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MIXED SPECTRA FOR STABLE SIGNALS
FROM DISCRETE OBSERVATIONS

Rachid Sabre

Biogeosciences (UMR CNRS/uB 6282),
University of Burgundy, 26, Bd Docteur Petitjean, Dijon, France

ABSTRACT

This paper concerns the continuous-time stable alpha symmetric processes which are inivitable in the
modeling of certain signals with indefinitely increasing variance. Particularly the case where the spectral
measurement is mixed: sum of a continuous measurement and a discrete measurement. Our goal is to
estimate the spectral density of the continuous part by observing the signal in a discrete way. For that, we
propose a method which consists in sampling the signal at periodic instants. We use Jackson's polynomial
kernel to build a periodogram which we then smooth by two spectral windows taking into account the
width of the interval where the spectral density is non-zero. Thus, we bypass the phenomenon of aliasing
often encountered in the case of estimation from discrete observations of a continuous time process.
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1. INTRODUCTION

The multiple applications where the random signals whose variance increases indefinitely impose
the interest of using stable alpha processes by several research authors in various fields. In
particular, Stable symmetric harmonizable processes and their properties have been widely
studied by many authors such as [1] - [10] to name a few.

Concrete applications of stable symmetric processes cover a wide spectrum of fields such as:
physics, biology, electronics and electricity, hydrology, economics, communications and radar
applications., ...ect. See: [11]-[22]. In this paper we consider a symmetric alpha stable
harmonizable process X ={X (t) :t € R}. Alternatively X has the integral representation:

X (t) = [exp[i(tA)]d£(4) (1)

where 1< <2 and & is a complex valued symmetric « -stable random measure on R with

independent and isotropic increments. The control measure is defined by m(A) =|$(A) [ (see

[4]) is called spectral measure. The estimation of the spectral density function was already
studied in different cases: by E.Masry and S.Combanis [4] when the time of the process is
continuous, by Sabre [23] when the time of the process is discrete and by R.Sabre [24]-[25]when
the time of the process is p-adic.

In this paper we consider a general case where the spectral measure is the sum of an absolutely
continuous measure with respect to Lebesgue measure and a discrete measure:
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du(2) = p0)dx+ 365,

where ¢ is a Dirac measure, the specral density ¢ is nonnegative integrable and bounded
function. ¢; is an unknown positive real number and w, is an unknown real number. Assume

that w, # 0. The discrete measurement comes from the repeated random energy jumps during the

experimental measurements. Spectral density represents the distribution of the energy carried by
the signal.

Our objective is to propose a nonparametric estimator of the spectral density after discrete
sampling of the process X (t) . This work is motivated by the fact that in practice it is impossible
to observe the process over a continuous time interval. However, we sampled the process at
equidistant times, i.e.,, t. =nz, 7>0. It is known that aliasing of ¢ occurs. For more details
about aliasing phenomenon, see [26]. To avoid this difficulty, we suppose that the spectral
density ¢ is vanishing for |A|>Q where Q is a nonnegative real number. We create an

estimate of the spectral density based on smoothing methods. We show that it is asymptotically
unbiased and consistent.

Briefly, the organization of this paper will be as follows: in the second section two technical
lemmas will be presented as well as a preiodogram and we will show that this periodogram is an
asymptotically unbiased but inconsistent estimator. In the third section, the periodogram will be
smoothed by two well chosen spectral windows to estimate the spectral density at the jump
points. We show that the smoothing periodogram is a consistent estimator. The fourth section
gives conclusions and working perspectives.

2. THE PERIODOGRAM AND ITS PROPRIETIES

In this section we give some basic notations and properties of the Jackson's polynomial kernel.
Let N is the size of sample of X . Let k and n are the numbers satisfying:

N -1=2k(n-1) with neN keNu{%}ifk:% then n=2n-1,neN.

The Jackson's polynomial kernel is defined by: |H (A)|" = ‘AN H (N)(ﬂ)‘a where

AN n2 )
. S|n7 1 er Sln?
H (N)(A) - 2 with qk'n = 2_J:” A dA.
| sin? 7 sin>
> 2

where A, = (Ba,N)_?l with B, , = fﬂ‘H(N)(/I)rd/l.

We cite two lemmas which are used in this paper. Their proof are given in [23].

