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A GENERAL COMPARISON PRINCIPLE FOR HAMILTON JACOBI BELLMAN
EQUATIONS ON STRATIFIED DOMAINS *

OTHMANE JERHAOUI t AND HASNAA ZIDANIf

Abstract. This manuscript aims to study finite horizon, first order Hamilton Jacobi Bellman (HJB) equations on stratified
domains. This problem is related to optimal control problems with discontinuous dynamics. We use nonsmooth analysis techniques
to derive a strong comparison principle as in the classical theory and deduce that the value function is the unique viscosity solution.
Furthermore, we prove some stability results of the Hamilton Jacobi Bellman equation. Finally, we establish a general convergence
result for monotone numerical schemes in the stratified case.
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1 Introduction. In this paper, we study the well-posedness of a system of Hamilton Jacobi Bellman
(HJB) equations defined on a stratification of RY. More precisely, let n > 1 and €;, i = 1,...,n be pairwise
disjoint, connected open sets of RV such that RY = U;€;. A stratification of RY is the union of these open
sets and their topological boundary, denoted A = RY \ U™_,€);, supposed to be a finite union of embedded
submanifolds M, of lower dimension. Each ; or M; is called a domain of RY. Consider a system of finite
horizon HJB equations

(1.1) { —Owu(t,z) + Hp, (x,0zu(t,x)) =0 for (t,z) € (0,T) x §;

u(T7 .23) = ¢(95)’

where T' > 0 is the final time and v : RN — R is the final cost and is assumed to be Lipschitz continuous.
Hp, : Q; x RN — R are Bellman Hamiltonians defined the following way:

Hp,(z,p) = sup {—(p,q)}.
qEF;(x)

F; : Q; ~» RN are set-valued maps, called the dynamics, that satisfy standard hypotheses. In the absence
of a stratification, the HJB equation has a unique solution (in the viscosity sense) called the value function,
which is a function linked to optimal control problems [16, 2]. The aim of this paper is to extend this result
to the stratified setting. To do so, one needs to define the HJB equation (1.1) at the interface A, to ensure
the well-posedness of the HJB equation and to ensure that the value function is its unique solution.

Bressan and Hong [8] were the first to provide a rather complete study of this problem. In particular, they
used Filippov’s ideas to define the dynamics at the interface and showed that the value function is the unique
solution that satisfies two HJB inequalities on each domain. They even showed that a comparison result holds.
However, in order to achieve that, an additional assumption had to be made to characterize the sub-solution
and sub-optimality property. Loosely speaking, this assumption states that every sub-solution ought to be at
least continuous at the interfaces in order for comparison-type results to hold.

These additional assumptions were used by some of the works that came after Bressan and Hong’s paper.
For instance, Barles and Chasseignes [5], required either the continuity of the sub-solution at the interfaces or
an additional junction condition in order for the comparison principle to hold. For other publications following
similar approaches see the papers by Barles, Briani and Chasseignes [4, 3] and references therein. Rao and
Zidani [28] and Ghilli, Rao and Zidani [18] have a similar layout to ours, but they used different test functions
of viscosity solution for the super-solution and the sub-solution together with the assumption that the sub-
solution is continuous at the interfaces. Similarly, Rao, Zidani and Siconolfi [27] considered a stratification in
the form of two disjoint open sets separated by an interface in the form, which is a special case of [18]. We also
mention similar publications of Hamilton Jacobi equations on stratified networks that share the same kind
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of difficulties as our layout: Imbert and Monneau [23], Imbert, Monneau and Zidani [24], Achdou, Camilli,
Cutri and Tchou [1], Camilli and Marchi [10]. Lions and Souganidis [25] also worked on Hamilton Jacobi
equations on networks and considered a different class of Hamiltonians that are not necessarily convex, but
only continuous and coercive.

HJB equations are also related to a geometric notion known as flow invariance in the theory of differential
inclusions [11, chapter 12]. The classical case, meaning absence of stratification, has been treated thoroughly
in the literature [11, 2]. In the case of stratified domains and discontinuous dynamics at the interfaces,
Barnard and Wolenski [7] analyzed the characterization of weak and strong invariance principles with a new
Hamiltonian that they called the essential Hamiltonian. However their statement of strong invariance was
inaccurate. Despite their valid intuition regarding the choice of the Hamiltonian, the choice of the “test
functions” (in analogy with the viscosity theory) did not take into account the singular geometry of the
problem which turns out to be crucial for comparison type results.

A different approach is considered by Hermosilla and Zidani in [22] and by Hermosilla, Wolenski and
Zidani in [21]. Indeed, in this point of view, one starts from an optimal control problem with state constraints
in the form of a closed stratified subset of the euclidean space. The subtle difference here is that in their
setting, the dynamics are defined first in the whole Euclidean space, then state constraints are imposed in the
form of a closed stratified subset, whereas in our case, we consider the stratified domain first, then we define
the dynamics on each region of the domain. Furthermore, the state constraints are only a subset of RY and
they are in the form of a multidimensional network. This leads to the fact that the value function associated
to the setting in [22, 21] might not even be continuous, thus requiring the use of a more generalized notion of
solution to the HJB equation, called bilateral viscosity solution.

As for numerical schemes approximating this problem, the only known results of convergence of finite
differences numerical schemes are in the setting of a one dimensional simple network and are due to Guerand
and Koumaiha [19] and Morfe [26]. However, to the best of our knowledge, there aren’t any known convergence
results in our setting.

In this present work, we aim to prove the well-posedness of the HJB equation on stratified domains. We
will first define a Hamiltonian H, at the interface A and consider the HJB equation:

—owu(t,z) + Hp, (x,0zu(t,x)) =0 for (¢, x)
(1.2) —Owu(t, x) + Hpo(z, Opu(t,z)) =0 for (¢, )
uw(T,x) =(x) for z € RV,

(0, ) X Qi7

S
€ (0,T) x A,

The Hamiltonian Hp is defined on the interface A in the form of a maximum of lower semicontinuous
Hamiltonians obtained along the same lines of [7]. Then, we will revisit the definition of viscosity solutions
and give a new one that encodes the nature of the singular geometry of the problem. This new definition of
viscosity will allow us to extend the strong comparison type results known when the Hamiltonian is Lipschitz
continuous to the present setting. More precisely, we prove the following result:

Let u and v be respectively upper semi-continuous and lower semi-continuous functions on (0, 7] x RY. If
u is a sub-solution of (1.2), and if v is a super-solution of (1.2), then u < v on (0,7] x RV

The proof of this result relies on nonsmooth analysis techniques. In particular, we introduce an optimal
control problem whose value function is the solution of the HJB equation. In the classical case, the nons-
mooth analysis approach consists in interpreting the sub-solution property of the value function as the strong
invariance of the hypograph of the value function and the super-solution property as the weak invariance of
its epigraph. We will extend the weak and strong invariance results to the stratified setting. We would like to
emphasize that the extension of invariance principles is also a contribution of this paper.

The strong comparison principle will have two major consequences. First, it will allow to obtain some
stability results in this setting in the presence of perturbations on the dynamics. We prove that if there
exist sequences (FZJ )j of set-valued maps such that F/ — F; with respect to the Hausdorff distance, and

a sequence (v7 : RNV — R); of lower semicontinuous (respectively upper semicontinuous) functions such that
v/ — v locally uniformly in RY and suppose for all j, v7 is a super-solution (respectively sub-solution) of
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—Opu(t,x) + Hpj(x, 0pu(t,xz)) =0 for (t,z) € (0,T) x €,

—Opu(t,x) + H(x,du(t,x)) =0 for (t,2) € (0,T) x A,
uw(T,z) =(x) for x € RN,

then v is a super-solution (respectively sub-solution) of (1.2).
Finally, we will extend the known result due to Barles and Souganidis [6] for the convergence of monotone
numerical schemes to the stratified setting. The numerical scheme has the following form in each demain:

Szh(tmxhauh(th?mh)a [uh](th,xh)) =0 for (th’xh) € (HAt X gA:r) ﬂ((O,T) X Ql)a
S (th, iy u (b, ), [ (1)) = 0 for (tn,2p) € (I x GA%)((0,T) x A),
u(T,xp) = Y(zy), for (th,xr) € (Hm x GATY N {t, =T},

where II™ is a time grid, GA7 is a spatial grid, h = (At, Az) is the step of the grid and [u"](, ., are all the
values of of u” on GA% at other points than (¢4, ;) on the grid. We show that under the usual hypotheses
of monotonicity, stability and consistency, the numerical scheme converges locally uniformly to the viscosity
solution of (1.2).

The paper is organized as follows: in Section 2, we define the notations and conventions used throughout
the paper. We also define the geometry of the problem, the dynamics of the HJB equation and we state the
main results. Section 3 is devoted to the invariance principles, a nonsmooth analysis point of view of the
HJB equation. In Section 4, we first define the optimal control problem associated to the HJIB equation, we
introduce the value function and we prove that the super-optimality and sub-optimality properties of the value
function are equivalent to it being a viscosity super-solution and sub-solution respectively. Then we prove the
strong comparison result. Section 5 is devoted to the proofs of the stability results. Finally, we prove in section
6 a general convergence result for monotone numerical schemes.

2 Main results.

2.1 Notations. Throughout the paper, we denote by RY the Euclidean space where the stratification

is defined, B the unit ball of center 0 of RY and B(z,7) = z + rB. For any set S C R, we denote S, 95 its
closure and topological boundary. We denote by co(S) the convex hull of S and by £, the Lebesgue measure
on R.

