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Abstract

We study the problem of the identification of m arms with largest means under a
fixed error rate J (fixed-confidence Top-m identification), for misspecified linear
bandit models. This problem is motivated by practical applications, especially
in medicine and recommendation systems, where linear models are popular due
to their simplicity and the existence of efficient algorithms, but in which data
inevitably deviates from linearity. In this work, we first derive a tractable lower
bound on the sample complexity of any d-correct algorithm for the general Top-m
identification problem. We show that knowing the scale of the deviation from
linearity is necessary to exploit the structure of the problem. We then describe the
first algorithm for this setting, which is both practical and adapts to the amount
of misspecification. We derive an upper bound to its sample complexity which
confirms this adaptivity and that matches the lower bound when 6 — 0. Finally, we
evaluate our algorithm on both synthetic and real-world data, showing competitive
performance with respect to existing baselines.

1 Introduction

The multi-armed bandit (MAB) is a popular framework to model sequential decision making problems.
At each round ¢ > 0, a learner chooses an arm k; among a finite set of K € N possible options,
and it receives a random reward X f” € R drawn from a distribution ** with unknown mean z*t.
Among the many problem settings studied in this context, we focus on pure exploration, where the
learner aims at maximizing the information gain for answering a given query about the arms [5]. In
particular, we are interested in finding a subset of m > 1 arms with largest expected reward, which is
known as the Top-m identification problem [22]. This generalizes the widely-studied best-arm (i.e.,
Top-1) identification problem [16]. This problem has several important applications, including online
recommendation and drug repurposing [31, 35]. Two objectives are typically studied. On the one
hand, in the fixed-budget setting [2], the learner is given a finite amount of samples and must return
a subset of m best arms while minimizing the probability of error in identification. On the other
hand, in the fixed-confidence setting [16], the learner aims at minimizing the sample complexity for
returning a subset of m best arms with a fixed maximum error rate 6 € (0, 1), defined as the number
of samples collected before the algorithm stops. This paper focuses on the latter.
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In practice, information about the arms is typically available (e.g., the characteristics of an item in a
recommendation system, or the influence of a drug on protein production in a clinical application).
This side information influence the expected rewards of the arms, thus adding structure (i.e., prior
knowledge) to the problem. This is in contrast to the classic unstructured MAB setting, where
the learner has no prior knowledge about the arms. Due to their simplicity and flexibility, linear
models have become the most popular to represent this structure. Formally, in the linear bandit
setting [3], the mean reward p* of each arm k € [K] := {1,2,..., K} is assumed to be an inner
product between known d-dimensional arm features ¢, € R? and an unknown parameter § € R
This model has led to many provably-efficient algorithms for both best-arm [38, 42, 17, 43, 13] and
Top-m identification [24, 35]. Unfortunately, the strong guarantees provided by these algorithms
hold only when the expected rewards are perfectly linear in the given features, a property that is often
violated in real-world applications. In fact, when using linear models with real data, one inevitably
faces the problem of misspecification, i.e., the situation in which the data deviates from linearity.

A misspecified linear bandit model is often described as a linear bandit model with an additive term to
encode deviation from linearity. Formally, the expected reward p* = gkaG +n¥ of each arm k € [K]
can be decomposed into its linear part ¢20 and its misspecification 7* € R. Note the flexibility
of this model: for ||n|| = 0, where n = [n',7?,...,7%] ", the problem is perfectly linear and thus
highly structured, as the mean rewards of different arms are related through the common parameter
#; whereas when the misspecification vector 7 is large in all components, the problem reduces to
an unstructured one, since knowing the linear part alone provides almost no information about the
expected rewards. Learning in this setting thus requires adapting to the scale of misspecification,
typically under the assumption that some information about the latter is known (e.g., an upper bound
€ to ||n]]). Due to its importance, this problem has recently gained increasing attention in the bandit
community for regret minimization [20, 29, 18, 33, 39]. However it has not been addressed in the
context of pure exploration. In this paper, we take a step towards bridging this gap by studying
fixed-confidence Top-m identification in the context of misspecified linear bandits. Our detailed
contributions are as follows.

Contributions. (1) We derive a tractable lower bound on the sample complexity of any d-correct
algorithm for the general Top-m identification problem. (2) Leveraging this lower bound, we show
that knowing an upper bound ¢ to ||n|| is necessary for adapting to the scale of misspecification,
in the sense that any d-correct algorithm without such information cannot achieve a better sample
complexity than that obtainable when no structure is available. (3) We design the first algorithm
for Top-m identification in misspecified linear bandits. We derive an upper bound to its sample
complexity that holds for any § € (0, 1) and that matches our lower bound for § — 0. Notably,
our analysis reveals a nice adaptation to the value of ¢, recovering state-of-the-art dependences in
the linear case (¢ = 0), where the sample complexity scales polynomially in d and not in K, and
in the unstructured case (¢ large), where only polynomial terms in K appear. (4) We evaluate our
algorithm on synthetic problems and real datasets from drug repurposing and recommendation system
applications, while showing competitive performance with state-of-the-art methods.

Related work. While model misspecification has not been addressed in the pure exploration literature,
several attempts to tackle this problem in the context of regret minimization exist. In [20], the authors
show that, if T is the learning horizon, for any bandit algorithm which enjoys O(d+v/T) regret scaling
on linear models, there exists a misspecified instance where the regret is necessarily linear. As a
workaround, the authors design a statistical test based on sampling a subset of arms prior to learning
to decide whether a linear or an unstructured bandit algorithm should be run on the data. Similar
ideas are presented in [8], where the authors design a sequential test to switch online between linear
and unstructured models. More recently, elimination-based algorithms [29, 39] and model selection
methods [33, 18] have attracted increasing attention. Notably, these algorithms adapt to the amount of
misspecification € without knowing it beforehand, at the cost of an additive linear term that scales with
€. Moreover, while best-arm identification has been the focus of many prior works in the realizable
linear setting, some suggesting asymptotically-optimal algorithms [13, 21], Top-m identification has
been seldom studied in terms of problem-dependent lower bounds. Lower bounds for the unstructured
Top-m problem have been derived previously, focusing on explicit bounds [26], on getting the correct
dependence in the problem parameters for any confidence § [9, 37], or on asymptotic optimality (as
0 — 0) [19]. Because of the combinatorial nature of the Top-m identification problem, obtaining a
tractable, tight, problem-dependent lower bound is not straightforward.



2  Setting

At successive stages t € N, the learner samples an arm k; € [K| based on previous observations
and internal randomization (a random variable U; € [0, 1]) and observes a reward Xf‘. Let F; :=
o({Ux, k1, Xfl, coy Uy Ky, tht ,Ui41}) be the o-algebra associated with past sampled arms and
rewards until time ¢. Then k; is a F;_1-measurable random variable. The reward Xf* is sampled
from ** and is independent of all past observations, conditionally on k;. We suppose that the noise is
Gaussian with variance 1, such that the observation when pulling arm k; at time ¢ is th b N (e 1).
The mean vector 1 = ( uk)ke[ K] € R¥ then fully describes the reward distributions.

In a misspecified linear bandit, each arm k € [K] is described by a feature vector ¢ € R?. The
corresponding feature matrix is denoted by A := [¢1, b, ..., ¢x] € RE*? and the maximum
{5 -norm of these vectors is L := maxye(k ||¢x/l,. We assume that the feature vectors span R?
(otherwise we could rewrite those vectors in a subspace of smaller dimension). We assume that the
learner is provided with a set of realizable models

M:={peRX |9 eRIIpeRE, p=40+1 A |ullo <M A |1l <}, (D)

where M, ¢ € R are known upper bounds on the /°°-norm of the mean' and misspecification vectors,
respectively. Intuitively, M represents the set of bandit models whose mean vector (i is linear in the
features A only up to some misspecification 7.

We consider Top-m identification in the fixed-confidence setting. Given a confidence parameter
d € (0,1), the learner is required to output the m € [K] arms of the unknown bandit model p € M
with highest means with probability at least 1 — d. The strategy of a bandit algorithm designed for
Top-m identification can be decomposed into three rules: a sampling rule, which selects the arm k; to
sample at a given learning round ¢ according to past observations; a stopping rule, which determines
the end of the learning phase, and is a stopping time with respect to the filtration (F;);~0, denoted by
7s; finally, a decision rule, which returns a F,,-measurable answer to the pure exploration problem.
An answer is a set S, C [K] with exactly m arms: |S,,,| = m. In our context, the “m best arms of 1"
might not be well defined since the set S*(p) := {k € [K] | u* > maxjy . 4'}* might contain more
than m elements if some arms have the same mean. Thus, let S,,, (1) = {S C S*(u) | |S| = m} be
the set containing all subsets of m elements of S* ().

Definition 1 (d-correctness). For é € (0, 1), we say that an algorithm 2/ is §-correct on M if, for all
€ M, 15 < 400 almost surely and IP’% (S’m ¢ Sm(u)> <4.

3 Tractable lower bound for the general Top-m identification problem

Let N} denote the number of times arm k has been sampled until time ¢ included. Suppose that the true
model p has exactly m arms that are among the top-m, i.e., that | S*(u)| = m and S,,, (1) = {S* () }-
Consider the following set of alternatives to f,

Am(u) = {)\ ceM | Sm()‘) N Sm(:u) = @} ’

that is, the set of all bandit models A in M where the top-m arms of u are not among the top-m
arms of A. Note that, while we assumed that the set of top-m arms in p is unique, this might not be
the case for A. Define the event E, := {5, € S;,(1)} that the answer returned by the algorithm
at 75 is correct for p and consider any d-correct algorithm 2(. Let us call KL the Kullback-Leibler
divergence® and kl the binary relative entropy. Then, using the change-of-measure argument proposed
in [19, Theorem 1], for any A € A,,(n) and § < 1/2,

> ERNFKL (1", \F) > K1 (P} (Er, ), PX(E,)) > KI(1 - 6,6) > log (215) ’
kelK) |

!The restriction to ||jz]|cc < M is required only for our analysis, while it can be safely dropped in practice.
The expression max[%g f(i) denotes the m®™ maximal value in {f(4) | i € S}.
3We abuse notation by denoting distributions in the same one-dimensional exponential family by their means.



where the second-last inequality follows from the §-correctness of the algorithm and the monotonicity
of the function k1. This holds for any A € A,, (1), so we have that

-1

1
E%[r] > inf ) WKL (pF, A log [ —— 2
H[T] - wseuApK Ae}\l}n(/t) ke[K]w (M ’ ) %%\245 ) )

with Ag = {p € [0,1]¥ | Zle pr = 1} the simplex on [K]. We define the inverse complexity
H,, :=sup e, infrea,, ) Zke[K] WwFKL (,uk, )\k) . Computing that lower bound might be diffi-
cult: while the Kullback-Leibler is convex for Gaussians, the set A, () over which it is minimized is
non-convex. Its description using S, () is combinatorial: we can write A, (1) as a union of convex
sets, one for each subset of top-m arms of A, but this implies minimizing over (£ ) sets, which is not

practical. In order to rewrite this lower bound, we prove the following lemma irT Appendix C.

Lemma 1. Vi, \ € REs.t. |S*(u)] = m, Sin(A\)NSm(p) = 0 < Ji ¢ S*(u) Ij € S* (), At > N,

Lemma 1 allows us to go from an exponentially costly optimization problem, which implied mini-
mizing over (ﬁ) sets, to optimizing across m(K — m) halfspaces. Therefore, by replacing the set
of alternative models as derived in Lemma 1, the lower bound in Equation 2 can be rewritten in the
following more convenient form :

Theorem 1. For any § < 1/2, for any §-correct algorithm 2 on M, for any bandit instance j € R¥
such that |S* ()| = m, the following lower bound holds on the stopping time 75 of 2 on instance ji:

-1

1
EX > | su min  min inf WFKL (', \F log | — | .
“[Td] o weApKieS*(u)jeS*(u) AEM:AT >N kg[;q (N ) 8 2.46

Computing the lower bound now requires performing one maximization over the simplex (which
can be still hard), and m (K — m) minimizations over half-spaces {\ € M : \* > X}, where
(i,7) € (S*(u))® x 8*(11). The minimizations are convex optimization problems and can be solved
efficiently. Our algorithm inspired from that bound will need to perform only those minimizations.

Note that a lower bound for Top-m identification using the cited change-of-measure argument has
been obtained in [26]. Aiming to be more explicit, it relies on alternative models where one of the
best arms is switched with the (m 4 1)!" best one (or one of the K — m worst ones with the m*"
best one). These models are a strict subset of A, (). Hence this bound is not as tight as the one in
Theorem 1, which is why the algorithm we detail in the next sections will rely on the latter instead.

