s) = M'(s) is the unit tangent vector and v(s) is the unit normal vector
such that
Vs € R/(|0Q|Z), det(T(s),v(s)) =1.

The curvature (s) at point M (s) is then defined as follows

The smoothness of the boundary yields the existence of a constant ¢y > 0 such that, upon defining
Vip = {z € Q : dist(z,090) < to}
the change of coordinates
O :R/(|OQZ) x (0,t0) > (s,t) =z = M(s) —tv(s) € V4,
becomes a diffeomorphism. Let us note that, for x € V},, one can write
¢! (z) := (s(x), t(x)) € R/(|0QIZ) x (0, t0)
where t(x) = dist(z, 0f2) and s(x) is the coordinate of the point M (s(x)) € R/(]0Q|Z) satisfying the
relation dist(z,00Q) = |[x — M (s(z))].

The inverse of ® defines a coordinate system on a tubular neighborhood of 9 in ) that can be used
locally. Now we express various integrals in the new coordinates (s, t).

For all s, the determinant of the Jacobian matrix of the transformation ® ! is given by:
det Jp(s,t) = 1 — tk(s).
In the new coordinates, the components of the vector field Ag are given as follows:

A(s,1) = (1 tr(s)) Ao(®(s,1)) - M'(s),
As(s,t) = Ap(P(s,t)) - v(s).

The new magnetic potential Ay = (fll, 1212) satisfies

P (s, t) — T (5,t)|ds A dt = curl Ag(®Y(s,t))dx Ady = (1 — trk(s))ds Adt.

For all u € L?(V;,), we assign the pull-back function @ defined in the new coordinates as follows

u=uod.



Consequently, for all u € H*(V;,) , we have

/ (V= ibAg)u(z)[? da
Vi

0

:/[(1—tn(s))2(as—z’bAl)aQH(at—ibAg)m? (1 — tr(s)) dtds,

Ji

lu(z)|? dz = [D—I(V )\71|2(1 —tr(s)) dtds,

0

/ ()2 de = / (i(s,t = 0)[2 ds.
VigN o9

Finally, we recall a useful gauge transformation that we borrow from [9, 3]. For ¢y > 0 small enough,
there exists a gauge transformation ¢(s,t) on R/(|0Q2|Z) x (0, o) such that Ay defined by

and

_ t2
_ ~ Aq(s,t — —
Ag = Ao — V(s,t)‘»p - <A;E57t§> - %o t_g 2 K(S) ) (2.9)

with ) ]Q|
= —— 1 Agdoe = ——
Ao \an/gcm" 0dr= 150

and for all u € H(V,,), we have
—1 w(z)]? dz = — s)) 2 — ibA w2 tw2 —tk(s S
/Vm\(v bAg)u()[? d /@1(%0)«1 ()72 (0 — ibAy) w]? + [Dy?) (1~ th(s)) dsdt,

where w = €% and & = u o P.

3 Preliminaries

3.1 Transformation into a semi-classical problem

We will prove the results of Section 1.2 in a semiclassical framework. Let us consider the semi-classical
parameter

h=n~"2.
The limit ¥ — —oo is now equivalent to the semi-classical limit ~ — 07. The quadratic form can be
written as

_ . 3 _
Qg(u) = h2 (/Q|(hv — thAo)u($)|2 dz — hZ/FU(ac)2 ds(x)) =h 2qZ(u).
Consequently, we obtain the self-adjoint operator depending on h
L = —(hV —ihbAg)?,

with domain .
Dom(L%) = {ue H*(Q) :v- (V —ibAg)u —h 2u=0 onT}.

Clearly,
PL=h2L),
Y ?

and thus the relation between the spectra of the operators 772 and [,;’l is displayed as follows :
o(P) = h 2 a(L}). (3.10)

Let (pn(h,b))nen+ be the sequence of eigenvalues of the operator £2 . Theorem 1.1, Corollary 1.1 and
Theorem 1.2 can be reformulated in semi-classical form as follows.



Theorem 3.1. Letrn e N* 0 <7 < % and 0 < ¢1 < cg. There exist hy > 0, such that, if h € (0, hg)
and b satisfies

—n

clh? <b<ch |
then we have :
|t (B, 0) — b Mo (L35 = O (A7),
with
L5t = —h(d, —ibB)> — 1 — r(s)h7 .

Remark 3.1. We distinguish the following two important cases of 7 :

SIF 0 < 5 < 2, then, O(h3M) = o(h4).

SIf 2 <y < 2, then, O(h3) = o(h2).

By the method of harmonic approximation, we deduce the following corollary:

Corollary 3.1. Letn e N*, 0 <7 < % and 0 < c1 < co. Under Assumption A, there exist hyg > 0,
forall h € (0,hg) and b satisfies

=n =n
Clh2 §b§02h2 s

we have :

o
fin (B b) = —h — Fmaeh®/? + (2n — 1) ’”"2(0)117/4 +o(ht).

In the case of the disc, we derive the following effective operator

L5 = —h(Ds — ibBo)? — 1 — 2 —

h
5 (3.11)

As a consequence, we get the following theorem.

Theorem 3.2. Assume that Q@ = D(0, 1) is the unit disc, 0 < n < 1 and that 0 < ¢; < ca. There exist
ho >0, and for all h € (0, ho) and b satisfies

clh® <b<esh?,

and we have

[ 2
wi(h,b) = —h—h?+ (inf <m— 2) — ;) h% 4 o(h?).

meZ

3.2 Reduction near the boundary via Agmon estimates.

The goal of this section is to show that the eigenfunctions associated with eigenvalues less than —¢ h,
with 0 < ¢ < 1 a fixed constant, are concentrated exponentially near the boundary at the scale h'/2 .

Proposition 3.1. Ler M € (—1,0). Forall o < \/—M, there exist constants C > 0 and hy € (0,1)
such that, for h € (0, ho), if upyp is a normalized ground state of EI;L with eigenvalue p(h,b) such that
w(h,b) < M h, then

/ (Junp(x) 2 + B(V — ibAo)uns(@)|?) exp <2‘mff/(2”“"r)> dr < C. (3.12)
Q

Proof. The proof is identical to the one of Refs. [6, Theorem 5.1]. We just mention the minor adjustment
due to the presence of the magnetic field term. As a consequence of introducing a partition of unity, we
are led to bound from below qz(u) when w is supported in a ball of size Rh!/2, with R large enough.
If the support of u avoids the boundary, we use the trivial lower bound, qg(u) > 0, while if the support
of u intersects the boundary, we use the diamagnetic inequality and write the lower bound for the non-
magnetic Robin Laplacian, ¢} (u) > ¢ (|u]) > (= h+ o(h))]u|/?. O
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We record the following simple corollary of Proposition 3.1.

Corollary 3.2. Let M € (—1,0), p € (0,3) and ¢ > 0. Forall 0 < a < \/—M, there exists C > 0
and ho € (0,1) such that, if up, is a normalized ground state of L8 with eigenvalue p(h,b) such that
w(h,b) < M h, then for all h € (0, hg),

/d. oy senb (lunp(@)|? + A|(V — ibAg) upp(z)|* ) dz < C exp(—2ach™). (3.13)
ist(x,

>ch2 ™’

As a consequence, for small h, the ground states of the operator EI;L are concentrated near the
boundary of €2 (cf. Corollary 3.2). This will allow us to work in a tubular neighborhood of 92 .

