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NONSMOOTH MEAN FIELD GAMES WITH STATE CONSTRAINTS

SAEED SADEGHI ARJMAND AND GUILHERME MAZANTI

Abstract. In this paper, we consider a mean field game model inspired by crowd motion
where agents aim to reach a closed set, called target set, in minimal time. Congestion
phenomena are modeled through a constraint on the velocity of an agent that depends
on the average density of agents around their position. The model is considered in
the presence of state constraints: roughly speaking, these constraints may model walls,
columns, fences, hedges, or other kinds of obstacles at the boundary of the domain
which agents cannot cross. After providing a more detailed description of the model,
the paper recalls some previous results on the existence of equilibria for such games and
presents the main difficulties that arise due to the presence of state constraints. Our main
contribution is to show that equilibria of the game satisfy a system of coupled partial
differential equations, known mean field game system, thanks to recent techniques to
characterize optimal controls in the presence of state constraints. These techniques not
only allow to deal with state constraints but also require very few regularity assumptions
on the dynamics of the agents.
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1. Introduction

Mean field games (MFGs for short) were first introduced around 2006 by Lasry and
Lions [46–48] and independently by Caines, Huang, and Malhamé [38–40], motivated by
problems in economics and engineering and based on some previous works on games with
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infinitely many players, such as those from [4, 5, 43]. MFGs are differential games with
a continuum of players, assumed to be rational, indistinguishable, individually negligible,
and influenced only by some “average” behavior of other players through a “mean-field
type” interaction. Since their introduction, MFGs have been studied both in connection
with several applications and from a theoretical point of view, in which the main goals are
typically proving the existence of equilibria, characterizing such equilibria as solutions to
a system of partial differential equations, called MFG system, or studying the connections
between MFGs and games with a large (but finite) number of symmetric players. We refer
to [1,18,20,22,23,34] for more details and further references on mean field games. In this
paper, we use the words “players” and “agents” interchangeably to refer to people taking
part in the game.

Most works on mean field games consider either first- or second-order mean field games.
First-order MFGs, also known as deterministic mean field games, usually assume that
players’ dynamics are described by a deterministic control system, and their equilibria are
characterized by a system of first-order partial differential equations, whereas second-order
MFGs, also known as probabilistic mean field games, consider that players’ dynamics are
determined by a stochastic control system, typically with an additive Brownian motion
modeling a random drift, and their equilibria are typically described by a system of second-
order partial differential equations.

This paper considers a class of first-order mean field games inspired by crowd motion
in which agents are assumed to remain inside of a specific domain while their goal is to
arrive at a given target set in minimal time. In order to model congestion, the speed of
each agent is constrained by a function depending on the position of the agent and on the
distribution of all agents.

Crowd motion has been the subject of a very large number of works in the literature
from different points of view, motivated not only by understanding but also by controlling
and optimizing the crowd behavior (see, e.g., [27, 28, 33, 36, 37, 41, 42, 49, 51–53]). The
natural framework for a mean field game modeling crowd motion is to adopt a macroscopic
modeling of crowd, i.e., to describe the crowd at a given time t as infinitely many agents
represented by a measure mt on the space of possible positions, which evolves according
to some conservation law, typically a continuity equation of the form ∂tm + div(mV ) = 0,
where V is the velocity field followed by the agents. While most macroscopic crowd
motion models consider a given velocity field V constructed from modeling assumptions,
the mean field game approach consists instead in considering that each agent will choose
their trajectory by solving some optimal control problem, and the velocity field V is a
consequence of the optimal choices of the agents.

Up to the authors’ knowledge, the first work to be fully dedicated to a mean field game
model for crowd motion is [44], which proposes an MFG model for a two-population crowd
with trajectories perturbed by additive Brownian motion and considers both their station-
ary distributions and their evolution on a prescribed time interval. Other works have later
proposed MFG models for crowd motion taking into account different characteristics, such
as [10], which considers the fast exit of a crowd and proposes a mean field game model
which is studied numerically; [21], which is not originally motivated by the modeling of
crowd motion but considers a MFG model with a density constraint, which is a natural
assumption in some crowd motion models; [8], which presents numerical simulations for
some variational mean field games related to crowd motion; or also [26], which provides a
generalized MFG model for pedestrians with limited predictive abilities.

The present paper considers the MFG model inspired by crowd motion introduced in [50]
(described in details in Section 2 below), which contains two major differences with respect
to previous MFGs for crowd motions and also to most MFG models in general. Firstly, the
model from [50] assumes that each agent solves an optimal control problem with free final
time, and actually that the optimization criterion of each agent is to minimize their arrival
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time at a certain target set, after which they quit the game. This is in contrast with most
of the MFG literature, which usually considers either optimization criteria with a given
and known finite final time or infinite-horizon optimization criteria. Secondly, congestion
is modeled in [50] by imposing a maximal speed for each agent which depends on their
position and the distribution of other agents, while, in most of other MFG works, agents
are allowed to choose their speed without constraints, but high speeds and congestion
are instead penalized in the cost function. The motivation of [50] to impose a constraint
on the speed of agents is to model high-congestion situations in which an agent may be
unable to move faster since other agents in front of them may work as a physical barrier
which cannot be crossed by simply paying a higher “cost”.

The main results of [50] are the existence of equilibria of the proposed MFG model
and the characterization of equilibria through an MFG system. Even though existence
of equilibria is proved in [50] under rather general assumptions, their characterization
through an MFG system is only shown in the case where the target set of the agents is the
whole boundary of the compact domain in which they evolve, which avoids the presence
of state constraints in the minimal-time optimal control problem solved by each agent.
This is a very restrictive assumption for a MFG model for crowd motion, since crowds
often evolve in domains with boundaries which cannot be crossed by the agents, such as
walls, columns, fences, hedges, or other obstacles. However, from a technical point of view,
the major difficulty in analyzing optimal control problems with state constraints is that
their value functions may fail to be semiconcave (see, e.g., [14, Example 4.4]), the latter
property being important in the characterization of optimal controls (see, e.g., [17]), which
is a key step in obtaining the MFG system in [50]. Other works, such as [30,31, 55], have
further explored the model from [50] and related models, but none of those works consider
the case of MFGs with state constraints.

Studying optimal control problems and mean field games with state constraints turns
out to be a challenging problem due to the possible lack of semiconcavity of the value func-
tion. The series of papers [11–13] represent an important step in the study of MFGs with
state constraints: in those works, the authors prove that, for the optimal control problem
they consider, even though the corresponding value function may fail to be semiconcave in
the classical sense, i.e., with a linear modulus of semiconcavity, the value function is still
semiconcave with a fractional modulus of semiconcavity, which is sufficient to obtain ad-
ditional properties of optimal trajectories allowing to characterize optimal controls. The
fractional semiconcavity proved in [11] is global in the space variable, which is known
not to be the case for some minimal-time optimal control problems. This paper follows
a different strategy and proves the required additional properties of optimal trajectories
without relying on the semiconcavity of the value function, which has also the additional
advantage of requiring fewer regularity properties on the dynamics of the control system
satisfied by each agent.

The main contribution of the present paper is thus to characterize optimal controls and
deduce the MFG system for the model of [50] under state constraints, which is an important
step towards the study of MFG models for crowd motion with more realistic assumptions.
A first step in the characterization of optimal controls is to apply Pontryagin Maximum
Principle in order to deduce additional information on optimal trajectories. To do so, we
adapt the penalization technique used in [15]: we transform the minimal-time optimal
control problem with state constraints into a penalized optimal control problem without
state constraints and show that, similarly to [15], if the penalization parameter is small
enough, optimal trajectories of the penalized problem coincide with optimal trajectories of
the original problem (see Theorem 4.8), which allows us to deduce properties of the optimal
trajectories of the original optimal control problem by applying Pontryagin Maximum
Principle to the penalized problem (see Corollary 4.9).
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With those properties of optimal trajectories, we then proceed to the study of optimal
controls by following the arguments used in the recent paper [55]: our main results are
Theorem 4.11, which provides a boundary condition for the value function of the optimal
control problem solved by each agent; Theorem 4.23, which characterizes the optimal
control at a given point as the direction of greatest decrease of the value function by
adapting the arguments of [55, Theorem 4.14] to the case with state constraints; and
Theorem 5.2, which shows that equilibria of our MFG model satisfy the MFG system.

The present paper is an extended version of [54], which announced most of the results
from this paper and provided some details of the strategy of the proofs of the main
results. With respect to that reference, this paper works under weaker assumptions on the
dynamics of the control system (compare (H4)–(H7) below with [54, (H2)–(H3)]), which
renders some proofs more technically involved and require different proof strategies at
some points, such as in Lemma 3.2 and for most of the results of Section 4.1. This paper
also provides a more detailed introduction to the subject, details proofs that had been
omitted or only sketched in [54] (and in particular the results in Section 4.3), and provides
additional remarks and comments on the results.

Our paper is organized as follows. Some notations and standard definitions are provided
in Section 2, together with the precise description of the optimal control problem and the
mean field game model considered in this paper, and the list of hypotheses used here.
Section 3 presents preliminary results on the optimal control problem and the mean field
game, most of which are either easy to prove or already present in the literature. The
major new contributions in Section 3 are the proof of Lipschitz continuity of the value
function of the optimal control problem under the weaker assumptions (H4) and (H5) as
well as the alternative characterization of equilibria from Proposition 3.7, which also holds
for other mean field game models (see, e.g., [57, Lemma 3.4]).

The main results of this paper are provided in Sections 4 and 5. Section 4.1 uses the
strategy of [15] to study an optimal control problem with state constraints through a
penalized optimal control problem without state constraints, adapting the techniques of
that reference to our setting in order to show that optimal trajectories of the original
problem coincide with that of the penalized problem if the penalization parameter is small
enough (Theorem 4.8). Section 4.2 provides a boundary condition for the value function
of the optimal control problem in the part of the boundary which is not in the target set.
We then provide, in Section 4.3, the characterization of optimal controls as directions of
maximal descent of the value function, and we use this characterization in Section 4.4 to
introduce the notion of normalized gradient and provide its main properties. The main
result concerning the mean field game model of interest is the fact that its equilibria satisfy
a system of PDEs, shown in Section 5.

2. Notations and definitions

2.1. General notations. In this paper, N denotes the set of positive integers, d is a fixed
positive integer, the sets of nonnegative and positive real numbers are denoted respectively
by R+ and R∗

+, Rd is endowed with the usual Euclidean norm |·|, and the unit sphere is
denoted by Sd−1. For A ⊂ Rd, Ā denotes its closure, ∂A denotes its boundary, and co A
denotes its convex hull. For any x ∈ Rd and r ≥ 0, B(x, r) (resp., B̄(x, r)) denotes1 the
open (resp., closed) ball centered at x and with radius r. We denote this ball simply by

1In accordance with the previous notation, B̄(x, r) is the closure of B(x, r) whenever r > 0. However,
our notation is slightly ambiguous for r = 0: B(x, 0) = ∅, but B̄(x, 0) = {x} is not the closure of B(x, 0).
All along the paper, we use the convention that, when referring to balls, the notation B̄(x, r) is the closed
ball centered at x and with radius r. The same convention applies to the notation B̄r, and we remark that
B̄ is unambiguous.
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Br (resp., B̄r) if x = 0 and by B (resp., B̄) if x = 0 and r = 1, i.e., B (resp., B̄) is the
open (resp., closed) unit ball centered at the origin.

For two sets A and B, a set-valued map from A to B is a map F that associates, with
each x ∈ A, a (possibly empty) set F (x) ⊂ B. We use the notation F : A ⇒ B to indicate
that F is a set-valued map from A to B.

Given two metric spaces X and Y and a constant M > 0, C(X; Y ), Lip(X; Y ), and
LipM (X; Y ) denote, respectively, the set of all continuous functions from X to Y , the set
of all Lipschitz continuous functions from X to Y , and the subset of Lip(X; Y ) containing
only those functions whose Lipschitz constant is at most M . We will often use these
spaces to represent time-dependent functions defined for nonnegative times, in which case
X = R+ and, for simplicity, we omit X from the previous notations, writing simply C(Y ),
Lip(Y ), and LipM (Y ), respectively. When X ⊂ Rk and Y ⊂ Rm for some positive integers
k and m, we also consider the set C1(X; Y ) of continuously differentiable functions, the
set C1,1(X; Y ) of differentiable functions with a Lipschitz continuous differential, and
the set C∞

c (X; Y ) of infinitely differentiable functions with compact support on X. If
f : X → Y and Z ⊂ X, we write f ∈ C(Z; Y ) to denote that the restriction of f to Z
is continuous (even though f itself may fail to be continuous in the boundary of Z), with
similar notations for the other functional spaces defined above.

For compact A ⊂ Rd, the space C(A) is assumed to be endowed with the topology of
uniform convergence on compact sets, with respect to which C(A) is a Polish space (see,
e.g., [9, Chapter X]). For t ∈ R+, we denote by et : C(A) → A the evaluation map at
time t, defined by et(γ) = γ(t) for every γ ∈ C(A).

Recall that, for two metric spaces X and Y endowed with their Borel σ-algebras and a
Borel-measurable map f : X → Y , the pushforward of a measure µ on X through f is the
measure f#µ on Y defined by f#µ(B) = µ(f−1(B)) for every Borel subset B of Y . Given
a Polish space X, the set of all Borel probability measures on X is denoted by P(X) and
is endowed with the topology of weak convergence of measures (which is also sometimes
referred to as narrow convergence). The support of a measure µ ∈ P(X) is denoted by
supp(µ), and is defined as the set of all points x ∈ X such that µ(Nx) > 0 for every
open neighborhood Nx of x. When X is endowed with a complete metric d with respect
to which X is bounded, we endow P(X) with the Wasserstein distance W1, defined for
µ, ν ∈ P(X) by

W1(µ, ν) = inf
{w

X×X
d(x, y) dλ(x, y)

∣∣∣∣ λ ∈ Π(µ, ν)
}

,

where Π(µ, ν) = {λ ∈ P(X × X) | π1#λ = µ, π2#λ = ν} and π1, π2 : X × X → X
denote the canonical projections on to the first and second factors of the product X × X,
respectively. Recall (see, e.g., [2, Chapter 7] and [56, Chapter 5]) that W1 is compatible
with the topology of weak convergence in P(X) and that it admits the dual formulation

W1(µ, ν) = sup
{w

X
Φ(x) d(µ − ν)

∣∣∣ Φ ∈ Lip1(X;R)
}

.

We shall also need in this paper the notion of signed distance to the boundary of a set,
whose definition we now provide, together with the classical definition of distance from a
point to a set.

Definition 2.1. Let A ⊂ Rd. If A ̸= ∅, we denote by dA the Euclidean distance to
A, defined by dA(x) = infy∈A|x − y|. If A ̸= ∅ and A ̸= Rd, the signed distance to the
boundary of A, d±

∂A : Rd → R, is defined by

d±
∂A(x) = dA(x) − dRd\A(x).

Finally, we will need, in Section 4, the notion of normal cones of nonsmooth sets. We
recall here the definitions provided in [58, Section 4.2].
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Definition 2.2. Let k be a positive integer, C ⊂ Rk be a nonempty closed set, and x ∈ C.
(a) The proximal normal cone to C at x is the set NP

C (x) defined by
NP

C (x) = {p ∈ Rk | ∃M > 0 such that p · (y − x) ≤ M |y − x|2 for every y ∈ C}.

(b) The limiting normal cone to C at x is the set NC(x) of vectors p ∈ Rk for which
there exist a sequence (xn)n∈N in C and a sequence (pn)n∈N in Rk such that xn → x
and pn → p as n → +∞ and pn ∈ NP

C (xn) for every n ∈ N.

2.2. The minimal-time optimal control problem. Before introducing the minimal-
time mean field game of interest to this paper, let us first consider an auxiliary minimal-
time optimal control problem, which is a classical kind of problem in control theory. Let
Ω ⊂ Rd be a nonempty open bounded set and Γ ⊂ Ω̄ be a nonempty closed set. We
consider the control system{

γ̇(t) = k(t, γ(t))u(t), u(t) ∈ B̄,

γ(0) = x,
(1)

where x ∈ Ω̄, k : R+ × Ω̄ → R+, and, for t ≥ 0, γ(t) ∈ Ω̄ is the state and u(t) ∈ B̄ is the
control. The function k describes the dynamics of the system and, due to the constraint
that u(t) ∈ B̄, k(t, x) can be interpreted as the maximal speed at which an agent at
position x at time t can move. The fact of requiring that γ(t) ∈ Ω̄ for every time t ≥ 0 is
a constraint we impose in the state of (1).

We are interested in this paper in the optimal control problem consisting in minimizing
the time a trajectory of (1) takes to reach the set Γ, called the target set. This optimal
control problem, to which we refer in the sequel as OCP(k) making explicit its dependence
on the dynamics k, is made more precise in the following definition.

Definition 2.3. Let Ω ⊂ Rd be a nonempty open bounded set, Γ ⊂ Ω̄ be a nonempty
closed set, and k : R+ × Ω̄ → R+.
(a) A curve γ ∈ Lip(Ω̄) is said to be admissible for OCP(k) if there exists a measurable

function u : R+ → B̄, called the control associated with γ, such that the first equation
of (1) is satisfied for almost every t ∈ R+. The set of all admissible curves for OCP(k)
is denoted by Adm(k).

(b) Let t0 ∈ R+. The first exit time after t0 of a curve γ ∈ Lip(Ω̄) is the number τ(t0, γ)
defined by

τ(t0, γ) = inf{t ≥ 0 | γ(t + t0) ∈ Γ},

with the convention that τ(t0, γ) = +∞ if γ(t + t0) ̸∈ Γ for every t ≥ 0.
(c) Let t0 ∈ R+ and x0 ∈ Ω̄. A curve γ ∈ Lip(Ω̄) is said to be an optimal trajectory for

OCP(k) from (t0, x0) if γ ∈ Adm(k), γ(t) = x0 for every t ∈ [0, t0],
τ(t0, γ) = inf

β∈Adm(k)
β(t0)=x0

τ(t0, β), (2)

and γ(t) = γ(t0+τ(t0, γ)) for every t ∈ [t0+τ(t0, γ), +∞). In this case, the associated
control u of γ is called an optimal control associated with γ. The set of all optimal
trajectories for OCP(k) from (t0, x0) is denoted by Opt(k, t0, x0).

(d) The value function of the optimal control problem OCP(k) is the function φ : R+ ×
Ω̄ → R+ defined for (t0, x0) ∈ R+ × Ω̄ by

φ(t0, x0) = inf
γ∈Adm(k)
γ(t0)=x0

τ(t0, γ). (3)

We highlight the fact that, for a curve γ to be admissible, it must not only satisfy the
first equation of (1) for some control u and almost every time t ≥ 0, but it must also
remain inside Ω̄ for all times.



NONSMOOTH MEAN FIELD GAMES WITH STATE CONSTRAINTS 7

Remark 2.4. Since we are considering in Definition 2.3(c) optimal trajectories γ starting
at time t0 from x0 and minimizing the time to reach Γ, these trajectories could have been
defined only in the interval [t0, t0 + τ(t0, γ)]. However, in order to simplify the notations
and deal in this paper only with trajectories and controls defined on R+, we extend an
optimal trajectory to R+ by requiring it to be constant on [0, t0] and on [t0+τ(t0, γ), +∞),
as done in Definition 2.3(c).

