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Abstract

In his paper from 1996 on quadratic forms Heath-Brown developed
a version of the circle method to count points in the intersection of
an unbounded quadric with a lattice of short period, if each point is
given a weight, and approximated this quantity by the integral of the
weight function against a measure on the quadric. The weight function
is assumed to be C§°-smooth and vanish near the singularity of the
quadric. In our work we allow the weight function to be finitely smooth
and not vanish near the singularity and give an explicit dependence of
the disparity on that function.
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1 Introduction

1.1 Setting and result

Let us consider a non-degenerate quadratic form with integer coefficients on
R?, d > 4,

F(z)=1Az 1z, (1.1)
which implies that A can be chosen as a non—degenerate symmetric matrix
with integer elements whose diagonal elements are even. If F' is sign—definite,

then for ¢ € R the quadric
Y ={z:F'(z) =0}, F'=F—t, (1.2)

is either an ellipsoid or an empty set, while in the non sign—definite case ¥,
is an unbounded hyper-surface in R, which is smooth if t # 0, while X is
a cone and has a locus at zero.

Let ZdL be the lattice of a small period L1,

74 = L7174, L>1,

and let w be a reqular real function on R which means that w and its Fourier
transform w(§) are continuous functions which decay at infinity sufficiently
fast:

w(z)] < Cla[~"77, (&) < ClEI~7, (1.3)

for some v > 0. Our goal is to study the behaviour of series

Np(w; A,m) = Z w(z),

2ESNZE
where m € R is such that L?m is an integer.! Let
wr,(z) :== w(z/L).
Then, obviously,
Ni(w; A,m) = Ny(wp; A, L2m) = N(wg; A, Lm).  (1.4)
We will also write Np(w; A) := Np(w; A,0) and N(wr; A) := N(wg; A,0).

To study Np(w; A, m) we closely follow the circle method in the form, given
to it by Heath-Brown in [8]. Our notation differs a bit from that in [8].

'E.g., m = 0 — this case is the most important for us.



Namely, under the scaling z = 2//L, 2’ € Z% we count (with weights)
solutions of equation F(z') = mL?, 2 € Z%, while Heath-Brown writes the
equation as F(2') =m, 2’ € Z%, so that his m corresponds to our L?m.

We start with a key theorem which expresses the analogue of Dirac’s
delta function on integers, i.e. the function ¢ : Z — R such that

1 forn=20
5(n).—{0 forn#£0 ’

through a sort of Fourier representation. This result goes back at least to
Duke, Friedlander and Iwaniec [4] (cf. also [9]) , and we state it in the form,
given in [8, Theorem 1]; basically, it replaces (a major arc decomposition of)
the trivial identity d(n) = fol e?™ndo, employed in the usual circle method.

In the theorem below for ¢ € N we denote by e, the exponential function
2mix
eq(z) :=e ¢ ,and denote by > " the summation over residues a with
a(mod q)
(a,q) =1, i.e., over all integers a € [1, g — 1], relatively prime with q.

Theorem 1.1. For any Q) > 1, there exists cg > 0 and a smooth function
h(z,y) : Rso x R — R, such that

§(n) = cQ 2 Z Z *eq(an)h (g, 52) . (1.5)

¢=1 a(mod q)

The constant cq satisfies cg = 1+ On(Q™N) for any N > 0, while h is
such that h(z,y) < c¢/x and h(x,y) =0 for x > max(1,2|y|) (so for each n
the sum in (1.5) contains finitely many non zero terms).

Since N(w;A,t) may be written as >, ;. w(2)6(F'(z)), then Theo-
rem 1.1 allows to represent series N(w;A,t) as an iterated sum. Trans-
forming that sum further using the Poisson summation formula as in [8,
Theorem 2] we arrive at the following result: 2

Theorem 1.2 (Theorem 2 of [8]). For any regular function w, any t and
any QQ > 1 we have the expression

N(w; A1) = Q2 Y > g Sy(e)I(c), (1.6)

cezd g=1

*In [8] the result below is stated for @& € C§°. But the argument there, based on the
Poisson summation, applies as well to regular functions .



with
Sy(c; At) = Z D" eq(aF'(b)+c-b) (1.7)
a(mod g) b(mod q)
and

I(c; A,1,Q) = /Rd w(z)h (32 Fg?) eq(—2 - c)dz. (1.8)

We will apply Theorem 1.2 to examine for large L the sum N (wg; A, L?m)
= Np(w; A,m), choosing @ = L > 1 and estimating explicitly the leading
terms in L of Sy(c) and IY(c) as well as the remainders. The answer will be
given in terms of the integral

oo (W) = 0o (w3 A, 1) — /Z w(z) i (dz) (1.9)

(which is singular if ¢ = 0). Here y*t(dz) = |VF(z)|"'dz|s, = |Az| 1dz]|s,,
with dz|y, representing the volume element over ¥, induced from the stan-
dard euclidean structure on R% and A the symmetric matrix in (1.1). For
regular functions w this integral converges (see Section 7).

To write down the asymptotic for Ny (w; A, m) we will need the following
quantities, where p ranges over all primes and ¢ € Z%:

o, =0, (4, L*m) = Zp_dlsz (c; A, L*m), op = ag, (1.10)
1=0
where S7 =1,
oe(A) =[] =pop(4,0),  o*(4) = 05(4) = [[(1 - p7)op(4,0),
P P
and
o(A, L*m Ha (A, L*m) = [ op(A, L?m). (1.11)
P

The products in the formulas above are taken over all primes. In the asymp-
totics, where these quantities are used, they are bounded uniformly in L (see
below).

Our main results, stated below, specify Theorems 5, 6 and 7 from [§]
in three respects: firstly, now the function w has finite smoothness and
sufficiently fast decays at infinity, while in [8] w € C§°. Secondly, we specify
how the remainder depends on w. Thirdly and the most importantly, we
remove the imposed in [8] restriction that the support of w does not contain



the origin (this improvement is crucial for us since in [6] the theorems are
used in the situation when w(0) # 0).

We note that a similar specification of the Heath-Brown method was
obtained in [1, Section 5] to study problems, related to those considered in
[6].

Everywhere below for a function f € C*(RY) we denote

[fllns.no = sup max 9% f(z)|(z)",

ZCRN |o|<my
where n1 € NU {0}, n; <k, and ny € R. Here
(x) := max{1, x|} for x € R,

for any [ > 1. By C™"2(R™) we denote a linear space of C™-smooth
functions f: RY s R, satisfying || f||n,.ny < 00

Note that if w € C4T14+! then the function w is regular, so Theorem 1.2
applies. Indeed, the first relation in (1.3) is obvious. To prove the second
note that for any integer vector a € (NU {0})?, &% (¢) = (ﬁ)'“‘@(g).
But if |o| = Y aj < d+1, then [02w| < C(x)~971, s0 02w is an L-function.
Thus its Fourier transform 8/,‘2‘70 is a bounded continuous function for each
|a] < d+ 1 and the second relation in (1.3) also holds.

Now we formulate our main results. First we treat the case d > 5.

Theorem 1.3. Assume that d > 5. Then for any 0 < € < 1 there ex-
ist positive constants Ky(d,e) and Ka(d,e) < Ks(d,e) such that if w €
cluE2(RA) N COK3(RY) and a real number m satisfies L*m € Z, then

|NL(w; A,m) = 00 (w)a (A, LPm) L2 < OLY7= (||| xy 16, + wllo,res)
(1.12)
where the constant C' depends on d,e, m and A. The constant (A, L*m) is

bounded uniformly in L and m. In particular if e = 1/2, then one can take
K1 =2d(d®>+d—1), Ka =4(d+1)?>+3d+1 and K3 = K1 + 3d + 4.

Next we study the case d = 4, restricting ourselves for the situation when
m = 0.

Theorem 1.4. Assume that d = 4 and m = 0. Then for any 0 < ¢ <
1/5 there exist positive constants Ki(d,e) and Ka(d,€), such that for w €
CK1, K2 (]Rd)

|Nz(w; A,0) — 17(0)0 00 (w)o*(A) L2 log L — oy (w; A, L)Ld72’

o (1.13)
< COLd 2 €||7~U||K1,K2v



where the constant Cy depends on d,e and A. The constant n(0) is 1 if
the determinant det A is a square of an integer and is 0 otherwise. The
L-independent constant o*(A) is finite while the constant oy satisfies

lo1(w; A, L)| < Collw| ky,r,

uniformly in L. In the case of a square determinant det A, when n(0) =1,
it is given by (1.24). In the case of a non—square determinant det A, when
n(0) = 0 and the term o1(w; A, L)LI=2 gives the asymptotic of the sum N,
the constant oq1(w; A, L) does not depend on L and has the form

o1(w; A) = 05 (w)L(1,x) [J(1 = x(p)p™")0p(A,0) (1.14)
p

where x is the Jacobi symbol (detT(A)) and L(1, x) is the Dirichlet L—function.

Concerning the classical notion of the Jacobi symbol and the Dirichlet
L-function we refer a reader without number-theoretical background e.g. to
[12] and [10].

If n(0)o*(A) = 0, then the asymptotic (1.13) degenerates. Similar (1.12)
also degenerates to an upper bound on Ny, unless we know that o (A, L?m)
admits a suitable positive lower bound, for all L. Luckily enough, the re-
quired lower bounds often exist, see Proposition 1.5 below.

Remarks. 1) Theorem 1.3 is a specification of Theorem 5 of [8], while The-
orem 1.4 specifies Theorems 6 and 7 of [8]. In [8] also is available some
asymptotic information about behaviour of the sums Np(w; A, m) when
d=4, m+# 0and d = 3, m = 0. Since our proof of Theorems 1.3 and
1.4 is based on ideas from [8], strengthened by Theorem 7.3, which is valid
for d > 3, then most likely our approach allows to generalise the above-
mentioned results of [8] for d = 3,4 to the case when w € CK1K2(R9) with
suitable K1, Ks.

2) Here and below the dependence of constants in estimates on m is uniform
on every compact interval, while the dependence on A is via the norms of
Aand A7

3) The values of the constants K;(d,¢) in (1.12), given in Theorem 1.3, are
far from optimal since it was not our goal to optimise them.

4) As the theorems’ proof are based on the representation (1.6), then the
function w should be regular (see (1.3)). But this holds true if w € C4+hd+1
and so is valid if the constants K, Ky are sufficiently big. E.g. if Ky, Ko
are as big as in the last line of the assertion of Theorem 1.3.



We present here in full only the proof of Theorem 1.3, which occupies
the rest of the paper and follows that of [8, Theorem 5] with additional
control how the constants depend on w. The only significant difference
comes in Sections 3 and 4 below where we do not assume that the function
w vanishes near the origin, the last assumption being crucial in the analysis
of integrals in Sections 6 and 7 of [8]. To cope with this difficulty, which
becomes apparent e.g. in Proposition 3.8 below, we have to examine the
smoothness at zero of the function

t— ooo(w; A t) (1.15)

and its decay at infinity. The corresponding analysis is performed in Sec-
tion 7. There, using the techniques, developed in [5] to study integrals (1.9),
we prove that function (1.15) is (d/2 — 2)-smooth, but in general its deriva-
tive of order (d/2 — 1) may have a logarithmic singularity at zero. There we
also estimate the rate of decay of (1.15) at infinity.

The proof of Theorem 1.4 resembles the proof of Theorems 6 and 7 of
[8] with a new addition given by Proposition 3.8, based on the result of
Section 7. We thus limit ourselves to a sketch of its demonstration, given
in Section 1.3 in parallel to that of Theorem 1.3, and point out the main
differences between the two proofs. The demonstration of Theorem 1.3 is
self-contained, while establishing Theorem 1.4 we use certain results from
[8] (namely, Lemmas 30 and 31) without proof.

Lower bounds for the constant from the asymptotics. Let us now discuss
lower bounds for the constants o(A, L?m) and o*(A) from Theorems 1.3
and 1.4.

Proposition 1.5. (i) If d > 5 then 0 < c¢(A) < o(A4,L?m) < C(A4) < oo
for any non-degenerate matriz A, uniformly in L and m.

