N
N

N

HAL

open science

MAGNETIC PERTURBATIONS OF THE ROBIN

LAPLACIAN IN THE STRONG COUPLING LIMIT
Rayan Fahs

» To cite this version:

Rayan Fahs. MAGNETIC PERTURBATIONS OF THE ROBIN LAPLACIAN IN THE STRONG

COUPLING LIMIT. Journal of Mathematical Physics, 2023, 64 (4), 10.1063/5.0101330 .

03410740v3

HAL Id: hal-03410740
https://hal.science/hal-03410740v3
Submitted on 4 Feb 2022 (v3), last revised 1 May 2023 (v4)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03410740v3
https://hal.archives-ouvertes.fr

MAGNETIC PERTURBATIONS OF THE ROBIN LAPLACIAN IN THE STRONG
COUPLING LIMIT

RAYAN FAHS

ABSTRACT. This paper is devoted to the asymptotic analysis of the eigenvalues of the Laplace
operator with a strong magnetic field and Robin boundary condition on a smooth planar domain and
with a negative boundary parameter. We study the singular limit when the Robin parameter tends
to infinity which is equivalent to a semi-classical limit involving a small positive semi-classical
parameter. The main result is a comparison between the spectrum of the Robin Laplacian with an
effective operator defined on the boundary of the domain via the Born-Oppenheimer approximation.
More precisely, the low-lying eigenvalue of the Robin Laplacian is approximated by the those of
the effective operator. When the curvature has a unique non-degenerate maximum, we estimate the
spectral gap and find that the magnetic field does not contribute to the three-term expansion of the
eigenvalues. In the case of the disc domains, the eigenvalue asymptotics displays the contribution of
the magnetic field explicitly.

1. INTRODUCTION

1.1. Magnetic Robin Laplacian. Let € be a bounded open subset of R2. It is assumed that the
boundary I' = 02 is smooth C'*. In this paper, we study the eigenvalues of the magnetic Robin
Laplacian in L?(2) with a large negative parameter, in a continuation of the works initiated in
[8, 12, 16]. The operator is

Pl = —(V —ibAg)?,

with domain
Dom(Pg) ={ue H*(Q):v-(V—ibAg)u+~yu=0 onT},
where
— Ay is the vector potential,
v is the unit outward normal vector of I',
— 7 < 0 is the Robin parameter,

b > 0 is the intensity of the applied magnetic field,
v-(V —ibAp)u+~yu =0 onT is the Robin boundary condition.

The magnetic potential Ay generates a constant magnetic field B equal to 1 and it is defined by

1
Ao(x1, 22) = (Ao,, Ao,) == 5(—962,901)~
We have:
B =V x AO = 8I1A02 — 8Z2A01 =1.

To be more precise, the magnetic Robin Laplacian 733 is defined via the Lax-Milgram theorem,
from the closed semi-bounded quadratic form [6, Ch. 4]

1 b = —1 u(z)|? dz u(z)|? ds(z
H(ﬂ)aw@ﬂu»—/gr(v bAg)u(z)? d +7/F|<>| ds(z),
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2 MAGNETIC ROBIN LAPLACIAN

where ds is the standard surface measure on the boundary. Note that, by a classical trace theorem
(see for instance [1] in the case of straight boundary), the trace of « is well defined as an element
of H? (I"), and the quadratic form Q’; is well defined and bounded from below.

Since 2 is bounded and regular, then the embedding of H'(Q2) into L?(Q) is compact, there-
fore the operator Pf; has a compact resolvent. Its spectrum is purely discrete, and since Pf; is
self-adjoint and bounded from below, it consists of an increasing sequence of eigenvalues. Our aim
is to examine the magnetic effects on the principal eigenvalues ()\n (b, 7))n cn+ » When the Robin
parameter y tends to —oo and b tends to +o0o simultaneously.

If 2 is simply connected, the eigenvalue A, (b, ) is independent of the choice of the vector
potential Ag of the magnetic field. This is a consequence of invariance under gauge transformations;
if A € H'(Q;R?) and curlA = 1, then A = Ag + V¢ for a function ¢ € H?(Q2) (cf. [3, Props
D.1.1 and D.2.1]), and in turn

eV — ibAg)2e™ = (V — ibAg — ibV )2 = (V — ibA)2.

A part from its own interest, the study of the spectrum of the operator 732 arises in several con-
texts, where both situations subject to magnetic fields, b > 0, or without magnetic fields, b = 0,
occur. Estimating the ground state energy of 732, leads to information on the critical tempera-
ture/critical fields of certain superconductors surrounded by other materials [16, 13]. On the other
hand, eigenvlaue asymptotics in the singular limit v — —oo, provide counter examples in the con-
text of spectral geometry [5, 21], and has connections to the study of Steklov eigenvalues [9]. The
case v = ( corresponds to the Neumann magnetic Laplacian, wich has been studied in many papers
[24, 23].

1.2. Main results. In the case without magnetic field, b = 0, the asymptotic expansion of the
eigenvalues of the Robin Laplacian has been the subject of recent studies [2, 8, 18, 21, 14, 12, 17].
In particular, the derivation of an effective operator on the boundary, involving the Laplace-Beltrami
operator as well as the mean curvature of the boundary. In the same spirit, we will study the nega-
tive spectrum of the Robin’s Laplacian on a bounded domain with Robin condition at the boundary.
Our aim is to improve/complement earlier estimates and also clarify the magnetic field’s contribu-
tion in the spectral asymptotic.

The main contribution of this article is Theorem 1.1 below, which involves an effective operator
that we introduce as follows. We denote by || the area of the domain €2 and by |0€2| the arc-length
of its boundary. Let us parameterize the boundary, 02, by the arc-length, which we denote by
s. Let k(s) be the curvature of 92 at the point defined by the arc-length s, with the convention
that x(s) > 0 when 0f2 is convex in a neighborhood of s, and negative otherwise. The effective
operators are self-adjoint operators in the Hilbert space L?(952), acting on periodic functions, and
defined as follows

L = —y72(0s — ibBo)? — 1+ "k(s)

Dom (£ ) = H?(R/|09|Z)

(1.1

with 3 the circulation of the magnetic field,
o
0]

By the min-max principle, and standard semi-classical approximation,

(1.3) A(L%5) = =1+ fmaxy ™" +0(y7),

(1.2) Bo
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where
(1.4) Rmax = TaX K(s).
We will describe the asymptotics of the negative eigenvalues of P, via those of the effective

operator on the boundary. More precisely, the n-th eigenvalues for the Laplace operator P2, is
approximated by the n-th eigenvalue of the operators £§Hﬁo. We will use the following notation:

(1.5) M =0(P) iff Ye>0,M=0O(y").
Theorem 1.1. Let 0 < n < % and 0 < c; < ca. Suppose that
aly" < b < e[

As v tends to —oo , for any n € N* | we have

Aa(b,7) = YA £555)] = O(*Y),
where /\n(ﬁif’fﬂo) is the n-eigenvalues of the effective operator introduced in (1.1).

It results from Theorem 1.1 and (1.3),

(1.6) A(0,7) = =7 + fimaxy + O(27D) .

When b is a fixed constant (i.e. n = 0), (1.6) is known [15, Prop. 5.1] and in the absence of the
magnetic field (b = 0) [8, Thm. 1.1] and [22, Thm. 1] . Notice that, the remainder term is of lower
order as long as < % Ifn= %, we have by [12],

b2 -3

4

An(byy) = =77 + <mmax + )v +o(v).

In a generic situation where the curvature has a unique non-degenerate maximum, Theorem 1.1
allows us to determine the leading order term of the spectral gap between the successive eigenval-
ues. This is valid under the following assumption:

K attains its maximum Kp,x at a unique point;

Assumption A . . .
P { the maximum is non-degenerate, i.e. K”(0) <0,

where kmax is introduced in (1.4), denotes the maximal curvature along the boundary 92 and the
arc-length parametrization of the boundary is selected so that £(0) = Kmax -

Under Assumption A , we study the three terms of the eigenvalue asymptotics of the effective
operator and find that

_ —k"(0 _ _
(1.7) )\n(ﬁ’eyf’fﬁo) = —1 + Kmax?Y 1 + (2n _ 1)\/7“4 3/2 +0(|’7| 3/2) )

This yields the following corollary of Theorem 1.1:
Corollary 1.1. Let 0 <n < % and 0 < ¢1 < co. Suppose that
cily|" <b < ealy|".

Under the Assumption A, as -y tends to —oo , for any n € N* | we have

(b)) = —~2 om— 1 —K"(0) 1/2 1/2
n(0:7) = =77+ fmaxy + (20 = D[ —— 7" +o(h]777).
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The technical condition on 7 appears as follows. After inserting (1.7) into the estimate of Theo-
rem 1.1, we get the error O(v2("~1)), which is of order o(|y|'/?) if and only if n < 2.