Lemma 2.1 There is a non negative function h, such as:
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H™ () = k(il) h (mjcos(mxi)
“Un

m=-k(n-1)

nil’
sin—

V4

Lemma22 Let B, :J 2| di and N :J‘f [ul|Hy )| du, where

D
sin—
2

7 €]0,2], then

2 2ka
> Zﬂ(—j n**? if O0<ag<?
B! T

a,N
< 47Z|(Ot nzka,]_ if i <a<?
2ka -1 2k
and
xR 1 . 1 r+1
2ka 2ka-1 if So<a<
27 (y - 2ka+1) n 2k 2k
NI
' kot 1 . y+1
o — if —<a<?
27 (y+1)(2kax —y —1) n” 2k

This paragraph gives a periodogram and develops its proprieties. Consider the process X (t),

defined in (1), observed at instants t, = jr, 1=1,2,..N and 7 = 2—” where @ is a real

®
number strictly greater than 2Q2. Define the periodogram fN on ]-Q,Q as follows:

IAN(ﬂ):Cp,alIN(}“)lpi O<p<%

Where
n =k(n-1)
I (4) = [Z'] A, Re[ Z h (nJexp{—l(n A)IX (N +k(n-1)7)],
n =-k(n-1)
D
The normalisation constant C , is givenby C_ —p, , With
' “ F[C 1™

o 1P
D, = Lolc—os(u)d and Fpﬂ:j 1-e du

|U |1+p

Lemma 2.3
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The characteristic function of 1 (1), Eexpl[irl (1)], converges to
eXp[_C | r |a (l//N 1(1) W\, 2(/1)]- where

l/le(ﬂ’) J‘ |H y 1},)|“¢[ jdy and WNZ(;{’) ZC|H (W, _Tﬂ)|

Proof

From (1) and the expression of I, we have:

n =k(n-1)
1, (2) =[7] ANRej > h (njexp{l[nr(i u)]}exp{ifruk(n 1)1} d£(u).

n =-k(n-1)

Using [1] and the definition of the Jackson polynomial kernel we obtain that the characteristic
function is the form:

Eexplirly (4)]=exp[ -C, | r [ v, (4) |- @)

where v (A1) =y 1 (4) + ¥y ,(4)  with

)= [ 1P (v=2) P [ Jov and v, ()= S o -0

i=1

wy.(d) = le v—tA)[* ¢( j ZJ-((;;Z))H (v—mA)I° ¢( j

Putting v =Yy—27] and using the fact that H, is 27 -periodic, we get
T 27 . . .
vy (1) = Z,-ez,'._,,l Hy (y—74)[" ¢,(y)dy, where ¢,(y) = ¢(%—7 jj. Let j be an integer

—2r]

such that —Q < 7 <Q.Since Q<rz and |y|<7z,weget]|]|< Zﬂ+%<l and then
T r

j = 0. Therefore

’//N1(/1) J. y Tl)|a ( jdy 3)

Theorem 2.4 Let —Q < 1 < then E|:fN (l)] = [‘//N (}b)]g :
Proof

From the following equality used in [4], forall real x and 0< p<2,

1—cos(xu) —
|u|1+p d p _oolu|1+p dU, (4)

|xP= D"
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and replacing X by I, , we obtain

f e L Rej-wl—exp{iulN(ﬂ)}du’

®)
la o +
FoolCal” luf?

The equation (5) and the definition of the F_ _, give

p,a?

L 1-exp{-C, |u[* v (2)}
F,.[C.]7 7 uf

[y (D]

El, (1) du.

3. SMOOTHING PERIODOGRAM

P
In order to obtain a consistent estimate of [¢#(4)]*, we smooth the periodogram via spectral

windows depending on whether z4 is a jump point or not (z4 = W,) .

0 (4) it de{w,w,,--,w}
WA= 12 -l (%)
1-c

else

where (1) = j_”wN@)(A—u)fN (u)du and (1) = j_”wN@)(z—u)l‘N (u)du.