(#6) If d = 4 and m = 0 we have 0c*(A) > 0 for any non-degenerate
matriz A such that the corresponding equation 2F(z) = Az -z = 0 has
non-trivial solutions in every p-adic field.

See Theorems 4,6 and 7 of [8]. We do not prove this result, but just note
that its demonstration uses a refinement of the calculation in the second
part of the proof of Lemma 2.3. Namely, while the lemma gives an upper
bound for the desired quantity, a more thorough analysis permits also to
establish the claimed lower bounds.

Appendix B contains a brief discussion (for a non-specialist) of quadratic
forms in 4 variables over Q and Q, which gives an idea why the p-adic fields
Qp are involved in the study of integer points on the quadric ¥y and how



one could verify the conditions of Proposition 1.5 (ii). In Appendix C we
give essentially a complete calculation, proving Proposition 1.5 in the case
of the simplest quadratic form F' = EZU-Z %xiyi, d=2s>4andt=0. For any
A the calculation may follow the same lines, replacing explicit formulas by

some general results (e.g. Hensel’s Lemma).

Non-homogeneous quadratic forms. Now consider a non-homogeneous quad-
ratic form F with the second order part, equal to F in (1.1):

f(z)—%Az-z—i—z*-z—i—T, zeRY 1R,
and the corresponding set ¥7 = {z : F(z) = 0}, Np(w; F) = Zzezfmzfi w(z).
Denote

5=A"'z,, 2 =z+;, m:%j-Aj—T,

and assume that 3 € Z¢ 3 and L*r € Z. Then L?m € Z, 7’ € Z4 if and only
if z € Z¢, and F(z) = F(z') — m. So setting w¥(z') = w(z' — 3) we have
Np(w; F) = Np(w¥; A, m). Since

dZI‘Em dZ‘EF

Too(wd; A,m) :/ wa(zl)m = /sz(z)\v}_(z)! = Ooo(w; F),

m

then we arrive at the following corollary from the theorem:

Corollary 1.6. If d > 5, quadratic form F is as in Theorem 1.3, F is a
non-homogeneous quadratic form as above and L is such that 3 := A 'z, €
7%, 1L? € 7, then for any 0 < e < 1 we have

| NL(w; F) = oo (w; F) o (A, LPm) L7 < OLY?* (|lw]| gy i, + lwllorcs)

Here the constants K1, Ky, K3 depend on d and €, while C' depends on d, e, A
and T, |z|.

Notation and agreements. We write A S, B if A < OB, where
the constant C' depends on a and b. Similar, O p(||w||m,,m,) stands for a
quantity, bounded in absolute value by C(a,b)||w||m, m,. We do not indicate
the dependence on the norms || 4|, |A~!|| and on the dimension d since
most of our estimates depend on these quantities.

We always assume that the function w belongs to the space C™"(R%)
with sufficiently large m,n. If in the statement of an assertion we employ
the norm ||w]|,; then we assume that w € C**(R9).

3This holds e.g. if det A = +1 and z € Z¢.



We denote e,(x) = €>™/9 and abbreviate ej(x) =: e(z). By [-] we
denote the ceiling function, [z] = min,cz{n > z}. By N we denote the set
of positive integers.

Acknowledgements. The authors thank Professor Heath-Brown for
advising them concerning the paper [8].

1.2 Scheme of the proof of Theorem 1.3

Let d > 5. As it has been already discussed, if w satisfies assumptions of the
theorem with sufficiently large constants K; then w is regular in the sense
of Section 1.1, so Theorem 1.2 applies. Then, according to (1.6) and (1.4),

Ny(ws Am) = e, L7 37 3" g U5, ()], c) (1.16)

ceZd g=1

where the sum S,(c) = Sy(c; A, L*m) is given by (1.7) with ¢t = L?*m and
the integral I,(c) — by (1.8) with @ = wy, Q = L and t = L*m

I,(c;A,m, L) := /Rd w (%) h (g, FLZZ(Z)> eq(—z-c)dz. (1.17)

Denoting
c; A,m, L) Zq—ds

we have Ny (w;A,m)=cr L2 Z n(c). Then for an v € (0,1) we write

cezd
Ny as
Np(w; A,m) = e, L2 (Jo + J2 + J2Y), (1.18)
where
Jo=n(0), JI:= > nfc), JI:= ) nfc). (1.19)
c#£0, |c|<L7 le|>L71

Proposition 5.1 (which is a modification of Lemmas 19 and 25 from [8])
implies that
|J;1| ~SY1,m Hw”No,?No-i-d—i-l

with No := [d+ (d+ 1)/71] (see Corollary 5.2). In Proposition 6.1, follow-
ing Lemmas 22 and 28 from [8], we show that

d/2+2+ (d+1
T2 | Sypm LD (]| 5 g5 + 0]l 4 3044) 5 (1.20)

9



N = [d2/"}/1-‘ — 2d.
To analyse Jy we write it as Jy = JO+ + Jy , where

I =Y a S(0)4(0), Jy =Y a "S4(0)14(0), (1.21)

q>pL q<pL

with p = L™ for some 0 < 72 < 1 to be determined. Lemma 4.2, which
is a combination of Lemmas 16 and 25 from [8], modified using the results
from Section 7, implies that

[T s B2 @R ), ST D g gy

Finally Lemma 4.3, which is a combination of Lemma 13 and simplified
Lemma 31 from [8] with the results from Section 7, establishes that J;
equals

Lo () (A, L2m) + Oy (1l aja—s,as + wllo,an) L33 402(0/2-2))

(see (1.9) and (1.11)). Identity (1.18) together with the estimates above
implies the desired result if we choose y2 =¢/(d/2 —1) and 1 =¢/(d + 1).
Uniform in L and m boundedness of the product (A, L?m) follows from
Lemma 2.3.

1.3 Scheme of the proof of Theorem 1.4

In this section we assume that d = 4 and m = 0. The proof proceeds exactly
as in the previous section up to formula (1.20), which is not sharp enough
for the case d = 4 and should be replaced by

T2 = LS n(e)on(A)oS (wi A, L)] Sy LD ] o (1.22)
c#0

for appropriate constants K1, Ko, where the terms ¢(A) are introduced in
(1.10), terms oS (w; A) are given by
o
oS (w; A, L) =LY g 'I,(c; A,0,L), (1.23)
q=1

and the constants 7(c) = +1 are defined in Lemma A.1. In particular, n(0) =
1 if the determinant det A is a square of an integer and 7(0) = 0 otherwise.

10



The proof of the bound (1.22) makes use of Lemma A.1 (Lemma 30 of [8]),
involving only minor modifications of the argument in [8] and is left to the
reader.

The bound on Jy must be refined too and this is done in Appendix A. We
consider only the case when the determinant det A is a square of an integer,
so in particular n(0) = 1. The opposite case can be obtained by minor
modification of the latter, following [8] (see Appendix A for a discussion).
In Proposition A.3, which is a combination of Lemmas 13, 16 and 31 of
[8], modified using Proposition 3.8, we prove that in the case of square
determinant det A

Jo =0os(w)o*(A)Llog L 4+ K (0)L?
+O: (LdiE(Hde/z—zdfl + [lwllo,at1)) »

where a constant K(0) = K (0;w, A) is defined in Section A.1. Again, iden-
tity (1.18) together with the estimates above implies the desired result if we
choose 71 = (3 —¢)/(d +4) and put

o1(w; A, L) := K(0) + > _n(c)os(A)oS, (w; A, L). (1.24)
c#£0

Finiteness of the products o(A) follow from Lemma A.2 while the claimed
in the theorem estimate for the constant oq(w; A, L) is established in Sec-
tion A.3.

2 Series S,

Now we start to prove Theorem 1.3, following the scheme presented in Sec-
tion 1.2. Part of the assertions, forming the proof, do not use that d > 5.
So below in all assertion involving the dimension d, we indicate the real re-
quirements on d. We recall that the constants in estimates may depend on d
and A, but this dependence is not indicated (see Notation and agreements).

In the present section we analyse the sums Sy(c) = S,(c; A, L?m) en-
tering, in particular, the definitions of the singular series o(A, L?m) and
op(A, L?m).

Lemma 2.1 (Lemma 25 in [8]). For any d > 1 we have |Sy(c; A, L*m)| <
¢ uniformly in ¢ € 24,

11



Proof. According to (1.7),

|Sq(c Z } Z (aF¥"™(b) + ¢ - b)

a(mod q) b(mod q)

S Y eaFE @) - FER ) e (u—v),

a(mod ¢q) wu,v(mod q)

’ 2

(2.1)

where ¢(g) is the Euler totient function. Since F'(z) = $Az -z —t, then

FEm(u) — PP (v) = (Av) - w + F(w) = v - Aw + F(w).
So
eq (a(FLQm(u) —FV™(v)) ¢ (u— v)) =eq(aF(w) +c-w)eglav - Aw).

Now we see that the summation over v in (2.1) produces a zero contribution,
unless each component of the vector Aw is divisible by ¢. This property
holds for at most N(A) possible values of w, where A = det A. Thus,

[Sale DD IR

a(mod q) v(mod q)
O

The lemma’s assertion shows that the sums o, defined in (1.10), are
finite:

Corollary 2.2. Ifd > 3, for any prime p we have }UE(A, LQm){ <1.
Recall that o (A, L?m) = [, o0(A, L?m) (see (1.11)).

Lemma 2.3. Foranyd>5 and 1 < X < oo we have

D q44(0) = o (A, L*m) + O(X 4212,

q<X

In particular, o(A, L*m) = P q45,(0). So |o(A, L*m)| < 1 in view
Lemma 2.1.

Proof. We start by showing that

Saq (0) = 54(0)S¢(0) , (2.2)

12



whenever (¢,¢') =1 (cf. Lemma 23 from [8]). By definition
* 2m
Sqq'(0) = Z Z eqq (aFF (V).
a(mod ¢q¢’)  v(mod q¢’)

When (q,q’) = 1 we can replace the summation on a (mod ¢¢') by a double
summation on a, modulo ¢ and ay modulo ¢ by writing a = gay + ¢'ag.
Thus

* * 2m 2m
Seq(0) = Z Z Z €q(aqFL (V))eq/(aq’FL (v)).
aq(mod q) a,(mod ¢’) v(mod gq’)

Then we replace the summation on v (mod ¢¢’) with the double summation
on vy modulo ¢ and v modulo ¢’ by writing v = qqvy + ¢'q'vy, where ¢
and ¢ are defined through relations ¢g = 1 (mod ¢') and ¢'g = 1 (mod q).
We observe that
FL2m(v) = @@ (vy) + ¢?7*F(vy) + q4dT Avy - vy — L*m,
so that
2 _ 2
eq(agFP (V) = eq(agq?q° F(vq) — agL?m) = eq(agF" ™ (vy)),
by the definition of ¢ and since e4(¢N) = 1 for any integer N. Similar,
2 2
eq (ag FE™(v)) = eglag FE™(vy)).
This gives (2.2).
Next we note that, due to Lemma 2.1,

S a0 <D g S xR (2.3)

=X =X
By (2.2) and the definition of o,

o= lim o", o = H Zp_dlspl (0) = Z q%5,(0),

n—oo
p<n [=0 qePy
where p are primes and P,, denotes the set of natural numbers ¢ with prime
factorization of the form ¢ = p’fl oopkmwhere 2 < p1 < p2-e- < pm <,
kj <nand m > 0 (m = 0 corresponds to ¢ = 1). Since any ¢ < n belongs
to Py, then according to (2.3),

[ 05,0~ 3 0l 0) £ X wN > X,
qePyN q<X

for any finite X > 0. Passing in this estimate to a limit as N — oo we
recover the assertion if X < oo. Then the result with X = oo follows in an
obvious way. O
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3 Singular integrals Ig

3.1 Properties of h(z,y)

We construct the function h(z,y) € C*°(Rs,R), entering Theorem 1.1,
starting from the weight function wy € C§°(R), defined as

wo(z) = xp (mTl—l) for [z} <1 . (3.1)
0 for |z| > 1

We denote ¢g := [* wo(x) dz and introduce the shifted weight function
w(x) = %w0(4$ - 3) )

which of course belongs to C§°(R). Obviously, 0 < w < 4e /¢y, w is
supported on (1/2,1), and [% w(z)dz =1.

