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MAGNETIC PERTURBATIONS OF THE ROBIN LAPLACIAN IN THE STRONG
COUPLING LIMIT

RAYAN FAHS

ABSTRACT. This paper is devoted to the asymptotic analysis of the eigenvalues of the Laplace opera-
tor with a uniform magnetic field and Robin boundary condition on a smooth planar domain. We show
how the singular limit when the Robin parameter tends to infinity is equivalent to a semi-classical limit
involving a small positive parameter h (the semi-classical parameter). The main result is a comparison
between the spectrum of the Robin Laplacian with an effective operator defined on the boundary of the
domain via the Born-Oppenheimer approximation. More precisely, the n-th eigenvalue of the Robin
Laplacian is approximated, modulo O(h?), by the n-th eigenvalue of the effective operator. When the
curvature has a unique non-degenerate maximum, the eigenvalue asymptotics displays the contribution
of the magnetic field explicitly.
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2 MAGNETIC ROBIN LAPLACIAN

1. INTRODUCTION

1.1. Magnetic Robin Laplacian. Let £ be a bounded open subset of R?. It is assumed that the
boundary I' = 02 is smooth C'*°. In this paper, we study the eigenvalues of the magnetic Robin
Laplacian in L?(£2) with a large negative parameter, in a continuation of the works initiated in [5, 15,
11]. The operator is

Ph = —(V —ibAg)?,

with domain
DOHI(P,{)/) = {’LL S HQ(Q) 2 (V — szo)u +~vu=0 on F},
where

— Ay is the vector field,

— v is the unit outward normal vector of T,

— v < 0 is the Robin parameter,

— b = bp|y|" is the intensity of the applied magnetic field, with by and 7 are strictly positive
constants,

v-(V —ibAp)u+~yu=0 onT is the Robin boundary condition.

The magnetic potential Ay generates a constant magnetic field B equal to 1 and it is defined by

1
AO(.%'l,.’,UQ) - (A017A02) — 5(_'%'271'1) .

‘We have:
B =V x AO = OxlAOQ — 8121401 =1.

To be more precise, the operator 732 is defined via the Lax-Milgram theorem, from the closed
semi-bounded quadratic form [1, Ch. 4

]
b = — 1 wu(z)|? dz u(z)? ds(z
Hl(@)aw%(u).—/gr(v bAg)u(z)|? d +fy/rw ()] ds(a)

where ds is the standard surface measure on the boundary. Note that, by a classical trace theorem
(see for instance [14] in the case of straight boundary), the trace of u is well defined as an element
of H? (T"), and the quadratic form Qg is well defined and bounded from below.

Since €2 is bounded and regular, the operator 772 has a compact resolvent, by Sobolev embedding.
Its spectrum is purely discrete, and since ’Pg is self-adjoint and bounded from below, it consists of
an increasing sequence of eigenvalues. Our aim is to examine the magnetic effects on the principal
eigenvalues ()\n(b, 'y))n cn+ » When the Robin parameter -y tends to —oo .

A part from its own interest, the study of the spectrum of the operator 772 arises in several contexts,
where both situations subject to magnetic fields, b > 0, or without magnetic fields, b = 0, occur. Es-
timating the ground state energy of P?, leads to information on the critical temperature/critical fields
of certain superconductors surrounded by other materials [11, 18]. On the other hand, eigenvlaue
asymptotics in the singular limit v — —oo, provide counter examples in the context of spectral
geometry [19, 4], and has connections to the study of Steklov eigenvalues [20].

1.2. Main results. In the case without magnetic field, b = 0, the asymptotic expansion of the eigen-
values of the Robin Laplacian has been the subject of recent studies [2, 5, 3,4, 9, 15, 17]. In particular,
the derivation of an effective operator on the boundary, involving the Laplace-Beltrami operator as
well as the mean curvature of the boundary. In the same spirit, we will study the negative spectrum
of the Robin’s Laplacian on a bounded domain with Robin condition at the boundary. Our aim is to
improve/complement earlier estimates and also clarify the magnetic field’s contribution in the spec-
tral asymptotics.

The main contribution of this article is Theorem 1.1 below, which involves two effective operators
that we introduce as follows. We denote by |2 the area of the domain €2 and by |0f2| the arc-length
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of its boundary. Let us parameterize the boundary, 02, by the arc-length, which we denote by s.
Let k(s) be the curvature of J) at the point defined by the arc-length s, with the convention that
k(s) > 0 when 02 is convex in a neighborhood of s, and negative otherwise. The effective operators
are self-adjoint operators in the Hilbert space L?(9(2), acting on periodic functions, and defined as
follows

eff £ -2 -1 o 2 _ K(s)* o
L3555 ==y (1t cay )(0s —ibBy)” — 1+ vk(s) gl

(1.1) 2

Dom (£1F) = H2(R/(09|Z)
with c_, ¢ are are positive constants, and 5 is the circulation of the magnetic field,

_ 19

1.2) fo = 0]

We will describe the asymptotics of the negative eigenvalues of P? , via those of the effective oper-
ators on the boundary. More precisely, the n-th eigenvalues for the Laplace operator P2, is approxi-

. ff,+
mated modulo o(1) by the n-th eigenvalue of the operators £5 .

Theorem 1.1. Let 0 < n < % and by > 0. Suppose that b = by|v|" . Then, as 7y tends to —oc , for
any n € N* | we have

2 fF,— 2 iF,
VA (LST) +0(1) < Aa(b,7) <AL +0(1),

where )\n(ﬁgﬁ’i) is the n-eigenvalues of the effective operator introduced in (1.1), with cL being
constants dependent on 1, by and the domain 2 solely.

Remark 1.1. Theorem 1.1 allows for the magnetic field to grow as the Robin parameter tends to
—o0, and at the same time, the spectral asymptotics remains valid. In the case of the unit disk
(hence with constant curvature), and with large magnetic field (0 < n < % ), Theorem 1.1 leads to
an improvement of the work by Kachmar-Sunddqvist [11, Thm. 1.1]. In fact, by well-chosen quasi
modes, we find in Section 5.3, the following asymptotics of the lowest eigenvalue

A(b,y) == +7+ | inf —lol 1 +0(1)
’ mEZ 2 2 ’

which was derived in [11, Thm. 1.1] when b is fixed and v — —oc.

In a generic situation where the curvature has a unique non-degenerate maximum, Theorem 1.1
allows us to determine the leading order term of the spectral gap between the successive eigenvalues.
This is valid under the following assumption:

K attains its maximum Kpax at a unique point;

Assumption A . . .
ssumptio { the maximum is non-degenerate, i.e. k”(0) <0,

where Kmax = mal}é |/<;(s) denotes the maximal curvature along the boundary 0f2, and the arc-
0<0<|69

length parametrization of the boundary is selected so that £(0) = Kmax -

After the study of the spectrum of the effective operator, under Assumption A above, we show
that, the contribution of the magnetic field is of lower order compared to that of the curvature. Note
that, the dependence with respect to the labeling of the eigenvalues, n, appears in the third term of
the expansion.

Corollary 1.1. Let 0 < n < % and by > 0. Suppose that b = by|v|" . Under the Assumption A, as
v tends to —oo , for any n € N* | we have

(b)) = —n2 om— 1 —+"(0) 1/2 o @ (||/4
n(b,7) = =7 + Kpaxy + (20 ) 9 V5 + Oy -
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The first two terms in the asymptotics of A, (b, v) were known [15, Thm. 1.1] while the third term,
which displays the spectral gap, is new. Corollary 1.1 follows from the spectral asymoptotics of the
1D effective operators, which is valid under a weaker assumption on the strength of the magnetic
field (b = O(|y|'/®)) when compared to the one in Theorem 1.1 (b = o(|y|"/?)).

In the absence of the magnetic field, b = 0, the full asymptotic expansion for the low-lying
eigenvalues was determined in [5] and they read as follows. For a fixed label n > 1 and as v — —o0,
we have

(13)  Aa(0,7) ~ =72+ Fmaxy + (20— 1)1/ — 2 9y, "2+ Bow+ D Binh |72,
ji>1

where (8;,)j>0 C R is a sequence defined by recursion. Notice that the first three terms in Corol-
lary 1.1 are consistent with those in (1.3).

In the presence of a magnetic field, knowing the spectral gap, we can improve the asymptotics
in Corollary 1.1 by constructing accurate quasi-modes for the operator 772 (not for the effective
operator).

Corollary 1.2. Let 0 < n < % and by > 0. Suppose that b = by|y|" . Under the Assumption A, as
~ tends to —oo , for any n € N* | we have

[—k"(0 _
)\n(baf)/) = _72 + Rmax™ + (2n - 1) 2()"‘”1/2 + Cl,n(b) + O(‘7| 1/4) )

Cin(b) = Bon + B56% (1 — 4L,)

where

where [y p, is the constant in (1.3), By is the constant in (1.2), and I ;, is a constant independent of b
(see (1.6)).
Let us introduce the constant /5 ,, explicitly. Let f,, be the n-th normalized eigenfunction of the
harmonic oscillator
2 k"0
(1.4) Hyarm = _F - 2()02
Note that, the eigenfunctions f, can be determined by recursion as follows,

7,4/(0) 02

(1.5) filo)=crexp VT2 7, fulo) = calL?)" Hfi(o) (n>1),
where LT = —% + _”;(0)0, and, for every n > 1, the constant ¢,, normalizes f,,(¢) in L?(R).

We introduce then the constant I ,, as follows

(1.6) Iy := (00 fn, Rn(i0y fn)>L2(R (O fn, R (acrfn»L?(R)

where R,, is the regularized resolvent, the self-adjoint operator which vanishes on the eigenspace

= Hparm — (2n—1) _H;(O) on the orthogonal
complement of F,,, then extended by linearity to all of L?(R).