The spectral windows W." and W are defined by: W®(x)=MPW(MPx) and

W2 (x) = MPW (M Px) with W is an even nonnegative, continuous function , vanishing for

! _ : M @ e M
| A|>1 such that j_l\/V(u)dU—l. The bandwidths My’) and M,’) satisfying:Cc =

M
) M(i) . M(Z)

limu My =400, limyo.—g==0 for =12, limy,. o =0 and such  that
N

1 1
@y = 1)
W(MN 9) —W(MN 9) V96i|—M—,£‘1),M—'SL)|:

P
Th following theorem shows that f, (1) is an asymptotically unbiased estimator of [¢(1)]* for
—Q<A<Qand 74 g{W,, Wy, -, W, }.

Theorem 3.1

Let Q<A <Q,suchthat 74 ¢ {w;,W,,---,w,}. Then, E[ f (l)]—[qﬁ(l)]g =o(1).
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If ¢ satisfies the hypothesis ‘¢(x)—¢(y)‘ <cste|[(x—y)| ", with y < 2ker -1, then,

1 1 .
O —+ if A=0
(n(Zka 1) M,E‘l)yj

1 1 . ~
O[ M 'E‘l)n(zka—l) + M ’511)7 + nzmlj if 1=0

E[f, ()]~ [6A)] =

Proof

It is easy to see that:
E[fN(/l)]zjRMg”\N[MgD(z—u)]E[fN (u)]du.
Let M (A-u)=v,we obtain:
E[f, ()] = W (v){wN (xiﬂs dv. @)

Since J._ll\N (u)du =1 and the inequality (3), we get:

°

<['w) “ v

Wy [i—ﬁ]ﬂé(ﬂ)

\'
Vi A——}
NZ( M,Ell)

‘E[fN D]-[¢(D)]=

As P <1, we obtain

o
Vi (A > j—qﬁ(z)

a a
< +

MO
MN

¥Yna (ﬂ _ﬁj —$(4)

j. From (3) we get:

o lewe)

: - v
We now examine the limit of WN,l(ﬂ’_W
N

a

s

V )
Wy, z——j=
Nl[ M,S‘]-) J.—oo

Let u —z'[}t—MLS)j =Yy, we obtain:
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l//N,l(/l_ML,Ell)] = “H Ol ¢(/1—W y]dy

@j+)r y
j;‘J.(zj—l) [Hi )| ¢(’1_Ma)+;jd)’- (8)

Let y—2jz =s.Since |H,(.)|* is 2z —periodic function, we get

27 .
l//N,l[ M(l)j ;J. |H (5)| ¢( M(1) S"'?”des-

The function ¢ is uniformly continuous on [, Q] and since | H |“ is a kernel, the right hand

. . 27 | . .

side of the last equality converges to zi Z¢(/1+ij. Let ] be an integer such that
< T

TA+27]

T

-Q< < Q). The definition of 7z implies that |74 |<|7ZQ|< 7 . It is easy to see that

v
@
M N

a

| jI<1 and then j=0. Since H{" is a kernel, we obtain that V/N,l(ﬂ“_ J converges to

2

W—7| Am e
- N Mlsll)

i=1

v
#(1). On the other hand, v , (l M 2 j -

Since  w;is  different from  ziand from the lemma 22, we get

v
v 2V | " _T(A_Mmj
Wy (/1 ——J < {27{—] n2k”‘1} : Zc,, where cte =inf [sin N :
' cte 4

\'
M @
N

Therefore, w,, (/1— j = O( n2kla1 j . Thus, we have E[ f (&)]—[gﬁ(l)]g =o(1).

The rate of convergence:

Assume that the spectral density ¢  satisfies the hypothesis H. Let
F =| Bias(f, (1)) |=| E[ f, (A)]1-[#(1)]""“ |. It follows that

F s% _jlw v) {WN [ﬂ—ﬁﬂ AP

dv.

v\ [ﬂ ij H(2)
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. v .
Since (A—M—j converges to ¢(A), in order to study the rate of the convergence for F
N

we examine the rate of convergence of _[_11\N (v) dv . Indeed, from (3), we

2 [A-ML&DJ_W)
: v a4 Y
obtain WN[A—MSJ _[lH (y MJFM“)J' ¢[;]dy.

