N

N

On the global approximate controllability in small time
of semiclassical 1-D Schrodinger equations between two
states with positive quantum densities
Jean-Michel Coron, Shengquan Xiang, Ping Zhang

» To cite this version:

Jean-Michel Coron, Shengquan Xiang, Ping Zhang. On the global approximate controllability in small
time of semiclassical 1-D Schrédinger equations between two states with positive quantum densities.
Journal of Differential Equations, 2023, 345, pp.1-44. 10.1016/j.jde.2022.11.021 . hal-03408056

HAL Id: hal-03408056
https://hal.science/hal-03408056
Submitted on 28 Oct 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03408056
https://hal.archives-ouvertes.fr

ON THE GLOBAL APPROXIMATE CONTROLLABILITY IN SMALL
TIME OF SEMICLASSICAL 1-D SCHRODINGER EQUATIONS
BETWEEN TWO STATES WITH POSITIVE QUANTUM DENSITIES

JEAN-MICHEL CORON, SHENGQUAN XIANG, AND PING ZHANG

ABSTRACT. In this paper, we study, in the semiclassical sense, the global approximate con-
trollability in small time of the quantum density and quantum momentum of the 1-D semi-
classical cubic Schrédinger equation with two controls between two states with positive
quantum densities. We first control the asymptotic expansions of the zeroth and first order
of the physical observables via Agrachev-Sarychev’s method. Then we conclude the proof
through techniques of semiclassical approximation of the nonlinear Schrodinger equation.

Keywords: the semiclassical Schrodinger equation, quantum density, quantum momentum,
controllability, semiclassical limit.

AMS Subject Classification (2000): 35Q55, 35C20, 93C20.

1. INTRODUCTION

The purpose of this paper is to investigate the global approximate controllability of the
physical observables of the following one-dimensional cubic Schrodinger equation in the semi-
classical regime

2
1) RO = —%agwh + (Fh + ("2 - 1)) o' (tx) eRY x T,
Wi=o = v = a°(w; h) exp (iS(x)/h) ,

where ¢" denotes the wave function in quantum mechanics so that [i.["(t,z)>dz = 1, h
denotes the Planck constant, and T := R/27Z. The function 9" is complex-valued while the
functions S(z) and F" are real-valued. The potential V/ def pon (|2)"? — 1) is composed
by two parts: (|¢"|*> — 1) corresponds to the Gross-Pitaevskii equations, and F" denotes a
background charge that can be controlled in semiconductor applications. In control theory,
typically for the case i = 1, the term F™)" is called bilinear control.

We assume that, for some positive integer k,

S(z) € H*3 a%(z; h) = ad(x) + hal(x) + hR(z;h) with

(1.2) ad(z) € H*2 ad(z) >0, af(x) € H* and ﬁlir€+\\R(m;h)\|Hk: 0.
—

For (1.1, the well-known Madelung transform (see [22]) introduces two real variables
p"'(t,z) and S(t,x) such that ¢¥" = /p/exp (iS"/h) . Then we can equivalently rewrite (I.1)
as

ep" + 9, (phuh> =0 (t,r) e RT x T,

(13) 00 () + 0, (") + So(oh? + 0, (%) g = B ph (B2

Pimo = [a®(z, B)[?,  u"|i—0 = 0. S(z),
1
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with
I3 def B
(1.4) u'(t,x) = 0,5"(t,x).
The right-hand side of the second equation of (1.3)) is called the quantum pressure.
Formally, by taking & — 0 in ([1.3]), we obtain the following compressible Euler equation
in R* x T for quantities (po, uo) with an additional force (¢, z):

Apo + Oz (uopo) =0,
(1.5) duo + uoOzuo + Ozpo = 10,
(PO:UO)’t:O = (‘a8’27 8:25)7

where

def
(16) Mo = _630F07
and where the quantities pg, ug, Fy correspond to the leading order of p", u", F" under WKB
sense. We refer to Section especially to Equation (2.2))—(2.4) for details of this expansion
and even for the related higher order expansions.

Since ug is the derivative of some function Sy on the torus T, it satisfies fT ug dxr = 0. For
this purpose, we denote by H{ the codimension one subspace of H* such that its elements
satisfy fT fdx =0.

Corresponding to the Newtonian mechanics, we call p" and p"u” the quantum density and
quantum momentum respectively. In the whole space case and if there is no superfluid at in-
finity and f’(0) > 0, Grenier [16] solved the limit problem before the formation of singularity
in the limit system with initial data in Sobolev spaces. The main idea in [16] is to use the
symmetrizer of the limit system to get H® energy estimates which are uniform in e for
a singularly perturbed system. Nevertheless this method does not work for the semiclassical
limit of Schrodinger-Poisson equations, as the resulting limit system is not a symmetric hy-
perbolic one. The third author of this manuscript [30] used the Wigner measure approach
to study the semiclassical limit of Schrédinger-Poisson equation (see [29] for more general
nonlinearity). The assumption that f/(0) > 0 in [29] was removed by Alazard and Carles
in [3]. With superfluid at infinity to pass over an obstacle, the corresponding problem was
solved by Lin and Zhang in [21].

The goal of this paper is to find control F”"

(1.7) Fi'(t,2) = Fy(t,x) + hF\(t, ) with Fi(t,z) € C([0,T]; E),
where
(1.8) g span{sinz, cosz} is a two-dimensional control space

such that we are able to get the approximate controllability of the physical observables p’
and u”.
More precisely, our main result states as follows.

Theorem 1.1. Let k > 3,7 > 0 and ¢ > 0. Let (p},u}) € H* x Hf and (p],ul) €
HF2 x Hé“_g, which satisfy

/pgdac:/|a8|2dm, /p{d:n:/2Re(EL8a(1))dw and p£>0.
T T T T
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There exist (po, tio) € H*+2 x HY™ (p1,11) € H* x Hf which satisfy

/ﬁoda::/pgd:v, /ﬁlda::/p{dx and pg > 0,
T T T T

1(Bos o) — (s ul) |l srescme < €0 1Py i) — (pf ) n-2ypgr—2< &,

and controls F" in C*([0, T]; E) such that, the solution of equation (1.1]) satisfies
. . L4 A
wh(T) :(ag + hay + hrZ) exp (ﬁ (So + hS1 + hrg))
:(doeiél + sh) exp (%5’0),

with
|ao(2)[* = po(z), 2Re(aoar) = pi(),
9:S0(x) = to(x), 0,S1(x) = i (x),

tim 12l grea= 0, Tim [l s = 0,

. A .
Jim, 111[I)1+||5 || gr—2= 0.

h—
Remark 1.1. The proof of Theorem can in fact ensure the same result for nonlinear
Schrédinger equations with more general nonlinearity: f(|¢Y"|*)" which satisfies f'(0) > 0.

Remark 1.2. Let N > 2. Using the same approach, we are able to find control
N
F'(t,x) =Y W Fy(t,2) with FeC(0,T;E), i=1,--- N,
=0

so that we can get the approximate controllability of the physical observables up to order N.

Remark 1.3. Along the same line to the proof of Theorem [1.1, we can work out the same
type of result in any space dimension, i.e. on T for any d € N\ {0}, with controls be restricted
to some finite dimensional space

(1.9) & := span{sin(l- 7),cos(l - T); | € Kq}.
An example is
(1.10) ]Cd = {(ll, ...,ld); lj =0or £+ 1},

which also has been used by Duca and Nersesyan [12] for the study of approximate controlla-
bility between any pairs of eigenstates of NLS in T¢.