Note that with ¢ = 0 and m = 1, this lower bound is exactly the one for best arm identification in
perfectly linear models [17]. As the misspecification € grows, the set M becomes larger and so does
the set of alternative models A,, (1), thus the lower bound grows. In the limit ¢ — 400, the model
becomes the same as the unstructured model. We show that in fact the lower bound becomes exactly
equal to the unstructured lower bound as soon as € > ¢, a finite value.

Lemma 2. There exists €, € R with e, < max;, p* — ming, p® such that ife > €u» then the lower
bound of Theorem 1 is equal to the unstructured top-m lower bound.

The proof is in Appendix C. It considers finitely supported distributions over A,,(x) that realize
the equilibrium in the max-min game of the lower bound. As soon as one of these equilibrium
distributions for the unstructured problem has its whole support in the misspecified model, the two
complexities are equal.

3.1 Adaptation to unknown misspecification is impossible

We now make an important observation: knowing that a problem is misspecified without knowing an
upper bound ¢ on |||« is the same as not knowing anything about the structure of that problem.

The lower bound of Equation (2) is a function of the set M of realizable models p. Let B(u, 6, M)
be the right-hand side of that equation, such that Eﬁ‘ [1s] > B(p, 0, M) for any algorithm 2 which is
d-correct on M. Suppose that we have M; C M, a subset of the model, for which we would like to
have lower sample complexity (possibly at the cost of a higher sample complexity on M \ My). If



Algorithm 1 MisSLID
Require: Set of models M, online learner £, stopping thresholds {8, 5}¢>1

Compute a sequence of arms k£, . .., k¢, such that 220:1 Ok, ¢£t = 2121, // INITIALIZATION
fort=1,...,ty do

Pull k;, receive tht, and set w; + e, // PULL SPANNER
end for

Compute empirical mean iy, and its projection fiy, — argminy ¢ v ||A — L, ||2DNt
0
fort =to+1,tp+2,...,do
if infren,,(z, 1) lfi—1 — Allb,, > 2Bi-1,6 then // STOPPING RULE
(it .
Stop and return S}, (fit—1)
end if

Obtain w; from £
Compute closest alternative: \; <— argminyc -, 1y llfe—1 — AllDH
m t— we

2
Update £ with gain g; : w = >z " (\ﬁf;l — A+ cfﬁl> // UPDATE LEARNER
Pull k; ~ w; and receive reward tht // ACTION SAMPLING
Update fi; and compute projection ji; <— argminy v [|A — 7ic[|3 // ESTIMATION

t
end for

M is the misspecified linear model with deviation ¢, let us say that M is the set of problems with
deviation lower than €; < ¢ ; that is, we want the algorithm to be faster on more linear models. This
is not achievable. The lower bound states that it is not possible for an algorithm to have lower sample
complexity on M while being §-correct on M. On every u € M, the lower bound is B(u, §, M).

An algorithm cannot adapt to the deviation to linearity: it has to use a parameter ¢ set in advance,
and its sample complexity will depend on that €, not on the actual deviation of the problem. Note
that this observation does not contradict recent results for regret minimization [e.g., 29, 39], which
show that adapting to an unknown scale of misspecification is possible. In fact, such results involve a
“weak” form of adaptivity, where the algorithms provably leverage the linear structure at the price of
suffering an additive linear regret term of order (’)(5\/&T), where T is the learning horizon. Since
the counterpart of §-correctness for regret minimization is “the algorithm suffers sub-linear regret
in T for all instances of the given family”, this implies that algorithms with such “weak’ adaptivity
loose this important property of consistency.

4 The MISLID algorithm

We introduce MISLID (Misspecified Linear Identification), an algorithm to tackle misspecification in
linear bandit models for fixed-confidence Top-m identification. We describe the algorithm in Section
4.1, while in Section 4.2 we report its sample complexity analysis.

4.1 Algorithm

The pseudocode of MISLID is outlined in Algorithm 1. On the one hand, the design of MISLID
builds on top of recent approaches for constructing pure exploration algorithms from lower bounds
[12, 13,43, 21]. On the other hand, its main components and their analysis introduce several technical
novelties to deal with misspecified Top-m identification, that might be of independent interest for
other settings. We describe these components below. Let us define D,, := diag(v',v?,...,v%) for

any vector v € RX, and V; := 30| ¢ 8y .

Initialization phase. MISLID starts by pulling a deterministic sequence of ¢y arms that make the
minimum eigenvalue of the resulting design matrix V;, larger than 2L2. Since the rows of A span
R?, such sequence can be easily found by taking any subset of d arms that span the whole space
(e.g., by computing a barycentric spanner [4]) and pulling them in a round robin fashion until the
desired condition is met. This is required to make the design matrix invertible. While the literature
typically avoid this step by regularizing (e.g., [1]), in our misspecified setting it is crucial not to do



so to obtain tight concentration results for the estimator of (s, as explained in the next paragraph. See
Appendix D.1 for a discussion of the length ¢ of that initialization phase.

Estimation. At each time step ¢ > ¢y, MISLID maintains an estimator e of the true bandit model u.
This is obtained by first computing the empirical mean i, such that fif = ] o ZS LU {ks =k} XPs,

and then projecting it onto the family of realizable models M according to the D y,-weighted norm,
ie., fiy == argminy ¢ v [|A — ﬁt”ZDNt. Since each A € M can be decomposed into A = Af’ + 5’ for

some 0 € R% and 1’ € R, this can be solved efficiently as the minimization of a quadratic objective
in K + d variables subject to the linear constraints ||n)’||cc < € and ||A6’ + 1'||c < M. The second
constraint is only required for the analysis, while it often has a negligible impact in practice. Thus,
we shall drop it in our implementation, which yields two independent optimization problems for the
projection fi; = Af, + 7> one for 6, Whose solution is available in closed form as the standard
least-squares estimator 9t = Gt =V, Zg 1 X, ks * ¢, and one for 7;, which is another quadratic
program with K variables (see Append1x D).

A crucial component in the concentration of these estimators, and a key novelty of our work, is the
adoption of an orthogonal parametrization of mean vectors. In particular, we leverage the following
observation: any mean vector i, = A6 4 7 can be equivalently represented, at any time ¢, as
w= Abl; + n:, where 0, = Vt_1 22:1 pFs ¢y is the orthogonal projection (according to the design
matrix V;) of i onto the feature space and 7, = 1 — A6, is the residual. Then, it is possible to show
that ||6, — 6, |3, is exactly the self-normalized martingale considered in [1] and, thus, it enjoys the
same bound we have in linear bandits with no misspecification (refer to Appendix B). This is an
important advantage over prior works [29, 44] that, in order to concentrate 0, to 0, need to inflate
the concentration rate by a factor £2¢, which often makes the bound too large to be practical for
misspecified models with € >> 0. It allows us to also avoid superlinear terms of the form €2t log(t)
which are present in related works and which would prevent us from deriving good problem-dependent
guarantees.

Stopping rule. MISLID uses the standard stopping rule adopted in most existing algorithms for pure
exploration [19, 12, 36]. What makes it peculiar is the definition of the thresholds 3; s. MISLID
requires a careful combination of concentration inequalities for (1) linear bandits, to make the
algorithm adapt well to linear models with low ¢, and (2) unstructured bandits, to guarantee asymptotic
optimality. The precise definition of 3; 5 is shown in the following result.

Lemma 3 (MISLID is §-correct). Let W_1 be the negative branch of the Lambert W function and let
W(z) = -W_1(—e %)~z +logx. Ford € (0,1), define

ﬁun% — KW ( log ? + = ]Og(SeK log t)) 3)

2

D= (4\/€+\f\/l+log +<1+ 11/6))d10g< 2d10g(15)> )

Then, for the choice [3; 5 := min{/3}'5®, 1‘“} MISLID is §-correct.

This result is a simple consequence of two (linear and unstructured) concentration inequalities. See
Appendix F.

Sampling strategy and online learners. The sampling strategy of MISLID aims at achieving the
optimal sample complexity from the lower bound in Theorem 1. As popularized by recent works [12,
13, 43], instead of relying on inefficient max-min oracles to repeatedly solve the optimization problem
of Theorem 1 [17, 21], we compute it incrementally by employing no-regret online learners. At each
step t, the learner £ plays a distribution over arms w; € Ay and it is updated with a gain function g;
whose precise definition will be specified shortly. Then, MISLID directly samples the next arm to pull
from the distribution wy, instead of using tracking as in the majority of previously mentioned works.
Similarly to what was recently shown by [40] for regret minimization in linear bandits, sampling will
be crucial in our analysis to reduce dependencies on K and, in particular, to obtain only logarithmic
dependencies in the realizable linear case.

Regarding the choice of £, two important properties are worth mentioning. First, MISLID requires
only a single learner, while existing asymptotically optimal algorithms for pure exploration [12, 13]



need to allocate one learner for each possible answer. Since the number of answers is (,Kn), a direct
extension of these algorithms to the Top-m setting would yield an impractical method with exponential
(in K) number of learners, hence space complexity, and possibly sample complexity.* Second, the
choice of L is highly flexible since any learner that satisfies the following property suffices.

Definition 2 (No-regret learner). A learner £ over A is said to be no-regret if, for any ¢ > 1 and
any sequence of gains {gs(w)}s<; bounded in absolute value by B € R™, there exists a positive
constant C'z (K, B) such that max,,ea 22:1 (9s(w) — gs(wy)) < Cr(K,B)Vt.

Examples of algorithms in this class are Exponential Weights [7] and AdaHedge [15]. The latter shall
be our choice for the implementation since it does not use B as a parameter but adapts to it, and thus
does not suffer from a possibly loose bound on 5.

Optimistic gains. Finally, we need to specify how the gains g; are computed. Clearly, if
p were known, one would directly use g; : w — infyen, () lle — A3, Since p is un-
known and must be estimated, we set g;(w) to an optimistic proxy for that quantity. In
particular, we choose a sequence of bonuses {Cf}tzto,ke[K] such that, with high probabil-

2

: — k(|~k k : 2 —

ity, ge(we) = Zke[K] Wy (\th = Afl+ C?fl) > infaex,, () lln = )‘”Dwt’ for A, =

argminyca (i, ,) i1 — A%, . As for the stopping thresholds, we construct cf by a care-
m L — wi

ful combination of structured and unstructured concentration bounds:

. 2 uns
ch i min {S(LE + 1%+ dalttfoul o, 25 an
¢ t

where ™ := B} sy and o™ := log(5t%) + dlog(1 +t/(2d)). We show in Appendix F that
this choice of ¥ suffices to guarantee optimism with high probability.
4.2 Sample complexity

Theorem 2. MISLID has expected sample complexity E,[15] < To(0) + 2, where Ty(0) is the
solution to the equation in t

Bis > tH, + 1) (min{tK252+d\/£€t, VKl };log KVt; /min{tK2e2+dl;, K/} log(l/é)) ,
&)

where {y := logt, H,, is the inverse complexity appearing in the lower bound (see Equation 2), and

~

O(a; b; ¢) represent a sum of terms, each of which is O of one of the expressions shown.

See Appendix F for the proof. Since §}'5° ~ log(1/) for small §, To(6) = H, 'log(1/d) +
C,0(log(1/9)), where C,, is a problem-dependent constant. Then liminfs_,o E,[75]/log(1/6) =
liminfs_, To(8)/log(1/8) = H,; ! and thus the upper bound matches the lower bound in that limit:
MISLID is asymptotically optimal. The only polynomial factors in K are in a minimum with a term
that depends on €. In the linear setting, when € = 0, we have only logarithmic (and no polynomial)
dependence on the number of arms, which is on par with the state of the art [40, 21, 27]. Moreover,
the bound exhibits an adaptation to the value of e. If € is small, then the minimums in /3; 5 and in the
inequality (5) are equal to the “linear” values which involve K¢ and d instead of K. As € grows, the
upper bound transitions to terms matching the optimal unstructured bound.

Decoupling the stopping and sampling analyses. Our analysis decomposes into two parts: first, a
result on the stopping rule, then, a discussion of the sampling rule. The algorithm is shown to verify
that, under a favorable event, if it does not stop at time ¢,
28,5 > inf — A% -0t = 2tH, — O(V1).
Brs = AE}\I;,(H) |1 ||DNt (\/) Z " (\[)
The sample complexity result is a consequence of that bound on ¢. The first inequality is due
solely to the stopping rule, and the second one only to the sampling mechanism. The expression

*The fact that the optimization problem of the lower bound decomposes into m,(K — m) minimizations does
not reduce the number of possible answers, which is still combinatorial in K.



infaeq,, () 1 — )\||%N does not feature any variable specific to the algorithm: we can combine any
stopping rule and any sampling rule, as long as they each verify the corresponding inequality.