Let p € (0,1/2), we introduce the J-neighborhood of the boundary
Qs ={zeqQ: dist(z,T) <8}, &=hz".
The quadratic form, defined on the variational space
Ws = {uc H'(Qs) : u(z) =0,V € Q such that dist(z,T) = 6},

is given by the formula
qz7p(u) =n*| |(V—ibAg)u(x)|* dz — hg/ lu(z)|* ds(x) . (3.14)
Qs Qs

Note again that the trace on 0€2s is well-defined by a classical trace theorem. The associated self-adjoint
operator is:
L0 = —(hV — ihbAp)?,

with domain
Dom(ﬁi’p) = {u € H*(Qs) : v.(V —ibAg)u — h™2u=0on I and
u(z) =0, Vo € Q such that dist(z, ') = d}.

That is, we consider the realization with mixed boundary conditions (Robin and Dirichlet conditions).
Let (un(h, b, p))nen+ be the sequence of eigenvalues of the operator E?L’p . It is then standard to deduce
from the min-max principle and the Agmon estimates of Corollary 3.2 the following proposition.

Proposition 3.2. Let ¢ > 0 and a € (0,\/€), there exist constants C > 0, hg € (0, 1) such that, for
all h € (0,ho),n > 1and pp(h,b) < —€h,

tin (R, b, p) < pin(h,b) + Cexp(—ah™).
Moreover, for alln > 1 and h > 0, we have

Proof. The inequality py,(h,b) < pn(h,b, p) is not asymptotic. Let (vip)1<k<n be a family of eigen-
function of [,Z’p associated with the eigenvalues (14 (h, b, p))1<k<n. We define the function

Up,p iz € Qs
Unp,h =
’ 0 ifx e Q\ Q.

Let E be the vector subspace generated by the family (uy, 5 )1<k<,. We will find an upper bound of the
quadratic form ¢? (u) for all u € E. By inserting u in the quadratic form g% (u), we get

dh(w) = 4* () = (£770,0) < (B, b, p)[0l]? = an (B, b, )]



By the min-max theorem, we get the non-asymptotic inequality

pn(hy b) < pn(h, b, p).

Now we determine an upper bound of i, (h, b, p) in terms of yu, (h, b). Let (ug 4)1<k<n an orthonormal
family of eigenfunctions associated with the eigenvalues (u(h,b))1<k<yn - Let the truncation function
define on R as follows:

0<x<1l,x=1on]—o00,1/2] and x =0 on [1,+o0].

xi(z) = X(@) :

‘We define the function

. 1_
withd = h2"?. Fork =1,...,.n, welet
Vg,h = X1Uk k-

Let F}, be the sub-vector space of Dom(ﬁg’p ) generated by the family (vj 1,)1<k<pn and wy, € F}, which
is written as follows:

n
wy, = E BV h -
k=1

The functions (v j,) are quasi-orthonormal (using Proposition 3.1). We notice that dimF}, = n, and

lwnl® =" 184]* + Ofexp(—ah™)).
k=1

Now we have to find an upper bound of qZ’p (wp,) by making p,(h,b) appear. We have the following
decomposition:

b, b,
q," (wp) = <£hpwh,um>
n
b
= Bibw <Eh’pvj,h,vk,h> :
Jk=1

For j, k fixed and for ~ small enough, we have

<£Z’pvj,h7 vk,h>
= <X1 L8 wjn, x1 uk,h> — B2 (u; n AX1, XaUip) — 202 (Vxa - (V = ibAg)uj . X1tp)
= 115 (h, b) (X1%j s X1uk p) — h* (Ui nAX1, X1ukp) — 207 (Vx1 - (V = ibAo)wjpy X1Uk p)

=05 pj(h,b) — h? (Ui hAX1, X1UkR) — 2h? (Vx1 - (V —ibAg)ujp, X1k p)
+ O(exp(—ah™")).

‘We have
Vxi(z) = =12 Vt(a)y (k12 1(x)),

and

Axa(x) = 7 VH() P X (W72 4(@) + 072 Ab(x) X (002 1))



According to the Holder inequality, we have

R [(u; nAX1, X1ukp)| = h?

/ wjp Ax1 X1 Uk, do
{t(z)>0/2}

1/2 1/2
< h? </ [t AX1]2 dx) (/ |wg Xl\Q dx) ,
{t(2)>5/2} {t(x)>6/2}

h2(Vx1 - (V — ibAo)u; n, X1tgp)|

and

— 2

/ Vxl.(v — Z'bAD)ule X1 Uk h dx
{t(z)=46/2}

1/2 1/2
< h2 (/ \VXl(V — Z‘bAo)’u,j,h|2 d(L‘) </ ]uk’h X1‘2 da:) .
{t(x)>6/2} {t(x)>8/2}

Since h.h?~1/2 <1 and h.h?’~! < 1 and by Corollary 3.2, there exist constants ¢ > 0 such that :

1/2 1/2
B2y p s, xati )] < ¢ ( / i |2 da:) ( / g p d:c)
{t(xz)>6/2} {t(z)>5/2}

< cexp(—ah™?),

and
R2|(Vx1 - (V = ibAg)wjpn, X1uk )|
1/2 1/2
<c (/ h|(V — ibAg)u;nl* dx) (/ g, p|? daz)
{t(z)=6/2} {t(z)>6/2}
< cexp(—ah™").
hence

B2 (uj n AX1, X1tkn) + 202 (Vx1 - (V = ibAg)uj b, x1tk,n) = Ofexp(—ah™)).

Consequently,

ap" (wy,) = > Bibk <£Z’pvj,h,’vk,h>

gk=1
=" 1y DB + Olexp(—ah™) Y- Bk
j=1 7,k=1

< (pn(h,b) + Cexp(—ah™)) wy|*.

By the min-max theorem, we have

pa(h,b,p) = inf sup
ECW,
dimFE 6n %ioE/ ’u‘Q dx

therefore,
fin (R, b, p) < pin(h,b) + Cexp(—ah™").

d

Proposition 3.2 leads us to replace the initial problem by a new Robin-Dirichlet in a §-neighborhood
of the boundary I', and then reduces the analysis to the operator LZ”D
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3.3 The Robin Laplacian in boundary coordinates.

By (2.9), the new quadratic form is expressed in tubular coordinates and is written as follows:

3" (u) = hz/LL /05 <as — ibBy — ib( —t+ in(s)))ﬂ

L é L
+ h2/ / |0y (1 — tr(s)) dt ds — h3/2/ (s, t = 0)*ds,
—LJO

—L

2
(1 —tr(s))~! dtds

1092

with % = ePuo ® and L = R The operator EZ”’ is unitarily equivalent to Z’l});p the self-adjoint

realization on L?((—L, L] x (0,6), a dtds), of the differential operator, with the 2 L-periodic boundary
condition with respect to s,

t2 t2
E{;L’P = —h%q! (83 —ibBy — éb( —t+ 2%(5)))(1_1 <6S —ibBy — ib( —t+ 2/1(3)))
—h2a 00,  (in (L%(a dtds)),
with a = 1 — ¢x(s) . In boundary coordinates, the Robin condition becomes
dyu(s,t =0) = —h ™ 2u(s,t = 0).