Remark 1.4. The study of the controllability of the Schrddinger equation corresponds to the
case that h =1 in has been attracted by many authors. Let us mention, in particular,
the survey paper [19] by Laurent and the references therein, [20] by Lebeau for internal con-
trollability of the multidimensional Schrédinger equation using microlocal analysis. The local
exact controllability of the one dimensional bilinear Schrodinger equation was first proved
by Beauchard [4] using a Nash—Moser iteration process, and then simplified by Beauchard-
Laurent in [5]. Finally, in [25] Sarychev also studied the approximate controllability of NLS
in 1D and 2D torus based on Agrachev-Sarychev method, and again relying on this method
Duca and Nersesyan [12] have studied the approximate controllability between any pairs of
eigenstates of NLS in T<.
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2. SKETCH OF THE PROOF

2.1. Semiclassical approximation in the general setting. Let us recall from [16] that
instead of looking, as usual, for solutions " to (1.1]) of the form
Wi(t,2) = a"(t, ) exp (iS(t, z) /)

with S(t, ) independent of h and a"(t,x) a real-valued function, we can look for solutions

P of with the form:
Y (t, z) =a"(t,z) exp <i5h(t, x)/h) with

(2.1) a'(t,z) =ao(t, z) + hay (t,x) + hrl(t, x,)
Sh(t,x) =So(t, z) + hSi(t,x) + hris(t, ),

where a” is a complex-valued function. By inserting (2.1]) into (1.1]), we obtain

1 2
0uS" + 5 (8:5") + F' + "~ 1 =0,
1 h
(2:2) O +0,5"0,0" + Sa" 028" = i 0%,
Sz = S(x), a"|=o = a®(z;h).
Let us define

n;(t,2) & 9, Fi(t,2) € B.

Since I} € E we can determine F} from 7; by

T 2m
Fi(t,z) = _/0 n;(t, z)dx + (1/27r)/0 (27 — s)n;(s)ds.

In view of (I.5)), by comparing the coefficients of 2/ on both sides of (2.2)), at least formally,
we are able to obtain equations for the coefficients of the expansions in (2.1)). The h" order
equation reads as

1
OnSo + 5 (080)" + laof* — 1 = —Fo(t, z),

(2:3) Duag + D Sodean + 5a0d2So = 0,

Solt=0 = S(x), aoli=0 = ag(x).
Let us denote pg def lao|? and wug def 05S0. We recover the compressible Euler system (|1.5)).
However, ([2.3)) is not equivalent to ([1.5)) though it is derived from the previous one. In fact,

let us denote ag as a}, + ial, then (2.3) can be reformulated as the following real-valued
equation:

1
Oragy + upOyag + —agOyug = 0,

(2.4) &ga}) + uoaxab + 5&})83;110 =0,
Iruo + uodzuo + Ozpo = no(t, ),
(a, aby o) o = (Re(aQ), Im(al), 0. 5).
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For A order of (2.2)), we get the following equation for (aj, S1):
0¢S1 + 0,500,571 + 2Re (aodl) = —Fl(t, x),
1 )
(2.5) Ora1 + 0y Sp0pa1 + 0,510:a0 + 5 (aoﬁgSl + aﬂ?gSO) = iﬁﬁao,
Sili=o =0, aili=o = ai ().

Again by defining aq def a} +ia} and ug def 0,51 we reformulate (2.5 as

1 1 .
Ora] + up0yay + u10zay + f(af)@mul + aﬁ@xuo) = —585(16,
. . . . . 1
(2.6) Ora + up0ya) + w100y + §(abaxu1 + a}dyup) = 583@6,
drur + udyur + w1 Ozug + 205 (apal + apay) = m(t, z),

(a1, a1, u1)|e=0 = (Re(a}), Im(a}), 0).

2.2. On the control of physical observables. Following the idea of [16], for any time
T > 0, it sounds interesting to let the final state at time T' to approximate to @exp(iS/h)
with the help of some extra force as control, where @ and S are target functions. Nevertheless,
we are not able to control both aj and af] simultaneously. Indeed it is easy to observe from
the zeroth-order approximate system that if Im(aY) = 0, we find that a, is always zero
in the future.

On the other hand, it is of physical importance and is natural to consider the controllability
of the physical observables p" and u". Hence, first we are going to control the compressible
Euler system through the control 7ng. As for the first order approximation, we observe

from (2.6)) that

_ _ _ 1 _ 7
Oy (aoal) + 100y (aoal) + wyjagdgag + ipoaxul + aga10,up = 5@0(92&0.

Taking the real part of the above equation and defining p; def 2Re(apay) give rise to

(2.7) Op1 + Oz (upp1 + u1po) = %336 (@p0zap — ap0yag) -

This leads to the following control system:

i _ _
(2.8) { Oip1 + Oy (uop1 + urpo) = 5&7: (@o0zao — apdyao)
Opuy + Oy (ugur) + Oxp1 = M-
As we mentioned before the compressible Euler system ((1.5) is not equivalent to the zeroth-

order approximate system (2.4). Hence in order to determine the right-hand side of the first
equation of (2.8)), let us define

(2.9) A d:ef % (do({“)xao — aoazdo) .

Then it follows from (2.4) that

{atA + updp A + 20,upA = 0,

(2.10) def

A(0) = Ag = a}(0)0,a5(0) — a5 d.al (0).

Once (po, up) is determined from (L.5)), we can solve for (afj,a) via (2.4). Similarly, with
(p1,u1) being determined, we can solve for (a},a}) via (2.6). Along the same line, we can
control the physical observables of any k-th order, and then solve for (az, aik) . For a concise
presentation, we shall not pursue in this direction here.
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Then the proof of Theorem [I.I] will be split in two parts: the controllability of the as-
ymptotic expansions of the physical quantities, and then the justification of the semiclassical
approximation to the system (|1.1)).

By combining the systems (|1.5), and , we obtain the following real valued
controlled system in [0, 7] x T for the first two terms in the asymptotic expansions of physical
quantities:

Otpo + Ox(uopo) = 0,

Orug + updzug + Ozpo = Mo,
(2.11) A + g8y A+ 20510 A = 0,

Op1 + 0z (uop1 + u1po) = 0z A,

Our + Oy (uour) + Ozp1 = M.

Let ﬁ(i:ef (go) and 7 %' <ZO> . Given initial state p(0) = g*d:d (go and 4(0) = g et (o )
1

1 91 U1
Ap and the state at time T that p(T) = Ed:ef <go> and 4(T) = 74 <%0> , we are going to
1 1
search for a control 77 def <ZO) such that the solution of system (12.11]) satisfying the initial
1
condition
(212) 70) = g, @(0) = 7

and (uo, u1, po, p1)(T) is closed to (do, 01, Jo, G1)-
Let us remark here that we will not control the quantity A, though it will be used to
control the next order terms.

2.3. Approximate controllability of the physical observables. Therefore, we are going
to control the limit system (2.11)) for (@, p, A). It is a complex system with cascade structure:

(po,uo) = A — (p1,u1).

e Firstly, (po,uo) is governed by the Saint-Venant equation with finite dimensional dis-
tributed control n that acts on the “velocity” part ug. Hence, it is rather natural to
expect controllability properties of this part. Actually, in [24] Nersisyan has consid-
ered the approximate controllability of the 3D compressible Euler equations which is
similar to this Saint-Venant equation, and we mimic his approach on the controlla-
bility of this part.

We comment here, as we shall see later on in Section [} thanks to the “transport”
natur of the equation on pg, during the whole controlling process the value of pg is
always sufficiently close to some given trajectory that is strictly positive.

e Next, A verifies a transport equation that is influenced by the value of ug. However,
there is no direct control mechanism on this quantity: therefore it is indirectly con-
trolled by 7g.

Moreover, we observe from the preceding section that the quantities pg, p1 and A all
come from a”. Hence it is reasonable to expect that they will share certain similarities.
As it is actually directly shown in Equation that they all satisfy “transport”
type equations. Consequently, similar to pg, the value of A is always sufficiently close
to some given trajectory.