A more aggressive optimism. The optimistic gains that we have chosen, g;(w) =

>okelK] wh ()i, — Nf| 4+ (/ck )2, are tuned to ensure asymptotic optimality (with a factor 1

in the leading term). If we instead accept to be asymptotically optimal up to a factor 2, we can use the
gains g (w) = > ie(x w® ((iF_y — AF)? + ¢f_1) . When using those, the learner takes decisions

which are much closer to those it would take if using the empirical gains > _, cK] Wik, —M\F)? and

the theoretical bound, while worse in the leading factor, has better lower order terms. The aggressive
optimism sometimes has significantly better practical performance (see Experiment (C) in Figure 1).

5 Experimental evaluation

Since our algorithm is the first to apply to Top-m identification in misspecified linear models, we
compare it against an efficient linear algorithm, LinGapE [42] (that is, its extension to Top-m as
described in [35], which coincides with LinGapE for m = 1), and an unstructured one, LUCB [23].
In all experiments, we consider 6 = 5%. > For each algorithm, we show boxplots reporting
the average sample complexity on the y-axis, and the error frequency & across 500 (resp. 100)
repetitions for simulated (resp. real-life) instances rounding up to the 5" decimal place. Individual
outcomes are shown as gray dots. It has frequently been noted in the fixed-confidence literature that
stopping thresholds which guarantee d-correctness tend to be too conservative and to yield empirical
error frequencies that are actually much lower than 6. Moreover, these thresholds are different
from linear to unstructured models. In order to ensure a good trade-off between performance and
computing speed, and fairness between tested algorithms, we use a heuristic value for the stopping
rule f; 5 := In((1 + In(t 4+ 1))/0) unless otherwise specified. For each experiment, we report the
number of arms (K), the dimension of features (d), the size of the answer (1), the misspecification
(¢) and the gap between the m!” and (m + 1)** best arms (A := maxy g 1 — maxgglz] ub).
The computational resources used, data licenses and further experimental details can be found in
Appendix G.

(A) Simulated misspecified instances. (K = 10, d =5, m = 3, ¢ € {0,5}, A ~ 0.28) First, we
fix a linear instance z := A6 by randomly sampling the values of § € R% and A € RX*? from a
zero-mean Gaussian distribution, and renormalizing them by their respective ¢, norm. Then, for
e € {0,5}, we build a misspecified linear instance p1. = A6 + 7., such that, if (4) is the index of the

fourth best arm, Vk # (4),nF = 0, and 17§4) = ¢£. Note that any value of ¢ < A does not switch the
third and fourth arms in the set of best arms of ., contrary to values greater than A. The greater
¢ is, the more different the answers from the linear and misspecified models are. This experiment
was inspired by [20], where a similar model is used to prove a lower bound in the setting of regret
minimization. See the leftmost two plots on Figure 1. As expected, LUCB is always d-correct, but
suffers from a significantly larger sample complexity than its structured counterparts. Moreover,
LinGapE does not preserve the §-correctness under large misspecification level € = 5 (with error rate

5= 0.96), which illustrates the effect of € on the answer set. Note that it is not due to the choice of
stopping threshold, as running it with the theoretically-supported threshold derived in [1] also yields

an empirical error rate 6 = 1. MISLID proves to be competitive against LinGapE. Note that the case
€ = 01is a perfectly linear instance. See Table 2 in Appendix for numerical results for algorithms
LinGapE and MISLID.

(B) Discrepancy between user-selected ¢ and true ||7)||. (K = 15,d =8, m =3,¢ € {0.5,1, 2},
A = 0.4) MISLID crucially relies on a user-provided upper bound on the scale of deviation from
linearity. We test its robustness against perturbations to the input value € compared to the value
£* := ||n]|co in the misspecified model i := A6 + 7). Values are sampled randomly for 6, A, n, and
the associated vectors are normalized by their £*° norm (for 7, by ||7||ec/€*), Where e* =1 > A'is
the true deviation to linearity. The results, shown in the third plot of Figure 1, display the behavior
predicted by Lemma 2. Indeed, as the user-provided value ¢ increases, the associated sample
complexity increases as well. The plateau in sample complexity when ¢ is large enough is noticeable.
Cases ¢ € {1, 2} display a sample complexity close to that of unstructured bandits.

3 All the code and scripts are available at https://github.com/clreda/misspecified-top-m.
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Figure 1: Experiment (A) for ¢ € {0,5} (first two from the left). Experiment (B) with ¢ € {0.5,1,2}.
Experiment (C) to compare different optimistic gains (right).
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Figure 2: Experiment (D) for drug repurposing in epilepsy (left). Experiment (E) for online recom-
mendation.

(C) Comparing different optimisms. (K = 15, d =8, m = 3, = 1, A =~ 0.4) We use the same
bandit model as in Experiment (B), and use ¢ = ¢* = 1. We compare the aggressive optimism
described in Section 4.2, no optimism (that is, Vk € [K],Vt > 0, cf = 0), and the default optimistic
gains given in Section 4.1. See the rightmost plot in Figure 1. The algorithm with no optimism is
denoted “empirical”, and is significantly faster than the optimistic variants.

(D) Application to drug repurposing. (X = 10,d = 5, m = 5, ¢ = 0.02, A ~ 0.062) We use
the drug repurposing problem for epilepsy proposed by [35] to investigate the practicality of our
method. In order to speed up LUCB, we consider the PAC version of Top-m identification, choosing
as stopping threshold 0.06 ~ A, such that the algorithm stops earlier while returning the exact set
of m best arms. Following [34, Appendix F.4], we extract a linear model from the data by fitting a
neural network and taking the features learned in the last layer. We compute € as the £*° norm of the
difference between the predictions of this linear model and the average rewards from the data, which
yields € = 0.02. Since the misspecification is way below the minimum gap, and the linear model thus
accurately fits the data, the results (Ieftmost plot in Figure 2) show that MisLid and LinGapE perform
comparably on this instance. Moreover, both are an order of magnitude better than an unstructured
bandit algorithm sample complexity-wise. Please refer to Table 3 in Appendix for numerical results
for LinGapE and MISLID.

(E) Application to a larger instance of online recommendation. (K = 103, d = 8, m = 4,
€ ~ 0.206, A ~ 0.022) As in Experiment (D), a linear representation is extracted for an instance
of online recommendation of music artists to users (Last.fm dataset [6]). We compute a proxy
for £ and feed the value A to the stopping threshold in LUCB in a similar fashion. Differently
from Experiment (D), this yields a misspecification that is much larger than the minimum gap. To
improve performance on these instances, we modified MISLID. To reduce the sample complexity,
we use empirical gains instead of optimism. To reduce the computational complexity, we check
the stopping rule infrequently (on a geometric grid) and use only a random subset of arms in each
round to compute the sampling rule (see Appendix G for details and an empirical comparison to
the theoretically supported MISLID). See the rightmost plot in Figure 2. This plot particularly
illustrates our introductory claim: an unstructured bandit algorithm is d-correct, but too slow in
practice for misspecified instances, whereas the guarantee on correctness for a linear bandit does
not hold anymore on these models with large misspecification. Numerical results for LinGapE and
MISLID are listed in Table 3 in Appendix.



6 Discussion

We have designed the first algorithm to tackle misspecification in fixed-confidence Top-m identifica-
tion, which has applications in online recommendation. However, the algorithm relies exclusively on
the features provided in the input data, and as such might be subjected to bias and lack of fairness in
its recommendation, depending on the dataset. The proposed algorithm can be applied to misspecified
models which deviate from linearity (i.e., € > 0), encompassing unstructured settings (for large
values of ¢) and linear models (i.e., € = 0).

Our tests on variants of our algorithm suggest that the optimistic estimates have a big influence on
the sample complexity. Removing the optimism completely and using the empirical gains leads to
the best performance. We conjecture that other components of the algorithm like the learner are
conservative enough for the optimism to be superfluous. The main limitation of our method is its
computational complexity: at each round, O(Km) convex optimization problems need to be solved
for both the sampling and stopping rules, which can be expensive if the number of arms is large.
However, the “interesting” arms are much less numerous and we observed empirically that the sample
complexity is not increased significantly if we consider only a few arms. In general, theoretically
supported methods to replace the alternative set by computationally simpler approximations would
greatly help in reducing the computational cost of our algorithm.

Since the sampling of our algorithm is designed to minimize a lower bound, we can expect it to suffer
from the same shortcomings as that bound. It is known that the bound in question does not capture
some lower order (in 1/9) effects, in particular those due to the multiple-hypothesis nature of the
test we perform, which can be very large for small times. Work to take these effects into account to
design algorithms has started recently [24, 25, 41] and we believe that it is an essential avenue for
further improvements in misspecified linear identification.
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A Notation

Table 1: Notation table

Name Description

d € N* Dimension of the feature vectors

K e N* Number of arms

[K]:={1,2,...,K} Enumeration

m € [K — 1] Number of best arms to return

1{c} Kronecker’s symbol, equal to 1 iff. claim c is true

g€ R*T Upper bound on the ¢, norm of the deviation to linearity
M e R*+ Upper bound on the /., norm on the mean vector

L e R* Upper bound on the ¢ norm on the arm feature vectors
6 €(0,1) Upper bound for the probability of error in identification
er € RF kL eN k" vector of the canonical basis of R*

Ag ={pe 0,15 |5 v =1}

Set of probability distributions over finite set of size K

or € Rk € [K]

A= [¢1,¢2,...,¢K]T S RKXd
A ={pe0,1]% | i, vk =1}
Vw = EkSKwk(bkgbg,w c AK
Vii= Y O b, t > 0

Feature vector for arm k

Feature matrix of arm contexts

Set of probability distributions on finite set of size K
Design matrix associated with w

Design matrix at time ¢

Set of realizable models:

MCRE
{peRN [0 R,y e RN : p= A0+, |lul, <M, |0l <e}

weM True mean vector: ;= Af + 7

NFeNke[K|,t>0 Number of times arm & has been sampled until time ¢ included

N; = [N}, N2,...,NK]T e NK Vector of numbers of samplings for each arm at time ¢ included

Dy € REXE N ¢ RE Diagonal matrix with coefficients N', N2 ... N¥

ks,s >0 Arm sampled at time s

Xk s> 0,k € [K] Reward observed at time s from arm &

75,0 € (0,1) Stopping time under §-correctness

E., Event on d-correctness: E,, := {Sm € Sm(u)}

fr €RE t>0 Empirical mean vector at time ¢: [ = = ..o, X¢1{ks; = a}
t S>>

jr €RE >0 Projection of fi; onto set M at time ¢

S C[K],m e [K —1]

§*(p) € [K], p € R

Sm(p),p € M;m € [K —1]

Answer to Top-m identification as returned by the algorithm
Set of best arms compared to the m!" greatest mean:

S* () = {k € [K]|pk> maXZ’é[K] MZ}

Set of all subsets of size m in S*(u):

Sm(p) = {S C 5*(p) | [S] = m}
Set of alternative models to model p:

A (), peM

(), A1) = (1 € M| S0 1 S(s) = 0}

Inverse complexity constant:
H,,peM :
o M H,, := sup,en, infaen,, () Zke[K] wF KLk, \F)

KL Kullback-Leibler divergence
kl Binary relative enthropy
W4 Negative branch of the Lambert W function
Wz —W_i(—e™ %)
L Learner algorithm

gi(w),w eRE >0
ckke[K),t>0

Gains fed to the learner at time ¢
Optimistic bonus, such that (i — 1*)? < cF for any k € [K]
and large enough ¢ > 0, with high probability
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Please refer to Table 1. Moreover, if w € RX, at t > 0, we also introduce the following notation
related to orthogonal parameterizations (see Appendix B):

« A, = DY?A e RExd,

e P, := Aw(AIAw)TAI € REXK,

e R, :=Ixg — P, € REXK where I is the identity matrix of dimension K.
¢ V;f = A;tANt = ATDNtA = EkE[K] Ntkqbk(ﬁg = ngt ¢k\¢£

.« 0, = (A}, A J.Vt)TA;t D}V/f fut, which is the standard least-squares estimator, where T de-
notes the matrix pseudo-inverse.

* 0, and ni, parameters for the linear and misspecification parts of the projection fi; of
empirical mean ji; onto set M, such that ji; = A6; + 7j;.

« 0y = (A, An,)T AR, DN u, such that A6, = Dy Py, D\?uif Dy, is invertible. 6 is
the linear part of the orthogonal parametrization of y at time ¢ (see paragraph “Estimation”
in Section 4.1 in the main paper).

o 1 = — Afy, equal to D;[tl/ °R N, Djlv/f w if Dy, is invertible, is the misspecification part
of the orthogonal parametrization of model p at time .

e S, = DNt(ﬂt — /J/) € RE,

B The orthogonal parameterization and its properties

Throughout the appendix, we shall adopt an orthogonal parametrization for mean vectors in the
model M. In particular, we leverage the following observation: any mean vector u = A6 + 7 can be
equivalently represented, at any time ¢, as = A6, + 7, where

t
b= (AN, An) AN DY =V > oo,
s=1

is the orthogonal projection (according to the design matrix V;) of p onto the feature space and
nt = p — A6, is the residual. We now introduce some important properties of this parameterization.