We introduce,

Qs ={(s,t):se€[~L,L[ and 0 <t <&},

Dom (") = {u € H () : u(s,d) = 0},

Dom(L0?) = {u € H*(Qs) : u(s,6) = 0 and dyu(s,t = 0) = —h~?u(s,t = 0)}.
We know that the eigenfunctions are localized near the boundary, at the scale h2 (cf. Proposition 3.1)
and in order to obtain a Robin condition independent of h, we get a partially semiclassical problem by

changing the variable
1
(5,8) = (3, h37).

This change of variable transforms the above expression of B]’L’P into an operator as follows

2

2
~—1 . a3t T A1 o a1 T
h[—ha (as—zbﬁo zb( h2T+h2/<;(s))>a (85 b8 zb( h2T+h2/€(8)))
—a—laTaaT},

where the new weight is
1
a(s,7) =1—h27k(s).

The boundary condition becomes

We consider rather the operator
Ava — 71 Nbvp
Ly =h""L,",

and the domain of integration becomes

[—L, L[x(0,6/h*?) = [=L, L[x (0, h™").

11



The associated quadratic form is

L hr 2
P (p) = /_L/O <h1/2as — ibh/2 By — z‘bh( — T4+ hl/QTQR(S))ﬂ

L h™P L
+/ / 10-40% @ des—/ l(s, 7 =0)]* ds.
—LJo —L

Qs ={(s,7):s€|-L,L[ and 0<7<h"},
Dom(g*) = {u € H'(Qs) : u(s,h™?) = 0}, (3.16)
Dom(Z0*) = {u € H*(Qs) :u(s,h™") =0 and dyu(s, 7 = 0) = —u(s, 7 = 0)}.

2
a~t drds

(3.15)

We let

Let i1, (h, b, p) be the n-th eigenvalue of the self-adjoint operator EAZ"O . We have

fin(h, b, p) = h™ (R, b, p) . (3.17)

4 Asymptotics of the eigenvalues of Robin’s Laplacian

The aim of this section is to prove the following result, which implies Theorem 1.1.

Theorem 4.1. Letn € N*, 0 < n < %,a >0 and 0 < ¢1 < co. There exist c+ > 0 and hg > 0,
such that, if h € (0, hg) and b satisfies

=n =n
Cth §b§02h2 s

then we have :

An(L55) + O(R*07) < Jin(hyb, p) < Aa(L555) + O(R207),

where )\n(ﬁfféoi) is the n-th eigenvalue of ﬁ;féoi defined by
2 9
L5 = —h(1 % e )0, — ib30)? 1~ s(syhd — "D h et

and

+(3)
r=min| o, = | .
2

Following the writing of the magnetic Robin Laplacian in tubular coordinates in Section 3.3, there
appears a one-dimensional operator defined, for s fixed, by

4.1 The Feshbach projection

— a7 10,40, = —0% + h'/?k(s)a=10,
dru(s, T =0) = —u(s,7 = 0) in L2((0,h="), (1 — 7h'/2k(s)) dr),

where a(s,7) =1 — h2 7k(s) . This operator is denoted by

HH(S)JL = H{BT} )

with
T=h"" and B=h"?k(s),

12



where ’HJ{BT} is defined in (A.1). The associated quadratic form is:

h*P
Qo) (1) = /0 0,u(r) % dr — [u(0)[? . 4.18)

Let v, (s),n be a normalized groundstate of H,(,) 5 associated with )\1(7'[5(5),11) . By [14, Lemma 2.5],
we have

M (Hy(yn) = =1 — r(s)h7 — “< LG O(h?), (4.19)
and for C' > 0
Aa(Hy(s)n) = —ChY27 (4.20)
According to Lemma A.1 and Proposition A.1, there exist constants C' and CY, , such that
1950n(s) 1l 20, ), (1= 2657y dry < CRY2, (4.21)
and, the Agmon estimates
h—P
/ Mooy l2(1 — B2k (s)7) dr < G . 422)
0

For s € [—L, L], we introduce the Feshbach projection II; on the normalized ground state VUge(s),n OF
Hn(s),hv

s = (¢, UH(S),h>L2((0,h7p),(Al dr)Vk(s),h » Vo e LQ([_L> L[x(0,h™"),a ds dr). (4.23)

We also let

and
Ry(s) = Hasvn(s),hH%%(o, h™P),a dr) "

The quantity R;, is sometimes called the “Born-Oppenheimer correction”. It measures the commutation
defect between 0, and I1,.

Lemma 4.1. There exist constants C > 0 and hg > 0 such that, for all ¢ € Dom(fj\}?’p ) and
h € (0, ho) , we have:

1
I, B0l £2 (6 ary = 155 Bl £2 6 ary < {QRh(S)Q + Chl/z} 191 2(a ar) -
Proof. We estimate the commutator:

[H$7 as]w
—[Hl 2 w
<¢7 dsvy, >L2(a dr)Vk(s),h — <¢7 >L2(a d‘r)a Uk(s),h

h—P
+ hI/Qﬁ/(s)(
0

We get, thanks to the Cauchy-Schwarz inequality and the Agmon estimates [see inequality (4.22)]

wvn(s),hT dT) Uk(s),h +
1
ML, 84J6 20 amy < [2Rh< )3 +ch1/2} 141 223 0y -

13



4.2 Approximation of the norm on the weighted space

In this section, we introduce an approximation of the weight.

Lemma 4.2. There exist constants ¢ > 0 and ho > 0 such that, for all+) € L?(a drds) and h € (0, hg),
we have:

10220t arasy < (U B2 T2 gy + (U b T2 gy, 429)

and

1901721 arasy = (1= ch/?) L1724 grasy + (1 = chl/4) I 117 24 gras) (4.25)

Proof. We have

L h—P L h—F
A= ‘/ / [v|%a drds — / / ly|2a~t drds
—LJo —LJO

Then, we use an orthogonal decomposition to get

L h—P L h—P
A<C [/ / W27 ) ?a drds + / / W27y 24 drds} .
—LJO —LJO

Thanks to (4.22), we get

L ph=*
< 0/ / h'27)%a drds .
—LJO

L e 2 L 2 e 2 2
[ [ rmaraaras = [ o) [/O Tlv,g(s),mad¢}ds§c|nsw||md7ds)-

We use that h1/2=7 < h1/4, and we obtain

L h=°F L h=°P
[ wermtvpaaras <t [ e drds < 0TG-

The following corollary is a direct consequence of (4.24).

Corollary 4.1. There exist constants ¢ > 0 and hg > 0 such that, for all 1 € L?(a drds) and h €
(0, ho) , we have:

L
MLt g < (L eb2) [ o) ds,

with © = (¥, Ve(s) 1) L2((0,h—7), a dr) -

4.3 Upper bound.

To separate the variables, we consider the function of the form :

w(‘S? T) = QO(S) ’ vl-ﬁ(s),h(T) ) (4.26)

with ¢ € HY{(R/2LZ).

The following proposition provides an upper bound of the quadratic form on a subspace.