E,, = span( f,), and equals to the inverse of H}"

harm -

Remark 1.2. When n = 1, Iz, = i, hence the term that depends on b in the asymptotics of
Corollary 1.2 vanishes. To see this, we observe that

0, f1(0) = — ﬂ"( )

O‘fl( ) 1 fl(o') .
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Hence
"

2
Now, arguing as [21, Prop. A.3], we find that

2(1 —4l4) = E"(0),

where E(z) is the ground state energy of the harmonic oscillator

O oo, Bu(of)) -

Iy =

? &0
Hyarm(z) = 202 2( )(U + 2)2.
Since R is invariant by translation, we observe that E(z) = E(0) = 7”/2/(0), hence E"(0) = 0.

1.3. Organization of the paper. The paper is organized as follows. In Section 3, we introduce
an effective semiclassical parameter, and we recall why the eigenfunctions are localized, via Agmon
estimates near the boundary. As a consequence, we replace the initial problem by a problem on a thin
tubular neighborhood of the boundary. In Section 4, by using the Born-Oppenheimer approximation,
we derive an effective operator whose eigenvalues simultaneously describe the eigenvalues of the
magnetic Robin Laplacian. In Section 5, we estimate the eigenvalues for the effective operator with
large magnetic field, thereby proving Corollary 1.1. Finally, in Section 6, we describe the term which
determines the influence of the magnetic field on the spectrum of Robin Laplacian, thereby proving
corollary 1.2. In Appendix A, we recall the known results related to some one dimensional auxiliary
differential operators.

2. BOUNDARY COORDINATES

The key to proving Theorem 1.1 is a reduction to the boundary. Indeed, the eigenfunctions as-
sociated with eigenvalues lower than —e h with € > 0 concentrate exponentially near the boundary
(cf. Proposition 3.1). To single out the influence of the boundary curvature, we need a special coor-
dinate system displaying the arc-length along the boundary and the normal distance to the boundary.
Those are the tubular coordinates. In this section, we introduce the necessary notation to use these
coordinates (cf. [7, 6]). Let

R/(|OQZ) > s — M(s) € 902
be the arc-length parametrization of 92. We will always work with |0Q|-periodic functions some-
times restricted to the interval

]_|5;Q|,|829|] - L,L].

At the point M (s) € 9Q,T(s) = M’(s) is the unit tangent vector and v(s) is the unit normal vector
such that

Vs € R/(|09Q|Z), det(T'(s),v(s))=1.
The curvature x(s) at point M (s) is then defined as follows

T'(s) = k(s)v(s) .
The smoothness of the boundary yields the existence of a constant ¢y > 0 such that, upon defining
Vip = {z € Q: dist(z,090) < to}
the change of coordinates
O :R/(|JOQZ) x (0,t0) > (s,t) = x = M(s) +tv(s) € Vi,
becomes a diffeomorphism. Let us note that, for x € V;,, one can write
¢~ (x) := (s(2), t(x)) € R/(|0Q|Z) x (0, t0)

where t(x) = dist(x,02) and s(x) is the coordinate of the point M (s(x)) € R/(|02|Z) satisfying
dist(z,0Q) = |x — M(s(x))]. B
The inverse of ® defines a coordinate system on a tubular neighborhood of 0f2 in €2 that can be used
locally or semi-globally. Now we express various integrals in the new coordinates (s, t).
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For all s, the Jacobian matrix Jg is written, as follows
Jo(s,t) = (M'(s) + t/(s),v(s)) .

As V' (s) = —r(s)M’(s), the determinant of the Jacobian matrix of the transformation ®~! is given
by:

detJgp(s,t) =1 — tk(s).

In the new coordinates, the components of the vector field A are given as follows,

Ay(s,1) = (1— t(s)) Ao(®(s, ) - M'(5)
Aa(s,t) = Ag(P(s,1t)) - v(s).

For all u € L?(V;,), we assign the pull-back function  defined in the new coordinates as follows
Uu=uod.

Consequently, for all u € H*(V,,) , we have

/ (V — ibAg)u(x)]? dz
Vi

0

:/ [(1— () "21(0 — bA)[ + |(0) — ibA2)al?] (1 — ta(s)) dtds,
‘Ivl(vto)

Jo

lu(z)|? dz = [p—l(v )\ﬂ|2(1 —tr(s)) dtds,

0

/ \u(m)\Q dx = / |i(s,t = O)|2 ds.
VigNOQ

and

The following lemma can be found in [8] .

Lemma 2.1. Fortg > 0 small enough, there exists a gauge transformation ¢(s,t) on R/(|0QZ) x
(0,t0) such that Ay defined by
AO = AO - V(s,t)gp7
satisfies
2

A t
A“@”Z(ﬁiﬁijii% 50‘”02”(8) ,

with

1 12
= 1A =
Bo 0] /chr odx |8Q\’

and for all w € H*(V,,) , we have

0

—1 w(z)]? de = — 5)) 2 —ibA w2 th —tk(s S
| 1v=ibdopuia)a A-mo) (1= k()72 (0 — bdy) wf? + forf?) (1—tk(s) dsat

where we noted w = e"Yuand t = uwo ®.
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3. TRANSFORMATION INTO A SEMI-CLASSICAL PROBLEM

We will prove the results of Section 1.2 by a semiclassical framework. Let us consider the semi-
classical parameter

h=~"2.

The limit ¥ — —oo is now equivalent to the semi-classical limit 4 — 0T. The quadratic form can be
written as

Q0 (u) = h™? < /Q (WY — ibhAgyu(z)[? dz — h /P () 2 ds(x)) = h2Q0 (u).

Consequently, we obtain the self-adjoint operator depending on h
L = —(hV —ihbAg)?,
with domain
Dom(L£%) = {u € H*(Q) : v.(V — ibAg)u — hzu=0 on r'}.
Clearly,
Ph=h"?L},

and thus the relation between the spectra of the operators 732 and L’I;L is displayed as follows :
(3.7) o(P) = h 2 o(L]).

Let (1n,(h, b))nen= be the sequence of eigenvalues of the operator £% . Theorem 1.1 and Corollary
1.1 can be reformulated in semi-classical form as follows.

Theorem 3.1. Let 0 < 1 < % and by > 0. Suppose that b = bgh_Tn. There exist constants c+ > 0
and ho > 0, forall h € (0, hy), for any n € N*, we have :

hA(L557) 4+ 0(h2) < pin(h, b) < h A (L5571 4 o(h?),
with

1 K(s)?

L% = (1 £ e h2)(0s — ibyo)® — 1 — K(s)hz — ;-

Corollary 3.1. Letn < % and by > 0. Suppose that b = boh%n. Under the Assumption A, there
exist constants c and hg > 0, forall h € (0, hy), for any n € N*, we have :

/i
,LLn(h, b) = —h — Hmaxh3/2 4 (27’1 . 1) '%2@}17/4 + O(h15/8) )

Corollary 3.2. Letn < % and by > 0. Suppose that b = boh%" . Under the Assumption A, there
exist constants cy and hg > 0, forall h € (0, hy), for any n € N*, we have :

"
pn(h,b) = —h — h3/2/‘$max + BT/A _’%2(0)(2n — 1)+ h2§1,n(b) 4 (’)(h”/g),
where

Cin(b) = Bon + B56% (1 — 4L)

where 3y, is the constant in (1.3), (g is the constant in (1.2), and I> ,, is a constant independent of

b.
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3.1. Reduction near the boundary via Agmon estimates. The goal of this section is to show that
the eigenfunctions associated to eigenvalues less than —e h, with 0 < € < 1 a fixed constant, are
concentrated exponentially near the boundary at the scale h'/? |

Proposition 3.1. Let M € (—1,0). For all « < /—M, there exist constants C > 0 and hy € (0,1)
such that, for h € (0, hg), if upp is a normalized ground state of LY with eigenvalue ji(h,b) such
that j1(h,b) < M h, then

2adist(x, T’
(3.8) / (Junp(z)|* + h|(V — ibAg)un p(x)|?) exp <alhsl/(2x)> dr < C.
Q

Proof. The proof is similar to the one of [5, Thm. 5.1], and only notice that it is a consequence
(modulo a partition of unity with balls of size Rh'/2 with R large enough and the fact, if the support
of u avoids the boundary, we have Q% (u) > —Ch. O

We record the following simple corollary of Proposition 3.1.

Corollary 3.3. Let M € (—1,0), p € (0,3) and ¢ > 0. Forall 0 < a < /—M, there exist

ho € (0,1) such that, if upp is a normalized ground state of Ez with eigenvalue p(h,b) such that
w(h,b) < M h, then for all h € (0, hg),

(3.9) /  (uns (@) + BV — bAg) uny(@)|?) dz < exp(~2ach™).
dist(z,I') >ch2 ™"

As a consequence, for small h, the ground states of the operator ,Cg are concentrated near the
boundary of € (cf. Corollary 3.3). This will allows us to work in a tubular neighborhood of 0f2 .

Let p € (0,1/2), we introduce the §-neighborhood of the boundary
Qs ={zeqQ: dist(z,T) <8}, &=hz".
The quadratic form, defined on the variational space
Ws = {u € H'(Qs) : u(z) =0, Vo € Q such that dist(z,T) = 6},

is given by the formula

(3.10) q;)l’p(u) = h? (V — ibAg)u(z)|* dz — hg/ lu(x)|? d(z) .

|
Qs 0Qs

Note again that the trace is well-defined by a classical trace theorem. The associated self-adjoint
operator is:

LYP = —(hV —ihbAg)?,
with domain
Dom(ﬁ%p) = {u € H*(Qs) : v.(V —ibAg)u — h2u = Oon I'and
u(z) =0, Vo € Q such that dist(z,I') = d}.
That is, we consider the realization with mixed boundary conditions (Robin and Dirichlet conditions).
Let (fun,(h, b, p))nen+ be the sequence of eigenvalues of the operator E?L’p . The following proposition
allows the reduction of the analysis to the operator L’(;L’p .