In the asymptotics of Corollary 1.1, the dependence with respect to the labeling of the eigen-
values, n, appears in the third term of the expansion. However, in the generic situations described
by Assumption A, the contribution of the magnetic field is hidden in the remainder term, and is
of lower order compared to that of the curvature. Corollary 1.1 follows from the spectral asymop-
totics of the 1D effective operators, which is valid under a weaker assumption on the strength of
the magnetic field (b = O(||>/*)) when compared to the one in Theorem 1.1 (b = O(|y|*/2)).

In the case of disc domains, Assumption A fails, but we can improve Theorem 1.1 and display
the influence of the magnetic field in the lowest eigenvalue asymptotics.

Theorem 1.2. Assume that 2 = D(0,1) is the unit disc and that 0 < n < 1. We have, as
v = —00,

b\* 1
— _ A2 ; _Z _ =
Ai(b,y) = — +7+(£gz (m 2) 2>+o(1),

uniformly with respect to b up to b = O(||").

Theorem 1.2 was known when b is fixed [16, Thm. 1.1]. The proof of Theorem 1.2 relies on the
derivation of the following effective operator, which is more accurate than the one in (1.1) (note
that in the unit disc, the curvature is constant and equal to 1),

. . 41
(1.8) Ltoe = =1 2(0s = ibB0)? =1+~ = 5972

1.3. Organization of the paper. The paper is organized as follows. In Section 3.1, we introduce an
effective semiclassical parameter, we discuss a semi-classical version of the operator and we recall
why the eigenfunctions are localized, via Agmon estimates near the boundary. As a consequence,
we replace the initial problem by a problem on a thin tubular neighborhood of the boundary. In
Section 4, by using the Born-Oppenheimer approximation, we derive an effective operator whose
eigenvalues simultaneously describe the eigenvalues of the magnetic Robin Laplacian. In Section
5, we show that the bound states for the effective operator decay exponentially away from points
of maximal curvature. Then we reduce the study to a free-flux operator, which is a perturbation of
the harmonic oscillator. Moreover, we estimate the eigenvalues for the effective operator with large
magnetic field, thereby proving Corollary 1.1. Finally, in Section 6, In the case of the disc domains,
we describe the term which determines the influence of the magnetic field on the spectrum of the
Robin Laplacian, thereby proving Theorem 1.2. In Appendix A, we recall the known results related
to a family of one dimensional auxiliary differential operators.

2. BOUNDARY COORDINATES

The key to proving Theorem 1.1 is a reduction to the boundary. Indeed, the eigenfunctions as-
sociated with eigenvalues lower than —e h with € > 0 concentrate exponentially near the boundary
(cf. Proposition 3.1). To single out the influence of the boundary curvature, we need a special coor-
dinate system displaying the arc-length along the boundary and the normal distance to the boundary.
We will refer to such as boundary coordinates. In this section, we introduce the necessary notation
to use these coordinates (cf. [11, 3]). Let

R/(|0Q|Z) > s — M(s) € 99
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be the arc-length parametrization of 9€2. We will always work with |02|-periodic functions some-
times restricted to the interval

]_W?,VZQ'] -]~ LL].

At the point M (s) € 9Q,T(s) = M’(s) is the unit tangent vector and v(s) is the unit normal
vector such that
Vs € R/(|0Q|Z), det(T(s),v(s)) =1.
The curvature (s) at point M (s) is then defined as follows
T'(s) = k(s)v(s).
The smoothness of the boundary yields the existence of a constant ¢y > 0 such that, upon defining
Vi, = {x € Q: dist(z,09Q) < to}
the change of coordinates
O :R/(|ONNZ) x (0,t) > (s,t) = x = M(s) —tv(s) € Vi,
becomes a diffeomorphism. Let us note that, for z € V},, one can write
¢~ (x) := (s(2), t(x)) € R/(|0QIZ) x (0, t0)
where t(x) = dist(z, 9Q2) and s(z) is the coordinate of the point M (s(x)) € R/(|0Q|Z) satisfying
the relation dist(z, 92) = |z — M (s(z))]| .

The inverse of ® defines a coordinate system on a tubular neighborhood of €2 in €2 that can be
used locally or semi-globally. Now we express various integrals in the new coordinates (s, t).

For all s, the Jacobian matrix Jg is written, as the 2 x 2 matrix with column vectors M’ — ¢t/

and v
Jo(s,t) = (M'(s) — t/(s),v(s)) .
As V/(s) = k(s)M’(s), the determinant of the Jacobian matrix of the transformation ®~! is given
by:
detJg(s,t) =1 — tk(s).
In the new coordinates, the components of the vector field A are given as follows,
Aq(s,t) = (1 —tr(s))Ag(D(s, 1)) - M'(s),
Aa(s,t) = Ao(D(s,t)) - v(s).
The new magnetic potential Ay = (1211, Ag) satisfies,
0A 0A
[62(3, t) — 8—751(3, t)|ds A dt = curl Ag(® (s, t))dx A dy = (1 — tr(s))ds A dt.
s
For all u € L?(V4,), we assign the pull-back function @ defined in the new coordinates as follows
u=uod.
Consequently, for all u € H*(V;,) , we have
/ [(V —ibAg)u(z)|? dz
Vi

0

= / [(1 — tK(S))_2’(65 — ibf[l)ﬁF + (0 — ibAQ)ﬁF (1 —tr(s)) dtds,
@1 (Vi)

Jo

“0

lu(z)|? dz = /bl(v )\ﬂ|2(1 —tr(s)) dtds,



6 MAGNETIC ROBIN LAPLACIAN

and
/ ()2 d = / (i(s,t = O)2 ds..
VigNoQ

The following lemma can be found in [20] .

Lemma 2.1. Forty > 0 small enough, there exists a gauge transformation p(s,t) on R/ (|0 Z) x
(0, to) such that Ay defined by

AO = 14~0 - v(s,t)@»

satisfies
o= (5608 - (e o).

with
1 €]
By = / curlAgder = —,
109 Jq 09|

and for all uw € H*(Vy,) , we have

) 2 = — s)) 2 — ibA w2 tw2 —tk(s S
/Vt (V—ibAo)u(z)| dx—leo) (11— k()72 (0 — bAL) w]* + [Bpuf?) (1-th(s)) sl

0

where w = e*’uand u = u o .

3. PRELIMINARIES

3.1. Transformation into a semi-classical problem. We will prove the results of Section 1.2 in a
semiclassical framework. Let us consider the semi-classical parameter

h=n~"2.

The limit v — —oo is now equivalent to the semi-classical limit ~ — 0T. The quadratic form can
be written as

Qb (u) = h? </Qy(hv — ibhAg)u(z)|? dz — hg/r|u(x)|2 ds(g;)> = h"2Q} (u).

Consequently, we obtain the self-adjoint operator depending on A
Ly = —(hV —ihbAp)?,
with domain
Dom(L%) = {u € H*(Q) : v.(V — ibAg)u — hzu=0 on r'}.
Clearly,
Pb=h72L},

and thus the relation between the spectra of the operators 732 and L’?L is displayed as follows :
(3.9) o(P) = h 2 a(L}).

Let (p4,(h, b))nen~ be the sequence of eigenvalues of the operator £ . Theorem 1.1 and Corollary
1.1 can be reformulated in semi-classical form as follows.



MAGNETIC ROBIN LAPLACIAN 7

Theorem 3.1. Letn € N* | n < % and 0 < ¢ < cg. There exist hg > 0, such that, if h € (0, hp)
and b satisfies

ah? <b<esh?,
then we have :
|t (R, b) = h A (L555,)| = O(h*~1)
with
. 1
Eﬁ’fﬁo = —h(0s —ibBo)* — 1 — K(s)h2 .
Remark 3.1. We distinguish two important cases of 1) :
SIf 0 <7< 3, then, O(h3) = o(hi).
SIf 3 << 3 then, O(h3) = o(h?).

By the method of harmonic approximation, we deduce:

Corollary 3.1. Letn € N*, 0 <7 < % and 0 < ¢1 < co. Under the Assumption A, there exist
ho >0, forall h € (0, hy) and b satisfies

clh® <b<esh?,
we have :
/i
(B, ) = —h — Fmach®? + (20 — 1 L@h?/uo hi).
2

In the case of the disc, we derive the following effective operator

(3.10) Lo = —h(Dy — ibB)® — 1 — h3 —

o | >

As a consequence, we get the following theorem.