2.3. The minimal-time mean field game and its equilibria. As in Section 2.2, we
fix a nonempty open bounded set Ω ⊂ Rd and a nonempty closed set Γ ⊂ Ω̄. We consider
a minimal-time mean field game in which a population of agents evolves on Ω̄ and the goal
of each agent is to reach the target set Γ in minimal time. The population is described
by a time-dependent probability measure mt ∈ P(Ω̄) for t ≥ 0, and m0 is assumed to be
known. The trajectory γ of an agent starting its movement at a position x ∈ Ω̄ is assumed
to satisfy the control system{

γ̇(t) = K(mt, γ(t))u(t), u(t) ∈ B̄,

γ(0) = x,
(4)

where K : P(Ω̄) × Ω̄ → R+ and u : R+ → B̄ is the control of the agent. Note that (4)
corresponds to (1) with k defined by k(t, x) = K(mt, x) for t ≥ 0 and x ∈ Ω̄. Each agent is
assumed to choose their control in order to solve the optimal control problem OCP(k) with
k defined from K as before. This mean field game is denoted in the sequel by MFG(K).

The function K models interactions between agents and states that the maximal speed
at which an agent at position x at time t can move depends on the position x itself and on
the distribution of all agents at time t, mt. This function can be used to model congestion
phenomena in crowd motion by choosing K(mt, x) to be small when mt is “large” around
x, which means that it is harder for agents to move on more crowded regions. For instance,
K can be chosen as

K(µ, x) = g
(w

Ω̄
χ(x − y)η(y) dµ(y)

)
, (5)

where χ : Rd → R+ is a convolution kernel, η : Ω̄ → R+ is a weight function in the space
Ω̄, and g : R+ → R+ is a decreasing function. The function χ may represent, for instance,
the region around an agent at which they look in order to evaluate local congestion, while η
may be a function that is larger in regions difficult to move, such as regions with obstacles
or other kinds of difficult terrain, and which can also be used to discount people who
already reached the target set, as it was done in [31, 50]. Note, however, that we do not
assume this specific form for K in this paper.

Note that, since K depends on mt for all t ≥ 0, the optimal trajectories taken by the
agents depend on mt. On the other hand, mt itself describes the evolution of the agents,
and hence is determined by their choices of trajectories. We are interested in this paper
in equilibrium situations, in which, roughly speaking, starting from time evolution of the
distribution of agents m : R+ → P(Ω̄), the optimal trajectories chosen by agents induce
an evolution of the initial distribution of agents m0 that is precisely given by t 7→ mt.

We provide a more precise notion of equilibrium in what is known as the Lagrangian
framework, in which, instead of describing the evolution of agents as a time-dependent
measure m : R+ → P(Ω̄), we rely instead on a measure Q on the set of all possible
trajectories P(C(Ω̄)). Note that, given a measure Q ∈ P(C(Ω̄)), one can obtain the
associated time-dependent measure m by setting mt = et#Q for t ≥ 0. The Lagrangian
approach is a classical approach in optimal transport problems (see, e.g., [2,56]) which has
been used to define equilibria of first-order mean field games in some recent works, such
as [8, 11,16,19,21,31,32,50,55].

Definition 2.5. Let Ω ⊂ Rd be a nonempty open bounded set, Γ ⊂ Ω̄ be a nonempty
closed set, K : P(Ω̄) × Ω̄ → R+, and m0 ∈ P(Ω̄). A measure Q ∈ P(C(Ω̄)) is called a
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Lagrangian equilibrium of MFG(K) with initial condition m0 if e0#Q = m0 and Q-almost
every γ ∈ C(Ω̄) satisfies γ ∈ Opt(kQ, 0, γ(0)), where kQ : R+ × Ω̄ → R+ is defined for
t ≥ 0 and x ∈ Ω̄ by kQ(t, x) = K(et#Q, x).

In the sequel of the paper, we refer to Lagrangian equilibria simply as equilibria.

Remark 2.6. Another classical way to describe the evolution of agents in a mean field
game, which dates back to [39] and has been used and developed in several other references
such as [24,35,45], is to fix a probability space (Z,Z,P) and describe the motion of agents
through a time-dependent random variable in Z, i.e., through a function X defined on
R+ and such that, for every t ≥ 0, X(t) : Z → Ω̄ is measurable. One can then retrieve
the time-dependent measure mt ∈ P(Ω̄) as the law of X(t), i.e., mt = X(t)#P, but X
contains more information than m, since X also carries information on the correlation of
the distributions of agents at different times, for instance. This formulation using random
variables has the additional advantage of being also adapted to study of other kinds of
mean field games, such as second-order mean field games or mean field games of controls.

In addition, if2 R+ ∋ t 7→ X(t, z) ∈ Ω̄ is continuous for almost every z ∈ Z and the
function Ξ : Z → C(Ω̄) defined by setting Ξ(z) = X(·, z) for a.e. z ∈ Z is measurable, then
the probability measure Q ∈ P(C(Ω̄)) describing the evolution of agents from a Lagrangian
perspective can be retrieved as Q = Ξ#P.

Conversely, given a measure Q ∈ P(C(Ω̄)) describing the evolution of agents, one can
consider the probability space (C(Ω̄),B, Q), where B is the Borel σ-algebra of C(Ω̄), and in
this case the evolution of agents can be described by the time-dependent random variable
X defined by X(t) = et for t ≥ 0.

2.4. Hypotheses. Along the paper, we will need several assumptions on Ω, Γ, K, and k,
which we collect in this subsection. We start with the following assumptions on the sets
Ω and Γ.
(H1) The set Ω ⊂ Rd is nonempty, open, bounded, and connected.
(H2) The set Γ ⊂ Ω̄ is nonempty and closed.
(H3) The boundary ∂Ω is a compact C1,1 submanifold of Rd of dimension d − 1.

Whenever we assume that (H3) holds, we use n(x) to denote the outward unit normal
vector to Ω̄ at the point x ∈ ∂Ω.

When studying the optimal control problem OCP(k), we shall need the following as-
sumptions on the function k.
(H4) The function k : R+ ×Ω̄ → R+ is continuous and there exist positive constants Kmin

and Kmax such that k(t, x) ∈ [Kmin, Kmax] for every (t, x) ∈ R+ × Ω̄.
(H5) The function k is Lipschitz continuous with respect to its second variable, uniformly

with respect to the first variable, i.e., there exists L > 0 such that, for every t ∈ R+
and x1, x2 ∈ Ω̄, we have

|k(t, x1) − k(t, x2)| ≤ L|x1 − x2|.
The counterpart of Hypotheses (H4) and (H5) concerning the function K from the mean
field game MFG(K) are the following.
(H6) The function K : P(Ω̄) × Ω̄ → R+ is continuous and there exist positive constants

Kmin and Kmax such that K(µ, x) ∈ [Kmin, Kmax] for every (µ, x) ∈ P(Ω̄) × Ω̄.
(H7) The functions K is Lipschitz continuous with respect to its second variable, uniformly

with respect to the first variable, i.e., there exists L > 0 such that, for every µ ∈ P(Ω̄)
and x1, x2 ∈ Ω̄, we have

|K(µ, x1) − K(µ, x2)| ≤ L|x1 − x2|.
2Here, X(t, z) is a simplified notation for X(t)(z).
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Note that (H6) and (H7) are satisfied in the particular case where K is chosen as in (5) if
g is Lipschitz continuous, upper bounded, and lower bounded by a positive constant, χ is
Lipschitz continuous, and η is continuous.

3. Preliminary results

This section presents results on OCP(k) and MFG(K) that will be useful in the sequel,
most of which are either present in other references or easy to prove using classical tech-
niques. It turns out that the results we will present in this section require fewer regularity
assumptions on Ω than (H1) and (H3); namely, we replace here (H3) by the following
assumption.
(H3′) There exists D > 0 such that, for every x, y ∈ Ω̄, there exists a curve γ included in

Ω̄ connecting x to y and of length at most D|x − y|.
Hypothesis (H3′) means that the geodesic distance in Ω̄ is equivalent to the usual Euclidean
distance, and it holds in particular when (H1) and (H3) are satisfied.

The first result we present concerns three elementary properties of OCP(k): existence
of optimal trajectories, boundedness of the value function, and the dynamic programming
principle. The proof is omitted, since all properties are either easy to prove or classical.
Indeed, existence of optimal trajectories can be proved easily using compactness of a
minimizing sequence (see [17, Theorem 8.1.4] for a proof in the autonomous case, i.e.,
when k : R+ × Ω̄ → R+ does not depend on its first variable). Boundedness of the value
function follows from the fact that, using (H3′), one can easily construct, for every point
x ∈ Ω̄, an admissible trajectory connecting it to a point in Γ with constant speed Kmin
and that arrives in Γ in time at most DdΓ(x)

Kmin
, and the continuous function dΓ is bounded in

the compact set Ω̄. Finally, the proof of the dynamic programming principle is classical:
the autonomous case can be found, for instance, in [7, Proposition 2.1] and [17, (8.4)], and
the corresponding proofs can be easily adapted to our nonautonomous setting.

Proposition 3.1. Consider OCP(k) under hypotheses (H1), (H2), (H3′), (H4), and (H5).
(a) For every (t0, x0) ∈ R+ × Ω̄, there exists an optimal trajectory γ for OCP(k) from

(t0, x0).
(b) There exists T > 0 such that, for every (t0, x0) ∈ R+ × Ω̄, the value function φ

satisfies φ(t0, x0) ≤ T .
(c) For every (t0, x0) ∈ R+ × Ω̄ and γ ∈ Adm(k) such that γ(t0) = x0, we have, for every

h ≥ 0,
φ(t0 + h, γ(t0 + h)) + h ≥ φ(t0, x0), (6)

with equality if γ ∈ Opt(k, t0, x0) and h ∈ [0, τ(t0, γ)]. Conversely, if γ ∈ Adm(k)
satisfies γ(t0) = x0, γ is constant on [0, t0] and on [t0 + τ(t0, γ), +∞), and equality
holds in (6) for every h ∈ [0, τ(t0, γ)], then γ ∈ Opt(k, t0, x0).

Our next result deals with Lipschitz continuity of the value function φ. This kind of
result is classical for optimal control problems with free final time (see, e.g., [17, Propo-
sition 8.2.5] for a proof in the autonomous case), and a complete proof for the nonau-
tonomous optimal control problem OCP(k) was given in [50, Propositions 4.2 and 4.3].
However, that reference uses the stronger assumption that k ∈ Lip(R+ × Ω̄;R+). When
the optimal control problem does not have state constraints, this assumption can be re-
laxed to (H5) by first showing Lipschitz continuity of φ with respect to x, which can be
done by adapting the classical proof of [17, Proposition 8.2.5], and then using the dynamic
programming principle to deduce Lipschitz continuity also with respect to t. This strategy
was described in [31, Proposition 3.8] and carried out in details in [55, Lemma 4.7 and
Proposition 4.8], however those proofs rely on the absence of state constraints and cannot
be easily generalized to optimal control problems with state constraints. For that reason,
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we present here a new proof, which is inspired by that of [50, Propositions 4.2 and 4.3]
but uses a technique introduced in the proof of [31, Proposition 3.9] in order to replace
the assumption k ∈ Lip(R+ × Ω̄;R+) by the weaker assumption (H5). As a first step, we
prove Lipschitz continuity of φ in space for fixed time.

Lemma 3.2. Consider the optimal control problem OCP(k) and its value function φ and
assume that (H1), (H2), (H3′), (H4), and (H5) are satisfied. Then there exists C > 0 such
that, for every t0 ∈ R+ and x0, x1 ∈ Ω̄, we have

|φ(t0, x0) − φ(t0, x1)| ≤ C|x0 − x1|. (7)

Proof. Let D > 0 be as in (H3′), L > 0 be as in (H5), and T > 0 be as in the statement of
Proposition 3.1(b). It suffices to show that there exists C > 0 such that, for every t0 ∈ R+
and x0, x1 ∈ Ω̄, we have

φ(t0, x1) − φ(t0, x0) ≤ C|x0 − x1|, (8)

since, in this case, (7) can be deduced by exchanging the role of x0 and x1.
Let t0 ∈ R+ and x0, x1 ∈ Ω̄. Let γ0 ∈ Opt(k, t0, x0) and denote by u0 the corresponding

optimal control, i.e., γ̇0(t) = k(t, γ0(t))u0(t) for a.e. t ∈ R+. Let t∗
0 = t0 + φ(t0, x0) be the

time at which γ0 arrives at the target set Γ.
Let us first describe informally the idea of the proof. We will construct an admissible

trajectory γ1 ∈ Lip(Ω̄) which remains constant at x1 in the time interval [0, t0], then moves
from x1 to x0 in a time interval [t0, t1], and then follows the same path of γ0, but with a
change in the time scale since it starts from x0 at time t1 > t0. This trajectory will then
arrive at x∗

0 ∈ Γ, and we will prove that its arrival time at Γ satisfies

τ(t0, γ1) ≤ φ(t0, x0) + C|x0 − x1|, (9)

which yields the conclusion since φ(t0, x1) ≤ τ(t0, γ1). The difficult part of the proof is to
perform a suitable change in time scale guaranteeing both that γ1 is admissible and that
its arrival time at Γ satisfies the above inequality.

Applying (H3′) and renormalizing the speed of the curve whose existence is asserted
in that hypothesis, we obtain the existence of t1 ≥ t0 and a Lipschitz continuous curve
σ : [t0, t1] → Ω̄ such that σ(t0) = x1, σ(t1) = x0, |σ̇(t)| = Kmin for almost every t ∈ [t0, t1],
and t1 − t0 ≤ D|x1−x0|

Kmin
.

Let us now define ϕ : [t1, +∞) → [t0, +∞) as a solution of the problem ϕ̇(t) = k(t, γ0(ϕ(t)))
k(ϕ(t), γ0(ϕ(t))) for t ≥ t1,

ϕ(t1) = t0.

Note that, since (t, s) 7→ k(t,γ0(s))
k(s,γ0(s)) is continuous (but not necessarily Lipschitz continuous

in its second argument), a solution ϕ to the above problem exists and is of class C1 (but
it may not be unique). Moreover, ϕ̇(t) ∈

[
Kmin
Kmax

, Kmax
Kmin

]
for every t ∈ [t1, +∞), which

implies that ϕ : [t1, +∞) → [t0, +∞) is increasing and surjective, and hence invertible,
and both ϕ and ϕ−1 are Lispchitz continuous, with Lipschitz constant Kmax

Kmin
. We define

σ1 : [t1, +∞) → Ω̄ by σ1(t) = γ0(ϕ(t)), which, by construction, satisfies σ1(t1) = x0,
σ1 ∈ Lip(Ω̄), and σ̇1(t) = k(t, σ1(t))u1(t) for a.e. t ∈ [t1, +∞), where u1 is defined for
t ∈ [t1, +∞) by u1(t) = u0(ϕ(t)). In particular, since ϕ−1 is Lipschitz continuous, u1 is
measurable. We define t∗

1 = ϕ−1(t∗
0) and remark that σ1(t∗

1) = γ0(t∗
0) = x∗

0 ∈ Γ.
Finally, we define γ1 ∈ Lip(Ω̄) by γ1(t) = x1 for t ∈ [0, t0], γ1(t) = σ(t) for t ∈ [t0, t1],

and γ1(t) = σ1(t) for t ∈ [t1, +∞). By construction, we have γ1 ∈ Adm(k) and τ(t0, γ1) ≤
t∗
1 − t0. We are thus only left to show (9).
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Note that, for every t ∈ [t1, +∞), we have k(ϕ(t), γ0(ϕ(t)))ϕ̇(t) = k(t, γ0(ϕ(t))) and
thus, by integrating this identity and performing a change of variables, we deduce that,
for every t ≥ t1,

w ϕ(t)

t0
k(s, γ0(s)) ds =

w t

t1
k(s, γ0(ϕ(s))) ds. (10)

Let G : [t0, +∞) → [0, +∞) be defined for θ ≥ t0 by

G(θ) =
w θ

t0
k(s, γ0(s)) ds.

Then G is differentiable, with Ġ(θ) = k(θ, γ0(θ)) ∈ [Kmin, Kmax] for every θ ≥ t0. In
particular, G is Kmax-Lipschitz continuous, invertible, and its inverse is 1

Kmin
-Lipschitz

continuous. Moreover, using (10), we have, for every t ≥ t1, that

G(ϕ(t)) =
w t

t1
k(s, γ0(ϕ(s))) ds, G(t) =

w t

t0
k(s, γ0(s)) ds.

Hence, for every t ≥ t1, we have

|ϕ(t) − t| =
∣∣∣∣G−1

(w t

t1
k(s, γ0(ϕ(s))) ds

)
− G−1

(w t

t0
k(s, γ0(s)) ds

)∣∣∣∣
≤ 1

Kmin

∣∣∣∣w t

t1
k(s, γ0(ϕ(s))) ds −

w t

t0
k(s, γ0(s)) ds

∣∣∣∣
≤ 1

Kmin

w t

t1
|k(s, γ0(ϕ(s))) − k(s, γ0(s))| ds + 1

Kmin

w t1

t0
k(s, γ0(s)) ds

≤ LKmax
Kmin

w t

t1
|ϕ(s) − s| ds + Kmax

Kmin
(t1 − t0).

Thus, by Grönwall’s inequality, we have, for every t ≥ t1,

|ϕ(t) − t| ≤ (t1 − t0)Kmax
Kmin

e
LKmax
Kmin

(t−t1)
,

which yields, for t = t∗
1, that

|t∗
1 − t∗

0| ≤ (t1 − t0)Kmax
Kmin

e
LKmax
Kmin

(t∗
1−t1)

.

Note that 0 ≤ t∗
1 − t1 = ϕ−1(t∗

0) − ϕ−1(t0) ≤ Kmax
Kmin

(t∗
0 − t0) = Kmax

Kmin
φ(t0, x0) ≤ T Kmax

Kmin
.

Moreover, t∗
1 = t0 + τ(t0, γ1) and t∗

0 = t0 + φ(t0, x0), showing that |t∗
1 − t∗

0| = |τ(t0, γ1) −
φ(t0, x0)|. Hence, we deduce that

τ(t0, γ1) − φ(t0, x0) ≤ (t1 − t0)Kmax
Kmin

exp
(

TLK2
max

K2
min

)
.

Recalling that 0 ≤ t1 − t0 ≤ D|x1−x0|
Kmin

, we finally obtain (9) with C = DKmax
K2

min
exp

(
T LK2

max
K2

min

)
.

□

Now, exactly as in [55, Proposition 4.8], we can deduce Lipschitz continuity of φ by
using Lemma 3.2 and the dynamic programming principle from Proposition 3.1(c). We
provide a proof of this fact here for sake of completeness.

Proposition 3.3. Consider the optimal control problem OCP(k) and its value function φ
and assume that (H1), (H2), (H3′), (H4), and (H5) are satisfied. Then there exists M > 0
such that, for every (t0, x0), (t1, x1) ∈ R+ × Ω̄, we have

|φ(t0, x0) − φ(t1, x1)| ≤ M (|t0 − t1| + |x0 − x1|) .
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Proof. We denote by C > 0 the Lipschitz constant from Lemma 3.2. Let (t0, x0), (t1, x1) ∈
R+ × Ω̄ and assume, with no loss of generality, that t0 < t1. Fix γ0 ∈ Opt(k, t0, x0) and
set x∗

0 = γ0(t1). By Lemma 3.2, we have
|φ(t1, x∗

0) − φ(t1, x1)| ≤ C|x∗
0 − x1|. (11)

If t1 ≤ t0 + φ(t0, x0), then, by Proposition 3.1(c), since γ0 ∈ Opt(k, t0, x0), we have
φ(t1, x∗

0) = φ(t0, x0) − (t1 − t0), and thus
|φ(t0, x0) − φ(t1, x1)| ≤ |t1 − t0| + C|x∗

0 − x1|. (12)
Otherwise, we have t1 > t0 +φ(t0, x0), which shows that x∗

0 = γ0(t1) = γ0(t0 +φ(t0, x0)) ∈
Γ, and thus φ(t1, x∗

0) = 0. Combining this with (11) and the fact that φ(t0, x0) < t1 − t0,
we deduce that (12) also holds in this case.