Finally, we remark here that we are not going to control A to some given final state
A. Indeed, by looking at for (ag), a%), we observe that both terms satisfy the
same equation, as a consequence, we are not able to control both items. If we further
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look at the definition of pg and A, it becomes reasonable that we control pg as the
“density” part of ag and “lose the control” of the “rotation” part A. But instead we
will control the trajectory of A(t) by making it to stay close to a given one. The value
of A(t) will be used to control (p1,u1).

e Finally, (p1,u1) is a coupled systems with finite dimensional controlling terms that
is also influenced by the value of (pg,ugp, 4). The main feature on the controllability
of this part, different from well-posedness issue which is interested in the uniqueness
and existence issues, is that the value of (pg, uo, A) also plays a significant role in the
controlling process. Therefore, it should be regarded as a bilinear system and the
influence of the control term 7y should not be ignored. This is actually one of the
main novelties on the controllability part of this paper.

Similar to pp and A, the value of p; is also kept close to a constructed trajectory.

The main result lists as follows, while the detailed proof of which will be presented in
Section @l

Theorem 2.1. Let k > 3,T > 0, § € H*2 x H* ¢ € H*? x HE, § € HF x H*2
v e HE x Hg_Q and Ag € H*', which satisfy

/QOdJU:/ﬁodm:am /91d$=/§1d$=a1 and go,go > co > 0.
T T T T

Then for any € > 0, there exist controls ng,m € C°([0,T]; E) such that the solution
(ug, u1, po, p1,A)(t) to the system ([2.11)) satisfies the initial condition (2.12]) and

| (w0, w1, po, p1)(T') — (Do, 01, Gos G1) || 1 s ri—2 5 e s re—2 < €.

Remark 2.1. One can observe that we have assumed the value of density go, go being strictly
positive in order to use the general well-posedness theory on symmetrizable hyperbolic systems.
As we shall see later on, the constructed approximate solutions pé(t),l € {0,1,..., N} is always
close to the first constructed solution pév (t) which is strictly positive. It will be interesting and
also challenging to consider about the case that go, go are not strictly positive, for example
admit finite many points such that go(x) equal to zero.

We remark that the main idea of the proof of Theorem is directly motivated by
[23, 24] on the controllability of the incompressible and compressible Euler system using
the Agrachev—Sarychev method, though we are dealing with a coupled system that is more
complicated. This approach originates from [I], 2] by Agrachev—Sarychev for the controllabil-
ity of 2D Navier—Stokes and 2D Euler equations with finite-dimensional external control, and
is further investigated on many other models, such as [25] 26] and among others. Shirikyan
[27] wrote an instructive introduction on the application of this method upon the viscous
Burgers equation. We refer to Section [4 on the detailed proof of Theorem where we will
also comment on each step how we get inspired from this method.

Let us also point out that this method emphasizing geometric control only leads to ap-
proximate controllability properties, while exact controllability can be only made on finite
dimensional sets. It is natural to ask whether some local controllability result may further
lead to global exact controllability. When dealing with boundary control or localized inter-
nal control problems, the exact controllability of the related models can be obtained using
other methods notably the “return method” and “Carleman estimates”, see for example,
[9, 10, 13, 28] on Navier-Stokes equations, and [7, [§, 14, [15] on Euler equations and similar
Saint-Venant equations. However, there are two major difficulties that prevent us from get-
ting local exact controllability of using finite dimensional distributed controls. The
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first difficulty is related to the fact that we are only controlling four of the five components
of the state. The other difficulty is more systemic: it is reasonable to consider the moment
theory for the linearized system of this nonlinear problem; however, so far, this method has
not been adapted for first order quasi-linear hyperbolic systems. Indeed, a loss of derivative
issue appears when we attempt to apply fixed point theorems, see [9, Chapter 4.2] for a
simplified model that presents the same difficulty. Therefore, it is required to prove exact
(partial) controllability of the linearized systems around a class of time-varying trajectories,
see for example in [§8, Lemma 17] the author has used this strategy to overcome the loss of
derivative issue for Saint—Venant equation with boundary control, for which the proof relies
on the fact that there are enough controllable linear systems close to the non linear control
system (thanks to characteristic lines) to get the local controllability of the nonlinear control
system by a suitable fixed point method. However, whether this idea can be adapted to
distributed controlled systems by using the moment theory, it still remains open.

Finally, in view of the recent progresses in stabilization problems, see for instance [I1], 17,
18], it also sounds interesting to have a look at the related stabilization problems.

2.4. Semiclassical limits. Armed with Theorem [2.1] we shall conclude the proof of Theo-

rem [L.1] by

Theorem 2.2. Let k > 5/2,T > 0. Suppose that (po,uo) € C([0,T]; H*) is the solution of
(1.5) determined by Theorem then under the assumptions of Theorem for h small
enough, (1.1) has a solution of the form (2.1)) on the interval [0, T], which satisfies

¢h —q" exp (%Sh) = (ao + hay + hTZ) exp <%(SO + S+ hrg)),
with

a" and u" are uniformly bounded in C([0,T]; H*) as h — 0"
(ag, So) the solution of (2.3)), and ag,ug € C([0,T]; H*2),
(a1,S1) the solution of ([2.5), and ay,u; € C([0,T]; HY),

o 0 o [ _
Jmlre oo ry;me-2)= 0, m [lrglleo,ry;me-1)= 0.

3. THE WELL-POSEDNESS AND CONTINUOUS DEPENDENCE OF THE LIMIT SYSTEMS

This section is devoted to the study of the controlled system (2.11]). In what follows, we

shall always use the convention that f = (f1, -+, fn) € X means that each component, f;,

belongs to the space X, and we designate || f]|x def Yoy M fill x-

Given 5: (g?), E: (g?) and 7 = (Z(l]) , we consider

Apo + 0z ((uo + ¢o)po) =0,
Aruo + (uo + £0)x (uo + &o) + 0zpo = no,
HA+ (uo + (o) 0z A+ 20, (uo + ()A=0 in [0,7] x T,
Arp1 + 0z ((uo + Co)p1 + (w1 + C1)po) = 94,
drur + (uo + &) (w1 + &1) + (w1 + &1) Oz (vo + &) + Ozpr =11,
\ ﬁ(O) = (90791)7 A(O) = AO and U(O) = (U0>U1)a
).

where ﬁ: (907/01) and 4 = (u07u1

¢

(3.1)
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def
Let U = (vo,v1, 90, 91, Ao, €0, €1, Co, €150, M1 ), and

XMT) U € Hf x HE™ x HE x H¥2 x HE1 x LE(HEY) < L3 (H ™)

x Li(Hg ™) x L3(Hy™") x L3(HE) x Ly(Hy™?); go > 0 in T};
def _
Yk(T) :e{(u07u17p05p17‘4) € O([OaT]aHg) X C([()’T]’H(If 2) X C([OvTLHk)
x C([0,T); H*=2) x C([0, T); H*"1); po > 0 in [0, T] x T}.

Let us remark here that, concerning U, the natural convention should have been (g, vo, Ao, g1,
v1,&0,&1,C0,C1,M0,71). In this paper we choose a different order to simplify some notations
for the presentation, for example we will denote (vg,v1) by ¥. The same remark holds for the
use of (ug, u1, po, p1, A).

The main results state as follows:

Theorem 3.1. Let k > 3. Given U € X*(T) the system has a unique solution (, g, A)
in Y*(Ty) for some Ty € (0,T]. Furthermore, if for some U' € X*(T), the system has a
solution (@', ', A) € Y¥(T), then there exists 6 and C' > 0 which depend only on ||Ul||Xk(T)
and the uniform lower bound of pg such that

(i) if U? € X*(T) satisfies
(3.2) U = U2l xr ()< 6,

then (3.1) has a unique solution (i?, 5%, A%) € Y*(T).
(i) We define R(U) to be the solution of (3.1)). If U? satisfies (3.2)), then

IR(U') = R(U?)lys-1y< CIUY = U?| st (7).
(iii) The operator R : X*(T) — Y*(T) is continuous at U*.
Theorem 3.2. Let k > 3. If (&7,(}) and (£2,(1) are bounded sequences in L2.(H**?) and
L2 (H*1) respectively, which satisfy, as n — 400,
t
/ M (s)xB(s)ds — 0 in H,
/ ¢ (s s)ds — 0 in H* 1,

/ HE s)ds — 0 in H*2,
for any t and for any uniformly equicontinuous sequences X" = (x&, Xo, x}) : [0, 7] — H* x
H"1 x H*2. Let
ur = (177 ga AOv é’n’ Oa ﬁ)? V= (17’ ga AOv g’n’ 5n’ ﬁ) € Xk+2(T)

Suppose that corresponding to U™, the equation (3.1) have solutions in Y*+2(T) being uni-
formly bounded in Y*(T). Then, for n sufficiently large the equation (3.1)) corresponding to
V™ have solutions which is also uniformly bounded in Y*T2(T) and, as n — +o0,

R(U™) = R(V™) — 0 in Y*(T).
The same property holds if instead of U™ we assume the existence of solutions for V™.