The required function h : Ryg X R — R is defined in terms of w as
hz,y) := hi(z) — ha(z,y) with

o0 oo

:Zmi w(zj), ha(z,y) = Zfﬁj (E) (3:2)

For any fixed pair (z,y) each of the two sum in j contains a finite number
of nonzero terms. So h is a smooth function.

In [8], Section 3, it is shown how to derive Theorem 1.1 from the defini-
tion (3.2).4 Here we limit ourselves to providing some relevant properties of
h, proved in Section 4 of [8]. In particular these properties imply that for
small z, h(x,y) behaves as the Dirac delta function in y

Lemma 3.1 (Lemma 4 in [8]). We have:
1. h(z,y) =0 ifz > 1 and |y| < z/2.
2. If © <1 and |y| < x/2, then h(x,y) = h1(x), and for any m > 0

‘amh(:c,y)‘ < 1

Hxm ~T emL

3. If |y| > =/2, then for any m,n >0
‘8m+"h(m,y) < 1

axmayn ’ ~m,n xm+1|y’n '
4Actually it is proved there that any function h defined through (3.2) with arbitrary
weight function w € C§°(R), supported on [1/2, 1], may provide a representation of d(n).
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Lemma 3.2 (Lemma 5 in [8]). Let m,n, N > 0. Then for any x,y

8m+nh(x7y) 1 N . N
W SN Sirmin (5(71)1: —i—mln{l, (z/ly|) }) .

Lemma 3.2 with m = n = N = 0 immediately implies
Corollary 3.3. For any =,y € Rs X R we have |h(z,y)| < 1/z.

Lemma 3.4 (Lemma 6 in [8]). Fiz X € Ryp and 0 < z < Cmin {1, X},
for some C > 0. Then for any N > 0,

X N
/ h(z,y)dy =1+ On,c (X:cNfl) +On,c (XN> .
-X

Lemma 3.5 (Lemma 8 in [8]). Fizx X € Ry and n € N. Let z <
Cmin{l, X} for C > 0. Then

No, 2N
‘/ .I'y dy’ <NOXn (XQS‘ +)(N> .

The previous results are used to prove the key Lemma 9 of [8], which
can be extended to the following

Lemma 3.6. Let a function f € CM=1O(R) N LY(R), M > 1, be such that
its (M — 1)-st derivative f™M=1) is absolutely continuous on [—1,1], and let
0<x<C for some C >0. Then for any 0 < <1 and any N > 0,

M 1 X
[ e s =10 +0u (G [ Vwla)
+O0nc (@™ +8Y) (Iflar-10 + 27 f1Ly))
where X := min {1,2/8}.

Proof. By Lemma 3.2 with m = n = 0, for any N > 0 we have
Wz, y)| Snv (@ + V)27t if |y] > X. So the tail-integral for [ fhdy
may be bounded as

/ fW)h(z,y) dy| <n (xNJrﬁN)wl/ F W) Sy @Y+ 8Nz fL, -
ly|>X R

(3.4)
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For the integral in |y| < X, instead we take the Taylor expansion of f(y)
around zero and get that

-1

(9) X
e

-X

X M
/ f)h(z,y)dy =
-X

j=0

M X
+ O (X;c /_le(M)(y)ldy> ,

by Corollary 3.3. Next we use Lemma 3.4 with N replaced by N + 1 to get
that

(3.5)

X vz
10 [y =10+ Owe (1o (X" + $5r) ) 30)
while by Lemma 3.5, for any j > 0 we have
9oy X . , 2N+
j!( ) . Y h(z,y)dy| Snjo | FllioX? [ Xa™ + v ) o B0

Putting together (3.4)—(3.7), we obtain the desired estimate. Indeed, since
X < z/f, then the term Oy in (3.5) is bounded by that in (3.3). Moreover,
as (z/X)NVH = max(2VN L, VL) <o Ca™ + BV, then the brackets in (3.6)
and (3.7) are <¢ oV + BV, where we also used that X < 1. O

Lemma 3.6 is needed for the proof of Theorem 1.4, while for Theorem 1.3
we only need its simplified version:

Corollary 3.7. Let an integrable function f belongs to the class CMO(R),
MeN, and 0 <x < C for some C > 0. Then, for any 0 < § < 1,

[ 1@t s = 1) +Oncs (2 (1o + 1f11)) -

Proof. The assertion follows from Lemma 3.6 by choosing for any 0 <
6<1,8=a%M+D)if x <1and f=1if z > 1. Indeed, then for 0 < z < 1
we have that Mg~ M+1) — M= and that

@V 4Nt <28Ne Tt <2270 if N> Ny=(M—0+1)(M+1)/d.

While if 1 < z < C, then M < C’%M—‘S, and choosing N = 0 we get that
(2N +1) =2 < 22M-9 The obtained relations imply the assertion. O
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3.2 Approximation for /,(0)

In what follows it is convenient to write the integrals I,(c; A, L?m) as

I(c) = LI,(c), (3.8)
where
I(c) = I(c; A,m, L) = /Rd w(z) h <%, Fm(z)) eq(—z-cL)dz. (3.9)

The proposition below replaces Lemmas 11, 13 and Theorem 3 of [8]. In
difference with those results we do not assume that 0 ¢ suppw. Since for
¢ = 0 the exponent e, in the definition of the integral I,(c) equals one, we
can consider I,(0) as a function of a real argument ¢ € R, and we do so in
the proposition below; we will use this in Appendix A.

Proposition 3.8. Let ¢ € R, ¢ < CL with some C' > 0.
a) Ifd>5 and N> M < d/2 — 1, then for any 6 > 0,

I4(0; A,m, L) = Lo (w; A, m)
+ Omarcs (¥ Ll ain )

b) Ifd=4, N> M <d/2—1 and m = 0, then for any 0 < 8 <1 and
N >0,

(3.10)

1,(0; 4,0, L) =Léo o (u; 4,0) + O (5M1qMLdM< log (q)>uwHM,d+1)

L6
+ O (@2 + BY)(wllvr a1 + La~ wlloas))
(3.11)

Proof. For d > 4, applying the co-area formula (see e.g. [3], p.138) to
the integral in (3.9) with ¢ = 0 we get that

7,(0) = /R T(math(g/L 1) dt,  T(t) = /Z wz) p=(dz) . (3.12)

where the measure p*t is the same as in (1.9). By Theorem 7.3,
K+2-d

2 )
and k < d/2 — 1. Denote f™(y) =Z(m +y). Then || f™|, z <,z 12l
and by (3.13)

HIHk,f( Sk,K,f{ ||wHk’K if K < K > d, (313)

/™y = 2L, S 11T

0,473 S llwllo,a+1- (3.14)
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To prove a) we apply Corollary 3.7 with f = f™ and = = ¢/L to the first
integral in (3.12). Note that f™(0) = Z(m) = 0oc(w; A,m). Then, using
(3.13) with K =0, K =d+ 1 and k = M jointly with (3.14) we get that

I4(0) = 0oo(w) + Orrm, 0,5 (6™ L™ H0 | w|ar,a11).
So (3.10) follows.

To establish (3.11), we apply Lemma 3.6 to write the integral in (3.12)
with m =0 as

/R Z(t)h(z,t) dt = Z(0) + O (ﬁMlxM <)1( / ); AS O dt>>

+O0cn (@ + BY)(IZar-10 + 271 Z1y))
where z = ¢/L and X = min{1,z/3}. By Theorem 7.3,

X
/ 12D (1) | dt < X (log X)) ||wl|as.az1 -
—X

Using this estimate jointly with (3.13) and (3.14) we arrive at (3.11).

4 The J; term

Proposition 4.1. Let d > 5. Then for any 0 < v < 1,
|Jo — Léoae (W) (A, L*m)| Sopn L2H272G D 0] 1471 2,41
Proof. To establish the result we write Jy in the form (1.21). Then the
assertion follows from Lemmas 4.2 and 4.3 below which estimate the terms
Jo and Jy, noting that |w|z, < |jw

0,d+1- O

Lemma 4.2. Assume that w € Li(R?) and d > 3. Then we have the bound
o | S LA 0wy, for any vz € (0,1).

Proof. Since according to Lemma 2.1 |S,(0)] < ¢%/?*1, then

1S Y a P (0).

g>L1—72
d+1
Writing integral I, as in (3.8), by Corollary 3.3 we get |I,(0)] < lw|z, .
Therefore,
TS L wle, Y ¢ S L |, L2072

g>Li—72
d/2+42 d/2—1
— [3/2+2+72(d/ w|p, .
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Lemma 4.3. Let d > 5. Then for any v € (0,1),
Ty = Do (w)o (A, I2m) 4 Osy o (LY 202022 a1y 1),

Proof. Inserting (3.10) with C' = 1 into the definition of the term J,
we get J; =I5 + Ip, where

Iy = Ldooo(w) Z q_dSq(O),

q<LI=72

11| Sarsm LM wllararn Y Sy(0)g 4,
q<L'—72

for M< d/2 —1 and any § > 0. Lemma 2.3 implies that

Z q745,(0) = (A, L*m) + O(L(~4/2+D (=)

q<L'—72
SO
Iy = Lo (w)o (A, L*m) + O(0 s (w) LY 2H2472(d/2-2)y
whereas |00 (w)| = |Z(m)| < ||Zl0,0 < ||wllo,a+1 on account of (3.13). As

for the term Ig, Lemma 2.1 implies that

T8l Sarom LM wlaran Y g WM

q<L1—72
Choosing M = [d/2] — 2 and § = 72/2, we get

18] So.m [Wll1aj21-2.a01 LY* I EL <oy [0l 1aj2) 2,041 Y2202

5 The J!' term

We provide here an estimate of the term JI' defined in (1.19). The key
point of the proof is an adaptation of Lemma 19 of [8] to our case. We recall
the notation (3.8).

Proposition 5.1. For anyd>1, N >0 and c#0,
- - L .x
[g(e)| Snm EICI [0l 2Nt (5.1)

19



Proof. Let fy(z) :==w (z)h (%, F™(z)). Since

i q

-2 . — . — — .
Lol (¢ Va) g7+ L) = ey(~7 L),

then integrating by parts N times the integral (3.9) we get that

I(c)| < L|c|72 " (c-Vz)qu(z) dz
2L Rd

N
<N (%) lc| =N Z max
0SneN Rd 0<I<n/2

x |z[" 2 }Vi\[?"w(z)‘ dz,

n—I

! (17|

0
where a—h stands for the derivative of h with respect to the second argu-

ment.
Assume first that ¢ < L. Then, by Lemma 3.2 with N =0,

n—I
q m
oy (7. F"@)
(L))" ™ (2) = H|w|| N —nmrdr -

This implies (5.1) since n < N. Let now ¢ > L. Then, due to item 1 of
Lemma 3.1, h is different from zero only if

max
0<I<n/2

2" |V T w(z)| <

21F™(z)| > % (5.2)

Then for such z and for [ < n, item 3 of Lemma 3.1 implies that

it (£ 770) | o e 5 ()

82./"_[ L q
So
max [ h (2, 7)) | a2 95 () <
0<i<n/2 |Oyn—t \L’ z ~

(L))" " |Jwl| N—n 2N —ntds1
0<i<n <z>2(N—n+l) <Z>d+l

Since from (5.2) we have that q/L <, (z)?, then the first fraction above is

bounded by (L/q)V*!, and again (5.1) follows. O
As a corollary we get an estimate for J2':
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Corollary 5.2. For JI' defined in (1.19) with v € (0,1) and d > 3 we
have

’J%’ ~Y1,m HwHNo,QNOer+1 )
where No := [d+ (d+1)/71].

Proof. Denoting by | - |1 the I!-norm, by the definition of J' we have

IS Y st 12(1  sup [Sy(c)||I(c)l

s> Ic[1=s

S D st 1Zq1 V2L sup |Iy(c)l

s> q=1 lcli=s
(o]
d—1 —d/2 .~N pd+1
SNm Z s Zq s N L w| v ontast
s> g=1

where the second line follows from Lemma 2.1, while the third one — from
Proposition 5.1. The sum in ¢ is bounded by a constant. Choosing N = Ny
we get that

Ld+1 Z s —N < Ld+1 Z —(d+1)/m1 < 1.
s>L71 s>LM
This concludes the proof. ]

6 The J!' term

6.1 The estimate
Our next (and final) goal is to estimate the term J!' from (1.18).
Proposition 6.1. For any d >3 and v1 € (0,1),

’J%’ ~S1,m L4/ 2mdtl) (Hw”N,d+5 + ”wHO,N+3d+4) )

where N = N(d,v1) := [d?/y1] — 2d.