Theorem 3.2. Assume that Q2 = D(0, 1) is the unit disc, 0 < n < 1 and that 0 < ¢1 < co. There
exist hg > 0, forall h € (0, hy) and b satisfies

ch2 <b<esh?,

we have :

2
3 . b 1
3.2. Reduction near the boundary via Agmon estimates. The goal of this section is to show that
the eigenfunctions associated to eigenvalues less than —e i, with 0 < € < 1 a fixed constant, are

concentrated exponentially near the boundary at the scale h!/2 |

Proposition 3.1. Let M € (—1,0). Forall « < \/—M, there exist constants C > 0 and hy €
(0,1) such that, for h € (0, ho), if upp, is a normalized ground state of L with eigenvalue ju(h, b)
such that p(h,b) < M h, then

2adist(z, I)

(3.11) / (Junp(z)|* + h|(V — ibAg)un p(x)|?) exp ( : ) dz <C.
Q h1/2

Proof. The proof is similar to the one of [8, Thm. 5.1], and only notice that it is a consequence
modulo a partition of unity with balls of size Rh!/? with R large enough and the fact, if the support
of u avoids the boundary, we have Q?L(u) > —Ch. O

We record the following simple corollary of Proposition 3.1.



8 MAGNETIC ROBIN LAPLACIAN

Corollary 3.2. Let M € (—1,0), p € (0,3) and ¢ > 0. Forall 0 < a < /=M, there exists
C > 0and hgy € (0,1) such that, if up,p, is a normalized ground state ofﬁlfl with eigenvalue ji(h, b)
such that p(h,b) < M h, then for all h € (0, hy),

(3.12) / - (Junp(2)]? + B|(V = ibAo) up p(2)? ) daC < exp(—2ach™).
dist(z,I") L

>ch2~
As a consequence, for small h, the ground states of the operator Ez are concentrated near the

boundary of €2 (cf. Corollary 3.2). This will allow us to work in a tubular neighborhood of 02 .

Let p € (0,1/2), we introduce the J-neighborhood of the boundary
Qs ={zeQ:dist(x,T) <35}, 6=hz ",
The quadratic form, defined on the variational space
Ws = {u € H'(Qs) : u(z) =0, Va € Q such that dist(z,T) = 6},

is given by the formula

(3.13) qZ’p(u) = h? (V —ibAg)u(z)|? de — hg/ lu(z)|? ds(z) .

|
Qs 0Ns

Note again that the trace on 0€2; is well-defined by a classical trace theorem. The associated self-
adjoint operator is:
LYP = —(hV —ihbAg)?,
with domain
Dom(ﬁi’p) = {u € H*(Qs) : v.(V —ibAg)u — h2u=0on I and
u(z) =0, Vo € Q such that dist(z, ') = d}.

That is, we consider the realization with mixed boundary conditions (Robin and Dirichlet condi-
tions). Let (1, (h, b, p))nen+ be the sequence of eigenvalues of the operator ﬁl,’L’p . The following
proposition reduces the analysis to the operator EZ”) .

Proposition 3.2. Let e > 0 and o € (0,+/€) , there exist constants C > 0, hg € (0, 1) such that,
forall h € (0,ho),n > 1and p,(h,b) < —eh,

tin(h, b, p) < pin(h,b) + Cexp(—ah™).
Moreover, we have, foralln > 1 and h > 0
tin(h,0) < pin(h; b, p) .

Proof. The inequality fi,(h,b) < py(h,b,p) is not asymptotic. Let (vg 1)1<k<n be an orthonor-
mal family of eigenfunctions associated with eigenvalues (fix(h, b, p))1<k<n - We define the func-

tion
(Y if x € Qs
Uk,h = .
0 ife e \ Qs .

Let E be the vector subspace generated by the family (uj 1 )i1<k<n and v € E which is written as

follows:
n
u = E QUL h -
k=1

Inserting u into the quadratic form Q% (u), we obtain
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Qh (u <£bp Zakvk hs Zakvk h>

n
b7
= Zakth(vk,h) < pin(hybyp) Y apllugnl® = pn(hy b, p)llull?.
k=1 k=1

By the min-max theorem, we get the non-asymptotic inequality i, (h,0) < un(h,b,p).
Now we determine an upper bound of /i, (h,b, p) in terms of p,(h,b). Let (upp)i1<k<n be

an orthonormal family of eigenvectors associated with the eigenvalues (p(h,b))1<k<n - Let us
consider the cut off function define on R as following:

0<x<1,x=1o0n]—00,1/2] and x =0 on [1,+o0[.

xi1(z) = x(tf)) :

Vk,h = X1Uk,h -

We define the function

Fork=1,...,n, weset

Let F}, the vector subspace of Dom(ﬁb’p ) spanned by the family (vip)i<kp<n and wy, € F},
which is written as follows:
n
wh =Y BVkh-
k=1

The functions (vy, ;) are almost orthonormal ( Proposition 3.1). We note that dimF}, = n and
n
[wp||* = Z 1Bk|? + Oexp(—ah™")).
k=1

Inserting wy, into the quadratic form ¢ (wy,)

n
b b b
a," (wn) = (L)" wp, wp) = E BiBr(Ly” v, v p) -
=1

For j, k fixed and for A small enough, we have
(LYP vip V) = O 11 (h, ) — W2 (u pn Ax1, x1uep) — 202V x1.(V — ibAg)uj g, X1unp)
+ O(exp(—ah™")).
From Holder’s inequality and the Corollary 3.2, we obtain

h2 (u; nAx1, X1tkn) + 202 (Vx1.(V — ibAg)ujp, x1tukn) = O(exp(—ah™)).

Therefore,
B m) = 3 DB + Oe(—ah ") Y By
j=1 7,k=1
< (unm, b+ Cexp(-ali ) ) sl
By the min-max theorem, we have i, (h, b, p) < p,(h,b) + Cexp(—ah™"). O

Proposition 3.2 leads us to replace the initial problem by a new Robin-Dirichlet in a §-neighborhood
of the boundary I".
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3.3. The Robin Laplacian in boundary coordinates. By Lemma 2.1, the new quadratic form is
expressed in tubular coordinates and is written as follows:

. L 6 +2
3 (u) = h2/ / <as —ibflo —ib( — 1+ H(s)))ﬂ
L 6 L
+ h2/ / |0y (1 — tr(s)) dt ds — h3/2/ (s, t = 0)*ds,
-rJo -

09|

with & = ey o ® and L = - The operator EZ”O is unitarily equivalent to E;l’p the self-

2
(1 —tr(s))~! dtds

adjoint realization on L?((—L, L] x (0, 6), a dtds), of the differential operator, with 2 —periodic
boundary condition with respect to s,

2 t?
27;;" = —h%q! (03 —ibBy — ib( —t+ 2%(8)))(1_1 <65 —ibBy — ib( —t+ 2K(S)>>
—h%a710,a0;  (in (L?(a dtds)).
With a = 1 — tk(s) . In boundary coordinates, the Robin condition becomes

Ayu(s,t =0) = —h ™ 2u(s,t =0).

We introduce,

Dom(g") = {u € H'(Qs) : u(s,d) =0},
)= {u e H*(Qs) : u(s,6) =0 and dyu(s,t = 0) = —h " ?u(s,t = 0)}.
We know that the eigenfunctions are localized near the boundary, at the scale h3 (cf. Prop 3.1) and

in order to obtain a Robin condition independent of & , we get a partially semiclassical problem by
changing the variable

(S,t) - (37 h%’r)

This change of variable transforms the above expression of ﬁz’p into an operator /:’1;;’) as follows

2

1 1 2
h { — hg! (as —ibfy — ib( _hir+ hTQFL(S))>ZL\1 (as —ibBy — z’b( S hg&(s)))
- alaTaaT} ,

where the new weight

a(s,7)=1- h2 TR(S) .

The boundary condition becomes

We consider rather the operator
Ab,ﬁ — -1 ~b)p
L) =h""L)",
and the domain of integration becomes

[—L, L[x(0,6/h*?) = [=L, L[x (0, h™").
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The associated quadratic form is

L ph=r 2
0P (p) = /_L/O (hl/zas — ibh/2 By — ibh( —T 4 h”iﬂ(@))w

L h—P L
+/ / 10:40% 6 dr ds — / lv(s, 7 = 0)|? ds.
—-LJo —L

Qs ={(s,7):s€[-L,L] and 0 <7 <h ™"},
(3.14)  Dom(G*) = {u e H'(Qs) : u(s,h™") =0},
Dom(L0*) = {u € H*(Qs) :u(s,h™") =0 and d,u(s,7 = 0) = —u(s, 7 = 0)}.

2
a~t drds

We let

Let ji,,(h,b, p) be the n-th eigenvalue of the self-adjoint operator L }?’p . We have
(3.15) fin(h, b, p) = h™ (R, b, p) .

4. ASYMPTOTICS OF THE EIGENVALUES OF THE ROBIN’S LAPLACIAN
The aim of this section is to prove the following result, which implies Theorem 1.1.