The rest part of this section is devoted to the proofs of the two preceding theorems.
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Proof of Theorems[3.1] and[3.3. We split the proof of Theorems [3.1] and [3.2] into the following
steps:
e Step 1. Given ((o,&) € LA(HS™) and f € L2.(H}), we consider

Ao + 0z ((uo + Co)po) = 0,
(3.3) Ao + (uo + £0) (uo + &) + dwpo = f,
0(0) = go, uo(0) = vo.

Let k€ N\ {0,1} and let 0 < T < T,

Yo(T) (oo, u0) € C((0,T); H*) x C([0,T]; H*); po > 0 in [0, 7] x T};
XE(T) ¥ruy e BHE x HY x L2(HFY) x L2 (HRY) x L2(HY); go > 0 in T}
Let Uy def (90, vo, €0, &0, ). We define the solution operator
Ro: XE(T) = YET) sothat Ro(Uo) % (po, uo).
The system is a symmetric hyperbolic systems with symmetrizer <(1) p00>' Standard
hyperbolic theory ([6]) ensures that, for every bounded set B of X%(T') such that, for some

¢ >0, pp > cinT for every Uy € B, there exists T e (0,T] such that the operator Ry is
well-defined from B into YJ*(T). Furthermore, we have

Theorem 3.3 (Theorem 2.2 of [24]). Let k > 3. Let U} € XE(T). We suppose that the
system (3.3) has a solution (p},ul) € YF(T). Then there exists o and C' > 0 which depend
only on ||Uy HX(I)C and the uniform lower bound of p} such that,

(i) if U2 € XE(T) satisfies
1Us — U()Q”Xg(T)S do,
then (3.3)) has a unique solution (p3,u2) € YF(T).
(i)
IR0 (U(}) —Ro (UOZ) HYO’“—l(T)S CHU& - U(?”X(’)C—l(T)‘
(iil) The operator Ro : X§(T) — Y{(T) is well defined and continuous on a neighborhood
of Ug.
Another important property of Ry is the following oscillation type lemma.
Theorem 3.4 (Theorem 2.3 of [24]). Let k > 3. Let J,(} be bounded sequences in
LZ(H**3) and (} satisfy
t
/ CH(s)xB(s)ds — 0 in H* as n — +o0,
0

for any t € [0, T and for any uniformly equicontinuous sequence x : [0,T] — H*. Let
U6L = (007 Vo, 587 Cga 770) S X[])€+2(T)7
V5" = (po,v0,€5.0,10) € X5 (T).

Suppose that corresponding to Ug, the equation (3.3) have solutions in Y0k+2 (T') being uni-
formly bounded in Y()k(T). Then, for n sufficiently large the equation ({3.3) corresponding V!
have solutions in Yg'"2(T'), moreover, there holds

Ro(U) — Ro(Vy') — 0 in YJ(T) as n — +o0.
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e Step 2. We investigate the linear transport equation

(3.4) 8tA+(UA-I-CA)QIA-{—Q&C(UA-}-CA)A:O,
’ A(0) = Ayp.

Let Ug d:ef (AQ,UA,CA), and

XE(1) ¥ gt p2(HR) % L2(HF) and  YR(T) = O([0,T); H*Y).

We define the solution operator
Ra: XK(T) = YS(T)  with R4(Ua) = A.

Theorem 3.5. Let | > 3. For any Uy € X4(T), (3-4) has a unique solution A in Y}(T).
Moreover, for every bounded subset B of X(T) there exists C > 0 so that

IRA(U%) — RA(UEX)HYA_%T)g C||U; — Uj\\XA_l(T), YU} € B, VU3 € B.

Furthermore, let k > 3, let 'y be a bounded sequences in L%(Hk“) such that
t
(3.5) / C%(s)x"4(s)ds — 0 in H* ! as n — +o0,
0

for any t € [0,T] and for any uniformly equicontinuous sequence X" : [0,T] — H*"!. Let
Ul = (Ao, ua, () € Xﬁ“(T), we denote V4 = (Ap,u4,0). Then, we have

(3.6) Ra(UR) —Ra(Va) — 0 in YS(T).

Proof of Theorem [3.5, The first part of Theorem follows from the explicit value of R 4

which can be obtained by using the characteristics method.

Let us present the proof of (3.6). Let us denote A" def R A(Uﬁ), A def Ra (VA) and

% def gn _ A, Since (% is a bounded sequences in L2,(H**2), and U% is uniformly bounded

in X ff‘” (T'), we deduce from standard theory of transport equation that has a unique
solution A™ which is uniformly bounded in C([0,7]; H**1). The equation implies that
O;A™ which is uniformly bounded in C([0, T]; H*). This together with Aubin-Lions Lemma
ensures that

(3.7) A™ is equicontinuous in  C([0,T]; H*) V s < k+ 1.
We know that there exists f4 € C([0,T]; H*) such that as n — +o0,
8% — fa uniformly in C([0,T]; H).
Then one has
0¢0') +ua0,0'4 + 20,undy + (40, A" + 20,4 A" = 0.

By performing H*~! energy estimate to the above equation, we obtain

1d

(3.8) g agIPA O s = = (wade0, 0) i — 2 (Dsuadly, 0) s

- (CzawAna 52)Hk*1 -2 (awCzAnv 52)Hk*1 .
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By applying Moser type inequality, we find
}(uAax(SZ, (52)ka1 ’ < Z (‘ (uAaﬁ—H(SZv aﬁéz)LQ |
0<k—1
o [(08(a020%) — uadt16%, 050%) 1] )
<C(l|0vuallLoe 1]l re-1 + 11020 | oo [[al 1) |04 ] e
<Clluall s 1641 Fpe-1,
where in the last inequality, we used an integration by parts the assumption that £ > 3 so
that H* 2 — L°°.
Since H*~! is an algebra (note that k > 2), we have
|(D21adl, 04) s | < Cllwall el 04 Fpe-s-
Finally, by using integration by parts, we have
— (CAOz A", 0%) i1 — 2 (0CRA™, 64) o
= — (CAOz A", 0%) pr—1 + 2 (CRA™, 020%%) g1 -

We focus on the estimate of (¢{0,A"™,0%) k-1 with the other one being similar. Since
(%0, A™ is uniformly bounded in L2,(H*~1) and that 6" converges uniformly to f4 in C([0, T]; H¥)
sense, we have that for any ¢ € [0,T], as n — 400,

¢

t
(3.9) / (€O A, %) yin dt — / (CHOp A, f4) s dt — 0.
0 0

For any 6 > 0 we can find a step function f,, in H* such that ||f.(s) — fa(s)||lgx < 0,
Vs € [0,T]. Hence, as n — +o0,

t t
(3.10) | / (CHOL A, f4) i dt — / (€O A™, fin) ypon dt| < OO
0 0

with C independent of § and n. As f,,(t) is a piecewise constant function in H k_for instance
assume that the discontinuous points are {t1,ts, ..., tpr}, we can immediately conclude from
the assumption, Equation (3.5)), that

t1
/ (ChORA™, o) gros dt = <
0 0

as n — +o00o, which further implies that when n tends to +oo,

t
/ (CA0zA™, fn) gre—1 dt — 0,
0

t1

G0 A"dL, fm(0)> — 0,

Hk-1

thus
t
(3.11) / (CAOLA™, 6%) ppr—1 dt — 0.
0
Therefore,
1d n 2 n |12 n
(3.12) 5&”%@)”[{#1 < Clluall grl|0% | 5e-1 + A" (1),

with A™(t) > 0 satisfying

(3.13) /OT h"(s)ds — 0.
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Now let us present the following lemma,

Lemma 3.1. Let 0 < f,g € C[0,T] so that

(3.14) S50 <ot +h(t) VieoT]

Then one has

/

t t t t
(3.15) F(t) < f(0)eo 9 dt" 1 / h(t') dt’ + / g(t')elv 9(s)ds / h(s)ds dt'.