Proposition 6.1 will follow from the next lemma which is a modification
of Lemma 22 in [8] and is proved in the next subsection:

Lemma 6.2. For anyd > 1 and |c| < L™, c #0,

’I ( )| ~Y1,m Ld/QH—Mlqd/Z_l (Hw||N,d+5 + ||wH0,N+3d+4) )

where N and ~y, are the same as above.
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Proof of Proposition 6.1. Accordingly to Lemma 2.1,

° oo

—d_ d d —d

2SS YD YL S L max (o)l Yo g !
c£0, |c|<LM g=1 c#0: [c|< po

d —d/2+1 .
=P F 2 )T g, Vel =
q<L q>L B

Corollary 3.3 together with (3.8), (3.9) implies

Ld+1
[1q(0)] S . lwlL, (6.1)

so that

Tr S LML |, Y g S LR |, S LR g .
q>L

From other hand, from Lemma 6.2 we get

d d
T Sypm DL (Jlwl g g5 + [wllo 543d44) D1
q<L

< (||wHN,d+5 + HwHO,N+3d+4) on(d+1)+d/2+2

6.2 Proof of Lemma 6.2
We begin with

6.2.1 Application of the inverse Fourier transform

Note that the proof is nontrivial only for ¢ < L since for any o > 0, the
bound (6.1) implies that

14(0)| Sa Lowlry Sa LY g Muwlr, i g>al

and, again, |w|r, S [lwllo.at1-
Let us take a small enough o = «a(d,y1,A) € (0,1) and assume that
q < aL. Consider the function wa(z) = 1/(1 + 2?) and set

w(z)

0(z) = ——2— =w(z ™ (z)?).
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—+00 .
p(t) := / wy(v)h(q/L,v)e(—tv) dv, e(z):=ei(x) = ™2, (6.2)

—0o0

This is the Fourier transform of the function wy(-)h(q/L,-). Then, ex-
pressing wyh via p by the inverse Fourier transform and writing w(z) =
w(z)wa2(F™(z)), we find that

+o0
w(z)h(q/L, F™(2)) = @(Z)/ p(t)e(tF™ (z)) di.
Inserting this representation into (3.9) we get
~ +OO
Iy(c) = / dt p(t)e(—tm) /Rd dzw(z)e(tF(z) —u-z), u:=cL/q.

Note that
lu|>L/g>a"t>1

since ¢ # 0 and ¢ < aL. Now let us denote Wy(z) = c5* H?:l wo(z;) (see
(3.1)). Then Wy € C§°(RY), Wy > 0 and

supp Wo = [—1,1)¢ € {|z| < Vd}, /WO =1 (6.3)
Let us set 6 = [u|~'/2 < \/a and write @ as

(z) = 5—d/W0 (Z - a) (z) da.

Then setting b := ? we get that

Gl [ da [ atip(olina
where in view of (6.3),
I = / Wo(b)w(z)e(tF(z) —u-z)db, z :=a+ 6b.
{Ib|<Vd}

Consider the exponent in the integral I, ;:

f(b) = far(b) :=tF(a+db) —u- (a+db).
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At the next step we will estimate integral I, +, regarding (a, t) as a parameter.
Consider another parameter R, satisfying

1< R< [ul'/3

its value will be chosen later. Below we distinguish two cases:
1. (a,t) belongs to the ”good” domain Sg, where

Sk ={(a,t) : [V£(0)| = 0[tAa — u| > R(t/|u) = R(s%)};

2. (a,t) belongs to the "bad” set Sp¢ = (R? x R) \ Sx.

6.2.2 Integral over Sg.
We consider first the integral over the good set Sg:
Lemma 6.3. For any d>1, N >0 and R > 2||A||v/d we have

L __
/ dadtlp(t)] [Tasl Sxom ZRN[wllnars (6.4)
Sk q
Proof. Let 1:=V f(0)/|Vf(0)| and £ =1-Vy. Then for (a,t) € Sg and
bl < Vd (see (6.3)),
R

’Ef(b)‘ > ‘Vf(())‘ — (52|tHAb‘ > R<(52t> - 52“‘”14”2”14”

> LR(6%) > R/2.
(6.5)
Since (2miLf (b)) 1Le(f(b)) = e(f(b)), then integrating by parts N times

integral I, ; we get

(£2f(b))"

N=kg a)————
L (0b+ a) (Lf(b))N+k ,

[Iat) SN max max
|b:|[<1Vi 0<k<N

where we have used that £™f(b) = 0 for m > 3. Since [£2f(b)| < §2[¢||1-
Al < 82|t]||A||, then in view of (6.5)

‘EZf(b)’ _ Al _2A] 1
Lf(b) | = 1R(s2t) R ~Vd
1 < 2
Ef(b)‘ ~ R

So using that ‘ by (6.5), we find

Ias| Sy RN max  max [£Fo(6b +a)|.
|bi|<1Vi 0<k<N
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Thus, denoting by 1g, the indicator function of the set Sr, we have

da
< -N ( d+1 k.~ )
/Rd | Iat|ls, da Sy R /]Rd Ty (a) |b?|n§alxvi OISI}CaSXN ‘E w(db + a)‘

SN R0 var1 Snm BV N0l Nass »

for every t. Then

“+oo
Lhes. of (6.4) Snm B ]l nass / ip(t)] dt. (6.6)
To prove (6.4) it remains to show that
| wiode s za. (67)

In virtue of Lemma 3.2 with N = 2,
8k
’Wh(m,v)‘ <z kL min{1,z%/v*}, k>1,

and by Corollary 3.3, |h(z,v)| < 27!, Then an integration by parts in (6.2)
shows that, for any M > 0,

o] Sor ([ et

—0o0
[e§) 2
+ max \wéM_k) (v)| 7% min {1, %} dv),
1<k<M J_ o v

where z := q/L < a. Writing the latter integral as a sum qu + f|v|>a: we

see that
/ _ gk / [o$ P ()] do <ap 2
[v| <z |v| <z

(M —Fk)
/ = :ck“/ Ol 5 @I 4, Sua k.
|v|>z |v|>z v

Then, since z = q/L < 1,

and

p(t)] Sar (%yﬂ)_M , M >o. (6.8)

Choosing M = 2 when |t| > L/q and M = 0 when |t| < L/q we get (6.7). O
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6.2.3 Integral over Si°.
Now we study the integral over the bad set Sgr°.

Lemma 6.4. For any d>1,1<R< [ul'? and 0 < <1 we have

/S dadtp()||Tasl Sm Rl lwllo,reap)

R
where K (d, B) = d + [d?/28] + 4.
Proof. On Sg° we use for I, the easy upper bound
Taal S s 30D +2)] < [@]oo, (69
The fact that (a,t) € Sg° implies that the integration in da for a fixed ¢ is
restricted to the region, where |Aa — t~tu| < (R/8[t|)(t/ul), or

A~ tu
t

_ R
a— <A 1||m

{t/al) . (6.10)

We first consider the case [t| > |u|'=#/¢. Since |u| > 1, then considering
separately the cases |t| < |u| and |t| > |u| we see that

R _
gy ¢/ ah = Bful VR (6.11)
In view of (6.9) -(6.11),

S RO~ P[00 S RO al~ P |fwjo, -

/ [Ia,t|15,c(a, t)da
R4

Since by (6.7) / Ip(t)| dt < — < |u|, then

L
]2 u[1=5/d q

/|>| s dt /]Rd da|p(t)||Las|lspe(at) Sm Rd’u‘—d/2+1+ﬂ”w”074_ (6.12)
t|>|ult—

Now let [t| < |u|'~#/¢. Then the r.h.s. of (6.10) is bounded by the
quantity |[A~Y|R/(5]t]), so that |a] > |A~tu|/t — ||A"Y|R/(S]t]). Since
|A~tu| > C4|u| and R < |u|'/3, then

lul = RC)\/|ul “iyeylaf  1fuf 1
!t!A > (1= CYjul VO > 2150 > Zjy)f/d

>
2] 24 it =27 < 2
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with C’y = C;|A™Y|, since |u| ™! < @, if  is so small that 1-C’a!/6 > 1/2.
Then 1g,¢(a,t) < |u|~#2+8/da|/26-1 and we deduce from (6.9) that for
such values of ¢

/ aslLs,e (a, t)da
Rd

< u\d/QJrﬁ/d/ |a|d2/2’3 ! lbr?axv |w(db + a)| da
Rd <1

Sm |u‘_d/2+ﬂ/d”w”0,K(d,ﬁ)a

where K (d, 8) = d+ [d?/2/] + 4. On the other hand, by (6.8) with M = 0,
f\t|<|u|l—6/d Ip(t)|dt < Ju|*=#/?  from which we obtain

/ dt [ dalp®)ll T Lo 0.8) S a2 o kas - (613)
|t <[u[?=A/d  JR4
Putting together (6.12) and (6.13) we get the assertion. O

6.2.4 End of the proof

In order to complete the proof of Lemma 6.2 we combine Lemmas 6.3 and
6.4 to get that

- L

1) S (R Rl 2057 )

q ?

We fix here v € (0,1), S = 11/2, R = ]u|ngi < |u|§ and pick N =
[fy—?] —2d > 0 (notice that R > a~"/2¢ > 2||A||V/d if « is small enough, so
that assumption of Lemma 6.3 is satisfied). Then K(d,5) = N + 3d + 4,
RN < |u|~#*n < (L/q)~%*™" since —d/2 4+ 1 < 0 and |u| > L/q.
Moreover, R4|u|~#/2+148 = |u|~4/2+14m < (L /q)~%/?+147 | This concludes
the proof. O

7 Integrals over quadrics

Our goal in this section is to study integrals Z(¢; w) over the quadrics ;. We
start with a case of quadratic forms F', written in a convenient normal form
(Theorem 7.1), and show later in Section 7.4 (Theorem 7.3) how to reduce
general integrals Z(¢;w) to those, corresponding to the quadratic forms like
that. In this section we assume that

d>3

and not use the bold font to denote vectors since most of variables we use
are vectors.
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7.1 Quadratic forms in normal form
On R? = R? x R x Rgl ={z=(u,z,y)}, where d >3, n >0 and d; > 1,
consider the quadratic form

F(Z):%|U‘2+$'y:%AZ-Z7 A(u,x,y)z(u,y,x). (71)

Note that A is an orthogonal operator, |Az| = |z|. As in Section 1.1 we
define the quadrics ¥; = {z : F(z) = t}, t € R. Note that for t # 0 ¥, is a
smooth hypersurface, while ¥ is a cone with a singularity at the origin. We
denote the volume element on ¥; (on ¥o\{0} if t = 0), induced from R?, as
dz|y, and set

poi(dz) = |Az| "z s, (7.2)

(see below concerning this measure when ¢ = 0).
For a k. € NU {0} and a function f on R? satisfying

feckMmRry, M>d, (7.3)

we will study the integrals
IO =1/ = [ f@w(dz). (7:4)

Our first goal is to demonstrate the following result:

Theorem 7.1. For the quadratic form F(z) as in (7.1) and a function
fe MRy, M > d, consider integral Z(t; f), defined in (7.4). Then the
function Z(t), defined by (7.4), is C¥-smooth if k < d/2 — 1, k < k., and is
C*—smooth outside zero if k < min(d/2 — 1, k). For 0 < |t| <1 we have

O] Searlfllear if b <d/2—1,

(7.5)
OT()| St Fllas (1= Infel) - if o < df2— 1.
While for |t| > 1, denoting kK = W, we have
PIO[Sal lhartt)™ 1Sk d2-Lksh,

Z)|Sarwr | Floae 8™ VK < k.

