
HAL Id: hal-03410664
https://hal.science/hal-03410664v1

Submitted on 1 Nov 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Pressure–deformation relations of elasto-capillary drops
(droploons) on capillaries

Gaël Ginot, Felix S Kratz, Friedrich Walzel, Jean Farago, Jan Kierfeld,
Reinhard Höhler, Wiebke Drenckhan-Andreatta

To cite this version:
Gaël Ginot, Felix S Kratz, Friedrich Walzel, Jean Farago, Jan Kierfeld, et al.. Pressure–deformation
relations of elasto-capillary drops (droploons) on capillaries. Soft Matter, 2021, 17 (40), pp.9131-9153.
�10.1039/D1SM01109J�. �hal-03410664�

https://hal.science/hal-03410664v1
https://hal.archives-ouvertes.fr


Pressure-deformation relations of elasto-capillary drops
(droploons) on capillaries

Gaël Ginota , Felix S. Kratzd , Friedrich Walzela, Jean Faragoa, Jan Kierfeldd , Reinhard Höhler∗b,c

and Wiebke Drenckhan∗a

An increasing number of multi-phase systems exploit complex interfaces in which capillary stresses are coupled with solid-
like elastic stresses. Despite growing efforts, simple and reliable experimental characterisation of these interfaces remains
a challenge, especially of their dilational properties. Pendant drop techniques are convenient, but suffer from complex
shape changes and associated fitting procedures with multiple parameters. Here we show that simple analytical relation-
ships can be derived to describe reliably the pressure-deformation relations of nearly spherical elasto-capillary droplets
("droploons") attached to a capillary. We consider a model interface in which stresses arising from a constant interfa-
cial tension are superimposed with mechanical extra-stresses arising from the deformation of a solid-like, incompressible
interfacial layer of finite thickness described by a Neo-Hookean material law. We compare some standard models of
liquid-like (Gibbs) and solid-like (Hookean and Neo-Hookean elasticity) elastic interfaces which may be used to describe
the pressure-deformation relations when the presence of the capillary can be considered negligible. Combining Surface
Evolver simulations and direct numerical integration of the drop shape equations, we analyse in depth the influence of the
anisotropic deformation imposed by the capillary on the pressure-deformation relation and show that in many experimen-
tally relevant circumstances either the analytical relations of the perfect sphere may be used or a slightly modified relation
which takes into account the geometrical change imposed by the capillary. Using the analogy with the stress concentration
around a rigid inclusion in an elastic membrane, we provide simple non-dimensional criteria to predict under which con-
ditions the simple analytical expressions can be used to fit pressure-deformation relations to analyse the elastic properties
of the interfaces via "Capillary Pressure Elastometry". We show that these criteria depend essentially on the drop geometry
and deformation, but not on the interfacial elastiticy. Moreover, this benchmark case shows for the first time that Surface
Evolver is a reliable tool for predictive simulations of elastocapillary interfaces. This opens doors to the treatment of more
complex geometries/conditions, where theory is not available for comparison. Our Surface Evolver code is available for
download in the Supplementary Materials (see DOI: 10.1039/D1SM01109J).

1 Introduction
The mechanical response of interfaces separating immisci-
ble fluids enters into many fundamental and applied prob-
lems of topical interest. Within the current desire to de-
scribe complex liquid interfaces1–7, two scientific commu-
nities meet, accustomed to treating either drops or bubbles
with fluid-like interfaces, or capsules and balloons whose
membranes have solid-like mechanical properties.
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The interfacial tension of complex fluid interfaces of drops
or bubbles commonly depends on the adsorption of surfac-
tant molecules and on their interactions (top of Fig. 1).
Their interfacial stress is isotropic and in the static limit
insensitive to shear deformations. Such fluid systems can
present an elastic stress response to dilation in addition to
the surface tension. This is commonly called Gibbs Elastic-
ity if surfactant exchange between interface and bulk can be
neglected.

The stress in the solid-like membranes bounding capsules
or balloons (bottom Fig. 1) strongly depends on both shear
deformation and compression away from a stress-free "refer-
ence state". These membranes are often thin enough for the
elastic bending energy to be negligible compared to those
associated with dilation and shear. These "skins" behave like
2D solids, with an elastic response characterised for small
deformations by an interfacial dilational modulus and a in-
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Figure 1 Contrast between the elastic response of fluid and solid
interfaces. Top: The dilation of the concentration of surfactant
molecules adsorbed to fluid interfaces creates an elastic contribution
to surface stress. If the exchange of the surfactants with the bulk
is inhibited, this response is static and called "Gibbs elasticity".
Bottom: An elastic stress also appears when a solid like-skin covering
the interface is stretched.

terfacial shear modulus.
Like the physics of simple drops/bubbles8, the physics

of capsules/balloons9–14 is now quite well understood.
However, "intermediate" systems are of increasing interest,
which we shall name "droploons" or "bubbloons". Their in-
terfacial properties combine those encountered respectively
in drops/bubbles and capsules/balloons: interfacial tension
and solid-like membrane-stresses coexist. Here, the refer-
ence state is defined by the absence of a solid-like stress
contribution so that only capillary stress is present. A mul-
titude of bubbloon- and droploon-like systems have been
investigated in the past, involving interfacially active parti-
cles, proteins, cross-linked surfactant monolayers, polymer
multi-layers, polymer-surfactant mixtures, etc.1–7,15,16. In
most of these systems, liquid- and solid-like elastic contri-
butions are intricately entangled, calling for physical mod-
els and experimental approaches helping to distinguish and
study these contributions. In the following, we provide a
very short state of the art of relevant approaches before in-
troducing the one taken for this article. Interfacial stresses
may in general be of dynamic or static nature and they may
present a plastic response depending on deformation his-
tory. Here we shall concentrate on the quasi-static response
of interfaces. For more details, the reader is referred to re-
cent books and review articles1–7,16,17. For simplicity, we
will also only talk about droploons and liquid/liquid inter-
faces, but all derived concepts apply equally to bubbloons
and gas/liquid interfaces.

The development of dedicated interfacial shear rheome-
ters has enabled reliable measurements of the interfacial
shear modulus17,18. However, the characterisation of the di-
lational modulus remains challenging due to the experimen-
tal difficulty of applying an accurately controlled homoge-
neous dilation to an interface and of assessing the accuracy

of the modulus measurement if the deformation is only ap-
proximately a homogeneous dilation.

Recently, Vermant and coworkers7 constructed a special
Langmuir trough in which the surface dilation is achieved
by the action of twelve fingers arranged circularly. They
used this set-up to investigate successfully the static and dy-
namic dilational response of complex interfaces. However,
in order to access the surface stresses, this technique uses a
Wilhelmy Balance which introduces potential errors in the
measurement due to the influence of the contact line config-
uration on the Wilhelmy plate. Moreover, the large surfaces
required for these measurements are prone to attract impu-
rities, to encourage evaporation and make it challenging to
work with liquid/liquid systems.

Figure 2 Of interest here is the in- and deflation of spherical drops
around a reference state of radius R0. These drops are either isolated
or attached to a capillary with circular cross-section of radius Rn.

Since the volume change of a sphere leads to a perfect
dilation of its surface, measuring the pressure-radius re-
lation of a small, spherical droploon should be the pre-
ferred method to determine the dilational modulus. This
has been implemented for capsules using osmotic pressure
variations19 or acoustic pressure fields201. However, these

1Note that many other techniques have been developed which squeeze
initially spherical droploons between two plates, use AFM, spinning drops
or investigate the deformation of droploons in controlled flow fields. How-
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approaches introduce physico-chemical or technical com-
plexity. It is much more convenient to study the pres-
sure/shape relation of drops held by a capillary with circu-
lar cross-section, a technique called "capillary tensiometry"
or "pressure tensiometry" when shape or pressure analysis
is used, respectively. In the past, it has been used exten-
sively for droploons deformed under gravity, a variant called
"capillary elastometry"21,22. However, the drop shapes are
in this case non-spherical with complex interfacial deforma-
tions combining shear and dilational components, so that
numerical fitting procedures with numerous parameters are
required for the data analysis, introducing many uncertain-
ties. Various improvements have been made to these ap-
proaches in the past, including improved shape fitting algo-
rithms or combined shape/pressure analysis23,24, yet with-
out removing the complexity arising from the non-trivial ob-
ject shape.

In the aim to identify and validate a quantitative tech-
nique for measuring the interfacial dilational modulus, we
propose here to use the simplest possible geometry: an
initially spherical droploon attached to a capillary in the
absence of gravity. Combining simulations and analytical
modelling, we investigate how pressure-deformation rela-
tions depend on the interplay between surface tension and
solid-like interfacial elasticity. Pressure tensiometry of hemi-
spherical drops has been exploited in the past25,26, but
in all previous work homogeneous isotropic interfacial di-
lation was assumed. This is an uncontrolled approxima-
tion, since such an idealised deformation is incompatible
with the boundary imposed by the attachment to the cap-
illary. The exact bubble shape depending on surface ten-
sion, the elastic properties of the skin and the gas pressure
cannot be calculated analytically. We therefore perform pio-
neering simulations for this configuration using the Surface
Evolver Software - a finite element tool graciously devel-
oped and provided by Ken Brakke - in which the combined
effects of interfacial tension and specific local mechanical
constitutive laws can be implemented. Surface Evolver
has already been successfully applied to advance our un-
derstanding of systems composed of simple drops27 or of
capsules/membranes without surface tension28,29. Surpris-
ingly, its power has not yet been exploited to perform pre-
dictive simulations of droploon-type systems where surface
tension and solid-like elasticity are combined. Since di-
rect numerical schemes can be used for the axisymmetric
droploon problem (Section 3.2), it provides an ideal bench-
mark test for the Surface Evolver simulations. The latter
will be necessary to predict the response of more complex
objects, such as droploon assemblies, where direct numeri-

ever, the associated deformations are all a combination of interfacial shear
and dilation, making the quantitative analysis extremely complex.

cal schemes will fail.
We treat here a simple model interface, as sketched in

the top row of Fig. 2. We assume it to be composed of
a liquid/liquid interface of interfacial tension γ0, on which
a permanently cross-linked, polymeric gel of thickness h0

is grown. The liquid phase containing the gel is supposed
to be a good solvent for the gel, such that the interfacial
tension between the gel and the solvent is negligibly small.
We furthermore assume that this gel layer is thick enough
to be considered a bulk material with bulk shear modulus
G and that its mechanical response can be described by
a Neo-Hookean model (Section 2). For this purpose, we
make the simplifying assumption that the gel can be consid-
ered as incompressible, in the sense that its bulk modulus
is much larger than its shear modulus. Last but not least,
we make the assumption that the gel is dilute enough such
that neither its presence nor its deformation modifies the
liquid/liquid interfacial tension, thus equal to that of the
pure solvent γ0.