Let Ay ) = v, (x—

v j—¢(/1) . Putting t = —[y A+ M\(/l’] and using the condition

M @
M(l) al V t g
H , we get ‘A (wy. ¢ <CJ- ) HN(t) M—S)+; dt.
We can maximize as follows:
1
JWOAwy.dldv < 2°C, (1) j W)V dv

C, t M’%M
2w (V)LlﬂrN(vl),[\HN (1) tf dtav
MN

The second integral of the right hand side is bounded as follows:

v
TA—

+7

(1) a -z a
J.M'\jg)ﬁ ‘HN (t) : J.—lr/ll—lré)l—ﬂ Hy (8] "t
MR MR
+ (&) [t o (©)
ITMHM( )|+7r .
s [0 H O e

Since | H (.)| is even, the first and the last integrals in the right hand side of (9) are equal. As

v
M converges to zero and 74 <2< 7, foralarge N we have:
N
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\TZ|+|MTTV)|+7T .. |T,1|+|M’7("1)|+n .
[ " He @ dt < @y [ " H (1) dt
T
A|l+——7
_ ey g
- ! 2ka
Sin[ﬂ'+|r/1|+rj
M
The lemma 2.1 gives:
O(%j if ﬂ,¢0,
r n
o2+

v |+7
1)

L (O =

1 .
O( M (l)n2ka—1J if 1= 0,
N

Thus, we obtain the result of the theorem.

Theorem 3.2. Let A a real nuber belonging to ]-€,Q[, and 74 =Ww,. Choose k such that

M(l))Zka
: N
IlmNﬁwW =0 . Then,

) EL(I-[HA] = o()
i) If ¢ satisfiies the hypothesis |o(X)—¢(y)| <cste|(x—y)| ", with

}/—+1<a<2, then
2k

2ka
Lo (M)
@\ p2kaT if 0<y<1
» (MN )
E[fy(D)]-[¢(D)]*|= )
1 (MO
© M@ T ket if  1<y<2

N

Proof :

The form of estimator gives:

29



Signal & Image Processing: An International Journal (SIP1J) VVol.12, No.5, October 2021
M@

WP (2 —u) = =W (2 -u) )
ELfu (=], e [y ()] du
1-— N
M @

1

EH(M]I M()+j“”(l)+j , =E,+E,+E,

w®  ud
W)wawM@ﬂ\mww]] »
PutA-u=v, E, = MO [ (A —V)]* dv. Therefore E, =0
Mﬁ) 1- M@
N
for a large N.
M@ ‘*ﬁ , P
B = —tor [ NWIMP (- )l ()] du -
1- M’(\Il)
N
M “u, & A
— g L, WIMP (G-l @] du
1_ N

@
M N

Put M?(A—u) =V in the first integral and put M {’ (1 —u) = w, in the second integral and for
alarge N, we have MP(A1+7)>1 et MP(A1+7)>1.As W is null outside of [-1,1], for
large N, the second integral of E, is zero.Therefore,

P
_ v o)
E]- - M T M@ J. (2)W (V) WN M (2) dV- (10)
1- M‘l) M(l) §
M @ M@

E, = —yw o1 WIMP (- W)l )] du— M L WM G- Wl ()] du
@ il
1_M,S11) N 1 M,(\ll) N

Putting M@ (1—u) =V in the first integral and M’ (1 —u)=w in the second integral, we
obtain

m@ P M P
B 1 @ v a M (1) W a
E, = M ﬁlz) J.M&z)Nu_”)W (v) |:l//N (l_ M@ ﬂ dv-——="5 |V| 7) J. @ (1 )W(W) Wn| A= MO dw.
1- M &1) 1- M ,211)
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For large N we have, M@P(1-7)<-1 and M{P(A-7)<-1.

P
E,=—— |v| — oW () {WN [/H— o H av. (11)
1- M (1) M(l)
N
It is easy to show that for a large N
1 1 1
—ngjwwwmvra (12)
Mo
N

<

E[f, (D]-[¢()]*| = ‘El +E,~[¢(1)]

From (10) and (12), for a large N, we have

1 P
+|Eq —§[¢(/1)]

V/Nl( ML,(\IZ)j-FWNZ[A M(z)j ¢(ﬂ~)

1 P
E, - 5 [#(A)]

P

1 P
AUGIEE

M Vo ,[ (2)W v)

1- (1)
M g)

As P <1, we obtain

o

o

1 B
B =S [4(A)]

|V| M@ j M (Z)W v) Yna [/1 @ ] ¢(ﬂ)

Sy &” iy "
P
\' ¢ d
|\/| EVIZ) .[M(Z)W(V) W2 A_M—l(\IZ) V.
1- M ,E,l) M(l)
On the other hand,
P P
I (2)W (1172 (A YK ?) j $(1)| dv< JOW V)W, (ﬂ“ iWJ —¢(A)| dv
N
(1)

. Vv
For all A belonging to ]-7,7z[ WN‘l[liM_,(f)

j converges to  ¢(A), uniformly in

v e[-1,1]. Therefore, (2) '[ (Z)W (v)
1-

dv converge to zero.