An example, see [7, Example A.3], shows that in general the log-factor
cannot be removed from the r.h.s. in (7.5).
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The theorem is proved below in number of steps. In the proof for a
given vector € R% we consider its orthogonal complement in R% — the
hyperspace z+ = {z}, provided with the Lebesgue measure dz. If d; = 1,
then 2 degenerates to the space R® = {0}, and dz — to the é-measure at 0.
Practically it means that when d; = 1, the spaces - and y* (and integrals
over them) disappear from our construction. It makes the case d; = 1
easier, but notationally different from dy > 2. For example, in formula
(7.8) with d; = 1 the affine space of (v, 2") becomes the point (u', 2/, (t —
$1W/ )2’ 2a’), the measure dp™ |sz in (7.14) becomes du|z|~'dz, etc.
Accordingly, below we write the proof only for d; > 2, leaving the case
d; =1 as an easy exercise for the reader.

7.2 Disintegration of the two measures

Our goal in this subsection is to find a convenient disintegration of the
measures dz |y, and p*t, following the proof of Theorem 3.6 in [5].

Let us denote X§ = {(u,z,y) € ¥ :  # 0} (if t < 0, then X7 = ¥;).
Then for any ¢t X7 is a smooth hypersurface in R?, and the mapping

75— R < RO(0},  (u,2,1) — (u,2), (7.7)
is a smooth affine euclidean vector bundle. Its fibers are
—1 L b= )P
oty = ()7 ) = (oo b ), (1)

where 2/* is the orthogonal complement to z’ in R%. For any 2’ # 0 denote
1
Uy ={z:|z—2| < 5\3:’]}, U=R"x Uy xR".

Now we construct a trivialisation of the bundle IIf over U. To do this
we fix in R any orthonormal frame (eq,...,eq, ) such that the ray R, e;
intersects U,,. Then

1 >k>0 Vo= (z1,...,2q,) =: (21,Z) € Uy .
We wish to construct an affine in the third argument diffeomorphism
P, R" x Uy x RU-T 5Ny,
of the form

(I)t(uvxvﬁ) = (u’ Z, (I);Lﬂ:(ﬁ)) ) @?71(77) = (Sot(uv x)ﬁ))ﬁ) € Rdl , M€ Rdlil'
(7.9)
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We easily see that ®;(u,z,7) € 3; if and only if

t—3lul> =z -7

(Pt(u7$777) - (710)

x1
The mapping 77 — ®;"*(77) with this function ¢, is affine, and the range of
®; equals U N Xy,
In the coordinates (u,z,n1,7) € R™ x Uy X R x R%~1 on the domain
U C R? the hypersurface X¥ is embedded in R? as a graph of the function
(u,z,m) — m = ¢ Accordingly, in the coordinates (u,z,7) on U N %, the
volume element on ¥; reads as pi(u, x, 7)du dx df, where

2 =12 =2 —2 1 2 = 5\2
u +” + |z +x t— slu —x-n 1/2

Ty

Passing from the variable 7 € R~ to y = ®;"*(7) € o¥(u,z) we replace
dij by |det @, (7)|dos (uz)y- Here dys(y )y is the Lebesgue measure on
the (d; — 1)-dimensional affine euclidean space of(u,z) while by det ®;"*
we denote the determinant of the linear mapping ®,"*, viewed as a linear
isomorphism of the euclidean space R%~! = {5} and the tangent space to
0¥ (u, x), identified with the euclidean space 2 C R%. Accordingly we write
the volume element on ¥ N U as pi(u, z,y)du dx dyz (y )y With

pt(ua z, y) = ﬁt(u, xz, 77)‘ det q)q;’z(ﬁ)’ ) (ua xz, y) € Zta where q)qtl’z(ﬁ) =Y.

Now we will calculate the density p;. Let us take any point z, =

(s, s, yx) € UNZ; and choose a frame (ey, ..., eq,) such that e; = . /|z«|.
Then
t— lu?
I U A R e R
*

So (see (7.9)~(7.10)) the mapping ®; is such that ®;"*(7) = (y«1,7) =
g € of (ux,xx) (1.e. p1(24) = ys1). In these coordinates pi(tx, Tx, Ys1, Us) =
pt(Us, Tx, Ys ), which equals

12 _ (| |? + |uel® + |74 + |ysa]?
|33*’

)1/2

(L |zl 72 (Juse* 4 154 + [91]?))

That is, pi(2s) = % Since z, is any point in U N X, then we have proved
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Proposition 7.2. The volume element dz\gf with respect to the projection
I disintegrates as follows:

dz|sp= du x|~ dz |2|dys 0y - (7.11)

That is, for any function f € CJ(X¥),

[ r@azl= [ au [t Hm:[thﬁzu<> "

Similarly, if we set ¥ = {(u,z,y) € X : y # 0} and consider the
projection

Iy : 5 — R* x RU\{0}, (u,z,y) — (u,y),

then
dz|gy= du ly|tdy 2| d s () - (7.12)

Let us denote XY = {(u,z,y) € ¥4 : * = y = 0}. Then %,\¥? is a
smooth manifold and dz |y, defines on it a smooth measure.

By (7.11) and (7.12), for any ¢ the volume of the set {z € ¥;\X? : 0 <
|z|? + |y|? < e} goes to zero with €. So assigning to XY zero measure we
exten dz |y, to a Borel measure on ¥; such that each set {z € ¥; : |2| < R}
has a finite measure and

(dz]s,) ((5F UE])) = 0. (7.13)

By (7.11) and (7.12) the function |z|~! is locally integrable X; with
respect to the measure dz |x,. So p™ (see (7.2)) is a well defined Borel
measure on ;. Since |Az| = |z|, then, in view of (7.11) and (7.12),

du2i|gm du |z| " dx dye = (uz)Y s dut|zy du |y|tdyd, Vug)® - (7.14)

The measure >t defines on R? a Borel measure, supported by ;. It
will also be denoted pi>t

7.3 Analysis of the integral Z(¢; f)
Note that for any ¢ the mapping
LS5 =57, (u,2,y) = (u,2,y + tlz] ?2)

defines an affine isomorphism of the bundles Il |E(9)c and II; [sz. Since Ly
preserves the Lebesgue measure on the fibers, then in view of (7.11) it sends
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the measure ™0 to u~t. Using (7.14) we get that for any ¢ the integral Z(t),
defined in (7.4), may be written as

It f) = | f(Le(2))u™(dz)

3o

(7.15)
= / |1"’_1dde/ f(uax’y+t|x|_2$)daz(u,r)y'
R™ xR91 o(u,z)

Here o(u, z) := o (u, ) = 2+ — L{u?|z| 22

We recall that f(u,z,y) satisfies (7.3). Taking any smooth function
©(t) > 0 on R which vanishes for |[t| > 2 and equals one for [t|] < 1 we

write f = foo + f1, where foo = o(|(z,9)|*)f and fi = (1 — ¢(|(z,y)|*))f.
Denoting B,.(R™) = {¢ € R™ : [¢] < 7} and B"(R™) = {£ € R™ : [¢| > 7}
we see that

supp foo C R™ x B\/E(RZdl), supp fi C R" x BY(R?%). (7.16)
Setting next fi1(2) = f1(2)(1 — ¢(4z[*), fi0(2) = fi(2)p(4]z[*) we write
f = foo+ fu1 + fio-

Since (z,y) € B'(R?%) implies that |z| > 1/v/2 or |y| > 1/4/2, then in view
of (7.16),

supp f11 C R" x BY2(Rd) x Y,

(7.17)
supp f10 C R" x R4 x BYV2(R:).

Obviously, for ¢,5 = 0,1 we have || fi;llxm < Crml fllkm, for all k,m.
Setting Z;;(t) = Z(t; fi;) we have:

I(t; f) = Io()(t) + Il()(t) + Iu(t) .

7.3.1 Integral Zyo(t).

By (7.15) Zyo(t) is a continuous function, and for 1 < k < k,,
O Too (1) = / du / 2 Lda
R B 5(RM)
/ (w.z) (dk/dtk)foo(u,x,y—|—t’[1}‘721‘) do‘(u,x)y
yeo(u,r

- / du / ||~ da / dy foo(u, .,y + tla| “x) [|2] 2] do(umy,
n Bﬁ(Rdl) y€o(u,z

(7.18)
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where by d’; foo Uw\ﬁx} we denote the action of the differential dllj foo on the
set of k vectors, each of which equals to |z|72z. Setting 7 =t — 1[u/?, for
y € o(u,z) we have

y + tlz| 2 = g + 7]z| 2, yeaxt. (7.19)

Then we write the integral over y in (7.18) as

/l d" foo(u, 2,5 + 7l %z) [z 2] dp. (7.20)

T

Since |y + 7z|z|72|* = |g|® + 72|x| 72, then on the support of the integrand

el <v2, gl et < 2. (7.21)

In particular,
1
7l = [t = 5 luf’| < V2|z| <2 in (7.20). (7.22)

By (7.16) the diameter of the domain of integration in (7.20) is bounded by
V2. So, for any m > 0 integral (7.20) is bounded by Ck n|2| =% (w) =™ | f |l k.m-
Denoting R = |u|, r = |z| we get that

V2 0o
0T St Wfllas [ a2 [T aRRUR) M
0 :

" (7.23)

If n = 0, then the integral over R should be removed from the r.h.s.
a) If n = 0, then 7 = ¢, we get from (7.22) that |x| > t/v/2 and see from
(7.16) that, for t # 0, Zoo(t) is C**-smooth (since f € C*). Then from
(7.23) we obtain

V2
0% oo ()] Sk ||f”k,M/ r 2y <o dr (7.24)
It]/v2

Obviously, Zyo(t) = 0 for |t| > 2. Next from (7.24) we obtain that

|8k100(t)‘ Sk HfHk,O if k S min(d1 — 2, k*),

& ) ] (7.25)
10" Zoo(t)| Sk 1 flleo (X + [ ft]]) if k& <min(dy —1, k)

b) If n > 1, then to estimate 9*Zyo(t) we split the integral for Zoo(t) in a
sum of two. Namely, for a fixed ¢ # 0 we write foo as foo = foo< + foo>, with
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foo< = foop(8|z|?/t?), where ¢ is the function, used to define the functions
fij, 0< i,j <1 Then

supp foo< C {2lz| <[]}, supp foo> C {2v2z] > [t} (7.26)
With an obvious notation we have Zyo(t) = Zpo< (t) + Zoo> (t), where

Zoo<(t) :/ du/ x|~ tdx
" B 5(RI)NB)y /2 (RI1)

y€o(u,z) f00< (U, T,y + t’$|_2x) da(u,m)y )

|2 +|y+t|z| 22| <2

Toos (1) :/ du/ 2| da
n Bﬂ(Rdl)anmﬁ(Rdl)

yeo(u,x) foo> (u’ T,y + t’x|72x) da(u,x)y .

|2 +ly-+tle| ~?2?<2
Consider first the function Zyo<(t). We observe that, by (7.19), for y €
o(u,z) and |z| < |t|/2 (cf. (7.26))

1
ly +t|x|72x] > |THZL"71 = ‘t — §|u]2 ]a:|*1 > —t\af|71 > \@, t<0,

so that Zyo<(t) = 0 for ¢t < 0. For ¢ > 0, performing the change of variables
Viu = wu, ta’ = x, we get

Tooe (1) =t4/21 / au / 12/ (8] [2)da’
" Bﬁ/t(Rdl)ﬂBl/z(Rdl)

-2
y€eo(u',x’) fo()(\/iu/, te',y + |x/| :C,) dg(u/@/)y ’
|2’ 22+ |y+]a’| 22’2 <2
where we notice that o(u/,2") = o(u, x). We differentiate with respect to ¢,
observing that, by induction in &, for any [ and k& we have

dk g I l2
ﬁtlg(\/iu/,m') = > ppatTh TR (U' ’ -Vu)
li+la+i3=k

(w'l3 . Vx)ls g(Vtu ta') .