Theorem 4.1. Letn € N*, 0 <17 < %,a >0 and 0 < ¢y < co. There exist c4- > 0 and hg > 0,
such that, if h € (0, ho) and b satisfies

clh® <b<ecsh?,
then we have :

/\n(ﬁiffg’;) + Oh2) < fin(h,b, p) < )\n(ngfé:) +O(h2om),

with

2
Eiféf = —h(1 £ cp h") (05 —ibBo)* — 1 — K(s)h2 — (s) h,

and

. 1
r = min(a, 5) .

4.1. The Feshbach projection. Following the writing of the magnetic Robin Laplacian in tubular
coordinates in Section 3.3, there appears a one-dimensional operator defined, for s fixed, by

—a'0,a0, = —02 + h'/?k(s)a"10,
{OTU(S,T =0) = —u(s,7 = 0) in L2((0, "), (1 — Th'/2k(s)) dr).
This operator is denoted by
He(s),h = ’H]{BT} ;
with
T=h"" and B=h"?k(s),

and where ”H]{BT} is defined in A.2. Let v,(s) , be a normalized groundstate of H,y) 5, associated
with A1 (H,(s),n) - By [16, Lemma 2.5], we have

2
(4.16) M (Hps)n) = —1— n(s)h% — H(;)h +o(h),

and forC' > 0
(4.17) Xo(Hu(sy ) = —ChY277.
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According to Lemma A.1 and Proposition A.2, there exist constants C' and CY, , such that

(4.18) 1950y 1l 20, ), (1= 26(s)7) ary < CRY2,
and
h—P
(4.19) / Tk\v,{(s)ﬁh\Q(l — h1/2/{(s)7') dr < (.
0

We introduce for s € [—L, L], the Feshbach projection II; on the normalized ground state Vg(s),h
of HH(S) h

(4.20) st = (4, Vis(s),1) L2((0, =), & dr)Un(s).h -
We also let

I =1d-1I,,
and

Rp(s) = ||asvn(s),h”%2((07 h=P),a dr) *
The quantity Ry, is sometimes called “Born-Oppenheimer correction”.
Lemma 4.1. There exist constants C' > 0 and hg > 0 such that, for all 1) € Dom(E]\,i”p ) and
h € (0, hp) , we have:

L

1
mh@wm%wmfwm;wwm@w@s/‘Pm@w+mmhwmmmda

—L

Proof. We estimate the commutator:
L., el = — [, O]
= (05, Vi(s),h ) 12(a dr) Ur(s),h — Os ((1/% Us(s),h ) L2 (a dr) Un(s),h>
= — (¥, OsVn(s),h) L2 (a dr) Vr(s),h — (Vs Vi(s),h) £2(a dr) OsVn(s),h
+ W2 (s) ( "

We get, thanks to the Cauchy-Schwarz inequality and the inequality (4.19)

0 ﬂ)fun(s),hT dT) Uk(s),h -

L 1
L 2000 < [ |20+ 2| Wl .
(]

4.2. Approximation of the norm on the weighted space. In this section, we introduce an ap-
proximation of the weight.

Lemma 4.2. There exist constants ¢ > 0 and hy > 0 such that, for all b € L*(a drds) and
h € (0, hg) , we have:

4.21) ||7/}||%2(@—1 drds) <(1+ Chl/Q) HstH%Q(@ drds) +(1+ Ch1/4) HHinZLZ(@deS) )
and
(4.22) H¢H%2(@—1 drds) >(1- Ch1/2) HﬂwHiz(ades) +(1 - Ch1/4) HHiw”%?(a drds) *

Proof. We have

L h—P L h—P
‘/ / |24 drds — / / lv|2a~t drds
~LJo —LJO

L h—P
< 0/ / R 27420 drds .
—-LJO
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Then, we use an orthogonal decomposition to get

L ph™? L ph™F
/ / lv)a des—/ / 1|26~ drds
—LJO —LJO

L h=F L h—P
<C [/ / R 21| g %6 drds + / / W27 %4 des] :
—LJo —LJO

Thanks to (4.19), we get

L h=P L h—P
/_L/O W22 drds = h1/2/_Ly¢(s)12 [/0 Tonenl%a dT] ds < chY? T2 g 4o -

We use that h1/2-r < h1/4, we obtain:

L ph=* L ph=*
[ wermtepaaras <nte [0 b epadrds < BV g
—LJo —LJO

O

The following corollary is a direct consequence of (4.21).

Corollary 4.1. There exist constants ¢ > 0 and hy > 0 such that, for all 1) € L*(a drds) and
h € (0, ho), we have:

L
M0 aray < (1 ) [ (o) ds.
with o = (Y, Ve(s),10) £2((0, A7), 4 dr) -
4.3. Upper bound. To separate the variables, we consider the function of the form :
(4.23) 1/1(37 7—) = SO(S) ’ vn(s),h(7_> ’
with ¢ € HY(R/2LZ).

The following proposition provides an upper bound of the quadratic form on a subspace.

Proposition 4.1. Let p € (0,1/4),0<n < 3,a >0 and0 < ¢; < ¢y . There exist constants
¢ >0, hg >0 such that, for all h € (0, hg) and b satisfying

clh2 <b<ecsh?,
we have for all i) define in (4.23)
~b, eff, —o—
qy, p(¢) < qhﬁ:(@) + O(h2 “ n)H(p”%Q(R/QLZ) )

where, for all p € H'(R/2LZ),

L

eff,+( )_ L(_l_ ( )h;—ﬁ(8)2h>| ( )|2d +h[1+ hmin(a,%)] ’(8 _bIB) |2d
qh,Bow_iL kS B p(s s c > s —1000)p|” ds.

Proof. The proof will be done in a five steps.
i. We write

=[O0

L h—°P L
tan _ 2 A o — 2
q" ™M (Y) = /—L/O |0-¢|7 a drds /_LW(S,T 0)|“ ds.

a}?,p(,lp) _ qtang(w) + qtrans<,¢>,

where
2
a~ldrds,

2
(h%as —ibh3 By — ibh( ot hign(s)»w

and
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ii. Upper bound of q%"9(¢)). We get, by using the min-max principle and (4.16)

L h—°F
o) = [ LsD(S)Q[ /0 Oy (P2 dr — ooy n(0)[2 | s
L

LQn(s),h (Un(s),h) |S0<3) ‘2 ds

/
/ LLM”K(s),h) lo(s)[? ds
/

' ( -1- m(s)h% - (5)"

IN

R le(s)? s + o(m)lIll

s 2

iii. Upper bound of q"@"(1)). Using that for any a,b € R, h > 0 and o > 0 such that

la+b2 < (1 +h*)|a®>+ (1 +h")[D)?,

we have
gl () < (14 B g () + (1 4+ h™)gd ™ (¢) ,
where
L hr ) L 2
qltrans(w) — / / (hﬁas — th550>¢ d—l drds,
-LJo
and

2
a ' drds.

girams (y) = bW/LL /Oh_p ( T héiﬁ(s))w

iv. By use Lemma 4.2, there exists ¢ > 0 such that

L h—P
trans 272 1/4 2
o) <o et [ jots) [/O

Using the inequality (4.19), and since the curvature is bounded, we get with a possible new constant

2 2

( -7+ h%%/@(s))v,{7h

&dT] ds.

c7
h=¢ 172 ?

/ (7T+h§7,€(s)>unh adr <c.

0 2 7
Therefore,

(14 h™) gdrams (1) < cb2R22||? < ch2="|g]2.

and

(1+h72) gfroms(y) = O o]
Note that:

27 —
h=— —piten — ps(3-n)
h% h—0t
- If 2 << 3, wechoose a = (2 —n) then
27 —
h=—a=n _ h%—a—n _ hé(%—ﬁ) -5 0
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v. We have

h—P
qlrms () < h (14 h®) / / n (05 —ibBo)p? @t drds

h P
R R / / Bvonioy 2lo(s)[2a" drds
—LJO

Using Lemma 4.2 and Corollary 4.1, we write

L
qltrans(w) < h(1+ho‘)(1+chl/2)/ |(85 _ib60)90|2 ds
—L

L h—F
+h(1+ha)(l—l—ch1/4)/ |g0(5)|2{/ \8sv,£(s),h|2d dr| ds.
—L 0

From (4.18), we deduce that

L
(14 h*)g{™™™ () < A[1 + chmn(@2) ]/LI (05 — ibBo)l” ds + O(R*~)[l||?