Since γ0 is Kmax-Lipschitz, we have |x∗
0 − x0| = |γ0(t1) − γ0(t0)| ≤ Kmax|t1 − t0|. Hence,

combining with (12), we deduce that
|φ(t0, x0) − φ(t1, x1)| ≤ (CKmax + 1)|t1 − t0| + C|x0 − x1|,

yielding the conclusion. □

The next preliminary result we present is the fact that φ satisfies a Hamilton–Jacobi
equation. This kind of result is classical and can be obtained by adapting classical proofs
used in the autonomous case, such as those of [7, Chapter IV, Proposition 2.3] and [17,
Theorem 8.1.8]. The statement provided here can also be found in [31, Proposition 3.5]
and [50, Theorem 4.1].
Proposition 3.4. Consider OCP(k) under hypotheses (H1), (H2), (H3′), (H4), and (H5).
The value function φ of OCP(k) satisfies the Hamilton–Jacobi equation

−∂tφ(t, x) + |∇φ(t, x)|k(t, x) − 1 = 0 (13)
in the following sense: φ is a viscosity subsolution of (13) in R+ × (Ω \ Γ) and a viscosity
supersolution of (13) in R+ × (Ω̄ \ Γ). Moreover, φ satisfies φ(t, x) = 0 for every (t, x) ∈
R+ × Γ.

We next provide in Proposition 3.5 two properties of φ, the first one providing a lower
bound on the rate of change of φ over time at a fixed position, and the second one charac-
terizing the optimal control at points at which φ and the optimal trajectory are differen-
tiable. The first result was shown in [50, Proposition 4.4], once again under the stronger
assumption that k ∈ Lip(R+ × Ω̄;R+), but its proof was later refined in [31, Proposi-
tion 3.9] in order to use only assumptions (H4) and (H5). Even though [31] considers
only minimal-time mean field games without state constraints, the proof of [31, Propo-
sition 3.9] remains unchanged when state constraints are present. The second result of
Proposition 3.5 follows as a consequence of the first one and Proposition 3.4, as detailed,
for instance, in [50, Corollary 4.1].
Proposition 3.5. Consider OCP(k) under hypotheses (H1), (H2), (H3′), (H4), and (H5),
and let φ be the value function of OCP(k).
(a) There exists c > 0 such that, for every x ∈ Ω̄ and t0, t1 ∈ R+ with t0 ̸= t1, we have

φ(t1, x) − φ(t0, x)
t1 − t0

≥ c − 1.

In particular, if φ is differentiable at (t0, x), then ∂tφ(t0, x) ≥ c − 1 and |∇φ(t0, x)| ≥
c.

(b) For every (t0, x0) ∈ R+ × Ω̄, if γ ∈ Opt(k, t0, x0), t ∈ [t0, t0 + φ(t0, x0)), and φ is
differentiable at (t, γ(t)), then |∇φ(t, γ(t))| ≠ 0 and

γ̇(t) = −k(t, γ(t)) ∇φ(t, γ(t))
|∇φ(t, γ(t))| .
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We now turn to preliminary results concerning the mean field game MFG(K). The
main result on MFG(K) we present here is the following, asserting existence of equilibria.
Proposition 3.6. Consider the mean field game MFG(K) under hypotheses (H1), (H2),
(H3′), (H6), and (H7). Then, for every m0 ∈ P(Ω̄), there exists an equilibrium Q ∈
P(C(Ω̄)) for MFG(K) with initial condition m0.

A result similar to Proposition 3.6 was shown in [50, Theorem 5.1], but requiring the
stronger assumption that K ∈ Lip(P(Ω̄) × Ω̄;R+) instead of (H7). Proofs using only the
weaker assumption (H7) were provided in [31, Theorem 4.4] and [55, Theorem 5.1]. Both
references consider only mean field games without state constraints, but the only point in
those proofs where the absence of state constraints is used is to show Lipschitz continuity
of value functions of optimal control problems with functions k satisfying (H4) and (H5).
Since Proposition 3.3 above proves this fact also in the presence of state constraints,
the proof of Proposition 3.6 can be carried out exactly as in [31, Theorem 4.4] and [55,
Theorem 5.1], and it is thus omitted here. We also recall that equilibria of MFG(K) may
fail to be unique, as illustrated in [50, Remark 7.1] in the case of a population without
interaction and through a heuristic argument in [55, Remark 5.7] in the case of a multi-
population mean field game.

The definition of equilibrium used here, which follows that provided in [50,55], requires
Q-almost every γ ∈ C(Ω̄) to be an optimal trajectory for OCP(kQ) from (0, γ(0)). An
apparently stronger notion of equilibrium can be formulated by requiring every trajectory
in the support of Q to be optimal for the same problem, a notion used, for instance,
in [11,31]. We prove in the next proposition that, for the current model, both notions are
equivalent.
Proposition 3.7. Consider the mean field game MFG(K) under hypotheses (H1), (H2),
(H3′), (H6), and (H7), and let m0 ∈ P(Ω̄). A measure Q ∈ P(C(Ω̄)) is an equilibrium
of MFG(K) with initial condition m0 if and only if e0#Q = m0 and every γ ∈ supp(Q)
satisfies γ ∈ Opt(kQ, 0, γ(0)), where kQ : R+ × Ω̄ → R+ is defined for t ≥ 0 and x ∈ Ω̄ by
kQ(t, x) = K(et#Q, x).

Proof. Notice first that t 7→ et#Q is Lipschitz continuous with Lipschitz constant Kmax,
since, for t0, t1 ∈ R+, we have

W1(et0#Q, et1#Q) = sup
Φ∈Lip1(Ω̄;R)

w
Ω̄

Φ(x) d(et0#Q − et1#Q)(x)

= sup
Φ∈Lip1(Ω̄;R)

w
C(Ω̄)

[Φ(γ(t0)) − Φ(γ(t1))] dQ(γ) ≤ Kmax|t0 − t1|.

In particular, kQ satisfies (H4) and (H5).
Let us assume that Q ∈ P(C(Ω̄)) is such that e0#Q = m0 and every γ ∈ supp(Q)

satisfies γ ∈ Opt(kQ, 0, γ(0)). Since supp(Q) is a set of full Q measure, we deduce imme-
diately that Q-almost every γ ∈ C(Ω̄) satisfies γ ∈ Opt(kQ, 0, γ(0)), and hence Q is an
equilibrium of MFG(K) with initial condition m0.

To prove the converse implication, let us now assume that Q is an equilibrium of
MFG(K) with initial condition m0. Fix γ ∈ supp(Q). By definition of support, for every
open neighborhood V of γ in C(Ω̄), we have Q(V ) > 0, and thus, by assumption, there
exists γV ∈ V such that γV ∈ Opt(kQ, 0, γV (0)). In particular, there exists a sequence
(γn)n∈N such that γn ∈ Opt(kQ, 0, γn(0)) for every n ∈ N and γn → γ in the topology of
C(Ω̄) (i.e., uniformly on compact subsets of R+) as n → +∞.

Since γn ∈ Opt(kQ, 0, γn(0)), we have in particular γn ∈ Adm(kQ), which implies that,
for every t0, t1 ∈ R+, we have

|γn(t1) − γn(t0)| ≤
w t1

t0
kQ(s, γn(s)) ds.
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Letting n → +∞, we deduce that

|γ(t1) − γ(t0)| ≤
w t1

t0
kQ(s, γ(s)) ds,

which shows in particular that γ is Kmax-Lipschitz continuous. Moreover, dividing by
|t1 − t0| and letting t1 → t0, we deduce that |γ̇(t)| ≤ kQ(t, γ(t)) for almost every t ∈ R+,
showing that γ ∈ Adm(kQ).

To prove optimality of γ, notice that γn(φQ(0, γn(0))) ∈ Γ, where φQ denotes the value
function of OCP(kQ). Since Γ is closed and, by Proposition 3.3, φQ is continuous, we
deduce by letting n → +∞ that γ(φQ(0, γ(0))) ∈ Γ, showing that τ(0, γ) ≤ φQ(0, γ(0)).
On the other hand, since γ ∈ Adm(kQ), we have φQ(0, γ(0)) ≤ τ(0, γ) by the definition
(3) of φQ, yielding that τ(0, γ) = φQ(0, γ(0)). Thus γ ∈ Opt(kQ, 0, γ(0)), as required. □

4. Further properties of the optimal control problem

We now provide some further results on the optimal control problem OCP(k). In the
references [31, 50, 55], additional properties of the value function and of optimal trajecto-
ries, such as C1,1 regularity of optimal trajectories or differentiability of the value function
along optimal trajectories, were obtained only for optimal control problems without state
constraints. The technique used in those references is to apply the (unconstrained) Pon-
tryagin Maximum Principle to obtain further properties of optimal trajectories that can
then be used to deduce additional results on OCP(k). The main difficulty in generaliz-
ing this technique is that, even though versions of Pontryagin Maximum Principle taking
into account control systems with state constraints such as (1) exist in the literature (see,
e.g., [25, Chapter 5]), it is a difficult problem to get nice additional properties of OCP(k)
from their conclusions.

The strategy we follow in this section relies instead on a penalization technique adapted
from [15], which consists in considering an optimal control problem with no state con-
straints but such that the maximal speed of each agent decays fast to 0 as the agent
moves away from Ω̄. It is then possible to show that, if the penalization parameter is
small enough, optimal trajectories of the penalized problem never leave Ω̄ and thus they
coincide with optimal trajectories of the original problem with state constraints. As con-
sequences, we provide a boundary condition for the Hamilton–Jacobi equation (13) and
a characterization of optimal controls, the latter being a key ingredient for showing, in
Section 5, that equilibria of MFG(K) satisfy an MFG system.

4.1. Penalized optimal control problem. We present in this section the penalized
optimal control problem we consider in order to study optimal trajectories of OCP(k).
Before turning to the core of this section, let us first recall, in the next proposition, some
classical consequences of (H3) on the signed distance to ∂Ω, whose proofs can be found,
for instance, in [29, Theorems 5.1 and 5.7].

Proposition 4.1. Let Ω ⊂ Rd be a set satisfying (H3).
(a) The signed distance d±

∂Ω is Lipschitz continuous on Rd, with Lipschitz constant equal
to 1.

(b) There exists a neighborhood W of ∂Ω such that the signed distance to ∂Ω satisfies
d±

∂Ω ∈ C1,1(W ;R). Moreover,
∣∣∇d±

∂Ω(x)
∣∣ = 1 for every x ∈ W .

(c) For every x ∈ ∂Ω, ∇d±
∂Ω(x) is the outward unit normal to Ω at x.

Let us now introduced the penalized optimal control problem. We fix Ω, Γ, and k
satisfying assumptions (H1)–(H3), (H4), and (H5), and we extend k to a continuous func-
tion defined on R+ ×Rd and taking values in [Kmin, Kmax] such that, for every t ∈ R+,
x 7→ k(t, x) is L-Lipschitz continuous on Rd, with L independent of t. Such an extension
can be constructed, for instance, by proceeding as in [6].
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For ϵ > 0, we define kϵ : R+ ×Rd → R+ by

kϵ(t, x) = k(t, x)
(

1 − 1
ϵ

dΩ(x)
)

+
, (14)

where the notation a+ is defined by a+ = max(0, a) for a ∈ R. In particular, kϵ is
continuous, nonnegative, upper bounded by Kmax, x 7→ kϵ(t, x) is Lipschitz continuous for
every t ∈ R+ with a Lipschitz constant Lϵ = L + Kmax

ϵ independent of t, kϵ(t, x) = k(t, x)
for every (t, x) ∈ R+ × Ω̄, and kϵ(t, x) = 0 if dΩ(x) ≥ ϵ.

We consider the penalized control system
γ̇(t) = kϵ(t, γ(t))u(t), t ≥ 0, (15)

where γ(t) ∈ Rd is the state (which is no longer constrained to remain in Ω̄) and u(t) ∈ B̄ is
the control. We denote by OCPϵ(kϵ) the minimal-time optimal control problem of finding,
for any (t0, x0) ∈ R+ ×Rd, a trajectory γ ∈ Lip(Rd) with γ(t0) = x0 and a measurable
control u : R+ → B̄ satisfying (15) and minimizing the time at which γ reaches the target
set Γ for the first time after t0. Similarly to Definition 2.3, we denote by Admϵ(kϵ) the
set of admissible curves for (15), i.e., the set of γ ∈ Lip(Rd) such that (15) is satisfied
for some measurable u : R+ → B̄. The definition of the first exit time τ(t0, γ) from
Definition 2.3(b) is extended to curves γ ∈ Lip(Rd), and we define optimal trajectories
for OCPϵ(kϵ) as in Definition 2.3(c), but requiring in addition that τ(t0, γ) < +∞ for
a trajectory γ to be considered optimal from (t0, x0) ∈ R+ × Rd. The set of optimal
trajectories for OCPϵ(kϵ) from (t0, x0) ∈ R+ ×Rd is denoted by Optϵ(kϵ, t0, x0). The value
function φϵ : R+ ×Rd → R+ ∪{+∞} of OCPϵ(kϵ) is defined similarly to Definition 2.3(d).

Standard arguments allow to show that OCPϵ(kϵ) also satisfies a dynamic programming
principle: if (t0, x0) ∈ R+ ×Rd and γ ∈ Admϵ(kϵ) is such that γ(t0) = x0, then, for every
h ≥ 0, we have

φϵ(t0 + h, γ(t0 + h)) + h ≥ φϵ(t0, x0), (16)
with equality if γ ∈ Optϵ(kϵ, t0, x0) and h ∈ [0, φϵ(t0, x0)]. However, contrarily to OCP(k),
we may have nonexistence of optimal trajectories for OCPϵ(kϵ). More precisely, Optϵ(kϵ,
t0, x0) = ∅ if dΩ(x0) ≥ ϵ, but one can show by standard arguments that this set is
nonempty as soon as dΩ(x0) < ϵ. In addition, φϵ(t, x) < +∞ if and only if dΩ(x) < ϵ.

The first result we show for OCPϵ(kϵ) is the following property of optimal trajectories.
Proposition 4.2. Consider the optimal control problem OCPϵ(kϵ) under assumptions
(H1)–(H3), (H4), and (H5). Let (t0, x0) ∈ R+ × Rd and γ ∈ Optϵ(kϵ, t0, x0). Then
dΩ(γ(t)) < ϵ for every t ∈ R+.

Proof. Denote by u : R+ → B̄ an optimal control associated with γ. Assume, to ob-
tain a contradiction, that there exists t1 ∈ R+ such that dΩ(γ(t1)) ≥ ϵ. In particu-
lar, kϵ(t, γ(t1)) = 0 for every t ∈ R+, and thus the function γ̃ : R+ → Rd, defined
by γ̃(t) = γ(t1) satisfies ˙̃γ(t) = kϵ(t, γ̃(t))u(t) for every t ∈ R+. Since the initial
value problem consisting of this equation and the initial condition γ̃(t1) = γ(t1) ad-
mits a unique solution, then necessarily γ̃ = γ. However, since γ ∈ Optϵ(kϵ, t0, x0),
we have τ(t0, γ) < +∞ and γ(t0 + τ(t0, γ)) ∈ Γ ⊂ Ω̄, which contradicts the fact that
dΩ(γ(t0 + τ(t0, γ))) = dΩ(γ̃(t0 + τ(t0, γ))) = dΩ(γ(t1)) ≥ ϵ. □

We now apply Pontryagin Maximum Principle to optimal trajectories of the penalized
problem OCPϵ(kϵ) starting from a point in Rd \ Γ.
Proposition 4.3. Consider the optimal control problem OCPϵ(kϵ) under assumptions
(H1)–(H3), (H4), and (H5), and with kϵ defined from k as in (14). Let (t0, x0) ∈ R+×(Rd\
Γ), γ ∈ Optϵ(kϵ, t0, x0), T = φϵ(t0, x0), and u : R+ → B̄ be an optimal control associated
with γ. Then there exist λ ≥ 0 and an absolutely continuous function p : [t0, t0 + T ] → Rd

such that the following assertions hold.
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(a) λ + maxt∈[t0,t0+T ]|p(t)| > 0.
(b) For almost every t ∈ [t0, t0 + T ], we have

ṗ(t) ∈ co
{

ζ ∈ Rd
∣∣∣ (ζ, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t))

}
, (17)

where, for t ≥ 0, the set Gϵ(t) is defined by

Gϵ(t) =
{

(x, v) ∈ Rd ×Rd
∣∣∣ ∃u ∈ B̄ such that kϵ(t, x)u = v

}
. (18)

(c) −p(t0 + T ) ∈ NΓ(γ(t0 + T )).
(d) One has

u(t) = p(t)
|p(t)| ,

almost everywhere on {t ∈ [t0, t0 + T ] | p(t) ̸= 0}.
(e) λ = kϵ(t0 + T, γ(t0 + T ))|p(t0 + T )|.

Before turning to the proof of Proposition 4.3, we remark that, by taking γ ∈ Optϵ(kϵ,
t0, x0), we implicitly assume that Optϵ(kϵ, t0, x0) is not empty, and thus dΩ(x0) < ϵ.

Proof. We apply [58, Theorem 8.4.1] to OCPϵ(kϵ) and the optimal trajectory γ over the
interval [t0, t0 + T ]. Notice, first, that, since γ ∈ Optϵ(kϵ, t0, x0), we have in particular
T < +∞ and, since x0 ∈ Rd \ Γ, we have T > 0. We denote by Lϵ the Lipschitz constant
of x 7→ kϵ(t, x), and we recall that this constant is independent of t ∈ R+.

We first introduce some notation in accordance to the statement of [58, Theorem 8.4.1].
Let g : R × Rd × R × Rd → R be defined for (t1, x1, t2, x2) ∈ R × Rd × R × Rd by
g(t1, x1, t2, x2) = t2 − t1, define C = {(t1, x1, t2, x2) ∈ R × Rd × R × Rd | t1 = t0, x1 =
x0, t2 ≥ t1, x2 ∈ Γ}, and let Fϵ : R × Rd ⇒ Rd be the set-valued map defined for
(t, x) ∈ R × Rd by Fϵ(t, x) = {kϵ(max(t, 0), x)u | u ∈ B̄}. Notice that the optimal
control problem OCPϵ(kϵ) starting from the given (t0, x0) ∈ R+ ×Rd can be rephrased as:
minimize g(t0, γ̃(t0), t0 + T, γ̃(t0 + T )) over intervals [t0, t0 + T ] and absolutely continuous
functions γ̃ : [t0, t0 + T ] → Rd such that ˙̃γ(t) ∈ Fϵ(t, γ̃(t)) for a.e. t ∈ [t0, t0 + T ] and
(t0, γ̃(t0), t0 + T, γ̃(t0 + T )) ∈ C. Remark also that the set Gϵ(t) from (b) is the graph of
Rd ∋ x 7→ Fϵ(t, x) ⊂ Rd.

Let us verify the assumptions of [58, Theorem 8.4.1]. First, the constant δ > 0 from [58,
Theorem 8.4.1] can be chosen arbitrarily. Since g is of class C∞ and Γ is closed, assumption
(H1) from [58, Theorem 8.4.1] is verified. The fact that kϵ is continuous also allows one
to easily verify assumption (H2) from [58, Theorem 8.4.1]. Using the fact that kϵ is Lϵ-
Lipschitz continuous in its second variable uniformly with respect to the first variable,
assumption (H3) from [58, Theorem 8.4.1] is satisfied with β = 0 and kFϵ(t) = Lϵ for
every t ∈ [t0, t0 + T ]. Since t0 is fixed, assumption (H4) from [58, Theorem 8.4.1] is not
needed. Finally, using once again that kϵ is Lϵ-Lipschitz continuous in its second variable
uniformly with respect to the first variable, we deduce that (H5) from [58, Theorem 8.4.1]
holds with c1 = Kmax, k1 = Lϵ, and with an arbitrary δ1 > 0. Thus, all assumptions
of [58, Theorem 8.4.1] are verified.