From this we get

‘6k1—00< (t)‘ S,k,M ——— td/2_1_l1_l2/2”fHk,M/ |u/‘12 (u'\/ﬂ_Mdu'
l1+1la+13=k Rn
|£C/|l3_1dl‘, yeo(u' z') dcf(u’,:c’)y :

/ d d
B\/ﬁ/t(R 1)OB1/2(R 1) |z’|2t2+|y+\x/\72x’\2§2
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Denoting points of the space 2+

is bounded by

as y, we see that the integral over dy (s .1)y

1
m I 1 2.2
seal 1dy, =1 2|u |“. (7.27)
|2/ 242 g+ |2 | 222 <2
By (7.22), on the support of the integrand |7’| < v/2|2/|. So there
/12
1 -2z < |“2’ < 14+ V2|2|. (7.28)

As the the domain of integration in g is bounded, then integral (7.27) is
bounded by a constant. So putting |2'| =/, |u'| = R’ and using (7.28) we
have

1/2
‘8k100<(t)) Sky . max | flg Mtd/2_ll_l2/2_1/ dr! /M
T i+l +Hs=k ’ 0

V2V 1+V2r
/\/5\/ 1—+/27"

Since © < 1/2, then on the domain of integration v/2 —v2 < R/ <

V242, while V2V 1+ V2" — 21 —+2r" < 7', So the integral in

dR' is bounded by C(t)~M/2y'. Therefore

dR/ R/n*1+l2 <R/2t>—M/2 .

~

1/2
‘8k100< (t)’ <lc,M max . ||f”k7Mtd/27l1712/271<t>fM/2 / d?‘l 7a/d1—1-i-l3 ]
0

l1+la+13=
This implies that for 0 < t < 4, for any k < k, and any dy > 1 we have
10 Too< ()] Sk 1 Fllkot™> 1. (7.29)

While for any ¢t > 4 and any k& < ki,
4/2=M/2-11~12/2-1

oo (1)] <
10" Zoo< (t)| Sk,m e I fllk,p1,a

% / dr’ T/d1_1+l3 <1 ||f||k Mtf(M+2+k+2d17d)/2 )
0

~

We recall that Zpo<(t) vanishes for ¢ < 0.

For Zyo~ (t) we first note that by (7.21) and (7.26) the function Zyp (t)
vanishes if |¢| > 4. Next, by induction in k, we observe that

k
e (C R G 1 D SN L
li+le+s=k (7.31)
! dP
(@ V)"g) Gr-w),
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where ¢, 1,15 = 0 if I3 > 0 and > = 0. Since ¢’ # 0 only for [t|/2v/2 < |z| <
|t|/2, then

dh o o
Al R e T e
so that
i -2 2 /42 —k
Srottalal )1 = p(Slaf /)] S bl Floleo.

From here, in a way analogous to (7.23), putting again |z| = r and |u| = R,
we get that

V2 00
18 To0s ()] Soar 1f lens / dr pi k=2 / AR R R) My, _ 5.
[7|<
1t1/2v/2 0

(here and below fab dr =0 if b < a). Since on the integration domain, due
to (7.26) and the indicator function X|r|<y/32r» We have R? < 6v/2r, then

V2
|6k100>(t)| SkoMon ||f||k,M/ dr rd/2=k=2
[t|/2v2

<kM{ Hf”k,M7 k<d/2_17
~h [fllepr (L + I ft]]), k<d/2-1.

(7.32)

If k < d/2 — 1, then by the above 9¥Zyy(t) is bounded for all ¢. In this
case, modifying the integrand in (7.18) by the factor x|,>., we see that
OFToo(t) is a uniform on compact sets limit of continuous functions, so that
itself is continuous. Similar 9*Zg(t) with k = d/2 — 1 is continuous for

t £ 0.

7.3.2 Integral 7y (t).
Due to (7.17) and similar to (7.18), (7.20), for any k < k. we have

8k111(t):/ du/ ]a;_ldx/ & fur(u 2,5+ rale|~?)ele %) dg.
n |x|>1/2 xt

We easily see that Z1;(t) is a C*-smooth function and, since M > d and
|+ 7|z 72| > |g], then

011 (8)| Siont || fllens Ve (7.33)
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Now let |t| > 1. Let us write 9*Z1; as

oIy (t) = / du / lz| 7 da / ®,(2) dy, (7.34)
n |z|>1/2 L

where z = (u,z,7), § € z+, and
Pk Sk I llkac(2) Y, 2= (w, 2,5 + Tfa| 7). (7.35)

Obviously,
2 > |zl |4l > 272 (|2] + |rllel ). (7.36)

1) Let n > 1.
a) We first integrate in (7.34) over u in the spherical layer

O:={u:|r|=|t— %\uﬂ < 3t}
It is empty if ¢ < 0, while for t > 0, O = {u : t < |u|> < 3t}. By (7.35) and

the first relation in (7.36), for ¢ > 0 the part of the integral in (7.34) with
u € O is bounded by

L o\ —M/2
K = Ck“f”k,M/ du/ | 7* 1d$/ (It + [z + |71%) 12 ag.
o |z|>1/2 at

Since [, 1du < Ct™?2, then by putting r = |z|, [t| + 2 = T? and R = |g|/T
we find that

KskaHk,Mtn/2/ leiZik dr le*l*M / Rd172 (1 + RQ)—M/Z dR.
1/2 0
The integral in dR is bounded since M > d;, so that

K Spmllfllkart™? / e (o R
1/2

Recalling that we are considering the case ¢ > 1, we put 7 = v/¢1. Then

dj—1-M

ntldd; —2—k+d;—1—M o0
K<poar || fllkat = / 1921 2T dl.
t=1/2/2

Since M > 2d;, the integral over [ converges and we get

KSk,M ”f”hM‘t‘_(M+2_d+k)/2|t|max(0’Vk+1_dl)/2Y(t) ’
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with Y =1Int if Kk =d; — 1 and Y = 1 otherwise. Then, in the case Y =1
the component of (7.34), corresponding to u € O, is bounded by
M+2—-d

C(ka M? d)”f”k,M’t’_H? R = f: (737)

for all [t/ > 1, since 0OVEk+1—d; <k. IfY =Int the same estimate holds
in the case d1 > 2sinceOVk+1—dy <k. Inthecasedi =1and Y =1Int
(i.e. k=0) we get (7.37) with x replaced by any ' < k (and the constant
C' depending on &').

b) Now consider the integral for u € O¢ = R™\O. There |7| = |t —
$|u?| > 11t|. So, by inequalities (7.35) and (7.36), |®x(2)|Sk((u, 7)) ™™ and
|Pk(2)|Sk(t]|z] 71 + |2])™™. Let M = My + Ma, M; > 0. Then the part of
the integral (7.34) for u € O° is bounded by

Cllflliat 2] (el + ) dx/ du/ (o, )2
|z|>1/2

Choosing My = n+d; — 1+ v with 0 < v < 1 (then M, My > 0 since
M > d) we achieve that the integral over du dy is bounded by C(v), for any
~. Since by Young’s inequality

(A+B)"'<C,A*B ! 0<a<l,

for any A, B > 0, then (t|z|~! + \a:|)_Ml < Cy|z|Re—DMijg—aM (0 < ¢ <
1). So the integral above is bounded by

C )l e 7220 / G| M g h2a—1 € (—1,1).
|z[>1/2
Denote b, = 1+]\k4 4 Then for b = b, the exponent for |z| in the formula

above equals —dj, and b, > —1 if «y is sufficiently small, since M > d. Noting

that b1 M+2+k—d— 3
* v i
)M = M, = 1
albo )My = 5 =M = 2 3T
(k was defined in (7.37)), we see that the part of integral (7.34), correspond-

ing to u € O°,

is bounded by (7.37) if k£ > 1, while for k£ = 0 it is bounded by
(7.37) with x replaced by any &’ < k.

(7.38)
2) Now let n = 0. Then

‘8k111(t)‘§/ ]m\lkdx/ Oy(2)dy, z=(z,7), (7.39)
|z|>1/2 z+
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where |®(2)|<p(2)™™ with 2 = (2,7 + tz|z|~2). Repeating literally the
step 1b) above with n = 0 we get that for |[¢| > 1 the integral in (7.39) may
also be bounded by (7.37). We recall that for |t| < 1 the derivative 0¥Zy;(t)
was estimated in (7.33).

7.3.3 Integral Zio(t).

Now we use the second disintegration in (7.14) instead of the first. Since
by (7.17) on the support of the integrand |y| > 1//2, then repeating the
argument above with x and y swapped we get that Z;o(¢) meets the same
estimates as 711 (t).

7.3.4 End of the proof of Theorem 7.1

Finally,
— combining together relations (7.25), (7.29), (7.32) and (7.33) we estimate
OFT(t) for 0 < |t| < 4,
while
— combining together (7.30), (7.37), (7.38) and using the fact that 0*Zgo~ (t)
and 0%Zgo(t) vanish for |t| > 4 when n = 0, we estimate OFZ(t) for t > 4.
For the reason, explained at the end of Section 7.3.1, the involved deriva-
tives are continuous functions. This proves the theorem.

7.4 Linear transformations of quadrics

In this subsection we denote by Cpy spaces of continuous functions with
compact support.

In RY = {2} let us consider a quadratic form with real coefficients?®
F(z) = %Az-z of signature (ng,n4,n_) such that ng =0, ngp >n_ =:d; >
1. Denote n = ny —n_. Then there exists a normalising linear transforma-
tion

L:RISRY 20 Z=(u,z,y), uekR” z,yeRh,

such that Q(L(z)) = F(z), where Q(Z) = 3|u|> + = - y. Consider the cor-

responding quadrics £ = {Z : Q(Z) = t}, SF = {z : F(z) = t}, and the

d-measures u?,,utF on them (e.g. see [11, Section IL.7]):

. 1
(u, f9) = lim ——

/ fe(2)dz, (7.40)
e—0 25 t—&SQ(Z)St-‘rE

5Section 7.4-7.5 is the only part of our work, where quadratic forms are allowed to have
non-rational coefficients.
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1

F F . F

we s f ——hm/ f(z)dz,
i > e20 26 Ji_e<p(z)<t+e (=)

where f@, fF' € Cy(RY) and (u, f) signifies the integral of a function f
against a measure u. Then u? and /" and Borel measures in R, supported
by 22 and XF respectively, and for fQ € Cy (EtQ \ {0}) and f¥ € Co(=f"\
{0}) we have

Q soy_ [ 192 P B ©)

where dZ | .o r) is the volume element on Z? (or F) \ {0}, induced from R
t
see [11]. Now let fF' = fQ o L. Then the integral in (7.40) equals

/ £9(2)dz = | det(1) £ () e
t—e<Q(Z)<t+e t—e<F(2)<t+e
so passing to the limit we get that

Lo (|det(L)|uf) = uf. (7.41)

Thus,
to examine the function

t= IO ) = (ug ) il = |[VF(2)| dzlgr, (7.42)

we are free to use any linear coordinate system in R since changing the
coordinates we only modify the function Z¥ by a constant factor.

7.5 Sign definite forms

Finally let us consider the case when ng = 0 and min(n4,n_) =0, i.e. when
the form F(z) = %Az - z is sign—definite and non degenerate. Suppose for
definitenes that n_ = 0. Then there exists a linear transformation L such
that F(z) = Q(L(z)), where Q(Z) = $|Z|?, Z € R%. The quadric ; reduces
to the empty set for ¢ < 0, so the function Z%'(¢) (see (7.42)) vanishes for
t < 0. The calculation of previous subsection remains true in this case, so

(7.41) and the change of coordinates Z = v/2t Z’ show that
TN =D [ A2 d2)

2y var
— C(d, L)t/2 / [V g1 (AZ). 150, [@=foL,
7=
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where figa-1 is the volume element on the d — 1 sphere of radius 7. From
this relation we immediately get that for any & < min(d/2 — 1, k),

OTE @) Sk lflko i 0<E<T,

and
[MTE ()] s 1 ast™ D2 g >

7.6 General result

We sum up the obtained results in the following

Theorem 7.3. Consider any nondegenerate quadratic form F(z) = %Az -z

on R%, d > 3, and a function f € C*M(R?), M > d. Then the cor-
responding integral TF (t; f) = (uf', f) (see (7.42)) meets the assertions of
Theorem 7.1.