L
< h[1+ chmin(e:3) ]/ | (85 — ibBo)p|? ds + O(R2~27)|¢||?.
-L
Then the conclusion follows. O

4.4. Lower bound. The following proposition provides a lower bound of the quadratic form.

Proposition 4.2. Let p € (0,1/4),0 < n < 3,a > 0and 0 < ¢; < co. There exist constants
¢ >0, hyg > 0 such that, for all h € (0, hy) and b satisfying

clh® <b<esh?,
we have
~b, eff,— —a— —7(1
37 (0) 2 67 () + O )6l m a1z — OB ) TG g
where
°q, PP define on Dom(g; ’p) in (3.14).

e ) € Dom(q, bp).
e o € HY(R/2LZ) defined by

©(8) = (Y8, )s Vi(s),h) L2((0, h=#), . dr) »

and
off L 1 k(s)?
G50 = [ (= 1= st = "0 et as
L
L B[L = chmin(ed)y] / (0, — ibBo)pl? ds.
iy

Proof. We write

with
2

2
(héas — ibh2 By — ibh( . h%;n(s)>>¢ a1 drds,

e
413 (4 / /h o ades—/ (s, 7 = 0)2 ds.

and
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i. By using the orthogonal decomposition ¢ = II,1) 4 114, we get:

qﬂc(s),h(d)) = Gx( ( 81/}) + Ar(s) (HLW

Then, by using the min-max principle,we get
L
00) = [ aalv) ds

L L
= / q,'f(s),h(gpvn(s),h) ds + /an(s),h(nslw) ds

—L

L
> /L)‘l(Hm(s),h)||‘pvn(s),h||%2((07hP),ddT) ds

L
+/;L>\2(%n(s),h)|HSLQ/}H%,Q((O,hp),ddT) ds.

From (4.16) and (4.17), we have

g"m () > /

—L

L 1 k(s)?
(—1—ﬁ(s)h§ - (2)

h) [p(s)1* ds + o(h)llll* = CRY2 P41 3 2 gras)

ii. By Lemma 4.2, we have

gl () > (1 — Chl/Q)/_LL /th
+(1 —ch1/4)/_LL/0hp

2
as(T) = —T + h1/2%ﬂ(8) .

2

h2 TL,8,1) — ibh? Bollyy — ibhIls(ast))| @ drds

2

h2 IO — ibh2 BollE o) — ibhIT: (auv)| @ drds.

with

We write
5051 = Osls1p + [, O]t
and use the following classical inequality. For any a,b € R, h > 0 and o > 0, we have
la + b2 > (1 —h%)al®> = hb)?.
We obtain

qtranS(w) > (1 o Ch1/2)( ha) trans&/]) o (1 o ch1/2)h7aq2:‘,rans<1/])
+ (1 o Ch1/4)( hcx) tranS(w) - (1 - Ch1/4)h—aq2tran3(,¢)) ’

“afl "™ ()

h3 8,I114p — ibh3 Bolliep — zbhni(aszp)‘ & drds .

with
° qltrams — / / hz o Ilg) — thQBOst — ibhlIl; (asw)’ a drds,
_rJo - p
o qlTans () = h/ / [ITs, Os]1p adrds = h/ / a drds,
L
/L
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1ii. We have

L h—°P 2
qltrans(d}) > (1 _ ha)/ / h% Osllgy) — th%ﬂgﬂsiﬁ‘ a drds
—L JO

L rhr 9
_pe / / ’bhHs(aszp)‘ & drds.
—L JO

Clearly,

L h? 9 L hr 9
/ / ’HS(aszp)) i drds < / / asw’ a drds
—L JO —LJO
L hr 9 L h?
g2/ / asnsw( ddeS—i—Q/ /
—LJO —L JO

With the same type of reasoning as for the upper bound, there exists a constant ¢ > 0 such that

n 2
e w‘ i drds.

L
gi" " (1) > h(1 — ch®) / @ =)l ds + O™ llellEa g 1)

34
— O(b%h> )HHslei?(a drds) *

vi. We use Lemma 4.1 and the inequality (4.18), to obtain

a5 (V) < h?([9]l f2a arasy < BPllol + ChQHHsLW@?(ades) :

trans

v. Since ¢3"*"**(1)) > 0, we obtain:

L
(oL . —a—
gt () > h(1 — Chmm(wg))/ | (05 — zb70)<,0|2 ds + O(h2 ) ||<P||2

— ch TP 2 a4y a) -

Then the conclusion of the proposition follows. U

4.5. End of the proof. We now have everything to finish the proof of Theorem 4.1. The self-
. . . . . eﬁyi s
adjoint operator associated with the quadratic form g, G 18
1K

. 2
LiTE = —h(1 £ ex hM2)) (9, — ibfo)? — 1 — K(s)hE — (? h

in L?(R/2L7Z) , where c. is a constant independent of h. The operator E;ﬁ[goi is with compact

resolvent and it is bounded from below. Its spectrum is purely discrete and it is consists of by an

. . . fF
increasing sequence of eigenvalues A, (Lj ﬁzc) .

Corollary 4.2. Letn € N*, p € (0,1/4),0<n < 3, a >0 and0 < ¢; < cy. There exist
ho > 0, such that, if h € (0, ho) and b satisfies

cth? <b<ech? |

we have :
o~ eff, —a—
Hn(h, b, p) < )\n(ﬁh”@:) + O(h2 ")

Proof. Let (¢;)1<j<n an orthonormal family of eigenvectors associated with eigenvalues
(Aj(Efoé:))lgjgn . Let F the subspace of Dom(qf:fﬁ’j) generated by the family (p;)1<j<n . By
Proposition 4.1, we have:

O (e n ®) < G (@) + O [gl?, Ve e E.
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We use the min-max theorem and deduce

ff, ff,
@, 5?( ) < An(ﬁi,gi)llw\\Q-

Consequently,
~b, ff
G, k()0 9) < ML g2l + OB~ o]

An
(An(£555) + 0027271 ooy el

IN

Forall g € vy nE, we have:

a°(9) < (M5 + om* o) g2,

h*/J
/0 ooy (r)Padr = 1,

then the functions of the family (v (s),5%;)1<j<n are linearly independent, so dim(fy () nE) = n.
By application of the min-max principle, we obtain

fin(h, b, p) < An(L5is) + O(R*27M).

Since

O

Corollary 4.3. Letn € N*, p € (0,1/4),0 <n < %,a > 0 and 0 < ¢; < c. There exist
ho > 0, such that, if h € (0, hg) and b satisfies

- =
Clh 2 < b < 02h 2,
then we have :

fin(sbyp) 2 An(L5150) + O(RP7)

Proof. If n < 2, there exist 0 < « < 5 —nthen —n + % — a > 0. According to Proposition 4.2,
there exist ¢y € (0, 1) such that, for all (NS Dom(@?’p ) and h small enough, we have:

(4.24) G0 () = Q™ (1, Vs ), 1)
where, V(y, f) € Dom(qh o) X Dom(ﬁfl’p)

ens €
Ko ) = Q@) = S 132 aras)
with
Q%) = 4 (0) + O™ M)l g jorz) -

By application of the min-max principle (see [23, Chapter 13]), we have the comparison of the
Rayleigh quotients:

(4.25) Lin(h, b, p) > 11k (h) .

We note that the self-adjoint operators associated with the quadratic forms Qe and Q'™ ar
respectively Eeff and L5 It is easy to see that the spectrum of £ lying below —e 001n01des
with the spectrum of £eff Then, for all n € N* | at*"%(h) and ,ueff(h) are respectively the n-th
eigenvalues of £ and E?Lff and satisfy

(4.26) e (h) = BT(h) = ML) + O(W*77).
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5. SPECTRUM OF THE EFFECTIVE OPERATOR

Let Ay, (L) be the n-th eigenvalue of an operator £ . Fix a constant ¢ € R . The effective operators

Efffﬁ’zt are special cases of the following operator:

' 2
LT = _h(1 — ™)) (9, — ibBy)® — 1 — k(s)h2 — ”(S) h,
with b > 0 and o > 0. The associate quadratic form on L?(R/2LZ) is
e L 1 kK(s)? o L '
) = [ (=1t = SRR o) dsra—chmed) [ |0, ibgoyel as

In the following, we will explain how the spectrum of the operator Eii’fo reduces to the study of
that stated in Theorem 3.1. The calculations in this section are classical. The operator that we are
going to study its spectrum is a perturbation of the harmonic oscillator. Then, the calculations are
based on the context of the harmonic approximation (cf.[23, Section 4.3]), with a small adjustment,
since the operator is defined on a periodic space and with a phase term ib03.

Let

ffb _ peff,b
cz,a,l - [’Z,a,O + 1.
By definition of the spectrum, we have
(5.27) A(L00) = =1+ Ma(L550).

1/2

Factoring the term A~"/<, we get the new operator

ffb 5 —1/2 peffid
£Z,O¢,2 =h / ‘Cz,a,l )
and
(5.28) ML) = WA (L500,)
We introduce the semi-classical parameter
h=ht/1.