The distance function associated to S is dg(z) = inf{|z —y| : y € S} and the set of solutions where the
infinimum is attained is called the projection of z on S and denoted by projs(z) (note that it might be empty).
The Bouligand tangent cone of S at z, denoted Ts(x) is defined the following way:

R(z){UGRN : liminfds(x:tv)()}.

t—0+

If A and B are two sets of RY | we define a distance between them by d(A, B) = inf {|a —b| : (a,b) € Ax B},
with the convention d(),0) = 0 and d((), B) = +oo if B # (). For K; and K, two compact sets of RV the
Hausdorff distance is given by

dy(Kq, Ks) = max{ sup dg, (z), sup dg,(z) },
re K> rc Ky
with the convention dy (0, 0) = 0 and dy (0, S) = o0 if S # 0.
For a given function f : RN — R, epi(f) and hyp(f) denote respectively its epigraph and hypograph:
epi(f) = {(x,r) ERY xR : f(z) < r}, hyp(f) = {(xm) eRY xR : f(z) > r}.
If T is a set-valued map, then dom(T") is the set of points z such that T'(z) # 0.
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Let M be a C? embedded manifold in RY and let T : M ~» RY be a set-valued map. For T > 0, we
define the differential inclusion associated to I', with the initial condition (¢, z) € (0,7) x R, by

(DI)p(t,z) = { ggf))ig.(y(s)) a.e. s € [t,T]

The set of solutions of (DI)r(t,z) might be empty. Finally the abreviations ‘u.s.c’, ‘l.s.c’, ‘HJB’ and ‘w.r.t’
respectively stand for: ‘upper semicontinuous’, ‘lower semicontinuous’, ‘Hamilton Jacobi Bellman’ and ‘with
respect to’.

2.2 Stratification. Let N,n > 1 be two integers. Let €;, i = 1,...,n be pairwise disjoint, connected
open sets of RY. We suppose that RY = U?_;Q; and we denote by A := RV \ U?_,€; the interfaces. It is
more convenient in this setting to see the Q; as C? submanifolds of RY and we adopt the following notation
throughout the paper:

M;:=Q;, i=1,...,n.

Furthermore, we suppose that A is equal to a union of [, pairwise disjoint, C? embedded sumbanifolds
Mis1, ..., My4q of lower dimension than N and with empty boundary, so that we have

n n n+l
i=1 i=1 i=1

Finally, we suppose that each M;, i = 1,...,n + [, is proximally smooth and relatively wedged. All these
assumptions on the stratification are summarized as following:

(1) Each M; is a C? embedded submanifold, with empty boundary,
i)  dim(My) =...=dim(M,) =N, and dim(My,41),...,dim(M,4;) <N,
o n+l
i) RN =Ur M, = J M,,
i=1

(

( —

Eiv) Vij=1,.on+1, M;NM;=0,ifi+# ],
(

~

v if M; N M; # 0, then M; C M, or M; C M;,

vi) each M; is proximally smooth and relatively wedged.

We call | ; M; the regular part of the stratification and A := Uli=1 M, +; the singular part or the
interfaces.

Comments on the hypothesis (H;). Hypotheses (H1)—(¢) to (H1)—(v) are standard for a stratification
of RN. As for (H;) — (vi), a closed set X C RY is said to be proximally smooth if its distance function dx(.)
is differentiable on an open tube around X [14]. Relative wedgeness hypothesis was introduced in [7] for C?
submanifolds of RY such that their closure is proximally smooth. Roughly speaking, relative wedgeness of M,
with 7 € {1,...,n + [}, means that the dimension of the Bouligand tangent cone at every point of M; is equal
to the dimension of the manifold M; [7]. The precise definition of this property is presented in Appendix A.

EXAMPLE 1. Figure 2.1 shows an example of the stratified setting, where N =1, n =2, 1 =1 and the
domains

Mp = (0,400)e;, Mo =(0,4+00)e2, M3z ={0}.

M2 Mg Ml
62‘ ’61
Fic. 2.1. Example of a stratification of R.

We set for any « € RY, the index multifunction

I(z):={ic{l,..n+1} : x € M;}.

Remark 2.1. Tt is clear from the definition of the stratification that for z € RY fixed, and y € R close
enough to z, we have I(y) C I(z).
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2.3 Setting of the problem. We begin by defining the dynamics for the Hamiltonians presented in the
introduction. On each M; with i = 1,...,n, we are given a set-valued map F; : M; ~» R that satisfies the
standard hypotheses

(i)  x~ F;(z) has non empty convex and compact images,
(#4) 3 > 0such that max{|p|, p € F;(z)} < AX(1+|z|),
(SH) < (i¢it) F;is Lipschitz continuous on bounded sets of M; w.r.t the Hausdorff metric,
i.e. for each R > 0, there are constants K g, ..., K, r > 0 such that
dy(Fi(z), Fi(y)) < Ki gl —y| ifz,y€BO,R)NM,;, ic{l,...,n}.

We are interested in studying the well-posedness of the following HJB equation.

{ —0uu(t, o) +SUp,cp, () { — (v, Ozult, @) } =0 for (t,z) € (0,T) x My, i=1,...,n,
w(T, x) = (z),

where T > 0 is the final time and 1 : RN — R is the final cost required to satisfy the following assumption

(2.1)

(Hv) : 4 islocally Lipschitz continuous.

The study of HJB equations is done using a weak notion of solutions, called viscosity solutions. This setting
requires the HJB equation to be defined at every point. Hence, we need to find suitable interfaces conditions
in order to guarantee the well-posedness of the system. To do so, we aim to define the appropriate dynamics
to consider at the interfaces.

~ Notice first that since the dynamics Fj, i = 1,...,n verify hypothesis (SH), then they can be extended to
M, while verifying the same hypothesis (SH). We denote this extension by F; as well. In order to define the
dynamics on the whole space, a classical idea is to consider the Filippov regularization F : RY ~» R defined
by
F(z) = ﬂ co U{Uie{l‘..n}Fi(y) e —y|< e}
e>0 Y

F is upper semicontinuous and satisfies (SH)—(¢) and (SH)—(ii). However, the Lipschitz property (SH)— (i)
does not holds for F'. By the nature of our problem, the Filippov regularization is equal to

F(z) =co{Fi(z) : ie{l...n}}.

For (z,p) € RN x RY, we define the Hamiltonian associated to F by

Hp(z,p) = sup {—(p,q)}.
qEF(x)

Since F' is only upper semicontinuous, the Hamiltonian Hpg(.,p) is also only upper semicontinuous. If Hg (., p)
were to be Lipschitz continuous, we would have defined our HJB equation using the Hamiltonian associated
to F' and the well-posedness of the HIB system would follow from the classical theory, see [11, 17]. This is
generally not the case in a stratified domain. Furthermore, in the absence of stratification, the unique viscosity
solution to HJB equation is the so called value function associated to the optimal control problem defined
with dynamics F. The value function is characterized by this fact. It turns out that in the stratified case,
this is no longer the case. Nevertheless, we use F' to define a smaller set of dynamics on the singular part (the
interfaces).

We define the dynamics F,,; : M, ; ~ RY, for i = 1,...,1 on each interface M,,; by
Fn+1(x) = F(.’E) N TMn+i (1’),

where Taq,, ., (x) is the Bouligand tangent cone which coincides with the classical tangent space to M,,; at =
since M, 1; has empty boundary. All what follows is based upon the essential hypothesis that all the interface
dynamics are Lipschitz continuous on bounded sets as well.

(Hp) fori=n+1,..,n+1, F;(.)is Lipschitz continuous on bounded sets in M.
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We point out that since we have the convention d(, S) = +oo if S # 0, it follows that (Hp) implies that F,,;
is either identically the empty set or nonempty on the whole domain M,,1,;. Under assumption (Hp), each
F: M; ~ RN (i=n+1,..,n+1) satisfies (SH). Thus each F; can be extended to M; while verifying the
same hypothesis (SH). We denote this extension by F; as well.

A sufficient condition for (Hp) to be satisfied is full controllability near A. We mean by full controllability

the following assumption:

(CH) 3r>0: forall i=1,..,n, and z € ANM,; : B(0,r) C F;(z).

PROPOSITION 2.2. [28, Lemma 2.2.] Assume (CH). Then, (Hp) holds.

Forz e M;,i=1,...,n+1, and p € RY, we define the Hamiltonian

Hp,(z,p):= sup {—(p,q)}.
qEFi(a:)

At this point, we are tempted to define the HJB equation on the stratified domain using the dynamics F;(.)
(defined above), the following way:

—Owu(t, x) + max;c(p) {Hr, (v, 0,u(t,x)) } =0 for (t,z) € (0,T) x Q;,
(2.2) —Owu(t, x) + max;er(p) {Hr, (z,0,u(t,x)) } =0 for (t,z) € (0,T) x A,
w(T,x) = ¥(z).

However, it turns out that even these dynamics in equation (2.2) are too big to obtain comparison type results
that are known in viscosity theory. Thus, we consider a smaller subset of these dynamics first proposed in [7].

The essential dynamics. We define the notion of essential dynamics F*, introduced in [7] for stratified
Euclidean spaces.
DEFINITION 2.3. For any x € RV, the set-valued map F* : RN ~» RN is defined by

n—+l
Fi(z) = U{Fi(m)ﬂ’fﬂi(m) tx e M}

The associated Hamiltonian is defined as usual. For (z,p) € RY x RN, we have

Hpi(z,p) = sup {—(p,q)}.
qEF*(z)
We also denote Flﬁ(x) = Fi(z) N Tz, (z) for all x € M, withi=1,...n+ 1. Notice that if x € M;, we have
Fiu(:r) =Fi(z), fori=1,--- ,n+1.
So far, two dynamics have been defined on each domain: F;(.) and Flﬁ() The former is known to be used
when partial differential equations techniques are used to prove existence and uniqueness, see [25, 24, 1, 5].
The latter is used more in the context of optimal control interpretation and was initially introduced in [7].