Proof. i) If ny > n_, then by means of a linear change of variable F' may
be put to the normal form (7.1), where d; > 0. Now the assertion follows
from the argument in Subsections 7.4, 7.5 and Theorem 7.1.

ii) If n_ > ny, then the quadratic form —F' is as in i), and the assertion
follows again since obviously Z=F(t; f) = ZF (—t; f). O

A The J) term: case d =4

In this section we find asymptotic for the term Jy from (1.19) in the case
d=4 and m=0. (A.1)

Below in this section we always assume (A.1).

A.1 Preliminary results and definitions

We will need Lemmas 30 and 31 of [8], restricted for the case m = 0 and
d = 4, which we state below without a proof. Recall that the constants o7;(A)
are defined in (1.10) and 0*(A) = o§(A). Set a := 7/2 and recall (A.1).

Lemma A.1 (Lemma 30 of [8]). For anye >0 and X € N,

D Sy(c;A,0) = nc)oi(A) > ¢t + O(X T (1 + c))), (A2)
q<X q<X

where n(c) = 1 if c- A7lc = 0 and at the same time det A is a square of
an integer, and n(c) = 0 otherwise. Moreover, |c5(A)| Se 1+ [c|® when

n(c) # 0.
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Lemma A.2 (Lemma 31 of [8]). Assume that the determinant det A is a
square of an integer. Then for any e >0 and X € N,

Z q~%5,(0; A,0) = 0" (A) log X + Cp + O (XFe=d)
g<X

where C4 is a constant depending only on A. Otherwise, if det A is not a
square of an integer, then for any e >0 and X € N

> a7 5(0:4,0) = L(L,x) [J(1 = x(0)p™H)op(A,0) + O (X71/279),
<X P

where x is the Jacobi symbol (dEtT(A)) and L(1,x) is the Dirichlet L—function.

We will also need the following construction. Let us define for r € R+

I*(r) = L(0) = /Rdw(z)h (r, FO(Z)) dz . (A.3)

Consider a function K (p;w, A), p € Rsy, given by

K (p) = (0)* (A) (ooo<w; Aoogp+ [T dr) Fonow; A,0)C
p

(A4)
where the constant 7(0) is defined according to Lemma A.1 and Cy —
according to Lemma A.2. Note that the functions I*(r) and K(p) do not
depend on L.

We claim that the function K(p), p > 0, can be extended at p = 0 by
continuity. Indeed, for 0 < p; < p2 <1

K(p2) — K(pr) = n(0)o"(A) (aoow; A0 log(pa/or) — [ ) dr) |

(A.5)
Using that I*(r) = L™%1,.(0) (see (3.8)), we write the term I*(r) from
(A.5) in the form, given by Proposition 3.8b). Then [*(r) takes the form
of the r.h.s. of (3.11), divided by L?, with ¢ = rL. The leading term in
the obtained formula for I*(r) is 0o (w; A, 0) and the corresponding integral
pr 7 1oo dr in (A.5) cancels the first term in the brackets of (A.5). Then,
setting M =d/2 -1, 8 =1r7,7=~/d and 0 <y < 1 in the just discussed
formula for I*(r), obtained from (3.11), we get the estimate

P2 _ _
K(p2) = Kool Svlwlazvan [ (#2092 logr) 4724575 2) ay
p1

d/2—1—
Sy Pz/ ’waHd/2fl,d+1 .
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The last inequality here is obtained by choosing N = N(v) to be sufficiently
large. Therefore K (p) extends at p = 0 by continuity and

1K (p) = K(0)] Sy p”* 7 wllaja-1.a11+ (A.6)

so the function K is (d/2 — 1 — ~)-Holder continuous at zero, for any v > 0.

A.2 Estimate for J

In this section we restrict ourselves for the case when the determinant det A
is a square of an integer, so in particular n(0) = 1. We use this specification
only in the proof of Lemma A.5, when applying Lemma A.2. The case of
non-square determinant is easier and can be obtained similarly, using the
second assertion of Lemma A.2.

Proposition A.3. Assume that the determinant det A is a square of an
integer. Then for any 0 <e < 1/5,

Jo =0os(w; A,0)0*(A) L log L + K (0;w, A)L?
+ 0L ([Jwll4/2-1,0-1 + wllo,ar1))-
Proof. To establish Proposition A.3 we write Jy in the form (1.21),
Jo = Jar +Jy , where

T =" q78,(0)I,(0) and Jy =Y ¢ “S4(0)1,(0),

g>pL q<pL

with p < 1. Then the assertion follows from Lemmas A.4 and A.5 below.
Recall that oo = 7/2.

Lemma A.4. Let w € L1(RY). Then for any v > 0, any p < 1 and L
satisfying pL > 1,

S’Y (pori”}/*dflLOki”Y 4 pf2Ld71)‘w’L1 )

JJ — Ldn(O)a*(A) /OO r L (r) drr
p

Proof. To simplify the notation, in this proof we denote I, := I,(0) and
:= 54(0). Let us recall the summation by parts formula for sequences

Sq
(fq) and (gq):

Z fq(gq - gqfl) = fngn - fm+lgm - Z (qurl - fQ)gCI‘

m<q<n m<qg<n
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We take arbitrary R € N and apply the latter with m = R, n = 2R,
fqo = q_qu and g, = ZR<q,§q Sq, so that gr = 0 and S; = g4 — gq—1 for
q > R. We find

Z qidSqu :(QR)idIQR Z Sy

R<q<2R R<q<2R

freas2 (A7)
- Z 9q(q 1) Z Sq
R<q<2R R<q'<q

where for a sequence (a,) we denote dyaq := a,11 — a,. By (3.8)-(3.9),

I, = Ld/ w(z)h(q/L, F°(2)) dz .

Rd

So,

d+1 Ld+1

|Iq, S |w‘L1 and ‘anQ‘ S qT’w‘L1 ) (A8)

where the first estimate above follows from Corollary 3.3 while the second
one — from Lemma 3.2 with m = 1,n = N = 0. Then, |9,(¢"%,)| <
L1 q=9=2y|1,. According to (A.2) with ¢ replaced by v, for R < 2R

> Sy =n0)0"(A) Y ¢"+0,(R), (A.9)

R<q<R' R<q<R'

where we recall that o§(A) = 0*(A). Let us view the r.h.s. of (A.7) as a
linear functional G((Sg)) on the space of sequences (S;). Then, inserting
formula (A.9) in the r.h.s. of (A.7), we get

> S0, =n(0)a*(A)G((¢" )
R<q¢<2R

+ O»y <Ld+1 ‘w|L1 (R—d—l—i-a—i-'y + Z q_d_2+a+7)>a
R<q<2R

(A.10)

where the O, term is obtained by applying (A.8) together with the estimate
for 9,(g~%1,) above and replacing the sums Y. .S,, > S, in the r.hs. of
(A.7) by O,(R**7). According to the summation by parts formula (A.7)
with S, replaced by ¢?~1, we have > R<q<2R g %%, = G((¢"")). Thus,
by (A.10),

S S, = n(0)0*(4) Y ¢+ 0, (Ld+1Rfd71+a+'Y|w’L1) '
R<q<2R R<q<2R
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Then, setting R; = |[2'pL| we get

JJ:Z Z q_quSq

1=0 Ri<q<Rii1

=n(0)o"(A) Z q¢ I, +0, (;)O”Wdl[/0”w|wL1 Z 2[(d+1a'y)>

q>pL =0

=n(0)0"(4) 3~ ¢~ 1y + O, (o L s, )
q>pL

It remains to compare the sum A := Zq>pL q_llq with the integral B :=
L fpoo r~1I*(r) dr. Since LI*(r) = I,1, then changing the variable of inte-
gration r to ¢ = rL, B takes the form fpoz q 'I,dq. Then,

B Sy 00 . lpL]+1 .
A-Bl<|> ¢, ¢ ‘1, dg| + ¢\, dg|. (A.11)
g>pL lpL]+1 oL

Due to (A.8), ¢ g| S ¢ 2L w[p and [94(q )| S ¢ L w]p.
Thus,the both terms in the r.h.s. of (A.11) are bounded by (pL) 2L |jw|;: =
—2Ld—1| | 0

P wlra.

Recall that Cj4 is a constant arising in Lemma A.2.

Lemma A.5. Assume that the determinant det A is a square of an integer.
Then for any v >0, N > 1, any p <1 and L satisfying pL > 1,

Jy =L (w; A,0) (U*(A) log(pL) + C’A) + O%N((po“"”—dlf“M
+ L7 (plog L + N+ Llfd)) ”de/Zfl,dJrl)-

Proof. Inserting Proposition 3.8 b) with M =d/2—-1=1and g =1
into the definition of the term J; , we get J, = I4 + Ip, where

Iy = Llos(w) 3" a798,(0),  Tn= > 5,000 (fy+9q),

q<pL q<pL

with
- q
|fal S qLd ! <10g(z)> Hw||d/2—1,d+1a

90l S (VLN +1) g~ wloin.
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By Lemma A.2,

Z qidSq(O) = o'*(A) log(pL) + C’A + Oy((,OL)O‘JW*d)'

q<pL

So,
Iy = Lo (w) (a* (A)log(pL) + C’A> + Oy (000 (w) LT pot1=d) |
whereas

|00 (W)] = |00 (w; A, 0)] = |Z(0)] < [|IZll0,0 a4 lwllo.at1 (A.12)

on account of (3.13). As for the term Ip, since d = 4, Lemma 2.1 implies
that

151 S D7 a7 (ol + lga) S L7 (plog L+ p¥ "+ L) o141
q<pL

for N > 2. The obtained estimates on I 4 and Ig imply the assertion. [

Now we conclude the proof of Proposition A.3. The leading term of
Jo is given by the sum of leading terms from formulas for Jar and Jj in
Lemmas A.4 and A.5. Since 1(0) = 1, it takes the form

L™ (A oorflf*rdr 0oo(w) log(pL Lo (w)C
([ 0+ o (w)log(oD) + Do (w)C

_O'OO

(w)o*(A)Llog L + K (0)L?
’Y(Ld d/2-1- ’wa||d/2 1 d+1)
where in the last equality we used (A.4) and (A.6). Then we find
Jo =0se(w)o*(A)L4log L + K(0)L% + O, ((paﬂ—d—lmﬂ y il

+ L2 plog L+ pN T+ L) wllager.a41 )

since |w|r, < [Jwlloar1- We now pick p = L71/% and N = 2, and, using that
d = 4, get the assertion of proposition. ]

A.3 Estimate for o,(w; A, L)

In this section we get an upper bound for the subleading order term o; of
the asymptotics from Theorem 1.4.
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In the case when the determinant det A is not a square of an integer,
o1 is given by (1.14) and the task is not complicated. Indeed, according to
Lemma A.2, the product [,(1—x(p)p~")op(4,0) is finite (and independent
from L). On the other hand, by (A.12), |osc(w; A,0)| < ||wl|o,d+1. Thus,

lov(w; A, L)| S lwllo,gs1-

In the case when det A is a square, o7 is given by (1.24) and the required
estimate is less trivial.

Proposition A.6. Assume that det A is a square of an integer. Then
o1 (w; A, L) S |0l 5 5430440 where N :=d*(d+3) - 2d.

Proof of the proposition is based on the given below refinement of Lem-
ma 6.2, which is obtained with help of Lemma A.1. Proof of this result
follows the lines of the proofs of Lemma 6.2 and Lemma 22 from [8] and we
omit it. Recall (A.1).

Lemma A.7. For any ¢ # 0 and v € (0,1),

d d/2—1—~.|—d
|1,(0)| Sy LYPHHEGH2 e 2 (w5 g5 + [wllo, x4 3a4)

where N := [d?/~] — 2d.