Projecting the empirical mean When we use the orthogonal projection described above on the
empirical mean fi;, the resulting linear part is exactly the standard least squares estimator. That is,

0, := (AN, An,) AL, DN i

Projection matrices For w € R%, let us define the projection matrix P,, := A, (A A,)TA] €

RE*K and the residual matrix R, := I — P,, € RE>X¥ Ttis easy to check that both are orthogonal
projection matrices, i.e., they are symmetric and idempotent (P2 = P, and R?> = R,,). Moreover,
FP,R, = R,P, = 0. Equipped with these matrices, we have the following useful identities:

A8, = Px, DY’ = Py, Dy’ A6,

1/2 1/2 1/2
DN/t e = RNtD]V/t = RNtDN/t Uz
Distances between mean vectors in the model Often we will need to compute quantities of the
form ||\ — ul|%, . for different mean vectors in the model. The following lemma shows how to
t
leverage their orthogonal decomposition to split the norm into a distance between their linear parts
and a distance between their deviation from linearity.

Lemma 4 (Linear/non-linear decomposition). For any A € M and t > 1, there exist 0} € R and
0 € RE such that \ = A0, + n, and

2
2 2 1/2 1/2
1A= ulih, = 16, = 60lly, + || B DN 0t = Rov, D2

)

0; — 0.

2 2
1/2 1/2~
_+ | B DN — R DY
t

-~ 12
A= Tl = |
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Proof. By leveraging the properties of the orthogonal decomposition and of the matrices Py, , R,
(in particular, Py, Ry, = 0 and Py, + By, = Ix),

IN = 1lly, = 1P, D, (A = ) + By, D, (A = )3
2 2
= |[Pv. DNEA = P, D21 + || B DNPA = R, DY

2
2
= ||PNtANt97; - PNtANtet”Q + HRNtD]lV/fn?/f - RNtDjl\[/t277tH2

2
= 110} = 0.1}, + || B, DYt — B, DY -

The second result can be shown analogously by noting that the projection of ji; onto the linear space
spanned by A is exactly the least-squares estimator 6. O

The non-linear part of orthogonal parameterizations When applying the orthogonal parameteri-
zation to a mean vector p = A6 + n with ||n]| < &, while we get some crucial properties for the
linear part 6; (like concentration, see Appendix E), it may be that the resulting non-linear part 7 is
such that ||7¢]|c > €. However, the following result shows that 7; cannot be too distant from # and,
in particular, that ||7;||oo still decreases with e.

Lemma 5 (Maximum deviation). Let t any time step such that V; is invertible. Consider the
orthogonal parameterization (0, 1) for p = A0 4+ n with ||n||ec < €. Then,

tlloe < (LK + 1)e.

Proof. By definition of the orthogonal parameterization, it is easy to see that n, — n = A(6 — ;).
Moreover,

0, := (A%, An,) AL, DN 1= (A%, An,)TAY, DN (A6 + 1)

=0+ (AR AN AR DN =0+ V' AT DN =0+ V1 Y NEowr®.
ke[K]

Therefore, for any arm k € [K]:

. | (a) . .
SV N | < lgklla Vit Y Niggn
JElK] JElK] 9

Inf —n*|

) ) (b) . (o)
Ikll2 || Y Nigin’ < llgklle Y N/ 16illy—= < llokll2eK,

jelK] yo2 jelK]

where (a) is from Cauchy-Schwartz inequality, (b) uses the sub-additivity of the norm, and (c) uses
that, for each j € [K], V; = X ok N{¢qp, = Nj¢p;p; (in the sense of the partial order on
positive definite matrices). Using that features are bounded by L in ¢3-norm,

||77t - 77”00 < LKG;
from which the result easily follows. O
The linear parts of different parametrizations We consider mainly two parametrizations of u:

the orthogonal parametrization with respect to N; and another (8, n) for which ||n]|ec < e. We will
now relate the linear parts of these two parametrizations.

Lemma 6. Let t any time step such that V; is invertible. Consider the orthogonal parameterization
(0¢,me) for p = Al + n with ||n||co < €. Then

16: = Ollv; < Ve
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Proof. We use the expression §; = 6 + V,”' AT D, 7 derived in the last paragraph, the fact that Py,
is a projection and lastly ||7]|c < €:

16 = Ollv, = [|[V; " A" Dy,

— /0T Dy, AV, AT D

1/2
— x|, < |[xza] = Wallow, < Ve
t

C Tractable lower bound for the general Top-m identification problem

We present here the proofs for the claims made in the main paper in Section 3.

C.1 Proof of Lemma 1 and Theorem 1
Lemma. (Lemma | in the main paper) Y, A € R¥s.t. |S*(u)| = m,

SN NSu(p) =0 <  FidS*(u)Ije S (u),\>N.

Proof. To see this, first suppose that the condition on the right holds. That is, there exist (¢, j) €
(S* (1)) x S*(u), where [S*(11)| = m, such that \* > \7. Then, we have two cases. If j does not
belong to any of the top-m sets of A, that is, j & S*()), the result follows trivially since j belongs
to the top-m set of pu S*(u) and S, () = {S* (1) }. If, on the other hand, j belongs to at least one
top-m set of )\, that is, j € S*()\), then i € S*(\) as well since A\’ > M. Buti & S*(u), which
proves that S,,,(A\) NS, (1) = 0. Suppose now that S, (M) NS, (1) = @ holds and, by contradiction,
that Vi ¢ S*(u) Vj € S*(u), A\* < M. This trivially implies that S* () is a valid top-m set of .
That is, S,,,(A) N Sy (1) # O and we have our desired contradiction. O

Theorem. (Theorem 1 in the main paper) For any 6 < 1/2, for any §-correct algorithm 2 on M, for
any bandit instance . € M such that |S*(11)| = m, the following lower bound holds on the stopping
time 15 of A on instance ji:

-1

1
EX > | su min  min inf WFKL(u, A* log | — | .
“[Té] o weApK igS* (p) JES* (1) AEMATSNI kez[;q (n ) & 2.49

Proof. We start from Equation 2 (main paper), and using Lemma 1, we can rewrite the inf operator.
That yields the desired expression. O

C.2 Proof of Lemma 2

Let A, (1, M") € M’ denote the set of alternative models to g € R¥ in the model M’ (which
might be different from M). Consider the lower bound problem

H, (M) := su inf WP KLk, \FY .
! ( ) wEApK )‘GAM(%M/) kez[qu (Iu )

A pair of equilibrium strategies for that problem is composed of w € Ak and g € P(A,, (1, M'))
(which is the set of probability distributions on A, (i, M’)). Let Q- be the set of equilibrium
distributions. For ¢ € Qv let Ay € Ay, (1, M) be its support.

Lemma 7. Let M1, My be models such that My C My. For any q € Qum,, if Aq C My, then
H,(M1) = H,(My).
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Proof. First, we have H,, (M) > H,(M3) since M; C M. If A; C M;, then using successively
q € P(A(u, My))and g € Qrn, ,
> WFKL(F, A

HH(Ml) = Ssup
ke[K]

inf
wEA g NEAm (1, M1)
< sup Exvy p_ WM KL(WFAY) = Hu(Mo).
wWEAK kE[K]
O]

For A € RE let |\|_ = inf{||n|| . | 30 € R%, X\ = A6 + n}. Let us now consider M as defined in
Equation | in the main paper, with misspecification upper bound £ > 0.

Lemma 8. Let M' C {\ € RE | ||| < M} be a set of models such that M C M’ and
£>eu(M') = infeeq,, Supea, |A|..® Then H,,(M) = H,(M').

Proof. 1f € > infeq,,, Supxea, [Al., then there exists ¢ € Qar such that forall A € Ay, [A|, <e.
Hence A; € M and we apply Lemma 7. O

For any model M’, there exist equilibrium strategies for which ¢ is supported on K points [11].
Hence ¢,,(M’) is always finite.

Let M,, := RX be the set of unstructured models, and for a,b € R, Mgy i ={A € RE | Vk €
[K], \* € [a, b]} be the set of models that verify a boundedness assumption.

Lemma 9. Let p) := min; 7 and pV = max;p/. For all p € RX, H,(M,) =
Hyy (M0 po0y) -
Proof. Let us consider any A € A,,(u, M, ), such that there exists k € [K] with \* ¢ [, (D],
Let us define X as the projection of A onto [5), u(V]5 . Then A satisfies A € Ay, (11, M) ,0) ©
A (pt, M,,), and by monotonicity of the Kullback-Leibler divergence in one-parameter exponential
families, for all k € [K], KL(u*, \*) < KL(u*, A\¥). Thus for all w € Ag
> WFKL(F, A < ) WP KLk M)

ke[K] ke[K]
For ¢ € Q. let ¢ be the distribution in which every support point A of ¢ is transported onto its
projection \. Then for all w € Ak,

Exvg » WFKL(F,A) < Eavg Y W KL(uP, M),
ke[K] ke[K]

from which we obtain that ¢ has lower objective value than ¢. Since ¢ € Q oy, then § € Qpq, as
well. By construction, its support verifies Ay C M[u”‘), p]- We conclude with Lemma 7.

Applying Lemma 8 to M, ) ;. together with Lemma 9, we finally obtain Lemma 2 from the
main paper, restated here using the notations we introduced:

Lemma. Ifc > ") — 4 then H,(M) = H, (M, ,07) = Hy(Ma) .
C.3 Computing the closest alternative

In order to compute the closest alternative to 4 € M in the half-space {\ € M | \¥ > M}, the
optimization problem we need to solve is

1 2
inf = ||A0 +n —
19)7] ) | n /J”DNt

st (er, —e;) (A0 +n) >0
140 +nllee < M
Mllee <€

®Note that indeed quantity €, (M) depends on p, since Q o4/ is defined with respect to .
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In our implementation, and thus in the remainder of this section, we shall drop the boundedness
constraint || A6 + 7|/ < M which has typically a negligible effect on the algorithm’s behavior.

Quadratic problem We express the problem as function of the variable (7,77)". Up to the
constant term, this problem is equivalent to

(0 (ATDyA ATDy \( 6\ _(6\ (A Dyu
o0 \ 1 DnA Dy n n Dnp

Tl _ T
s (A (e e ") <o
€j — €k n
1l <e-
In the code, we directly solve the problem under this form using a quadratic problem solver.

Computing the closest alternative We now detail the form of the solutions analytically (as much
as possible). Let j, k € [K], j # k. We want to compute the closest alternative in the half-space
{Ae M | X > N} to € RE. That is, we compute the solution to

el 2
inf 1146 +n — ulp,,
st (er, —e;) (A0 +n) >0
necC

Here, to highlight the generality of the following derivation, we replace the ¢, norm constraint on 7
with any convex set C. To simplify the notation, we denote by Dy the diagonal matrix with N; on
the diagonal and u := e; — e. The problem above is then written as

1 2
ienf B HD}V/zAH + Djl\,/zn — D}\,/QMH
7 2
stu' (A9 +1) <0
necC
Assumption 1. Atto, AT Dy, A =V, is invertible.

See paragraph “Initialization phase” in Subsection 4.1 to see how that assumption is ensured in
practice. We now suppose that ¢t > to. Minimizing first in 6 at fixed 7, we solve the problem

1 2
irelf 3 HD}VNAH + Djl\,/Qn — DZIV/Q,uH2
stu' (A9 +1) <0

2
The Lagrangian is L(6, o) = 3 HDJIV/QAH + D11v/277 — D}V/Q;LH +au'(n+ Af) with a > 0. We
2
get that at the optimal 6,
ATDN(AO+n—p) = —aATu = 0= (A"TDyA)'AT(—au+ Dyp— Dnn).

At the optimum, from the KKT conditions, either « = 0 and v (40 + 1) < 0, or & > 0 and
ul A = —u'n.

Case o = 0. Ifa = 0, then & = (ATDyA)"'ATDy(n — 1), DN*(AO + n — p) =

(D}V/QA(ATDNA)’1ATD}\,/2 - I)D]lv/z(u —n) and the value of the optimization problem is the
norm of this quantity.

Let Py = D]l\,/QA(ATDNA)_lATD]lV/Q. Note: it is symmetric and idempotent (P% = Py),
meaning that it is an orthogonal projection. Let Ry = I — Py be the residual matrix. We also have
R% = Ry. Furthermore, Py Ry = Ry Py = 0.