Proposition 3.2. Let e > 0 and « € (0,+/€), there exist constants C > 0, hg € (0,1) such that,
forall h € (0,hg),n > 1and pin(h,b) < —eh,

fin(h, b, p) < pn(h,b) + Cexp(—ah™).
Moreover, we have, foralln > 1, h > 0
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Proof. The inequality fi,(h,b) < p,(h,b, p) is not asymptotic. Let (v n)1<k<n be an orthonormal
family of eigenfunctions associated with eigenvalues (fi;(h, b, p))1<k<n - We define the function

Vk.h if x € Qs
u =
P00 iz e Q) Q.

Let E be the vector subspace generated by the family (up)i1<k<n and v € E which is written as

follows:
n
u = Z QUL ] -
k=1

Inserting u into the quadratic form Q% (u), we obtain

n n
b b’
Op(u) = <£hp Z@kvk,h, Zak’vk,h>
=1 =1

n n
b7
=D oty (vn) < pin(hs b p) Y kgl = pn (B, b, p) .
k=1 k=1

By the min-max theorem, we get the non-asymptotic inequality i, (h,b) < un(h,b,p).
Now we determine an upper bound of s, (h, b, p) in terms of p,(h,b). Let (ugp)i1<k<n be an

orthonormal family of eigenvectors associated with the eigenvalues (p(h, b))1<k<y - Let us consider
the cut off function define on R as following:

0<x<1,x=1sur]|—o00,1/2] et x =0 sur [1,400[.

xi1(z) = x(t%x)) :

Vk,h = X1Uk,h -

We define the function

Fork =1,...,n, we set

Let F}, the vector subspace of Dom(ﬁ%p ) spanned by the family (vin)1<k<n and wy, € Fj, which
is written as follows:

n
wWh = Brk -
k=1

The functions (v, j,) are almost orthonormal ( Proposition 3.1). We note that dimF}, = n and
n
lwnl® =" 18kl* + Ofexp(—ah™)).
k=1
Inserting wy, into the quadratic form qZ’p (wp,)
n
a0’ (wp) = Ly wy,wy) = Z BiBr(LY? v, k) -
G k=1
For j, k fixed and for hA small enough, we have
(LY 0j pyvrn) = 8 115 (hy b) — R (ujn Ax1, X1t n) — 202 (Vx1.(V — ibAg)uj o, X1tse )

+ O(exp(—ah™")).

From Hoélder’s inequality and the Corollary 3.3, we obtain

h2 (uj nAx1, X1ukn) + 202 (Vx1.(V — ibAg)uj p, xaugn) = O(exp(—ah™)).
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Therefore,
@’ (w Zw h,0)|3; + O(exp(—ah™) Z B;B
j=1 k=1
< (unm, 0+ Cexp(-al ) ) s
By the min-max theorem, we have i, (h,b, p) < p,(h,b) + Cexp(—ah™"). O

Proposition 3.2 leads us to replace the initial problem by a new Robin-Dirichlet leaving in a ¢-
neighborhood of the boundary I".

3.2. The Robin Laplacian in boundary coordinates. By Lemma 2.1, the new quadratic form is
expressed in tubular coordinates and is written as follows:

L g6 2 2
3 (u) = h2/ / (as — by — bt + H(s)))ﬁ
~Jo 2
L 6 L
+ h2/ / |0y (1 — tr(s)) dt ds — h3/2/ (s, t = 0)*ds,
-rJo -L
1092
2

(1 —tr(s))~" dtds

with & = e*Pu o ® and L = . The operator £ is expressed in tubular coordinates (s, ¢) as

follows:
2

LhP = —h%a (as —ibBy — z'b( —t4 gm(s)))a_l (as — ibBy — ib( it im(s)))

— h?a"10sad; (in (L?(a dtds)).

With @ = 1 — ¢x(s) . In boundary coordinates, the Robin condition becomes

deu(s,t = 0) = —h~Y2u(s,t = 0).

We introduce,
Qs ={(s,t):se€[-L,L] and 0 <t <8},
Dom(g") = {u € H'(Qs) : u(s, ) =0},
Dom(L0*) = {u € H*(Q5) N Wi : dyu(s,t = 0) = —h~?u(s,t = 0)} .

We know that the eigenfunctions are localized near the boundary, at the scale ha (cf. Prop 3.1) and
in order to obtain a Robin condition independent of /& , we get a partially semiclassical problem by
changing the variable

(s,t) = (s, h27).

This change of variable transforms the above expression of ﬁz’p into an operator E%p as follows

2

2
h [ — ha! (as —ibfo — z’b< — hir 4 h;&(s)))b\_l <as —ibfy — z’b( —hit+ h;m(s)>>
- A—lafaaf} ,

where the new weight
a(s,7) = 1—h2 7k(s).

The boundary condition becomes
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We consider rather the operator
Sbp _ —17b,
L) =h"1L)7,
and the domain of integration becomes
[—L, L[x(0,6/h"/?) = [=L, L[x (0, ).

The associated quadratic form is

L ph=r 2
G () = /L/O <h1/285 — ibh'/2p, — z‘bh( — T+ h“im(s)))w

L h—P L
+/ / 10:40% 6 dr ds — / lv(s, 7 = 0)|? ds.
—-LJo —L

Qs ={(s,7):se|[-L,L[ and 0 <7 <h "},
Dom(G,") = {u € H'(Qg) : u(s,h ") =0},
Dom(Lb*) = {u € H*(Qs5) N W; : dru(s, 7 = 0) = —u(s, 7 = 0)}.

2
a~' drds

We let

Let ji,,(h,b, p) the n-th eigenvalue of the self-adjoint operator E}Iz,p . We have
(3.11) fin(h,b,p) = h™ (R, b, p) .
4. ASYMPTOTIC OF THE EIGENVALUES OF THE ROBIN’S LAPLACIAN

The aim of this section is to prove the following result, which implies Theorem 1.1.

Theorem 4.1. Let 0 < 1 < 3, p € (0,1/4) and by > 0. Suppose that b = boh2 . There exist

constants cx > 0 and hg > 0, for all h € (0, hg) , for any n € N* | we have:
A (L557) 4 0(h2) < Tin(h, b, p) < R A (LS + o(h?).

4.1. The Feshbach projection. Following the writing of the magnetic Robin Laplacian in tubular
coordinates in Section 3.2, there appears a one-dimensional operator defined, for s fixed, by

—a"'0,a0; = 02 + h'/?k(s)a"'o,

dru(s, T =0) = —u(s,7 = 0) in L2((0,h="), (1 — 7h'/?k(s)) dr).
This operator is denoted by

T
H/@(s),h = H{B } )
with
T=h"" and B=h"?k(s).

and where H;{BT} is defined in A.2. Let v, 5 be a normalized groundstate of H,y) j, associated with
A1 (Hy(s),n) - By [11, Lemma 2.5], we have

r(s)?

(4.12) M (Mo n) = =1 = K(s)h2 = = h +o(h),

and, for C' > 0

(4.13) Xo(Hu(syn) = —ChY?7.

According to Lemma A.1 and Proposition A.2, there exist constants C' and C}, , such that
(4.14) 1950s(s),ll 2 (0, ), (11 26(8)r) ar) S OB,

and

hfﬂ
4.15) / Mooy nl2(1 — B2k (s)7) dr < G .
0
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We introduce for s € [—L, L], the Feshbach projection IT; on the normalized ground state VUge(s),n Of

%n(s),h

(4.16) ILst) = (4, Vis(s),1) L2((0, =), & dr)Un(s).h -
We also let

My =1d -1,
and

2
Rh(s) = Hasvm(s),h”L%((L h=P),a dr) -
The quantity Ry, is sometimes called “Born-Oppenheimer correction”.

Lemma 4.1. There exist constants C > 0 and hg > 0 such that, for all ¢ € Dom(Z]}lZ’p ) and
h € (0, hp) , we have:

L 1
1M, D81l 220 ar as) = N5 OJel 124 ar as) < /L [2Rh(5)2 + Chm] 19126 ar) ds -

Proof. We estimate the commutator:

[Hs, 83]1/1 = _[H5L7 3s]¢

- <a9¢7 Vk(s),h >L2 (adr) Vk(s),h — as (<’¢7 Vk(s),h >L2(d dr) Un(s),h)

— (W, OsVs(5),n) 12(a dr) Vn(s),h — (Vs Vn(s),h) 12(a dr) OsVi(s),h
h—P
+ 1Y%6 (s) (
0
We get, thanks to the Cauchy-Schwarz inequality and the inequality (4.15)

L
[eRTT

—L

wvn(s),h’r dT) Uk(s),h

[mh(s)é . chl/Q} 16l 22(a ar) ds -
O

4.2. Approximation of the norm on the weighted space. In this section, we introduce an approx-
imation of the weight.

Lemma 4.2. Let ¢ € L?(a d7ds) . There exist constant ¢ > 0 such that:

(4.17) ||w||i2(frl drds) < (1+ ch'/?) ||H87/’H%2(a drds) T (1 F ch'/*) HHstHi?(a drds)
and
(4.18) H¢H%2(a—1 drds) >(1- Chl/z) ‘|H¢H%2(&d7ds) +(1 - Ch1/4) ||Hi_7/’”%2(a drds) -

Proof. We have

L h—P L h—F
‘/ / IR drds—/ / [v)?at drds
—LJO —-LJO

Then, we use an orthogonal decomposition to get

L h—P L h—F
/ / [v|%a drds — / / 1|26~ drds
—LJo —LJO

L h=F L h—P
<C [/ / K27 T %6 drds + / / R 2ty 2a deS] :
—LJo —-LJO

Thanks to (4.15), we get

L h=P L h—P
/_L/O B 2|20 drds = h1/2/_Ly¢(s)12 [/0 Tlone % dT] ds < chY2 T2 g 4o -

L ph™F
< 0/ / h'27|y|?a drds .
—LJO
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We use that h1/2—° < h1/4, we obtain:

L ph™F L ph™F
/L/O P27 |26 drds < hl/“/L/O T l%a drds < hY* T2 gras) -

The following corollary is a direct consequence of (4.17).
Corollary 4.1. Let ¢ € L*(adrds) . There exist ¢ > 0 such that :
L
MLt gy < (1 +cb2) [ (o) ds.

with o = (Y, Ve(s),10) 12((0, A7), 4 dr) -
4.3. Upper bound. To separate the variables, we consider the function of the form :

¢(37 t) = SO(S) : ’Uﬁ(s),h(T) )
with o € HY(R/2LZ).