After a general introduction to the main theoretical con-
cepts (Section 2.1), we provide exact analytical relations for
the pressure-deformation relations of spherical droploons
(Section 2.2) and, for the first time, well-matching ana-
lytical approximations for droploons on capillaries (Section
2.3). We then show how Surface Evolver can be used to
provide reliable simulations of the equilibrium shapes and
pressure-deformation relations of this simple physical sce-
nario (Section 3.1), and we show excellent agreement with
direct numerical predictions (Section 3.221,22). In Section
4.2, we combine theory and simulation to show that the
main influence of the capillary results from the change in
geometry and not the induced deformation anisotropy. The
influence of the capillary on the pressure-volume relation-
ship of a doploon represents a challenging and unsolved
theoretical problem because of the interplay of the curved
droploon equilibrium shape with the presence of a rigid in-
clusion, which induces anisotropic elastic deformations of
the droploon. We show that this stress anisotropy is strongly
localised around the capillary and provide for the first time
analytical relations to estimate the parameter ranges over
which the anisotropy at the capillary has negligible impact
on the pressure-deformation relation, i.e., over which the
provided analytical pressure-deformation relations may be
used reliably to analyse experiments. We regularly compare
with analytical predictions obtained for perfectly fluid inter-
faces with Gibbs elasticity as a reference.

We note that in most experimental systems the interfa-
cial stress may not only depend on deformation but also on
the exchange of surfactant molecules between the bulk and
the surface or to temperature changes. Sufficiently thick
skins may also present a bending stiffness. In addition to an

3



elastic, reversible mechanical response, viscous and plastic
behavior is commonly observed. None of these effects will
be considered in the present paper focused on the simplest
case of linear and nonlinear 2D elastic skin behavior which
is already challenging.

2 Theory

2.1 Theoretical framework

Since the recent literature has seen many debates about the
physically correct description of the deformation of complex
interfaces, we consider it necessary to start here with a fairly
general introduction to clarify our point of view before in-
troducing the specific concepts used later in the article.

Interfaces are characterised by the amount of interfacial
free energy per surface area, that we will denote f . If the
interfacial stress is independent of area changes, the work
needed to increase the area by dA is γdA = f dA; f and γ are
in this case equivalent quantities. However, this is no longer
true if the stress and energy density are modified by interfa-
cial area changes. This can be due to interacting surfactant
molecules in a fluid-like interface (top of Fig. 1), or due
to a solid, elastic (polymer) skin adsorbed to the interface
(bottom of Fig. 1), or due to a mixture of both.

In this general case, the interfacial stress is no longer nec-
essarily isotropic and its description requires a second rank
tensor σi j, where i, j = 1,2 specify components in a 2D carte-
sian coordinate system locally tangent to the interface. As-
suming that the stresses due to the liquid interfacial tension
γδi j and those due to the adsorbed elastic skin τi j are simply
additive one may write30

σi j = γδi j + τi j, (1)

where δi j is the Kronecker symbol with δi j = 1 if i = j
and δi j = 0 otherwise. τi j may contain both isotropic and
anisotropic contributions, in contrast to γδi j which is purely
isotropic. The additive decomposition in Eq. (1) should not
be taken for granted: if surfactants are cross-linked or co-
adsorbed with a polymeric skin, the different contributions
to the interfacial stress may be hard to tell apart, not only
experimentally but also conceptually. In the present paper,
we will not consider this issue further.

Any measure of interfacial strain is based on the coordi-
nates of a given interfacial point: Xi in the reference state
and xi after the deformation (i = 1,2,3). From these, one
may derive the displacement field Ui(Xi) = xi−Xi, where U1

and U2 are the tangential displacements and U3 the displace-
ment normal to the interface. For an interface with the two
principal radii of curvature in the reference shape R01 and
R02, displacements give rise to an infinitesimal strain ten-

sor31

εi j =
1
2

(
∂Ui

∂X j
+

∂U j

∂Xi
+

∂U3

∂Xi

∂U3

∂X j

)
+δi j

U3

2

(
1

R01
+

1
R02

)
(2)

describing the interfacial 2D strains (i, j = 1,2). For a spher-
ical surface, the two principal curvature radii are equal
(R01 = R02 = R0) and 1

2 (
1

R01
+ 1

R02
) = 1

R0
. It contains infor-

mation about the deformation which is invariant to rota-
tion and translation31. Following Kirchhoff’s hypothesis32,
we apply classical thin shell approximations, and neglect all
strains in the plane normal to the interface, εi3 = ε3i = 0
(i = 1,2,3). Both in the Surface Evolver simulations and in
the shape equation calculus we will employ alternative finite
strain measures, which are introduced below. Their relation
to the infinitesimal strain tensor is provided in Appendix 6.

For fluid-like interfaces, stress and strain are isotropic,
and in this case scalar quantities of the stress σ and the
strain ε are useful. They are defined as

σ =
1
2
(σ11 +σ22) (3)

ε = ε11 + ε22. (4)

ε is equal to the relative variation of surface area dA/A.
A rigorous description of finite strains can be derived ei-

ther by considering nonlinear corrections to the kinematics
based on the infinitesimal strain tensor31,33 or using the dis-
placement gradient tensor34,35

Fi j =
∂xi

∂X j
, (5)

and finally the left Cauchy-Green strain tensor

Bi j = FikFjk, (6)

or the right Cauchy-Green tensor

Ci j = FkiFk j, (7)

which extract from Fik information about the strain which
is independent of rotation and translation. Please note
that in this paper we consider right Cauchy Green ten-
sors in 2 and 3 dimensions. To avoid confusions, we de-
note them respectively as C and C . In this paper, Surface
Evolver computes numerically the strain of the surface using
the right Cauchy-Green-Tensor, whose explicit expression in
the finite element method is derived in the APPENDIX 6.
For theoretical expressions, however, we will use the left
Cauchy-Green tensor, to conform to the commonly used
stress-strain expression derived using the Cayley-Hamilton
theorem36. As stressed by Beatty34, both tensors have
identical principal values (Tr(Bi j)=Tr(Ci j), Tr(B2

i j)=Tr(C2
i j),

4



det(Bi j)=det(Ci j)), and are hence equivalent regarding the
computation of strain energy.

In Eqs. (5) and (6), we use Einstein’s summation conven-
tion: indices occurring twice should be summed over.

In some models, the Hencky strain is found to be conve-
nient. In the case of an extension that transforms a length
L measured in the reference state into a length L′, the in-
finitesimal strain definition in this scalar case would yield
(L−L′)/L while the Hencky strain is defined as ln(L′/L). Ex-
tensions of the Hencky strain to the tensorial case have been
discussed in the literature7.

To build constitutive laws, the strain must be connected to
energy density and stress. Shuttleworth has demonstrated
the following general relation between surface stress σi j and
surface energy density, assuming constant temperature37

σi j = f δi j +
∂ f
∂εi j

, (8)

where i,j=1,2. f combines potential energy contributions
due to the excess energy of solvent molecules at the inter-
face, adsorbed molecules or elastic potential energy of the
skin.

In the case of fluid interfaces without skins where the
stress is isotropic, a scalar model is sufficient. By taking
half of the trace of Eq. (8) and using Eq.s (4) we obtain the
average surface stress, which is equal to the surface tension

σ(ε) = γ(ε) = f +
∂ f
∂ε

. (9)

For the more general case, we can consider a first order
expansion of σ(ε) around the reference state yielding

σ(ε) = σ(0)+Kε, (10)

where we have introduced the elastic dilational modulus

K =
∂ f
∂ε

∣∣∣∣
ε=0

. (11)

In the spirit of the Hencky strain, the following alternative
definition of a dilational modulus, commonly called "Gibbs
modulus", is often used38,39

KG =
∂ f

∂ lnA
. (12)

For infinitesimal strains, dlnA = dA/A = ε and both defini-
tions (Eq.s (11) and ( 12)) coincide so that K = KG. For
finite strains, there is a distinction between dA/A where
the area A evolves along the deformation and dA/A0 = ε

where A0 is the area in the reference state. However,
since the Gibbs modulus and the dilational modulus can
vary independently as a function of strain, there is no

contradiction between the two definitions. Using the Gibbs
modulus and assuming its independence of strain amounts
to choosing a particular type of constitutive law which
appears to describe well some experimental systems7,40.

Let us now turn to interfaces with an adsorbed solid skin.
Eq. (1) illustrates our simple hypothesis that the total sur-
face stress is the sum of an interfacial tension and the elas-
tic stress from the skin. To model this latter contribution,
we focus on the case where plastic or viscous response is
negligible so that the stress can be derived from a mechani-
cal potential energy. Such materials are called hyperelastic.
We focus further on incompressible materials and recall that
in this case, the most general constitutive law relating the
three-dimensional elastic stress to deformation can be cast
in the form34,35

σ
3D
i j =−pδi j +β1Bi j−β−1B

−1
i j , (13)

where i,j=1,2,3 and where p is the 3D pressure. The so-
called response functions β1 and β−1 depend on the prop-
erties of the material and must be expressed as functions of
the invariants of the strain tensor to ensure frame invari-
ance. In the simplest case, they are constants leading to
what is commonly called the "Mooney-Rivlin" model. It has
proven successful in describing many polymers10,36. Within
this class of models, the case β−1 = 0 is of particular inter-
est. It leads to the so called Neo-Hookean model where β1

is equal to the shear modulus G34 so that

σ
3D
i j =−pδi j +GBi j. (14)

This Neo-Hookean model has been derived from a simplified
microscopic description of polymer dynamics using statisti-
cal mechanics10,41, and it successfully describes the stress
response under finite strains. Since for moderate defor-
mations, the Neo-Hooke model remains very close to the
Mooney-Rivlin model, it is the method of choice for our
simulations. In the limit of small deformations, the Neo-
Hookean model reduces to the well known Hookean model
of linear elastic response. The 3D mechanical elastic energy
density of a Neo-Hookean solid can be expressed as

W =
G
2
(IB−3), (15)

where IB is the first invariant of the left Cauchy Green ten-
sor defined in Eq. (6), defined as its trace. This will be
useful for the simulations presented in Section 3.
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2.2 Perfectly spherical droploons

As given in Eq. (1) and sketched in Fig.s 1 and 2, we assume
that the total interfacial stress can be modeled as the sum
of surface tension and and elastic contribution. In the case
of fluid-like interfaces, this elastic contribution is given by
a Gibbs elasticity. In the case of a solid-like interface, the
extra elastic stresses arise from a (Neo-)Hookean skin.

If the interface is fluid, i.e. only Gibbs elasticity is present,
one can integrate Eq. (12) assuming a constant Gibbs dila-
tional modulus KG. In the limit of negligible gravity (i.e. low
density mismatch between the phases or ∆ρgR2

0/γ0� 1), the
reference shape of the drop is spherical and the principal
radii of curvature can be assumed to be equal (R01 = R02 ≡
R0). This gives for a spherical droploon of radius R

σ(A) = γ(A) = γ0 +KG ln
(

A
A0

)
= γ0 +2KG ln

(
R
R0

)
. (16)

From this, the pressure drop ∆P across the interface is
obtained via the Young-Laplace law

∆P =
2γ

R
. (17)

In the reference state R = R0 and γ = γ0 so that ∆P0 =

2γ0/R0.
To prepare our analysis of solid-like and fluid-like contri-

butions, we introduce the following normalised quantities.
We define an "elastocapillary number"

α =
K
γ0
, (18)

which compares the dilational elastic modulus K to the in-
terfacial tension γ0 of the reference state. K is either due to
Gibbs elasticity (denoted KG in this case) or to a solid-like
elasticity, as given later.