14



Proposition 4.1. Let p € (0,1/4),0<n < % ,a>0,and 0 < ¢; < ¢y . There exist constants ¢ > 0
and, hy > 0 such that, for all h € (0, hy) and b satisfying

ch® <b<esh?,
we have for all i) defined in (4.26)
~b, eﬂ" —a—
Q;pr(w) < qhﬁ:—(@) =+ O(h2 n)H‘PHiQ(R/QLZ) >

where, for all p € H'(R/2LZ)

off -+ L 1 k(s)? 3 2 min(a, 1) [ : 2
g () = / L(—I—K(S)fﬂf “—hetch3 ) [p(s)[2 ds-+h[1+chmin:3)] @ bBo)el” ds.

Proof. The proof will be done in a five steps.
i. We recall the definition of @\,l: in (3.15). We write

a}?,p(,lp) _ qtang(w) + qtrans<,¢>,

where

2
a~ldrds,

2
(héas — ibh3 By — ibh( — h%;fi(s))>d)

= [ [

L h—P L
g1 () = / ) /0 0,4% @ drds — / [l =0)f ds.

ii. We recall the definition of g, (s) 5 in (4.18). By using the min-max principle and (4.19), we get an
upper bound of ¢ "9 (1))

and

L h—°F
) :/L 80(5)2[/0 107 0x(5) 1 (T)[? @ AT — [0 n(0)* | ds

L
= /LQK(S),h(U/@(s),h) |§0(5)|2 ds

L
- / ) (o) ds

L 2
< [, (=1 wtomd =SR] o as s eh el
-L

iii. Use the following classical inequality, for any a,b € R, A > 0 and a > 0, we have
a4 < (1A [af* + (1 A7) bl
and we obtain an upper bound of ¢ "5 (4)))

07 () < (L4+A7) gl () + (L+ h™)ad ™™ ().

dew=[ [
aeew = [ [0

where
2

a~!drds,

(h%as —ibh? 50)¢

and
2

a~tdrds.

( -7+ héT;/{(s))ﬁ
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iv. By use Lemma 4.2, there exists ¢ > 0 such that

L h—P
) <@ [ |
—L 0
Using inequality (4.22), and since the curvature is bounded, we get with a possible new constant c,

(14 =) gl (1) < B2 |2 < ch2=o" 2.

2 2

( -7+ h%%/@(s))v,{7h

&dT] ds.

v. We have

L h—"F
() < h(1+h) / ) /0 ooy (85 — ibBo)pl? a1 drds

L h—P
Fh(1+h) / / Oeongo) 2lo(s) 2 a" drds
—L JO

Using Lemma 4.2 and Corollary 4.1, we write

L
7)< h(1+ha)(1+ch1/2>/ (9 — ibBo)pl? ds
—L

L h—°P
+h(1+h_0‘)(1+ch1/4)/ |<p(s)|2{/ Outngey % dr | ds.
L 0

From (4.21), we deduce that

L

(1 Bl () < Bt b)) [0, = bl ds + Ol
—L
. L
<l +chmned)) [ 0, — ibgo)gf? ds + OE M)l

Then the conclusion follows. O

4.4 Lower bound.

The following proposition provides a lower bound of the quadratic form.

Proposition 4.2. Letp € (0,1/4),0<n<3,0<a <2—nand0 < ¢; < cy. There exist constants
¢ > 0 and hg > 0 such that, for all h € (0, hg) and b satisfying

it/ } i/}
Clh 2 < b < 62h 2,
we have

b, off,— e
TP ) > 55 () + O ) o laia oy — oIz 0 4
where

. Z]\,?’p define on Dom(qA}lL”p) in (3.16).
L JNUNS Dom(cj,f’p),

e © € H'(R/2LZ) defined by

and

i) = [ (~1-womt -l ) oo as

L
+h[L— Chmln(a:é))]/ | (0s — ibﬁg)gp|2 ds.

—L
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Proof. We recall the definition of Ej,f #in (3.15). We write

37 () = ¢ () 4 q1I (),

with

2
a~ldrds,

2
(héas —ibh3 By — z‘bh( ot hégn(s)»w

ew= [

L h=F L
tang — 24 o — 2
o) = [ [ oulaards— [ s = 0P as.

and

1. We recall the definition of g, s) , in (4.18). By using the orthogonal decomposition ¢) = 1151 + 1,

q,'-c(s),h(w) = qH(S),h(st) + QK(S),h(Hj_w) )

Then, by using the min-max principle,we get

L
g1 (i) = / anoa(0) ds

L L
= /Lq,‘i(s),h((pvn(s),h) d3+/an(s),h(Hﬁ¢) ds
L

L
2/ )\1(/H,Q(s)’h)||QDUH(5)7h||%2(ddT) dS+/LAQ(HR(S),h)HHstHiQ(ddT) ds.

—L —

From (4.19) and (4.20), we have

L 1 k(s)?
(—1—m(s)h§ — (2)

g"m () > /

h) [p(s)* ds — ch®2||gl|* — OB | T4 17
~L

adrds) *

For p € (0,1/4), we have h'/>=7 = o(1).
ii. By Lemma 4.2, we have

L h=¢F
trans _ pl/2
o)z a-at) [ f

L h—P
+(1— ch1/4)/ /
—L JO

2
as(T) = —T + hl/Q%ﬁ(s) .

2

h2 TL,8,1) — ibh2 Bollyp — ibhILy(ast))| @ drds

2

h2 TTL 04 — ibh2 BolTE o) — ibhIT: (agv)| @ drds.

with

‘We write
Hsasw = asnsw + [H& as]w7

and using the following classical inequality, for any a,b € R, h > 0, and o > 0, we have
la+b* > (1—h%)|al* — h™b*.
We obtain

qtrans(¢) > (1 o Chl/Q)(l _ ha)qltrans(w) - (1 o Chl/Q)h_ant”mS(w)
(1= eh (1= h)ag" " () = (1= ch/)h™ g5 ().
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with

L h—F
caterew) = [ [0 i o —ibnt B — bht o) drds.
L h—P 2 L h™F 2
o glrans(yh) = h/L/O ‘[Hs,as]@z)‘ adrds = h/L/O ‘[Hé,as]w‘ adrds,
Lo ) 2
caper) = [ [0 oty -k soitte - it ) @ drds.

iii. We have

L h—"P 2
Chtmns(d}) > (1 _ ha)/ / ‘h% 68H5¢ — ibhéﬁoﬂs’lﬁ‘ a drds
—-LJO

e / LL /0 v ’bhﬂs(asw)

With the same type of reasoning as for the upper bound, there exists a constant ¢ > 0 such that

2
a drds.

L
g™ (1) > h(1 — ch®) / 1@ = ibBo)el” ds + O llellza g orz)

— O(b2h27°‘)WH%2(a drds) "

vi. We use Lemma 4.1 and inequality (4.21), to obtain

a5 (V) < h?([9]l 24 arasy < BPllol + ChQHHsLd’Hi%ades) :

v. Since g4""5(3)) > 0, we obtain:

) L
gt (1) > h(1 — chm‘“(aé))/ | (95 — ibyo)p|* ds + O(R*~*7") [l |?