With these notations, DJIV/ZAQ = PNDle/z(u -n), D}V/Q(AG +n—p = —RND}V/Q(M -n)

and the value of the optimization problem is %HRND}V/Q?] — RNDJIV/QMHQ. The case o = 0 is
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possible only if the constraint is then satisfied, that is if uT(AQ + n) < 0 at the optimum, i.e. if
u (AT(ATDNyA)YATDyp+ (I — AT(ATDNA)"LAT Dy)n) < 0. The problem we need to
solve in that case is

1/2 1/2

mln *HRND n—RyDy u”

st.u' (I—AT(ATDNA)YATDy)n < —uTAT(ATDyA) AT Dyp
necC
If C is convex this is a convex optimization problem. It can happen that there is no feasible point,
which simply means that there is no solution with o = 0.
Case o # 0. Consider now the case o > 0. We get
uw A0 = —u'n
—  u' A(ATDyA)'AT (—au+ Dyp— Dyn) = —u'n
—  au A(A"DNA)'ATu=uT A(ATDNA)TTAT Dy (u—n)+u'n
Then
DYN?A0 = DY?A(ATDyA)TAT (- -
N =Ly ~nA) (—au+ Dyp — Dnn)
= —aDY?A(ATDNA)Y " ATu + Py DY (1 —n)
DY?(A0 +n — 1) = —aDy/?A(ATDNA) "ATu — Ry Dl/Q(M —n)
A(ATD A) 1ATDN(/JJ 'f]) + ’LL 77D1/2
ul A(ATDNA)"1ATy
— Ry Dy (11— )

A(ATDNyA) ATy

2
1/2 A . s 1/2
We can now see that D/ / (A6 -+n— p) is linear in 7 and the objective value 3 HDN/ (A0 +n — ) H

is quadratic in . We need to solve a quadratic optimization problem under the constraint
n € C. Let’s now simplify that optimization problem. We first show that the cross

2 2
term in = HD1/2(A9+177;1)H2 = %HfaDJleA(ATDNA)*lATufRNDJIV/2(u777)H2 is

3
zero. Note: if Dy is invertible, then 3 H—aD]l\,/2A(ATDNA)_1ATu — RxDY(n — n)H =
2

H—aP Dy — Ry DY Q(u 77)” and the fact that the cross term is O is a simple consequence
OfPNRN = RNPN =0.
(Rn DN (=) DY A(AT Dy A) AT

= ((I - Px)DN*(u—n)"DN?AATDyA) ATy

N
=(u—n)"DyAATDNA) " ATu — (u—n)  DY2PyDY2A(ATDNA) ATy
N N

= (/j, — n)TDNA(ATDNA)_lATU, — (/,L — W)TDNA(ATDNA)_lATDNA(ATDNA)_lATu
=0.

Now that we established that the cross term is zero, the objective value is simply the sum of two
square terms,

1 1 1
5 [Px2 a0 40— )| = Sa*uT AT Dy Ay ATu () DY RN DY 1~ )

1 (u"A(ATDNA) P AT Dy (p—1n) + uTn)2
2 ul A(ATDyA)"1ATu

1
1 n) T DY?Ry DY (=)

1
= 5?7TQ77 +q'n+C

+
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where C' doesn’t depend on 7 and

Q = Dy*RyDy’
1
T UTAATDNA) ATy
. UTA(ATDNA)flATDN/L
 uTA(ATDNA)"1ATw

((I = DNA(ATDyA) " AT )u) (I — DyA(AT Dy A) P AT )u)

(I — DNA(ATDNA) " AT — DY*Ry DN 1.

Again if Dy is invertible these have simpler expressions:

1 ~1/2 ~1/2 \T 1/2
Q=DY*Ry+ (RvDy*uw)(BRyDy*w)T | D
N uTDV 2 PyD P Y N N
uT DY 2PyDY 2y
u' Dy " "PnDy ' u

We are looking for a solution to
1
argmin —n'Qn+q'n.
nec 2
This is a quadratic objective. The difficulty of finding the minimum depends on C.

Summary. To compute the closest alternative in a half-space, we compute the solution to two
quadratic problems corresponding to the possibilities that Lagrangian multiplier « satisfies either
o = 0 or a > 0. Then we retain the solution with the minimal objective value.

D The MISLID algorithm

D.1 Initialization

MISLID starts by pulling a deterministic sequence of ¢y arms that make the minimum eigenvalue of
the resulting design matrix V;, larger than 2L2. Since the rows of A span R?, such sequence can be
found by taking any subset of d arms that span the whole space (e.g., by computing a barycentric
spanner [4]) and pulling them in a round robin fashion until the desired condition is met.

In order to get an approximation of the length ¢ of the initialization phase, let us denote oy (M)
the minimal singular value of a matrix M. Let us consider B = {b1,b2,...,b4} C [K],
|B| = d, the barycentric spanner of size d computed on matrix A. Then, if we stopped the
round-robin sampling such that each arm in the barycentric spanner is sampled exactly ug times,
Vie = oY pep @@y - To ensure that V; = 2L%I;, we need uoOmin (Y pep Pudy ) > 2L2.

Let IV(A) := min {omin (X5 @r®y ) | B d-sized spanner of A }. Then up = [%—‘ is large
enough.

We obtain the bound ¢tg < d [%-‘ .

D.2 Projection of the empirical mean onto the set of realizable models M
As done in Equation | in the main paper, we define the set of realizable models as
M:={p=A0+neR" |30 € R e RX |In|l, <eAllA0+q| < M} .

We require our estimates of u to be in this set, but the estimate at time ¢ /i; might not satisfy the
constraint on its £, norm (i.e., ||1¢]| ., > M). We then directly project the empirical mean vector
onto M. Define

5 . 2
(01, 7:) == argmin  [JA0"+ 71 — [l - (6)
gl,n/:A0/+n/€M t
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Lemma 10. Let ji; = Ab, + e,” where (ét, 7t ) are the solution of (6). Then, all the following hold:

~ 2 ~ 112
e — ulldy, <l —Belldy, -

_ 2 N 2
Hotfet < 91&*97:’ )
Vi Vi
2 2
HRNtDIIV/fﬁt - RN,,DJI\//tQUtHQ < RNtD}V/fﬁt - RNtD]l\//f??tHQ )
_ 2 N 2
‘ g, -6l <la, -0l .
Vi Vi
2 2

Proof. The first inequality is easy to check by using p1 € M together with the non-expansion of the
projection in the optimized norm.

The proof of the other inequalities extends Lemma 9 in [40]. Note that, using Lemma 4, an equivalent
formulation of (6) is

~ 2 2
(6;,7,) ==  argmin {HPNtANtQ’ —PNtD]l\,/fﬁtH + HRNtD}V/fn’ _ RNtDJlV/fﬁtH }
0 n': A0’ +n' EM 2 2

= argmin {HG' — 6,
0/ ,n': A0 +1' €M

2
/ —~ 12
Vi + ”77 B Mt”DJIV/fRNtDZlV/f}
This is the minimization of a convex function over a convex set. For any ¢’ € R4, n € RE let
£O) = ’ o — 6,

conditions for convex functions (see, e.g., Theorem 2.8 in [32]), (ét, 7)) are minimizers if and only if
foreach ¢/, 7' : A0’ +n' e M,

2
N )2 . ) . .
v and g(n") = ||n" — 1l DY R, DY Therefore, using the first-order optimality

(Vof(0,),0 —6,)>0 = (6, —0,)TV, (6 —6,) >0
(Vog(i)o —7) 20 = (i — i) TDN R, DY (0 — ) = 0

Note that yu = A6; + 7, thus the orthogonal parametrization (6;, ;) is such that Af; + n, € M.
Thus, (0, 1;) are feasible solutions. This implies

—~ 2 —~ ~ 112 ~ 2 ~ ~ ~ - 2
|=or| = —0i| + |6 e +20 00TVl ~00) = |6 - 0.
Vi Vi Vi f
and
~ 2 ~ ~ 112 ~ 2
||:ut - ntHDle/tzRNtDzl\r/tz = ||:ut - ntHDle/tzRNtDzl\r/f + Hnt - ntHDzl\ftzRNtDzl\r/f

~ 1/2 1/2,~
+ 271 — )T DN Rv, DN (i — 1)
> || = mel 2 12
- DNt Ry, DNt
Rearranging concludes the proof of the second and the third inequalities. To show the last two

inequalities, simply use the same argument by noting that (6, n) is also a feasible solution (since
w=A0+ne M. O

E Concentration results

E.1 Concentration of the linear part

In this section we derive concentration results for

"Note that the equation 0; = 0, mentioned in Section 4.1 in the main paper no longer holds, because we
consider the boundedness assumption p € M = |ju|| . < M
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0, — 0, =]V, 1ATS,

2 2
= — AT

2
Iy,

We rewrite the quantities involved to make obvious that this is the usual self-normalized quantity
from the linear bandit literature [1]:

t t

t
ATS, = Z (XEe = pb) ATey, = Z (XF —yb*) ¢, and Vi = Zéf’ks(bz-s )
s=1

s=1 s=1

We restate here Theorem 20.4 (in combination with the Equation 20.9) of [28], which states a result
due to [1].

Theorem 3. Suppose that for all k € [K],

bklly < L. Forall z > 0and 6 € (0,1],
Ly T2 1 d tL?
Corollary 1. If we ensure that Vi, = x14 (in the sense of positive definite matrices), then

11~
P(3t>t0,2‘9t—0t

2 2
2210g1+d10g 1—&—& <9.
Vi 6 xd

Proof. If V; > xl,; then 2V} = V; + xl; and

~ 2
0, —0 .
t v, Vitaxlg)~!

= [l 4TSl <2]|A7S;
]

The 2log(1/d) term is fine for some steps of the analysis but not for the stopping rule. For the
stopping rule concentration inequality, we need log(1/4).

Corollary 2. Suppose that Vi, = x14. Then

1 1 d tL? 1
>1+log—-+ <1+) 210g<1+10g>) <94.

1 2
Vi ) log(1/4) xd 4]

P(atzto,]oiet

2
Proof. Suppose that V;, = x1; and let y(8) := log(1/8) . For any ¢t > t,

o

2 2 2
v, = [ATSely - < @A OD AT Sy, 45y

Then we conclude by applying Theorem 3. O

E.2 Unstructured concentration

Let W_; be the negative branch of the Lambert W function and let W(z) = —W_1(—e~). Note
that for z > 1, z + logz < W(z) < = + logz + min{%, ﬁ}
Lemma 11. Fort > 1, with probability 1 — 4,

1 —~ 2 —_— 1 e 1
3 Ilize — ,u||DNt < 2KW (QK logg + 3 log(8e K logt)> .

Proof. See [14, Appendix A, Theorem 4] for that form of the lemma, which is a small reformulation
of a result due to [30]. O

The concentration inequality of Lemma 11 is also valid for ||f; — ,uHi,N since the first inequality of
t

Lemma 10 states that || — MHQDM < |la: - MHi,Nt.
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E.3 Elliptic potential lemmas

All lemmas in this section are derived under the following assumption.
Assumption 2. Fort > to, V; = 2L%1,.

In the remainder of the section, we consider w; € AX, for any time ¢ > 0.
Lemma 12. Under Assumption 2, with probability 1 — 6,

t K ; .
Z wa ||¢k||%/;11 < 2tlog5 +dlog <1 + d) )
s=to+1k=1
Proof.

t K t K
2 2
YooYWkl = Y <Zw§|¢kvsll—||¢ks

s=to+1 k=1 s=tog+1 k=1

t
2 2
V) + 2 el

s=to+1
The first term is the sum of a martingale difference sequence with bounded increments

K
2 2
E [wa loelZms — e 2 |fs_1] =0,
k=1

K
k 2
Zws ||¢k”Vs__11 — |k,

k=1
since V,_1 = 2L?I; and ||¢|| < L. By the Azuma-Hoeffding inequality, with probability 1 — 4,

t K 1
3 (wa el s — u%na,l) < \foriog

s=tg+1 k=1

2
| <1.
V, —11 - 1

The second term is an elliptic potential, bounded in Lemma 13 below.