0 0 0
By inserting equations (3.12))—(3.13]) into Lemma we get (3.6]). O
Proof of Lemma[3.1 We first get, by integrating (3.14) over [0, ¢], that
t t
(3.16) f0 <10+ [ ge)f@rdt + [ ne)a,
0 0

from which, we infer
d t / / ! t / / / ! !/ !/
G [ ornerar =g <o (50 + [ arwrar+ [ neyar).
so that there holds

%(e*ﬁfg(t’)dt’ /0 tg(t’) f(t’)dt’) < g(t)e oot ar <f(0) + /O th(t’) dt’).

Integrating the above inequality over [0, t] gives rise to

[ otrr@rar < [ orelio s (0)+ [ nisyas)ar
Inserting the above inequality into and using the fact that
/ (el 9@ g (foar
0
leads to (3.15)). O

e Step 3. We investigate the linear hyperbolic system:

Ap1 + 0z ((uo + Co)p1 + (u1 4+ C1)po) = f,
(3.17) Apur + (o + €0)0x (w1 + &1) + (w1 + &1) Oz (uo + &o) + Oupr = 11,
p1(0) = g1,u1(0) = vy.

Let us denote

def def
Uy = (917UlaflaCl,f77llaPO»U0»anC0) and Rl(Ul) = (p17u1)7

and

Xf(T) def

YUy € BN x B2 x DR(HEY) x DR (HE ™) x IH(HE2) x D (H ™)
x L3(HMY) x L3(HE) x L3 (HE™) < L3(HE): po > 0in T},

def

YH(T) Z0(0,T): H?) x C([0, TT; Hy ).

Due to (3.17) is a linear symmetric hyperbolic system, similar well-posedness theorem as
Theorem holds for R4 (Ul). Moreover, there holds
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Theorem 3.6. Let (j,(]" be bounded sequences in L%(Hg“) and (jy, (1 satisty

/t o (s)xp(s)ds and /t Ct(s)xp(s)ds — 0 in HF2
0 0

for any t € [0, T] and for any uniformly equicontinuous sequence X% : [0,T] — H*~2. Let

U{L = (glvvlvélaoafa 7717907U07§0a0) S Xf+2(T)’
Vln = (917U17§17<{L7f7 771,/)0;“0750,@61) € Xf+2(T)

Suppose that corresponding to UJ', the equation (3.17)) have solutions in Y1k+2(T) being
uniformly bounded in Y} (T). Then, for n sufficiently large the equation (3.17)) corresponding
V* have solutions in Y1k+2 (T'), moreover, there holds Then there holds

R1(U7) — R (V{") — 0 in Y{*(T) as n — +o0.

By summarizing the above steps, we conclude the proof of Theorems [3.1] and O

4. THE CONTROL OF THE LIMIT SYSTEMS

The goal of this section is to present the proof of Theorem Before going into the
detailed proof, here we heuristically outline the main ideas.

)

In Section we construct a sequence of finite dimensional spaces
EhyCFELCEyC...CE,..
whose union is dense in H*(T).
Thanks to the preceding step, for Ve > 0, for any given initial data (v, §) € H(]f” X
H® x H"? x H*, Ay € H*'!, and final state (v,9) € HY™ x H* x Hy™ x H*
satisfying the conservation of mass, there exists Ex—valued control 7") such that
the solution
(@™, f ), AN) LR (7, 7, 40,0,0,i7N)) € YH(T),
verifies that in the HY x H*=2 x H} x H*~2 space
1@™(T), fANT)) = (@, 9)|] < e

Section [4.2] more precisely, Theorem is devoted to this step.
Next, as the most important step of the proof, in Section we show that there
exists Fn_1—valued control ﬁ(N —1) such that the solution

(@0, N0, AND) LR (5,5, 45,0,0,787D) € YT,
1@ (T), ANT)) = @V (T), AT < e,
154N — ﬁ(N_l)HC’([O,T];H’“xH’“*?) <e,
then we can further find Exn_s—valued control 17(N =2)... Ep—valued control ﬁm) to
approximate the first constructed trajectory (ﬂ’(N ), p_(N ), AN )). In the terminology of
Agrachev—Sarychev method, this procedure is called “extension” or “saturation”, see
for instance [Il, Section 5.2].

More precisely, this is again divided into several steps. At first, in Section
we find 7, fi, € EN~! such that

(17, g, Ao, [in, 0, ﬁ) is uniformly bounded in X*+%(T),
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72(17, g, Ao, fin, 0, ﬁ') is uniformly bounded in Yk+2(T),
IR (7, d, Ao, fin, 0,77) — R(¥, 7, Ao, 0,0,7™N) [y (r) — 0 as n — +ooc.
Then in Section we show that thanks to Theorem 3.2
R(U, G, Ao, fin, fin, ﬁ’) is uniformly bounded in Yk+2(T),
IR(T, G, Ao, fin, fin,7) — R(7, 7, Ao,ﬁn,ﬁn,ﬁ)ﬂyk(zp) — 0 asn — 4o0.

Next, in Sectionwe approximate fi,, by smooth (in time) functions (. Finally,
in Section we construct the required ﬁ(N -1,

4) Let us emphasize here that during the whole precess p'is close to ) in H*, thus
in C(T) and being uniformly away from 0, while @ is not necessarily always close to
@) though @(T) is close to @N)(T) in H* sense.

4.1. Introduce the controlling space. We define

def .
EySE = span{sin x, cos z},

(4.1) E, d:efspan{sin x,cos x,sin 2z, cos 2z, ..., sin(n + 1)z, cos(n + 1)z },

E, % < E,.

It is obvious that E,, ¢ C°°(T) and
def . .
Lemma 4.1. E, = |J Ey is dense in H3(T) x H§(T),Vs > 0.
k=0
Moreover, one has the following “Lie bracket” type argument.

Lemma 4.2. Let n € N. For any ¢ € E,, 1, there exists ¢, ¢, ...pP € E,, such that

p
(4.2) p=0¢—Y @og.
i=1
Proof. Notice that E,, 11 = E,, @ span{+sin(n+ 2)x, + cos(n+ 2)z}. It suffices to prove (4.2))
with ¢ = £sin(n + 2)z or £ cos(n + 2)z. In the case when n + 2 = 2m, we have

. 2
+sin 2mx = — — cos mxd, cos mz,
m
. 2 . .
—sin 2ma = — — sinmxd, sinmz,
m
1 . .
+ cos 2mz = — —(sin ma — cos mx) 0y (sin ma — cos mx),
m
. .
— cos2max = — —(sinmaz + cos mx) 0, (sin mzx + cos mzx).
m

While when n + 2 = 2m + 1, we observe that
(sin(m + 1)z =+ sin ma)9, (sin(m + 1)z £ sinmz)

1
:m; sin(2m + 2)x + % sin(2m)x £+ (m + 1) sin ma cos(m + 1)z

+ msin(m + 1)z cos maz
- m+1

2 1 1
sin(2m + 2)z + % sin(2m)x + m sin(2m + 1)z F 3 sinz,
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which gives