The following proposition provides an upper bound of the quadratic form on a subspace.

Proposition 4.1. Let 0 < 7 < % . p € (0,1/4) and by > 0. Suppose that b = boh2" . There exist
constant ¢ > 0, hg > 0, and a quadratic form qu£,+ in L2(R/2L7Z)

L 2 L
o 1 k(s 1 ,
) = [ (= 1= romt =) o) as 1+ end) [ 10, io)ef ds.
—L —L
such that, for all h € (0, hy) , we have:

G () < (@) + o) l22p jorz) -

Proof. The proof will be done in a five steps.

i. We write
~b
@, () = ¢" () + ¢ ()

where

= [

and
h—P L
g9 (4) // yasz\?ades—/ [¥(s,7 = 0)]* ds.
L

ii. Upper bound of ¢'®"9(1)). We get, by using the min-max principle

2
a~ldrds,

2
(h%as —ibh3 By — ibh( ot hign(s)»w

L h—°P
0w = [ el [ / |aTvn(s),h<T>|2adT—|vﬁ<s>,h<o>|ﬂ s

L
L

=/ Gty (Uaiey) [9(5)]? ds
L

:/LLAl lo(s)]? ds

< /LL(— L w(s)nd — SR) (o) ds + ol
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iii. Upper bound of q"®*()). Using that for any a,b € R ans h > 0

la+b2<(1+h2)|a>+1+h"2)b2,

we have
L —l rans

g ) < (1 R ) g () + (L4 b2 )gfr (),
where

trans Lo pher 1 4 L 2A,1

q1 (¥) = (h2as—lbh250>1/1 a drds,

—-LJo

and

2
a ' drds.

( -7+ héT;FL(S)>7’/)

L h—°r
qztrans(w) — b2h2/ /
—-LJO

iv. We use Lemma 4.2, there exist constants ¢ > 0 :

L h—P
) <@ e [ |

Using the inequality (4.15), and since the curvature is bounded, there exists a constant ¢ > 0,

such that:
h—P
|

-1 rans 3
(L+h72) 3" (1) < cb’hz o).

2 2

( -7+ h%%ﬁ(s)>vﬁ,h

&dr] ds.

2
adr <e.

< -7+ héT;/‘i(S))Uﬁ,h

Therefore,

Forn < %, we have:

27 3
PRE ot — 0,
h h—07t
then,
—l rans
(14 h72) g3™ ™ () = o(h) |||
v. We have

L h—P
g () < h(1+ hd) / / ooy (B — ibBo)pl2 " drds
—L JO

L h—P
+h(1+h2 )/ / 1050y 2l (s)|2a@ " drds.
—LJO

We use Lemma 4.2 and Corollary 4.1, there exists a constant ¢ > 0, such that:

L
qltrans(w) <h (1 + h% )(1 + ch1/2)/ | (85 — Zbﬁ0)<,0|2 ds

L h™F
+h(1+h_é)(1+ch1/4)/ \go(s)\Z[/ |85v,£(5)7h|2& dr| ds.
—L 0

From (4.14), we deduce that

L

(14 el (0) < h 1+ ehd) [ ]0= Bl ds + o).

Then the conclusion follows. O



MAGNETIC ROBIN LAPLACIAN 15

4.4. Lower bound. The following proposition provides a lower bound of the quadratic form.

Proposition 4.2. Let0 < n < 3, p € (0,1/4) and by > 0. Suppose that b = boh2" . There exist
constants c_ > 0, ¢ > 0, hg > 0, and a quadratic form qzﬁ’f on L*(R/2L7)

L

L 1 K(s)? 1
G0 = [ (= 1= wtomd = n) (o) as+n1 o) [0, - ivfgl .

—L

such that, for all h € (0, hy) , ¢ € Dom(qA,l;’p), we have:

G0 ) > 655 () + o) ¢l m arzy — P I g
and with
P(8) 1= ((8,°)s Vis(s),1) L2((0, =), & dr) -
Proof. We write

G (W) = q" W) + (W),
with
2
a~tdrds,

- [ [

L h—Fr L
tang — 24 o — 2
aiw) = [ [ oladrds— [ s e =0 as.

1 2
(h285 —ibh3 By — z‘bh( —r h%;n(s)))w

and

i. We get, by using an orthogonal decomposition,

Ak (s),h (¢) = Qk(s),h (st) + Ak (s),h (Hst) s

Then, by using the min-max principle,we get

L
gt (i) = / non(0) ds

L L
= /LQH(S),h(‘Pvn(s),h) d3+/an(s),h(Hf¢) ds

L
> /L/\l(Hﬁ(s),h)||<pv/i(5)7h||%2((0,hp),ddT) ds

L
+ /_L)\Q(/Hn(s),h)’Hj—¢”%2((0,h_P),&dT) ds,

From (4.12) and (4.13), we have

tang L 1 "5(5)2 2 2 1/2=py77L./ (12
aW)2 [ (=1 w(oh = TER) e ds +obllel? — ORI gra

ii. We use Lemma 4.2, we have

L ph™r
trans _ apl/2
o)z a-at) [ f

L h—P
+ (1 —ch'*) / /
—L JO

2
as(t) = -7+ hl/z%ﬁ(s) .

2

h2 TL,8,1) — ibh2 Bollyy — ibhILs(ast))| @ drds

2

h2 TTL 04 — ibh Boll: o) — ibhIT: (asv)| @ drds.

with
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We write
059 = OsIlstp + [, Os]ep
and use
la+ b2 > (1 — h2)lal® — h™z b2
We obtain

g W) = (L= ch ) (1= h2)gf" ™ () — (1 — ch'/?)h™2q3"" ()
+ (1= ch! (1= )" () = (1= eh ™™™ (1),
with

cap = [0

L h—P 2 L h=F 2
o girams(y) = h / / 11, 0.J| adrds = h / / I, 0,]4 | adrds,
-LJo —L JO

2
h3 O,T10) — ibh3 BoTlye) — z’bhns(am)) a drds,

trans L e 1 1 gL 1 . 1 2 ~
o glrans(y) = ‘hz OsITLep — ibh? BolT-ep — ibhIL (asw)’ a drds.
—LJO
iii. We have

L h—r 2
qfrans(¢) > (1 _ h;)/ / h% OsIlg1h — zbh%ﬁoﬂslﬁ‘ a drds
—-LJO

) L h—P 2
YA / / ‘bhl’[s(asw)‘ & drds
—-LJO

Clearly,

L rhr 9 L h* 9
/ / ‘Hs(asw)‘ i drds < / / asw‘ a drds
—LJO —LJO
L hr 9 L g hr
g/ / asnsw’ ddes—i-/ /
-LJo —-LJO

With the same type of reasoning as for the upper bound, there exists a constant ¢ > 0 such
that

2
asnsiw‘ & drds

L

1 .
g{" " () > h(1 = ch?) / 10— ibBo)p|* ds — ch' T |1* + o(h) oI

vi. We use Lemma 4.1 and the inequality (4.14), we obtain
a3" " (V) < ch®[|[¥ll 2 (6 aras) < P2l + P ITYNT2 0, gras) -
v. As g (¢h) > 0, we obtain:

1 L
qtran5(¢) Z h(l —ChQ)/

L
Then the conclusion follows. U

| (05 — ibyo)el? ds — ch'/? [T 24 4r as) + 0(R) 217

4.5. End of the proof. We now have everything we need to finish the proof of Theorem 4.1. The

self-adjoint operator associated with the quadratic form qzﬁ’i is:

k(s)’
2

in L?2(R/2LZ) , where c. is a constant independent of h. The operator Ezﬁ’i is with compact resol-
vent and it is bounded from below. Its spectrum is purely discrete and it is formed by an increasing

sequence of eigenvalues )\n(ﬁzﬁ’i) .

h

L5 — (1 e h2)(8s — ibfo)? — 1 — k(s)h2 —
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Corollary 4.2. Let 0 < n < %, p € (0,1/4) and by > 0. Suppose that b = boh = . For h — 0.,
we have:

fin (b, p) < An(L50F) + o(h).
Proof. Let (¢;)1<j<n an orthonormal family of eigenvectors associated with eigenvalues (\;)1<j<n -

Let I the subspace of Dom(g,, eff, ") generated by the family (¢;)1<j<, . We use Proposition 4.1, we
have:

b, ff,
0, (nsyn ) < 4 (@) Foh)llell*, Ve eE.
‘We use the min-max theorem, we have:

() < A(L55 )]l .