For spheres, the stretch λ is given by

λ =
R
R0

. (19)

Moreover, we introduce the normalised interfacial stress

σ̂ =
σ

γ0
. (20)

In the case where only Gibbs elasticity is present, the total
interfacial stress is therefore given by

σ̂ = γ̂ = 1+2α lnλ . (21)

In the small-deformation limit this reduces to

σ̂ = γ̂ = 1+2α(λ −1). (22)

Whatever the origin of the tension and elastic response may
be, the normalised pressure is obtained using

∆P̂ =
∆P
∆P0

=
σ̂

λ
. (23)

Let us now consider solid-like interfaces. For the case of a
spherical balloon with initial skin thickness h0 << R0, start-
ing from Eq. (13), Beatty34 derived an analysis valid for any
hyperelastic material

∆P(λ ) =
2σ

R
=

2Gh0

λR0

[
1− 1

λ 6

](
β1−λ

2
β−1
)
. (24)

In the neo-Hookean case this yields the following expression
for the stress in the skin

σBalloon = Gh0

[
1−λ

−6
]
. (25)

In several more recent models of non-linear mechan-
ical behavior, nonlinear variations of the response func-
tions with the strain invariants are considered, as reviewed
in42,43. However, for the remainder of this paper we restrict
ourselves to the use of the Neo-Hookean model.

We characterised the elastic skin, assumed to be isotropic
and incompressible, by its 3D shear modulus G. To link it to
the 2D dilational modulus, we note that the skin is in a state
of plane stress, and that in this case

ε = ε11 + ε22 =
σ11 +σ22

2E
=

σ

h0E
(26)

where E is Young’s modulus. Here, the biaxial stress in the
solid induced by stretching is expressed as a skin tension
divided by the skin thickness. In view of Eq. (10), this
means that K = Eh0 in the present case. For incompressible
materials E = 3G, so that for isotropic, small deformations

K = 3Gh0. (27)

In the case of an elastic skin attached to an interface with
tension γ0 we therefore obtain for the elastocapillary num-
ber

α =
3Gh0

γ0
. (28)

The total interfacial stress of a spherical neo-Hookean
droploon is therefore given by

σ̂ = 1+
Gh0

γ0
(1−λ

−6) = 1+
α

3
(1−λ

−6). (29)

In the small deformation limit one obtains the prediction of
the linear elastic Hooke model

σ̂ = 1+2α(λ −1), (30)
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which is identical to Eq. (22). This result shows that in the
limit of isotropic and small deformations both Gibbs elas-
ticity and Neo-Hookean elasticity lead to a linear elastic re-
sponse captured by Hooke’s law in two dimensions with a
compression modulus KG = 3Gh0.

Eq. (30) shows that for α > 1/2, an extensional stretch
induces a positive total surface stress, acting as a restoring
force while for α < 1/2 an extensional stretch yields a neg-
ative total stress which favors further deformation. Analo-
gous tendencies are predicted for compression. The condi-
tion α = 1/2 has therefore received particular attention and
is often called the "Gibbs criterion" since the physical re-
sponse of a system may change fundamentally around this
value. This is known, for example, for the case of bubble
dissolution and foam coarsening40,44.

In the case of spheres, it is natural to express interfacial
stresses and curvatures via the radial stretch λ . However,
for more general surfaces, the relationship between both de-
pends on the geometry of the surface. In this case it is more
appropriate to express the dilational stresses via the area
stretch λA = A/A0. For spheres, the relationship between
area and radial stretch is simply

λ =
R
R0

=

(
A
A0

)1/2

= λ
1/2
A . (31)

In Table 1 we summarise the interfacial stresses for the
Gibbs, Neo-Hookean and Hookean model expressed via
their area stretches, together with some critical stretches
which are discussed in Section 4.1. In the following we will
use those relations.

2.3 Droploons on capillaries

Let us now consider droploons attached to capillaries with
circular cross-section of radius Rn (Fig. 2). In this case one
geometrically removes a cap of radius Rn from the droploon
and fixes the perimeter of the resulting circular hole to the
end of the capillary. For fluid interfaces with Gibbs elastic-
ity, the interfacial stresses are isotropic and constant every-
where in the interface, even if the droploon is inflated or de-
flated. Hence, the droploon shapes remain spherical sectors
and, as we show below, all pressure-deformation relations
can be calculated analytically, giving useful insight into the
impact of the geometry change. In the case of interfaces
with a solid skin, this is much less straightforward. Fixing
the interface points on the capillary boundary induces shear
deformation in the vicinity of the capillary upon inflation or
deflation and hence deviations from the shape of a perfect
sphere. The presence of the capillary in the case of a solid-
like skin therefore combines a geometrical impact (as for
the Gibbs elasticity) with one of a non-isotropic deforma-

tion. Both contributions are coupled and their relative im-
portance depends on the capillary number α, on the defor-
mation A/A0 and on the capillary-to-drop size ratio Rn/R0.
Let us assume in the following that shear stresses remain
negligible and that we can estimate the droploon shape by
spherical sectors derived from perfect spheres of radius R
from which a cap of radius Rn is removed, as depicted in
Fig. 2. The interfacial area A is then given by

A(R) = 2πR2

1∓

√
1−
(

Rn

R

)2
 , (32)

where the two signs correspond to droploons larger than a
hemisphere ("+") or smaller than a hemisphere ("-").The lat-
ter geometry introduces a major difference between drops
with and without capillaries: the radius of the drop increases
upon further deflation from the hemisphere. This changes
dramatically the pressure-deformation relation, which is
why we will exclude this case in the remaining discussion.
Eq. (32) can be used to relate the area stretch λA and the
radial stretch λ via

λ = λ
1/2
A

1+

√
1−
(

Rn
R0

)2

√√√√2

[
1+

√
1−
(

Rn
R0

)2
]
−
(

Rn
R0

)2
1

λA

= λ
1/2
A f

(
Rn

R0
,λA

)
.

(33)

i.e. when comparing with the full sphere expression of Eq.
(19), the presence of the capillary introduces a correction
factor f

(
Rn
R0
,λA

)
to the relationship between the radial and

the area stretch.
For a given area stretch λA - which is experimentally

and computationally more easily accessible than the radial
stretch λ - we can then rewrite the pressure-deformation
relation as

∆P̂ =
σ̂(λA)

λ
=

σ̂(λA)

λ
1/2
A

f −1 = ∆P̂Sf −1, (34)

where ∆P̂S is the pressure of the sphere with the same area
stretch and the interfacial stress σ̂ is given in Table 1 for
the different models. Hence, in the approximation of neg-
ligible shear contributions, the capillary may be considered
to impose a simple geometrical correction on the pressure-
deformation relation which depends only on the capillary
size Rn

R0
and the area stretch λA. In the case of fluid-like in-

terfaces (Gibbs elasticity), Eq. (34) is accurate, while in the
case of solid-like interfaces (Neo-Hooke & Hooke), this is an
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Sphere model Normalised surface stress σ̂ Critical stretch λA,c Stretch at maximum pressure λA,m

Gibbs (liquid) 1+α lnλA exp
(
− 1

α

)
exp
(
2− 1

α

)
= e2λA,c

Neo-Hooke (solid) 1+ α

3 (1−λ
−3
A )

(
α

α+3

)1/3 ( 7α

α+3

) 1
3 = 7

1
3 λA,c

Hooke 1+α(λA−1)
(
1− 1

2α

)2
(for α > 0.5) no maximum

Table 1 Summary of the normalised expressions for the normalised surface stress σ̂ = σ/γ0; the critical stretch λA,c at which the pressure
changes sign; and the stretch at maximum pressure λA,m for the Gibbs, Neo-Hooke and Hooke model.

approximation. We shall see in Section 4.2 that this remains
nevertheless an excellent approximation over a wide range
of parameters.

Here we have chosen to express the pressure-deformation
relations in terms of area stretch λA since it simplifies com-
parison with simulations and experiments. One may also
choose to express them in terms of radial stretch λ . In this
case it is the expression of the interfacial stress σ̂ which
needs to be modified, leading to more complex expressions.
We provide these relations for the interested reader in An-
nex 7.

3 Numerical modelling

3.1 Surface Evolver simulations

Surface Evolver45 is a widely used software that determines
the equilibrium structure of systems containing several fluid
phases separated by interfaces. It uses the principle that
in equilibrium, the interfacial energy must be minimal un-
der the constraints imposed by boundary conditions. Exam-
ples of this are foams where the volume of each bubble is
fixed46–49. Surface Evolver can also be used to model elas-
tic membranes28,29.

In Surface Evolver simulations, interfaces are represented
as meshes of triangular facets whose energy is evaluated.
Most previous studies on bubble or drop shapes focus on
systems where this energy is proportional to the interfa-
cial area, the proportionality factor being the surface ten-
sion γ. Additionally to this contribution, Surface Evolver
simulations can also take into account an elastic energy in-
duced by the deformation of each facet, simulating an elas-
tic skin. Several constitutive laws are implemented in the
Evolver Software and can be used: Hooke’s law describ-
ing linear elastic response, as well as the non-linear Saint-
Venant or Neo-Hooke’s law28. In the work reported here,
we use Neo-Hooke’s law introduced in Section 2.1. We im-
plement, for the first time to our knowledge, an interface
with both surface tension and neo-Hooke interfacial elastic-
ity. As a first implementation, we thoroughly compare Sur-

face Evolver results to the numerical solution of the shape
equations (Section 3.2), and ensure that it provides physi-
cally sound results in the investigated range of parameters.

In contrast to fluid interfaces where the interfacial area
uniquely determines the energy, the energy of elastic skins
depends on their deformation with respect to a reference
state. The reference state of an interface element is given
by a shape with zero interfacial elastic stress. This state is
encoded in the reference positions of the facet vertices. The
implementation of elastic stress in the framework of the Sur-
face Evolver requires an expression of the facet deformation
energy for arbitrary large strains, given as a function of the
vertex positions. A detailed presentation of this feature and
the implementation of elastic energy in the Surface Evolver
has not been published so far to our knowledge. We there-
fore provide this information in the Appendix 6 to clarify
for the interested reader how exactly the software operates.
Here we shall concentrate on a very general description of
the approach.