2m+1

sin(2m + 1)z = — (sin(m + 1)z + sin mx) 0, (sin(m + 1)z + sin mz)

m—+1

sin(2m + 2)z + % sin 2max — 3 sin x
= — (sin(m + 1)z + sinmx)0;(sin(m + 1)z + sinmz)
1
— cos(m + 1)xd, cos(m + 1)z + (% sin 2max — 3 sinx),

and

2m +1

T

sin(2m 4+ 1)z = — (sin(m + 1)z — sin ma)d, (sin(m + 1)z — sinmzx)

m—+1
_.l_

1
sin(2m + 2)z + % sin 2max + B sinz
= — (sin(m + 1)z — sinmx)0(sin(m + 1)z — sinmz)
1
— cos(m + 1)xdy cos(m + 1)z + (% sin 2max + 3 sin x)

Thanks to the fact that sin(m+ 1)z +sinmz, cos(m+1)z, F sin 2ma — % sinx € E,, we obtain
(4.2) for ¢p = £sin(2m + 1)z.
Along the same line, we deduce from the fact
(sin(m + 1)z £ cos ma) 9, (sin(m + 1)z £ cos ma)

1
:m;— sin(2m + 2)x — % sin(2m)x £+ (m + 1) cos ma cos(m + 1)x

F msin(m + 1)z sinmz
- m+1

2 1 1
sin(2m + 2)z — % sin(2m)x + mt cos(2m + 1)z + 5 cos T,

that

2m+1
2

cos(2m + 1)z = — (sin(m + 1)x + cos mx)0,(sin(m + 1)z + cos mzx)

m+ 1
+

1
sin(2m + 2)x — % sin 2max + 5 cosz
= — (sin(m + 1)z + cos mz )0y (sin(m + 1)x + cos mx)
1
— cos(m + 1)x0; cos(m + 1)z + ( - % sin 2max + 5 cos a:),

and
2m+1
+

cos(2m + 1)z = — (sin(m + 1)z — cos mx)0,(sin(m + 1)z — cos mz)

m—+1

1
sin(2m + 2)x — % sin 2max — 5 cos T
= — (sin(m + 1)z — cos mz)0,(sin(m + 1)x — cos mx)
1
— cos(m + 1)xd, cos(m + 1)z + ( — % sin 2mx — 5 cos :):)

This shows that (4.2) holds for 1) = 4 cos(2m + 1)x. This ends the proof of the lemma. [
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4.2. Controllability of (2.11)) with (Ex)—valued controls. The main result states as
follows:
Theorem 4.1. Let T > 0, 5,0 € H*' x HE7', §,G € H*' x H*' and Ay € H*, which
satisfy
(4.3) /godfb“ = /?jodJU = o, /glde = /?J\ldx =a1 and go,go > co > 0.

T T T T

Then for any € > 0, there exists an some N € N*, some Ex—valued control 7V), and some
A(T) € H¥ such that
(4.4) (.9, A(T)) = Rz (7,4, A0, 0,0, || 1 <,

def _
where ZF = HE x HY ™2 x HF x HF=2 x HF1.

We remark here that in this theorem we are dealing with the case that initial and final
values belong to X k+1(T) to get approximation in Z* sense. Eventually, in order to prove
Theorem it suffices to let the initial and final states in the more regular space X*+2(T).

In what follows, we always denote this solution by

(@™, 5, AM) E R (5,7, 40,0,0,7).
Proof. Let us define
45) = (ZO) Crt (G (T-17) and = <ZO) CE =119 + (T — t)v).
1 1

Then due to ([4.5), we have [;d;podxr = 0 so that we can solve & € C>([0, T); HY(T))
from the equation

(4.6) Oz (poo) = —0po — Oz (pouo) -

Indeed, since 1/pp is a solution of d(pof) = 0, we are able to find a solution & € HE(T)
of (4.6). With such &, we can solve for A € C>([0,T]; H*(T)) via

NA+ (ug + &) 0z A + 20, (uo + )A=0 in [0,T] x T,
A(0) = Ao.

Let us remark here that the function A(T') stated in the theorem is exactly the solution A(T).
Again due to (4.5), we have [ d;p1dz =0 so that we can solve & € C*°([0, T7; HYY(T))
from the equation

0 (€1p0) = 02 A — (Opp1 + 02 ((uo + &) p1 + u1po)) -

We now define
def 00
10 = Opug + (o + €0)x (uo + &o) + upo € C*((0, T); HE),

m o + (uo + &)0s (ur + &) + (ur + &) e (w0 + o) + Fupr € C([0,T); HE2).

s (& k1 o, prk—1 =) =3
Let us take £ = (29 ) € C*([0,T); H{ ™' x Hi~") so that £°(0,z) = £(T,z) = 0 and
1

. -0 ud
lim [|€ = €ll 22 (rsrxcpnr) = 0.
It is easy to observe that

RT(777§7 A07§:57§6777) = RT(QT7§7 AOvovovﬁ_ atéTS)



18 J. M. CORON, S. XIANG, AND P. ZHANG

Then in view of Theorem [3.1], we deduce that

lim (%, g, A(T)) = R (7,4, 40,0,0,77 =€) | e

= lim Ry (7.7, 40.€.€.7) = R (7.5. 40, 6,6, 1) | 5o = 0.
On the other hand, due to E, is dense in H(’f X H(’f*Q, we have

NETOOHPEN (77— 3155_5) - (77_ 8155—5)“L2T(H’€><H’“*2) =0,

which together with Theorem ensures (4.4]) with 7 def Pe, (77’ — 8t§_3 ) This completes
the proof of the theorem. O

4.3. Reduction of dimension of control space. The aim of this section is to look for
ﬁ(N_l) € Ex_1 so that

1@, 7, A(T)) — R (3, §, A0,0,0,7 VD) . <&

Let us start by stating the followmg lemma which is also called “convexification” by
Agrachev—Sarychev [I, Section 5.3]. The main novelty for this lemma is on the treatment of
(€0, ¢1) involving both nonlinear terms £,0,&, and bilinear terms 0, (£4&})-

Lemma 4.3. Let n € N. For any 5: <go> € E, 11, there exists ﬁ,g, ,Em € E,, such that
1

(4.7) Co=mo— > &0x&h and G =m — Y 0.(E).
=1 =1

Proof. Since we can extend the length (m) of the sequence, we only need to prove the cases
when 77 = (70,0) or 77 = (0,71), Furthermore, we can assume that 7y, 7; = £sin(n + 2)z or
+ cos(n + 2)x.
The case when 77 = (7o, 0) is a direct consequence of Lemma We can take 71, & = 0.
Let us turn to the case when 77 = (0,7;) with 71 = £sin(n + 2)x or +cos(n + 2)z. Indeed
it follows from Lemma that there exist of 114, n1—, ¢} e ¢4 € E, such that

p
+G =My — > POl
=1

p
—Gi=m-— Y0,
=1

which implies

p p
0= (my+m-)— Z Pl 0upls — Z PO,
p

G ="y — Z a 9014- 2901-4- Z 301—

=1
Then (4.7) is proved by taking

m =2p,

def
1o =e771+ + 01—,
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def
m =M+,

i when i€ {1,...,p},

5ok when i € {p + 1,..., 2},

1 .
P ek, wheni € {1,....p},

Zdd(] when i € {p+1,...,2p}.

This completes the proof of Lemma O
With the above key lemma, we are going to prove the following proposition. In fact this
proposition together with Theorem [4.1] immediately lead to Theorem

Proposition 4.1. Let T'> 0, m € N, and (¥, g, Agp) belong to H{f” x HY x H*2 x HF x HE+L
and 1, € C*([0,T); Eyt1). For any € > 0, there exists ij € C*°([0,T]; E,,,) such that,

(48) ”RT (177 ga AOv 07 07 ﬁ) - RT(Ev g’ AOv Oa 07 771) HZ’CS €.

The rest part of this section is devoted to the proof of Proposition Since 171 €
C>([0,T];E;) can be approximated by simple functions (piecewise constant with respect
to time),

7" — 7 in L7 (Eq) as m — +o0,
it suffices to consider simple functions. Furthermore, thanks to a simple iteration argument
and the continuity of R (Theorem (iii)), it suffices to consider the case when 7 is inde-
pendent of the time.

From now on we assume that 7 (t) = 71 € E;. Let us denote

(4.9) (i, 7, A) © R(5,7, 40,0,0,711) € YF(T).