—nt2—a 1L
— ch 7T I w”?ﬂ(&drds) :

We have 0 < o < 2 — 7. Therefore, —1 +2 — a > 0 and h~""27% = o(1). Then the conclusion of the
proposition follows. 0
4.5 Derivation of the effective operator

We now have everything to finish the proof of Theorem 4.1. The self-adjoint operator associated with
the quadratic form qzﬁé? is:

K(s)

. h+cihs

Ly = —h(1 % cx R 2)) (9, — ibBo)? — 1 — k(s)h? —

in L?(R/2LZ) , where c. is a constant independent of h. The operator Ezﬁééc is with compact resolvent
and it is bounded from below. Its spectrum is purely discrete and it is consists of by an increasing
sequence of eigenvalues )\n(ﬁzﬂréf) :

Corollary 4.2. Letn € N*, p € (0,1/4),0 <n < %, a>0and0 < c1 < co. There exist hg > 0,
such that, if h € (0, ho) and b satisfies

clh? <b<ech? |

we have :

fin(h, b, p) < An(L5055) + O(R277).
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Proof. Let (¢;)1<j<n an orthonormal family of eigenvectors associated with eigenvalues (); '(Eeﬁ7+))1< j<n -

Let F be the subspace of Dom(qh o *) generated by the family (¢j)1<j<n - By Proposition 4.1, we have:

~b,p o
0" (O n ) < Qg (9) + O Mgl®, Vo eE.
By application of the min-max principle, we deduce

fF ff,
G (9) < ALy 5D el -

Consequently,

~b, eff a—
G (vko n #) < Al L5) ]2 4+ O(h2727) ]2
< (M55 + 02 )) ooy a1

Forall g € vy nE, we have:

a°(9) < (M(L5Th) + 0*em) g2,

We note from the normalization of vy 5 that dim(vk( s), »E) = n. Hence, by application of the min-
max principle, we obtain

fin(h, b, p) < An(L55F) + O(R?7271),

O

Corollary 4.3. Letn € N*, p € (0,1/4),0 <n < %, a>0and0 < ¢y < cy. There exist hg > 0,
such that, if h € (0, ho) and b satisfies

=n
2

ch2 <b<esh?,

then we have :
(hbp)>)\(£ )+(9(h20"7)

Proof. According to Proposition 4.2, there exist g € (0, 1) such that, for all ¢ € Dom(qA}?’p ) and h
small enough,

0" () > Q" (0, Ve ) T1H0), (4.27)
where, V(p, f) € Dom(qh R Dom(qh ), the quadratic form defined by

ens €
K. £) = @@ = 72 aras)

with
ff,— —a—
?Lff(@) = qzﬁo (‘P) =+ O(h2 ¢ n))HSOH%Z(R/QLz) .
By application of the min-max principle (see also [22, Chapter 13]), we have the comparison of the
Rayleigh quotients:
fin(h, b, p) = ™" (h). (4.28)

Note that the self-adjoint operators associated with the quadratic forms QZH and Q’;f“s are respec-
tively [,?Lff and LI . It is easy to see that the spectrum of LI¢"* lying below —¢( coincides with the
spectrum of £$. Then, for all n € N*, %"*(h) and c(h) are respectively the n-th eigenvalue of
Lens and E‘;Lff and satisfy

ﬁ%ens(h) ﬁ%ff(h) _ A (Eeff

hin )+ O, (4.29)

d
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5 Spectrum of the effective operator

Let \,,(L£) be the n-th eigenvalue of an operator £ . Fix a constant ¢ € R . The effective operators Ezﬁﬂ’?

are special cases of the following operator:

K(s)®

5 h—chs,

L5 = —h(1 = e hm2))(, — ibf)? — 1~ K(s)h? —

with b > 0 and o > 0. The associate quadratic form on L?(R/2LZ) is

e L 1 K(S 2 3 i 1 L .
thfolljo(@) - /_L(_l_"@(s)hé_ (2) h_Chg) |o(s)[? d5+h(1—chmm(a’é))/_L| (9s—1ibBo)ep|* ds.

In the following, we will explain how the spectrum of the operator Ezﬁ&bo reduces to the study of that
stated in Theorem 3.1. The operator that we are going to study its spectrum is a perturbation of the
harmonic oscillator. Then, the calculations are based on the context of the harmonic approximation (cf.
[22, Sections 3.2 and 4.1.2] and [3, Section 7.1]) , with a small adjustment, since the operator is defined
on a periodic space and with a phase term ibf3.
Let
ffb _ peffb

‘Cz,a,l - [’Z,a,o + 1.
By definition of the spectrum, we have

£, f,b

A”(£Z,&,0) =—-1+ )‘”(LZ,C;,I) . (5.30)

1/2

Factoring the term A~"/, we get the new operator

eff,b 3 —1/2 peff,b
ﬁh,a,Q =h Eh,a,l .

Clearly,
M(L50) = WA (L500,) (5.31)

We introduce the semi-classical parameter
h=h'*
Let kmax be the maximum curvature along the boundary I' introduced in (1.4).

Lemma 5.1. Let us consider:
Eglffof?» = —*(1 - Chmin(mz))(as — ibf0)” + Kmax — #(s) ,

with the associated quadratic form on L?(R/2LZ),

L L
) = | Gonas = () (o) ds 201 = c0402) [ )0, — i)l s,

Then, we have

A(L500)) = An(L50) = Kimax + O(B?) . (5.32)
Proof. Let p € H'(R/2LZ). We have

eff b ( ) eff b

Ah,a2\P) — qh,mg(%@) + Kmax|l0||?| = B2

[ L] o s

Since (2 is a bounded domain with a smooth boundary, the curvature x is also bounded, hence there
exists C' > 0 independent of s, such that

f£,b f£,b
B 2(P) = Qs (@) + Emaxllpl?| < C B2 {leo||? .
Applying the min-max principle, we finishes the proof. O
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From (5.30), (5.31) and (5.32), we obtain
An(L00) = =1+ WAL (L)) — B kimax + O(BY) . (5.33)
Therefore, to study the spectrum of the effective operator Ezﬁabo , it suffices to study the spectrum of

the operator et o 3 , introduced in Lemma 5.1.

5.1 Localization near the point of maximum curvature

Let kmax be the maximum curvature along the boundary I' introduced in (1.4).
Proposition 5.1. Let us consider the effective operator of the form
L = =% (05 — ibBo)* + Fimax — K(s)

and the associated quadratic form on L?(R/2LZ) is
. g 2 2 [* 2
G50 = [ (= r(0) o) ds 12 [ (01 = bB0)ol? s

Then, we have . .
An(L5s) = (14 O(RmmUe2)) X (£570).

Proof. Let p € HY(R/2LZ). We have:

L
125 (0) — ¢2()] = [c[rmintaaD g2 / (9, — ibo)p|? ds

L L
< || pmin(des2) [hQ / | (8s — ibBo)¢|? ds + / (Fmax — £(3)) l(s)|? ds
—L —L
< [elmintied e ().
The conclusion of the lemma is now a simple application of the min-max principle. O

From (5.33) and Proposition 5.1, we obtain
An(L50) = —1 — R himax + R2(1 + O(RRUAD) N (£550) 1 O(nt).
In the following, we show that A, (ﬁ;ﬁ’b) = O(h) then, for 0 < n < 3, we get (recall that i = h'/%)
ML) = =1 = B2 himax + B2AG (L547) + o(h®) = Ao (L555)) + O(R*71) . (5.34)

Note that Theorem 4.1 and equality (5.34), yield the Proof of Theorem 3.1 which is a reformulation of
Theorem 1.1.

The goal is to show that the eigenfunctions of E}ﬁ’b , associated with the eigenvalues of order 7, concen-
trate exponentially near the point of maximum curvature.