Lemma 5.1. Let us consider:

Loty = —H2(1 = chmn0e ) 9, — ibgo)? = k(s)
with the associated quadratic form on L*(R/2LZ),

L L
) = = [ K5 (o) s 121 = e [0, — i)l s,

Then, we have
(5.29) An(L550,) = Aa(L50) + O(12).

Proof. Let ¢ € HY(R/2LZ). We have

L k(s 2
| etepas.

Since 2 is a bounded domain with a smooth boundary, the curvature « is also bounded, hence there
exists ¢ > 0 independent of s, such that

ff,b fF,b
qz,a,2<90) - q;mg(%@)‘ = h2

fF b fF b
() - q:;,a,g(so)' < cB|g|?2.

Applying the min-max principle, finishes the proof. U
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From (5.27), (5.28) and (5.29), we obtain
(5.30) ML) = =1+ B (L55)5) + O(hY).
Therefore, to study the spectrum of the effective operator £Zﬁab0 , it suffices to study the spectrum

of the operator Eh o 3 , introduced in Lemma 5.1.

5.1. Localization near the point of maximum curvature. Let x,,x be the maximum curvature
along the boundary I' is introduced in (1.4). Consider the effective operator of the form:

L0 = =k (1 — cBmU2)) (9, — ibBy)? + Kimax — K(s) ,

and the quadratic form on L?(R/2LZ) associated to it,

L L
G = [ (= w(9) () s B30 = 402 [} 0, — Bl ds.

Notice that:

(5.31) Mn(L505) = ML) = Foma -

Proposition 5.1. Ler us consider the effective operator of the form
E(;Lf,fib = _h2<88 - Zb/BO)2 + Kmax — ’%(8) )

and the quadratic form on L?(R/2LZ) associated to it,

L L
G50) = [ (s = 1(9) o) ds 4 12 [ 1@ = bl ds.

—L
Then, we have
An(LE0) = (14 O(rminted)\, (£5m0).

Proof. Let ¢ € H'(R/2LZ). We have:

L
4504 (0) — @53 ()] = [ pminte 2)h2/L (0. — i)t ds

L L
< |e|pminties2) {hQ / | (8s — ibBo)|? ds + / (Fmax — #(3)) |(s)|? ds
—L —L
< Jelmintie2)geh )
The conclusion of the lemma is now a simple application of the min-max principle. (]
From (5.30), (5.31) and Proposition 5.1, we obtain

Mn(L50) = —1 — W2y + B2(1+ O( B2\, (£550) 4 O(nt).
In the following, we show that \,, (szil’b) = O(h) then, we get ( recall that i = h'/%)
(5.32) A(L5000) = =1 = B himax + B2An(L57) + o(h®) = M (L5%5) + O(R* 7).

Notice that Theorem 4.1 and the equality (5.32), yields the proof of Theorem 3.1 which is a refor-
mulation of Theorem 1.1.

The goal is to show that the eigenfunctions of E;ﬁ’b , associated with the eigenvalues of order A
concentrate exponentially near the point of maximum curvature.
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Proposition 5.2. For e € (0,1), there exist C > 0 and hy > 0 such that, for all h € (0, ho) and
for all eigenfunctions 1 of Ezﬁf , associated with the eigenvalues of orders h , we have:

eyl < Cllpl2, g5 (/M w) < Chllw?,

s+2kL
/0 V Emax — k(y) dy| .

Proof. The proof consists of three steps. Let ¢ € (0,1) . Consider an eigenvalue A = O(h) and an
associated eigenfunction v .

where

do(s) = min

1. First step.

Let ¢ be a regular function, 2L periodic, with real value. We have:
L (e ) = e? L5 (v) — B <¢a§e¢ + 20,%01p — 2ibﬁgwﬁse¢) :
Then

gy (€70) = (L35 (e70), €0
L
L

= (2L (1), %) — hER [ / [waﬁ& + 20,e?041) — 2ib60¢856¢] Ye? ds]

L
= \||e®y||? — K2R [ / [wgeqﬁ + 20,e®051) — 2¢bﬁo¢ase¢] e ds] .
—L
By the formula of integration by parts and as ¢ is 2L periodic, we have

L
R / [wagaf’ + 205e®951) — 2¢bﬁ0¢ase¢] Ye? ds = —|| 05?2
—L
Then, we get
(5.33) g (e ) = Mle? v|? + B 0se? 2.

2. Second step.

€ :
For ¢ = % , we notice that:

62

2

/ € /
(534) (¢ 1* = 33 100l” = 75 (kmax = 5(5)) -
We have

- L L
G50) = [ (omas — w(5)) ) ds 7 [ 01— i)l ds.
Consequently
L

(5.35) G2 [ (= w(5)) o) s,

From (5.33) and (5.35), we have

L
/ [(Hmax Ck(s)) — A h2\¢'|2] €26 |p[2 ds < 0.

—L
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From (5.34), we get

L
/ (1 — €] (kmax — £(5)) €2 [ ds < Ale? ]2 < Chlle? o]
-L

We notice that for any e € (0, 1) and for / small enough, there exists a constant C' > 0 independent
of 7 such that

1—-€e2>0C.
We deduce the inequality
L
(5.36) / (max — (5)) €27 ]2 ds < Clle? .
—L
From (5.36) and (5.34), we have
(5.37) Gty (2 ) = Ale? 0 + 12[19se? 0> < Chlle? >
3. Third step.
Let us show that:
L
(5.38) / /M| ds < Clv|1?,
—L
(5.39) g (e y) < Chllw|?.

We use that u = Kpax — + admits a unique non-degenerate minimum, we deduce that for any
Co > 0, there exist constants C, fiy such that, for all & € (0, i),

(540) / (/{Inax — /{(5))625‘b0/h‘w|2 dS S Ch||¢||2,
|S|§Coﬁ1/2
(5.41) [ ek as <l
|8‘§C()ﬁl/2
(5.42) / (Kmax — /ﬁ(s))e2€¢0/h\w|2 ds > cCgh/ 626¢°/h]¢]2 ds.
|s|>Cohl/2 |s|>Cohl/2

By the inequality (5.41), to show (5.38), it suffices to show the following inequality:
(5.43) / >/Mp|? ds < Cly|*.
|s|>Cohl/2

Taking Cj large enough, we deduce that

1
2¢¢po /b " 2 4 < / 2e¢0/h " 24
e S u(s)e s
/|s|>00h1/2 vl cC2h |s|>Coh!/2 (5) )|

L
/ u(s)e? /M2 ds .
-

<
~ cC3h
By inequality (5.36), we get
C L
/ 62€¢0/h‘w|2d8 < 5 / 626¢0/h’1/}‘2 ds
|s|>Coht/2 cCyJ L
<
CCg |s|§00ﬁ1/2

c
< 625¢0/h‘w|2 ds + 2/ 626¢0/h‘1/}|2 ds.
CCO |S|ZCOH1/2

Thus,

) [ -
1-— e 6¢0/hlw\2 ds < eQEqSO/fLW\Q ds.
< CCg |S\Zcoﬁl/2 CCg \s\SCohl/Q
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From the inequality (5.41), we get (5.43) and hence we show the point (5.38).
From (5.37), we have
G (/M) < Chlle /g2,

and from the inequality (5.38), we get the inequality (5.39). (]
We record the following simple corollary of Proposition 5.2.

Corollary 5.1. Let p € (0,3), there exists C > 0, € € (0,1) and hy > 0 such that, for all

h € (0, hy) and for all normalized eigenfunctions 1 of Ezﬁib , associated with the eigenvalues of
orders h , we have:

/|>hlp]1/12ds < Cexp(—ch™ ).
s|>h2

5.2. Reduction to a flux-free operator. Consider the Dirichlet effective operator of the form:
L = 1202 + Kmax — k()
with domain
Dom (") = {u € H*([-L,L]), w(~L)=u(L) =0},
and the quadratic form on L?([—L, L]) associated to it
L L
G50 = [ (s = 5(5)) [P ds 17 [ |0, ds.
~L ~L

Let ()\n(f,fﬁ))neN* be the sequence of eigenvalues of the operator .Z,fff . As a consequence of
Corollary 5.1, for small & the eigenfunctions of E‘,ﬁ , associated with the eigenvalues of orders A

concentrate exponentially near the point of maximum curvature at the scale /2. The following
proposition allows the reduction of the analysis to the operator E;ﬁ’b . It is standard to deduce from
the min-max principle and the Agmon estimates of Proposition 5.2, the following proposition. This
result quantifies the relation between the spectrum of this operator and that of the original operator.
The notation O(h>°) indicates a quantity satisfying that, for all N € N, there exists Cy > 0 and
hx > 0 such that, forall h € (0, hn), |O(h™)| < Cyhy .