V/Nl( (2)j ¢(ﬂ)

e L0

M ,g”
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. v a 1
SincezA=W,, vy, [’7’- iWJ < " 2ka
My w1t Bon .11 TV
m=i sinj —| W =7 —W,
2 Mg
a, 1
’ 2ka
Bon .11 TV
sin| =| £——
2\ M?
. 1 1
Forall m=1, [im sup e S
N —>-+ooye[-1,1] ) 1 v sin E (W W )
Sin E W, = M ’S‘Z) —W, 2 i m
Thus, for large N, we get
q q
a, 1 1 a,
Z ’ 2ka = e+ 2ka z ’ '
ma . By 1 v .11 met Bon
mei o lsin| S woE—— —w inf fsin| Z(w,—-w,) m=i
Ry ﬁ‘z) m me{l,2, -, q3{i} 2
. 4 a, 1 (1
The lemma 2.1 gives - 5o = 0| 57 |- (13)
m=1 BavN .11 TV n
m=zi Sin| — \NI iW—Wm
2 N
v
For large N, we have sup, ﬁ = I2 < 7. Consequently
N N
a 1 a
Bn | 1, o [ Bon| v [
sin| =| +——- oy
2( M M7
T 2% T . 1 a o
As Mﬁll) < Mﬁ,z) < M,(f’ , We obtain ;,N . - e S B(;,N ; TR

Frome the lemma 2.2 , we obtain
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2ka
. M@
2 S U (14
Bl 1 TV ‘ =
2| M
Therefore, we get
P 14 (M(l))Zka g
2¢ 1 ™", 1 N
—w J'M(NZ)W(V) WNYZ(T/ii—M (Z)J dv=0| —=—+ (15)
__ N N a
1 MO m®
(M(l))Zka
ChoosingM® such that +—~— converges to 0. For example M{’=n"  with
n

0<b<l-—  Thus, fim ELf, (]-[4(A)]" = 0.
2k0{ N —+o0

Theorem 4.2 Let —QQ< A <Q such that ¢(1) > 0. Then, var[ fy (/1))] converges to zero.

If M ’Ell) =n° with kTaz <c< E, then Val'[ fy (/1))] = O(n(:LZC) j

Proof

Fisrt suppose that 74 & {w,,w,,---,w,}. It is clear that the variance of f can be written as
follows:

var f, (1)] = J‘szN(l’ (A-uWP (4, -u )cov[ I, (u), T (U )] dudu’.

Since W is zero for | A|>1, for large N, we have

var[ f ()] = j_llcov{f ) [z —Mij N (l—MLIHW(Xl)W(X'l)dxldxi.

N N

Define two subsets of the [-1,1]° by:
L= {00 %) e[FLIT % -x > o),

L ={(xX) e[-L11 1% -x <oy},
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where o is a nonnegative real, converging to 0. We split the integral into an integral over the

A
subregion L, and an integral over L, : var[ f (1)] = L +'|.L1:J1+J2.
2

Cauchy-Schwartz inequality and theorem 3.1, give

J<Cf

_ W (%)W (x,)dx,dx;. where C is constant. Thus, we obtain
K xlsoy

J, =0(oy) (16)

It remains to show that J, converges to zero. For simplicity, we define

P R —covl T X | %
L= %_Z_W,andC(z)-cov{lN[A—MS)J,'N(*_M—QH'

N

We first show that C(A) converges to zero uniformly in X, X, €[~1,1]. Indeed, from lemma
2.3, we have

du.