Proposition 5.2. For e E (0,1), there exist C' > 0 and hy > 0 such that, for all h € (0, ho) and for all
eigenfunctions i of Er 4 , associated with the eigenvalues of orders h , we have:

e /Myl < Cllwl?, g (e oM y) < Chlly|1?,

where
s+2kL

— i Fomar — dyl.
Po(s) min Kmax — K(y) dy

21



Proof. The Proof of Proposition 5.2 is a standard application of the method of Agmon estimates (see
for example [22, Proposition 4.10]). The proof is formed by three steps. Let € € (0,1). Consider an
eigenvalue A = O(h) of E';Lfi’b, and an associated eigenfunction 1.

1. First step.

Let ¢ be a regular and 2L periodic function, with real value. We have:
ff,b
dnd (€7 9) = Mle? || + %] 0se? v, (5.35)
Indeed,

L5 (e21p) = —h*(Ds — ibBo)*(€”¥) + (Kmax — £(s)) %t
= —h? <¢}a§e¢ + e?0%1) + 20,e2051) — 2ibBo(1se? + e?Ds1p) — b25§e¢1/)>
+ (Fmax — #(8)) ey
= 2Ly (¥) — (waﬁaﬁ + 205e®950) — 2ibﬁgw636¢> ,
Hence,
gy (e29) = (L3 (), e%y)

L
= (e® L5 (v), e?y) — B / ; [wage‘f’ + 205 051) — 2ib/@’0¢aseﬂ Pelds.

Therefore, as 1) is the eigenfunction of E;ﬁb associated with the eigenvalue A\, we get
ff,b L 7
G (€70) = A|e®y||* — n? / [waﬁ& + 205e?0,9) — 2ibﬁozpﬁse¢] Yelds. (5.36)

L
Let’s calculate / [wﬁged’ + 20,e?0,1) — 2ibﬁo¢8se¢] Ye®ds = E.

By integration by part, we have:

L L
/ Yd2ePheds = / e?Y|?9%e?ds
- L

L L
= —/ Ds(e21})0sePds + e?|1)|2D,e?
—L

L
L L
_ _/ 0uc® 1206 + e0,[f?] ds + e |[20,e?
~L

—L
L L

et —/ ¢2,c%0, |0 [2ds + 1|20, c?
L

~L
Since ¢ is 2L periodic, then

L
/ [1/)8?6‘15 + 2056?00 — 2¢bﬁo¢aseﬂ Yelds
—L
L L ~ L ~
= —||05e®|? — / e?0,e20,|1h2ds + 2 / Dse? 00 he®ds — 2ibBy / VdsePe?ds
—L —L —L

L
= —||05e®|? + / e?05e? [—0s|9|* + 2050 b — 2ibBo|[*] ds
—L
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Therefore,

L
E=—M&¢WP+/1ﬁﬂﬁﬂ—&WF+2&¢w—%MMMﬂd&
L

From (5.36), we have:
ff,b
WE =—q,; (%)) + Ale®y|* € R

Consequently, (5.37) gives
E = —[|9se?y|*.

From (5.36) and (5.38), we obtain:
g (e 0) = Ne? 0|2 + h2|0se? 2
2. Second step.

Let us show that:
ff,b € L € L
Qg (€907 ap) < Chjeo/M 4p||?

and

L
/ (Fimax — £(5)) €290/ 3p|2ds < Chl|eco/M |2
-L
s+2kL

€do

For (b = 7, with qbo(s) = minkez

V Emax — £(Y) dy‘. We notice that

62

62
() = S5 160(5)7 = 13 (man — ().

We recall that

F b L L
G5 = [ s — 0l Pds 12 [ (0, i),

—L —L
consequnetly,

.0 L
a4 () > /_ L(f-emax— K(s))|o(s)|?ds.

From (5.35) and (5.42), we have:
L
[ G = ) €22 s < NJe? 0l + 12106 0
-L
L
= / [(Kmax — K(s)) = A — h2]qb’|2] e*? ||2ds < 0.
~L
By (5.41), we get
L
/ [Fimax — K(s) — X — € (Kmax — K(5))] e*|ah2ds < 0
-L
L
= [ [0 € (s — () s < A€
~L
Therefore,

L
/‘h—ﬁﬁMM—Mﬂwww&hscmﬁwF

—L
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(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)



We notice that for any € > 0 and for & small enough, there is a constant C' > 0 independent of A such

that
1—-e2>C.

We deduce the inequality (5.40)
/LL(/@max ~ k() €2 [f2ds < Chlle? 2.
On the other hand, by (5.35) and (5.41), we have:
g (€® ) < Mle? || + B[ 0se? |
< \e?y|]? + EZ/LL(mmaX — k(s)) e%? |y|ds .
we use (5.40), to deduce the inequality (5.39).

3. Third step.

Show that: L
/ e2<0/hy2ds < C||¥|?,

and
ff €
g (e /M)y < Chlly |2,

(5.44)

(5.45)

We use that kmax — () admits a unique non-degenerate minimum, we deduce that there exists ¢ > 0

such that for all Cy > 0, there exist constants C, fig such that Vi € (0, hg),

/ o L = () s < Ol
s|=Co

s s < P,
s|=Co

and

/ (Kmax — K(S))626¢0/h‘w|2d8 > ccgh/ e/ 2ds .
‘S|ZC()7'L1/2 ‘

s| >Coht/2
By the inequality (5.47), to show (5.44), it is enough to show the following inequality:

[ s < .
|s|>Cohl/2
Let’s fix Cjy > 0 large enough,
1
26(1)0/?’1,1/)2(1 < / o 2e¢0/h,¢)2d
e s < K k(s))e s
[ s < g [ s = ()

1 L 2e h 2
< cCgh /_L (Hmax — m(s))e o/ | *ds.

From the inequality (5.40),we get

/ €26¢0/h"¢’2d8
|s|>Cohl/2

< C /L 626¢0/ﬁ‘1/1|2d8
— 2

&

C C

§2/ 62€¢0/ﬁ\¢|2ds+2/ 200/ | 2ds .
CCO |S|§Co7ll/2 CCO ‘5‘200;11/2
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(5.46)

(5.47)

(5.48)

(5.49)



Thus,

<1 ) Cz) [ e < 20 M s
CCO \S|Zcoﬁl/2 CCO \s\gCohl/Z

From the inequality (5.47), we obtain (5.49) and therefore we show the point (5.44).
From (5.39), we get
ahy (/M) < Chje®/ M2

and from the inequality (5.44), we obtain the inequality (5.45). 0

5.2 Reduction to a flux-free operator
Consider the Dirichlet effective operator of the form:
L = 1202 + Kmax — K(5),

with domain
Dom () = {u € H*([~L, L)), u(~L) = u(L) = 0},
and the associated quadratic form on L?([—L, L]) is
ff t 2 2 [* 2
7(0) = [ (o = 0(0)) g (6) P s+ 12 [ |0 ds.

Let (A, (ZFT)),en+ be the sequence of eigenvalues of the operator ¢ . As a consequence of Proposi-
tion 5.2, for small A, the eigenfunctions of L’%fi , associated with the eigenvalues of orders A concentrate

exponentially near the point of maximum curvature at the scale /2 . A standard application of the min-
max principle and the Agmon estimates of Proposition 5.2, is the reduction to analysis to the flux-free
operator gﬁ‘?ﬁ (Proposition 5.3).