Our Surface Evolver calculations simulate an experiment
where a bubble or drop is inflated at the tip of a cylindrical
hollow capillary inserted into a liquid, as illustrated in Fig.
6. In the first step, we need to obtain a physically correct
reference shape for a drop without interfacial elasticity. For
this purpose, an initially very coarse mesh is attached to a
cylindrical boundary representing the capillary. The interfa-
cial area is then minimised for the given drop target volume
assuming that interfacial energy is due only to a uniform
and constant surface tension2. Successive refinements and
energy minimisations of the mesh are then performed to
simulate the drop shape and the pressure in the reference
bubble accurately. When the relative variation of total
interfacial energy |En+1−En|/En remains smaller than 10−8

over 100 iteration steps we consider that convergence has
been achieved.
In the second step of the simulation, an elastic skin is
added to the drop surface of the obtained reference state,

2This could represent a physical system where the elastic skin forms
progressively at an initially "naked" interface
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so that initially there is no elastic stress. Numerically, it
consists in saving the current positions {~Xi} of the vertices
as their reference positions, and setting a non-zero elastic
modulus value for the interfacial energy computation for
further minimisation iterations. How reference and current
positions are used for deformation computation is detailed
in Appendix 6.
The third step consists in inflating or deflating this droploon
up to a new volume where mechanical equilibrium is again
established via progressive mesh relaxation. Frequent
merging of facets significantly smaller than average and re-
finement of facets larger than average hastens convergence
whilst avoiding to trap the system in local energy minima.
These operations are all performed by Surface Evolver
in-built routines as part of a standard energy minimisation
procedure. When the mesh management and energy
minimisation have converged (|En+1−En|/En < 10−8), the
elastic stress in the skin, the pressure in the bubble and the
bubble shapes are recorded.

3.2 Numerical integration of the shape equa-
tions

We solve for the shape and stress/strain profile of an axi-
symmetric capsule by numerically integrating the shape
equations21,22. Because we impose axial symmetry, the
droploon can be parametrised as a single arc with arc length
s and arc angle Ψ. The transformation from arc length
parametrisation to cylindrical coordinates {r,φ ,z} gives the
first two shape equations

dr
ds

= cosΨ and
dz
ds

= sinΨ . (35)

The remaining shape equations, needed to close the set of
partial differential equations, take into account the consti-
tutive material law and reflect the force balance at every
point along the arc s. They are derived by searching for the
stationary solutions of the appropriate energy functional.

In the experimentally relevant setting we control either
the droploon volume or the mechanical pressure at the cap-
illary inlet. Thus, the appropriate energy functional is the
enthalpy

H =
∫

dA0 W2D +
∫

dAγ0−
∫

dV ∆P , (36)

with a contribution from the surface energy W2D, measured
with respect to the undeformed area A0, from the surface
tension γ0 and from the volumetric work against a pressure
difference ∆P. We find the stationary states of the enthalpy
H of Eq. ((36)) via the first variation, δH = 0 (see21,22 for

Figure 3 A pendant droploon parametrised in arc-length s and arc-
angle Ψ.

details), leading to the shape equations

dΨ

ds
= κs =

1
σs

(
∆P−κφ σφ

)
, (37)

dσs

ds
=

cosΨ

r

(
σφ −σs

)
, (38)

where (κs,κφ ) and (σs,σφ ) are the meridional and circum-
ferential curvatures and surface stresses, respectively. The
curvatures are given by κφ = sinΨ/r and κs = dΨ/ds. Note
that the shape equations (35), (37) and (38) still require
a constitutive material law for closure. At this point, no
detailed knowledge about the 2D surface energy functional
W2D is required, as we define

σs,φ =
1

λφ ,s

(
∂W2D

∂λs,φ
+

∂ (γ0λsλφ )

∂λs,φ

)
, (39)

where λs and λφ are the meridional and circumferential
stretch ratios of the droploon. The shape equations (35),
(37) and (38) are written in terms of the arc length s
of the deformed shape. For the numerical solution we
reparametrise in terms of the undeformed arc length coor-
dinate s0 of the original undeformed shape by using the re-
lation ds/ds0 = λs, which is necessary in order to gain access
to the meridional stretches λs. The circumferential stress
λφ = r/r0 is given by the ratio of undeformed and deformed
radial coordinate.

The surface energy W2D accounts for the material specific
model and can incorporate various effects, such as film thin-
ning. To express the constitutive equation in terms of our
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parametrisation we write the right 2D Cauchy-Green tensor,
discussed in Section 3 and in Appendix 6, as

C = diag(λ 2
s ,λ

2
φ ) . (40)

For a two-dimensional Neo-Hookean elastic material the
surface energy is given by Eq. (81) from the Appendix 6.2

W2D =
Gh0

2

(
TrC+C33 +

G
Λ

C 2
33

)
. (41)

with 3D Lamé parameters G and Λ. Here, C is the 2D
Cauchy-Green tensor describing deformations within the
surface, while C33 is the component of the 3D Cauchy-Green
tensor describing normal (thickness) deformations of the
elastic skin. Requiring the absence of normal stresses, C33

becomes a function of G/Λ and detC as derived in Appendix
6.2.

From this surface energy, we extract the constitutive law
needed to close the shape equations using Eq. (39),

σs,φ = Gh0

(
λs,φ

λφ ,s
− C33

λsλφ

)
+ γ0 . (42)

In the following, we focus on the incompressible limit
G/Λ� 1, where C33 ≈ 1/detC = 1/λ 2

s λ 2
φ
.

For a given undeformed shape (described by a function
r0(s0)), the shape equations, along with the constitutive
equations, are numerically integrated from the apex (s = 0)
to the attachment point at the capillary (s = L) using a
Runge-Kutta scheme, paired with a shooting algorithm to
satisfy the boundary conditions

r(s = 0) = z(s = 0) = Ψ(s = 0) = 0 and r(s = L) = Rn. (43)

In the shooting procedre, we prescribe an apex stress σs(s =
0) and iteratively search for a pressure drop ∆P satisfying
the attachment boundary condition at the capillary. More-
over, we restrict the prescribed apex stresses to the phys-
ically relevant ones for our context giving σs(s = 0) > 0
(no compressive stresses), and do not exceed the maximal
possible apex stress allowed by the constitutive equations,
σs,φ (s = 0)max = Gh0 + γ0.

4 Results
In Section 4.1 we compare the theoretical predictions of the
different elastic laws in Eqs. (21), (28) and (29), and the re-
sults obtained from Surface Evolver simulations. In Section
4.2, we compare the numerical simulations to the analyti-
cal predictions where the needle is treated as a geometrical
perturbation truncating an isotropic droploon (Section 2.3).
These two results are compared to the direct numerical pre-
dictions (Section 3.2), which account both for the geomet-

rical perturbation and the anisotropy imposed by the nee-
dle. Finally, we quantify the perturbation of the pressure
induced by the needle, and show that it can be in large part
explained by the geometrical perturbation. In the last step,
we use the direct numerical predictions to quantify the im-
portance of anisotropic stretches, and provide experimen-
talists with guidelines to predict the parameter ranges over
which the influence of the capillary (shape change and/or
stress anisotropy) can be neglected.

4.1 Spherical droploons

We run Neo-Hookean Surface Evolver simulations (Section
3.1) for spheres with four different elastocapillary numbers
(α = 0.1, 0.5, 1, 10) imposing inflation and deflation while
recording the normalised pressure difference ∆P̂. The re-
sults are shown in Fig. 4 as a function of area stretch λA

along with the theoretical predictions for the Gibbs, Hooke
and Neo-Hooke models provided in Section 2.2.

The simulations show excellent agreement with the Neo-
Hookean theory over the full range of investigated defor-
mations. As expected and discussed in Section 2.2, all three
models coincide in the small deformation limit λA≈ 1. How-
ever, for deformations of a few percent, the three models
already show very pronounced differences, indicating the
importance of choosing the physically most realistic model
for the interpretation of pressure-deformation relations.

For non-zero α, in the case of the Gibbs and Neo-
Hookean elasticity, the initially monotonously decreasing
Young-Laplace-like behaviour is replaced by a pressure-
deformation relation with a well-pronounced pressure max-
imum ∆P̃(λA,m) at a characteristic stretch λA,m. Upon defla-
tion (λA < 1), this leads to the apparition of a critical stretch
λA,c at which the pressure difference is zero, and beyond
which it becomes negative. This point corresponds to elastic
instabilities of compressed interfaces, which manifest them-
selves in buckling phenomena31,50,51. A proper handling of
this range requires to take into account the bending ener-
gies of the interfaces. Since this is neither of interest here,
nor implemented in our simulations, we stay away from the
buckling range in our analysis.

The variation of λA,c, λA,m and of the pressure difference
∆P̃ at λA,m with elastocapillary number α for the differ-
ent models are shown in Fig. 5. The corresponding ana-
lytical expressions are given in Table 1. They put in evi-
dence clear differences between Gibbs, Hookean and Neo-
Hookean models. In comparison to Gibbs elasticity, the Neo-
Hookean critical and maximal stretches vary only mildly
with α. The Surface Evolver results again agree very well
with theory. The critical stretch for Hooke’s model appears
when the elastocapillary number crosses the Gibbs criterion
α = 0.5. The Gibbs critical stretch tends exponentially to-
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Figure 4 Normalised pressure as a function of area stretch λA for spherical droploons whose skin elasticity is described by Gibbs’, Neo-
Hooke’s or Hooke’s law. Four characteristic elastocapillary number values (α = 0.1, 0.5,1,10) are investigated. The data obtained by
Surface Evolver simulations are obtained assuming Neo-Hookean elasticity.

wards 0, as λA,c = exp(−1/α). In the limit of large α, the
critical stretches all converge towards λA,c = 1, that is, a shell
so rigid that it buckles as soon as compressed. Hooke elastic-
ity does not predict a local pressure maximum at any elasto-
capillary number. But it predicts an interesting deformation-
independent pressure for α = 0.5, i.e. at the "Gibbs crite-
rion". Gibbs and Neo-Hooke, on the other hand, have a
maximal pressure stretch increasing with α. In particular, at
the Gibbs criterion α = 0.5, the maximal pressure is reached
at null deformation (λ = 1). Lower elastocapillary num-
bers move λA,m to the compression regime (λA,m < 1), while
α > 0.5 shift λA,m to the dilation regime (λA,m > 1). The most
remarkable features of the elastocapillary transition (onset
of significant critical stretch, variation of the maximal pres-
sure stretch) occur for elastocapillary numbers between 0.1
and 10. For this reason, we expose in this article results for
α = 0.1, 1 and 10, so as to span two decades of elastocap-
illary numbers. Because of its history as the Gibbs criterion
and its pivot point between capillarity and elasticity, α = 0.5
will also be represented.

4.2 Droploons on capillaries

In a second step, we run Surface Evolver simulations of pen-
dant droploons attached to a capillary with circular cross-
section of radius Rn (Fig. 2). The droploons are inflated and
deflated while their interfacial area and inner pressure are
recorded (Section 3.1). Three ratios between the capillary
radius Rn and the radius R0 of the droploon in the reference
configuration are used: Rn/R0 = 0.1, 0.5 and 0.9. Repre-
sentative examples of obtained droploon shapes are shown
in Fig. 6 for three characteristic area stretches (λA = 0.8, 1,
2) for the case of α = 0.5.