The statement of [58, Theorem 8.4.1] now asserts the existence of an absolutely con-
tinuous p : [t0, t0 + T ] → Rd and real numbers λ ≥ 0, ξ, and η, satisfying (i)–(iv) and
(vi) from the statement of [58, Theorem 8.4.1]. Items (i) and (ii) are exactly (a) and (b)
above.

Assertion [58, Theorem 8.4.1(iii)] states that
(−ξ, p(t0), η, −p(t0+T )) ∈ λ∂g(t0, x0, t0+T, γ(t0+T ))+NC(t0, x0, t0+T, γ(t0+T )), (19)

where ∂g denotes the limiting subdifferential of g (see [58, Definition 4.3.1] for its defini-
tion). Since g is smooth, we have ∂g(t0, x0, t0 + T, γ(t0 + T )) = {∇g(t0, x0, t0 + T, γ(t0 +
T ))} = {(−1, 0, 1, 0)}.
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Let us now compute the limiting normal cone of C at (t0, x0, t0 + T, γ(t0 + T )). For
that purpose, we first compute its proximal normal cone at every (t1, x1, t2, x2) ∈ C with
t2 > t1. Let (s1, p1, s2, p2) ∈ NP

C (t1, x1, t2, x2). By Definition 2.2(a), there exists M > 0
such that

(s1, p1, s2, p2) · (t′
1 − t1, x′

1 − x1, t′
2 − t2, x′

2 − x2)

≤ M
[
|t′

1 − t1|2 + |x′
1 − x1|2 + |t′

2 − t2|2 + |x′
2 − x2|2

]
for every (t′

1, x′
1, t′

2, x′
2) ∈ C. By definition of C, we have t1 = t′

1 = t0, x1 = x′
1 = x0, and

thus
s2(t′

2 − t2) + p2 · (x′
2 − x2) ≤ M

[
|t′

2 − t2|2 + |x′
2 − x2|2

]
.

Taking t′
2 = t2, we deduce that p2 · (x′

2 − x2) ≤ M |x′
2 − x2|2 for every x′

2 ∈ Γ, and
thus p2 ∈ NP

Γ (x2). Taking x′
2 = x2, we deduce that s2(t′

2 − t2) ≤ M |t′
2 − t2|2 for every

t′
2 ≥ t′

1 = t0. In particular, for every ρ > 0, taking t′
2 = t2 + ρ, we have s2ρ ≤ Mρ2, which

yields, since ρ > 0 is arbitrary, that s2 ≤ 0. On the other hand, taking t′
2 = t2 − ρ for

ρ ∈ (0, t2 − t1], we have −s2ρ ≤ Mρ2, which yields, since ρ ∈ (0, t2 − t1] is arbitrary and
t2 > t1, that −s2 ≤ 0, and thus s2 = 0. We have thus shown that3

NP
C (t1, x1, t2, x2) ⊂ R×Rd × {0} × NP

Γ (x2),
It now follows, using Definition 2.2(b), that4

NC(t0, x0, t0 + T, γ(t0 + T )) ⊂ R×Rd × {0} × NΓ(γ(t0 + T )).
In particular, (19) imposes no constraints on ξ and p(t0), and asserts that η = λ and
−p(t0 + T ) ∈ NΓ(γ(t0 + T )), showing (c).

To show (d), notice that [58, Theorem 8.4.1(iv)] states that, for almost every t ∈
[t0, t0 + T ], we have p(t) · γ̇(t) ≥ p(t) · v for every v ∈ Fϵ(t, γ(t)), which means that, for
almost every t ∈ [t0, t0+T ], we have kϵ(t, γ(t))p(t)·u(t) ≥ kϵ(t, γ(t))p(t)·w for every w ∈ B̄.
By Proposition 4.2, we have that dΩ(γ(t)) < ϵ for every t ∈ [t0, t0 + T ], yielding from (14)
that kϵ(t, γ(t)) > 0. Hence, for almost every t ∈ [t0, t0 + T ], we have p(t) · u(t) ≥ p(t) · w
for every w ∈ B̄, and this is equivalent to (d).

Finally, define Hϵ : R × Rd × Rd → R for (t, x, p) ∈ R × Rd × Rd by Hϵ(t, x, p) =
supv∈Fϵ(t,x) p · v, and notice that Hϵ(t, x, p) = kϵ(t, x)|p|. In particular, remarking that Hϵ

is continuous, [58, Theorem 8.4.1(vi)] then asserts that η = kϵ(t0 +T, γ(t0 +T ))|p(t0 +T )|,
and thus (e) holds since η = λ. □

The absolutely continuous function p from Proposition 4.3(b) is known as the costate
associated with the optimal trajectory γ. Even though Proposition 4.3(b) provides the
differential inclusion (17) for the costate p, this inclusion is in general hard to manipulate.
We provide, in the next lemma, the main consequence of this differential inclusion that
we will use in the sequel. Recall that, for r > 0, B̄r denotes the closed ball centered at
the origin and with radius r.

Lemma 4.4. Consider the optimal control problem OCPϵ(kϵ) under assumptions (H1)–
(H3), (H4), and (H5), and with kϵ defined from k as in (14). Let (t0, x0), γ, T , and p be
as in the statement of Proposition 4.3 and Lϵ > 0 be the Lipschitz constant of x 7→ kϵ(t, x),
which is independent of t. Then, for almost every t ∈ [t0, t0 + T ], we have

co
{

ζ ∈ Rd
∣∣∣ (ζ, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t))

}
⊂ B̄Lϵ|p(t)|.

In particular, for almost every t ∈ [t0, t0 + T ], we have |ṗ(t)| ≤ Lϵ|p(t)|.
3The converse inclusion can be shown by straightforward arguments, but it is not necessary for our

proof. Notice also that this inclusion is false in the case t2 = t1, but this case is not needed in our proof.
4Once again, we also have the converse inclusion, but it is not necessary for our proof.
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Proof. Let Gϵ be defined as in the statement of Proposition 4.3(b). Since B̄Lϵ|p(t)| is
convex, the result is proved if we show that, for a.e. t ∈ [t0, t0 + T ] and every ζ ∈ Rd,
if (ζ, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t)), then |ζ| ≤ Lϵ|p(t)|. Note that this inequality is trivial if
ζ = 0, and thus we assume from now on that ζ ̸= 0.

Fix t ∈ [t0, t0 + T ] at which p and γ are differentiable and (17) holds. Let ζ ∈ Rd

be such that (ζ, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t)). By definition of the limiting normal cone of
Gϵ(t), there exist sequences (xn, vn)n∈N in Gϵ(t) and (ζn, pn)n∈N in Rd × Rd such that
(xn, vn) → (γ(t), γ̇(t)) and (ζn, pn) → (ζ, p(t)) as n → +∞ and (ζn, pn) ∈ NP

Gϵ(t)(xn, vn)
for every n ∈ N. Since ζ ̸= 0, we assume, with no loss of generality, that ζn ̸= 0 for every
n ∈ N.

Take n ∈ N. Since (xn, vn) ∈ Gϵ(t), it follows from (18) that there exists un ∈ B̄ such
that vn = kϵ(t, xn)un. Since (ζn, pn) ∈ NP

Gϵ(t)(xn, vn), there exists Mn > 0 such that

(ζn, pn) · (y −xn, kϵ(t, y)u−kϵ(t, xn)un) ≤ Mn

[
|y − xn|2 + |kϵ(t, y)u − kϵ(t, xn)un|2

]
(20)

for every y ∈ Rd and u ∈ B̄. Let αn = ((n + 1)(1 + L2
ϵ )Mn)−1 > 0 and take y = xn + αnζn

and u = un in (20). Then

αn|ζn|2 + [kϵ(t, xn + αnζn) − kϵ(t, xn)] pn · un

≤ Mn

[
α2

n|ζn|2 + |kϵ(t, xn + αnζn) − kϵ(t, xn)|2
]

.

Hence
αn|ζn|2 ≤ Mnα2

n|ζn|2 + MnL2
ϵα2

n|ζn|2 + αnLϵ|ζn||pn|.
Since αn > 0 and |ζn| > 0, we deduce that(

1 − Mnαn − MnL2
ϵαn

)
|ζn| ≤ Lϵ|pn|.

By definition of αn, we have Mnαn + MnL2
ϵαn = 1

n+1 < 1, and thus

|ζn| ≤ Lϵ

1 − 1
n+1

|pn|.

The conclusion follows by letting n → +∞. □

Using Lemma 4.4, we can prove additional regularity properties of optimal trajectories
and optimal controls for OCPϵ(kϵ).

Proposition 4.5. Consider the optimal control problem OCPϵ(kϵ) under assumptions
(H1)–(H3), (H4), and (H5), and with kϵ defined from k as in (14). Let (t0, x0), γ, T ,
u, and p be as in the statement of Proposition 4.3 and Lϵ > 0 be the Lipschitz constant
of kϵ with respect to its second variable, which is independent of its first variable. For
t ∈ [t0, t0 + T ], define Ξϵ(t) by

Ξϵ(t) = co
{

ξ ∈ Rd
∣∣∣ (ξ|p(t)|, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t))

}
, (21)

where Gϵ(t) is given by (18). Then, up to redefining u in a set of Lebesgue measure zero,
the following assertions hold.
(a) For every t ∈ [t0, t0 + T ], we have |p(t)| ≠ 0 and u(t) = p(t)

|p(t)| .
(b) For almost every t ∈ [t0, t0 + T ] and every ξ ∈ Ξϵ(t), we have |ξ| ≤ Lϵ.
(c) We have γ ∈ C1([t0, t0 + T ];Rd), u ∈ LipLϵ

([t0, t0 + T ];Sd−1), and (γ, u) satisfies, for
almost every t ∈ [t0, t0 + T ], the system{

γ̇(t) = kϵ(t, γ(t))u(t)
u̇(t) ∈ Pr⊥

u(t) Ξϵ(t)
(22)
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where, for x ∈ Sd−1 and A ⊂ Rd, Pr⊥
x A denotes the projection of the vectors of A

onto the tangent space of Sd−1 at x, defined by Pr⊥
x A = {a − (x · a)x | a ∈ A}.

Proof. Let us first prove (a). By Lemma 4.4, we have that |ṗ(t)| ≤ |p(t)|Lϵ, implying that,
for every t1, t2 ∈ [t0, t0 + T ], we have

|p(t2)| ≤ |p(t1)| + Lϵ

w max{t1,t2}

min{t1,t2}
|p(s)| ds.

Hence, by Grönwall’s inequality, for every t1, t2 ∈ [t0, t0 + T ], we have

|p(t2)| ≤ |pϵ(t1)|eLϵ|t2−t1|.

If there exists t1 such that p(t1) = 0, then p(t) = 0 for every t ∈ [t0, t0 +Tϵ]. Letting λ ≥ 0
be as in the statement of Proposition 4.3, we have, by Proposition 4.3(e), that λ = 0,
which is a contradiction according to Proposition 4.3(a). Therefore |p(t)| ≠ 0 for every
t ∈ [t0, t0 + T ]. We then deduce from Proposition 4.3(d) that u(t) = p(t)

|p(t)| for almost every
t ∈ [t0, t0 + T ], and the conclusion for every t ∈ [t0, t0 + T ] holds by redefining u in a set
of measure zero. Hence (a) is proved.

Note that, for every t ∈ [t0, t0 + T ], we have ξ ∈ Ξϵ(t) if and only if

ξ

|p(t)| ∈ co
{

ζ ∈ Rd
∣∣∣ (ζ, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t))

}
.

In particular, (b) follows as a consequence of (a) and Lemma 4.4. Notice also that, by
Proposition 4.3(b), we have ṗ(t) ∈ |p(t)|Ξϵ(t) for a.e. t ∈ [t0, t0 + T ].

Let us now prove (c). Note that, by (a), u(t) ∈ Sd−1 for every t ∈ [t0, t0 + T ] and, since
p is absolutely continuous, u is also absolutely continuous. Let ξ : [t0, t0 + T ] → Rd be
a measurable function with ξ(t) ∈ Ξϵ(t) and ṗ(t) = |p(t)|ξ(t) for a.e. t ∈ [t0, t0 + T ]. We
compute, for a.e. t ∈ [t0, t0 + T ],

u̇(t) =
ṗ(t)|p(t)| − p(t)·ṗ(t)

|p(t)| p(t)

|p(t)|2
= ξ(t) − (u(t) · ξ(t))u(t),

which yields the differential inclusion for u in system (22). By (b), we deduce that |u̇(t)| ≤
Lϵ for a.e. t ∈ [t0, t0 + T ], yielding that u is Lϵ-Lipschitz continuous on [t0, t0 + T ]. The
first equation in (22) is simply (15), and its right-hand side is continuous on [t0, t0 + T ],
showing that γ ∈ C1([t0, t0 + T ];Rd). □

We will need in the sequel the following technical lemma.

Lemma 4.6. Consider the optimal control problem OCPϵ(kϵ) under assumptions (H1)–
(H3), (H4), and (H5), and with kϵ defined from k as in (14). Let (t0, x0), γ, T , and p be
as in the statement of Proposition 4.3 and L > 0 be the Lipschitz constant of Rd ∋ x 7→
k(t, x) ∈ [Kmin, Kmax], which is independent of t. For t ∈ [t0, t0 + T ], define Ξϵ(t) as in
the statement of Proposition 4.5, i.e.,

Ξϵ(t) = co
{

ξ ∈ Rd
∣∣∣ (ξ|p(t)|, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t))

}
,

where Gϵ(t) is given by (18). Finally, let W be a neighborhood of ∂Ω in which the signed
distance d±

∂Ω belongs to C1,1(W ;R), which exists thanks to Proposition 4.1(b).
For almost every t ∈ [t0, t0 + T ], if γ(t) ∈ W and γ(t) /∈ Ω̄, then, for every ξ ∈ Ξϵ(t),

we have ∣∣∣∣ξ · ∇d±
∂Ω(γ(t)) − 1

ϵ
k(t, γ(t))

∣∣∣∣ ≤
(

1 − 1
ϵ

dΩ(γ(t))
)

L. (23)
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Proof. Fix t ∈ [t0, t0 +T ] at which γ is differentiable and such that γ(t) ∈ W and γ(t) /∈ Ω̄.
Since the set of ξ ∈ Rd such that (23) holds is convex, it suffices to show that, for every
ξ ∈ Rd, if (ξ|p(t)|, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t)), then (23) holds, where Gϵ(t) is given by
(18). Fix ξ ∈ Rd such that (ξ|p(t)|, p(t)) ∈ NGϵ(t)(γ(t), γ̇(t)). Let u be an optimal control
associated with γ and recall that, by Proposition 4.5, u is Lipschitz continuous.

By definition of NGϵ(t)(γ(t), γ̇(t)), there exist sequences (xn)n∈N in Rd, (un)n∈N in
B̄, (ζn)n∈N in Rd, and (pn)n∈N in Rd such that, as n → +∞, we have xn → γ(t),
kϵ(t, xn)un → kϵ(t, γ(t))u(t), ζn → ξ|p(t)|, and pn → p(t), and in addition (ζn, pn) ∈
NP

Gϵ(t)(xn, kϵ(t, xn)un) for every n ∈ N. By Proposition 4.5(a), we have |p(t)| ≠ 0, and we
then define ξn = ζn

|p(t)| for n ∈ N. Then, as n → +∞, we have ξn → ξ and, since kϵ is
continuous and5 kϵ(t, γ(t)) > 0, we also have un → u(t).

For every n ∈ N, since (ζn, pn) ∈ NP
Gϵ(t)(xn, kϵ(t, xn)un), there exists Mn > 0 such that

(ξn|p(t)|, pn) · (y − xn, kϵ(t, y)w − kϵ(t, xn)un)

≤ Mn

[
|y − xn|2 + |kϵ(t, y)w − kϵ(t, xn)un|2

]
(24)

for every y ∈ Rd and w ∈ B̄. Let (αn)n∈N be a sequence of positive real numbers such
that αn → 0 and Mnαn → 0 as n → +∞. Since γ(t) ∈ W , γ(t) /∈ Ω̄, and dΩ(γ(t)) <
ϵ, for n large enough, we have xn ∈ W , xn /∈ Ω̄, and dΩ(xn) < ϵ. In particular, by
Proposition 4.1(b), ∇d±

∂Ω(xn) is well-defined and |∇d±
∂Ω(xn)| = 1. For n ∈ N, apply (24)

with y = xn + αn∇d±
∂Ω(xn) and w = un. Then

αn|p(t)|ξn · ∇d±
∂Ω(xn) + pn · un

[
kϵ(t, xn + αn∇d±

∂Ω(xn)) − kϵ(t, xn)
]

≤ Mnα2
n(1 + L2

ϵ ),

where Lϵ is the Lipschitz constant of Rd ∋ x 7→ kϵ(t, x) ∈ R+, which is independent of t.
Dividing by αn, we get

|p(t)|ξn · ∇d±
∂Ω(xn) + pn · un

kϵ(t, xn + αn∇d±
∂Ω(xn)) − kϵ(t, xn)
αn

≤ Mnαn(1 + L2
ϵ ). (25)

Since ∇d±
∂Ω is continuous in W , we have, as n → +∞, that ξn ·∇d±

∂Ω(xn) → ξ ·∇d±
∂Ω(γ(t)),

pn · un → p(t) · u(t) = |p(t)|, and, by construction, Mnαn → 0.
Let us denote for simplicity zn = xn + αn∇d±

∂Ω(xn). Since αn → 0 as n → +∞ and
γ(t) ∈ W , γ(t) /∈ Ω̄, and dΩ(γ(t)) < ϵ, we deduce that, for n large enough, xn ∈ W ,
zn ∈ W , xn /∈ Ω̄, zn /∈ Ω̄, dΩ(xn) < ϵ, and dΩ(zn) < ϵ for n large enough. Using those
facts and (14), we compute

1
αn

[kϵ(t, zn) − kϵ(t, xn)] = 1
αn

[
k(t, zn)

(
1 − 1

ϵ
d±

∂Ω(zn)
)

− k(t, xn)
(

1 − 1
ϵ

d±
∂Ω(xn)

)]
= 1

ϵ
k(t, zn)d±

∂Ω(xn) − d±
∂Ω(zn)

αn
+ βn

(
1 − 1

ϵ
d±

∂Ω(xn)
)

,

where
βn = k(t, zn) − k(t, xn)

αn
.