Proof of Proposition A.6. Since n(c) takes values 0 or 1, then according
to the definition (1.24) of o1, we have

o1 (W) < KO)]+ Y Jos(A)o(w)l. (A.13)
c#0:n(c)=1
Let us first estimate the term K (0). According to (A.6),
(K1) = KO)| 5 lwllajz—1,a41- (A.14)
On the other hand, 6*(A) is independent from L and, in view of Lemma A.2
is finite. Then, by the definition (A.4) of K(p),
IK(1)| S / r I ()| dr + [ooo (w; A, 0)Cal.
1

Due to the definition (A.3) of the integral I*(r) and Corollary 3.3, |I*(r)| <
rHwlp, < r Y wloar1.- Then, in v iew of (A.12), |[K(1)| < |wllod+1, s0
that, by (A.14),

[K(O)] S llwlla/z—1,d+1- (A.15)
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Let us now estimate the terms o< (w), which are given by (1.23):
o
oS (w) = L™Y "¢ I,(¢; 4,0, L) = Yi(c) + Ya(c),
q=1

L\c|*M

where Y; = L4 dgm1 s Y2 = L= > g>rje|-m and M € N will be chosen
later. Using that d = 4, according to Lemma A.7,

L‘C‘flw
Yi(e)| Sy L7 e Cw) Y g7 S fe| MO (w),
q=1
where we denoted C(w) = ||w|| g 415 + [[wllo y43414- On the other hand,

by Proposition 5.1, |I,(c)| Sn L3 g | ™V ||w||y2ntas1 for every N € N.
So,

Va(e)| Sn Llel Mwlvovtan Y, ¢ Slel M |wlvanrart
q>Lle|~M
Thus,
|05 ()] Son (el ™A 16 ") (w5 3024 + w0l vonras).
By Lemma A.1, [05(A)] Sy 1+ [c|” if n(c) =1, so we get
Y lobW)oS (W)l Son 0l g ssara + lwllvonrar,
c#0:n(c)=1

once M and N —M are sufficiently large and + is sufficiently small. Choosing
M =d, N=2d+1and~y=1/(d+3), we get N = d*(d +3) — 2d. Together
with (A.13) and (A.15), this implies the assertion of the proposition.

B Quadratic forms in four variables over Q and Q,

Item (ii) of Proposition 1.5 treats the case of quadric F' in dimension d = 4.
We give here some basic facts about such forms. All results of this appendix
can be found in Sections IV.2 and IV.3 of [12].
Let
F(x) = 5 joa5j2:1;
be a non-degenerate quadratic form with integer coefficients. We are inter-
ested whether the equation

F(X) = Zleaijxixj =0 (Bl)
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has nontrivial (x # 0) solutions in Z%; due to homogeneity the existence
of solutions in Z* is equivalent to that in Q*. If nontrivial solutions exist,
the equation is called solvable in Z (and in Q). The solvability depends
only on the class of Q-equivalence of F', where F(x) is equivalent to F’(x)
if F'(x) = F(Mx) for some M € GL4(Q).

We have evident necessary conditions: to be solvable in Z, equation
(B.1) should be solvable in any p-adic field Q, D Q, where p are primes,
and also in R D Q. In fact these two conditions are also sufficient.

Theorem B.1. (“the Hasse principle”) If (B.1) has a nontrivial solution
i each of Q;l, and in R* then it has a nontrivial solution in Q*.

Passing to an equivalent form, we can suppose that F' is diagonal:
F(x) = Eleam?, a; € Q.

We set D(F) = II{_,a; # 0 which is correctly defined as an element of the
multiplicative group Q*/(Q*)?2, i.e. modulo rational squares, where Q* =
Q\ {0}.

The equation (B.1) obviously is not solvable in R if Fis definite; therefore
we suppose here that F' is indefinite. Let now p be a prime. Then the image
Dy(F) of D(F) in Q3/(Q;)? is well defined.

Let then (a,b) € Q; x Q; be a pair of non-zero elements. Their Hilbert
symbol (a,b), € {£1} is defined as follows. We set (a,b), = 1 if the equation
2?2 — ay? — bz? = 0 admits a nontrivial solution in @g, and (a,b), = —1
otherwise. This symbol can be expressed as a product of Legendre symbols
(see [12], Chapter III, Theorem 1), but we do not need it here. We can now
define the following invariant of I as a form over Q,:

ep(F) = Ihcicj<alai, aj)p € {£1}.

Theorem B.2. Eq. (B.1) is solvable in Q, if and only if one of the following
conditions holds:

1. either Dp(F) # 1 or
2. Dp(F) =1 and ,(F) = (—1,-1), € {£1}.
It is possible to deduce the following corollary from Theorem B.2.

Corollary B.3. Ouver Q, there exists only one, up to Qp-equuvalence (and
proportionality), non-degenerate quadratic form Fy in 4 variables such that
eq. (B.1) is not solvable in Q,. Namely,

Fi(x,y,2,t) = 2% — ay® — bz2* + abt? (B.2)
with (a,b), = —1.
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This result is effective: let us take a non-degenerate quadratic form
F(z,y, z,t) and, diagonalizing and dividing by the coefficient of x2, write it
as 72 — ay? — bz? + ct?. Then F # Fy for any Fy as in (B.2) if abe is not
a square in Q,. Otherwise, if abc € ((@;)27 then it is sufficient to calculate
(a,b), (note that all these calculations reduce to calculating certain Legendre
symbols).

C Constants 0(A,0) and 0*(A)

In this section we consider the case when the quadratic form reads as
F(x,y) = Efﬁxlyz =: Fy(x,y) where d=2s>4 (C.1)

and x = (z1,...,2%s), ¥y = (y1,...,Yys). Our goal is to evaluate the constants
0(A,0) for d > 5 and 0*(A) for d = 4. Below we use the usual notation
for the relation that an integer m divides or non-divides an integer vector s
(e.g. 2|(8,6) and 21 (8,7)).

In view of the definitions (1.10)—(1.11), our first aim is to compute the
constants op(A,0). For a prime p and k € N let consider the set

Sy(d; k) = {(z,y) mod p*: Fy(z,y) =0 mod p"}

and denote N,(d; k) := #5,(d; k). Then the constants o, can be rewritten as

op(d) :=0p(A,0) = lim Np(d; k)

A Dk (C2)

This relation is mentioned in [8], p. 50, without a proof; we provide a sketch
of its rigorous derivation at the end of this appendix.
Let Np(d) := Np(d; 1) be the number of Fp—points on {F; =0 mod p}.

Lemma C.1. For any prime p,

Up(d) = Q{I’l(d) !

m. (C-3)

Proof. Since in the proof the dimension d is fixed, we skip the dependence
on it and write simply S,(k), Np(k) and N, (so N, = Np(1)). For j =
0,1,...,k we define Sy,(k, j) as a set of (x,y) € Sp(k) such that

(z,y) =P/ (2',y') mod p*, where pf(2/,y).
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So Sp(k,0) = {(z,y) € Sp(k) : p 1 (z,y)} and Sp(k,k) = {(0,0)}. Sets
Sp(k,j) and Sp(k,j") with j # j' do not intersect, and denoting N,(k,j) =
8Sp(k, j) we have

k . k .
Splk) =\ _ySpksd)s - Np(R) =3 Np(k. ).
In particular, Np(1,0) = N, — 1 since Np(1,1) = 1. We claim that
Np(ka 0) = Np(k - 17 0)p(d_1)7
and thus
Np(h, 0) = Np(1,0)p@= D=1 — (n, — 1) pl-DED (C.a)

Indeed, we argue by induction in k. Let k = 2 and (z,y) € Sp(2,0). Let us
write (z,y) as (xo + pa, yo + pb) with (zg,y0), (a,b) € Fg. Then p t (zo, o),
so (z0,y0) € Sp(1,0). Let us now fix any (zg,y0) € Sp(1,0) and look for
(a,b) € Fg such that (zo + pa,yo + pb) € Sp(2,0). Since p?F(a,b) = 0 mod
p? and p {1 (w0,%0), then relation F(z,y) = 0 mod p? implies a non-trivial
linear equation on (a,b) € Fg. So each (x0,y0) € Sp(1,0) generates exactly
p? ! vectors (z,y) € S,(2,0), which proves the formula for k = 2. This
argument remains valid for any k > 2, by representing (z,y) mod p* in the
form (x¢ + p*~1a,yo + p*~1b) with (z9,y0) € sz_l and (a,b) € Fg.

Let now (x,y) € Sp(k,7) with j > 1. Then (x,y) = p/(z',y’) mod pF,
where p { (z',y) and (', 3/) satisfies p> F(2/,y') = 0 mod p*. Thus (2/,y') €
Sp(k — 27,0), if j < kgl, ie. j < Lkglj =: jx. The correspondence
(z,y) — (2/,y') is a well defined mapping from S,(k,j) to Sp(k — 24,0).
Indeed, if (z1,y1) ~ (z,y) in Sp(k,j), then p*~J|((z},v]) — (2/,¥')), so
(},y)) ~ («/,y) in Sp(k — 27,0). Since this map is obviously surjective,
then it is a bijection of Sy,(k,j) onto Sp(k — 24,0), which in view of (C.4)
implies

Ny(k, j) = Np(k — 2§,0) = (N, — 1) pd=D (k=21

By (C.4) this formula as well holds for j = 0.
Any (x,y) such that p/|(z,y) with j > j, + 1 satisfies F(z,y) = 0
mod pF. Thus

k

> Ny(k,j) = t{(z,y) mod p*: (z,y) = 0 mod pitT'} = plh=dk=1) < pik/2,
J=jk+1
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Therefore

Jk
Ny(k) = (Np — 1)p(d—1)(k—1)zp—2](d—1) + O(pdk/g)‘

=0
So
. Np(k) d —2j(d—1) p' N, — 1)
Op = k:linc}o p(dfl)k = (Np - 1)]) Z;p / = 1 _p2,2d ’
]7
which proves (C.3). O

Let then deduce a formula for N,(d) using induction in d/2 = s. For
d = 2 we have Nj(2) = #{(z,y) € F5 : 2y = 0 mod p} = 2p — 1. Next,

N, (d + 2) = t{solutions with z,1; = 0} + #{solutions with x5 # 0}
= pNp(d) + (p — 1p.
Therefore for any even d = 2s > 2,
Np(d) = p*™t +p* —p*,
and thus

L+pl=—ps—pl=d (1+p"5)(1—p~)

op(d) = 1_p2-2 = 1— p22d

Since by Euler’s formula [, (1 — p~!) = 1/¢(1) for any I > 1, then in the
case d = 4 we get from (1.11) and the obtained formula for o,(d) that

o(A,0;d=4) = Hap(4) = @H(l +p ).

. (@ L
This does not converge, but
e 1 _((6) _471'2N
o*(A;d=4) = 1;[(1 —p Ho,(4) = (@2 = 105 = 0.376,
converges. Further,
e S(2)¢(10) ey S(3)¢(14)
0(A,0;d=06) = B = 1.265, o(A,0;d =8) = CAC6) = 1.092,
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whereas

C(s—1)¢(2d — 2)

2—s
(eid-2 T2

1<0(A,0;d) =

tends to 1 when d = 2s > 10 grows.
It remains to prove (C.2). By definition (1.10), o, = > 7% p~%S,:(0),

where X
> >

amod p? b mod pt
Note that p~¥5,:(0) = 1 for ¢ = 0, while for ¢t = 1:

p—1
P S0) =p Y Y ep(aF (b))

a=1bmodp

p—1 p—1
=p > > 1+) Y eaF(b)

a=1 b mod p, p|F(b) a=1 b mod p, ptF(b)
=p " (p = DNL(d) +p (1) (07 = Np(d)) = p' N (d) —
since
m—1
Z em(an) = -1, (C.5)

for any n, m # 0 such that m { n. Therefore Z;ZO p~4S,:(0) = p~IN,(d; 1).
We proceed now by induction, supposing that, for k£ > 1,

k
> p%8,:(0) = pUT VRN, (d; k) -

Then we write
Sy (0) = ) > epri(aF(b) =51+ %o+ T,
amod pkFtl bmodpktl
where we have defined
Si= > Y 1=pfp-)Ny(dik+1),
amod pkt+lpk+1| F(b)

o= > Y eplal) = —pP(pIN,(ds k) — Np(dsk+ 1))

amod pk‘HF(b)—lp’C

Y3 = Z Z Z k+1sal =0,

amod pkt+1s=0 F(b)=
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with a non-zero [ = [(b) such that p 1 I. The equalities above essentially
follow by a repeated application of (C.5).
This way we have got

Spk+1(0) - pk+1Np(d§ k+1) - pd+kNp(d§ k) _ Np(dik+1) Np(d;k)

pd+1) A1) ~ @Dk pld—Dk

which completes the induction step, thus proving (C.2).
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