In Fig. 7 we show the obtained pressure-deformation
relations for the elastocapillary numbers α = 0.1,0.5,1,10.
Along with the Surface Evolver results (crosses) we plot re-
sults obtained by direct numerical predictions (empty cir-
cles) using the Neo-Hookean shape equations for the same
set of parameters (Section 3.2). The excellent agreement
between both for all elastocapillary numbers, capillary radii
and deformations demonstrates the reliability of Surface
Evolver simulations for such systems.

The solid lines shown in Fig. 7 correspond to the analyti-
cal approximation given in Eq. (34) which models droplets
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Figure 5 Variation of characteristic features (critical area stretch
λA,c, stretch λA,m at maximum pressure and maximum pressure
∆P̂(λA,m)) with the elastocapillary number α predicted for droploons
with skins presenting Gibbs, Neo-Hookean and Hookean elasticity.
Surface Evolver simulations are performed for the Neo-Hooke case.

Figure 6 Examples of neo-Hookean droploons at different area
stretches and capillary ratios Rn/R0 obtained for α = 0.5 using Sur-
face Evolver.

as spherical sectors covered with a Neo-Hookean skin. The
agreement is excellent in the whole deformation range for
all capillary sizes and elastocapillary numbers. This means
that in this parameter range the deviation from the predic-
tions for spherical droploons without any capillary (gray
line in Fig. 7) are essentially a result of the associated
change of the geometry induced by the capillary, rather than
due to the shear deformation in the vicinity of the capillary.
Deviations from the simple model set in only for large cap-

illary sizes (Rn/R0 = 0.9) and large elastocapillary numbers
(α = 10).

To investigate why the spherical sector approximations fit
the results so well, Fig. 8 plots different measures of the
anisotropy of the stretch distributions on the droploon sur-
face obtained from the Neo-Hookean shape equations for
the same parameter ranges as in Fig. 7. In the case of fully
isotropic deformation, corresponding to a spherical sector
shape, the deviation of the mean stretch ratio along the
contour

〈
λs
λφ

〉
− 1 (Fig. 8a,b) and the standard deviation of

the meridional and circumferential stretches stds(λs,φ ) (Fig.
8c,d) are both zero. Since we neglect gravitational effects,
it is clear that the unstressed shape of the capsule at λA = 1
must be a spherical sector. The stretched shape will be
anisotropically stressed, in general, because of the bound-
ary condition imposed by the attachment at the capillary.
We can find, however, another particular stretch, where the
stressed shape is a spherical sector. This is reached at the
critical stretch λA,c (see also Section 4.1) at which ∆P̂ = 0.
The force balance for every point on the capsule requires
that the pressure force cancels the tension force. For ∆P̂ = 0,
we therefore have σs = σφ = 0 all over the surface, i.e.
the surface is stress-free everywhere at this critical stretch.
Since σs = σφ = 0 implies isotropic stretching, the shape at
this point is again correctly described by the spherical sector
equation (34). If the stretch is further decreased to λA < λA,c

both σs < 0 and σφ < 0 will become compressive and buck-
ling or wrinkling instabilities of the droploon interface will
occur21,31.

For stretch values other than λA = 1 or λA,c, the droploon
shape is non-spherical, because of the anisotropy (λs 6= λφ )
introduced by the boundary condition at the capillary. This
can clearly be seen in Figs. 8a,b. For inflated shapes λA > 1,
we find

〈
λs
λφ

〉
−1 > 0 indicating that stretching is biased to-

wards meridional deformations resulting in slightly prolate
shapes, whereas for deflated shapes λA < 1,

〈
λs
λφ

〉
− 1 < 0

and circumferential deformations are preferred, resulting in
slightly oblate shapes. The mean anisotropy increases upon
inflation before decreasing again at much higher stretches
(see the insets in Fig. 8a,b for a wider deformation range),
when the influence of the capillary becomes again negligi-
ble.

Furthermore, the standard deviation of the stretches
along the contour stds(λs) and stds(λφ ) shown in Figs. 8c,d
characterizes the inhomogeneity of the stretches along a
contour. A standard deviation of stds(λs) = stds(λs) = 0 cor-
responds to a spherical sector. The meridional and circum-
ferential stretches of an inflated droploon are isotropic at
the apex with λs(s = 0) = λφ (s = 0) ∝ λ

1/2
A . At the capil-

lary, the attachment condition mandates λ
cap
φ

= 1 while λ
cap
s
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Figure 7 Normalised pressure as a function of area stretch λA of Neo-Hookean droploons on capillaries for three ratios of capillary and initial
droploon radius (Rn/R0 = 0.1,0.5,0.9), and four characteristic elastocapillary numbers (α = 0.1,0.5,1,10). Surface Evolver simulations are
compared with direct numerical predictions (Section 3) and with the analytical expression of Eq. (29) using a simple geometrical correction
to the perfect sphere theory.
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Figure 8 Characterization of the stretch anisotropy and the stretch inhomogeneity. (a,b) The mean ratio of meridional and circumferential
stretches

〈
λs
λφ

〉
−1 along the contour characterizes stretch anisotropy and is shown for (a) α ≤ 0.5 and (b) α > 0.5. The standard deviations

of (c) meridional stretches λs and (d) circumferential stretches λφ along the contour characterize the inhomogeneity of stretches. We
show the critical stretches λA,c as red diamonds in (a-d).
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increases with λA, which introduces anisotropy and inho-
mogeneity into the problem with meridional stresses accu-
mulating at the capillary. The spherical approximation will
hold well for shapes where the stretches are approximately
homogeneous over a large arc length, corresponding to a
small standard deviation of the stretches, and isotropic, cor-
responding to a mean stretch along the contour

〈
λs
λφ

〉
close

to unity. This is fulfilled at the two spherical configurations
λA = 1 and λA,c. The spherical configuration with λA,c ap-
pears to be highly sensitive, and small changes in λA lead
to large deviations in the anisotropy (and inhomogeneity).
It is interesting to note that at small deformations around
λA = 1, the anisotropy evolution depends only on the ratio
Rn/R0 and not on α.

We argue that the evolution of the anisotropy and in-
homogeneity can be grasped by considering that the cap-
illary acts similarly to a rigid inclusion in a stretched elastic
membrane as both enforce the absence of circumferential
stretching (λφ = 1) at their boundary. A rigid inclusion in
a stretched elastic membrane is known to concentrate the
meriodional stresses creating anisotropy and inhomogene-
ity, similar to the stress concentration around a crack tip.
For flat membranes, a rigid inclusion is a classic problem
that was studied for neo-Hookean membranes by Wong and
Shield52. For the droploon we have a curved geometry,
which gives rise to an even more pronounced increase of
anisotropy around the capillary.

We see clear evidence of the increased anisotropy around
the capillary in numerical solutions to the full anisotropic
shape equations from Section 3.2 as shown in Fig. 9. In
Fig. 9a,b,c, we show the stretch ratios λs and λφ and the
redistribution of arc length along the contour of inflated
droploons. These results show the rise of meridional stretch
close to the capillary. Fig. 9d reveals that the resulting
stretch anisotropy λs/λφ −1 is localized at the capillary and
that it decays exponentially over a characteristic arc length
s∗0 away from the capillary. Here, s0 is the arc length of the
undeformed reference shape (the spherical droplet), which
is related to the arc length s of the deformed shape by the
meridional stretch ratio, ds/ds0 = λs (see section 3.2). We
use the logarithmic derivative of λs/λφ − 1 to numerically
determine the size s∗0 of the zone of increased anisotropy
around the capillary.

We propose that the relative meridional extent of the
anisotropy zone along the deformed droploon contour pro-
vides a non-dimensonal number Q, which is suitable to
characterize the importance of elastic anisotropy effects in
the regime α > 1, where elastic energies dominate. We
thus define Q ≡ s∗/L, where s∗ is the meridional length of
the anisotropy region measured in terms of the deformed

arc length, while L is the total arc length of the deformed
droploon contour. For α < 1, elastic energies are small
compared to droplet surface tension such that also elastic
anisotropy becomes less important.

In order to evaluate the anisotropy parameter Q, we use
the general relation ds/ds0 = λs between deformed and un-
deformed arc length at the capillary and L∼ πR0λ

1/2
A for the

total arc length L in the limit Rn� R0 to obtain

Q≡ s∗

L
∼

s∗0λ
cap
s

L
∼

s∗0λ
cap
s

πR0
λ
−1/2
A (44)

where λ
cap
s is the meridional stretch at the capillary. To make

further progress, we derive relations for the size s∗0 of the
anisotropy zone and the stretch ratio λ

cap
s at the capillary

from numerical results shown in Fig. 10.
Because the maximal stretch anisotropy is found at

the capillary and λφ = 1 at the capillary, the meridional
stretch at the capillary actually equals the maximal stretch
anisotropy, max

(
λs
λφ

)
= λ

cap
s . While in the case of flat mem-

branes the maximal aniosotropy λ
cap
s ∝ λs(s = ∞) is pro-

portional to the radial stretch at infinity52, our numeri-
cal results for curved droploons indicate that λ

cap
s first in-

creases upon inflation λA > 1 but saturates for highly in-
flated droploons with area stretches λA exceeding a fairly
well-defined value λ

†
A , as shown in Fig. 10c for the case of

α = 10. Further numerical analysis of the saturation value
as performed in Fig. 10b allows us to quantify the saturation
value as

max
(

λs

λφ

)
≈ λ

cap
s ≡ const

(
Rn

R0

)−1/3

(45)

with const ≈ 1.47 in the regime α > 1. This saturation
value is solely determined by the geometrical parameter
Rn/R0 of the undeformed droploon, which demonstrates
that saturation is induced by droplet curvature. We also find
λ

†
A ∼ (λ

cap
s )3/2 for the area stretch, where saturation of the

maximal anisotropy sets in. The maximal anisotropy given
in Eq. (45) diverges in the limit Rn/R0 ≈ 0, which seems
counter-intuitive at first, because the spherical approxima-
tion works best for exactly this limit. This issue will be re-
solved below.

Let us quantify the size s∗0 of the anisotropy zone around
the capillary. From Fig. 10a, we find a conservative bound

s∗0 ≤
Rn

2
. (46)

This relation reveals that the size of the stretch anisotropy
zone is set by the geometry parameter Rn/R0 of the refer-
ence state rather than the elastocapillary number α.