Lemma 13. Under Assumption 2, fort > t,

¢
2 t
Z H¢k5‘|v;11 < dlog (1 + d) )

s=to+1

Proof. Let V.. denote the design matrix using only rounds from s to t. We use Lemma 14,

t t
2 2 t
Z 1, lly-1 = Z 1Pk t2r21,1vig 10 1)1 < dlog (1 + d) :
s=tp+1 s=to+1

Lemma 14. Under Assumption 2, for t > t,
t

Z [Pk,

s=to+1

2 t
(Vf/0+1=-€71+2L2[d)71 S dlog (1 + d) '

Proof. By definition of L, for all k € [K], qﬁkgﬁg < L2],. From Lemma 15 below, we have

t t
2 2
Z ||¢k’s||(Vt0+1:sf1+2L21d)_1_ Z ||¢ks”(Vt0+1:571+L21d+L2Id)_1
s=tog+1 s=tog+1
t
< 2
- Z H(bks (Vig+1:s+L21q) 1
s=to+1

2t
< dlog (1+ d) .
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A general statement (extracted from [13] but widely known, see for example [28]) is

Lemma 15. Let (wy)i>1 be a sequence in the simplex A and x > 0. Let W, := 22:1 ws and
t K
Vv, o= 1 Doket wfjm(ﬁ. Then

L k 2 tL?
Zzws H(i)kH(sz—i-zId)*l Sdlog <1+d) .
s=1 k=1 n

Proof. Define the function f(W) = logdet(Viy + x1;) for any W € (RT)E. It is a concave
function since the function V' +— log det (V') is a concave function over the set of positive definite
matrices (see Exercise 21.2 of [28]). Its partial derivative with respect to the coordinate k at W is

Vif (W) = ll6kllfvny 427,

Hence using the concavity of f we have

K
S Wk 6kl +ary-r = We = Wart) TVaf (W) < F(Wa) — f(War1),
k=1

which implies that

det(Viy, + x1,) tL>
ZZW’“ ||¢k||vwé+z1,i < f(Wy) — f(Wo) = log <M) < dlog <1 + da:) ;

s=1k=1

where for the last inequality we use the inequality of arithmetic and geometric means in combination
with Tr(Viy,) < tL2. O

Lemma 16. Let C' > 0 be a constant. With probability 1 — 9,

1 1
Z Zw 1mln{ Nk1}<C\/2tlog6+K(C’+1+logt)

s=to+1 k=1

Proof. The first term is due to a  martingale argument to  bound

Do <Zk wk | min {C, N+_1} — min {C’, Nl}q}) Then

“*x

-1

(=

< K(C+1+logt).

t N
> min{QNi }<0K+ZH{N’f >0}

s=to+1 s—1 k=1 J

1

E.4 Martingale concentration

Lemma 17. Let ;i € M (with upper bounds M and €) and Z4()\) := (i¥s — \Fs)2 — Epow. [(1F —
\¥)2). For any §' € (0,1),

]P’{Ht >1: sup Zs(N\)

xeM |

> r(t,é’)} <4,

where

6(M +¢)Lt

VI(4)

I'(A4) := max,eAx Omin (Zi(:l wkgbk(b;), and omin (M) is the minimal eigenvalue of matrix M.

t 4¢2
r(t, ) = 2M? 3 <1og 5 + dlog + K log max{4et, 1}> +2+8M,
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Proof. First note that w; is Fs_1-measurable. Thus, for any fixed A,

E[ZsN)|Fsmr] = E[(1" = X*)?|Fomt] = B [(1° = N)?] =

which implies that {Z,} s> is a martingale difference sequence. Moreover, it is easy to check that
|Zs(\)| < 4M?2. Unfortunately, we cannot directly use this martingale property to concentrate the
desired term since ) is adaptively chosen as a function of the whole history up to time ¢. As a solution,
we shall use a covering argument on the whole model family M.

Suppose that we have a finite £-cover M, of M, i.e., for any A € M, there exists A € M such that
[IA = Alloo < &. For such a couple (A, \), this implies that, for any s > 1, k € [K],
(1 = X9)? = (" = )2 = | O = AP + 206" = X)) A — A)|
< (A = A2+ 20 = Xel A — M| < €2 +4ME.
Moreover, using this bound in the definition of Z,(\),

t t

Z Zs()\) - Z Zs(j‘)

s=1 s=1

< 2t + 8tME.

Let h(t) be some function to be specified later. With some abuse of notation w.r.t. the derivation
above, we shall instantiate a different &;-cover for each time step ¢. Then
h(t)}

t
Zs(\) £ Zs(A
s=1

PIRACY )| >

> h(t)}

€

P{thl:sup sup ot
€ £t

>h(t)} —IP’{EItZ 1: sup inf

t

> ZoN) = Za(N)

s=1

A
(a) ¢

M
<Pq¢It>1: sup Zs(\)
{ ;\E/\;lgt 2::

+ sup _inf
AeM AEMe,

—~
=
=

s=1
P € Mg, : ZZS(;\)

i%{;

where (a) follows by the triangle inequality, (b) from the property of the cover, and (c¢) from
the union bound and the fact that the cover is finite. Let §; € (0,1). If we choose h(t) :=

2M?2,/ % log(2/4;) + 21€,% + 8tME,, using Azuma’s inequality, each probability in the sum above

’

IN

t>1, €

> h(t) — 2t&° — 8tM§t}

—
I/\g

—2t&,% — 8tM§t}

is bounded by ;. Hence, choosing d; :=

> 3 rfs 20

t=1 XEMe, s=1

2| Mg, [t2°

o0 5/
> h(t) — 2t&° —Stht} <> <0,
where the last inequality can be verified easily. Therefore, putting everything together, we proved that

IP{EItZl: sup iZ()\)

reM |

4 M, |t

2
> 2M 21 5

+ 267 + 8tM§t} <.

It only remains to build the cover, compute its size, and specify the value of &;. Recall that each
model A € M can be written as A = A0’ + 7/, where ||1)/||c < € and [|A]lcc < M. Using Lemma

28 below, we have that ||0'||s < B := Nlﬂ J(rj) . Then, we can build two separate covers for the linear

and deviation parts. Specifically, we build a &; /(2L)-cover M™ in £5-norm for the linear part and a
& / 2-cover /\/l“‘eV in ¢.-norm for the deviation part. Then, we take the full cover as the (finite) set
My :={A=A0+7:0 € M i € MV}. With this choice, we have that, for any A = A0’ + 1/,
there exits A € M, such that

IA = Aloo = [[40" + 1" — A0 = 7]|oc < L0 = Oll2 + I — 7l]lc < &-
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Let us compute the size of the cover M,. It is easy to see that this is [M;| = |MU?|| MeV|. For the
linear one, it is known that the &; /(2L)-covering number (in /2-norm) of a ball in R¢ with radius
B is at most (6LB/&;)?. For the deviation, we can have a & /2 cover in {,-norm with at most
max{(4e/&)%, 1} points, where the maximum is to deal with too small values of € (e.g., € = 0).
Then, the final cover has size at most | M| < (6BL/&;)% max{(4e/&;)%, 1}. Setting & = 1/t, we
get the desired bound. O

F o-correctness and sample complexity analysis

F.1 Correctness

We prove Lemma 3 in the main paper, restated below.

Lemma. Let W_; be the negative branch of the Lambert W function and let W(x) =
—W_i(—e %) =z +logz. Foré € (0,1), define

Bis = 2KW ( log % + = log(8eK log t)) @)

2

= <4xfs+f\/1+log +<1+ (11/5)>dlog< Jdlogtls>>- (®)

Then, for the choice B; s := min{3}'5°, h“} MISLID is d-correct.

Proof. d-correctness is composed of two properties: stopping in a finite time with probability one
and verifying, for all instances p € M, P(S,,, € S*(11)) < 4. The fact that the stopping time is finite
almost surely is a consequence of the sample complexity bound (see further down in this section).
We now prove the bound on the probability of error in identification.

We first relate the event that the algorithm does not return a correct answer to a large deviation, by
writing that for the algorithm to make a mistake, there must be a time at which the stopping condition
is met and /i, is in the alternative to p:

P(Spm € S* () <P (Ht eN, Ae[ixnf(ﬁ : Il e — )\||%Nt > 2815 N it € Am(/,b)) .

m

If the two conditions of the right-hand side happen, then p € A, (fi;) and we get

P(Sm & 5*() <P (3t EN, i - plh,, >28us) -

It then suffices to prove that we have both

1
P(ﬂteN,Qnut il >6hn)sa/2, ©)

1
and P <3t €N, 3 i - ulhy, > 5““) <5/2. (10)

The result for (10) is Lemma 11 (and the remark below that lemma stating that it applies to ji;). We
now prove the concentration inequality using the linear term (9).

let 9}}5 and 7, . be parameters for i, with |7, .|| < &, which exist since fi; € M. On the other hand,
let 8; and 7); be the orthogonal parameters of ji; with respect to NV;.

i — el Dy, = 1A — 0) + it — llDy,
< A(Or.c = ) pw, + it —nllx,
= 10.c — Ollv, + 17ie,e — Nl oy,
< [0, = Ocllv, + 118 = Ocllv, + 10 = Ollv, + 17it.c = nll oy, -
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Lemma 6 bounds the first and third terms by v/Z¢. The last term is bounded by v/#||7;.c — 7|00 < 2V/te
since both vectors have ¢, norm bounded by €.

Finally

1 . 11~
P (e, J - ulh,, > oi%) <P (sem 15 -0

> 5 (/20 - aVEEP) < o2

O

by Corollary 2.

F.2 Restriction to a good event

Assumption. We start by pulling arms deterministically until ¢y, such that V;, > 2L%1,. See
paragraph “Initialization phase” in Subsection 4.1 in the main paper.

Definition of the good event. For ¢t > t( and k € [K], define

lin .__ 2 i uns ,__ T i 3 1
oy " = log(5t%) + dlog (1 + ol 2KW 5K log(2e5t”) + 5 log(8eK logt) | .

1

Consider the following events. Each of these holds with probability at least 1 — =

concentration result.

by the indicated

1. Concentration of the projected linear part (Corollary 1)

2 I
< atm )
VS

2. Unstructured concentration of the projected estimator (Lemma 11)

0, — 0,

1
1 = > =
g {vs >t 5 |

1, 2
et o= {us < gl - ulfy, <t}

3. Martingale concentration for sampling (Lemma 17)

& .={ su
t {@12

s=1

where r(t) is obtained by setting §' = =z in r(t,d’) in Lemma 17, which yields

6(M +¢)Lt

VI(4)

4. Elliptical potential with sampling (Lemma 12)

t K
t
& = { Yo > Wb okl < /2tlog(5%) + dlog (1 + d)} ;

s=to+1 k=1

t
r(t) = 2M> 3 (log(4 x 5t*) + dlog + K log max{4et, 1}) +248M.

5. Elliptical potential with sampling for the unstructured bound (Lemma 16)

t K
2 uns
£ = { > > whmin {4M2, A‘;‘lj } < AM?\/2tlog(5t2) + AM?K + 2K o)™ log(et)} :

s=to+1 k=1 s—1

Then, we define the “good” event &; := ﬂle &L
Lemma 18. Forallt > 1, P(EF) < 1/t%.

Proof. Apply an union bound by noting that each event &; fails with probability at most 1/(5t2). [J
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Lemma 19. Let T;(6) € N be such that for t > Ty(0), & C {15 < t}. Then E[rs] < Tp(d) + 2

Proof. Successively using the definition of 7; () and Lemma 18:

+oo
Z]P)7—5>t <CZ—‘0 Z IP) <1—‘0 Z*<1—‘0 2
t=0 t=To(9)

Consequences of the good event.
Lemma 20. Fort >ty and k € [K], define

k= min{S(LK—i—l) +4ahn|\¢k||v L, e Nk ,4M2},

where we use the convention that 2o /N k oo if NF = 0. Then under &;, for all s €

{max{ty,Vt},...,t} and k € [K], (i* — p¥)? _g

. 2 .
Proof. We know that % |6, — 0, < ol holds for all s > to by definition of £&'. For s >

t

. . . 2 4
max{to, vt} we also have olif' > o}, hence 3 ‘ s|| < ol Using first (a+b)? < 2a+2b?
) Vi

then the Cauchy-Schwarz inequality on (V5 1z or) " (Va vy *(fs — 0,)) and Lemma 5,

~ ~ 2
(% = 1*)* < 206 (05 = 0,))* +2(7% — n¥)* < 2| delly, - ||0s — O , T8(LE+ 1)%?

< 8(LK +1)% +4ahn plly -1 -

Moreover by definition of £7, forall s < ¢, 1 ||z, — quDM < ay™ . For s > max{to, v/} we have

uns uns 15 2 uns
o™ > ™, hence 5 ||fis — pllp, < o . Therefore,

2auns
~ ~ 2 ~ 2 2

(7 = 1")* = (e (1 = 1))* < lexllpsr I = sllpy, < 5
S

Finally, (5 — 11%)? < ||fis — ]2, < 4M2. m
Lemma 21. Forallt > 1, under the good event &;,

Vs € {to,to+ 1,1} : ||fis — pll Dy, < f(2) = 2min{o}™, o™ + 26(LK + 1)},

— u||2DN. < 2a™ directly follows from the definition of £2. To see

the second inequality, we first decompose the norm on the lefthand-side into its linear and deviation
components

2 2
s v + HRNSDJI\{fﬁs _RNS ]1\/{2775

~ 2
s — plp,, =

The deviation part can be bounded by 4t(LK + 1)22 for all s < t using Lemma 5. The linear part
can be bounded by 2a}™ for all s > t( by the definition of £} O

F.3 Analysis under a good event

Fix any time step ¢t > to. Suppose that the good event &, of Section F.2 holds and the algorithm does
not stop at time ¢. We proceed in different steps.
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Stopping rule analysis.