Note that, since k is L-Lipschitz continuous in its second argument, we have |βn| ≤ L for n
large enough. In particular, up to extracting a subsequence, there exists β∗ ∈ [−L, L] such
that βn → β∗ as n → +∞. Moreover, since d±

∂Ω ∈ C1,1(W ;R), we have d±
∂Ω(xn)−d±

∂Ω(zn)
αn

→

−
∣∣∣∇d±

∂Ω(γ(t))
∣∣∣2 = −1 as n → +∞. Hence, letting n → +∞ in (25) and dividing by |p(t)|,

5Recall that, by Proposition 4.2, we have dΩ(γ(t)) < ϵ.
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we deduce that

ξ · ∇d±
∂Ω(γ(t)) − 1

ϵ
k(t, γ(t)) + β∗

(
1 − 1

ϵ
d±

∂Ω(γ(t))
)

≤ 0. (26)

Performing the same computations as above from (24) but now taking y = xn −
αn∇d±

∂Ω(xn) and w = un, we get that

−ξ · ∇d±
∂Ω(γ(t)) + 1

ϵ
k(t, γ(t)) + β̃∗

(
1 − 1

ϵ
d±

∂Ω(γ(t))
)

≤ 0

for some β̃∗ ∈ [−L, L]. Together with (26), this yields (23), as required. □

Proposition 4.2 stated that, for every ϵ > 0, optimal trajectories for OCPϵ(kϵ) always
remain in an ϵ neighborhood of Ω̄. Using the previous results, we can now be more precise
and show that, if ϵ > 0 is small enough, optimal trajectories for OCPϵ(kϵ) starting at
(t0, x0) ∈ R+ × Ω̄ never leave Ω̄.
Proposition 4.7. Consider the optimal control problem OCPϵ(kϵ) under assumptions
(H1)–(H3), (H4), and (H5) and kϵ defined from k as in (14). There exists ϵ0 > 0 such
that, for every ϵ ∈ (0, ϵ0), (t0, x0) ∈ R+ ×Rd, and γ ∈ Optϵ(kϵ, t0, x0), we have dΩ(γ(t)) ≤
dΩ(x0) for every t ∈ R+. In particular, if x0 ∈ Ω̄, then γ(t) ∈ Ω̄ for every t ∈ R+.

Proof. Take (t0, x0) ∈ R+ ×Rd. Notice first that, if x0 ∈ Γ, then Optϵ(kϵ, t0, x0) is equal
to the singleton containing only the trajectory that remains in x0 for all times. We thus
assume, for the rest of the proof, that x0 ∈ Ω̄ \ Γ.

Let W be as in the statement of Proposition 4.1(b) and take ϵ∗ > 0 such that {x ∈ Rd |
d∂Ω(x) < ϵ∗} ⊂ W . Let C be a Lipschitz constant of ∇d±

∂Ω on W and L, Kmax, and Kmin

be as in (H4) and (H5). Let ϵ0 = min
{

ϵ∗, Kmin
L+CKmax

}
and take ϵ ∈ (0, ϵ0).

Fix γ ∈ Optϵ(kϵ, t0, x0) and let T = φϵ(t0, x0). Recall that, by Proposition 4.2,
dΩ(γ(t)) < ϵ for every t ∈ R+. Let p : [t0, t0 + T ] → Rd be the costate associated with γ,
whose existence is asserted in Proposition 4.3. By Propositions 4.3(b) and 4.5(a), there ex-
ists a measurable function ξ : [t0, t0 + T ] → Rd such that ξ(t) ∈ Ξϵ(t) and ṗ(t) = |p(t)|ξ(t)
for a.e. t ∈ [t0, t0 + T ], where Ξϵ(t) is defined in (21).

By definition of optimal trajectories, we have that γ(t) = x0 for every t ∈ [0, t0] and
γ(t) = γ(t0 + T ) ∈ Γ ⊂ Ω̄ for every t ∈ [t0 + T, +∞), and hence dΩ(γ(t)) ≤ dΩ(x0)
for every t ∈ [0, t0] ∪ [t0 + T, +∞). Assume, to obtain a contradiction, that there exist
a, b ∈ [t0, t0 + T ] such that a < b, dΩ(γ(t)) > dΩ(x0) for t ∈ (a, b) and dΩ(γ(t)) = dΩ(x0)
for t ∈ {a, b}. In particular, dΩ(γ(t)) > 0 for t ∈ (a, b), implying that γ(t) /∈ Ω̄ for t ∈ (a, b)
and γ(t) /∈ Ω for t ∈ [a, b].

Recall that, by Proposition 4.2, dΩ(γ(t)) < ϵ for every t ∈ R+, and thus, in particular,
γ(t) ∈ W for every t ∈ [a, b]. Hence, by Propositions 4.1 and 4.5(c), the map t 7→ d±

∂Ω(γ(t))
is differentiable on (t0, t0 + T ), d±

∂Ω(γ(t)) > dΩ(x0) for t ∈ (a, b), and d±
∂Ω(γ(t)) = dΩ(x0)

for t ∈ {a, b}. Thus, its derivative is nonnegative at a and nonpositive at b, i.e.,
γ̇(a) · ∇d±

∂Ω(γ(a)) ≥ 0 and γ̇(b) · ∇d±
∂Ω(γ(b)) ≤ 0.

Since, by Propositions 4.2 and 4.5, we have γ̇(t) = kϵ(t, γ(t)) p(t)
|p(t)| and kϵ(t,γ(t))

|p(t)| > 0 for
every t ∈ [t0, t0 + T ], we deduce that

p(a) · ∇d±
∂Ω(γ(a)) ≥ 0 and p(b) · ∇d±

∂Ω(γ(b)) ≤ 0. (27)
Consider now the map α : t 7→ p(t) · ∇d±

∂Ω(γ(t)). Since γ(t) ∈ W for every t ∈ [a, b] and
d±

∂Ω ∈ C1,1(W ;R), α is absolutely continuous on [a, b] and, for a.e. t ∈ (a, b), we have,
using Lemma 4.6 and the fact that ∇d±

∂Ω ◦ γ is CKmax-Lipschitz continuous in [a, b], that

α̇(t) = ṗ(t) · ∇d±
∂Ω(γ(t)) + p(t) ·

d
[
∇d±

∂Ω ◦ γ
]

dt
(t)
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= |p(t)|ξ(t) · ∇d±
∂Ω(γ(t)) + p(t) ·

d
[
∇d±

∂Ω ◦ γ
]

dt
(t)

≥ 1
ϵ

|p(t)|k(t, γ(t)) −
(

1 − 1
ϵ

dΩ(γ(t))
)

L|p(t)| − CKmax|p(t)|

≥ |p(t)|
(

Kmin
ϵ

− L − CKmax

)
> 0,

which contradicts (27). □

We are now in position to show the main result of this section.

Theorem 4.8. Consider the optimal control problem OCP(k) under assumptions (H1)–
(H3), (H4), and (H5), as well as the problem OCPϵ(kϵ) with kϵ defined from k as in
(14). There exists ϵ0 > 0 such that, for every ϵ ∈ (0, ϵ0) and (t0, x0) ∈ R+ × Ω̄, we have
Optϵ(kϵ, t0, x0) = Opt(k, t0, x0) and φϵ(t0, x0) = φ(t0, x0).

Proof. Let ϵ0 > 0 be as in the statement of Proposition 4.7, ϵ ∈ (0, ϵ0), and (t0, x0) ∈
R × Ω̄. Let γϵ ∈ Optϵ(kϵ, t0, x0) and γ ∈ Opt(k, t0, x0), and denote Tϵ = φϵ(t0, x0) and
T = φ(t0, x0). Clearly, γ ∈ Admϵ(kϵ), and thus Tϵ ≤ T . On the other hand, thanks to
Proposition 4.7, γϵ ∈ Adm(k), which leads us to T ≤ Tϵ. Hence T = Tϵ, which shows that
we have both γϵ ∈ Opt(k, t0, x0) and γ ∈ Optϵ(kϵ, t0, x0), as required. □

Thanks to Theorem 4.8, all properties established in this section for optimal trajectories
of OCPϵ(kϵ) also hold for optimal trajectories of OCP(k). The next statement, whose proof
is an immediate consequence of Proposition 4.5(c) and Theorem 4.8, gathers the properties
of optimal trajectories of OCP(k) that will be used in the sequel.

Corollary 4.9. Consider the optimal control problem OCP(k) under assumptions (H1)–
(H3), (H4), and (H5). Let (t0, x0) ∈ R+ × Ω̄, γ ∈ Opt(k, t0, x0), T = φ(t0, x0), and
u : R+ → B̄ be an optimal control associated with γ. Then, up to redefining u in a set of
Lebesgue measure zero, we have γ ∈ C1([t0, t0 + T ]; Ω̄) and u ∈ Lip([t0, t0 + T ];Sd−1).

Before concluding this section, we also provide the following result on the local Lipschitz
continuity of φϵ, which can be obtained as a consequence of Proposition 4.7. For its
statement, we introduce, for ϵ > 0, the set

Ωϵ = {x ∈ Rd | dΩ(x) < ϵ}.

Proposition 4.10. Consider the optimal control problem OCPϵ(kϵ) and its value function
φϵ under assumptions (H1)–(H3), (H4), and (H5) and kϵ defined from k as in (14). Then
there exists ϵ0 > 0 such that, for every ϵ ∈ (0, ϵ0), the value function φϵ : R+ × Ωϵ → R+
of OCPϵ(kϵ) is locally Lipschitz continuous. More precisely, for every η ∈ [0, ϵ), φϵ is
Lipschitz continuous on R+ × Ω̄η.

Proof. Let ϵ0 > 0 be as in the statement of Proposition 4.7 and fix ϵ ∈ (0, ϵ0) and η ∈ [0, ϵ).
We consider the optimal control problem ÔCP defined as follows: given (t0, x0) ∈ R+×Ω̄η,
minimize τ(t0, γ) over all Lipschitz continuous curves γ : R+ → Ω̄η satisfying (15) for some
measurable function u : R+ → B̄ and γ(t0) = x0. We denote by φ̂ : R+ × Ω̄η → R+ the
value function of ÔCP and by Ôpt(kϵ, t0, x0) the set of optimal trajectories for (t0, x0),
with the convention that γ ∈ Ôpt(kϵ, t0, x0) must satisfy γ(t) = x0 for t ∈ [0, t0] and
γ(t) = γ(t0 + φ̂(t0, x0)) for t ∈ [t0 + φ̂(t0, x0), +∞).

Note that ÔCP is a minimal-time optimal control problem with dynamics defined by kϵ

and with the state constraint γ(t) ∈ Ω̄η for every t ≥ 0. In particular, ÔCP coincides with
the optimal control problem OCP(k) if one replaces Ω by Ωη and k by the restriction of kϵ

to R+ × Ω̄η, and assumptions (H1)–(H3), (H4), and (H5) are satisfied for ÔCP, with Kmin
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in (H4) replaced by K̂min =
(
1 − η

ϵ

)
Kmin and L in (H5) replaced by L̂ = Lϵ = L + Kmax

ϵ .
Hence, all properties of Section 3 apply to ÔCP and thus, by Proposition 3.3, φ̂ is Lipschitz
continuous on R+ × Ω̄η.

In order to conclude, it suffices to show that φϵ and φ̂ coincide on this set. For this
purpose, we proceed as in the proof of Theorem 4.8. Let (t0, x0) ∈ R × Ω̄η. Let γϵ ∈
Optϵ(kϵ, t0, x0) and γ̂ ∈ Ôpt(kϵ, t0, x0), and denote Tϵ = φϵ(t0, x0) and T̂ = φ̂(t0, x0).
Clearly, γ̂ ∈ Admϵ(kϵ), and thus Tϵ ≤ T̂ . On the other hand, thanks to Proposition 4.7,
we have dΩ(γϵ(t)) ≤ dΩ(x0) ≤ η for every t ≥ 0, showing that γϵ takes values in Ω̄η. Hence
γϵ is an admissible trajectory for the optimal control problem ÔCP, showing that T̂ ≤ Tϵ.
Hence T̂ = Tϵ, as required. □

4.2. Boundary condition of the value function. Proposition 3.4 in Section 3 asserts
that φ is a viscosity solution of the Hamilton–Jacobi equation (13) and also provides its
boundary condition on R+ × Γ. The only information provided in Proposition 3.4 on φ
on the part of the boundary R+ × (∂Ω \ Γ) is that φ is a viscosity supersolution there.
The main result of this section, Theorem 4.11, provides additional information on φ on
R+ ×(∂Ω\Γ). We recall that, given x ∈ ∂Ω, n(x) denotes the outward unit normal vector
to Ω̄ at x.

Theorem 4.11. Consider the optimal control problem OCP(k) and its value function φ
under assumptions (H1)–(H3), (H4), and (H5). Then φ satisfies ∇φ(t, x) · n(x) ≥ 0 in
the viscosity supersolution sense for every (t, x) ∈ R+ × (∂Ω \ Γ).

Proof. We consider in this proof that k is extended to a continuous function, still denoted
by k, defined in [−1, +∞) ×Rd which is Lipschitz continuous with respect to its second
variable, uniformly with respect to the first one. Note that, up to considering the optimal
control problem OCP(k(· − 1, ·)), all of the previous results on minimal-time optimal
control problems apply to k with the time domain R+ replaced by [−1, +∞)

Fix (t0, x0) ∈ R+ × (∂Ω \ Γ) and let ξ ∈ C1(V ;R) be such that ξ(t0, x0) = φ(t0, x0) and
ξ(t, x) ≤ φ(t, x) for every (t, x) ∈ V , where V is a neighborhood of (t0, x0) in [−1, +∞)×Ω̄.
Assume, to obtain a contradiction, that ∇ξ(t0, x0) · n(x0) < 0. In particular, we have
∇ξ(t0, x0) ̸= 0.

Let γ ∈ Opt(k, t0, x0), u be an optimal control for γ, and T = φ(t0, x0). Since x0 /∈ Γ,
we have T > 0 and, by Corollary 4.9, we have γ ∈ C1([t0, t0 + T ]; Ω̄) and u ∈ Lip([t0, t0 +
T ];Sd−1).

Let σ : [−1, +∞) → Rd denote the solution of the initial value problem σ̇(t) = −k(t, σ(t)) ∇ξ(t0, x0)
|∇ξ(t0, x0)| ,

σ(t0) = x0.

Since k is continuous, by construction, σ ∈ C1([−1, +∞),Rd). We claim that there exists
ϵ ∈ (0, 1] such that σ(t) ∈ Ω̄ and (t, σ(t)) ∈ V for every t ∈ [t0 − ϵ, t0]. Indeed, let
W be as in Proposition 4.1(b) and notice that, since x0 ∈ ∂Ω, there exists ϵ0 ∈ (0, 1]
such that σ(t) ∈ W for every t ∈ [t0 − ϵ0, t0 + ϵ0]. Moreover, up to reducing ϵ0, we also
have (t, σ(t)) ∈ V for every t ∈ [t0 − ϵ0, t0 + ϵ0]. Consider the map β : t 7→ d±

∂Ω(σ(t)),
which is Lipschitz continuous on [t0 − ϵ0, t0 + ϵ0]. By differentiating, we have, for a.e.
t ∈ [t0 − ϵ0, t0 + ϵ0],

β̇(t) = σ̇(t) · ∇d±
∂Ω(σ(t)) = −k(t, σ(t))∇d±

∂Ω(σ(t)) · ∇ξ(t0, x0)
|∇ξ(t0, x0)| . (28)

Recalling that n(x0) = ∇d±
∂Ω(x0) and using the continuity of ∇d∂Ω, we deduce from

the fact that ∇ξ(t0, x0) · n(x0) < 0 that there exists ϵ ∈ (0, ϵ0] such that ∇d±
∂Ω(σ(t)) ·
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∇ξ(t0, x0) < 0 for every t ∈ [t0 − ϵ, t0 + ϵ]. Hence, by (28), we have β̇(t) > 0 for a.e.
t ∈ [t0 − ϵ, t0 + ϵ]. Since β(t0) = 0, we thus have β(t) ≤ 0 for t ∈ [t0 − ϵ, t0], which implies
that σ(t) ∈ Ω̄ for every t ∈ [t0 − ϵ, t0]. Since ϵ ∈ (0, ϵ0], we also have in particular that
(t, σ(t)) ∈ V for every t ∈ [t0 − ϵ, t0].

Define γ̃ : [−1, +∞) → Ω̄ by

γ̃(t) =


σ(t0 − ϵ), if t ∈ [−1, t0 − ϵ),
σ(t), if t ∈ [t0 − ϵ, t0),
γ(t), if t ≥ t0.

Hence γ̃ is an admissible trajectory for k and thus, by Proposition 3.1(c), for every h ∈
[0, ϵ], we have φ(t0, x0) ≥ φ(t0−h, γ̃(t0−h))−h, and thus ξ(t0, x0) ≥ ξ(t0−h, γ̃(t0−h))−h.
Notice also that, for h ∈ [0, ϵ], we have γ̃(t0 − h) = σ(t0 − h), yielding that ξ(t0, x0) ≥
ξ(t0 − h, σ(t0 − h)) − h. Since ξ and σ are C1 functions, for h ∈ [0, ϵ], we have

ξ(t0 − h, σ(t0 − h)) = ξ(t0, x0) − h∂tξ(t0, x0) − h∇ξ(t0, x0) · σ̇(t0) + o(h).

Inserting this fact in the inequality ξ(t0, x0) ≥ ξ(t0 − h, σ(t0 − h)) − h for h ∈ (0, ϵ], using
the definition of σ, dividing by h and letting h → 0+, we deduce that

−∂tξ(t0, x0) + k(t0, x0)|∇ξ(t0, x0)| − 1 ≤ 0. (29)

Since γ ∈ Opt(k, t0, x0), we have, by Proposition 3.1(c), that φ(t0, x0) = φ(t0 +h, γ(t0 +
h)) + h for every h ∈ [0, T ], and thus ξ(t0, x0) ≥ ξ(t0 + h, γ(t0 + h)) + h. We also have, for
h ∈ [0, T ],

ξ(t0 + h, γ(t0 + h)) = ξ(t0, x0) + h∂tξ(t0, x0) + h∇ξ(t0, x0) · γ̇(t+
0 ) + o(h),

where we use the fact that γ ∈ C1([t0, t0 + T ]; Ω̄) and γ̇(t+
0 ) denotes the limit of γ̇(t) as

t → t+
0 . Using the fact that γ satisfies the first equation of (1), we deduce as before,

dividing by h and letting h → 0+, that

∂tξ(t0, x0) + k(t0, x0)∇ξ(t0, x0) · u(t0) + 1 ≤ 0.

Adding with (29), we deduce that ∇ξ(t0, x0) ·u(t0)+ |∇ξ(t0, x0)| ≤ 0 and, since u(t0) ∈ B̄,
this implies that u(t0) = − ∇ξ(t0,x0)

|∇ξ(t0,x0)| .
Consider now the function α : t 7→ d±

∂Ω(γ(t)) defined on [t0, t0 + T ]. Since γ(t0) = x0 ∈
∂Ω, there exists δ0 ∈ (0, T ] such that γ(t) ∈ W for every t ∈ [t0, t0 + δ0], and thus α is C1

on [t0, t0 + δ0], with

α̇(t) = ∇d±
∂Ω(γ(t)) · γ̇(t) = k(t, γ(t))∇d±

∂Ω(γ(t)) · u(t).

In particular, α̇(t0) = −k(t0, x0)n(x0) · ∇ξ(t0,x0)
|∇ξ(t0,x0)| > 0, showing that there exists δ ∈ (0, δ0]

such that α(t) > α(t0) = 0 for every t ∈ (t0, t0 + δ]. From the definition of α, this means
that γ(t) /∈ Ω̄ for t ∈ (t0, t0 + δ], which is a contradiction since γ ∈ Opt(k, t0, x0). This
contradiction establishes that ∇ξ(t0, x0) · n(x0) ≥ 0, as required. □

Remark 4.12. Under the assumptions of Theorem 4.11, if (t0, x0) ∈ R+ × (∂Ω\Γ) and φ
is differentiable at (t0, x0), then the inequality ∇φ(t0, x0) · n(x0) ≥ 0 holds in the classical
sense.

Proposition 3.4 asserts that the value function φ is a viscosity solution of the Hamilton–
Jacobi equation (13) in R+ × (Ω \ Γ) and thus, as a consequence of standard properties of
viscosity solutions, (13) is satisfied in the classical sense at all points (t, x) ∈ R+ × (Ω \ Γ)
at which φ is differentiable. Thanks to Theorem 4.11, we can prove that (13) is actually
satisfied at all points (t, x) ∈ R+ × (Ω̄ \ Γ) at which φ is differentiable.
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Proposition 4.13. Consider the optimal control problem OCP(k) and its value function
φ under assumptions (H1)–(H3), (H4), and (H5). Let (t0, x0) ∈ R+ × (Ω̄ \ Γ) be such that
φ is differentiable at (t0, x0). Then

−∂tφ(t0, x0) + |∇φ(t0, x0)|k(t0, x0) − 1 = 0.