Examples of such a setting can be found in [28, 18, 7]. We will show that the essential dynamics are the ones
that characterize sub-solutions without assuming continuity at the interfaces.

EXAMPLE 2. Let’s go back to Example 2.1. Let ¢; > 0 with i = 1,2 be real positive constants. We define
the following dynamics on each branch

Fi(z) = [—¢i, ] ,i=1,2.

The resulting HIB system is the Eikonal equation on the stratification 2.1. The dynamics at the interface
M3 and the essential dynamics are respectively equal to

F()={0} , F'x)= { [—ci, ci] reM; i=1,2,

[—c2, 1] x =0.
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Let T > 0 be a given time horizon, and consider the following HJB associated to the dynamics Fiﬁ

u(T,z) = ¥(z),
where 1 : RV — R is the final cost and satisfies (H1)).

23) {atu(t, ) + max;eq(z) {Hps (2, 0pult,x)) } = 0 for (t,2) € (0,T) x RY,

Notice that in the HJB equation (2.3), if « belongs to the regular part of the stratification (i.e. z € U?zl M,;),
then the HJB equation (2.3) is the same as the HJB equation (2.1). More precisely, when © € M,;, i = 1,...,n,
we have

Fi(z) = Fy(z) and I(z) = {i}.

K2

So equation (2.3) has the following form

—Owu(t,z) + Hp, (x,0zu(t,x)) =0 for (t,z) € (0,T) x M;, i=1,--- ,n,
(2.4) —Opu(t, r) + max;e () { Hps (2, 0pu(t, ) } =0 for (t,z) € (0,T) x My, i=n+1,--- ,n+l,
u(T,z) = P(z).

Given the singular nature of the stratification, one cannot use the classical notion of viscosity solutions.
We are going to define a new one that will turn out to be appropriate for obtaining a strong comparison result.

DEFINITION 2.4. (Viscosity super-solution) Let u : (0,T] x RY — R be a l.s.c function. We say that u
is a super-solution of (2.3) at (t,z) € (0,T) x RN if and only if there exists i € I(x) such that for all
¢ € CH(0,T) x RN), u — ¢ attains a local minimum in (0,T) x M; at (t,z), we have

—0hd+ Hpo(x,000) > 0.

DEFINITION 2.5. (Viscosity sub-solution) Let u : (0,T] x RN — R be a u.s.c function. We say that u is a
sub-solution of (2.3) at (t,z) € (0,T) xRN if and only if for alli € I(z), for all ¢ € C*((0,T) xRN), u—¢

attains a local maximum in (0,T) x M; at (t,z), we have
06+ Hys(2,0,0) < 0.

DEFINITION 2.6. (Viscosity solution) u is a viscosity solution of (2.3) if and only if it is both a super-
solution and a sub-solution and satisfies the final condition uw(T,.) = (.).

The above definitions of viscosity super and sub solutions can be rewritten using the viscosity sub-gradient
and super-gradient (also known as the semijets [15, Page 10] or Dini sub/super gradient [11, Definition 11.18]).

DEFINITION 2.7. (Viscosity sub/super gradient)
o Let u: R = RU {400} be a Ls.c function (with some d > 1). The viscosity sub-gradient (or subjet)
at a point x € dom(u) is defined the following way,

D™ u(z) := {p e R? : liminf uly) —u@) =y — ) > 0}.

y—z ly — |

e Similarly, for an u.s.c function u : R? — R U {—o0}, the viscosity super-gradient (or superjet) at a
point x € dom(u) is defined the following way,

tulz) = — D (—u) () = d . limsup )~ u@) — by —2)
D¥ute) = D~ (-u)e) = {p € R+ timsuy o <ol.

Remark 2.8. o Let u: (0,7] x RY — R be a ls.c function. We say that u is a super-solution of
(2.3) at (t,x) € (0,T) x RY if and only if there exists i € I(x), such that

—0 + HFiu(ai,fi) >0 V(G,fz) S D_ui(t,x),

with u; = uw on M; and u; = +00 elsewhere.
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o Let u: (0,7] x RN — R be an u.s.c function. u is a sub-solution of (2.3) at (t,x) € (0,T) x RY if
and only if for all i € I(x), we have

—0+ Hp:(x,6) <0 Y(0,€) € DY u,(t, z),

with u; = uw on M; and u; = —oco elsewhere. o
Indeed, if for example u : (0,7 X RY = Ris a ls.c qution7 we set: u; = u on M; and u; = 400
elsewhere, for some i = 1,...,n + . Then, for (¢,z) € (0,T) x M;, we have

(0,&) € D7 uy(t,x) <= I e CHRY), such that u; — ¢V attains a local minimum at (¢, z).

Since u; — ¢ = —oo whenever z ¢ M, we get that ¢(*) satisfies the requirements of Definition 2.4. Conversely,
if there exists such function ¢ in the sense of Definition 2.4, then u; — ¢ attains a local maximum in RY at
(t,z). The exact same reasoning holds for sub-solutions.

Next we state the main results. We will show that equation (2.3) has a unique viscosity solution (following
Definition 2.6).

2.4 Statement of the main results.

THEOREM 2.9. Assume (Hy), (SH), (Hvy) and (CH). Then the HIB equation (2.3) has a unique locally
Lipschitz viscosity solution in the sense of Definition 2.6.

THEOREM 2.10. (Strong comparison principle). Assume (Hy), (SH) and (Hp). Let uj,us : (0,7] x
RY — R be respectively a l.s.c super-solution and an u.s.c sub-solution in the sense of Definition 2.6 with
us(T,.) <uy(T,.). Then

up(t,x) <ui(t,z) V(t,z) € (0,T] x RY.

It is worth-noticing that, unlike the previous literature on the subject [27, 28, 18] or [5, 4, 3], the strong
comparison principle stated in the above theorem does not require the sub-solution to be continuous nor to
have any particular behavior on the interface. The proof of this result will clearly show the importance of the
use of essential dynamics with the notion of viscosity as it is defined in Definitions 2.4-2.5 (and more precisely
the choice of the test functions in those definitions).

The proofs of Theorems 2.9, 2.10 are given in Section 4. The proofs will heavily rely on invariance theorems

stated in Section 3 and proven in Appendix B. Furthermore, we will establish stability results of the super-
solution and sub-solution in presence of perturbations of the Hamiltonian in Section 5. Section 6 is devoted
to stating and proving a general convergence result of monotone numerical schemes. The numerical scheme
has the following form in each M;, i =1,...,n+1,
At % ng.’/C)7
where IT™" is time grid, GA® is a spatial grid of M; and h = (At, Ax) is the step of the grid. We show that
under the usual hypotheses of monotonicity, stability and consistency, the numerical scheme converges. This
result generalizes the famous convergence theorem by Barles and Souganidis [6].

S’f(th,xh,uh(th,xh), [uh](th,zh) } =0 for (th,xh) S (H

3 Invariance Principles. The following results are known as weak and strong invariance properties.
They are known in the classical case, when the dynamics F' is Lipschitz continuous, see [11, Chapter 11]. For
the stratified case, the first attempt to prove these results was given in [7], along with the essential Hamiltonian.
Although their intuition was correct, the proximal normal cone used (or equivalently the viscosity definition
used) is the same as the one in the classical case (see [11, Chapter 11]), which does not take into account
the geometry of the problem. We start by recalling the definitions of some nonsmooth analysis tools and the
definitions of weak and strong invariance.

DEFINITION 3.1. (Prozimal sub-gradient and super-gradient).
o Let u : RY — RU {+o0} be a ls.c function. We say that ¢ is prozimal sub-gradient at a point
x € dom(u) for some o = o(x,() and some neighborhood V.=V (x,() of x if we have

The collection of such ¢ form the prozimal sub-gradient. It is denoted Opu(z).
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o Similarly, Let u: RN — RU{—o00} be an u.s.c function. We say that ¢ is prozimal super-gradient at
a point x € dom(u) for some o = o(x,() and some neighborhood V.=V (x,() of x if we have

u(y) — u(z) + oly — x|2§ ((,y—x), YyeV.

The collection of such ¢ forms the prozimal super-gradient. It is denoted OPu(x). We also have the
property OPu(x) = —0p(—u)(x).
DEFINITION 3.2. (Prozimal normal cone).
Let S C RN be a closed set and x € S. A wvector ¢ is a prozimal normal to the closed set S at the point x if

there exists o > 0 such that ((,y — x) < |2%|y —x|? Vy € S. The set of all proximal normal vectors at x is
denoted by NE(x).

DEFINITION 3.3. (Weak invariance).
Let T : RY ~ RY be a set-valued map. Let S C RN be a closed set. We say that (S,T") is weakly invariant
provided that for x € S, t € [0,T) there exists y(.) a solution of (DI)r(t,x) such that y(r) € S for all T in
[t,T].

DEFINITION 3.4. (Strong invariance).
Let T : RN ~ RN be a set-valued map. Let S C RN be a closed set. We say that (S,T') is strongly invariant
provided that for x € S, t € [0,T] and every y(.) a solution of (DI)r(t,z) we have y(1) € S for all T in [t,T).