Theorem 4. If the algorithm does not stop at time t then under &, using stopping threshold B; 5 as
defined in Lemma 3 in the main paper,

28¢5 > inf - A 2 — hs(t) —r(t) .
t,6 Z Ael () ||,u HDwt 5( ) 7”( )
where

o hs(t) = \/8Busf(t) + f(t), with f(t) a bound on ||y — ﬁt||%Nt (see Lemma 21)

)
VT(4)

and W, := ZZ<1 wy IS the sum over time of the weight vectors played by the learner.

o r(t) = 2]\/[2\/; (log(4 x 5t4) + dlog SMELL 4 [l max{4et, 1}) +24+8M

The proof of this theorem is detailed in Steps 1 to 3 below.

Step 1. From A, (fi;) to A, (1),

Lemma 22. Forall u, 1 € M, for any non-negative function f : RE x RX — R with f(x,z) =0,
inf ,A) > inf JA) .
ot flpA) = et S, A)

Proof. Either A,,(1) = A, (') and the two expressions are equal, or Ay, (1) # A, (1'). In the
second case, it € A, (). The right-hand side is then equal to zero, which is lower than the left-hand
side since f is non-negative. O

Since the algorithm does not stop at time ¢, from the stopping rule
285> inf i — A5,
fus = | _ink i =Ml

m

where A, (fi;) is the set of alternative models to ji;. We change the alternative set over which the
minimization is performed using Lemma 22:

28, s> inf |, =A% > inf @ = A5 . 11
Bi,s = Ae/{g,(ﬁt) I| e ”Dm > AE}\I}W(M i ||DNt (11)

Step 2. From ji; to 1. The next step is to replace the estimated mean fi; in the norm with the true
mean . For all A € M, using the triangle inequality,

e = My, = = Mlpy, — i = #ll s, = Il = Ay, — VI
where the last inequality uses Lemma 21 to concentrate ||fi; — u||%Nt. Using this for the specific
choice of Ay € argminygy () [l — )\||%Nt in combination with (11), we obtain

(VBB + VTD) 2 =My, = 285> \oinf e = Al —hs(), (12)
where hs(t) := \/8B:sf(t) + f(t) is a sub-linear function of both ¢ and log(1/4).

Step 3. From N; to W;. We now show that it is possible to replace N; with W; := Zi:l w; in the
norm at the price of subtracting another low-order term. Let Z,()\) := (u*s — \F)2 — Ep o, [(1* —

2 2
AF)2). Note that [|[u = Allp,, = Yooy (uF = M) and |l = Allp,, = oy lu— Al
22:1 Epmw, [(1* — A¥)2]. Therefore, from (12),

N 2 2 2
205> inf (1= Ay, = =My, + = A, ) ~hs(t)

m

2 J—
Do, —

t
—  inf 12 7 .
ot (HM My, + s(A)> hs(t)

s=1
t

D PRACY

> inf ||,u—)\||2DW — sup — hs(t) .
) oxeM i

T AEA L (1
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Using the good event £, we can finally write
284 5 > inf - A 2 — hs(t) —r(t 13
t,6 = Aelm( )||M ||Dwt s(t) —r(t), 13)

which ends proving Theorem 4.

Sampling rule analysis. Let H,, = sup,ca infyen,, () 5 [l — )\||%w (the inverse complexity
at p1). In the first part of the sampling rule analysis, we introduce the optimistic estimates ¢;(w)
mentioned in Algorithm 1 in the main paper, which will be used by the learner for wy.

Theorem 5. Let (fis)s<; € MU be estimates such that under &;, we have a bound c* on (¥ — 1i*)?
forall k € [K] and s € [t]. Then define the optimistic estimate

K 2
gs(w) == Zwk (’/1’;1 — )\];| + \/cfjl) where \g := argmin |[fis—1 — )\||%ws .
k=1

)\EAm(ﬂs—l)

Under &,

t

inf A > s(ws) — 4C, — 4/2tCH,, ,
AeAm(u)HM ||Dwt = S:%:Hg( ) t Gt

i B K = k.k
with Cy := 3 11> peq WeCo1-

The proof of this theorem is detailed in the Steps 4 to 7 below. Once this result is established, we will
use the regret property of the learner to exhibit the final bound (Steps 8 to 10).

Step 4. From A,,(u) back to A, (fis—1) for s € [t]. We now start moving from
infyen,, () I — /\”%w, to the actual gain fed into the online learner at time ¢. We first need

to go back to the estimated set of alternative models at each time s = 0, ..., — 1. We have
t t
inf A%, = inf “AE > inf 7 (14)
NS I C 0 DI T - D TN VR
t
> inf A5, 15
22 et e Al, 09

where the first inequality follows by the concavity of the infimum, and the second one is an application
of Lemma 22.

Step 5. Drop the first rounds. The first ¢y rounds are dedicated to making sure that V; is sufficiently
large (for the partial order on positive definite matrices). Also, our upper bounds on the deviation of ji;
from ¥ are valid from max{tg, v/#}. We define t{(t) = max{t, v/t}. We drop the corresponding
nonnegative terms from the sum to keep only the rounds for which ¢ is large enough:

t t
>oooif o flu=AG > > inf - Ap, -
= AEA (ls—1) s o=t (D)+1 AEA (fLs—1) s

Step 6. From p back to fi;_; for s € [t]. We can now use the concentration of fi5_; to replace
win all terms ||y — )\H2Dw for s € [t]. Let A\ := argminyen (a0 — )\Hsz . Using first the

triangle inequality, then the inequality |ja — b|| > ||a|| — ||b]| for an £2 norm in dimension ¢ — t{(¢),
¢ t 9
w2 ~ 7 ~
Sole=Xh, = Y (M= Mlp,, = Aillp,)
s=t} (1) +1 s=t} (1) +1
¢ ¢
- 2 ~ 2
SO S [ VS B S /PRy Nt
\ s=th (t)+1 s=th (t)+1
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We now remark that Zi:t(,)(t) I ,uHi,w < Cy and get, by the definition of A\~

t t
S =Ml VG2 | e = M, (16)
s=t{(t)+1 s=t{(t)+1
t
> > inf s = A, - (D
=it (41 AEA (fis—1) s

Step 7. Optimistic gains. We now replace the term on the right-hand side in (17) by the optimistic
gains fed into the online learner. At time s, we define optimistic estimates

K 2
)= Zwk (‘ﬁlgl =X+ C?—l) where A, := argmin ||fi;—1 — )‘HD
k=1

AEAm (fis—1)

Lemma 23. Forallw € Ag and s > t((t), gs(w) > infxep,, (u) |1 — )\||sz

Proof. Forall k € [K], s > t)(t), and A € RX, using Lemma 20 (to write (u* — g% _ )2 < ¥ )

(1 =A%) = (kg = AP b = )T < ([ = AR [t = )
2
< (|ﬂ]§1 =My Clsc—l) :

Then, for any w € Ak, by noticing that function f : A —

SR Wk <|/]’§_1 - )\k’2 + 2|k — AF| ,/c’s“_l) is nonnegative and that f(7i* ;) = 0:

K 2
S (|ﬁ’§1 — M+ )
k=1

2

“k Kk / Kk
)\GA lts 1)Zw (’/’Ls—l A ‘+ cs_l)
~k k|2 ~k k| |k

k=1 fo- 1+AeA,1,LI%£& I)Zw <|M5_1 M2 = CSl)

K
2> whda kot zw (152 - AP 2y = a0 )

(du o Lemma 22)

2
)\Ell\nf Zw ( 1—)\k’+\/c§_1>

[ij

> inf Z w u — )\k (using the previously derived coordinate-wise majoration)
A€A, (N)
= A
ok = I,
O

We now prove an upper bound on g,, (w), which will be useful later.

Lemma 24. Forall s >ty and all w € Nk, gs(w) < 36 M?
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Proof. Using the definition of cf,k € [K],t > 0 in Lemma 20, and y, \s € M: gs(w) =

2 2
K ~ . K . . K 2
S et ([ = M feb ) < 3wk (k= M2y feb ) < 3wk (6M)° =
36M2. O

We have proved that the estimates are indeed optimistic in the sense that they are an upper-bound
to the value of interest, as mentioned in paragraph “Optimistic gains” in Subsection 4.1 in the main
paper. We now bound by how much they overestimate the empirical value.

Lemma 25.

t t

DR N e = D DR ACO RS (18)
s=tp ()41 e s=tl (t)+1

Proof. We start by a bound for a single s € N. Using the triangle inequality for an {2 norm,

K 2
gs(ws) = Zw{f <|ﬂ§—1 - /\ls€| + 4/ Cf—l)
k=1

K K
<\ZW§ (:a’;fl_)‘]sc)Q‘F Zw?c’;fl.
k=1

Reordering this inequality, we get

inf e 1 — A5 >
AeAmms_l)““S 1= Al 2

Then, summing over s € [¢((t) + 1,¢] and using |la — b|| > ||a|| — |10

t

> inf |1 = Allp
sty 41 A (emr) 5

\%

vV

s=th(t)+1 s=t} (t)+1 k=1

Summary of Steps 4 to 7. Putting together Equations (15), (17) and (18), we proved that under
event &, for estimates (fis)s<; such that we have a bound ¢ on (@¥ — p*)? for all s € {t{(t) +
1,...,t}and k € [K],

t

\/ inf flu = A, 42V > e

AEA "
m(p) smth (D41

Note that infyep,, () |l — )‘”?Dw,, < tmaxgea, infyen,, ()l — /\||%w = 2tH,,. We then get

t
oinf = Mpy, = D gs(ws) —4C — 44/2C,H,,,
€Am () s=t}(t)+1

which ends proving Theorem 5.
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Step 8. No-regret property. The first ¢y rounds are used to initialize our algorithm. After that, we
use a learner with small regret. We will bound the gains between ¢ and t)(t) = max{to, v/t} by
36M? (see Lemma 24). We use the regret bound of the learner (refer to Definition 2 in the main

paper) to get that, for some additional low-order term Cz (K, B)+v/t, and by combining Theorems 4
and 5:

t
285> Y. gs(ws) — hs(t) —r(t) — 4C; — 4\/2C,H,
s=t}(t)+1
t

> > ge(ws) = hs(t) = r(t) — 4C, — 4,/2tCH, — max{V/t — to,0}36M>

s=tp+1
t
> max gs(w) — hs(t) — —4C, — 4,/2tC:H,, — Cr(K, B Wt
wEAK
s=tg+1

— max{/t — to,0}36 M? .

A specific upper bound on the regret for the learner AdaHedge used in the implementation of MISLID
is mentioned in Lemma 27.

Step 9. From the optimal gain to the lower bound value. Finally, we can relate the optimal
optimistic gain of the learner to the value of the lower bound. Using the optimism (Lemma 23),

a > ma inf — M5 = (t—to) max inf — N
max gs(w) 2 max ot I = Allp, = (t = to) max ot lw—Allp,
s=to+1 s=to+1

= 2H,

Step 10. Computing the sample complexity. We thus have obtained an inequality of the form

2B:.5 > 2tH, — hs(t) — r(t) — 4C, — 4y/2tCH,, — Cc(K, B)Vt — 2toH,,
— max{vt — to, 0}36M ,

from which we can obtain the desired sample complexity bound. Remember that

. 515,5 = min{622b7611n}

o 7(t) := M? \/2t <log(4 x 5t4) + dlog SMEILE 4 [ 1og max{4et, 1}) +2+8M

ool
= /8Bsf(t) + f(1)

. f(t) f2m1n{oz“ns o™ 4+ 2¢(LK +1)%e?}

where:
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2¢ 1
15 = 2KW <log 5 210g(8eKlogt)> ,

2
ﬂgg (4\[€+\f\/1+10g(15+<1+ (11/5)>d10g<1+ dlogé)) ,

) — 1 ;
o™ = 2KW ( log(14et®) + 3 log(8eK log t)) = By %ses

ol = log(5t%) + d10g<1 + Qd)

2auns
¥ ;= min {8(LK +1)%e% 4 4alip ||¢k-H%/;1 , Nt;,4M2} ,
t

Cy:= Z wa P <8(LK +1)%%t + 2o <\/2t10g(5t2) + dlog (1 + 2)) ,

s=to+1 k=1
Cy < 4M?\/2tlog(5t2) + 4M?K + 2K a9 log(et) .

Combining this bound with Lemma 19 proves Theorem 2 in the main paper.

F.4 Using several estimates

If we employ two sets of estimates, with corresponding optimism functions (g:(w));e(1,2; and
bounds ¥ , we get fori € {1,2},

1,87

t
inf ~ M2 > max ; we) — 4C¢ — 44/2tCIH
N (1) [l ”DM = iefia) (8%;19 (ws) t t u)
t

> I i i
=Y Len{lig}g( 5) ier?}g}(40t+4\/2t0tffu>,

s=t{(t)+1

where the quantity Cf is similarly defined as C;, with respect to gains g;.