The notation O(h°°) indicates a quantity satisfying that, for all N € N, there exists Cy > 0 and iy > 0
such that, for all € (0, hy), |O(h>®)| < CnhY .

Proposition 5.3. Ler n € N, there exist constant hy € (0,1) such that, for all h € (0,hy) and
eff b
)‘n(‘CﬁA ) =0(h),
(L) < An(L35") + O(h)
Moreover, forallmn > 1, h > 0, we have
eff b e
An(Lhg”) < Al L)

Proof. Forall N > 1, we can take an orthonormal family eigenfunctions (¢n7ﬁ)n:17__.7 N associated with
the eigenvalues (An(£2ﬁb)n:1,.._7 ~. Let us consider the cut off function y define on R as follows:

L L
0<x<1, leon[—2,2] and x =0 on R\|]-L,L[.

For k =1, ..., N, we define the function

Dy p(s) = e P05y (8);n(s) .

We notice that
Ppp(—L)=Ppp(L) =0 and &y, € H*([-L,L]).

Let Ex(h) be the vector subspace of Dom(ff‘fﬁ) spanned by the family (®,, ;)n—1,.. ~ . For i small
enough, Proposition 5.2 yields that dim Ex (k) = N and, for all u, € En(h),

& (un) < (ma;fi’”) o) ) sl
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By the min-max theorem, we get Ay (ZFT) < Ay (ngi’b) + O(h*>).
Now we determine an upper bound of A, (-Z¢) in terms of )\n(ﬁ‘ﬁ’b) .Forall N > 1, we can take

an orthonormal family eigenfunctions (uy, j)n=1,.., N associated with the eigenvalues (A, (fffﬁ))nzl,,,,, N-
For k =1, ..., N, we define the function

Wy n(s) = ePPosuy, (s) .

‘We notice that
Upn(—L) =Vypp(L)=0 and ¥, € H*(]—-L,L]).

Let Ey(h) the N-dimensional vector subspace of Dom(ﬁzﬂlb) spanned by the family (¥, ;)n=1,.. N -

Let U € Ey(h) which is written as follows:

N N N
U=> BUpn=> B upp(s) =e®%u, w=>" Bupu(s).
k=1 k=1 k=1
We have ‘
ﬁzi’b\lj — ezbﬁos f;ﬁu,

and,
(L0, W) = (Z5Fu,u) < A (L) [lul® = An (L) |22

By the min-max theorem, we get the non-asymptotic inequality

A (L5") < Aw ().

5.3 End of the proof

In this section we will construct trial states (®,,) in the domain of the effective operator .2, such that,
for every fixed n € N*, we have

l

We know that, the eigenfunctions are localized near the boundary at the scale h> (cf. Prop 5.2, the same
proof can be adapted for Z}fﬁ). It suggests to introduce the rescaling

—k"(0)
2

L8P, — (2n — 1) ®, < Ch/2, (5.50)

L*(] - L, L)

s = h'/%0. (5.51)
The effective operator .Zheﬁ becomes
f{ﬂ =—h 82 + Kmax — /ﬁ(h%a).

Recall that the value of the maximum curvature is Kmax = /(0). We can use a Taylor expansion of k
near 0, as follows

ho? :
K(R30) = Kumax + %H”(O) +hig(o),
where the functions g satisfy for |o| = (’)(h_%)
lq(0) < Clof®. (5.52)
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Consequently, we write the effective operator .i”;fﬁ as
1 ¢peff 2 o’ " 1
W5 =—-05 — -k (0) — hzq(o). (5.53)

Since (0) is the non-degenerate maximum of , we have x”(0) < 0. The eigenvalues of the harmonic
oscillator Hyam

o
e “T(O)a? in L2(R) (5.54)

—fi”(O

are (2n — 1) with n € N*. The corresponding normalized eigenfunctions are denoted by
fn(c). They have the form

k(0 0,2
fn(o) = hy(o)exp (— - 2( )2> ) (5.55)
where the (hy,(0)),>1 are the rescaled Hermite polynomials.
Define the trial state ®,, in L?(] — L, L[) as follows:
_ S _ _
B, (s) = M4y (ﬁ) Fa(V28) = B0, (s), (5.56)

where  is a cut-off function defined on R by:
0<x<1,x=1in|—1/4,1/4] and x =0 in R\] —1/2,1/2],

and
un(s) = x (57 ) falh /%)

Using the exponential decay of f,, at infinity, it is easy to verify
[Pnllp2q -,y =1+ OR). (5.57)
Then, we observe that after a change of variables and by construction of ®,,, (5.53) yields
hleete, (s)

0'2 1
= B () + G On(0) + (o) o)

=—h |:X< o, )aafn(a)—FQh X <2L fn(0)+hx 5T fn(U)

h/[ (20— 1) _%;(O)un(U)Jr?ﬁ?x’<}fg>fé(0)+ " (Z;) (o) O
+ h2 q(a)un(o)]
= (20— 1) ‘”;@)@n(s)—h—l/‘*[(%z (Z;) (o) + 1" @;) ful >)
+ h%qw)un(o)]
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Using the exponential decay of f,, at infinity, we infer from (5.58) that

< ORY/2.

—k"(0
0,

hleete, — (2n—1)

As a consequence of the spectral theorem, (5.50) yields that, for every fixed n € N*, there exists an
eigenvalue A, (Z¢T) of the operator .Z¢™ such that

ML) = (2n = DR _”/2/(0) + O(B?). (5.59)

Now, looking for lower bound.

Proposition 5.4. For all n > 1, there exist hy > 0 such that, for all h € (0, hp)

Al ZET) > (20— 1R _“'2/(0) +O(R?).

Proof. Forall N > 1, we can take a family of eigenvalues and eigenfunctions (A, (Z¢), ¥ p)ne1, N
such that (¢, 5)n=1,.. .~ is an orthonormal family. Let Ey(%) the vector subspace of Dom(éfh‘?ﬁ) of
dimension N spanned by the family (¢, 1)n=1,... N -

It is rather easy to observe that, for ¢ € En(h)

(LM, ) < AN (D912
Since ¢(—L) = ¥(L) = 0, the following function is in H!(R)
s Jv itse- Ll
|0 ifseR\|-L, L.

For N > 1, let N i
En(h) = Span{wn,h}nzl,...,N .

Since dim(Ex(h)) = N, then dim(Ex (7)) = N. We notice that, for all ¢ € Ex(h), ¢ also satisfies the
Agmon estimates (Proposition 5.2). Using the change of variable introduced in (5.51), we easily obtain
that, there exists C' > 0 such that, for all ) € Ex(h)

WEL
|, JoPleto) a2 o) <l

—h-

Consequently, we get

(L]

> (L, ¥)

> [ 0= 002 3020 a0 0) + [ |0, A 20) - 2P

2| [ (10ndnop + =500 G ) aoo)| - cn e,
R

This becomes

e E: _"0”(0)02 b(RLY/20) (2 12 o
o] [ (1000 + =500 Tn )R ) aze)
<A (NP + O vl
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We deduce that o
(Hharm®, V) 2(m)

_max ~ < A (L) + 0?7y
wESN(ﬁ) |‘¢HL2(R)

Thus, by the min-max principle, we have the comparison of the Rayleigh quotients

AN (ZET) > AN (Hnam) + O(5/?)