THEOREM 3.5. Assume (Hy), (SH) and (Hp). Let S be a closed set of RN. We denote by S; := M;NS.
The following assertions are equivalent:
(i) (S, F) is weakly invariant,
(i) Ve €§, Jie I(x) : Vg, € Ng (x), Hp,(x,m:) >0,
(i) Ve € S, Jie I(x) : Vn; € Ng (z), Hpa(z,m) > 0.

i

THEOREM 3.6. Assume (Hy), (SH) and (Hp). Let S be a closed set of RN. We denote by S; := M;NS.
The following assertions are equivalent:
(i) (S, F) is strongly invariant,
(i) Yz € S, Vi€ l(x), Yn € NE(z), Hpi(z,—n;) <0,

The complete proof of Theorems 3.5 and 3.6 are given in Appendix B.

In [7], Barnard and Wolenski tried to establish similar invariance principles in the stratified case using the
essential Hamiltonian. In particular, for the strong invariance principle, if we assume that (H;), (SH) and
(Hp) hold, [7, Theorem 5.1] states that (S, F) is strongly invariant for some closed set S C RY if and only if

(3.1) Vr €S, V¢ € N, Hp:(w,—¢) <0.

However, the sufficient condition fails to be true in general. Here is a counterexample:

R

S ={z® < ¢°}
Fi(z,y) = {(0,0)} z,y) = {(0,0)}

z=(0,00f N&@) ={0,0)}

FQ(Iv = {(07 0)} F3($, y) = {7611}

FIG. 3.1. Counterexample with a stratification in RN, with N =2, n=4 and l = 5.
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EXAMPLE 3. We are given a stratification as follows
My ={(z,9) €ER? : 2<0&y>0} Msy={(r,y) €R* : 2<0&y<0},

Mz ={(z,y) €ER? : 2>0&y <0} My={(z,y) €R* : 2>0&y >0},
Ms = (0,40)e; Mg =(—00,0)e;, M7= (0,400)e, Mg=(—00,0)e, Mgy={0}.

Take S to be the closed set
S ={(x,y) eR? :2® <y°},

and consider the following dynamics
Fl(xvy) = FZ((an) = F4(33»y) = F5($7y) = FG(xay) = F7(.’E,y) = Fg(.’E,y) = {(070)}7

Fy(z,y) = Fa(z,y) = {—ey}.
Clearly, (S, F) is not strongly invariant since F(0,y) = co{0, —e,} if y < 0 and the trajectory

Z(s) = (0,t — s) € S, 1(0,0)

is a trajectory of F that starts at & = (0,0) € S, but Z(.) ¢ S. On the other hand, since the prozimal
normal cone to S at & = (0,0) is equal to NE(z) = {(0,0)}, the Hamiltonian inequality (3.1) is therefore
verified at T = (0,0). For the remaining points of S, the Hamiltonian inequality (3.1) is trivially verified since
the dynamics F is reduced to {(0,0)}. In conclusion, we have shown in this example that the Hamiltonian
inequality

Ve e S, Vée NE,  Hp:(x,—§) <0,
is verified for all the points in S. However, (S, F) is not strongly invariant.

EXAMPLE 4. Let’s go back to Figure 3.1. We have seen that (S, F) is not strongly invariant. We can also
verify it using the new characterization of strong invariance. Indeed we have

Ss:=SNMg=S5nN(—00,0)e, ={(0,0)}.

Therefore, we have that the proxzimal normal to S; at T := (0,0) is equal to R?. Moreover we have Fg(f) =
co{0,—ey } = [0, —ey]. Thus
HFg(j,—Ngg(f)) > (—ey,—ey) =1>0.

This shows that the sufficient condition in Theorem 3.6 is not satisfied in this example.

4 Proof of Theorems 2.9 and 2.10.

4.1 Optimal control problem and the value function. We denote by S(; ) (z) the set of solutions
of the differential inclusion associated to F":

g(s) € F(y(s)), s € [t,T], ae }

S (@) = {yo e WML THRY) ; { o

We consider the optimal control problem defined for (¢,z) € [0,T] x RN by

inf U(y(T))
such that y(s) € F(y(s)), s € [t,T]
y(t) =z,

where the infinimum is taken over all trajectories y(.) € S ry(x). The next proposition shows that F-
trajectories are the same as F'-trajectories.
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PROPOSITION 4.1. (/28, Proposition 3.4] and [7, Proposition 2.1].)
Let (t,x) € [0,T] x RN and y(.) € St,7)(x). The following statements are equivalent:

(%) y(.) is a solution of (DI)r(t,x),
(ii) y(.) is a solution of (DI)p:(t,x),
(iii) y(.) is a solution of (DI)F,(t,z) whenever y(.) € M,.

Proof. (iii) = (ii) = (i) is obvious since F;(.) € F*(.) C F(.). Now, suppose (i) and let y(.) € S(; 1) (z).
For k € {1,...,n+1}, let Ji :={s € [t,T] : y(s) € My}. Without loss of generality, we suppose .Z(Jx) > 0
(otherwise there is nothing to prove). We set

Ji = {s € Jy : y(s) exists in F(y(s)) and s is a Lebesgue point of J, }.

Clearly .Z(Jy.) = Z(Ji) (£ stands for the Lebesgue measure). Let s € Ji. So, there exists a sequence
($n)n C Jk such that s, — s and s, # s for all n. Since y(s,) € My, we have

. yY(sn) —y(s)
= lim —————~ ¢ )
gls) = lim === € Thai (4(5))
which is the required result. 0

The above proposition shows in particular that the optimal control problem could be defined using F' or
Ftor Fiﬁ7 t=1,...,n+ 1. The latter dynamics are more suitable to our setting since it gives us the link with
the HIB equation (2.3) we want to solve. Furthermore, thanks to hypothesis (H;) — (vi), the next proposition
shows that they are l.s.c set-valued maps.

PROPOSITION 4.2. Suppose (Hy), (Hp) hold. Then for alli =1,...,n+1, x ~ Ff(x) is l.s.c on its domain
M;.

Proof. Let i € {1,...,n+1}. We already have by (Hp) that Ff is Lipschitz continuous on M; and therefore
L.s.c on M;. Next, since (H;) — (vi) holds, we have that M; is a regular set (this means that the Bouligand
tangent cone is equal to Clarke’s tangent cone at every point of the set). Hence by [13, corollary 3.6.13], we
have that @ ~ Tz (2) is Ls.c. Let v € OM,;. If Flu(LE) = (), then there is nothing to prove. Otherwise, let

pE Fzﬁ(x) = Fi(z) N Tz, (z). Let (zx)r C dom(Fiﬁ) such that z; — z. Then, since F;(.) and Tz (.) are Ls.c,
there exist sequences (pi )i and (p?)x such that

pi € (i), pi—p, PR € Tig, (x1)s DR — -
Let (pr)r be a sequence such that for every k, py € Ff(xk)) and satisfies

d([pk. p3l. o) = d([p}. 3], Fl (1)),

where the notation [pi,p3] stands for the convex set co({p},pi}). Since (pi)x is bounded, let v € RY be an
accumulation point for (pg)x. So a subsequence of (pg)x, not relabeled here, converges to v. Therefore, we get

[p—vl= lim d([py, 7], F (21) < lim d(py, Ff (21)) = 0.
— 00 k—o00

Thus we have p;, € Fiu(xk) and p, — p. This ends the proof. 0

Remark 4.3. Proposition 4.2 shows that assumption (H7)— (vi) is necessary. The extra regularity obtained
for the essential dynamics, by assuming (H;y) — (vi), is needed for the proof of Theorem 3.6.

Next, we consider the value function associated to the optimal control problem defined on (¢, z) € [0,7] x RN

O(t,x) = nf{ (y(T)) , y() € Seer)(x) }

Note that o is well defined since, by Filippov’s theorem, the set of solutions Sy 7() is nonempty and compact
in C([t, T],RM).
We now proceed to define some properties of the value function:

DEFINITION 4.4. Let u : [0,T] x RN — R be a function. u is said to enjoy:
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e The super-optimality property if for all (t,z) € [0,T] € RY, there exists y(.) € S r)(x) such that
u(t,y(t)) = uls,y(s)), Vs € [t,T].
e The sub-optimality property if for all (t,x) € [0,T] € RN, for all y(.) € S,y (x) we have
u(t,y(t)) < u(s,y(s)), Vs € [t,T).
LEMMA 4.5 ([20] ). Let u: [0,T] x RY — R be a function.
o Ifu(T,xz) > (x) and u has the super-optimality property, then: 9(t,x) < u(t,z) for all (t,z) €
[0, 7] € RV,
o If uw(T,z) < v¥(x) and u has the sub-optimality property, then: O(t,x) > u(t,x) for all (t,x) €
[0,7] x RN,
Lemma 4.5 shows that the value function is the unique function that verifies both the super-optimality and
the sub-optimality property and it solves the following functional equality known as the dynamic programming
principle:

V(t,z) =1inf { I(s,y(s)) : y(.) € Sury(x) }, V(t,z) €[0,T] x RV,

The next proposition states that the controllability hypothesis (CH) is a sufficient condition to ensure
that the value function is locally Lipschitz continuous.

PROPOSITION 4.6. Suppose (Hy), (CH) and (Hv) hold. Then, 9 : [0,T] x RN — R is locally Lipschitz
continuous.