Since the minimum of concave functions is concave, gs : w — min;c 1,23 g'(w) is concave (which
allows the use of a regret-minimizing algorithm, see Subsection F.6). It satisfies the inequality of
Lemma 23 and its gradient is the gradient of g (w) for i* € argmin,. (1,2} gt (w).

F.5 Aggressive Optimism

If we are happy with an algorithm which is within a factor 2 of the lower bound for the log % term

instead of insisting on a factor 1, we can use a different, more aggressive optimism. Take

s(ws .—QZw — A2 4k ) where Ay := argmin |[|fis_1 —)\||D
>\€A7n(ﬂs 1)

The main difference is that the term added to (ji%_; — \¥)? is of order c¥_ instead of .Inan

unstructured bandit, that means 1/N[ instead of 1/4/NF. Let us prove the counterpart to Lemma 23
for these new gains:

Lemma 26. Forallw € Ay, gs(ws) > infaex,, () [l — )\||%W.
Proof. Forall k € [K] and A\ € RE, using Lemma 20

(1" = N2 <2y — A+ 20k — pl_)? < 2(pk_y — NP 2¢f,
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Then, since w € Ag

2
2Zw NP ) 3 S - AR = A, > N TR
k 1 m

Then, using Lemma 26 and the definition of A,, we have

K
gsw) =2 inf I = Allp, = Y wh [2(5, — A7 +2¢b, — 25k — MY
k=1

XA, (fis—1)
K
k k
WsCs—1 -

So now we can prove a counterpart to Step 7 in the proof of Theorem 5:

t

. ~ 2
S i [ - A

s=to+1 AeAm(ﬂs—l)

1 < 1 <

~ ~ . ~ 2

=3 9s\Ws) — = gs\Ws) — 2 inf Ms—1 — A )

25:%;-1 o) 2s§1< (1e) AeAm(ﬁs,l)” ”Dws

1 t
Z 5 As(ws) - Ct

s=to+1

F.6 Regret of AdaHedge

Lemma 27 ([10]). On the online learning problem with K arms and gains gs(w) := 3¢ (] wkUE
for s € [t|, AdaHedge, predicting (ws) e[y, has regret

Rt = max ng gs(ws) < 20\/m+ 160(2 + 1Og(K)/3) ’

wWEAK

where o := max <max U — min Uf)
s<t ke[K] s ke[K]

We recall here the “gradient trick”, which we can use to employ AdaHedge on any concave gains.If
for any time ¢ > 0, the loss function ¢; at that time is convex, then for all w € Ak,

t
Zét OJt - ft Z wt - (4.) Vﬁt(wt)

Running a regret-minimizing algorithm with loss /;(w) = w " V4;(w;) then leads to a regret bound
on Y.

F.7 Technical tools
Generic bounds on vector norms.
Lemma 28. Let 0 € R%, n € RE be such that ||n|| < e and | A0 + ||, < M. Then

M+e
0]l € —=—=,
I'(A)

where I'(A) := max,eA ;. Omin (Zszl wqukqb,I), where omin (M) is the minimal singular value
of matrix M.
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Proof. For A := Af + n with ||n|| , <eand ||A|| <

Af = 0 > |0 i 19
1400 = s 10001 2 190 o, peg el 1

using that the value for 6/ |||, is larger than the minimum over v € R? with ||ul|, = 1. On the other
hand, successively using the triangle inequality and the boundedness assumptions,

140 < A0 +nlloo + lInlle < M +¢. (20)
Note also that
2
= i c > mll’l )
werdil, =1 FETy |7 [on wERull,=1 e A luliste, wroner) Pt (kzl“’ ¢’f¢k>
=T(A)
2n

where the inequality stems from the min-max theorem (prin A})le for singular values). Finally, by
combining the three inequalities (19), (20) and (21), ||0]|, < R

O

The term I'(A) depends only on the set of linear features {¢x } ¢ |- In the unstructured case (where

¢r = ex), we have I'(A) = +. However, in a structured case with d < K, I'(A) can be much

smaller. For instance, when A contains the canonical basis of R?, we have I'(4) > é.

G Experimental evaluation

G.1 Computational architectures

Experiments on simulated datasets (Experiments (A), (B), (C)) were run on a personal computer
(processor: Intel Core i7 — 8750H, cores: 12, frequency: 2.20GHz, RAM: 16GB).

Experiment (D) was run on a personal computer (processor: Intel Core i7 — 9700K, cores: 8,
frequency: 3.60GHz, RAM: 16GB).

Experiment (E) was run on a internal cluster (processor: Westmere E56xx/L56xx/X56xx
(Nehalem—C), cores: 24, frequency: 3.2GHz, RAM: 155GB).

G.2 License for the assets

Experiment (D). The drug repurposing dataset for epilepsy was proposed in [35], and made publicly
available under the MIT license.

Experiment (E). The original dataset Lastfm is publicly available online at
https://www.last.fm/ under CC BY-SA 4.0.

Experimental code. The code hosted at https://github.com/clreda/misspecified-top-m
is under MIT license.

G.3 Extracting representations from real datasets

We describe in detail the procedure we adopted to extract misspecified linear representations from the
real-world datasets of Experiment (D) and (E). In both cases, we adopted a very similar procedure
based on training neural networks as the one used in [34]. We describe all its steps for the sake of
completeness.

Step 1. (Data preprocessing) First, we start from preprocessing the raw data to obtain a dataset
containing tuples of the form (¢, x), where ¢ € R? is an arm feature and = € R is a reward. The drug
repurposing dataset used in [35] (hosted on their repository) is already available in this form, with a
total of 509 arms representing different drugs, d = 67 features representing genes, and, for each of
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them, 18 reward samples representating the responses of 18 different patients to such drugs. Out of
those 509 arms, we filter out those which outcomes are unknown (associated “true” scores are set
to 0, according to the file of scores available on the same repository). Then 175 arms (representing
either antiepileptics, with score equal to 1, and proconvulsants, with score equal to —1) are left.

On the other hand, the Last.fm dataset is in a different form; it contains information about the music
artists listened by each user of the system. As done in [34, Appendix F.4], we first preprocessed
the data by keeping only artists listened by at least 120 users and users that listened at least to 10
different artists. We thus obtained U = 1, 322 users and A = 103 artists. The result is a matrix in
RUxA4 containing the number of times each user listened to each artist (which we treat as reward).
We then extract user-artist features by applying low-rank Singular Value Decomposition on this
matrix and keeping only the top 80 singular values. This yields U d-dimensional user features, and A
d-dimensional artist features, where d = 80. The final user-artist features are the concatenation of the
two, which yields a dataset with U x A tuples (¢, z) € R? x N in our desired form.

Step 2. (Neural-network training) For both datasets, the second step consists in training a neural
network to regress from ¢ to x. First, we split the datasets randomly into 80% training set and 20%
test set. Then, we train a neural network with two hidden layers of size 256, rectified linear unit
activations, and a linear output layer of 8 neurons. We obtain an R? score on the test set of 0.92 for
the drug repurposing data, and 0.85 for the Last.fm one.

Step 3. (Extracting a linear representation) Finally, we extract a linear model from the trained
neural network by taking, for each input ¢ € R? in our data, the 8-dimensional features (i.e.,
activations) computed in the last layer together with the corresponding parameters. When specified, a
subset of arm features is considered instead of the whole dataset. Then, in that case, we apply a lossless
dimensionality reduction to make sure these features span the whole space. The reduced features are
the one we feed into our learning algorithms (Experiment (D): d = 5, K = 10; Experiment (E.i):
d = 8, K = 103; Experiment (E.ii): d = 7, K = 50). Moreover, we compute the maximum absolute
error of this linear model in predicting the original data, and use that as a proxy for €.

Note that, since the Last.fm data is in the form of user-artist features and, in our problem, we consider
the artists only as arms, the representation we select for our experiments is obtained by choosing a
user randomly among the available U = 1, 322 ones.

Moreover, in Step 3, we apply a dimension reduction procedure on features to ensure the fea-
ture matrix is not ill-conditioned, at the cost of increasing the norm of misspecification . This
is needed in order to reduce the length ¢y of the initialization sequence ; remember that in

Appendix D.1 we showed that ¢y is upper-bounded by quantity d [%—‘ where ITV(A) :=

min {Omin (X pep Pr®s ) | B barycentric spanner of A of size d} crucially relies on the condition-
ing of A. How much misspecification is required to improve the conditioning of the matrix is an open
question (which has also been raised in other recent works [34]). Ideally, one would want to learn a
representation of the data which balances those two effects, but we leave such a method to future
investigations.

G.4 Numerical results for sample complexity

Table 2: Statistics (mean = standard deviation rounded up to the next integer) for Experiment (A).
Names are similar to those in the first two leftmost plots of Figure 1. Values are averaged across 500
iterations. LinGapE is not d-correct in the setting where € = 5 (with § = 0.05).

Sample complexity  LinGapE MISLID
e=0 577 £ 348 890 £ 546
e=5 553 £536 5,156 £ 3,629
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Table 3: Statistics (mean =+ standard deviation rounded up to the next integer) for Experiments (D)
and (E). Names are similar to those in the plots of Figure 2. Values are averaged across 100 iterations.
Note that LinGapE is not d-correct (with § = 0.05) in Experiment E.

Sample complexity LinGapE MIisLID
Experiment D 21,593 £+ 8,296 42,751 £ 13,942
Experiment E 10,907 £ 4,474 289,703 £ 185,205

G.5 Tricks to reduce sample and computational complexity on large instances (D) and (E)

In large instances (more particularly on our real-life datasets in Section 5 in the main paper), the
number of arms can be large, and the theoretically supported version of the algorithm MISLID might
become too slow. Based on our experiments, we have decided to change some parts of the algorithm.

No optimism. As shown in the rightmost plot in Figure 1 in the main paper, empirical gains (i.e.,
without any optimistic bonus) actually considerably improve sample complexity.

Restriction of the set of arms used in the sampling rule. In order to compute the gains which are
fed to the learner, MISLID needs to compute the closest alternative, which implies solving m (K —m)
quadratic optimization problems, one for each pair of arms (¢, j), with # among the m best arms and
7 among the K — m worse arms (as defined in Theorem 1 in the main paper). We observed that
the majority of arms never realize the minimum over (4, ) of the distance to the alternative, and in
hindsight they could be ignored. We mimicked that behavior by only considering a subset of arms
at each step. We kept m + d arms in memory, consisting of the recent argmins 4, j for the closest
alternative model, and sampled d more among the K — m worse arms. The resulting set of at most
m + 2d arms is then used to compute the closest alternative. The gain in computational complexity
is large when K >> d, since we solve m(m + 2d) minimization problems instead of m(K — m).
We don’t use that trick to compute the stopping rule, since we would not be guaranteed to preserve
d-correctness.

Geometric grid for testing the stopping rule. Instead of checking the stopping criterion at each
learning round of the algorithm, we suggest testing it on a geometric grid (that is, testing it for the
first time at ¢1, and then retest it at ¢, then at q/2t1, etc. where 1 < v < 1.3 in practice), and restrict
the computation of the stopping rule to a random subset of arms. In our experiments, we have actually
used v = 1.2. When using the geometric grid, we can obtain a sample complexity bound of the same
form as in Theorem 2 in the main paper, except that Tp(9) is replaced by y7T(9).

Together, the sampling and stopping rule changes reduce the time needed to complete a run of the
algorithm by a factor 29 on Experiment (D), while increasing the sample complexity by a factor 1.2
(refer to Table 4, comparing algorithmic versions named “AdaHedge” and “Default”). See the middle
plot of Figure 3 for a comparison of the sample complexity.

Table 4: Statistics (mean =+ standard deviation rounded up to the next integer) for Experiment (D),
with different versions of MISLID. Names are similar to those in the center plot of Figure 3. Values
are averaged across 100 iterations.

Per run AdaHedge Greedy Default

Average runtime (in sec.) 69 + 20 76 +£ 178 1,993 + 1,311
Average sample complexity 51,965 £ 15,260 52,108 £ 125,230 42,751 + 13,943

We have also tested another learner which is less conservative than AdaHedge, to check if this
improves sample complexity (note that we did not show any experiment using this trick in the main

paper):

Change of learner. We replace AdaHedge by a Greedy/Follow-The-Leader learner combination for
the computation of (w¢, A¢).
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Figure 3: Comparison between default MISLID, modified MISLID using learner AdaHedge, and
modified MISLID using learner Greedy (Experiment (D) (left), Experiment (E)). Unfortunately, one
outlier in the runs using learner Greedy in Experiment (D), above 1, 200, 000 rounds, would prevent
the readability of the plot if figured. To overcome this issue, we have cropped out the y-axis above
200, 000 in this plot.

We have run three versions of MISLID on the dataset of Experiment (D): the default MISLID, the
modified version with learner AdaHedge, and another modified version with the Greedy learner. We
have also launched the latter two on Experiment (E). See Figure 3.
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