> (2N — 1)k _“2@ + O

Finally, from (5.59), the asymptotic expansion of the n-th eigenvalue of f;ff is:

A( L) = (2n — 1)/ _“2(0) + O3,

Now, collecting (5.34) and Propositions 5.3 and 5.4, we deduce the asymptotic expansion of the n-th
eigenvalue of the effective operator Lzﬁo’ébo

!
ML) = =1 — bimaxh® + (20 — 1) "”'2(0)713 +O(R?). (5.60)

From Theorem 4.1 and Proposition 3.2, we deduce Corollary 3.1, which was a reformulation of Corol-
lary 1.1.

6 Unit disc case

In this section we analyse the magnetic Robin Laplacian with a negative boundary parameter on the
disc. There by proving Theorem 1.2. We will study the spectrum of the effective operator Ezﬁd’ii, where
N2=D(0,1),0<¢; <c2,0<and 0 <7 < 1. We have

o9 Q1

B 7, Bo = Clh%SbSCQh%ﬁ and k=1.

L = =
Q] ~ 27

Thus, the effective operators can be written as follows

. b\ 2 h ,
‘Cief(il:i:c = _h(l T hmm(aé)) (as - i2> —1- h% - 5 + C:th% ’

in L2(R/27Z) , where c are constants independent of h.
b\ 2
The spectrum of — (85 — i2) in L2(R/27Z) can be explicitly computed by using Fourier series.
In fact, for all m € Z, e, (b) := (m — 5)? is an eigenvalue with the eigenfunction vy, (s) := €™ /v/2.

b 2
Since {vyn }mez is a Hilbertian basis of L?(R/27Z), we get that the spectrum of — (88 — i2> is
{em(b) }mez and its lowest eigenvalue is inf,,cz €, (D).
eff ,+

We deduce the asymptotic expansion of the first eigenvalue of the effective operator £, i

2
off . off 1 h 3 min(e, 1)) b
M(Lpdise) = 10 MLy Gieym) = —1 =72 = 5 Lexh +h (1 + ey ™ 2)) nf <m - 2>

TS b2+(h)
- o T\ T 2) T
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According to Theorem 4.1 and (3.17), for n < 1, we have
(h,b) = —h — h2 + | inf O P (h?)
# )= mez |2 2 o)

Then, we complete the proof of Theorem 3.2 which was a reformulation of Theorem 1.2. Note that,
in the case with constant magnetic field, we recover by a very simple proof, Theorem 1.1 of the article
[14].

A Auxiliary operator

The aim of this section is to recall some spectral properties related to the Robin Laplacian in dimension
one. This model naturally arises in our strategy of dimensional reduction and already appeares in [22, 6,
14,12, 17, 8].

A.1 A weighted 1D Laplacian

Let B € R, and T > 0 such that |B|T < 1. In the weighted space L?((0,T), (1 — Br) dr), we

3
introduce the operator
2
ry__ & B d
Hp ' = dr? + 1—Brdr’
with domain
Dom(H) = {u € H*0,T) : v (0) = —u(0) and u(T) =0} .

This weight will come to measure the effect of the curvature. The operator ’HJ{BT} is the self-adjoint
operator in L2( (0,7, (1 — B7) dr ) associated with the following quadratic form:

T
o () = /0 [ ()21 — Br) dr - [u(0)[? |

with domain
Dom(HI ) = {ue HY(0,T) : u(T) =0}.
The operator ’Hg} is with a compact resolvent. Hence the spectrum a(?—[g}) C R is purely discrete

and consists of a strictly increasing sequence of eigenvalues ()\n (”HJ{BT}» .
neN*

The following proposition gives an asymptotic two-term expansion of the eigenvalue A\ (’Hg}) (for the
proof, see for example [6, Prpo. 4.5]).

Proposition A.1 (Asymptotic of )\1(7-[?})). There exist constant C' > 0 and Ty > 0, such that for all
T >1Ty, Be(—1/(3T),1/(3T)), we have:

(MG = (-1-B)| < CB2

After the change of function v = (1 — BT)_%{L , the new Hilbert space becomes L?((0, T), d7), the
form domain is always independent of the parameter and the expression of the operator depends on B :
d? B2

o{ry _ &« b~
Hp ' = dr?  4(1 — Bt)?’

/ B
with the new Robin condition at 0 denoted by @ (0) = ( -1- 5) u(0)and a(T) =0.
Note that the associated quadratic form is defined by

T T 2
{T} _ 2 B 25 E 2
i) = [ owpar = [ e lubar - (14 5O
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For further use, we would like to estimate ||’7"EL{BT} l22((0, 7),d-) and HBBﬂJ{BT} I 22((0, 7 ¢+ uniformly
with respect to B and 7.

Proposition A.2. There exist constants C' > 0, o > 0 and Ty > 0 such that, for all T > Ty,
B e (—1/(3T),1/(3T)), we have:

ow'~ T

e HL2 (0,7),dr) < C

(T} {7}y

with iy * is the normalized eigenfunction associated with \{(H
Proof. Let ¢ = a1 with « a real positive constant. We have the identity

AT} ~{T AT AT AT AT
(Al eoalh) =l (eallh) - Joer afl ),

which follows by integration by parts (see for instance [22, Proposition 4.7]). Then, by using that u{T}

is an eigenfunction, we get

T ~ 2 T B2 ~ B ~
/0 ’87— <62¢U{BT}> ‘ dT — /O m€2¢’U{BT}|2 dT — (1 + 5) €2¢(0) ”U/{BT} (0)‘2

—llo'e? g P
= (Hp ) lle? a1
We have
i o / 0,57 (el () dr
and then, there are constants C' > 0 such that, for all ¢ > 0, we have:
[l (0)2 < Ce [0y 12200 1y + CeM iy 1220, (1.61)

~{}

Inserting (1.61) in G5 ’, there exist constants C' > 0 such that:

CeB _ B -
(1 —Ce— ) |0- u{T}HLz 0,7) < (M(H{ }) + Ce 1(1 + 5 ) + C) ||U/{9T}H%2(0,T) )

1
For B—0,e= 30 and from Proposition A.1, we obtain:

1@ 0.y < C

thanks to (1.61), we get

o))< e,

which implies the simple estimate

g B2 2 B T ’
— | e ar - o - 2,20 2732 4 < (T} (1.6 ~{T} 2
/o g i ar— (14 5)C /0 [0/ P P dr < M (M) e a1,

and thus,
4 B? A1) )
-y 61 ATH2 4
/o [ 4(1 — Br)? —MHp ) - |¢|} lay P dr < C.

AsT — 400, wehave —1 < B <1, and
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B2 B2
<
4(1 - Bt)?2 — 4(1 - BT)?’

e MHIh<-1-B+CB2.

We choose « such that )
B
- = _1-B+4+CB*>-a*’>0C
A(1— BT)? + “ ="
and therefore,

T T
/ 2 il ar < C.
0

Lemma A.1. There exist constants C > 0 and Ty > 0, such that, for all T > Ty and
B e (—1/(3T),1/(3T)), we have:

‘Al(H{BT})‘ <C and HaBa{BT}HLQ((O,T), ar) < C.

For the proof, see for example [8, Lemma 7.3].
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