Using Eq. (46) for s∗0 and the saturation value given in Eq.
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Figure 9 Stretch anisotropy of droploon shapes with α = 10 for three values of Rn/R0 for each of three area stretches λA� λ
†
A , λA > λ

†
A ,

and λA < λ
†
A (see also Fig. 10 for a definition of the characteristic area stretch λ

†
A). (a,b) Stretch ratios λs and λφ as a function of the

undeformed arc length s0/L0 along the contour. While λφ is approaching the undeformed value of 1 at the capillary (s0/L0 = 1), λs rises
at the capillary. (c) shows that the deformed arc length s considerably deviates from the the undeformed arc length s0 along the contour.
(d) The resulting stretch anisotropy λs/λφ − 1 is localized at the capillary. The size of the anisotropy zone around the capillary can be
characterized by an exponential decay arc length s∗0, which is calculated from the logarithmic derivative of λs/λφ −1 at the capillary for the
solid lines and shown as colored dots in all plots (a-d). We also show the maximal stretch at the capillary from Eq. (45) as red diamonds
in (a) and (d).
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(45) for λ
cap
s in (44), we obtain

Q =
const
2π

(
Rn

R0

)2/3 1

λ
1/2
A

(47)

for the anisotropy parameter Q for highly inflated droploons
λA > λ

†
A . This parameter remains small for Rn� R0 indicat-

ing that we can neglect anisotropy effects in this limit.

At smaller deformations 1 < λA < λ
†
A , where saturation of

the capillary anisotropy has not yet set in, we numerically
find that the maximal stretch anisotropy scales with log(λA)

(see Fig. 10c), giving

Q =
Rn

R0

λ
cap
s −1

3π log(λ cap
s )

log(λA)

λ
1/2
A

, (48)

where we again use the saturation value λ
cap
s from Eq. (45).

We obtain a full contour plot of the anisotropy parame-
ter Q in Fig. 10d by joining the results in the two regimes
( λA > λ

†
A and λA < λ

†
A) with a smooth interpolating func-

tion. This plot confirms that Q is small (Q� 1) for shapes
where the spherical approximation works best. In particu-
lar, we find that we can neglect anisotropy effects (Q� 1)
in the limit Rn/R0 ≈ 0, resolving the counter-intuitive be-
haviour of the maximal anisotropy. We emphasize the fact
that Eq. (48) only depends on Rn/R0 and λA and not on α,
as long as α > 1. This indicates that stretch anisotropy is
mainly governed by geometry rather than by elastic energy
contributions. As already pointed out above, elastic contri-
butions and, thus, also elastic anisotropy effects become in-
creasingly irrelevant for α < 1, where surface tension dom-
inates and the shape resembles a spherical liquid droplet.
The regions λA > λ

†
A and λA < λ

†
A differ markedly in their

functional dependence on λA. This results in a maximum of
the parameter Q for area stretches λA ∼ λ

†
A ∝ (Rn/R0)

−1/2

at a fixed value of Rn/R0. This, in turn, indicates that
stretch anisotropy is most relevant for these intermediate
area stretches.

The possibility of approximating the droploon shape by
a spherical sector over a wide range of parameters is an
important piece of information for experimentalists since
it means that the analytical expression of Eq. (34) can be
used to quantify reliably the elastocapillary properties of the
droploon interfaces over a reasonably wide range of elasto-
capillary numbers. We also remind the reader that from
the expressions it evident that within our geometrical ap-
proximations, the critical area stretch at which the pres-
sure changes sign is independent of the size of the capil-
lary. The combined numerical analysis provides another im-
portant piece of information: for reasonably small capillary
sizes (Rn/R0 < 0.5), the pressure-deformation relation is ac-

tually well described by the simple sphere equations without
capillary (Section 2.2), making the quantitative interpreta-
tion of experimental data fairly straightforward. In order
to quantify the deviation from the simple sphere theory, we
plot in Fig.11 the heatmap of the normalised deviation of
the numerically predicted pressure ∆P̂ with capillary (using
Surface Evolver) from that predicted by the sphere theory
∆P̂S for a given area stretch, i.e. we plot∣∣∣∣∆P̂S−∆P̂

∆P̂

∣∣∣∣= ∣∣∣∣1− ∆P̂S

∆P̂

∣∣∣∣ . (49)

Making the spherical sector hypothesis of Eq. (34), this ex-
pression becomes simply∣∣∣∣1− ∆P̂S

∆P̂

∣∣∣∣= ∣∣1− f
∣∣ , (50)

which is plotted as lines of equal relative error. These iso-
lines are identical in all four graphs of Fig.11 since they are
independent of α (see Eq.(33)).

Deviations of the heatmaps in Fig. 11 from the geomet-
rical prediction have two origins: imperfect relaxation in
the simulations and the influence of shear contributions of
the solid skin which are neglected in the geometrical ap-
proximations. The first is at the origin of most of the devi-
ations for α < 10, while the latter starts to be clearly visi-
ble for α = 10. Nevertheless, this latter difference remains
small (< 0.5%), confirming again that shear contributions
play a minor role in most of the investigated parameter
range in accordance with the non-dimensional Q-parameter
plotted in Fig. 10d. Our geometrically-corrected pressure-
deformation relation of Eq. (34), although not accounting
for stretch anisotropy, is therefore a very good approxima-
tion for pendant drops with Neo-Hookean elastic interfaces
within the parameter range investigated here.

Let us now turn to the analysis of the heatmaps them-
selves. They indicate that in the small deformation limit
(λA ≈ 1), the error made in using the sphere approximation
remains smaller than 1% at any radii ratio and elastocapil-
lary number. For larger deformations in the inflation regime
(λA > 1), the approximation error is still smaller than 1% for
small capillary radii (Rn/R0 < 0.2). Similar behaviour is ob-
served in the deflation regime. However, the prediction sys-
tematically fails when approaching the critical stretch λA,c.
This is because wrinkling instabilities in the skin may be-
come relevant in this regime. This phenomenon can be cap-
tured neither within the sphere approximation, nor by our
Surface Evolver simulations where the skin bending energy -
crucial for wrinkling - is not taken into account. Skin bend-
ing can be implemented in Surface Evolver, but is beyond
the scope of this paper. In the heatmaps we have therefore
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Figure 10 Analysis of the anisotropy zone and the anisotropy parameter Q from numerical solutions of the anisotropic shape equations.
(a) The size of the anisotropy zone s∗0 is roughly constant giving rise to the bound (46). (b) The saturation value is mainly determined by
the parameter (Rn/R0), see Eq. (45). (c) As a function of the area stretch λA, the maximum anisotropy saturates at large deformations
beyond a value λ

†
A (results for α = 10 shown as colored diamonds). (d) Contour plot of the non-dimensional anisotropy parameter Q

according to Eq. (44). Stretch anisotropy effects are negligible for Q� 1.
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colored these zones in gray.
At small α and large Rn/R0 an additional zone of large

approximation error (> 10%) appears for pressures ∆P̂≈ 1.
This deviation arises from the increasing difference between
sphere and truncated sphere geometry: As the truncated
sphere shrinks, it reaches the shape of a half-sphere of ra-
dius Rn. Any further decrease in drop volume causes an
actual increase in curvature radius which is not captured by
the sphere theory, hence the failure of the analytical predic-
tion beyond this point in the parameters space.

Despite those considerations for large capillary radii, the
heatmaps of Fig.11 provide very good news for the ex-
perimentalist aiming to quantify the elastic properties of
droploon surfaces: when working with reasonable capillary
sizes (Rn/R0 < 0.5), reasonably small deformations (<0.1)
and reasonable elastocapillary numbers (α < 10), experi-
mental data can be confidently fitted by the simple sphere
theory (without capillary) since experimental errors are
likely to outweigh the small error introduced by the sphere
assumption.
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Figure 11 Relative error of pressure difference between Surface Evovler and neo-Hookean perfect sphere, at the same area stretch λA for
four elastocapillary numbers (α = 0.1,0.5,1,10). The grey boxes delimit the stretch values below critical stretch value λA,c. Full lines are
lines of equal relative error between the neo-Hookean perfect sphere and the neo-Hookean truncated sphere, given by Equ. (50).
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5 Conclusion and outlook
Treating the seemingly simple problem of a drop covered
by an elastic skin attached to a circular capillary in the ab-
sence of gravity, we have been able to show that Surface
Evolver simulations are a powerful tool to study systems in
which surface tension and nonlinear (Neo-Hookean) elas-
ticity co-exist within the same interface. We have chosen
on purpose such a simple geometry, in order to avail of
independent theoretical and numerical predictions relying
on cylindrical symmetry (Section 2 and Section 3.2) which
can be compared to the Surface Evolver solutions. In all
cases, they showed excellent agreement. Surface Evolver
will therefore be useful to tackle more complex geometries,
such as droploons on complex capillary shapes, interacting
droploons or complete emulsions composed of droploons,
where theory or alternative numerical predictions requiring
symmetry will not be available. In contrast to other finite
element tools, the energy minimisation approach of Surface
Evolver, widely used in the communities studying foams and
emulsions, provides access to a wide range of problems in
which interfaces of complex geometry play a key role. In the
Appendix we provide a detailed description of the imple-
mentation of nonlinear elasticity in Surface Evolver simula-
tions to facilitate future developments, and we also provide
our Surface Evolver code for download in the Supplemen-
tary Materials. Taking into account bending stiffness in the
simulations would be an interesting perspective for future
work.

For simplicity, we have been talking about
drops/droploons all along. However, all presented
concepts are equally valid for bubbles/bubbloons and hence
foams. Our analysis shows how complex the interplay
of capillary and elastic forces at an interface is, even for
the relatively simple geometry of an initially spherical
droploon inflated on a circular capillary. Due to the intri-
cate coupling of changes in interfacial curvature and area,
accurate theoretical models and simulations are required to
extract interfacial properties quantitatively from measured
pressure-deformation relations.

The problem of the pressure deformation of a droploon
covered by an elastic skin and attached to a capillary in the
absence of gravity is a seemingly simple problem. From the
point of view of elasticity theory it is challenging, however,
because the elastic skin represents a closed curved shell
and the capillary a rigid circular inclusion within this shell.
Holes or rigid inclusions in elastic membranes are known to
produce stress anisotropies and stress concentration upon
stretching. Here, the droploon skin is stretched by infla-
tion, contains a rigid inclusion and features the additional
complication of a background curvature because the ini-

tial relaxed shape is spherical (neglecting gravity). We ob-
tained theoretical predictions regarding the influence of the
stress anisotropy induced by the capillary onto the pressure-
deformation relation from Surface Evolver simulations and
a careful numerical analysis of stresses and strains in the
shape equation approach. A full analytical solution remains
an open problem for future research.

In the parameter range investigated by our simulations,
we have been able to show that for elastocapillary num-
bers of α < 10 the influence of the capillary on the pressure-
deformation relation is essentially of geometrical nature, i.e.
the capillary modifies in the first place the relationship be-
tween the area stretch (related to interfacial stress) and the
interface curvature. In this case, the droploon shapes can
be represented approximately by spherical sectors and the
pressure-deformation relation is given by Eq. (34). For in-
terfaces with Gibbs elasticity, this expression is exact, while
for (Neo-)Hookean interfaces it remains an (excellent) ap-
proximation. Deviations from this simple geometrical ap-
proximation are starting to be significant for the largest
capillary sizes (Rn/R0 = 0.9) and elastocapillary number
(α = 10) simulated by us, suggesting that the anisotropic
contribution to the interfacial stress and deformation near
the capillary is starting to play a role.