4.3.1. Well-chosen &. We want to use Lemmain order to reduce the control of 7, € E;
by the control of 7y € E.

e Use of Lemma 4.3 -

Thanks to Lemma there exists 77,6/ € E, j € {1,...,m} such that

1 o= i
(4.10) (m)o =10 — — Z§j3x§87
j 1

(4.11) (m)1 — §0§‘7

However, equation (4.10) does not mean that
1
ugOp Uy — — U, (u 70,
00zuo — (M1)o mE_: 0+ &) (uo + &) — 7o

because of linear terms &0, ug and uoaxﬁé.

e Adding the adjoint terms

The way to fix such a linear error is to add the opposite quadratic terms, which is motivated
by a simple formula

(a+0)* 4 (a — b)* = 2(a® + b?).
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More precisely, let

1 . .
(412) AE = and 0 E g forj = 1,2, ,m.
Then it is easy to observe that
2m ' '

uodptio — (m)o = Y _ A(uo + &) 9= (uo + &) — 7o,
(4.13) F;m

Oz (uour) — (m)1 = Y _ A ((uo + &) (w1 + &) — 7t

j=1

Hence, the following two systems in [0, 7] x T are equivalent:

O¢po + Oz (uopo) = 0,

Orug + up0zup 4 Ozpo = (11)o,

Ot A + ug0, A + 20,upA = 0,

0¢p1 + Ox (uop1 + uipo) = 0 A,

Orur + Op (uour) + 0zp1 = ()1,

p(0) =g, A(0)=A4p and u(0) =7,

and
([ Oipo + 0z (uopo) = 0,
2n
Oruo + Y Muo + &) 0 (uo + &) + 0zpo = 7o,
j=1
(4.14) Ot A + ug0z A + 20,ugA = 0,

O¢p1 + O (uop1 + u1po) = 02 A,
2n

Opur + Y A0, ((Uo + &) (u + 5{)) + Ozp1 =M,
=1
A0) =7, A(0)=A; and @(0)=7.

The preceding equivalent

4.3.2. From stationary sequence {¢’ ?Ql to curves {u,(t)}n. Let us define a periodic
function p;(t) with period 1 as

(4.15) 2m

for i = 0,1, and for j € {1,...,m}. Notice that

2m
(4.16) Y & =0 fori=0,1,
j=1
1
(4.17) / wi(t)dt =0 fori=0,1.
0

For any n € N*, we also define a periodic function with period T'/n as

t
(4.18) pin(t) % M(%) € L(E) fori=0,1,
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which is uniformly bounded in LY (E).
Then we can rewrite Equation (4.14)) in [0,7] x T as

Opo + Oz (uopo) = 0,
Orug + (uo + pro,n) Oz (o + pon) + Ozpo = 7o + fom,
Ot A + ugOp A + 20,ugA =0

4.19
(4.19) Oip1 + Oz (uop1 + u1po) = Oz A,
Orur + Oy ((wo + pon) (U1 + pin)) + Owp1 =M1 + fim,
| 7(0)=g, A(0)=A4; and u(0)=7,
where
def1
fon(t) =50z (uo + pon(t) —*Z)\a (uo +&5)7,
f . .

Fron(t) 0, (0 + pro.0 (8)) (wr + (1)) — ZA@ ((wo + &) + ) -
Therefore,
(4.20) (@, 7, A) = R(¥, G, Ao, fin; 0,70 + fn)-

Because 1, fin, 5_3 are uniformly bounded in L (Hé€+2 x HE), we know that f,; are uniformly
bounded in LS (HA T x HETY).

4.3.3. Removing the extra source term fn We can see from and ( - ) that the
“extra” source term fn does not belong to E. In order to remove fn, a natural idea is to
regard it as a perturbation term, and to use the continuity of the mapping R. However, we
only know the uniform boundedness of f,, in LP(HF x HEF™Y), which is not assumed to
be small. In such a case we prove that with the help of a lemma f, can be removed. More
precisely, we have the following lemma concerning “relaxation metric” (name according to
[T, Section 4.1]).
In the next lemma and in the following, for ¢» € L'((0,T);R"), I € N\ {0}, we define
Ky e WHY((0,T); RY) by

t
(4.21) Ko () % / w(#) dt!
0
Lemma 4.4. One has
(4.22) nh_}ngo Hlen O ) = 0.

Proof. We know that i € H{f” x HE, ji, € L%O(E),gk cE.
e Step 1. We only prove the above limit for fy,, as the same proof holds for f;,. More
generally, we prove the following lemma.

Lemma 4.5. Let fé be given. Let o, be generated by 56 following (4.15)). For any uo(t) €
L%(Hgf”), we define

de

ont) © S0, (uo(t) + o1 —fZAa uolt) + )
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- 2 (prk+2
Then, for any given ug(t) € L7.(Hy "), we have

(4.23) nl{ﬁf‘o@ ”Cfovn(uo)Ho([o,T];Hk+1 x Hk—1) =0

We notice that, by recalling (4.12)), (4.15) and (4.16),

1K fon(w) = K fon ()l cqory e+
< [ fon(u) = fon (W)l L1 (re+1y

< 1 (t) + p0.a())” = (v(8) + pon(9) |y ass

+ —H Z —|— §O — (U(t) + 53))2HL%~(H’€+2)

= 2 1ul) + pon(t) + v(0) + s0n(0) (u(8) (1) [y s+,

1
+ 5 lI(ut) + o) (t) = o)l are)
< (HUHL2 a2yl g2 eyl ponll L2, w2 )HU_UHLQT(HIH'Q)

(HUHL2 Hk+2)+HU”L (Hk+2)+C)Hu_'UHL2 (H*+2)>

where C' is independent of n. Thus, it suffices to prove (4.23) for simple functions wug(t).
The reason why we introduce fy,, is that in fy, the functions 56“ depend on wug(t).

e Step 2. Since uy, po(t), fg are chosen from a finite set, we know that K fo,(t) is included
in a bounded finite dimensional set. Therefore, for all t, Kfy,(t) is relatively compact. On

the other hand, as fo,, is uniformly bounded in C([0,T]; H**'), we know that {Kfo,} is
equicontinuous on [0,7]. Hence, by Arzela-Ascoli theorem we only need to prove that

(4.24) lim Kfon(t) =0, in HY,

n—-+00

for any t € [0,7].

e Step 3. It further suffices to prove (4.24) for time-independent ug. The general case (when
uo(t) is timely piecewise constant) can be proved by applying the same approach. Let us
therefore suppose that ug is a constant function in E: ug(t,z) = ¢(x) for some ¢ € E. We

define the quadratic structure by
def 1
B(y) = B x3/2

Thus
fOn( ) = B(uo + pon) Z)\B(Uo+§é)-
j=1
The T'/n-periodicity of p y tells us that (ug+ por) is periodic with period T'/n, which to be
combined with the fact that B(ug + &) is stationary with respect to time, implies that

fO,n(t + %) = fO,n(t)'
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Moreover, thanks to the construction of pg,, we also have that

T/n _ T/n
/0 fo,n(t)dt:/o (B(uo—i—/mn Z/\B u0+§0))dt
T/n
:%ax (/0 (U0+M0n —AZ u0+§0 dt)

T/n
:%c‘)x </0 (o (t —/\Z &) dt)
1
5 <2nm2£0 A Zfo )
=0.