Proposition 5.3. Ler n € N, there exist constant hy € (0, 1) such that, for all h € (0,ho) ,n > 1
and A, (L51}") = O(h),
An(ZET) < An(L550) + O(h).
Moreover, we have, foralln > 1, h >0
An(L3f') < An(Z5T).
Proof. Forall N > 1, we can take a family of eigenvalues and eigenfunctions (A, (E;ﬁb)n:l,w N

such that (¢, 5)n=1,... .~ is an orthonormal family. Let us consider the cut off function x define on
R as following:

L L
0<x<1, leon{—Q,Z] and x =0 on R\|]-L,L[.

For k =1, ..., N, we define the function

D p(s) = e P05y (s);n(s) .
‘We notice that
Opp(—L)=Ppp(L) =0 and &y, € H*([-L,L]).
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Let En(h) the vector subspace of Dom(,ﬁ,’}fﬂ) spanned by the family (®,, ;)n=1,... n,and u, € F},
which is written as follows:

N
=> Bl
k=1

The functions (®,, ;) are almost orthonormal. We note that dim(Ex (h)) = N and

N
lunl> =" 18kl* + O(h™) .

k=1

Inserting uy, into the quadratic form g5t (uy,)

N
@ (un) = (LT unyun) = > BiBu( L @, i) -

k=1
For j fixed and for h small enough, we have
Rk 9
eS| — h%(9y — ibB0) X Wjn + (Kmax — £(8))XVin]
e~ M5 — 12 ()(9s — ibB0)*jn + (Fmax — K(8))XWjn — 2h20sXOsthjn — h20;n02 X
+ 21%ibBov;j nOs x|
e[ — B2X(0s — ibB0)*jin + (Fmax — £ (8))Xjn — B (206X[0s — ibBoljn + V5003 x)]
€0 L i — P (20ux(0s — ibBolujn + $1002x) ] -
Consequently, for j, k fixed and for / small enough, we have
(LD, By ) = <Xﬁzﬁib¢j 1 X¥rn) — B2((205x[0s — 1bBo)tbjn + 11 102X XVk,1)
= 810 (Cq") — 2 ((206X(0s — ibBolijn + 5002x), Xtnp) -
From Hoélder’s inequality and the Proposition 5.2, we obtain
R2[((205x[0s — ibBolvjn + V002X, Xthwn) | = O(R™).
From the previous inequality, we get

(LD, Br) = Gja) (ceff "+ o).

Therefore,

N

() = S AL+ O0) S 86, < ( WL+ ol ))mu?.

j=1 7,k=1

By the min-max theorem, we have Ay (ZCT) < A N(Eeff "+ O(h).

Now we determine an upper bound of A, (-Z¢™) in terms of A, (ﬁifiib) Forall N > 1, we can
take a family of eigenvalues and eigenfunctions (A, (-ZT)), 21, v such that (up p)n=1, N is an
orthonormal family. For k = 1, ..., N, we define the function

\Ifkﬁ(s) = €ib605uk7h(8) .
We notice that
Upn(—L) =Vn(L) =0 and Wy, € H*(|—L,LJ).
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Let Ex(h) the vector subspace of Dom(ﬁ}ﬁ’b) spanned by the family (¥, )n=1,..~v.Let U €
En(h) which is written as follows:

N N N
U=> BUpn=> B upn(s) = u, uw=>" Bupu(s).
k=1 k=1 k=1
We have
Eff;’b\lf = ¢bbos ffﬁu,
then
(g0, W) = (L) < AN (Lful® = A ()12,
By the min-max theorem, we get the non-asymptotic inequality
AN (L) < AN ().
(]

5.3. End of the proof. In this section we will construct trial states (®,,) in the domain of the ef-
fective operator .,Sf,fﬁ , such that, for every fixed n € N* we have

—(0)
2

< Cr? ..
L%(R/2LZ)

(5.44) Hzg%n —(2n—1)h ®,,

We know that, the eigenfunctions are localized near the boundary at the scale h2 (cf. Prop 5.2;the
same proof can work for .,Sf}fﬂ) . It suggests to introduce the rescaling

(5.45) s=h'?c.
The effective operator .i”heﬁ becomes
L = _hO2 + Kmax — K(h20).

Recall that the value of the maximum curvature is kKpax = %(0). We can use a Taylor expansion of

k near 0, as follows
ho? ,

/{(h%a) = Kmax + — K (0) + h%q(o*) ,
where the functions ¢ satisfy for |o| = O(h™2)
(5.46) lq(0) < Clof.
Consequently, we write the effective operator .i”,fff as
(5.47) hlget = 9% — U;;@”(o) — h2q(0).

Since #(0) is the non-degenerate maximum of x, we have k”(0) < 0. The eigenvalues of the
harmonic oscillator Hpmm

"
—k"(0
(5.48) 9%+ ”2( )2 in I2(R)
—W0) . . o .

are (2n — 1) 5 with n € N*. The corresponding normalized eigenfunctions are denoted
by fn (o). They have the form

k(0 0,2
(5.49) fn(o) = hy(o) exp (— - 2( )2> )

where the (h,,(0)),>1 are the rescaled Hermite polynomials.
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Define the trial state ®,, in L?(] — L, L|) as follows:
s

o7 ) Falh28) = h 7 (s)

where  is a cut-off function defined on R by:

(5.50) B, (s) = h~ /4 (

0<x<1,x=1in]—-1/4,1/4] and x =0 in R\] —1/2,1/2],
and
un(s) = X (57 ) falh /%)
Using the exponential decay of f,, at infinity, it is easy to verify
(5.51) [PnllL2q — z,py =1+ ORT).

Then, we observe that after a change of variables and by construction of ®,,, (5.47) yields

D, (s)

(5.52) R (ke h2
=t [ — n - 1) (o) 4 2mty <2L”> Fal@) + " <2Lf’> fnl@)

— héq(a)un(a)] .
Using the exponential decay of f;, at infinity, we infer from (5.52) that
]
thgg%n —@2n—1)y/ = (O)q)n < Ch'/2.
2 12( - 1, 1)

As a consequence of the spectral theorem, (5.44) yields that, for every fixed n € N*, there exists
an eigenvalue A, (Z21) of the operator £ such that

S qpeffy _ oo _ —+"(0) 3/2
(5.53) (L) = 2n—1)h 5 + O(h77).
Now, we proved by finding lower bounds.

Proposition 5.4. For alln > 1 there exist hg > 0 such that, for all h € (0, hg)

M (ZFT) > (2n — 1)h

_”;(0) +O(h?).
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Proof. For all N > 1, we can take a family of eigenvalues and eigenfunctions

(An (f,fﬁ), Y h)n=1,....N such that (¢, 5)n=1,.. n is an orthonormal family. Let Ex (k) the vector
subspace of Dom(.f}fﬁ) of dimension IV spanned by the family (¢, 5)n=1,... N -

It is rather easy to observe that, for ¢ € Ex(h)

(L, 0) < AN 2 - 1 1p -
Since ¥(—L) = ¥(L) = 0, the following function is in H!(R)
- (¢ ifse—L, L]
V= {o ifseR\| - L,L[.
For N > 1, let ) .
En(h) = Span{vy, p}n=1,. N -
Since dim(Ex(h)) = N, then dim(Ex(h)) = N . We notice that, for all ¢ € En(h), ¥ also satifies

the Agmon estimates (Proposition 5.2). Using the change of variable introduced in (5.45), we easily
obtain that, there exists C' > 0 such that, for all ¢p € En(h)

1
h 2L
3
/ y PP AR 0) < ORZIZag _ g, 1)

Consequently, we get
AN(ffﬁ)lleiaq —L,L])
> (L, )

—K]// O - ~
> /Rh 2()02 (W 20) [ d(h/? o) + h/RI otbl? ARV 7) = CH2|[l1Z2 _ o 1

~ ! 0 ~
>l [ (1000 20y + =002 302002 ) a2 )| = Rl -
This becomes
- _ O -
| [ (107002002 + 5002 150200 ) a2 a) | < (Il i

+ O[5 - 1 pp -

We deduce that o
<Hharm¢a ¢>L2(R)

_1max =5
YeEn(h) WHLz(R)
Thus, by the min-max principle, we have the comparison of the Rayleigh quotients

AN(ZET) > Ay (Hnam) + O(1/?)

<A (L) + 03?2

> (2N — 1)k _“;(0) +O(13/?) .

Finally, from (5.53), the asymptotic expansion of the n-th eigenvalue of .i”heff is:

M (L) = (20— 1R “;(0) +O(r3?).

Now, by inequalities (5.32) and Proposition 5.3, we deduce the asymptotic expansion of the n-th
eigenvalue of the effective operator Ezﬁa 0
—k"(0)

(5.54) AL ) = =1 — Kmaxh® + (2n — 1) R4+ OR/?).
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From Theorem 4.1 and Proposition 3.2, we have shown Corollary 3.1, which was a reformulation
of Corollary 1.1.