To show that this anisotropy is indeed strongly localised
at the capillary, we calculate, as a function of position on
the interface, the deviation of the ratio of meriodional and
circumferential stretches from one. This quantity decays
nearly exponentially with the distance from the capillary,
over a characteristic length s∗. The extent of this anisotrop-
ically strained zone can be compared to the total droploon
size by defining the non-dimensional ratio Q = s∗/L, where
L is the total arc length of the droploon. For droploon infla-
tion and for α > 1, we find

Q =
Rn

R0

λ
cap
s −1

3π log(λ cap
s )

log(λA)

λ
1/2
A

, (51)

with

λ
cap
s ≡ const

(
Rn

R0

)−1/3

, (52)

being the "saturation" meridional stretch reached at the cap-
illary for large deformations and const = 1.47. For large
deformations, we therefore obtain

Q =
const
2π

(
Rn

R0

)2/3 1

λ
1/2
A

. (53)

These relations and their analysis provided in Section 4.2
and Fig. 10 put in evidence that the extent of the anisotropic
zone (and hence its influence on the pressure-deformation
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relation), is mainly controlled by the reference geometry of
the droploon (Rn/R0) and by the stretch λA. We therefore
show for the first time that the extent of this zone is essen-
tially governed by geometrical features while the influence
of the elastocapillary number α remains negligible. These
are very good news for experimentalists who can rely on
the spherical droploon equations given in Table 1 combined
with the geometrical correction of Eq. (33) to fit their data
for a wide range of α as long as Rn/R0 and λA remain rea-
sonable. The heatmaps and relations provided in Section
4.2 will help to estimate the appropriate parameter ranges.

More importantly for the analysis of experimental data,
we have also shown that when working with sufficiently
small capillaries (Rn/R0 < 0.5) and at small deformations
(∼ 5% area), the simple analytical pressure-deformation
relations of spheres without capillaries (Table 1) provide
excellent approximations to the pressure-deformation rela-
tions of droploons on capillaries. The much simpler ana-
lytical relations of Table 1 can therefore be used to extract
quantitative interfacial properties from fits to experimental
data. Experimentalists are referred to Fig. 11 to estimate
the error they make using this approximation.

In Section 2.2 we showed that for small deformations, the
Gibbs, Neo-Hookean and Hookean models for liquid- and
solid-like interfaces all predict the same kind of pressure-
deformation relation. In view of the analysis presented
above, this may explain why a lot of experimental data for
solid-like interfaces seems to have been successfully fitted
in the past by the Gibbs model. Indeed, our analysis shows
that at small deformations, pendant drop experiments with
nearly spherical droploons do not allow to discriminate be-
tween liquid-like and solid-like interfaces. Alternative ex-
periments, such as interfacial shear rheology measurements
or the Capillary Mensicus Dynanometry23 are required to
obtain this information.

We have chosen here a minimal model of a droploon in-
terface where the elastic extra stress of a Neo-Hookean solid
material is simply added to a constant interfacial tension.
Real interfaces are not as simple1–7,15,16. Surface tension
and elasticity tend to be coupled in a complex manner7,
and the description of the response of the elastic membrane
is likely to require taking into account an anisotropic, vis-
cous and plastic response as well as non-linearities which
are more complex than those of the Neo-Hookean model.
Nevertheless, our simple approach already gives impor-
tant insight into some fundamental properties of pressure-
deformation relations of pendant droploons.

Considering that pendant drop experiments, even in the
simplest configuration without gravity, overlay a geometric
non-linearity with non-linearities in the material response
of a solid-like interfacial material, it remains questionable

if this is the appropriate experimental choice to discrimi-
nate between appropriate models to describe solid-like in-
terfaces. Differences between models are likely to show
up only at larger deformations which makes the interpre-
tation extremely difficult. However, due to their simplicity,
pendant drop experiments remain an excellent choice for a
phenomenological characterisation of the dilational visco-
elastic properties at small deformation.

Last but not least, all our investigations have been per-
formed without gravity, while pendant drops (and bubbles)
are prone to gravity-driven deformations rendering them
non-spherical. We recall that for a nearly spherical drop
the Bond number Bo = ∆ρgR2

0/γ0 indicates the ratio of the
hydrostatic pressure difference between the top and the bot-
tom of the bubble ∆ρg2R0 and the Laplace pressure which
is due to surface tension 2γ0/R0. The impact of gravity on
bubble shape is negligible if Bo� 1. If density-matched sys-
tems cannot be used, very small bubbles may therefore be a
solution26 to reduce the impact of gravity. This also has the
advantage to increase the interface curvature, and hence the
pressure and therefore experimental sensitivity.

If gravity-driven deformation cannot be completely
avoided, the following two aspects need to be taken into
account. The first influence of gravity is on the shape of the
droploon in the reference state. Gravity may create a con-
cave neck close to the capillary, which creates additional
stress localisation. Using numerical investigations of the
droplet shape bifurcation diagram (yellow line of bifurca-
tions in Figs. 4 and 5 of Ref.53), we could show in previous
work that only for

Rn

R0
< 2.6Bo1.64, (54)

the drop remains fully convex and neck formation can be
neglected.

The second aspect concerns deformation with elastic
skins, where the increasing droploon size upon inflation or
the decreasing effective surface stresses upon deflation may
make the system increasingly sensitive to gravity. In this
case one may want to introduce an elastic Bond number
which contains the deformation-dependent elastic contribu-
tion to the surface stress based on the Hookean expression
(30)

Boel =
∆ρg

γ0(1+2α(λ −1))
λ

2R2
0. (55)

For sufficiently small elastic Bond numbers, gravity can
then be neglected. Since gravity can be implemented eas-
ily in Surface Evolver, future investigations may explore the
influence of gravity more quantitatively.
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6 Appendix A : numerical determina-
tion of the interfacial deformation

We use the Surface Evolver software to determine the bub-
ble or droplet shapes for which interfacial energy is min-
imal, respecting volume constraints and boundary condi-
tions. The case where an elastic skin is attached to the inter-
face raises the question how local strain should be deduced
from the representation of the interface as an assembly of
triangular facets. Section 6.1 explains how convected coor-
dinates are used for this. Section 6.2 provides details about
the calculation of the elastic energy density, based on the
neo Hooke constitutive model.

6.1 Strain represented using convected coor-
dinates

The shape of the triangular facets used in the Surface
Evolver as finite elements is fully defined if two edge vec-
tors are given. Upon deformation of the investigated bub-
ble, the facet is generally displaced and the edge vectors
are changed, spanning a facet of modified shape. In the
spirit of a linear discretization, an affine displacement field
is assumed within each facet. One could describe the facet
deformation using a coordinate system whose origin is at-
tached to a given vertex of the facet, and express how the
Cartesian coordinates of each point on the facet evolve. Al-
ternatively, one may interpret the edge vectors as basis vec-
tors which evolve upon a deformation and which are there-
fore in general non orthogonal. In this latter approach, the
coordinates of each point of the interface are fixed and the
deformation is represented in terms of a change of the basis
vectors. This "convected coordinate" method goes back to
pioneering work by Hencky54. In the Surface Evolver this
method is convenient because the relevant edge vectors can
easily be derived from the three facet vertex positions in the
current configuration, denoted~x1,~x2,~x3 and in the reference

Figure 12 A triangular finite element of an interface is represented
in the reference configuration and in the current, deformed config-
uration. The figure illustrates the notations used in the text: ~x for
vectors pointing to vertices and ~s for finite element edge vectors.
Capital letters are used for the reference configuration and small let-
ters for the current configuration. For the sake of simplicity, only one
of the three vectors pointing to vertices is shown in each configura-
tion. The contravariant components of both ~X and ~x are indicated
on the same set of Cartesian axes.

configuration ~X1,~X2,~X3,

~S1 = ~X3−~X1, ~s1 =~x3−~x1,

~S2 = ~X2−~X1, ~s2 =~x2−~x1.
(56)

The edge vectors are represented using a cartesian or-
thonormal basis (~ex,~ey) such that ~Si = Six~ex + Siy~ey and ~si =

six~ex + siy~ey.
As mentioned, convected coordinates remain constant

upon a deformation; this introduces simplicity. But this
choice also introduces complexity since the expression of
the scalar product is no longer given by contraction ~a ·~b =

aibi, additional terms appear since the basis vectors are gen-
erally not orthogonal. To avoid such complexity, one rep-
resents vectors and tensors that one wishes to associate in
products using two different bases: a "covariant" and con-
travariant one. Covariant basis vectors follow the deforma-
tion of the edge facets. They are denoted ~G1, ~G2 in the ref-
erence state and ~g1,~g2 in the current state. Covariant quan-
tities are identified by lower indices,

~G1 =~S1, ~g1 =~s1,

~G2 =~S2, ~g2 =~s2.
(57)

Contravariant basis vectors (~G1, ~G2) or (~g1,~g2), are identified
by upper indices, and they are defined through the following
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orthogonality relations:

~Gi · ~G j = δ
i
j, ~gi ˙ ~g j = δ

i
j, (58)

where δ i
j = 1 if i = j and δ i

j = 0 otherwise. The Cartesian co-
ordinate system is a special case within this general frame-
work where covariant and contravariant bases coincide. Us-
ing co- and contravariant bases simplifies the expressions
of the scalar products of vectors and tensors in the case of
non-orthogonal basis vectors.

An arbitrary vector d~X representing a small line element
on the surface reads in terms of the covariant basis

d~X = dΘ
j~G j. (59)

dΘ j are the convected contravariant coordinates. We use
the Einstein summation convention and sum over repeated
indices.

Descriptions of strain in large deformation continuum me-
chanics are commonly based on the deformation gradient
tensor F, represented by a matrix that transforms a line ele-
ment d~X in the reference state into d~x in the current state,

d~x = Fd~X . (60)

In terms of convected coordinates, F may be written

F = g j⊗G j. (61)

The symbol⊗ indicates an operation assembling two vectors
into a tensor, called tensor product. Indeed, in view of Eq.
58 we have

Fd~X = (~gi⊗ ~Gi)dΘ
iG j = dΘ

i~gi = d~x. (62)

The deformation gradient tensor contains information about
rotations that is irrelevant for interfacial energy. The inter-
facial energy in the Surface Evolver is computed using the
2D right Cauchy-Green strain tensor C which is invariant to
rotations35, contrary to F:

C = FT F = (~Gi⊗~gi)(~g j⊗ ~G j) = gi j ~Gi⊗ ~G j. (63)

gi j is the metric tensor in the current configuration, defined
as follows:

gi j =~gi ·~g j. (64)

To determine the elastic energy of a facet in a simulation,
C needs to be determined numerically. The components of
the contravariant basis vectors in the reference state Gi are
deduced from the covariant ones using the orthogonality
properties (58):

~G1 · ~G1 = 1 = S1xS1x +S1yS1y→ S1x =
1−S1yS1y

S1x

~G2 · ~G1 = 0 = S2xS1x +S2yS1y→ S2x =−S2y S1y

S1x

~G2 · ~G2 = 1 = S2xS2x +S2yS2y→ S2x =
1−S2yS2y

S2x

~G1 · ~G2 = 0 = S1xS2x +S1yS2y→ S1x =−S1y S2y

S2x
.