Proof. If x0 ∈ Ω \ Γ, this fact is a consequence of classical properties of viscosity solu-
tions, and so we assume in the sequel that x0 ∈ ∂Ω \ Γ. By Remark 4.12, we have that
∇φ(t0, x0) · n(x0) ≥ 0. Moreover, by Proposition 3.5(a), we have ∇φ(t0, x0) ̸= 0. Since,
by Proposition 3.4, φ is a viscosity supersolution of (13) in R+ × (Ω̄ \ Γ), we have in
particular that

−∂tφ(t0, x0) + |∇φ(t0, x0)|k(t0, x0) − 1 ≥ 0.

We are thus left to show the converse inequality.
Let D be the set of unit vectors pointing to the inside of Γ̄ at x0, i.e., D is the set of

u0 ∈ Sd−1 for which there exists h0 > 0 such that x0 + hu0 ∈ Ω̄ for every h ∈ [0, h0].
Notice that {u0 ∈ Sd−1 | u0 · n(x0) < 0} ⊂ D ⊂ {u0 ∈ Sd−1 | u0 · n(x0) ≤ 0} and thus, in
particular, D̄ = {u0 ∈ Sd−1 | u0 · n(x0) ≤ 0}. Since ∇φ(t0, x0) · n(x0) ≥ 0, we deduce that
− ∇φ(t0,x0)

|∇φ(t0,x0)| ∈ D̄.
Let u ∈ D and σ ∈ C1(R+;Rd) be the unique solution of{

σ̇(t) = k(t, σ(t))u
σ(t0) = x0.

(30)

Since u ∈ D, there exists h0 > 0 such that σ(t) ∈ Ω̄ for every t ∈ [t0, t0 + h0]. Let
γ ∈ Adm(k) be defined by γ(t) = x0 for t ∈ [0, t0], γ(t) = σ(t) for t ∈ [t0, t0 + h0], and
γ(t) = σ(t0 + h0) for t ≥ t0 + h0. By Proposition 3.1(c), we have, for every h ∈ [0, h0],

φ(t0, x0) ≤ h + φ(t0 + h, σ(t0 + h)). (31)
One the other hand, notice that σ(t0 + h) = x0 + hk(t0, x0)u + o(h) as h → 0. Since φ is
differentiable at (t0, x0) and Lipschitz continuous, we deduce that, as h → 0+,

φ(t0 + h, σ(t0 + h)) − φ(t0, x0) = h∂tφ(t0, x0) + hk(t0, x0)∇φ(t0, x0) · u + o(h).
Dividing the above expression by h, using (31) and letting h → 0+, we get

−1 ≤ ∂tφ(t0, x0) + k(t0, x0)∇φ(t0, x0) · u.

Since this holds for every u ∈ D and the right-hand side of the above inequality is contin-
uous in u, we get that

∂tφ(t0, x0) + k(t0, x0) inf
u∈D̄

∇φ(t0, x0) · u + 1 ≥ 0.

Since − ∇φ(t0,x0)
|∇φ(t0,x0)| ∈ D̄, the above infimum is attained at u = − ∇φ(t0,x0)

|∇φ(t0,x0)| , yielding that

−∂tφ(t0, x0) + |∇φ(t0, x0)|k(t0, x0) − 1 ≤ 0,

as required. □

Remark 4.14. At the light of Proposition 4.13, a natural question is whether φ is also
a viscosity subsolution of (13) in R+ × (Ω̄ \ Γ), since this would imply the result of
Proposition 4.13. However, this may fail to be the case, as illustrated by the following
example. Consider the case d = 1, Ω = (0, 1), Γ = {0}, and k : R+ × [0, 1] → R+ given
by k(t, x) = 1 for every (t, x) ∈ R+ × [0, 1]. One easily computes that φ(t, x) = x for
every (t, x) ∈ R+ × [0, 1]. For every α ∈ (−∞, 1], the function ξ : R+ × [0, 1] defined for
(t, x) ∈ R+×[0, 1] by ξ(t, x) = 1+α(x−1) satisfies ξ(t, 1) = φ(t, 1) = 1 and ξ(t, x) ≥ φ(t, x)
for every (t, x) ∈ R+ × [0, 1]. However, for α < −1 and t ∈ R+, we have

−∂tξ(t, 1) + |∂xξ(t, 1)|k(t, 1) − 1 = |α| − 1 > 0,

showing that φ cannot be a viscosity subsolution of (13) at (t, 1).



26 SAEED SADEGHI ARJMAND AND GUILHERME MAZANTI

4.3. Characterization of optimal controls. We now turn to the problem of charac-
terizing the optimal control u : R+ → B̄ associated with an optimal trajectory γ ∈
Opt(k, t0, x0). By Proposition 3.5(b), the optimal control u can be written as u(t) =
− ∇φ(t,γ(t))

|∇φ(t,γ(t)| for every t ∈ [t0, t0 + φ(t0, x0)) such that φ is differentiable at (t, γ(t)). For
optimal control problems without state constraints, one can typically prove that φ is a
semiconcave function (see, e.g., [17, Theorem 8.2.7]) and use this fact and properties of
superdifferentials of semiconcave functions to deduce that φ is indeed differentiable along
optimal trajectories, except possibly at their starting and ending times (see, e.g., [17, The-
orem 8.4.6]).

Since value functions of optimal control problems with state constraints may fail to be
semiconcave, we propose in this section an alternative way to characterize the optimal
control. In particular, we are also able to provide a characterization of the optimal control
under weaker assumptions: semiconcavity results usually require the dynamics of the
system to be C1,1 with respect to the state, as in [17, Theorem 8.2.7], but the Lipschitz
continuity assumption (H5) is actually sufficient for our strategy. The approach we follow
here is an adaptation to the case with state constraints of the characterization of optimal
controls from [55]. We start by introducing the set of optimal directions at a point.

Definition 4.15. Consider the optimal control problem OCP(k) and assume that (H1)–
(H3), (H4), and (H5) hold. Let (t0, x0) ∈ R+ × Ω̄. We define the set U(t0, x0) of optimal
directions at (t0, x0) as the set of u0 ∈ Sd−1 for which there exists γ ∈ Opt(k, t0, x0) such
that the corresponding optimal control u ∈ Lip([t0, t0 + φ(t0, x0)],Sd−1) associated with γ
satisfies u(t0) = u0.

Notice that, by Proposition 3.1(a) and Corollary 4.9, the set U(t0, x0) is non-empty
whenever x0 ∈ Ω̄ \ Γ. We now show that U(t0, x0) is singleton along optimal trajectories,
except possibly at their initial and final points. This result was already presented in [50,
Proposition 4.11] for optimal control problems without state constraints and with the
stronger assumption that k ∈ Lip(R+ × Ω̄;R+), but the proof presented in that reference
also applies to our setting. We provide the proof here for completeness and also since it
is an easy and interesting consequence of Corollary 4.9.

Proposition 4.16. Consider the optimal control problem OCP(k) and its value function
φ and assume that (H1)–(H3), (H4), and (H5) hold. Let (t0, x0) ∈ R+ × Ω̄ and γ ∈
Opt(k, t0, x0). Then, for every t ∈ (t0, t0 + φ(t0, x0)), the set U(t, γ(t)) contains exactly
one element.

Proof. Let u : R+ → B̄ be the optimal control associated with γ, t1 ∈ (t0, t0 + φ(t0, x0)),
and x1 = γ(t1). Since x1 ∈ Ω̄ \ Γ, we have U(t1, x1) ̸= ∅. Moreover, by Proposition 3.1(c),
we have φ(t1, x1) + t1 − t0 = φ(t0, x0) and, noticing that τ(t1, γ) = t0 + φ(t0, x0) − t1 =
φ(t1, x1), we deduce that the restriction of γ to [t1, t0 + φ(t0, x0)] (extended by constant
values to R+) is an optimal trajectory for OCP(k) from (t1, x1), and thus u(t1) ∈ U(t1, x1).

We conclude the proof by showing that, for every u1 ∈ U(t1, x1), we have u1 = u(t1). For
that purpose, take u1 ∈ U(t1, x1). By definition of U(t1, x1), there exists γ̃ ∈ Opt(k, t1, x1)
such that its associated control ũ satisfies ũ(t1) = u1. Consider the trajectory γ̂ : R+ → Ω̄
defined by γ̂(t) = γ(t) for t ≤ t1 and γ̂(t) = γ̃(t) for t ≥ t1, and notice that its associated
control û satisfies û(t) = u(t) for t < t1 and û(t) = ũ(t) for t > t1. Then γ̂ ∈ Adm(k)
and, by construction, τ(t0, γ̂) = t1 − t0 + τ(t1, γ̃) = t1 − t0 + φ(t1, x1) = φ(t0, x0), which
yields that γ̂ ∈ Opt(k, t0, x0). In particular, by Corollary 4.9, we have û ∈ Lip([t0, t0 +
φ(t0, x0)];Sd−1), and thus û(t1) = limt→t−

1
û(t) = u(t1) and û(t1) = limt→t+

1
û(t) = ũ(t1) =

u1, yielding that u1 = u(t1), as required. □
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Similarly to [55], the goal of this section is to characterize U(t0, x0) as the set of directions
of maximal descent of the value function φ of OCP(k). For that purpose, we first introduce
the notion of descent rate of φ along a given direction.

Definition 4.17. Consider the optimal control problem OCP(k) and its value function φ
and assume that (H1)–(H3), (H4), and (H5) hold. Let (t0, x0) ∈ R+ × Ω̄.

(a) The set of inward pointing directions at x0 is the set In(x0) of vectors u0 ∈ Sd−1 for
which there exists h0 > 0 such that x0 + hu0 ∈ Ω̄ for every h ∈ [0, h0].

(b) The descent rate of φ at (t0, x0) is the function ∆(t0,x0) : In(x0) → R defined for
u0 ∈ In(x0) by

∆(t0,x0)(u0) = lim sup
h→0+

φ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

.

Note that In(x0) = Sd−1 if x0 ∈ Ω, while, thanks to (H3), for x0 ∈ ∂Ω, we have

{u0 ∈ Sd−1 | u0 · n(x0) < 0} ⊂ In(x0) ⊂ {u0 ∈ Sd−1 | u0 · n(x0) ≤ 0}.

In general, both inclusions may be strict. As a consequence of those inclusions, we have

In(x0) = {u0 ∈ Sd−1 | u0 · n(x0) ≤ 0}.

The next proposition provides important properties of the descent rate function.

Proposition 4.18. Consider the optimal control problem OCP(k) and assume that (H1)–
(H3), (H4), and (H5) hold. Let (t0, x0) ∈ R+ × Ω̄.
(a) For every u0 ∈ In(x0), we have ∆(t0,x0)(u0) ≥ −1.
(b) The function ∆(t0,x0) is Lipschitz continuous on In(x0), with a Lipschitz constant

depending only on Kmax and the Lipschitz constant of φ, and thus independent of
(t0, x0).

Proof. To show (a), take u0 ∈ In(x0) and let σ ∈ C1(R+;Rd) be the unique solution of{
σ̇(t) = k(t, σ(t))u0,

σ(t0) = x0.

Since u0 ∈ In(x0), there exists t∗ > t0 such that σ(t) ∈ Ω̄ for every t ∈ [t0, t∗]. Define
γ ∈ Adm(k) by

γ(t) =


x0, if t ∈ [0, t0],
σ(t), if t ∈ [t0, t∗],
σ(t∗), if t ≥ t∗.

Applying Proposition 3.1(c) to γ, we deduce that φ(t0 + h, γ(t0 + h)) + h ≥ φ(t0, x0) for
every h ≥ 0, and thus, for h ∈ (0, t∗ − t0], we have

φ(t0 + h, σ(t0 + h)) − φ(t0, x0)
h

≥ −1.

Since σ(t0 + h) = x0 + hk(t0, x0)u0 + o(h) as h → 0+ and φ is Lipschitz continuous, we
deduce that φ(t0 + h, σ(t0 + h)) = φ(t0 + h, x0 + hk(t0, x0)u0) + o(h), yielding that, as
h → 0+,

φ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

≥ −1 + o(1), (32)

and the conclusion of (a) follows from the definition of ∆(t0,x0).
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In order to prove (b), take u1, u2 ∈ In(x0) and denote by C > 0 the Lipschitz constant
of φ. For h > 0 small enough, we have

φ(t0 + h, x0 + hk(t0, x0)u1) − φ(t0, x0)
h

= φ(t0 + h, x0 + hk(t0, x0)u2) − φ(t0, x0)
h

+ φ(t0 + h, x0 + hk(t0, x0)u1) − φ(t0 + h, x0 + hk(t0, x0)u2)
h

≤ φ(t0 + h, x0 + hk(t0, x0)u2) − φ(t0, x0)
h

+ CKmax|u1 − u2|.

Taking the lim sup as h → 0+, we deduce that ∆(t0,x0)(u1) ≤ ∆(t0,x0)(u2)+CKmax|u1−u2|.
Since this holds for every u1, u2 ∈ In(x0), we obtain that

|∆(t0,x0)(u1) − ∆(t0,x0)(u2)| ≤ CKmax|u1 − u2| for every u1, u2 ∈ In(x0),

as required. □

As a consequence of Proposition 4.18(b), ∆(t0,x0) : In(x0) → R can be extended in a
unique way to a Lipschitz continuous function defined on In(x0). In the sequel, by a slight
abuse of notation, we use ∆(t0,x0) to denote this Lipschitz continuous extension. Note that
this extension still satisfies the assertions of Proposition 4.18.

We are now in position to provide the definition of the set of directions of maximal
descent of the value function.

Definition 4.19. Consider the optimal control problem OCP(k) and its value function φ
and assume that (H1)–(H3), (H4), and (H5) hold. Let (t0, x0) ∈ R+ × Ω̄. We define the
set W(t0, x0) of directions of maximal descent of φ at (t0, x0) by

W(t0, x0) = ∆−1
(t0,x0)({−1}) = {u0 ∈ In(x0) | ∆(t0,x0)(u0) = −1}.

Notice that the term maximal descent is motivated by Proposition 4.18(a), since we are
considering the elements u0 ∈ In(x0) reaching the lower bound −1 on ∆(t0,x0).

Remark 4.20. If x0 ∈ Ω (or, more generally, if the set In(x0) is closed), then W(t0, x0)
is simply the set of u0 ∈ Sd−1 such that

lim
h→0+

φ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

= −1, (33)

which is the definition of W(t0, x0) provided previously in [55, Definition 4.11] for optimal
control problems without state constraints. Indeed, notice that, if In(x0) is closed, then
u0 ∈ W(t0, x0) if and only if

lim sup
h→0+

φ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

= −1. (34)

On the other hand, (32) also yields that

lim inf
h→0+

φ(t0 + h, x0 + hk(t0, x0)u) − φ(t0, x0)
h

≥ −1

for every u ∈ In(x0), and hence (33) is equivalent to (34).

Our next result shows that, at the points (t0, x0) where φ is differentiable, W(t0, x0)
contains a unique direction of maximal descent which, as one might expect, is equal to
− ∇φ(t0,x0)

|∇φ(t0,x0)| . This was already shown in [55, Proposition 4.13] for optimal control problems
without state constraints, and that proof also carries over to the present case thanks to
Proposition 4.13. For sake of completeness, and since this proof is quite elementary, we
provide it here.
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Proposition 4.21. Consider the optimal control problem OCP(k) and its value function
φ and assume that (H1)–(H3), (H4), and (H5) hold. Let (t0, x0) ∈ R+ × (Ω̄ \ Γ) be such
that φ is differentiable at (t0, x0). Then

W(t0, x0) =
{

− ∇φ(t0, x0)
|∇φ(t0, x0)|

}
. (35)

Proof. Since φ is differentiable at (t0, x0), we have, for every u ∈ In(x0),
∆(t0,x0)(u) = ∂tφ(t0, x0) + k(t0, x0)∇φ(t0, x0) · u. (36)

By continuity, the above equality also holds for every u ∈ In(x0). We also have, by
Proposition 4.13, that

−∂tφ(t0, x0) + k(t0, x0)|∇φ(t0, x0)| − 1 = 0. (37)
Moreover, recall that k(t0, x0) > 0 and, by Proposition 3.5(a), ∇φ(t0, x0) ̸= 0. If u0 ∈
W(t0, x0), then ∆(t0,x0)(u0) = −1 and, combining with (36) and (37), we deduce that

k(t0, x0) [|∇φ(t0, x0)| + ∇φ(t0, x0) · u0] = 0,

which yields u0 = − ∇φ(t0,x0)
|∇φ(t0,x0)| since u0 ∈ Sd−1. Conversely, defining u0 = − ∇φ(t0,x0)

|∇φ(t0,x0)| ,
Remark 4.12 ensures that u0 ∈ In(x0) and it is immediate to compute, using (36) and
(37), that ∆(t0,x0)(u0) = −1, showing that u0 ∈ W(t0, x0). □

The reason why we go through the definition of descent rate ∆(t0,x0) in order to define
W(t0, x0) instead of the more direct definition provided in [55, Definition 4.11] is that,
if x0 ∈ ∂Ω and u0 ∈ Sd−1, one might have x0 + hk(t0, x0)u0 /∈ Ω̄ for every h > 0
small enough. Since φ is defined only in the set R+ × Ω̄, this means that the term
φ(t0 + h, x0 + hk(t0, x0)u0) is not well-defined for any h > 0 small enough, and thus the
limit in the left-hand side of (33) does not make sense. An alternative approach, however,
is to replace φ in (33) by the value function φϵ of the penalized optimal control problem
OCPϵ(kϵ) defined in Section 4.1. This is the subject of our next definition, which coincides
with [55, Definition 4.11] but with φ is replaced by φϵ whenever its argument might fail
to belong to its domain R+ × Ω̄.

Definition 4.22. Consider the optimal control problems OCP(k) and OCPϵ(kϵ) and their
respective value functions φ and φϵ and assume that (H1)–(H3), (H4), and (H5) hold. Let
(t0, x0) ∈ R+ × Ω̄. For ϵ > 0, we define the set Wϵ(t0, x0) of directions of maximal descent
of φϵ at (t0, x0) by

Wϵ(t0, x0) =
{

u0 ∈ Sd−1
∣∣∣∣ lim

h→0+

φϵ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

= −1
}

.

Our next result concerns the relation between optimal directions (i.e., elements of
U(t0, x0)) and directions of maximal descent of φ (i.e., elements of W(t0, x0)), and asserts
that both notions actually coincide, and that they also coincide with Wϵ(t0, x0) for ϵ > 0
small enough. The fact that U(t0, x0) = W(t0, x0) was already established in [55, Theo-
rem 4.14] for minimal-time optimal control problems without state constraints, and the
proof we provide here follows the same lines, but passes through the optimal control
problem OCPϵ(kϵ) in order to handle the state constraints appropriately.

Theorem 4.23. Consider the optimal control problems OCP(k) and OCPϵ(kϵ) and as-
sume that (H1)–(H3), (H4), and (H5) hold. There exists ϵ0 > 0 such that, for every
ϵ ∈ (0, ϵ0) and (t0, x0) ∈ R+ × Ω̄, we have U(t0, x0) = W(t0, x0) = Wϵ(t0, x0).

Proof. We first remark that, if x0 ∈ Γ, then U(t0, x0) = W(t0, x0) = Wϵ(t0, x0) = ∅, and
so we are only left to consider the case x0 ∈ Ω̄ \ Γ. We let ϵ0 > 0 be as in the statement of
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Propositions 4.7 and 4.10 and Theorem 4.8, and we fix ϵ ∈ (0, ϵ0). We proceed by proving
that U(t0, x0) ⊂ W(t0, x0) ⊂ Wϵ(t0, x0) ⊂ U(t0, x0).