Consequently,

@ (Vi) ) < M L9 D)ol + o(h) [l
(An(L5") + o(R) ) l[vggey nipll

IN

Forall g € vy, nE, we have:

b,
ay, P (9)

IN

(M(i™) +o(h) ) llgl>-

Since

h_ﬁ
/0 ooy (r)Padr =1,

then the functions of the family (vj(s) 1®;)1<j<n are linearly independent, so dim(fy (), E) = n.
By application of the min-max principle, we obtain

fin(hy b, p) < Mo (L57F) + o(h).
O

Corollary 4.3. Let 0 < n < % ,p € (0,1/4) and by > 0. Suppose that b = boh2 . For h — 04,
we have:

fin(h, b, p) > An(L57) + o(h) .

Proof. According to Proposition 4.2, there exists ¢ > 0, and ¢y € (0, 1) such that, for all ¢ €
Dom(g;”) and h small enough, we have:

(4.19) @ () = QI (4, veo) 1) 1) |
where, V(¢, f) € Dom(qufo’C_) X Dom(@fl’p)

ens €
Q" (. 1) = Q5(9) = FUS 1z drasy
with
eff,—
Qi () = a5 (p) + O(h)H(pHiQ(RﬂLZ) :

By application of min-max principle (see [12, Chapter 13]), we have the comparison of the Rayleigh
quotients:

(4.20) Tin(h, b, p) > [ (h) .
We note that the self-adjoint operators associated with the quadratic forms szf and QIS are
respectively [,sz and L1¢"% . It is easy to see that the spectrum of £{¢"* lying below —ej is coincides

with the spectrum of L’Eff Then, for all n € N*, fif"*(h) and i(h) are respectively the n-th
eigenvalues of £ and Esz and satisfy

4.21) ftens (h) = e (h) = An(L57) + o(h) .
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5. SPECTRUM OF EFFECTIVE OPERATOR

Let A\, (L) be the n-th eigenvalue of an operator L. Letc € R, by > 0,7 < % and b = boh_T’7 .
The aim of this section is to study the spectrum of the effective operator of the form:

LT = —h(1 — ¢h?)(ds — ibBo)* — 1 — r(s)h? —

and the associate quadratic form on L?(R/2LZ) is

1 K(s)?

L 1 L
i) = [ (= 1= wtont = CER) e s+ (1 —chd) [ |0 = Al ds.

The calculations in this section are classical. The operator that we are going to study its spectrum
is a perturbation of the harmonic oscillator. Then, the calculations are based on the context of the
harmonic approximation (cf. [12, Section 4.3]), with a small adjustment, since the operator is defined
on a periodic space.

Let
Ll = L5y + 1.
By definition of the spectrum, we have
(5.22) An(L55) = =14 An(L5)).
Either the operator
L3ty = 2L
then,
(5.23) An(L55) = W2 (L55,) .
We introduce the semiclassical parameter
h=n'4.
Lemma 5.1. Let us consider:
L5 = —h*(1 — ch?) (05 — ibBo)? — K(s),
and the associated quadratic form on L?(R/2LZ) is:

L L
¢f(p) = — / R (o) s+ 121 = ch?) / 10, = i)l ds.
We have,
(5.24) A(L55) = M(L55) + O(R?) .

Proof. Let p € HY(R/2LZ), we have

eff

%,2(80) - QZ%(SO) =n’

Y

L k(s 2
| e pas

we use that ) is a bounded open, then the curvature x is also bounded, hence there exists ¢ > 0
independent of s, such that

@5(0) — g (@) | < ch?|le]?.

By application of min-max theorem, this ends the proof. (]
From (5.22), (5.23) and (5.26), we obtain
(5.25) An(L5) = =14+ BPA(L5%) + O(h?) .

Therefore, to study the spectrum of the effective operator ﬁ‘fiﬁo , it suffices to study the spectrum of
the operator E‘;Lﬁg , introduced in Lemma 5.1.
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5.1. Localization near the point of maximum curvature. Let x;,x be the maximum curvature
along the boundary I' . Consider the effective operator of the form:
L5, = —h*(1 — ch?) (05 — ibB0)* + Kmax — K(8) ,

and the quadratic form on L?(R/2LZ) associated to it is:
L

L
ﬁi@)Z/;Omm—%@DW@N%b+h%1—dﬂ/"H&—%Mwaﬁ-

—-L
Then,

(5.26) An(L55) = M (L55) — Kmax -

The goal is to show that the eigenfunctions of Ezﬁl, associated with the eigenvalues of orders A
concentrate exponentially near the point of maximum curvature.

Proposition 5.1. For e € (0, 1), there exist C > 0 and ho > 0 such that, for all h € (0, ho) and for
all eigenfunctions v of E?Lfﬁl , associated with the eigenvalues of orders h , we have:

e/ gl < P, g, a(e /) < Chllw?,

where
s+2kL
/ V Emax — K(s) ds| .
0

Proof. The proof consists of three steps. Let € € (0,1). Consider an eigenvalue A = O(h) and an
associated eigenfunction v .

do(s) = min

1. First step.

Let ¢ be a regular function, 2L periodic, with real value. We have:
LRa(e?¥) = e? Ly () — W (1 = ch?) <¢8§e¢ +20,¢%0,0) — 2ibﬁo¢356¢>
Then
Gha(e?Y) = (L3 (e7), e”Y)
= (?LoL (1), )

L

—h3(1—ch?) / [waﬁ& + 205e?Dg1h — Qibﬁowaseﬂ Ye? ds
—L

L

=w¢wﬁ—#u—wﬂ/

[¢a§e¢ + 20,e?0,9) — 2ib,80¢83e¢] Pe? ds.
—L

By the formula of integration by parts and as ¢ is 2L periodic, we have

L
/ [waseaﬁ +20,%051) — 2ibﬁo¢ase¢] pe? ds = |0y
—L

Then, we get
(5.27) aia(e” ) = Ale? pI|* + 7*(1 — ch®) ]| 9se® ||
2. Second step.

o

For ¢ = 5 we notice that:

62

2
(5.28) 162 = %\%12 = 15 (Fmax = (s)) -
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‘We have
@ L L
& () = / (s = (5)) 57 s + R0 = ) / 10, — byl ds.
Consequently
L
(5.29) & (0) > / (o = () I (s) .

From (5.27) and (5.29), we have
[ [ = (60 =311 = e 2] ¢ s <.
From (5.28), we get
[ [ 00— )] s = (60 2 0P s < e 17 < e P

We notice that for any € € (0, 1) and for & small enough, there exists a constant C' > 0 independent
of 7 such that

1—€eX(1—ch?) >C.
We deduce the inequality

L
(5.30) / (Fmax — #(s)) €7 []* ds < Chlle? y||*.

L
From (5.30) and (5.28), we have

(5.31) @ (e? ) = Ne? ||> + h*(1 — ch?)||0se? ¥||* < Chlle® | .
3. Third step.

Show that:

L
(5.32) / e2e0/My)2 ds < C|ly||?,
(5.33) @iy (e«/M )y < Ch|lw)? .

We use that © = Kmax — K admits a unique non-degenerate minimum, we deduce that there exists
¢ > 0 such that for any Cy > 0, there exist constants C, iy such that, for all & € (0, ),

(534 s = ) s < OBl
s|<Coph
(5.35) / /My ? ds < Ollg||?,
|s|<Cohl/2
(5.36) / (Fmax — #(5)) €20/ |2 ds > ccgh/ e2e00/h| )2 ds .
|s|>Coh!/2 |s|>Cont/?

By the inequality (5.35), to show (5.32), it suffices to show the following inequality:

(537) / e2edo/ |2 ds < C|]J?
‘S‘ZCoﬁl/Q
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Taking Cj large enough, we deduce that

1
2e¢0/h|,)2 ds < / 2e¢o /b 2
€ $= ; u(s)e ds
/|S|>Cohl/2 ‘1“ ch |s|>Cohl/2 ( ) W})‘

1 g 2epo/N|,),12
< chh/_LU(S)e ¢0/L|¢| ds.

By inequality (5.30), we get

C L
/ 626¢0/h‘w|2d8 < . / 626¢0/h’1/}‘2 ds
|s|>Coht/2 cCqyJr

C ) C
< e 6¢0/h‘1/)‘2 ds + / €2E¢0/ﬁ‘,l/]‘2 ds.
ch |S|§C()h1/2 CCg |S|200ﬁ1/2
Thus,
C C
(1 — 2> / 626¢0/hlw\2 ds < —5 62E¢0/hl¢\2 ds.
CCO |s|>Coht/2 CCO |s|<Coht/2

From the inequality (5.35), we get (5.37) and hence we show the point (5.32).
From (5.31), we have

afia (e /M) < Chllec®/m )2,
and from the inequality (5.32), we get the inequality (5.33). (]

5.2. Construction of quasimodes. In this section we construct trial states (®,,) in the domain of
the effective operator 5254 , such that, for every fixed n € N* and n < % , we have

—k"(0)
2

®, < CR3/? [Pnll L2 212) -

(5.38) cof P, — (2n—1)h
hA
L2(R/2L7Z)

We know that, the eigenfunctions are localized near the boundary at the scale ha (cf. Prop 5.1). It
suggests to introduce the rescaling

(5.39) s=h'?c.
The effective operator E?ﬁl becomes
2
L = —12 (1 - ch?) (rf%ag - ibﬁo> ¥ Fomas — K(hE0).