(65)

Solving the system (65) yields the components of the vec-
tors ~Gi:

~G1 =~S1 =

(
S2y

S1xS2y−S1yS2x
,− S2x

S1xS2y−S1yS2x

)
~G2 =~S2 =

(
−

S1y

S1xS2y−S1yS2x
,

S1x

S1xS2y−S1yS2x

)
.

(66)

To express the Cauchy Green strain tensor directly as a
function of the edge vectors, it is convenient to introduce
Gram matrices. The Gram matrix of two arbitrary vectors
~v1 and ~v2 is a 2x2 matrix whose element i j is by definition
given by the scalar product ~vi ·~v j. The covariant metric ten-
sor defined in Eq. (64) is thus the Gram matrix of the edge
vectors in the current configuration. Following the notation
used in the Surface Evolver manual, we will call this quan-
tity s:

s =

(
~s1 ·~s1 ~s1 ·~s2

~s2 ·~s1 ~s2 ·~s2

)
= gi j. (67)

The Gram matrix of the edge vectors in the reference state
is denoted S:

S =

(
~S1 ·~S1 ~S1 ·~S2
~S2 ·~S1 ~S2 ·~S2

)
. (68)

We note that the denominators in Eqs. (66) are the deter-
minant of S:

detS =
(
~S1 ·~S1

)
·
(
~S2 ·~S2

)
−
(
~S1 ·~S2

)2
= (S1xS2y−S1yS2x)

2 .

(69)

Since the components of the tensor Gi⊗G j are the scalar
products of Gi and G j 55 we can now write Eq. (63) in terms
of the cartesian components of S, using Eqs. (66) and (69),

~G1 · ~G1 =
S2xS2x +S2yS2y

det(S)
=

~S2 ·~S2

det(S)

~G2 · ~G2 =
S1xS1x +S1yS1y

det(S)
=

~S1 ·~S1

det(S)

~G1 · ~G2 =−
S1xS2x +S1yS2y

det(S)
= −

~S1 ·~S2

det(S)
.

(70)

This result shows that Gi⊗G j is the inverse of the Gram
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matrix S,

Gi⊗G j =
1

det|S|

(
~S2 ·~S2 −~S1 ·~S2

−~S1 ·~S2 ~S1 ·~S1

)
= S−1. (71)

We can finally express the 2D right Cauchy-Green tensor
(Eq. 61), needed in section 6.2 to calculate the elastic en-
ergy, in terms of the Gram matrices s and S:

C = FT F = sS−1. (72)

We note that Eq. (72) can also be used to compute the
Green-Lagrange strain tensor E = FT F− I from the vertex
coordinates. E converges to the infinitesimal strain tensor
ε in the limit of small deformations. Eq. (72) is thus the
key result for evaluating strain in Surface Evolver calcula-
tions. We note that Eq.(72) also gives the correct strain for
displacements of vertices normal to the surface.

6.2 Elastic energy

In this section we explain how the elastic contribution to
the interfacial energy is determined in our simulations. Ac-
cording to the compressible 3D Neo Hookean model imple-
mented in the Surface Evolver28, and commonly used in the
literature56 the elastic energy per volume is

W3D =
G
2
(TrC −3)−G lnJ+

Λ

2
(lnJ)2. (73)

G and Λ are the Lamé parameters. J2 = det(C ) is an in-
variant of C , a scalar quantity independent of the reference
frame. It is given by the ratio of the volumes of a material
element in the current deformed and initial states. In the
limit of small deformations, the energy density Eq.73 re-
duces as expected to the one deduced from Hooke’s law for
linear elastic isotropic materials31, using the infinitesimal
strain tensor ε defined by Eq. 2.

W3D =
Λ

2
Tr(ε)2 +GTr(ε2). (74)

The elastic skins considered in our work are so thin that
their bending stiffness is negligible. Their resistance to
shear deformations where the two opposite faces are dis-
placed relative to each other is very strong, we neglect this
mode of deformation and assume a state of plane stress,
consistently with the Kirchhoff hypotheses of thin shell the-
ory57. Using Cartesian coordinates with an x3 axis per-
pendicular to an element of the skin, this is expressed as
C31 = C32 = C13 = C23 = 0. In the same spirit, we consider
the case where the stress normal to the skin has a negligible
effect on its shape, so that we can assume σ33 = 0 without
loss of generality. For plane stress, the changes of volume

and changes of skin thickness are directly related. To anal-
yse this feature, we recall a general relation between the
energy density and the Cauchy stress of hyperelastic mate-
rials35

JF−1
σF−T = 2

∂W3D

∂C
. (75)

The plane stress condition can thus be expressed as

∂W3D

∂C33
= 0. (76)

Using Eq.73 this yields.

Λ lnJ = G(1−C33). (77)

Physically speaking, this equation previously derived for a
similar constitutive equation58 relates the squared ratio of
the current and initial skin thicknesses given by C33 to the
ratio of the current and initial skin volumes, expressed by J.
In the aim to derive a 2D energy density, we write Eq. (77)
as a function of the components of C , taking into account
that many of them are zero in the case of plane stress, as
pointed out above:

C33(C11C22−C 2
12) = exp

[
2G
Λ

(1−C33)

]
(78)

To represent the skin as a 2D material whose deformation
is fully specified by C11,C22 and C12, we need to express
C33 in terms of these other variables. This can be done by
solving Eq. (78) either numerically58, or analytically, using
Lambert’s W function59:

C33 =
Λ

2G
W
[

2G exp(2G/Λ)

Λdet(C)

]
=

Λ

2G
W
[

2G exp(2G/Λ)

Λ(C11 C22−C 2
12)

]
(79)

The latter option has been implemented by R. Bouzidi in
the Surface Evolver software. Inserting the expression of
C33 in Eq. (77) and the resulting expression for lnJ into the
3D energy density Eq. (73), we obtain the following 2D en-
ergy density for a neo-Hookean skin, where h0 is the skin
thickness in the reference state,

W2D = Gh0

(
1
2
(TrC −3)− G

Λ
(1−C33)+

G
2Λ

(1−C33)
2
)
.

(80)
Gh0 may be interpreted as a 2D shear modulus. Neglecting
constant terms which are irrelevant for a potential energy
and expressing the result in terms of the 2D right Cauchy
Green tensor using TrC = TrC+C33, we obtain

W2D =
Gh0

2

(
Tr C+C33 +

G
Λ

C 2
33

)
. (81)

The skin materials considered in the present paper are
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much easier to shear than to compress such that G� Λ. In
this case, the last term in Eq. (81) can be neglected.

Besides the neo-Hookean model discussed so far, the Sur-
face Evolver software provides an alternative energy density
expression called "linear elastic model" which yields behav-
ior consistent with Eq. (74) in the limit of small deforma-
tions. However, one should be aware that for large defor-
mations this numerical model based on the right Cauchy
Green tensor is not consistent with Eq. (74).

7 Pressure-deformation relations of
droploons on capillarys expressed
via radial stretch

In the main body of the article we expressed all relations in
terms of area stretch λA. The same approach can be done for
the radial stretch λ leading, however, to expressions which
are less intuitive and less directly accessible by experiments
and simulations. For completeness, we shall provide the
resulting equations here.

We can rewrite the interfacial A for a droploon on a cap-
illary larger than a hemisphere as

A = 2πR2

1−

√
1−
(

Rn

R

)2


= 2πR2f (Rn/R).

(82)

The function F(Rn/R) defined by Eq.(82) helps to express
the result in a more concise way.

The term ln(A/A0) in the Gibbs relation (16) can then
be rewritten using Eq. (82) to give the normalised surface
stress of the droploon on the capillary

σ̂ = 1+2α lnλ +α lnξ . (83)

The last term, depending on the geometric factor

ξ =
f (Rn/R)
f (Rn/R0)

, (84)

expresses the impact of a capillary on the elastic stress at
the surface of a sphere, assuming a spherical sector shape.

In the first two terms one recognises the result previously
obtained for the perfect sphere (Eq. (16)). One can there-
fore rewrite

σ̂ = σ̂sphere +α lnξ . (85)

Compared to a sphere with the same radius, the presence
of the capillary introduces a corrective term in the surface
stress which depends on α, R, Rn and R0.

For neo-Hookean droploons, the droploon shapes on cap-

illaries are no longer perfect spherical sectors, making an-
alytical descriptions much harder - which is why numerical
simulations are required. Nevertheless, we shall make here
the seemingly crude approximation that the shapes can be
approximated as spherical sectors.

Using exactly the same approach as for the Gibbs interface
but with the neo-Hookean relation(see Table 1), one finds
for a neo-Hookean droploon on a capillary

σ̂ = 1+
α

3

(
1−λ

−6
ξ
−3
)
. (86)

After some algebra, this can be rewritten as the expression
for the perfect sphere with a corrective term taking account
of the capillary

σ̂ = σ̂sphere +
α

3
(
1−ξ

−3)
λ
−6. (87)

In the limit of small deformations, our results for both
Gibbs and neo-Hooke elastiticy yield the same relation

σ̂ = σ̂sphere +α (ξ −1)λ , (88)

consistently with what one would obtain for a perfectly
spherical sector droploon with Hookean skin on a capillary.
In all cases, the corrective term is zero in the reference state
where R = R0. Once the interfacial stresses are known, the
pressure-deformation relation can be calculated using the
Young-Laplace law given in Eq. (23).

Table 2 summarises normalised expressions derived from
this simple geometrical approximation model, together with
expressions for the critical stretch.
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Model on capillary Normalised surface stress σ̂ Critical stretch λc

Gibbs σ̂sphere +α lnξ
R0

(
1+
√

1−( Rn
R0

)2
)

e−
1
α√

2R2
0(1+

√
1−( Rn

R0
)2)e−

1
α −R2

n

Neo-Hooke σ̂sphere +
α

3

(
1−ξ−3

)
λ−6

R0(1+
√

1−( Rn
R0

)2)(1− 1
2α )

2√
2R2

0

(
1+
√

1−( Rn
R0

)2
)
(1− 1

2α )
2−R2

n

Hooke σ̂sphere +α (ξ −1)λ
R0(1+

√
1−( Rn

R0
)2)( α

α+3 )
1
3√

2R2
0

(
1+
√

1−( Rn
R0

)2
)
( α

α+3 )
1
3−R2

n

Table 2 Summary of the normalised expressions for the surface stress of drops on capillaries using the approximation that the drop can be
described by a spherical sector. While for Gibbs droploons these are correct, they are only approximations for Hookean and neo-Hookean
droploons. The expressions for σ̂sphere are given in Table 1. The geometric factor ξ is given in Eq. (84).
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