Proof. From the controllability assumption (C'H), there exists a neighborhood of A (the interfaces), de-
noted V := A 4 B, and there exists r > 0, such that for all € V| we have rB C F(z).
First, we prove that 9(¢,.) is locally Lipschitz. Let x,z € RY. First suppose that x,z € V close enough

that @ < T —t. Let M be the local supremum bound of F. Without loss of generality, we suppose
I(t,x) > V(¢ 2).
Let y:..(.) € Su,m)(2) such that ¥(t,2) = ¥(y;.(T)). Set h = @ and £(s) = = + Tﬁ(s —t) for
s € [t,t 4+ h]. We define :
N &(s) for s € [t,t + h)
gls) = { Y..(s —h) forse[t+h,T)

It is easy to see that §(.) is an F-trajectory. So we get
I(t,x) = It 2) < YH(T)) — Y (We,=(T)) < LIGT) — ye,2(T)| = Llye,-(T — h) — y,(T)|
M
<LMh = L—|z —z|.
T

Suppose now for example z ¢ V (we can do the same reasoning on z instead). Then by taking them
close enough to each other, there exists i € {1,...,n} such that z,2 € M;. Let y;.(.) € S 1)(2) such that
W(t, z) = Y(ys,.(T)). Suppose y; . (.) crosses the boundary of M,. Let to € [t,T] be such that

yt,z([tatﬂ]) (- Mi7 and yt,z(to) S V
Let yz,2(.) € S, 1) () such that y; . ([t, to]) C M; and |y, (to) — yt,-(to)|< Clz — z|. We can also suppose that

[Ye,=(to) — Ye,2(to)]
r

yt,x(to) S Vﬁ./\/li, and <T —tp.
We can always find such trajectories if we take x and z close enough, since F; is Lipschitz. See [13, Theorem
4.3.11].

Set h = M and &(s) = ys..(to) + r%(s —to) for s € [to,to + h]. We define
Yt.x(8) for s € [t, to]
g(s) =4 &(s) for s € [to,to + ]
Yr.(s —h) fors € [to+h,T]
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It is easy to see that §(.) is an F-trajectory. So we get

I(t,x) = I(t, 2) < P(H(T) = ¥(We,(T)) < LIGT) = ye,2(T)| = Llye,o (T — h) — y1,(T)]
< LMh

M
= L7|yt,z(t0) — Ye,2(to)],
M
< LC—|z —z|.
T

If the trajectories y; .(.) and vy ,(.) don’t cross the boundary of M;, then, they are both F; -trajectories
and the result follows again from the classical case, see [13, theorem 4.3.11]. This finishes the proof that 9(¢,.)
is locally Lipschitz.

Now we prove that ¥(.,x) is locally Lipschitz. Let z € RN. Let t,s € [0,T] such that ¢t < s. By the
super-optimality property, there exists y(.) € S, r)(z) such that ¥(t,z) = ¥(s,y(s)). Then

[0(t, ) = (s, 2)| = [9(s,y(5)) = (s, 2)| < [D(s,y(5)) = (s, y(t))]-

Since both ¥(s,.) and y(.) are locally Lipschitz, then from the expression above, ¥(., ) is locally Lipschitz.
This ends the proof. 0

4.2 The super-optimality and super-solution property. In this section, we characterize functions
that are super-solutions of equation (2.3) with super-optimality property. The characterization using F' is
standard in the literature since it satisfies the usual hypotheses (upper semi-continuity with nonempty, convex
and compact images). In our case, we use the fact F' and Fiu7 i=1,...,n+1, give the same set of trajectories,
as shown in Proposition 4.1, to prove this Hamiltonian inequality.

THEOREM 4.7. Suppose (Hy) and (SH). Let, u: (0,T] x RN — R be Ls.c. The following assertions are
equivalent:
(i) u is a super-solution of (2.5),
(i) u satisfies the super-optimality principle.

Proof. The fact that (ii) is equivalent to
(4.1) -0+ Hp(z,§) >0 V(0,8 € D™u(t,z),

is well known since F'(.) is u.s.c. For more on this, see [28, Proposition 3.5] or [11, Chapter 19]. Moreover, it
is obvious from this that (i) == (ii) since H4(.,.) < Hp,(.,.) < Hp(.,.) and D~ u(.,.) C D7 u(.,.), for all
ie€l,n+1.

It remains to prove (ii) = (i). Let y(.) : [t,7] — RY be a trajectory solution of (DI)p(t, =) such that
the super-optimality property holds in y(.). We claim the following:

Claim: 3j € I(x) such that there exists a sequence (t,)n, tn | t and z, := y(t,) € Mj, so that T==F — v
and v € an(x). Deferring the proof of the claim, let ¢ € C'((0,T) x RY) such that u; — ¢ attains a local
minimum at (¢, x) in ﬂj. For n big enough the super-optimality property gives

uj(t,x) — u;(tn, zn) = 0.
This inequality combined with the fact that w;(t,, z,) — @(tn, zn) > u;(t, ) — ¢(t, z) lead to

1
tn, —1

(¢(t’$) - ¢(tn»$n)) > 0.
By letting n tend to 400, we obtain —0y¢(t, ) — (v, 0y¢(t, z)) > 0 and then

—0i6(t,z) + H e (x, 0:0(t, 2)) > 0.
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This concludes the proof.

Now we turn our attention to the proof of the claim. We distinguish two cases: either there exists r > 0
such that y([t,t+r]) stays in one domain M, for some j € {1,...,n} NI(z), almost everywhere, or it touches
or crosses the interface infinitely many times no matter how we are close to z. We begin with the first case:
suppose there exists r > 0 such that y([t,t + r]) C M; for some j € {1,...,n} N I(x) almost everywhere. So,
there exists a sequence (t,)n, t, 4 t and x,, = y(t,) € M,, so that ﬁz—:f — .

Notice that v = lim,, 40 P°=¢ € ij (x), since z, € M;. It remains to prove that v belongs to Fj(x).
Denote by x and M respectively the Lipschitz constant of F};(.) and the Lipschitz constant of y(.). We have

1 / 1 . K
v= lim y(s)ds € lim / projr. ) (9(s)) ds + / ly(s) — z|Bds
n—+oo t, —t [t,tn] n—+o00 (tn —t [t,tn] Fj(z) t, —1 [t,tn] )
kM

cC 1 ) —
C lim (Fj(z) + P— [/[tm(s t)ds|B)
C lim (Fj(z)+ KMMB) = Fj(x)
~ n—+oo J 2 J ’

In conclusion, we get v € F;(z) N T4, (x) = Ff(w).

Now we get to the second case. Since y(.) touches or crosses the interface infinitely many times no
matter how we are close to x, then there exists j € {n + 1,...,n 4+ 1} N I(x), a sequence (t,)n, tn, | t and
Tn 1= Y(tn) € Mj, so that T=F — v.

Notice that v = lim, 40 257 € ij (x), since z, € M,. It remains to prove that v belongs to F;(z). For
k=1,...,n+1, we set

JFi={se[t,t+t,] : yls) € My}, pf = 2(J%), K(z):={k : u* >0, Vn € N}

We obviously have K(x) C I(z). Furthermore, up to a subsequence, there exist 0 < A\;, < 1 and p; € RY such
that

k 1
Hn Ak, Z A =1, —/ y(s)ds — pr, asn — oco.
bn =t keK () S

Denote by x and M respectively the Lipschitz constant of Fj(.) and the Lipschitz constant of y(.), we get

1
pr = lim —/ y(s)ds
Th

n——+00 ILLfL

n—-+oo :un

. 1 . ) K
€ lim (—k/ proyFk(m)(y(s))ds+7/ |y(s)—x|IB%ds)
Jk Ky J gk

m

C lim (Fk(x)+l<;j\f[[]§(st)ds]ﬁ)

n—-+o0o "

C lim (Fy(z)+ kMlt, — t|B) = Fi(x).

T n—+oo

Therefore, we have

. 1 / _ ok
v= lim y(s)ds = lim n
n—+oo t, —t [t,tn] ke%x) n—+too b, —1

[ i) ds| € cotPio) + kK@)

Finally, we get v € co{Fy(z) : k€ K(z)} N Tx, () C co{Fy(z) : kel(x)}n T, (x) = F]ﬁ(x) This ends
the proof of the claim. 0

Remark 4.8. By the arguments presented at the beginning of the above proof, it is easy to see that under
the same assumptions of Theorem 4.7, the following statements are equivalent:
(i) u satisfies the super-optimality principle,
(ii) w is a super-solution of (2.3),
(iii) w is a super-solution of (4.1),
(iv) u is a super-solution of (2.2).
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Remark 4.9. Tt was already known from [28], that the super-solution property is equivalent to the super-
optimality property if we only use the classical definition of viscosity. The importance of this result lies in the
fact that the equivalence is valid even if we take the notion of viscosity stated in Definition 2.4.

4.3 The sub-optimality and sub-solution property. This section aims at establishing the link
between the sub-optimality principle and the the sub-solution property of (2.3).

THEOREM 4.10. Suppose (H1), (SH) and (Hp) hold. Let u : [0,T] x RN — R be an u.s.c function. The
following assertions are equivalent:

(%) u satisfies the sub-optimality principle,
(i) u is a sub-solution of (2.3).

Proof. We prove (i) = (ii) first. Let i € {1,...,n +1}. Let (t,x) € [0,T] x M;. By [28, Lemma 3.9],
for every p € Fiﬁ (), there exists a C! trajectory y(.) defined on some interval [t,¢ + €], with € > 0, such that
y(t) =z, y(t) = p and y(.) C M.