Recall that the value of the maximum curvature is K = %(0). We can use a Taylor expansion of
k near 0, as follows
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We consider the formal expansion of the operator Ezﬁa 4 (recall that b = boh™21m)

— % (1 - ch?) (rf%&, - ibﬁ())z + Fomaz — K(h70)

= —h (1 - ch?) (80 — ibh%ﬁo) - hi,‘{”(o) -3 h%UJR(J)(O)
2 j=3 J:
2 2 a1 2% 2 ho? y h% G)
= —h(1—ch?) (a(, — 2ibh3 Body — b hﬁ()) R AUEDS o)

2
=h (-3?, - "K”(o)) + 2iBoboh2 210, + K262 + ch30>

2
; 7-2 4403202 _ 33/2 W ()
+ 2icboBoh2 210, — ch* 365 — h*? Y T ——07k1)(0).
j=3 7
Consequently, we have the formal expansion of the effective operator Eifﬁl ,
(5.40) R L = Py + Ry, + 12Qy,
where
o2
P() = —83 — ?H”(O) y
Ry, = 2iBoboliz 210, + F41b282 + ch292 + 2ichoBohz =21y — ch3 41232,
RE
Qn=— Z i o7 kU)(0).
Jj=3

Since x(0) is the non-degenerate maximum of x, we have x”(0) < 0. The eigenvalues of the
harmonic oscillator

o
—0% + “2(0)02 in L*(R)

are (2n — 1)4/ _K;(O) with n € N*. The corresponding normalized eigenfunctions are denoted by
fn(0o). They have the form
(5.41) fu(0) = hn(0) exp (_ J“S”"j) ,
where the h, (o) are the rescaled Hermite polynomials.
Define the trial state ®,, in L?(R/2LZ) as follows:
(5.42) uls) = WX (57 ) Falh7125),

where  is a cut-off function defined on R as follows:
0<x<1,x=11in]-1/2,1/2] and x =0 in R\]—1,1[.

Using the exponential decay of f;, to infinity, it is easy to verify

We have
(Ri®n, ®n) 20140 = 2iBobohz =219y ®yy, B) + 2ichoBoh2 2Dy ®y, By) + ch2 (02D, Dyy)

+ RGBS @l oy — B OGBS 1Pl 2 -
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We observe that, the function 0, f, f,, is odd. Using the exponential decay of f,, at infinity, we have

1
(Do Bus @) 12yt 40y = O17).

Forn < %, using the expression of (R, ®,,, ®,,) it is easy to check that

Lo
L2(h2 do)
(R, ) ot oy = Oh2).
Then, we observe that after a change of variables and by construction of ®,, (5.40) yields
—"(0)

2

1
WL D (s) = (20— 1) ORI (Zf) Jnte)

(5.44) )
Fonnky (22 g o 1320,

X 27, fn(g) + Rﬁ n(J) + Qh n(g) )
where ®,(c) = ®,,(h/2%s) .

Now, we infer from (5.44) that

(NI

eff _H”(O)
Ly a®n — (2n —1)h o, o, < Chz.
2 L%(R/2LZ)
As a consequence of the spectral theorem, (5.38) yields that, for every fixed n € N¥, there exists
an eigenvalue \, (L§,) of the operator £51, such that

(5.45) An(L58) = (2n — 1)hy/ _“/2/(0) +O(r3?).

Proposition 5.2. Foralln > 1 andn < % , there exist hg > 0 such that, for all h € (0, ho)

—k"(0
M(£if) = 2n - o 2O o)

Proof. For all N > 1, we can take a family of eigenvalues and eigenfunctions

(An(ﬁzfﬁl), Y h)n=1,..~N such that (¢, s)n=1,.n is an orthonormal family. Let &y (k) the vector

subspace of Dom(ﬁ‘fﬁl) spanned by the family (¢, 5)n=1,..N -

For all ¢ € En(h), ¥ also satifies the Agmon estimates (5.1). By using the proposition 5.1 which

gives that the eigenfunctions of L"ffél , associated with the eigenvalues of orders & concentrate expo-

nentially near the point of maximum curvature and using the change of variable introduced in (5.39),
we easily obtain that, for all ) € Ex(h), there exists C' > 0 such that

iy L —x"(0) , 1/2 4|2 1/2
afiw)z [ e ) o)
—h=1/2L

n=1/2L

R - ch?) / 1@ — i B0} A2 )
_hfl 2L

/2L o
> h[ / <| (i 20) + =) 2 |w<h1/2o>|2> a(? a)]
—h_1/2L 2
- Ch3/2”¢”%2(R/zLZ)

—+"(0) 2 3/21,,]12
> (2N - 1)h TH#JHLQ(R/QLZ‘,) - Ch / ‘|1/}||L2(R/2LZ)'
Then, by the min-max principle, we have

_’%//(0) _ 0h3/2 .

V(L) > (2N - 1)h
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Finally, from (5.45), the asymptotic expansion of the n-th eigenvalue is:

An(L58) = (2n — 1) _*’”2(()) + O3,

O

Now, by inequalities (5.27) and (5.26), we deduce the asymptotic expansion of the n-th eigenvalue
of the effective operator £',3£f0

/i
(5.46) A(L55) = =1 — bmaxh® + (20 — 1) 2(0)713 +O(n"?).

From (5.46), we have shown Theorem 3.1, which was a reformulation of Theorem 1.1.

5.3. Unit disk case. This section is devoted to the proof of Remark 1.1. We will study the spectrum
of the effective operator £, where Q = D(0,1) and n < 5. We have

1 _
L=m fo=3. b=boh2 and k=1.

Thus )
b h
zg{foz—h(l—ch%) <8s—i2> —1—h%—5,

the associate quadratic form on H1(R/277Z) is
b
<83 - 12> ®

h & 7r
aino(p) = <—1 —h? - 2) / o(s)|* ds + h (1 - ch%) /
We use the completeness of the orthonormal family {eims / \/ﬂ}mez in L2 (R /27rZ), then, for all
pE HI(R/27TZ), we have

2
ds.

meZ
where

~

1 T —ims
m) = —— s)e ds.
o(m) o /_Wso( )
For all p € H'(R/27Z), we have

qufo(@) = (—1—h§ _Z> /7r |<p(s)\2 ds—i-h(l—ch%) /_:

-7
h b
-3 (-1—h% —§+h(1—ch%) <m—2) ) |p(m) 2
mez
Let k € Z, we set
eiks
s) = =er(s).
o (s) W k()
Inserting ¢y, into the quadratic form, we have for all &k € Z

2
eff _ 1 _ 1 _ﬁ _ 1 _é
Gho(pr) = =1 —h? 5 ~I—h<1 ch?) <k 2> )

By application of min-max principle, we have

eff 2
off o (€k) 1 h 1 b

< < -1 — - — — — —
VkeZ, M (ﬁh,o) I 1—hs = +h (1 ch2> k ,

then

2
off 1 h 1. b
< —1 = — — .
A (Lhp) 1—h2 5 +h (1 ch2> lilelg <k 2>
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. boh "\
hz éng k— 5 =o0(1),
€

therefore, we have the following upper bound of the first eigenvalue

Forn<%,wegetash—>0

meZ 2 2

2
(5.47) ML) < —1—h7 + (inf (m - b) — 1) h+o(h).

Now, for lower bound. For all ¢ € H*(R/277Z), we have

ﬁ%wyZE:(—1—h%_g+h(1—dﬁ)Gn—é)?lﬂmﬂz

meZ

2
= <—1 g (é%fz (m - 3) )) > lem)? + o) D [¢(m)P

MEZ meZL

1 h . b ? 2 2
= (—1 —h2 — 5 +h (Tgéfz <m - 2) >> H(PHL2(]R/2LZ) + O(h)”SOHLQ(R/QLZ) :

Then, by the min-max principle, we have

2
eff 1 . b 1
> —1- + - =] —= + .
(5.48) A1 (L) 1—hz (nllréfZ <m 2) 2) h+o(h)

From (5.47) and (5.48), we deduce the asymptotic expansion of the first eigenvalue of the effective
operator L"ffo

! b\* 1
eff\ _ 1 _ 15 : _ _ =
(5.49) A (L) = —1—h2 + (%%fz (m 2) 2) h+o(h).

According to Theorem 3.1, we get

2
3 b 1
h,b) = —h — h2 inf (m—-) —=|h*+o(h?).
pa(1,b) z+(ngéz(m ;) 2) Fo(r?)
To obtain the proof of Remark 1.1, it suffices to use the relation (3.7) between the spectrum of the
departure operator and the semi-classical operator.

Then, in the case with constant magnetic field (n = 0), we found by a very simple proof, Theorem
1.1 of the article [11].

6. THE INFLUENCE OF THE MAGNETIC FIELD ON THE EIGENVALUES

This section is devoted to the proof of Corollary 3.2. The analysis in this section is inspired by
the article of B. Helffer and A. Kachmar [5] and its aim is to reveal the influence of the magnetic
field, which is not seen by the effective operator. The goal is to construct good trial states and use the

spectral theorem to establish existence of n-eigenvalues of the operator EZ”’ satisfying the refined
asymptotics

"
fin = —h — h*?Kmax + (20 — 1)R7/4 ”2(0) + B2+ O(RYT/®Y,

which in light of three-term asymptotics for p, (h, b, p) yields the equality
Mn(hv b, P) = fn ,
for A > 0 sufficiently small.
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6.1. Construction of approximate eigenfunctions. In this section, we construct trial states (¢,,) in
the domain of the operator which determines the term in accurate expansion of the eigenvalues which
depends of the magnetic field b. The trial states (¢,,) will be supported near the boundary of €2, so
that the use of the boundary coordinates (s, t) recalled in Section 2 is valid. By Section 3.2, we recall

that the operator KZ”) is expressed in tubular coordinates (s, t) as follows:

t2 t2
£0P = —p2a~! (as —ibBy — ib( it 2n(s))>a—1 (83 — ibfy — ib( it 2ﬂ(s))>
— h?a"10sa0; (in (L?(a dtds)),
where
a(s,t) =1—tk(s),
and with the Robin condition
du(s,t =0) = —h " 2u(s, t =0).
We know that, the eigenfunctions are localized near the boundary at the scale h3 in the ¢ direction

(cf. Prop 3.1), and A% in the s direction (cf. [5, Thm. 5.5]), then it suggests to introduce this change
of variable

(s,t) — (hl/ga, h1/27'> .