A A . e Re(ei”'N(V))—e_Ca'“‘a"’N W)
Ely ) - Ty =FLlC, 1| o

Thus, the expression of the covariance becomes

c() = F;ic;?IRzE{ﬁcos(uklN(zk))}

du,du,
|y, [

~exp{-C, Yo lu I vy (2)]

Using the following equality: 2cos xcosy = cos(X+ Yy)+cos(x—Y), we have

a

E[HE=1(C°SUk|N (’1«))} = %exp _Caj (T);ZizlukHN (cA —7V) dﬂ(V)]

+Lexp| €, |97 XD 0 H, (A7)

dﬂ(V)]-

By substituting the expression for C(A) and changing the variable u, to (-u,) in the second
term, we obtain

du,du,

: (17)
|, 7

paa

C(A) = cmiijz(eK _e¥ )
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a

(r):’Zi:lukHN (A, —7v)| d&(v)and

K=C,r>_lul" jR|HN (e, —v)|* £(v)dv

where K = Ca.[R

Since K,K' >0, ‘e‘K _e ¥

S‘K —K"expﬂK —K"—K'},We obtain:
[K-K'|<2C,r|u |% Qy (A 4,), where
QuikiZ) = [ | Hy (e —2) I Hy (e, —20) 2 dE(w)

Now, let us show that Q, (4,;4,) converges to zero. Indeed, since ¢ is bounded on [-€2,Q],
we have

Qu (ki Z) <sup@)]” [ Hy (2 r)H, (2, —u) 2 dl

aN [sin

. Y (18)
+ZCi |HN (7/11 _T\Ni)HN (Zﬂ? _TWi)|E

i=1

From the definition of H , we can write
ke ke
. |'n . n

. sm{(rﬂl—rv)} sm{(r/iz —rv)}

JQ |Hy (24 —2v)H,, (4, —7v) |2 dv=IQ L 2 2 dv
_a N N ap [ :

;(rﬂl - rv)} sin B(MZ - rv)}

a) First step:

We show that the denominators of the first and second terms under the last integral do not vanish
for the same Vv, s0 we suppose thatV exists, belonging to [-Q, Q] and z,z € Z such as:

th—tv=2zr and zi,—7v=2zx.Since 4, = A,,then z and z’ are different.

. o1
Therefore, 7-1 :é(ﬂl—ﬂz). Hence, |z-z |:W|/11—27|. AS  iMiss

=0

11
consequently, for a large N we get: ‘z—z ‘<E

Thus, we obtain a contradiction with the fact that z and z are different integers.

b) Second step:

Asuume there exist  points, V,,V,,---,V, €[, Q] such as:
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\2 :
for j=1,2,---,q #4, —7V; €2xZ then ﬁ——’ € Z , and we assume that there exist q points

wow
C . . AV )
\ V2,---,Vq. e[-Q, Q] such that for i=1,2,---,q W—Wez . Showing that, |V; = Q,
, . . — A+Q
[V'lZ Q) for 1< j<q and 1<i<(q . Indeed, -1< <0 and 0< <1 because
w w
-Q Q
w>2Q. Hence ﬂ—eZ and At ¢Z. For a large N, we get that
w w
[/1_—9} <£—9<1+{2_—Q} , Where [x]_ is the integer part of Xx. Hence,
wo o w ow W
A4 _Q A

Q - .
———¢ Z . In the same manner, we show that —+— ¢ Z . Similarly, it can be shown that
wow wow

A, +Q
W

g Z.Thus, |V, = Q and |V/|= Q.

c) Third step:

We classify V; and V. by increasing order: —Q <V, <V, <--<V;  <Q, and we write
1 2 q+q‘
the integral in the following manner:

ka

sin E(rﬂi—rv) ! sin E(r/lz—rv)
i) )

e | = e R

where
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v s sin[n(rﬂl—rv)} ’ sin[n(r/lz—rv)}

ka

— Vi
Il - Jl(; ‘ ‘ dV
sm sin r/’t -7V
o { } sm[ 1/1 A }
l,; :_[ h dv
} sm[ ™, -1V }

Vj ~8(N)
! sin
—ka

sin (rﬂ1 zv) sm[ (74, —7V)
{ dv

sin _E(rﬂl —17V)

ke

dv

—

}
sin_g(rﬂi—rv) sm[ A, — TV }
=)

L= L -
4 = 5 B T
P sin ;(rﬂi—rv) sm[

where 6 (N) is a nonnegative real number converging to zero and satisfying:

~Q <V, —8(N) <V, +3(N) <V, =3(N) <V, +5(N) <<V =8(N)<V,  +8(N)<Qa

g+q a+q
=
2

nd 6(N) <

Showing that the first integral converges to zero. For a large N, it easy to see that 4, <Q.
Without loss of generality, we assume that z4, —zV, = 2k;z foralli, with k; € Z. The fact that

there isno v between —Q and le —0(N) on which the denominators are vanishing, gives
v, —5(N)+Q 1

f; ki
i”f{ }nf sin

Substituting le in the last inequality, we get

sin——2| ,|sin

i T —vj12+ SIND[™ _ | 714, -,112+ S(N) ||k“

. Foralarge N ,we obtain

37



Signal & Image Processing: An International Journal (SIP1J) VVol.12, No.5, October 2021

r|12—21+6(N)|<ZQ+75(N) <ﬂ_r5(N)
2 h 2 2

On the other hand, two cases are possible:

1. 4, -4 >0,thenwehave |4, -4 +J(N)|= 4, -4, +5(N) > 5(N)
2. 1, -4 <0,since |4, -4 > 26(N), we have

| =4 +6(N)|= 4 -4 -6(N)>S5(N).

0(N) < 7| A, -4 +6(N)| < ﬂ_r&(N)
2 2

2
O(N) <27 —7(4,+Q) and 70(N) < 27 —7(4, +€2) . Then,

Therefore, . For a large N, we have

15(N)<T(11+Q)<ﬂ_r5(N) and r5(N)<r(AZ+Q)<ﬂ_T§(N)l
2 2 2 2 2
Therefore,
Vj —0(N)+Q
smT

For the integral 1,; , we bound the first fraction under integral by n*e

kee [Vj O(N) 1 - .
I, <n I' dv. By substituting for V; in the last

V. ~5(N) sin[;(r,g _TV)} a

. . . 2k
inequality and putting v = u———, we get
T

ke [A+O(N) 1
A-6(N) k
sin B(rﬂ? —ru)}

I, < —du. Since |4 —u|<d(N), itis easy to see that

AU B Ay =41~ 2= U Bl 2y =4y | -5(N) > A

Since 0(N) converges to zero, for a large N we have 6(N) < 3(7[—% |4, -4 |j, therefore
T

Ab-Al AUl [4=A[+5(N)
4 2 2

< 7. Consequently:
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| < 25(N)nk"‘
2,0 — _ _ )
in{sinm AT o lA ﬂz|r+5(N>r}
4 2
_1X =X 3r
where |4, -4, |= vt Then, for a large N, we have ?|/12—ﬂi|<27r. Therefore,
N
rl% ;’u < 714 —/112| +75(N) < ﬂ—r@. Thus, we bound the integral as follows:
25(N)n*”
2, — ko
sin 17241

Since there is no v between V, +5(N) and V, . —0(N) on which the denominators are

vanishing, we get:

V, -V, —25(N)

I, <-4 ,
o AxB
where
-V, —(N)|“ | -2V, +aS(N)[“
A = inf||sin ' ,Isin i+l
2 |
T/IZ—TVj_—T5(N)ka w, -1V, +T5(N)ka
B = inf||sin ' ,Isin '; ‘

It follows from the hypothesis on (N ) that

WN) _7lh=A|_z18N)| _tlA=A=8(N)| _tlA=Ap| z18N)|_  w(N).
2 2 2 2 2 2 2

The definition of V, gives
1
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1 —< ! —. Similarly we bound the other terms:
A=V, —76(N) . 70(N)
sin i SII‘IT
2|
| <Vji+l —Vji —20(N)
1 2ka
sin 5(N)

We can show by same majoration that :

V, —V, —28(N)
[, < , Where
ExF
_ ok A -1V, ,—2'5(N)ka
E = inf sinT/11 «2 , Isin la+
2 2 ‘
ok | -, —s(N)[“
F = inf sinrﬂ? ?2 , Isin ’ "‘*2“ ‘