6. UNIT DISC CASE

In this section we analyse the magnetic Robin Laplacian with a negative boundary parameter on
the disc. There by proving of Theorem 1.2. We will study the spectrum of the effective operator
sziﬁc,whereQ:D(O,l),0<cl <cp,0<a<1-—mnandn<1. Wehave

o Q 1 - -
:|2‘:7r, 50:||69||:2’ clth SbSCQth and k=1.

Thus, the effective operators can be written as follows

L

2
¢ min(a, 2 b 1 h
£t = b zes oD (5, i3) - 1-ab -,

in L?(R/277Z) , where c.. are constants independent of 4. The associate quadratic form on H!(R/277Z)
are
eff,+ 1 h " 2 min(a, ) b
Qpdise () = | =1 — h2 —5 lo(s)] ds—i—h((licih 2 ) 85—z§ %
—r -7
We use the completeness of the orthonormal family {e"*/v/2r} in L*(R/27Z) . Forall ¢ €
H'(R/27Z), we have

2
ds.

™

meZ
where

-~ 1 " —ims
Bm) = —= [ e(s)e ™ as

6.1. Reduction to a simple operator: Consider the effective operator

b\? h
= (0,-3) —1-nb =1,
and the associate quadratic form on H'(R/277)

2
1 h g @ b
Ghidise () = (—1 —h2 — 2) / lp(s)]? ds + h/ (85 - 12> o

Proposition 6.1. There exist constants C' > 0 and hg € (0, 1) such that, for all h € (0, hg) and
n € N*, it holds

2
ds.

|>\1(£Zﬁi§c) -\ (E(;Lf,fdisc)‘ < Chmin(1+a7%) ‘

b
(85 - 22> %

Proof. Forall p € H'(R/27Z) , we have

™
ff fF,+ . 3
|@h.dise () = @ gice (P)] = cp hmin(d+ass) /

b\ 1o
m-g o112 /207 -

2 2
inf mfé < 9 +179 <1.
mez 2 2 2

The conclusion of the proposition is now a simple application of the min-max principle. U

We have
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6.2. Spectrum of L5 : Forall p € H'(R/2nZ), we have

1 h T T b 2
q;filisc((p) = (‘1 —hz — 2) / o(s)]* ds + h/ (35 — 22) p| ds
h b\?
= (—1—h5—+h(m—> >\¢(m)|2
2 2
meZ
Let k € Z; we set
eiks
s) = = er(s).
Inserting ¢y, into the quadratic form, we have for all &k € Z
1 h b\?
qufiisc((pk):_l_hQ_*—i‘h k— — .
9 2 2
By application of min-max principle, we have
G h b\
vkeZ, A (L) < ’“’i(z’“) < —1—h3 —+h<k—) ,
e 2 2
then
1 h . b\?
A1(£?Lf:fdisc) <—1—-h2— b + h]gel; <k7 - 2) .
Therefore, we have the following upper bound on the first eigenvalue
eff 1 . b 2 1
(6.55) Al(ﬁhmsc) < —-1—h2+ ﬁlréfz m — 5] 3 h.

Now, for lower bound. For all ¢ € H'(R/27Z), we have

)
) meZl@(m)lg
)

Y RS By, by’ 2
=\t g il (meg) ) el
Then, by the min-max principle, we have
(6.56) MEE > 1 hE 4 inf (m— 0 1 h
' 1\ =hdise) = mez 2 2]

From (6.55),(6.56) and Proposition 6.1, we deduce the asymptotic expansion of the first eigenvalue

. eff,+
of the effective operator £h7 dise

2
fF,+ 1 . b 1
(6.57) Al(ﬁz’dm) =—-1—h2+ (#féfz (m - 2) - 2) h+o(h).
According to Theorem 4.1, and for n < 1, we get
O(h*™") = o(h),

and we deduce

2
g (h,b) = —h — h3 + (inf <m— b) - 1) h2 + o(h?).

meZL 2 2
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Note that, in the case with constant magnetic field, we recover by a very simple proof, Theorem 1.1
of the article [16].

APPENDIX A. AUXILIARY OPERATORS

The aim of this section is to recall some spectral properties related to the Robin Laplacian in
dimension one. This model naturally arises in our strategy of dimensional reduction and already
appeares in [23], [8], [16], [14], [19] and [10].

A.1. 1D Laplacian on the half line. We recall here some spectral properties of Robin Laplacian

on R . Let the operator
2

d
HOO = _ﬁ dans LQ(R+),

)

with domain Dom(Hg ) = {u € H*(Ry) : u (0) = — u(0)}.

This operator is self-adjoint but is not with a compact resolvent, then the spectrum of this oper-
ator is o (Ho) = Spgis(H0,0) U spess(Ho,0) = {—1} U [0, 4+00] . The subspace associated with the
unique eigenvalue —1 is generated by the normalized eigenfunction in L?(R™) |

(1.58) up(T) = V2 exp(— 7).

A.2. A weighted 1D Laplacian. Let B € R, T" > 0 such that |B|T < % . In the weighted space
L?((0,T),(1 — Br) dr), we introduce the operator

& B d
B dr2  1—Brdr’
with domain
Dom(HE) = {u e HX0,T): u'(0) = —u(0) and u(T) =0}.

This weight will come to measure the effect of the curvature. The operator ’H;{BT} is the self-adjoint
operator in L2( (0, T), (1 — B7) dr ) associated with the following quadratic form:

T
0 (w) = / W ()21 = Br) dr — [u(0)[? .

with domain
Dom(HE ) = {ue HY(0,T) : w(T) =0}.

The operator HET} is with a compact resolvent. Hence the spectrum U(’HET}) C R is purely dis-

crete and consists of a strictly increasing sequence of eigenvalues ()\n <7—Lg})> -
neN*

The following proposition gives an asymptotic two-term expansion of the eigenvalue \; (HET}) .

Proposition A.1. (Asymptotic of Al(HgT}) ) There exist constant C > 0 and To > 0, such that
forallT > Ty, B e (—1/(3T),1/(3T)) , we have:

[M(HED) = (-1-B)| < CB2

After the change of function u = (1 — BT)féﬂ , the new Hilbert space becomes L?(0, T), d7),

the form domain is always independent of the parameter and the expression of the operator depends
on B :

a2
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, B
with the new Robin condition at 0 denoted by @ (0) = ( -1- 5) u(0)and a(T) =0.
Note that the associated quadratic form is defined by

T 2
i) = [ owtar - [ i Z e - (14 2) o).

For further use, we would like to estimate HTINL{BT}H £2(0,T),dr) and ||83a§3T}|| L2(0,T),dr) Ui
formly with respect to B and 7.

Proposition A.2. There exist constants C > 0, a > 0 and Ty > 0 such that, for all T > Ty,

B e (—-1/(3T),1/(3T)), we have:
e iz 0,17, ar) < C
. AT} . . . . . . {r
with iy, ' is the normalized eigenfunction associated with \i(Hy 7).

Proof. Let ¢ a smooth function. By the formula of integration by parts, we get:

T 2 T B2
{T} AT} 2¢~{T}\ _ 20 ~{T} . 2¢~17}2
<7—[B up e Pug > /0 T(e Up )’ dr /0 74(1—B7’)26 lay ' dr
= (14+5) @O O)F — 1¢'e? ol
— MHT e a2,

We have
o) /(M{} yilT () dr
according to a trace theory, there are constants C' > 0 such that, for all ¢ > 0, we have:
(1.59) [l O)P < Cellorily 220y + Ce Ml 220,
{T}

We replace (1.59) in the form of ¢;; * and we use Proposition A.2, there exist constants C' > 0 such
that:

CeB _ B
<1 — Ce — ) l0- u{T}HLg 0,7) < (/\1(7'1{ }) + Ce 1( 2) )HU{T}”m 0,7)

1
fore = 30 and B — 0, we obtain:

AT
N N o,y < C
then,
a o) <c.

Which implies the simple estimate
T p? B T,
- aa e P e (e g) o= [Ie e ar < w1l
o 4(1-Br)? 2 0
and thus,
! B’ T ]2
| [~ s Mo - 18P ar <
AsT — 400, we have —1 < B < 1, whence
B? 9
« ——— <=
4(1—-B7)2 ~ 16
e M <-1-B.

B2
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. o 5 .
We choose ¢ = a7 with « a real positive constant. For o < i we obtain:

9 1

——B’+14+B-a*>—.
TR T

then,
T T
/e2a7|ﬂj{3}|2d7§0.
0
O

Lemma A.1. There exist constants C' > 0 and Ty > 0, such that, for all T > Ty and B €
(=1/(3T"),1/(3T)) , we have:

’)\I(H{BT})‘ S Ca
(T
HC{)BU% }HL2(0,T), an <C.
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