This change of variable transforms the above expression of E;’L’p into

Lo =h [ e~ <h3/8a, — ibh'/28, — ibha(o, ﬂ)al <h3/ 80, — ibh'/?By — ibha(a, T))

—a'o, (aaT)] :
with
h1/2
alo,7)=—-7+ - 7'2/{(h1/80') and a(o,7)=1-— hl/gTH(hl/SU) )
The boundary condition is now transformed into
Oru=—uont=0.

Recall that the value of the maximal curvature is kax = x(0). We have the following asymptotic
expansions:

"
(6.50) (o, 7) =1 — h'%7k(0) — h3/47'ﬁ2(‘0)02 + 13 7¢ (o),

" (3) (4)
6.51)  9ra(o,7) = —h'?k(0) — h3/4’€2(!0)02 - h7/8ﬂ3!(0)03 . 4!(0)04 + 18 (0),
1

(6.52) )7t =1+ h'%es(0,7),
(6.53) )72 =1+ 2%e(0,7)
(6.54) 9, {a(o, 7‘)_1} = —h®¢s(0, 1),

jo N

(0,7
(o,7

j=}}

where, for 0 < h < 2,0 <7 <h P and o = O (h=/%), the functions ¢;, j = 1, - , 5, satisfy
le1(0)] < Clof?,  lex(o)| < Clof® and  es(0,7)| + [ea(o, 7)| + |es(o,7) |[< C7.
This gives us the following identities:
—a 10, (ad;) = —02 — (a~'0.a) 0,
= —0% + h'?k(0)0, + h3/4’<°”2('0)02a + h7/8ﬁ(2'<0)03& + h“(jfo)a‘la
+ hr2(0)0; + hY3q1 (0, 7)0 |
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and
—g ! <h3/8&, — ibh*?By — ibha(o, 7’)) a ! <h3/8&, — ibh'/% By — ibha(o, T))
= —a"'h3/%p, [a—l <h3/8ag — ibh'/? 3, — ibha(a,7’))]
+ ibh'/?Bya 2 <h3/880 — ibh'/? By — ibha(o, T)>
+ ibha(o, 7)a > <h3/880 — ibh/? By — ibha(o, T)>
= —3/8a719,a <h3/ 80, — ibh/28y — ibha(dﬁ))
— B¥8a2 <h3/8€)§ — ibh'% 840, — ibhdy(o, T) — ibha(o, T)a,>
+ ibh'/?Bya 2 <h3/880 — ibh'/? By — ibha(o, T)>

+ ibha(o, 7)a > <h3/88(, — ibh'/? By — ibha(o, 7)> .
We have the following identities:

— B33 0,a! (h?’/gag — ibh'/? By — ibha(o, 7)> = WMY845(0,7)8y + 12 g3(0, 7).

— B¥8a72 (h3/883, — ibh'/? 840y — ibhdy (o, ) — ibha(o, T)ag>

= —h5/892 +ibh"/® 890, + R q4(0,7)0s + h?’iTn%(a, 7) + h'Y84(0, 7)02 .

ibh/?Bya 2 (h?’/gag — ibh'/? By — ibha(o, T)>

11—4n

= ibh7/85060 + b25§h +h™ s qi(o,7)0s + hﬁqg(a, T).

ibha(o, 7)a "> (h3/880 — ibh'/2 8y — ibha(o, 7))

11-4

3—2
8 nQ9(<77 7)0p + thQm(@ T).

=h
where the functions ¢;, for 1 < < 10 satisfy for 0 <h < 3,0 <7 <h P and |o| = O (h*1/8)

lq1(o,7)| < C (\0]3 + h1/87> and |gi(o,7)| < C7 for 1<i<10.

This gives us the following identities:
—a ! (h?’/sag — ibh'/? By — ibhoc(a,T))d_l (h?’/sag — ibh'/? By — ibha(a,T))
= —p3/4 [af, — 2ibh/3 500, — B4V B2

L p3/8 <h1/8Q1(a, 702+ 1S Qalo,m)0s +h s Qs(o, T)ﬂ )

27
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where
Q1= gs
Q2= h"q+ q1+ a7 + g0,
Qs = as + quo + h"*(g3 + g5) .
Consequently, we have the formal expansion of the operator o,
ht LY = Py + h'2P 4+ B3Py + W3 Py + hPy + hO3Q,
where
Py = —0?
Py, = k(0)0; = KmaxOr

P2 = —802. -+ HN2(70) 0'2(97—

(3)
Py " 3'(0)03@ + 2ibfod,
(4)
Py = r 4'(0)0487 +782(0)0, + b33

Qn = q1(0,7)0; + hY3Q1 (0, 7)02 + h*5 " Qa(0,7)0s + h°5 " Qs(0, 7).

Remember from (5.41), f,, (o) is the n-th normalized eigenfunction of the harmonic oscillator

"
—k"(0
—0% + HQ( )02.
The function ug should be interpreted as the ground state of the model operator H o introduced in
Section A.1.

The construction of the trial state ¢,, is based on the simple observation that the function g(o, 7) =
uo(T) fn (o) satisfies

(6.55) Pyg=—-9, Pig=—FEmaxg, Pg=(2n—-1)g.
Let n € N. We will construct a function

U (0,7) = to(7) fu(0) + W' Sua()vn1(0) + B> Pug(7)vn 2(0) + ™ gn o(0, 7) + hgn o, 7)
in the Schwartz space S (R x R.) such that the real-valued Schwartz functions (vn;),_, o C S(R),
(9n.5)j—01 C S (R x Ry) satisfies

V7, aTgn,j|T:0 = - gn,j|-r:07
andas h — 04 andn < %, there exist constant C,, > 0, such that

(6.56) (7 237 = in) @0

where

< C,h#
L2(RxR4)

2 sja, [_K"0) o 7/8
Mn = 1 h Rmax + h 9 (2n 1) + h C(]m, + hCl,n

D, (s,t) = X(|a$(2|>x(hf/8)\1}n(h_l/857 h12) .

and
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Where y be a cut-off function. The function ®,, is in the domain of the operator g%ﬂ since the
functions g, ; and ug satisfy the Robin condition at 7 = 0. Since all involved functions in the
expression of U,, are in Schwartz space, multiplication by cut-off functions will produce small errors
in the various calculations. Notice that the explicit expression of ®,, give us

(6.57) [Pnll2@xr,) =1+ 0(1).

As a consequence of the spectral theorem, (6.56) and (6.57) yield that, for every fixed n € N,
there is an eigenvalue /i,, of the operator [,Z’p such that

1
(6.58)  fin = —h — h¥ ko + BT/ ”2(0)(271 — 1) + W8, + B2y + O(RYTE)

with (o, (1.0 € R.
Thanks to Corollary 3.1, we observe that there exists hg such that, for all h € (0, ho) ,

Nn(ha b, P) = fn -
Thus, thanks to Proposition 3.2, u,(h, b) satisfies the asymptotic expansion in Corollary 3.2.

6.2. The sequence ((jn);_ ;- We want to find a real number (o and two functions vy (o) and

go(o, 7). According to the equalities in (6.55), for every Schwartz function v(o), we have the two
simple identities

(Po + hY2P) ug(t)v(0) = (=1 — B 2kmax) uo(T)v(0) and
PQU()(T)U(O’) = UO(T>Hharm ’U(U)

where Hp,y is the operator introduce in (1.4). A straightforward computation yields

(h—l chr - Mn) v,

= K7/8 [ (Po+1)go(o,7) + up(1) (Hharm — I{;(O)(2n — 1)) vi(o) + (P3 — Con) uo (1) fr(o)
«Mh%+Um@ﬂ+w@<mm— _i@@W4OWWH%%—@MwWM@

—um—qumnwﬂ+mm@.

In order that (6.56) is satisfied, it is sufficient to select ¢y, go (o, 7) and v1 (o) as follows:

(6.59)

—r"(0)

(Po+1) go(o, 7) + uo(7) (Hharm — (2n — 1)) v1(0) + (P3 — Co.n) uo(7) ful(o) = 0.

We can select (j such that

(P3 - CO,n) UO(T)fn(U) 1 UO(T)fn(U) in L2 (R X RJr) .

The number (g ,, is given by:

CO,n = / Uo(T)fn(O')Pg(uO(T)fn(o')) drdo
RxRy

30

K .

= [ -5 o) do ity [ a0 fulo)) do.
rR 3 R

we have the integral of the odd functions on R, then

(6.60) Com =0.
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Consequently,
o0
m(e) = [ w(m)Palunlr)fulo)) dr L fulo) - in L2(R).
0
Since HY},.. = Hparm — (2n—1) %/(0) can be inverted in the orthogonal of the n-th eigenfunction

fn(o), we may select v1 (o) to be

—1
vi(o) = (Hharm - _KQ(O) (2n — 1)) (h1(0)) = Rp (h1(0)) -

where R, is the regularized resolvent, the self-adjoint operator which vanishes on the eigenspace
E,, = span(f,), and equals to the inverse of H'  on the orthogonal complement of E,,, then ex-
tended by linearity to all of L?(R).

As a consequence of the choice of (y and v1 (), we get that, for all o,

wi(o,) = ~uol’) (Hhm % 1>>v1<a> — (P = Go) w0l ) fa(0)

is in the orthogonal of {ug(7)} in L? (R,), i.e.