Part I: Proof of the inclusion U(t0, x0) ⊂ W(t0, x0). Let u0 ∈ U(t0, x0) and take γ ∈
Opt(k, t0, x0) and u : R+ → B̄ an optimal control associated with γ such that u ∈
Lip([t0, t0 + φ(t0, x0)];Sd−1) and u(t0) = u0. By Proposition 3.1(c), we have, for every
h ∈ (0, φ(t0, x0)], that

φ(t0 + h, γ(t0 + h)) − φ(t0, x0)
h

= −1. (38)

We claim that u0 ∈ In(x0). Indeed, this is trivial if x0 ∈ Ω, and, if x0 ∈ ∂Ω, since γ
takes values in Ω̄ and γ̇(t0) = k(t0, x0)u0, one can easily check that u0 ·n(x0) ≤ 0, implying
that u0 ∈ In(x0).

Let (un)n∈N be a sequence in In(x0) such that un → u0 as n → +∞. Fix n ∈ N and
notice that, as h → 0+, we have

γ(t0 + h) = x0 + hk(t0, x0)u0 + o(h)
= x0 + hk(t0, x0)un + hk(t0, x0)(u0 − un) + o(h).

Recall that φ is Lipschitz continuous (Proposition 3.3) and denote by M > 0 its Lipschitz
constant. Using the fact that x0 + hk(t0, x0)un ∈ Ω̄ for h > 0 small enough, we deduce
that, as h → 0+,

|φ(t0 + h, γ(t0 + h)) − φ(t0 + h, x0 + hk(t0, x0)un)| ≤ hMKmax|un − u0| + o(h)
Combining with (38) and letting h → 0, we deduce that, for every n ∈ N,

∆(t0,x0)(un) = lim sup
h→0+

φ(t0 + h, x0 + hk(t0, x0)un) − φ(t0, x0)
h

≤ −1 + MKmax|un − u0|.

Hence, letting n → +∞ and using Proposition 4.18, we deduce that ∆(t0,x0)(u0) = −1,
showing that u0 ∈ W(t0, x0), as required.

Part II: Proof of the inclusion W(t0, x0) ⊂ Wϵ(t0, x0). Let u0 ∈ W(t0, x0) and consider
a sequence (un)n∈N in In(x0) such that un → u0 as n → +∞. By Proposition 4.10, φϵ

is Lipschitz continuous on R+ × Ω̄ϵ/2, and we denote by Cϵ > 0 a Lipschitz constant of
this map. Notice that, for h ∈

[
0, ϵ

2Kmax

]
, we have dΩ(x0 + hk(t0, x0)un) ≤ ϵ

2 for every

n ∈ N ∪ {0}. Hence, for h ∈
(
0, ϵ

2Kmax

]
and n ∈ N, we have

φϵ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

≤ φϵ(t0 + h, x0 + hk(t0, x0)un) − φ(t0, x0)
h

+ CϵKmax|un − u0|.

For n ∈ N, since un ∈ In(x0), we have x0 + hk(t0, x0)un ∈ Ω̄ for h > 0 small enough, and
thus, by Theorem 4.8, we have φϵ(t0 + h, x0 + hk(t0, x0)un) = φ(t0 + h, x0 + hk(t0, x0)un)
for h small enough. Letting h → 0+, we thus deduce that

lim sup
h→0+

φϵ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

≤ ∆(t0,x0)(un) + CϵKmax|un − u0|.

Taking now the limit as n → +∞, we obtain that

lim sup
h→0+

φϵ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

≤ −1. (39)

Let γ : R+ → Rd be defined by γ(t) = x0 for t ∈ [0, t0] and as the solution of the
differential equation γ̇(t) = kϵ(t, γ(t))u0 with initial condition γ(t0) = x0 for t ≥ t0. Then
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γ ∈ Admϵ(kϵ) and, by the dynamic programming principle (16) for OCPϵ(kϵ), and using
also Theorem 4.8, we have, for h ≥ 0,

φϵ(t0 + h, γ(t0 + h)) − φ(t0, x0)
h

≥ −1.

Using that γ(t0 +h) = x0 +hk(t0, x0)u0 +o(h) as h → 0+, γ(t0 +h) ∈ Ω̄ϵ/2 for h ≥ 0 small
enough, and that φϵ is Lipschitz continuous in R+ × Ω̄ϵ/2, we deduce that, as h → 0+,

φϵ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

≥ −1 + o(1).

Together with (39), this shows that

lim
h→0+

φϵ(t0 + h, x0 + hk(t0, x0)u0) − φ(t0, x0)
h

= −1,

and thus u0 ∈ Wϵ(t0, x0), as required.

Part III: Proof of the inclusion Wϵ(t0, x0) ⊂ U(t0, x0). Let u0 ∈ Wϵ(t0, x0) and h > 0,
which is implicitly always assumed to be small enough. Then, by definition of Wϵ(t0, x0),
we have, as h → 0+,

φϵ(t0 + h, x0 + hk(t0, x0)u0) = φ(t0, x0) − h + o(h). (40)
Define γ0 : [t0, t0 + h] → Rd by {

γ̇0(t) = kϵ(t, γ0(t))u0,

γ0(t0) = x0.
(41)

Let xh
1 = γ0(t0 + h) and th

1 = t0 + h. Since Γ is closed and x0 /∈ Γ, we have xh
1 /∈ Γ for

h > 0 small enough. Let γh
1 ∈ Optϵ(kϵ, th

1 , xh
1) and uh

1 be the optimal control associated
with γh

1 , which satisfies uh
1 ∈ Lip([th

1 , th
1 + φϵ(th

1 , xh
1)];Sd−1) by Proposition 4.5. Set ūh

1 =
uh

1(th
1) ∈ Sd−1 and define γ̄h

1 : [th
1 , th

1 + h] → Rd by{ ˙̄γh
1 (t) = kϵ(t, γ̄h

1 (t))ūh
1

γ̄h
1 (th

1) = xh
1 .

(42)

Let us also set th
2 = th

1 + h, xh
2 = γh

1 (th
2) and x̄h

2 = γ̄h
1 (th

2). We split the sequel of the proof
in two cases.

Case 1. We assume in this case that limh→0+ ūh
1 = u0. Let ûh

1 ∈ Lip(Sd−1) be defined
by ûh

1(t) = ūh
1 for t ∈ [0, th

1 ], ûh
1(t) = uh

1(t) for t ∈ [th
1 , th

1 + φϵ(th
1 , xh

1)], and ûh
1(t) =

uh
1(th

1 +φ(th
1 , xh

1)) for t ≥ th
1 +φ(th

1 , xh
1). Since γh

1 and ûh
1 are Lipschitz continuous and their

Lipschitz constants do not depend on h (see Proposition 4.5), one deduces from Arzelà–
Ascoli Theorem that there exist a positive sequence (hn)n∈N converging to 0 as n → +∞
and elements γ∗ ∈ LipKmax(Rd) and u∗ ∈ Lip(Sd−1) such that γhn

1 → γ∗ and ûhn
1 → u∗

as n → +∞, uniformly on compact time intervals. Since γh
1 ∈ Optϵ(kϵ, th

1 , xh
1) for h > 0

and th
1 → t0 and xh

1 → x0 as h → 0+, one can easily show, using the continuity of φϵ, that
γ∗ ∈ Optϵ(kϵ, t0, x0) and its corresponding optimal control coincides with u∗ on [t0, t0 +
φ(t0, x0)]. Moreover, since x0 ∈ Ω̄, we have from Theorem 4.8 that Optϵ(kϵ, t0, x0) =
Opt(k, t0, x0). In addition,

u∗(t0) = lim
n→+∞

ûhn
1 (thn

1 ) = lim
n→+∞

ūhn
1 = u0,

which implies that u0 ∈ U(t0, x0), as required.

Case 2. We now consider the case where (ūh
1)h>0 does not converge to u0 as h → 0+,

and we prove that this case is not possible. Let ϵ > 0 and (hn)n∈N be a positive sequence
such that hn → 0 as n → +∞ and |ūhn

1 − u0| ≥ ϵ for every n ∈ N. For simplicity, we set
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thn
1 = tn

1 , xhn
1 = xn

1 , and similarly for all other variables whose upper index is hn. In order
to clarify the constructions used in this case, we illustrate them in Figure 4.1.

γ0
γn

2

γn
1

γ̄n
1

γn
3

x0

xn
1 x̄n

2

xn
2

xn
3

Figure 4.1. Illustration of the constructions used in the proof of Theorem 4.23.

Notice that |xn
1 − x0| ≤ Kmaxhn, |γn

1 (t) − xn
1 | ≤ Kmaxhn for every t ∈ [tn

1 , tn
1 + hn],

and |x̄n
2 − xn

1 | ≤ Kmaxhn. Hence, for all t ∈ [tn
1 , tn

1 + hn], we have xn
1 , γn

1 (t), xn
2 , x̄n

2 ∈
B̄(x0, 2Kmaxhn). Since x0 ∈ Ω̄, for n large enough, this ball is included in Ω̄ϵ/2 = {x ∈ Rd |
dΩ(x) ≤ ϵ

2}, and in particular kϵ(t, x) ≥ 1
2Kmin for every (t, x) ∈ R+ × B̄(x0, 2Kmaxhn).

Integrating (41) on [t0, tn
1 ], we get

xn
1 − x0 =

w tn
1

t0
kϵ(s, γ0(s)) ds u0,

and, proceeding similarly for (42), we get

x̄n
2 − xn

1 =
w tn

2

tn
1

kϵ(s, γ̄n
1 (s)) ds ūn

1 .

Denote the integrals in the right-hand side of the above equalities by In
0 and In

1 , respec-
tively. We have

|x̄n
2 − x0|2 = (In

0 u0 + In
1 ūn

1 ) · (In
0 u0 + In

1 ūn
1 )

= (In
0 )2 + (In

1 )2 + 2In
0 In

1 u0 · ūn
1

= |xn
1 − x0|2 + |x̄n

2 − xn
1 |2 + 2In

0 In
1 u0 · ūn

1 .

We know that |ūn
1 − u0| ≥ ϵ, which leads us to observe that there exists α ∈ (0, 1) such

that u0 · ūn
1 < α for every n ∈ N. Thus

|x̄n
2 − x0|2 < |xn

1 − x0|2 + |x̄n
2 − xn

1 |2 + 2αIn
0 In

1 .

Define

ρ :=
√

1 − (1 − α) K2
min

8K2
max

,

then obviously ρ < 1 and
|x̄n

2 − x0|2 < (|xn
1 − x0| + |x̄n

2 − xn
1 |)2 − 2(1 − α)In

0 In
1

=
(

1 − (1 − α) 2In
0 In

1
(In

0 + In
1 )2

)
(|xn

1 − x0| + |x̄n
2 − xn

1 |)2

≤ ρ2 (|xn
1 − x0| + |x̄n

2 − xn
1 |)2 , (43)

where we use that In
i ∈

[
1
2hKmin, hKmax

]
for i ∈ {1, 2}. Let un

2 = x̄n
2 −x0

|x̄n
2 −x0| (with the

convention un
2 = 0 if x̄n

2 = x0) and define γn
2 : [t0, t0 + τn] → Rd by{

γ̇n
2 (t) = kϵ(t, γn

2 (t))un
2

γn
2 (t0) = x0,

(44)
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where τn ≥ 0 is chosen so that6 γn
2 (t0 + τn) = x̄n

2 .

Claim. As n → +∞, we have τn ≤ 2ρhn + o(hn).

Proof. Note that we have nothing to prove in the case x̄n
2 = x0, and hence we assume

x̄n
2 ̸= x0 in the sequel. If |x̄n

2 − x0| ≤ ρ|xn
1 − x0|, we let xn

3 = x̄n
2 , otherwise we choose xn

3 as
the unique point in the segment (x0, x̄n

2 ) such that |xn
3 − x0| = ρ|xn

1 − x0|. In both cases,
we have |xn

3 − x0| = ρ̄|xn
1 − x0| for some ρ̄ ≤ ρ. Let τn

1 be the time that γn
2 takes to reach

the point xn
3 , i.e., γn

2 (t0 +τn
1 ) = xn

3 . (Note that τn
1 = τn in the case |x̄n

2 −x0| ≤ ρ|xn
1 −x0|.)

We first show that τn
1 ≤ ρhn + o(hn). To obtain that, we observe, by integrating (41)

and (44) and doing a change of variables, that
w t0+τn

1

t0
kϵ(s, γn

2 (s)) ds = |xn
3 − x0| = ρ̄|xn

1 − x0| = ρ̄
w t0+hn

t0
kϵ(s, γ0(s)) ds

=
w t0+ρ̄hn

t0
kϵ

(
t0 + s − t0

ρ̄
, γ0

(
t0 + s − t0

ρ̄

))
ds

=
w t0+ρ̄hn

t0
kϵ(s, γn

2 (s)) ds

+
w t0+ρ̄hn

t0

[
kϵ

(
t0 + s − t0

ρ̄
, γ0

(
t0 + s − t0

ρ̄

))
− kϵ(s, γn

2 (s))
]

ds.

(45)
Let us show that

lim
n→+∞

1
hn

w t0+ρ̄hn

t0

[
kϵ

(
t0 + s − t0

ρ̄
, γ0

(
t0 + s − t0

ρ̄

))
− kϵ(s, γn

2 (s))
]

ds = 0 (46)

Let δ > 0. Since kϵ is continuous in (t0, x0), there exists η > 0 such that |kϵ(t, x) −
kϵ(t0, x0)| < δ for every (t, x) ∈ R+ ×Rd satisfying |t − t0| < η and |x − x0| < η. Since
hn → 0 as n → +∞, there exists N ∈ N such that, for every n ≥ N , we have hn < η

and Kmaxhn < η. Noticing that, for every s ∈ [t0, t0 + ρ̄hn], we have
∣∣∣ s−t0

ρ̄

∣∣∣ ≤ hn < η,∣∣∣γ0
(
t0 + s−t0

ρ̄

)
− x0

∣∣∣ ≤ Kmaxhn < η, |s − t0| ≤ ρ̄hn < η, and |γn
2 (s) − x0| ≤ ρ̄Kmaxhn < η,

we deduce that, for n ≥ N , we have, for every s ∈ [t0, t0 + ρ̄hn],

kϵ(t0, x0) − δ < kϵ

(
t0 + s − t0

ρ̄
, γ0

(
t0 + s − t0

ρ̄

))
< kϵ(t0, x0) + δ,

kϵ(t0, x0) − δ < kϵ(s, γn
2 (s)) < kϵ(t0, x0) + δ.

Subtracting those inequalities, integrating on s in [t0, t0 + ρ̄hn], and dividing by hn, we
deduce that

1
hn

∣∣∣∣w t0+ρ̄hn

t0

[
kϵ

(
t0 + s − t0

ρ̄
, γ0

(
t0 + s − t0

ρ̄

))
− kϵ(s, γn

2 (s))
]

ds

∣∣∣∣ < 2ρ̄δ,

concluding the proof of (46). Now, (45) and (46) imply that
w t0+τn

1

t0
kϵ(s, γn

2 (s)) ds =
w t0+ρ̄hn

t0
kϵ(s, γn

2 (s)) ds + o(hn). (47)

Define F : [0, τn] → R+ by F (t) =
r t0+t

t0
kϵ(s, γn

2 (s)) ds, then obviously F is continuous
and increasing, which implies that F −1 is well-defined on the range of F . Since Ḟ (t) =
k(t, γn

2 (t)), F is Kmax-Lipschitz continuous and, since d
dtF

−1(t) = 1
Ḟ (F −1(t)) , we also deduce

that F −1 is 2
Kmin

-Lipschitz continuous. Therefore, by (47), we deduce that

τn
1 = F −1(F (ρ̄hn) + o(hn)) = ρ̄hn + o(hn) ≤ ρhn + o(hn).

6This is possible since, for n large enough, all points in the segment from x0 to x̄n
2 lie within Ωϵ/2, on

which kϵ is lower bounded by 1
2 Kmin.



34 SAEED SADEGHI ARJMAND AND GUILHERME MAZANTI

This concludes the proof of the claim in the case |x̄n
2 − x0| ≤ ρ|xn

1 − x0|, since τn
1 = τn in

that case.
Otherwise, we have ρ̄ = ρ and |xn

3 − x0| = ρ|xn
1 − x0|, and thus, from (43), we get

|x̄n
2 − x0| < ρ(|xn

1 − x0| + |x̄n
2 − xn

1 |) = |xn
3 − x0| + ρ|x̄n

2 − xn
1 |.

On the other hand, since xn
3 belongs to the segment (x0, x̄n

2 ), we have |x̄n
2 − x0| = |x̄n

2 − xn
3 |

+ |xn
3 − x0|, hence the inequality |x̄n

2 − xn
3 | ≤ ρ|x̄n

2 − xn
1 | holds. Suppose τn

2 is the time
the trajectory γn

2 takes to go from xn
3 to x̄n

2 , i.e., γn
2 (t0 + τn

1 + τn
2 ) = x̄n

2 , and note that
τn = τn

1 + τn
2 . As before, we compare the times between |x̄n

2 − xn
3 | and |x̄n

2 − xn
1 |. Let

β ≤ ρ be such that |x̄n
2 − xn

3 | = β|x̄n
2 − xn

1 |. Proceeding similarly to (45), we get
w τn

2

0
kϵ(s + t0 + τn

1 , γn
2 (s + t0 + τn

1 )) ds = |x̄n
2 − xn

3 |

= β|x̄n
2 − xn

1 | = β
w tn

2

tn
1

kϵ(s, γ̄n
1 (s)) ds

=
w βhn

0
kϵ

(
s

β
+ t0 + hn, γ̄n

1

(
s

β
+ t0 + hn

))
ds

=
w βhn

0
kϵ(s + t0 + τn

1 , γn
2 (s + t0 + τn

1 )) ds

+
w βhn

0

[
kϵ

(
s

β
+ t0 + hn, γ̄n

1

(
s

β
+ t0 + hn

))
− kϵ(s + t0 + τn

1 , γn
2 (s + t0 + τn

1 ))
]

ds.

Proceeding as in the proof of (46), we can show that the last integral in the above expres-
sion is an o(hn) as n → +∞, and thus

w t0+τn
2

t0
kϵ(s + τn

1 , γn
2 (s + τn

1 )) ds =
w t0+βhn

t0
kϵ(s + τn

1 , γn
2 (s + τn

1 )) ds + o(hn).

Defining F (t) =
r t0+t

t0
kϵ(s + τn

1 , γn
2 (s + τn

1 )) ds and arguing similarly to above, we deduce
that τn

2 = βhn + o(hn). Therefore the time τn to reach x̄n
2 from x0 satisfies

τn = (ρ + β)hn + o(hn) ≤ 2ρhn + o(hn). □

Let us now compare the trajectories γ̄n
1 and γn

1 on [tn
1 , tn

2 ]. Let δn
1 (t) = γn

1 (t) − γ̄n
1 (t).

Hence, from the ODEs satisfied by the trajectories γ̄n
1 and γn

1 , we have

δn
1 (t) =

w t

tn
1

[
kϵ(s, γn

1 (s))un
1 (s) − kϵ(s, γ̄n

1 (s))ūn
1

]
ds

=
w t

tn
1

[
kϵ(s, γn

1 (s)) − kϵ(s, γ̄n
1 (s))

]
un

1 (s) ds +
w t

tn
1

kϵ(s, γ̄n
1 (s))(un

1 (s) − ūn
1 ) ds.