Let u; = u on M; and u; = —oo otherwise. Let (0,&) be in DT w;(t,z). For any sequence ((t,, 7)), such
that (t,,x,) € dom(u;) and (t,,z,) — (¢,2), we have

lim su wltn, Tn) —u(t,©) = O(tn — 1) = (§, 20 — ) <0
e o — 2]+ ltn — 1 <0

Setting z,, = y(t + =) and t,, :=t + £, we get by sub-optimality of u

—0(tn, —t) — (&, z, — ) < w(tn, zn) —u(t,x) — 0(t, —t) — (&, z, — )
|xn_$|+|tn_t‘ o Ixn_$|+|tn_t|

)

By letting n — oo we get

—0— <£ap>

<0 = —-0—-{,p) <0.
1 S (€p) <

Since p is arbitrary, we get the result by taking the supremum over Flﬁ(x)

It remains to prove (ii)==-(i). We divide this proof into 2 steps.
Step 1. (Augmented dynamics). First, we establish the following claim:
Let v:=—u (sovisls.c), M; ;=R x M; xRforalli=1,....,n+1. We denote by v; = v on M; and v; = +00
otherwise. Let G (t,z,z) := {1} x FF(x) x {0} for any (t,z,z) € M;. If we have
(i) =0+ Hpz(x,v) <0 forall (t,z) € (0,T) x M;, (0,v) € =D~ v;(t,z).
Then it holds:
(ii) supyeGg(t’x’Z){ (n,v)} <0 Y(t,x,z) € epi(v;), n € J\/'fm(vi)(t,x7 z).
Let us first point out the fact that (i) is equivalent to

—0+ Hp(z,v) <0 for (t,z) € (0,T) x My, (6,v) € D u;(t,x),

since DV u;(t,x) = =D~ (—u;)(t,x) = =D~ v(t, ).
Let (t,z,2) € epi(v;). If Ff(x) = ) then the result holds by vacuity. Otherwise, let (£, —\) € pri(vi)(t,a:, z).
So we have A > 0. Suppose we have X\ > 0, then z = v;(¢,x) and there exists (6,¢) € —0d,v;(t, z) such that

€ = (=A0,=X(). Hence, by [11, Theorem 11.32], for any v € G¥(t,z, z) we have, for some p € Fiﬁ(x):
(€, =A),v) = =0+ ((,p)) S A(=0 + Hpa(,)) <0

We take the supremum over v and we get the result. Now, if A = 0, then by Rockafellar theorem [11, theorem
11.31], there exist sequences ((tn,Zn))n C [0,7] X My, (£2)n € RY¥*L and ()\,,), C (0,00) such that

E

(tnaxn7>\n) — (t,l’,O), U(tnaxn) —Z &n — &, b\

&n € —0pvi(tn, xy).
Thus the argument above shows that:

((&ny,—An),vn) <0 Yy, € Gg(tmxmui(tmxn)), Vn € N.
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Furthermore, by Proposition 4.2 we have that Gg() is lower semicontinuous. So there exists a sequence

(Vn)n — v such that v, € G?(tn, Zny Vi (tn, T, )). By evaluating the last inequality at this sequence and letting
n — 400, then taking the supremum over v, we get the result.

Step 2:. We show that
Vi € {1,...,n+1}, epi(v;) = epi(v) N M.

Let (t,z,7) € epi(v;). So vi(t,z) < r. Hence z € M; and v(t,z) < r. Thus we get (t,z,7) € epi(v) N M,;.

Conversely, if (t,z,7) € epi(v) N M;, then v(t,x) < r and x € M;. So v;(t,x) = v(t, ), whence v;(¢t,z) < r,
which finishes the proof of step 2.

We apply Theorem 3.6 to the augmented dynamics G(.) := {1} x F(.) x {0}, the stratification RN*2 =
Ut M; and the set S = epi(v). Thus we get that (epi(v), Q) is strongly invariant. Let (t,z) € (0,T) x RY
and y(.) be a solution of (DI)g(t,z). So we have that

Y(s) = (s,y(s),v(t,y(t))  se[t,T],

is a solution of the differential inclusion with the augmented dynamics G(.) and initial condition (¢, z, v(¢,x)) =

(t,y(t), v(t, y(t))).
we have (t,y(t),v(t,y(t)) € epi(v) and equation (ii) from step 1 is verified. Thus, by Theorem 3.6, we get
(t+h,y(t+ h),v(t,y(t)) € epi(v) for all h € [0,T — t]. Hence

vt +h,yt+h) <ot ylt) = ult,yt)) <ult+hylt+h) (sinceu=—v).

This ends the proof of (ii) = (i) and Theorem 4.10. d
4.4 Proof of Theorems 2.9 and 2.10.

Proof. (Theorem 2.9). Proposition 4.6 shows that the value function ¥ is locally Lipschitz continuous.
Furthermore, we have ¢(T, x) = 1(x). Theorem 4.7 shows that 9 is a super-solution since it enjoys the super-
optimality property. In addition, Theorem 4.10 shows that 1 is a viscosity sub-solution since it enjoys the
sub-optimality property. Finally, uniqueness comes from the global comparison result in Theorem 2.10.

Proof. (Theorem 2.10). Let u; and ug respectively be a l.s.c super-solution and an u.s.c sub-solution of
equation (2.3). By Theorem 4.7, we conclude that u; satisfies the super-optimality principle which means that
for all (¢,x) € [0,T) x RY, there exists a trajectory y(.) € S(;,7)(x) such that

up(t,z) > uy (T, y(T)).

Likewise, by Theorem 4.10, we conclude that us satisfies the sub-optimality principle. Then for the same
trajectory y(.) we have

Y (t,xz) €[0,T) x RN, wuy(t,x) < us(T,y(T)).

Henceforth, using the fact that us(T,-) < ui(T,-), we get the desired result us(t, ) < uy(t, x) for any (¢, x) €
[0,7] x RV. O

5 Stability.
THEOREM 5.1. Fori=1,...n+1, let (FZ] t M~ ]RN)J. be a sequence of set-valued maps satisfying (SH)

and such that F/ — F; w.r.t the Hausdorff metric (i.e. uniform convergence). Let (v7 : RN — R); be a
sequence of 1.s.c functions such that vi — v locally uniformly in RY. Suppose in addition that for all j, v’ is
a super-solution of

—0d (t, ) + max) {H s(2,0,07 (t,2)) } =0 for all (t,z) € (0,T) x RY,

i€l(x

in the sense of Definition 2.4. Then v is a super-solution of (2.3).



A GENERAL COMPARISON PRINCIPLE FOR HJB EQUATIONS ON STRATIFIED DOMAINS 17

Proof. (Theorem 5.1). Let (¢,z) € (0,7) x RY. Using Remark 4.8, it suffices to prove that v is a super-
solution of (4.1). Let ¢ € C1((0,T) x RY) such that u — ¢ attains a local minimum at (¢,z). Then, there
exists (t/,27) € (0,T) x RY such that v/ — ¢ attains local minimum and such that (#/,27) — (¢, z). Since the
stratification is finite and v/ is a super-solution of (2.3), then up to a subsequence (not relabeled), there exists
ip € [1,n + ] such that for all j, we have

—at¢(tj7$j) + HF?“<$jaaz¢(tj7xj)) >0

Since Fljoﬁ() C Ffﬂ(), we get
—0p(t),27) + Hpi (27,0,0(7,27)) > 0.

So by letting j tend to infinity, we get

_8t¢(ta .’IJ) + HFio (J?, am(b(ta l‘)) > 0.
Finally, since F;,(.) C F(.), then we get

—Okgp(t,x) + Hp(x, 0x0(t,x)) > 0,

which is the required result by Remark 4.8. ]
THEOREM 5.2. Fori=1,...n+1, let (Ff s M~ RN)J, be a sequence of set-valued maps satisfying (SH)

and such that F/ —s F; w.r.t the Hausdorff metric (i.e. uniform convergence). Let (v/ : RN — R); be a
sequence of u.s.c functions such that v/ — v locally uniformly in RN . Suppose in addition that for all j, v7 is
a sub-solution of

—0p! (t,2) + Hpis (2, 0,07 (t,2)) = 0 for all (t,z) € (0,T) x RN, i € I(x),

in the sense of definition 2.5. Then v is a sub-solution of (2.3).

Proof. (Theorem 5.2). Let (t,z) € (0,7) x RN and i € I(z). Let ¢ € C*((0,T) x RY), such that u — ¢
attains a local maximum in (0,T) x M, at (t,z). Then there exists (t/,27) € (0,T) x M, such that v/ — ¢
attains local maximum in (0,7) x M; at (#/,27), and such that (#/,27) — (¢,x). Since v’ is a subsolution, we
get o , o

=0k p(t?, 27) + Hpje (27, 0,0(t7,27)) <0

Since FZ] — F; w.r.t the Hausdorff metric, we have

F/()n T, () = szﬁ() — Flﬂ() = Fi(.)NTxz,(.),  w.r.t the Hausdorff metric.

To see this, we recall an equivalent definition of the Hausdorff metric [9, Definition 7.3.1]:
dw(A,B) =inf{r >0 : ACU.(B)and B C U,(A)}, A,B compact subsets of R

with U, (A) := UgeaB(a,r) and U, (B) := UpepB(b, r) are the r-neighborhoods of A and B respectively. From
this one gets immediately _ _
dn(F} () 0 Tz, (), F{ () < e (FY (), Fi(.)).