/00 wi (o, T)ug(T) dr = 0.
0

The operator P + 1 can be inverted in the orthogonal complement of {ug(7)}, and the inverse is
an operator in L? (R ) which sends S (R}.) into itself. In that way, we may select go(c, 7) to be

90 (0,) = (Po+ 1)~ (wy (0,)).

Now, we want to find a real number (; and two functions v (o), g1 (o, 7) . It is sufficient to select
¢1,91(0, 7) and vo (o) as follows:

7,{///(0)

(Po+1)gi(o,7) + up(r) (Hharm — (2n — 1)) va(0)

+ (Ps = Co.n) uo(T)v1(0) + (Py — C1n) uo(7) fu(o) = 0.
We can select (7 such that

(P3 — Con) wo(T)vi(o) + (Py — Cin) uo(7) frn(o) L uo(7) fu(o) in L? (RxRy).

Cin= /]RXR uo(7) fr (o) <P4(u0(7')fn(a)) + (Ps — Con) uO(T)vl(a)) drdo.
Then,
(6.61) W ,
== [P a2 =0 [ (o) o) o) drd

Now, the goal is to separate the terms which depend on b and which do not depend on b. In fact, the
terms which are independent of b are already calculated in the article [5] which are denoted by Bp.,.
We have

x3)(0)

(6.62) Psug(r)vi(0) = ——;

o3ug(T)v1 () + 2ibBoue(1)dsv1 (o) .

We recall that

0o k(3
(6.63) hi(o) = — /0 uo(T)P3(uo(7) fu (o)) dr = 3!(0) U3fn(a) — 2ibBo0y fn (o).
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x3)(0)

(6.64) v1(0) = Ra(hn(0)) = =

Rn (02 fr(0)) — 2ibBo Ry (85 fr(0)) .

Then, (6.62),(6.63) and (6.64), imply

) )
Prun(ryon(o) = =" otua(r) (S R0 1,(0)) = 20650 (0,1,

,€(3)(0)
3!

+ 2ibBoug(7)0y ( R (03 fr(0)) — 2ibBo Ry (05 fr (o) ))
We have

/ wo(7) fn(0) Prua(7)on (@) drdo
RxR4

k3 (0 3 (0 ‘
_/]RXR+UO(T)fn(U)[_ 3!( )"3“0(7)< 3!( )Rn(a3fn(a))+2szoRn(aafn(a))>

,1(3)(0)
3!

— 2ibBoug(7)0, ( Rn (03 fn(0)) + 2ibBo Ry (D f (0)))} drdo

B £3)(0) x3)(0) .
= [ 01| - 520 (G Rl (o) + 20050R 001

3!
n(3)(0)
3!

— 2ibBy 0y (
_ < < (3) (0)

(0% ful0)) + %bﬁoRn(aafn(a))ﬂ do

2 ®3)
3‘> /U3fn(U)Rn(03fn<g)> do — 2ib60/i7(0)<03fm Rn(acrfn»
: R
®3)
= 20060 o 00 B0 () + 46753 s O R0 )

Using the exponential decay of f;, at infinity, and since R,, is self-adjoint operator, then

3!

(frr 05 Rn(0° f(0))) = = (0 fs Ru(Do f))
and
(fns 0o Rn(00 fn)) = (0o frs Bn(05 fr)) i= I, .
Then, we obtain
x3)(0)
3!

2
/IR{xR+UO(T)fn(O-)P3UO(T)U1(0) drdo = _< ) /Ro'gfn(U)Rn(Ui;fn(U)) do — 4b25(2]12,n .

Consequently, (6.61) gives
(4) 2 ®3) 2
(i = — 450) / o*|ful0)? do — = 2(0) - (K 3‘(0)> /U3fn(U)Rn(03fn(J)) do
: R : R
+ 0263 (1 — 4l,,) .

The terms which are independent of b in the asymptotic estimate of (; ,, are the same which can be
found in the article [5, Thm. 1.1] and denoted by o, -

Finally, we have

(6.65) Cin = Bon + 023 (1 — 41s,,) .

Consequently,

o) i= = [ uo(r) [ (Pa = o) lr)on (@) H(Ps = G ua(r)fo(@)] dr L fulo)  in L2 (R).
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We take:
—I{// (0)

-1
(2n — 1)) (ha(0))-
As a consequence of the choices of (; ,, and v (o), we get that, for all o,

7/4///(0)

UQ(O-) = (Hharm -

w2(0'7 ) = _UO(') <Hharm -

— (Py = Gun) uo(7) fu(o)
h is in the orthogonalof {ug(7)} in L2 (Ry) .

(2n — 1)) va(0) — (P53 — Con) uo(T)v1(0)

Finally, we select g1 (o, 7) as follows
gi(0,) = (Po+ 1) (wa(o,-)) -

APPENDIX A. AUXILIARY OPERATORS

The aim of this section is to recall some spectral properties related to the Robin Laplacian in
dimension one. This models naturally arise in our strategy of dimensional reduction and already
appeares in [12], [5], [11], [9], [16] and [13].

A.1. 1D Laplacian on the half line. We recall here some spectral properties of Robin’s Laplacian
on R . Let the operator

2
— 2
Ho,o 1= o3 dans L“(R4),
with domain Dom(Ho ) = {u € H*(Ry) : u (0) = — u(0)}.

This operator is self-adjoint but is not a compact resolvent, then the spectrum of this operator is
(Ho) = SPais(H0,0) U SPess(Ho,0) = {—1} U [0, +00[ . The subspace associated with the unique
eigenvalue —1 is generated by the normalized eigenfunction in L?

(1.66) uo(T) = V2 exp(—T).

A.2. A weighted 1D Laplacian. Let B € R, T" > 0 such that |B|T < % In weighted space
L?((0,T),(1 — Br) dr), we introduce the operator

d? B d

ry _ _d° a
Hp ' = dr2 + 1— Brdr’
with domain
Dom(HE) = {u e HX0,T): ' (0) = —u(0) and w(T) =0}.

This weight will come to measure the effect of the curvature. The operator HJ{BT} is the self-adjoint
operator in L2( (0,7, (1 — B7) dr ) associated with the following quadratic form:

T
T !’
A = [ W (P - Br) dr = )
with domain
Dom(HE ) = {ue HY(0,T) : w(T) =0}.
The operator HJ{BT} is a compact resolvent. Hence the spectrum J(H{BT}) C R, purely discrete and

it is formed by a strictly increasing sequence of eigenvalues ()\n (’HET}» .
neN*

The following proposition gives an asymptotic two-term expansion of the eigenvalue \; (H;{BT}) .
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Proposition A.1. (Asymptotic of Al(HéT}) ) there exist constant C' > 0 and Ty > 0, such that for
allT > Ty, B e (—1/(3T),1/(3T)) , we have:

MHE) = (-1-B)| < CB2.

Either the change of function u = (1 — BT)_%LNL , the new Hilbert space becomes L?(0,T), dr),
the form domain is always independent of the parameter and the expression of the operator depends
on B :

ﬁ{T} _ d2 B B2
B dr?  4(1 — Bt)?’
/ B
with the new Robin condition at 0 donate by @ (0) = ( -1- 5) u(0)et a(T) =0.

Note that the associated quadratic form is defined on
T 2

~{T} 2d B 2d —(1 E 2

W= [ oeotar— [ 1 Z o letar - (14 5) o)

For further use, we would like to estimate HTﬁ]{BT} l22(0, 7,47) and H@Bﬁg‘r} I22(0, 7),ar) uniformly
with regard to B and 7.

Proposition A.2. There exist constants C > 0, a > 0 and Ty > 0 such that, for all T > Ty,
B e (-1/(3T),1/(3T)), we have:

OCT"’

e ||L2 0,T), dr) = c,

with QET} is the normalized eigenfunction associated with )\1(7-[1{3T}) .

Proof. Let ¢ aregular function. By the formula of integration by parts, we get:

T 2 T B2
{T} AT} 2¢-{T}\ _ 20 ~{T} . 020 {T}2
<’HB up e Pug > /0 ‘@(e Up )’ dr /0 74(1—B) iyt dr
(14 2) O O ~ 6 e P
T AT
= M) e ag P,
We have
i or =2 [ ol il ar.
according to a trace theory, there are constants C' > 0 such that, for all ¢ > 0, we have:
(1.67) ‘U{T}( )’2 < Ce ”8 U{T}HL2 0,7) =+ Ce_lHU{T}Hp(o,T)
{T}

We replace (1.67) in the form of ¢ * and we use Proposition A.2, there exist constants C' > 0 such
that:

CeB - _ B
<1—C€—>H8 {T HLQOT) <A1(H{ })—I—Ce 1( 2)+C)H HLQOT)

1
fore = 30 and B — 0, we obtain:

_{T
||U){9 }HHl(o,T) <C,
then,
g ()P < C.

Which implies the simple estimate

T BQ ) B T ,
S . — T R R T i Vo 2,200 T2 47 < no (T (168 51002
/0 41— Br)2° i 1" dr (1 2)0 /0 @ [Pe g "7 dr < A (Hp ") lle® g 17,



34 MAGNETIC ROBIN LAPLACIAN

and thus,

: B h ] e
T g — ¢ 1~1T} 2 <
/o [ 4(1 - Br)2 M(HE ') =7 |ag |7 dr < C.

For T' — 400, we have —1 < B < 1, whence
B? <9 p
. e — E—
41-B71)2 — 16’

e M <-1-B.

. o 5 .
We ask that ¢ = a7 with « a real positive constant. For a < \4[ , we obtain:

9 1
——B*+14+B—-a*>—
TR TR
then,

T
| e <c.
0

0

Lemma A.1. There exist constants C > 0 and Ty > 0, such that, for all T > Ty and B €
(—=1/(3T),1/(3T)) , we have:

g <c,
~AT
10885 1|20, 7, ar) < C'-
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