Since un
1 is the optimal control associated with γn

1 , by Proposition 4.5, it is Lipschitz
continuous in [tn

1 , tn
1 +φϵ(tn

1 , xn
1 )] and its Lipschitz constant is independent of n. Therefore,

denoting by Lϵ > 0 the Lipschitz constant of kϵ with respect to its second variable (which
is independent of the first variable) and C > 0 the Lipschitz constant of un

1 , we have

|δn
1 (t)| ≤ Lϵ

w t

tn
1
|δn

1 (s)| ds + CKmax
w t

tn
1
|s − tn

1 | ds,

and hence, by using Grönwall’s inequality,

|δn
1 (t)| ≤ CKmax

(t − tn
1 )2

2 eLϵ(t−tn
1 ).

In particular, if we set t = tn
1 + hn, then

|xn
2 − x̄n

2 | ≤ CKmax
h2

n

2 eLϵhn = O(h2
n).
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Let un
3 = xn

2 −x̄n
2

|xn
2 −x̄n

2 | (with the convention xn
3 = 0 if xn

2 = x̄n
2 ) and γn

3 be the solution of{
γ̇n

3 (t) = kϵ(t, γn
3 (t))un

3

γn
3 (t0 + τn) = x̄n

2 .
(48)

Using the lower bound 1
2Kmin on kϵ and the fact that |xn

2 − x̄n
2 | = O(h2

n), one can easily
deduce that the time σn from x̄n

2 to xn
2 along γn

3 (i.e., the value σn > 0 such that γn
3 (t0 +

τn + σn) = xn
2 ) satisfies σn = O(h2

n).
We have thus constructed two ways to go from x0 to xn

2 . The first one is to choose the
path containing x0, xn

1 , and xn
2 , which corresponds to the concatenation of the trajectories

γ0 on [t0, tn
1 ] and γn

1 on [tn
1 , tn

2 ], and the second one is the path containing x0, x̄n
2 , and xn

2 ,
which corresponds to the concatenation of the trajectories γn

2 on [t0, t0 + τn] and γn
3 on

[t0 + τn, t0 + τn + σn]. Letting T n
1 and T n

2 be the times for going from x0 to xn
2 along

these two paths, respectively, we have, by construction and the claim, that T n
1 = 2hn and

T n
2 = τn + σn ≤ 2ρhn + o(hn). Hence, since ρ < 1, we have, for n large enough, that

T n
2 < T n

1 .
By definition of γ0, we have xn

1 = γ0(tn
1 ) = x0 + hnk(t0, x0)u0 + o(hn) and, using (40)

and the fact that φϵ is Lipschitz continuous (Proposition 4.10), we deduce that
φ(t0, x0) = φϵ(tn

1 , xn
1 ) + hn + o(hn).

Moreover, since γn
1 ∈ Optϵ(kϵ, tn

1 , xn
1 ), we have from (16) that φϵ(tn

1 , xn
1 ) = φϵ(tn

2 , xn
2 ) + hn,

yielding that
φ(t0, x0) = φ(tn

2 , xn
2 ) + T n

1 + o(hn).
On the other hand, since the path from x0 to xn

2 going through x̄n
2 is an admissible

trajectory for kϵ, we have, by (16), that φ(t0, x0) ≤ T n
2 + φϵ(t0 + T n

2 , xn
2 ). Hence

φϵ(tn
2 , xn

2 ) + T n
1 + o(hn) ≤ T n

2 + φϵ(t0 + T n
2 , xn

2 ). (49)
We also know that t0 + T n

2 < t0 + T n
1 = tn

2 for n large enough. Therefore7, by Proposi-
tion 3.5(a), there exists a constant c > 0 such that
φϵ(tn

2 , xn
2 ) > φϵ(t0 + T n

2 , xn
2 ) + (c − 1)(tn

2 − t0 − T n
2 ) = φϵ(t0 + T n

2 , xn
2 ) + (c − 1)(T n

1 − T n
2 ),

and, using (49), we get (c − 1)(T n
1 − T n

2 ) + T n
1 + o(hn) ≤ T n

2 , which leads to
2hn + o(hn) = T n

1 + o(hn) ≤ T n
2 ≤ 2ρhn + o(hn).

Divide above inequality by hn to observe that
2 + o(1) ≤ 2ρ + o(1).

Finally by letting n → +∞, we conclude that ρ ≥ 1, which is a contradiction. Therefore
Case 2 will never happen and this ends the proof. □

We conclude this section with a technical result showing that, for x ∈ ∂Ω \ Γ, if all
directions of W(t, x) point to the inside of the domain, then no optimal trajectories starting
at time 0 are close to x at time t. For that purpose, we introduce

Proposition 4.24. Consider the optimal control problem OCP(k) and assume that (H1)–
(H3), (H4), and (H5) hold. Let x ∈ ∂Ω\Γ, t > 0, and assume that there exists w ∈ W(t, x)
such that w · n(x) < 0. Then there exists a neighborhood N of x in Ω̄ such that, for every
x0 ∈ Ω̄ and γ ∈ Opt(k, 0, x0), we have γ(t) /∈ N .

7Strictly speaking, Proposition 3.5(a) only applies to φ, and not to φϵ. However, one can still get its
conclusion by arguing as follows. Let ÔCP be defined as in the proof of Proposition 4.10 with η = ϵ

2 and
consider its value function φ̂. By the arguments provided in that proof, φ̂ satisfies Proposition 3.5(a) and
φ̂ and φϵ coincide in Ω̄ϵ/2. The conclusion then follows since all points involved here belong to Ω̄ϵ/2 for n

large enough. Note that the constant c > 0 depends on ϵ.
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Proof. Assume, to obtain a contradiction, that there exist sequences (x0,n)n∈N and (γn)n∈N
with x0,n ∈ Ω̄ and γn ∈ Opt(k, 0, x0,n) for every n ∈ N and such that γn(t) → x as
n → +∞. Since Ω̄ is compact and (γn)n∈N is a sequence of functions which are Kmax-
Lipschitz continuous, applying Arzelà–Ascoli Theorem, we deduce that there exist x0 ∈ Ω̄
and γ ∈ LipKmax(Ω̄) such that, up to extracting subsequences (which we still denote by
(x0,n)n∈N and (γn)n∈N for simplicity), we have, as n → +∞, that x0,n → x0 and γn → γ
uniformly on compact time intervals. By straightforward arguments based on the conti-
nuity of the value function, we deduce that γ ∈ Opt(k, 0, x0), and in addition we have
γ(t) = x.

Recall that, by Corollary 4.9, we have γ ∈ C1([0, T ]; Ω̄), where T = φ(0, x0) and φ is
the value function of OCP(k). Since t > 0 and x /∈ Γ, we have t ∈ (0, T ), and thus γ
is differentiable at t. Moreover, by Proposition 4.16 and Theorem 4.23, the set W(t, x)
contains exactly one element, which we denote by w0 ∈ Sd−1, and thus, by assumption,
we have w0 · n(x) < 0. By Definition 4.15 and Theorem 4.23, we deduce also that γ̇(t) =
k(t, x)w0.

Let α : h 7→ d±
∂Ω(γ(t + h)) be defined on an open neighborhood of 0 in R. Then

α(0) = d±
∂Ω(x) = 0 and α̇(0) = k(t, x)n(x) · w0 < 0. In particular, there exists h0 ∈ [−t, 0)

such that, for every h ∈ [h0, 0), we have α(h) > 0, and thus γ(t+h) /∈ Ω̄, which contradicts
the fact that γ takes values in Ω̄. This contradiction yields the conclusion. □

4.4. The normalized gradient. Now that Theorem 4.23 characterizes the set of optimal
directions U(t0, x0) as the set W(t0, x0) of directions of maximal descent of φ, we provide
the following definition, which is motivated by Proposition 4.21.

Definition 4.25. Consider the optimal control problem OCP(k) and its value function
φ and assume that (H1)–(H3), (H4), and (H5) hold. Let (t0, x0) ∈ R+ × Ω̄. If W(t0, x0)
contains exactly one element, we denote this element by −∇̂φ(t0, x0), and call ∇̂φ(t0, x0)
the normalized gradient of φ at (t0, x0).

As a consequence of Proposition 4.16 and Theorem 4.23, we immediately obtain the
following characterization of optimal controls.

Corollary 4.26. Consider the optimal control problem OCP(k) and its value function φ
and assume that (H1)–(H3), (H4), and (H5) hold. Let (t0, x0) ∈ R+×Ω̄, γ ∈ Opt(k, t0, x0),
and T = φ(t0, x0). Then for every t ∈ (t0, t0 + T ), φ admits a normalized gradient at
(t, γ(t)) and

γ̇(t) = −k(t, γ(t))∇̂φ(t, γ(t)).

Combining the above result with Corollary 4.9, we deduce that, for every optimal tra-
jectory γ, the map t 7→ ∇̂φ(t, γ(t)) is Lipschitz continuous as long as γ(t) ∈ Ω̄ \ Γ and t is
larger than the initial time of γ. However, this provides no information on the regularity
of (t, x) 7→ ∇̂φ(t, x). We are interested in proving the continuity of this map on its domain
of definition. For that purpose, we first prove the upper semi-continuity of the set-valued
map U (we refer to [3, Definition 1.4.1] for the definition of upper semi-continuity for
set-valued maps).

Proposition 4.27. Consider the optimal control problem OCP(k) and assume that (H1)–
(H3), (H4), and (H5) hold. Let U : R+ × Ω̄ ⇒ Sd−1 be the set valued map introduced in
Definition 4.15. Then U is upper semi-continuous.

Proof. Since Sd−1 is a compact set, it suffices to show that U has a closed graph (see,
e.g., [3, Proposition 1.4.8]). Let (tn, xn)n∈N be a sequence in R+ × Ω̄ converging as
n → +∞ to some (t0, x0) ∈ R+ × Ω̄, (ūn)n∈N be a sequence such that ūn ∈ U(tn, xn) for
every n ∈ N and ūn → ū0 as n → +∞ for some ū0 ∈ Sd−1. Since ūn ∈ U(tn, xn) for every
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n ∈ N, there exists a sequence (γn)n∈N of optimal trajectories with γn ∈ Opt(k, tn, xn) for
every n ∈ N and a corresponding sequence of the associated optimal controls (un)n∈N with
un ∈ Lip([tn, tn + φ(tn, xn)];Sd−1) and un(tn) = ūn for every n ∈ N. From Corollary 4.9,
up to modifying un outside of the interval [tn, tn + φ(tn, xn)], the sequences (γn)n∈N
and (un)n∈N are sequences of Lipschitz continuous functions with Lipschitz constants
independent of n, and thus, by Arzelà–Ascoli Theorem, one finds elements γ∗ ∈ Lip(Ω̄)
and u∗ ∈ Lip(Sd−1) such that, up to a subsequence, γn → γ∗ and un → u∗ uniformly on
compact time intervals. In particular,

u∗(t0) = lim
n→∞

un(tn) = lim
n→∞

ūn = ū0

and
γ∗(t0) = lim

n→∞
γn(tn) = lim

n→∞
xn = x0.

By using the dynamic programming principle from Proposition 3.1(c) and the Lipschtiz
continuity of the value function from Proposition 3.3, one observes that the restriction of
u∗ to [t0, t0 + φ(t0, x0)] is the optimal control corresponding to the optimal trajectory γ∗.
Hence ū0 = u∗(t0) ∈ U(t0, x0), concluding the proof that U has a closed graph. □

On the set of points where a set-valued map is single-valued, upper semi-continuity co-
incides with standard continuity of single-valued functions. As an immediate consequence
of this fact, Proposition 4.27, and Theorem 4.23, we have the following result.

Corollary 4.28. Consider the optimal control problem OCP(k) and its value function φ
and assume that (H1)–(H3), (H4), and (H5) hold. Let W : R+ × Ω̄ ⇒ Sd−1 be the set
valued map introduced in Definition 4.19 and ∇̂φ be the normalized gradient of φ. Then W

is upper semi-continuous and ∇̂φ is a continuous function on the set where it is defined.

5. The MFG system

We now turn to the characterization of equilibria Q ∈ P(C(Ω̄)) of a mean field game
MFG(K) through a system of PDEs, known as the MFG system, consisting of a continuity
equation on the density of agents t 7→ mt, defined through the relation mt = et#Q, coupled
with the Hamilton–Jacobi equation (13) on the value function φ of the optimal control
problem OCP(k), where k is defined from K and Q by setting k(t, x) = K(mt, x). The
main difficulty in this characterization lies within the continuity equation for mt, and
more precisely on the characterization of the corresponding velocity field. Corollary 4.26
suggests that such velocity field should be given by the opposite of the normalized gradient
of φ multiplied by the dynamics k.

Corollary 4.28 states the continuity of the normalized gradient ∇̂φ on the set of points
of R+ × Ω̄ where it is defined. We will now show that, for the purposes of studying the
equilibria of mean field games, this set is quite “large”. More precisely, consider the mean
field game MFG(K) and an equilibrium Q ∈ P(C(Ω̄)) for this game. We will prove that,
for every fixed t > 0, the set of points x ∈ Ω̄ \ Γ at which ∇̂φ does not exist has mt

measure zero, where mt is the evaluation at time t of the equilibrium measure Q.
For that purpose, let us introduce the set

Υ =
{

(t, x) ∈ R∗
+ × (Ω̄ \ Γ)

∣∣∣ ∃t0 ∈ [0, t), ∃x0 ∈ Ω̄, ∃γ ∈ Opt(k, t0, x0) s.t. γ(t) = x
}

.

(50)
In other words, Υ contains all points (t, x) ∈ R∗

+ × (Ω̄ \ Γ) which are strictly between
the starting and the final points of an optimal trajectory. In particular, it follows from
Corollary 4.26 that ∇̂φ(t, x) exists for every (t, x) ∈ Υ, and, by Corollary 4.28, ∇̂φ is
continuous in Υ. We also introduce, for t > 0, the set

Υt =
{

x ∈ Ω̄ \ Γ
∣∣∣ (t, x) ∈ Υ

}
. (51)
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Proposition 5.1. Consider the mean field game MFG(K) under the assumptions (H1)–
(H3), (H6), and (H7). Let Q be an equilibrium for MFG(K), set mt = et#Q for t ≥ 0,
define k : R+ × Ω̄ → R+ by k(t, x) = K(mt, x), consider the optimal control problem
OCP(k), and let Υ and Υt be defined as in (50) and (51), respectively. Then for every
t > 0, we have mt(Ω̄ \ (Γ ∪ Υt)) = 0.

Proof. Let Opt =
⋃

x0∈Ω̄ Opt(k, 0, x0). Since Q is an equilibrium of MFG(K), then
Q(Opt) = 1. For every t > 0, from the definition of Υ, one has that {γ ∈ Opt | γ(t) ∈
Ω̄ \ (Γ ∪ Υt)} = ∅, and then mt(Ω̄ \ (Γ ∪ Υt)) = Q

(
{γ ∈ Opt | γ(t) ∈ Ω̄ \ (Γ ∪ Υt)}

)
=

Q(∅) = 0. □

We are now ready to provide our main result concerning the MFG system of MFG(K).

Theorem 5.2. Consider the mean field game MFG(K) under assumptions (H1)–(H3),
(H6), and (H7). Let m0 ∈ P(Ω̄), Q be an equilibrium of MFG(K) with initial condition
m0, mt ∈ P(Ω̄) be defined for t > 0 by mt = et#Q, k : R+×Ω̄ → R+ be defined from Q and
K by k(t, x) = K(et#Q, x), φ be the value function of OCP(k), W be the set-valued map
provided in Definition 4.19, and ∇̂φ be the normalized gradient of φ from Definition 4.25.
For t > 0, set

∂Ω−
t = {x ∈ ∂Ω \ Γ | ∃w ∈ W(t, x) such that w · n(x) < 0}.

Then (m, φ) solves the MFG system

∂tmt(x) − div
(
mt(x)K(mt, x)∇̂φ(t, x)

)
= 0, in R∗

+ × (Ω̄ \ Γ),

− ∂tφ(t, x) + |∇φ(t, x)|K(mt, x) − 1 = 0, in R+ × (Ω̄ \ Γ),
mt(x) = 0, for t > 0 and x ∈ ∂Ω−

t ,

φ(t, x) = 0, on R+ × Γ,

∇φ(t, x) · n(x) ≥ 0, on R+ × (∂Ω \ Γ),
mt = m0, in {0} × Ω̄,

(52)

where the first equation is satisfied in the sense of distributions, the second and fifth equa-
tions are satisfied in the viscosity senses of Proposition 3.4 and Theorem 4.11, respectively,
and the third equation is satisfied in the following sense: for every t > 0 and x ∈ ∂Ω−

t ,
there exists a neighborhood N of x such that mt(N) = 0.

Proof. Notice first that, since K satisfies (H6) and (H7), then k satisfies (H4) and (H5).
The Hamilton–Jacobi equation on φ and its boundary conditions then follow immediately
from Proposition 3.4 and Theorem 4.11. The initial condition on mt follows from its
definition.

Let us prove that mt satisfies the continuity equation in (52). First, thanks to Corol-
lary 4.28, ∇̂φ is continuous on the set Υ defined in (50). Let ξ ∈ C∞

c (R∗
+ × (Ω̄ \ Γ);R) be

a test function. Take γ ∈ Opt(k, 0, x0) and let T = φ(0, x0). By Corollary 4.26, one has
γ̇(t) = −K(mt, γ(t))∇̂φ(t, γ(t)) for every t ∈ (0, T ). Hence

d
dt

(
ξ(t, γ(t))

)
= ∂t ξ(t, γ(t)) − ∇x ξ(t, γ(t)) · ∇̂φ(t, γ(t)) K(mt, γ(t)). (53)

Let us denote the set of all optimal trajectories by Opt, i.e., Opt =
⋃

x0∈Ω̄ Opt(k, 0, x).
Thanks to the continuity of the right-hand side of (53) on R∗

+ × Opt, one can integrate
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to observe that
w ∞

0

w
Opt

d
dt

(
ξ(t, γ(t))

)
dQ(γ) dt

=
w ∞

0

w
Opt

∂t ξ(t, γ(t)) dQ(γ) dt

−
w ∞

0

w
Opt

∇x ξ(t, γ(t)) · ∇̂φ(t, γ(t)) K(mt, γ(t)) dQ(γ) dt.

Since ξ is compactly supported, the left-hand side of the above equality is zero. Hence,
by using the Proposition 5.1 and the relation between mt and Q, one concludes thatw ∞

0

w
Ω̄

∂tξ(t, x) dmt(x) dt =
w ∞

0

w
Ω̄

∇x ξ(t, x) · ∇̂φ(t, x) K(mt, x) dmt(x) dt,

which is precisely the weak formulation of the continuity equation in (52).
Finally, let us prove the boundary condition on mt. Let t > 0 and x ∈ ∂Ω−

t . Then,
using the definition of mt and Proposition 4.24, there exists a neighborhood N of x such
that

mt(N) = Q ({γ ∈ Opt | γ(t) ∈ N}) = Q(∅) = 0,

as required. □

Remark 5.3. Note that both the continuity and the Hamilton–Jacobi equations in (52)
are satisfied in the spatial domain Ω̄ \ Γ and, in particular, they are satisfied up to the
boundary, excluding the target set Γ. The velocity field at a point (t, x) ∈ R∗

+ × (∂Ω \ Γ)
in the boundary is thus −K(mt, x)∇̂φ(t, x), i.e., the same as in the interior. Note also
that the fifth equation in (52) shows that such a velocity field either points towards the
inside of the domain or is tangent to it. In particular, contrarily to the mean field game
system obtained in [13] for mean field games with state constraints, fixed final time, and
more general cost functions, no correction to the velocity field is needed in the boundary
of the domain in the present model due to the particular structure of the optimization
criterion solved by each agent.
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