Now let v € F¥(x). Then by the Hausdorff convergence there exists a sequence v/ € F/*(27) such that 17 — v.
Finally, we arrive at

—0i 0t 27 ) + (=17, 0,0(t ,27)) < =0, ¢(t , 27) + H s (27, 0,0(¢, 7)) < 0.
By letting j tend to infinity, we get
—0ip(t,x) + (v, 0p0(t, x)) < 0.

Lastly, we take the supremum over v and we get the required result. ]
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6 General convergence result for monotone schemes. In this section, we aim at studying the
convergence of monotone numerical schemes approximating the HJB equation (2.3).

Let GA% = (GA®); be a spatial grid of RV of step Az, compatible with the stratification (M,); in the
following sense:

oo (i) For all i, j = 1,...,n +, such that M; C M, GAT and QJA” coincide on ng’”,
(CO): (i) VR >0, Vi=1,...,n+1, lima, 0 dy (Mi NB(0,R), GA® m@(o,R)) =0.

Comments on the hypothesis (CC) . Hypothesis (CC)-(i) implies that the grid GA* is divided into
n—+1 subgrids (gim)i with a partial order relation that ensures compatibility with the stratification. Hypothesis
(CC)-(ii) asserts that for each i = 1,...,n + [, the subgrid GA* approaches M; in the the sense of Hausdorff
convergence for locally compact sets. Notice that this implies in particular that the points of a subgrid GA~*
don’t have to belong to M;. What is important here is that the grid G2* is divided into n 4 [ subgrids
compatible with the stratification, and each subgrid converges in the Hausdorff sense to its corresponding
domain.

We define for any = € GA%, the index multifunction of the grid

Igas(z):={ic{l,..,n+1} : z€GA"}.

Let At be a constant time step of a regular grid " of [0,T]. We denote h = (At, Ax). We consider the
following numerical scheme:

maxiery, (n) 1 S7 (ths @hs u (th, o), (W] (,2) 3 = 0 for (tn,an) € (I x GA%)\ {t), = T},
WM (T, zp) = ¥(xy), for (th,zp) € (II° x GA%) N {t), =T}

with [uh](tmmh) are all the values of of u" on G2% at other points than (t;, ). Each St i =1,....,n+11is
supposed to verify the following hypotheses:

e Monotonicity : SP(s,z,u,w;) < SH(s, z,u, ws), if wy > ws.
e Stability :
— each u" is locally bounded independently from h, for h small enough, i.e. for all R > 0, there is
a Cr > 0, independent of h, such that

R R

W (th, )| < Cr it (£, zh) e([o,T] X B(O,R))Q(Hm X gﬂx).
— u verifies the following inequality on a neighborhood of the interfaces: there exists » > 0 and
C, > 0, independent of h, such that

[ (th, zn) — u" (sn,yn)| < Cr(ltn — snl + |on — yal),

i (tns o), (o) (10,71 % (A + B(0,1)) )0 (T x g2+
e Consistency : for all ¢ € C1((0,T) x RY) and (¢,2) € (0,T) x RV, we have

N Sh(s,2,0(5,2) + C, [0+ (Il L)) = —0ib(t, @) + Hyps(, 8:0(t, @),
M2 X GR35 (s,2) = (t,2) ;
h—0
¢—0

where [¢ + (] ](15 .)» is a function representing the values of ¢ + ¢ on the grid at other points than (s, 2).

The following theorem is an extension of the result by Barles and Souganidis [6], to the case of HJB equations
on stratified domains.

THEOREM 6.1. Suppose that
e the HJB equation (2.3) admits a continuous viscosity solution u,
e for all h > 0 small enough, the numerical scheme admits a solution u",
o the spatial grid verifies hypothesis (CC),
e cach S,ih verifies the monotonicity, stability and consistency hypotheses,
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h

then, u' converges locally uniformly to u.

Proof. First, we begin by defining the following functions

u(t,x) == lim sup ul(s,2), wu(t,z):= ., Jiminf ul(s, 2).
A% GAT5(s,2)— (t,x) 2" xG2"3(s,2)—(t,2)
h—0 h—0

We also have that v < @. It suffices to prove u > w. For that we will prove that u is a l.s.c super-solution and
w is an u.s.c sub-solution. We first prove that @ is a sub-solution.

Let (t,z) € (0,7) x RN. Without loss of generality, we suppose that = € B(0, p) for some p > 0 big enough
and we restrict our analysis on this bounded open set. Let i € I(z) and let ¢ € C*((0,T) x RY) such that

U; — ¢ attains its local maximum at (¢,z) € (0,7) x M;. We recall that @; = u in (0,T) x M; and u; = —oc
otherwise.

Without loss of generality, we can suppose that

ui(t, ) = o(t,x), wils, 2) < (s, 2) if (s, 2) # (¢, z),
¢ > Cg + 1 outside of a neighborhood Q of (t,z), Q C (0,7) x B(0, p),

where C'g is defined from the first part of the stability assumption. We have, u; — ¢ attains a local maximum
at (t,x). Furthermore, from the second part of the stability assumption, @ is Lipschitz continuous in a
neighborhood of the interfaces. So we get

0=1u;(t,x) — ¢(t,x) = lim sup ul(s,2) — ¢(s,2) = lim sup ul(s, 2) — @(s, 2).
A X GATS(s,2)— (t,x) At X GATS(s,2) = (t,x)
h—0 h—0

The second part of the stability assumption is essential here to get the last equality since the limit sup might
not be reached from every subsgrid GA%. Moreover, outside of 2, we have %; — ¢ < —1. So, there exists r > 0,
such that

0> uh(s,z) —¢(s,2) > —1for all (s,2) € (t—r,t+7r]N HAt) x (B(0,7) N gfﬂ”) c Q.

So, the maximum is attained in the compact set ([t — r,t + 7] N TAY) x (B(0,7) N GA%) C Q. Let (th, ) be
the maximum and (¢;,z;) the limit when h — 0 of a subsequence not relabeled. we have

lim u” (7, zh) — (th, ) > lim sup ul(s,2) — @(s,2) =t z) — P(t,z) = 0.
h=0 2% G275 (s,2)— (t,2)
h—0

On the other hand, since uw — ¢ is u.s.c, we get

0>, (ty, ;) — d(ts, x) = Wi(ts, z3) — d(ts, i) > }1Lim ul(th,al) — ot alh).

—0 ¢

Thus, we conclude
(tivxi) = (t,I), uh(tilvx?) %Hi(tvx)'

Let ¢p, = ul(th, xl) — ¢ (¢, 21). We get
ut (], 2f) = ot ) + G u'(5,2) < b(s,2) + Gy (1, 27) # (5,2) € I x GP7.
From the monotonicity of the scheme and u” being a solution, we get
Szh(t?vx?vuh(t?v ‘T?), [(b + Ch]?t;t,z;t)) < Szh(t?ax?vuh(t?vx?)v [uh](t?,m?)) < 07
and by the consistency hypothesis and passing to the limit, we get

lim SPEal, ot 2]) + G [0+ Chl(i o)) = —0kd(t ) + Hps (2, 006(t,x)) < 0.

(t @)= (t,)
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This is true for any 4 € I(z), which ends the proof.
Now we prove that u is a super-solution. Following Remark 4.8, it suffices to prove that w is a super-solution
of (4.1).

Let (t,x) € (0,T) x RN, Let ¢ € C((0,T) x RY) such that u — ¢ attains its local minimum in (0, T') x RY
at (t,x) and ¢(t,z) = u(t,x). Using the same arguments as in the first part of the proof, we get a sequence
(hn)n such that

hy L0, u' — ¢ attains a local maximum at (t,,z,) € I*t x GA%, and

(tn,xn) — (L, ), uhn (tn, Tn) — u(t, x).

Furthermore, since the stratification is finite and u”» is a solution to the numerical scheme, there exists a
subsequence (not relabeled) of (h,,), such that there exists ig € Igasz(z,), for all n € N and (zy,), € GA” such
that we have

_max Sihn (tna T, Uh" (tna xn)v uhn) = Sz};n (tna Tn, uh" (tnv l'n)a uh”) Z 0.

7felgAz (wn)

Let ¢, := u" (t,, 7,) — ¢(tn, Tn). So

uln (tn, Tn) = O(tn, n) + Cn, uh"(s,z) > d(s, 2) + Cp, (t?,x?) #(s,2) € A x GA®.

From the monotonicity assumption and u/ being a solution, we get
hn hn ha, n nlhn
Sio (tn,zna ¢(tnaxn) + <h7 [¢ + Ch](tﬁ,mﬁ)) 2 Sio (tnaxnauh (tnaxn)a [uh ](tﬁzﬁ)) 2 0.
and by the consistency hypothesis and passing to the limit, we get

(t",z},,i)rg(t,m) SZ)TL (tru T, ¢(tn; xn) + Chs [¢ + Ch}?t%@ﬁ)) = _at¢(t7 l‘) + HFiﬁ (.Z‘, 8x¢(ta l‘)) > 0.
hn,—0
¢n—0

By Remark 4.8 and the fact that Fzﬁ() C F(.), we get the required result.

In conclusion, (.,.) = u(.,.) = u(.,.) and u" converges locally uniformly to u, which ends the proof. O

Appendix A. Relative wedgeness. This appendix presents the concept of relative wedgeness first
introduced in [7].

Let S C RY be a closed set. S is said to be proximally smooth if there exists R > 0 such that the distance
function dg(.) is continuously differentiable on the set {z € RY : 0 < dg(x) < R}. If S is proximally smooth,
then its Clarke tangent cone is equal to its Bouligand tangent cone Tg(.). Clarke tangent cone is always closed
and convex.