Since 0(N) converges to zero, for a large N, we have S(N) <E(ﬁ—%|ﬂl—§2|j, and
T
) r Q-v, —5(N) _
S(N)Y<=|z—=|A4 -4, |. It follows that: I, < 4. We recapitulate, from the
‘ 2 ‘sin ()

previous increases, we obtain

ka

sin [g(fﬂq —rv)} ! sin [2(1/12 —rv)}
sin B(rﬂl -~ rv)}‘ sin E(r/lz —rv)”

Q+le—5(N) LT 2n*“S(N)

sinL(N)

dv <

Q
JLQ 2ka +
i=1

ke

Sinrlﬂ“z_ﬂll
4

q+q'flvji+1 _Vji —9(N) Q_qu+q’ —o(N)

sin 0 (N) 0 (N)
2 2

2ka 2ka

i=1

sin

After simplification, we have
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ke ke
.| n .| n
sm[z(rﬂl—rv)} Sln{z(rﬂ?—rv)}
.11 .11
sin E(r/?q—rv) sin 5(rﬁ?—rv)

' ka r
[ < 22-2q+9'+13(N)  2n“5(N)(g+Q)

i PN A=Al
2 4

f

sin

, 1]
T

Using the following inequality , We get

X
sin—
2

ka

n “l . In
QS'H{Z(TA—TV)} sm{z(rﬂz—rv)} _ 207 +2nka5(N)(q+qI)(zﬂ)ka.

J._Q sinE(rﬂl—rv)} sinB(rﬂz—rv)} dv_(f5(N))2ka [TIT\;;MT

The lemma 2.1 gives
ka

sinB(rﬂ1 —rv)} ! sin[g(m2 —rv)}
sinB(rﬂi—rv)} sinB(rﬂz—rv)}

dv <

1 Q
B(;,N LQ

(19)

i(zj”“ 207 25(N)(@+a)@n)" |
n

T 2 Zka—l(Tév(N))Zka nkail TO_7N ka
I\/lN

In order to obtain the convergence of the last expression to zero, we choose
S(N)=n"*, B>0,suchas

n2kaﬁ 1
|imm:0 and lim o =0. (20)
n—w N n—oo
nﬂ+ka—l (UNJ

MN

Thus, from (18) Q,, converges to zero. On the other hand,

2P e .
C(/l)SF’ZC aJ'_ J-_ |K—K'|€|K7K|7K M

e Ju, [

4 ! 2 o .
where | K ~K'|-K'<=C, > _ [u, [ vy (4 )= 7Qu (4 4,)
We denote by: &y .y =Wy (Ae)—7Qy (4;4,) . It follows from (18) and (20) that &y,
converges to ¢(4). Hence,
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cR)=<Fic, 20,0, (A:@Mf_{ J, &xp[~C. ) | |]L
1 ) (uy)
Putting U, (S, )* =V, we obtain
Y
C(A) < F;ic;?zrca Quhid) [ e . (20)

-0 1+ p—%

1p
[ Sz P« IVl

Since ¢(4) >0, C(A) converges uniformly in X, X €[-1,1] to zero. From (20), we obtain

J,=0 L + ! . Thus,var[ f,, (1)] converges to zero and then, f, (1)

n2ka-p)-1 ka
nﬂ+ka—l( On ]

M N
is an asymptotically unbiased and consistent estimator.

4. CONCLUSIONS

This paper gives an estimate of the spectral density of a mixed continuous-time stable process
from observations at discrete instants. To avoid the phenomenon of aliasing we have assumed
that the spectral density is a compact support. The applications of these processes are found in
various fields. For example:

- The study of soil cracking where the observed signal is the resistance of the soil. This signal
encounters random jumps due to the encounter of certain stones in the ground. The spectral
measurement will therefore be composed of two parts, one continuous and the other discrete.
This last corresponds to the resistance jumps encountered during the measurement.

- The growth of fruits on a tree can be seen as a continuous distribution, and when there is a fall
of a fruit, the other fruits remaining on the tree absorb more energy and their growth will have a
jump in value.

As perspective of this work is to find the optimum smoothing parameters to have a better rate of
convergence. For this purpose, the cross-validation method will be the most appropriate tool.

We intend to complete this work by studying the case where the process is observed with random
errors. For this, we will use the deconvolution methods known for their efficiency in the presence
of random errors.

We think to give an estimator of the mode of the spectral density representing the frequency
where the spectral density reaches the maximum of energy.
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