Now, let M be a C? embedded manifold in RY such that M is proximally smooth and let d = dim(M)
be its dimension. Then, for every z € M, the tangent cone T5;(x) is closed and convex, hence it has a relative
interior (in the sense of convex analysis), denoted by r-int(T5;(z)).

The set M is said to be relatively wedged if for every 2 € M, the dimension of r-int(T5z(z)) (in the sense
of convex analysis) is equal to the dimension of M:

dim(r-int(T;(x)) = dim(M) = d.

Appendix B. Proof of invariance theorems.
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Proof. (Theorem 3.5). Since F is an u.s.c set-valued map with convex, compact non-empty images, and
since S is a closed set of RY, it is known that assertion (i) is equivalent to (see for instance [11, Theorem
12.11))

Hp(z,n) >0 Vne Ni(z), Vo € RN,

Let 2 € RN, We have F/(.) C Fy(.) C F(.). We have
(B1> HFi(xani) > I—IFijj (xani)a V77z € Ngb(x)

From this inequality, we deduce easily the implication (iii) = (ii). Moreover, since Ng(z) € Ng (x) for all
i € I(z), then
Hp(z,n) > Hp (z,n) > H.:(xz,n), Vne NE(z).
F(z,m) = Jnax Hr, (,m) = Jnax Hps (z,m), Vn € N§(x)
Hence, the implication (ii) = (i) holds. It remains to prove the implication (i) = (iii). Suppose (S, F) is
weakly invariant. Let z € RY and ¢ € [0, T]. So there exists a trajectory y(.) solution of (DI)x(t,z) such that
y(.) C S. We claim the following:

Claim: Jj € I(x) such that there exists a sequence (tn)n, tn | t and zy, := y(tn) € M;, so that $2=F — v
and v € Ff(gc).

The proof of the claim is the same as the proof of the same claim in Proposition 4.7. With this claim, we
are almost done. Indeed let n; € N, g,- (x) be such that the proximal normal inequality is satisfied with o > 0.
we get

. Ty — T ) 1 9
S = _— Sy << _— - = ().
(o) = Yim (m—pom) < i ooy lln — 2= 0

Thus, we have
H e (z,m5) 2> —(v,m5) >0,

J

Which is the required result. 0

Proof. (Theorem 3.6). The implication (i7) = (i) is proven first. We separate the proof into 3 parts.
First we prove the result for every trajectory that lies entirely in one of the domains M;, i = 1,...,n+1. Then,
we prove the result for every regular trajectory using an induction argument. Finally we prove the result for
every trajectory using Filippov’s theorem [12, Theorem 3.1.6].

Step 1. (Inspired from [11, Theorem 12.15]). Let y(.) be a trajectory of F' such that y((¢,7T)) C M, and such
that y(t) = a € SN .M,;. We show that for some ¢ € (0,T — t), we have y([t,t + €]) C S which is sufficient to
conclude.

Let r > 0 small enough such that B(a,r) N M; is a relative neighborhood in M;. From (SH) — (ii) (linear
growth hypothesis), we deduce that there exists M > 0 such that ||F;||< M on the ball B(«, ) N M;. So y(.)
is Lipschitz continuous on [¢,t + ¢] with constant M. There exists € € (0,7 — t) such that

Vreltt+e], s€projs,(y(t)) = y(7) € Bla,r) N M;, s € B(a,r) N M,.

We define f(7) :=dg,(y(7)). f is Lipschitz continuous on [t,t + £]. We prove the following Lemma:
LEMMA B.1. f/(1) < kf() for almost all T € (t,t+ ¢).

Proof. Let 7. € (t,t + €) such that f/'(7.) exists, y'(7.) exists and y'(7i) € F;(y(7:)) (almost all points
satisfy those conditions). If f(7.) = 0 then f attains a minimum at 7, and therefore f’(7.) = 0 and the
inequality holds. Suppose now f(7.) > 0 and let s € projg, (y(7«)). Then by [11], proposition 11.29, we have

Since F;(= Ff on M,) is Lipschitz continuous on B(«, r) with constant k, there exists v € F;(s) such that

ly' (1) — vI< Kly(Te) — 3.
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Therefore we get
.y (7)) = (n,v) + (0, ¢/ (7)) = v) < Hpe (s, =) + sy (7)) = s[< sly(m) — 5.

Hence, we get

ds, « +90)) —dsg, 3 . w +0) — s|—|y(m) —
) — tim 450+ 0) — ds (U)W +8) = slly(m) —
50 5 §—0 d

= (n,y'(1)) < sly(7s) — sl= kf (). 0
Since f is Lipschitz, positive and f(t) = 0 (y(t) = a € S;), then by using the lemma above and Gronwall
lemma, we get that f =0 on [t,t + €], which finishes the proof of step 1.
Notice that, every trajectory that lies entirely in U} ; M, also verifies step 1 since it is a disjoint union.
Step 2. Let M be union of subdomains such that U_; M; C M and denote by dr the minimum dimension
of the subdomains of M. Let My, be a subdomain such that My, C M\ M and its dimension is inferior or
equal to dpq. We show the following proposition:

PROPOSITION B.2. If we have (ii) = (i) for every trajectory that lies entirely in M or lies entirely in
My, then (i7) = (i) holds true for every trajectory that lies in MU My, .

Proof. Let y(.) € MU My, be a trajectory of F on [t,T] such that y(t) € S. We define
J=A{ret,T] : y(r) & Mg, }.

The set J is open since My, is of inferior dimension than M, then it is a closed set relative to M U My,
(equipped with inhereted topology from RY ). Thus J can be written as a countable union of open intervals
in the following way:

J = [j(ai,bi)v
i=1

such that the open sets (a;,b;) are pairwise disjoint and a; < b; < a;41, Vi > 1. Notice that we necessarily
have y(a;), y(b;) € My,. Set by = t. First, we prove that

VieN, yb;),y(air1) € Sand  y((air1,bir1)) C 5.

We have y(by) € S by assumption. If by = a7 then we have y(a1) € S. If by < a; then y(by) € S N My, and
y((bo,a1)) C My,. Hence, by Step 1, we have y((bp,a1)) C S and therefore y(a;) C S since S is a closed
set. Moreover, since y(a;) € SN M and y((a1,b1)) C M, then by Step 1, we have that y((a1,b1)) C S and
therefore y(b1) € S since S is closed. By induction, following the same argument, we get that

VieN, yb;),y(air1) € Sand  y((air1,bir1)) C 5.

It remains to prove y([t,7] \ J) C S. If the set J was equal to a finite union of open intervals then the
above argument would have been sufficient to prove that y([¢t,T]\ J) C S. However, this is not the case for
all trajectories y(.). The trajectories y(.) can move in and out of My, infinitely many times exhibiting the
phenomenon known as the Zeno effect. To deal with this case, we will approximate such trajectories y(.) by
ones such that the set J is equal to a finite union of open intervals.

We fix m > 1 and set

Jm = U (akybk)v
k=1

Which we can assume to satisfy
t:b0§a1<bl§a2<62§...§am<bm§am+1 =T.

We choose m large enough such that
r

X(J\Jm)<26T||F||’
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with x being the Lipschitz constant of Fj, and r is equal to

ri= b [y(s) —wl,
wEMkO\MkO
s€ft,T]

(notice that r is strictly positive and can be infinite). The choice of m is made in such a way to be able to
apply [12, Theorem 3.1.6] on manifolds (see [7, Remark 3.1]). We will approximate the arc y([b;, a;1+1]), for
some i = 0,...,m, by trajectories that remain entirely in My,. By Filippov theorem ([12, Theorem 3.1.6])
and [7, Proposition 3.2], there exists z;(.) a trajectory of Fy, on [b;, a;+1] such that z;(b;) = y(b;) € My, NS,
zi(.) C My, and

19() = 2O L= prai) < € < 27T (| F e,

where we denote ¢; = Z(J N (b;,a;4+1)) and

Pi = /‘“*1 dn({9(s) }, Fio (2i(s)))ds < 2[[Fle;.
b

Since ; < Z(J\Jn), we get
Iy (-) = zi( Lo pr,ai1] < 2" ||F|L(I\T ).
Furthermore, from Step 1 we have z;(.) C S. Thus we get
ds(y() <lly() = 2zl prar) < 2T NFIL(I\Tm),  ¥m > 1.

By letting m — oo, we have Z(J\J,,) — 0. Therefore y(.) C S, which is the required result. O

From the above proposition, we deduce that (i7) = (i) by a simple finite induction argument starting
from M = U, M; and adding an interface My, C A, with kg € {n+1,...,n+1}, in such a way that decreases
the dimension of My, at each iteration.

Now we prove the direct implication (i) = (i¢). For that, we use [28, Lemma 3.9]. See also [7, Proposition
5.1 and Lemma 5.2]. Suppose (S, F) is strongly invariant. Let z € SN M;, v € Ff(x) and n € N§ (x) such
that ||n||= 1 a proximal normal realised at ¢ > 0 (from the definition of the proximal normal).

Since v € Ff(x), then by [28, Lemma 3.9], there exists a C'* trajectory y(.) of Ff, defined on some interval
[t,t + €] with € > 0 such that y(t) = z and §(t) = v and y(.) C M,. By the strong invariance hypothesis, we
have y(.) C S;. So we get

. y(r) -z 2
= 1 _— - - 0.
(v, m) Tl?§< —— ) < e _t)\y(f) z|
By taking the supremum over Fiﬁ (z), we obtain the desired result. ]
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