It is known that fom is uniformly bounded in L>°(H**1). Thus, for every ¢ € [0, T],

= T
H]Cfo,n(t) HH(I)H—I S Cﬁ,
which completes the proof of Lemma O

Let us define

(4.25) Wi, L - K fin:

for ¢ = 0,1. Then can be equivalently written as

( Oipo + 3x£(w0,n + Kfon)po) =0,

Oywo,n + an (wo,n + pon + ICfO,n)2 + 0zpo = Mo,

(4.26) HA+ (wo + K fon)0eA+ 20, (won + Kfon)A =0,
Ap1 + O ((won + Kfon)pr + (wim + Kfin)po) = 024,

atwl,n+am((w0n+,u(]n+’Cf0n)(w1n+,uln+lcf1n))+arp1:ﬁla
p(0) =g, A(0)=Ay and u(0)=7,

which means that

(@n, 7, A) = R(5., Ao, fin + K fs K F2 7).
Equations (£.9), (4.22) and (4.25) tell us that (@, 5, A) € Y*+1(T). It further reduces to the
following problem:

8tpO,n + 81: (wO,nﬁO,n) = 07

_ _ 2 _ _
8twO,n + 5636 (wo,n + NO,n) + ar,o()m = To,
(4.27) O Ay, + 0,002 Ay + 20,0 Ay = 0,
8tﬁl,n + a:): (w(),nﬁl,n + wl,n[_}(),n) = axAna

Oy + 0y (@0, + f10.0) (W10 + p1,0)) + OuPrn = 71,
50)=g, A,(0)=A4; and @0)=7,

which means
(@mﬁm An) = 73(77 G, Ao, fiin, 0, 7?)
We know from Theorem |3 . Lemma and the fact that both ||(wy, o) A)|yx+1 (1) and
(7, g, Ao, fin + K fn, K fos )HXk (1) are umformly bounded, that [|R(7, g,AO,,un,O 77)Hyk
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is uniformly bounded for large n and that pp,,(z) are uniformly away from 0. Since the norm
of [|(7,, Ao, fin,0,17) | x#+2(7) is uniformly bounded, thanks to the blow up criteria we know

that (@, pn, An) are uniformly bounded in Y*+2(T) for large n.

Because for n large enough || (@, 7, A) |y k+1(7, || (T, P, Ar) lys+1(7)5 H/Cj?n||0([0,T];H§+1 <HE)
and || (7, g, Ao, fin,0,7) || xr+1(7y are uniformly bounded, and pj,, are uniformly away from 0,
we have Lipschitz property in lower regularity spaces, namely in X*(T') and Y*(T') space,

H(U__jnap:n?An) - (wnapv )Hyk < CH(IH ga AOaun+ICfnvlena ) - (17753 Aﬂaﬂnaoar__f)HXk(T)
which, together with Lemma @, implies that
(4.28) lim ||(@, P, An) — (@, 7, A)llyrm=0.

n—+oo

Finally, (4.22)), (4.25) and - imply that

W |[(@n, fny An) — (@, §, A)llyr ()= 0.

n—-+00

4.3.4. Continuity property: on the use of Theorem[3.2 At first we prove the following
lemma.

Lemma 4.6. For any ty > 0, any uniformly equicontinuous function X, (t) € C([0,T]; H* x
HR=2), and any uniformly equicontinuous function Xn(t) € C([0,T]; H*~1), we have

to
lim H/o 10,1 () Xo,n (1) dtHHk =0,

n—-+00

to
tim || [ 0,050 (0) 8] s =0,

n——+oo

to
lim_ || /0 11,0 (8) X1 () ]| iy = 0.

n—-+0o

Proof. The proof is straightforward, thanks to the fact that u, behave like an oscillation.
Indeed,

to to nt
/ o Yo (£)dE = / 1025 (8 xom (B)dt
0 0 T

nto tT
- / XO n )dt
n
nt ntg

0
T [T tT
§: / Oxon( Tyt + / 0B xon( L)t
n [%] n

Since X, (t) € C([0,T); H* x Hk*Q) is equi-continuous, and () is in L3 (E) (hence uniformly
bounded in LF(H?*),Vs > 0), we know that

ntg

T tT
[ moltixan(’ )it
0] n

is uniformly bounded in H* for ¢y € [0,7] and for n. On the other hand, we know from the
construction of p(t) that

i+1 tT i+1/2 tT i+1 1 tT
/ po(t)xon (- -)dt = / po(t) Xo0,n(—)dt +/ —to(t = 5)Xx0n(~-)dt
i i n i+1/2 n
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/2 tT tr T
= H( Jat.
[ 0 (o) = x0ale 50

Since Yy : [0,T] — H* x H*=2 is uniformly equicontinuous, for any § > 0 there exists M
such that when n > M we have

tT tr T
HXOH( ) — XO,n(Z‘F%)HHk< 0.
Hence 7 -
|20 (1) (XO,n(;) - XO,n(? + %)) | < 6,Y0 < t < n.
Therefore,
ntO
tT nto T6
dt < |—]—= < T6é.

The same proof shows that

to

n—-+o0o

The same proof also holds for p. 0

Following Theorem we compare to the following equation in [0,7] x T,
Aepo.n + O (W0 + f0,n)Pon) =0,

O, + iaw (Wo,n + Ho.n)” + Oufon = 7o,

Ay + (Won + Hon) O An + 20, (Wom + pon)An =0

Nprn + Ox ((@O,n + Hon) 1 + (D10 + m,n)ﬁo,n) = 0uAp,

OyW1 1 + Oy <(U70,n + 10,0) (W1,n + m,n)) + Oxpin = M,

pn(0) =G, A,(0)=Ay and 1,(0)=7.

As (W, pn, Ay) are uniformly bounded in Y**2(T'), thanks to Theorem and the blow up
criteria, we know that

(4.29)

hm H(U)N7pn7 An) - (/lz_jn75'n7 A”)HY’“(T): 07

n—+oo
(W Py Ap) = R(7, g, Ao, fin, fin, ﬁ') is uniformly bounded in Y**2(T) for large n.
Remark 4.1. We observe that the LS (H® x H*=2) norm of fi, (with s > 0) and the source

term 17 only depend on 1. This point probably could be used to reduce the reqularity of the
initial state. However, this is not the main purpose of this paper.

4.3.5. Approzrimation of u, by smooth (with respect to time) functions. In this step
we approximate fi,, by smooth [/ such that their values at the end points are 0. Let us take
e C([0,T]; E) with f@*(0) = @ (T') = 0 and

i 77— il ey = 0

Let

def N =
(@, g, AT E R(7, g, Ao, @, i, 1) € YEY2(T).

Then, for any n, thanks to the continuity property of R stated in Theorem we have

lim (@, 57, A7) = (@, fray An) ||y sz ()= 0.
m—00
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Consequently, we are able to select a sequence {m(n)}y such that

HEIEOOH( m(n) > ( ) Am(n)) (wn,pn, n)‘|yk+2(T): 0asn — 400

4.3.6. Extension technique. By taking w;”(”) = W, + ﬁ?(n), ﬁzl(n) ,5;”(”) and A" =

zzlnm("), we get that in [0, 7] x T
3tp m(n )—1—8 ( m(n)pglfbn)) — 0,

,TL

atwOfL " a (wi" )) + Oapp) = 0 + 8tug”,§"),
atAm(n) ”:L(”)a Am(n) + 28 wg ( )Am(n) _
3tpm(n) + O (wgig")p;nén) + wy (n)pgn?(ln)> = &CAnm(n)’

,n

(4.30)

74 0, () + 0,7 = i+ o,

,n

[ 00 =g, AT(0)= Ay and @ (0) = &

n

8tw1

Hence, as n tends to +oo,
(ujg"b(n) —m(N) Am(n)) d:efR( 7, A40,0,0 ?;,»_i_atﬂ»'?nlv,(n)) c YF+2(T),
(@) g Amy () = (@) | jm AW (T — (@, 5, A)(T) in ZF.

n
5. SEMICLASSICAL LIMIT OF THE CONTROLLED SYSTEM
In the end, this section is devoted to the proof of Theorem [2.2}

Proof of Theorem [2.3. The main idea of the proof basically follows from [16], which we outline
as the following three steps:
e Step 1. There exists Ty > 0 such that f have solutions which are uniformly
bounded for a" in C([0,Ty); H*) and for S" in C([0, Tp]; HF*1).

At first we study the system of u" and (a™", a""):

1 .o
Oa" + u'o,at" + §ar’h’8xuf” = fgaga"h,

. 1 B

(51) 8ta1,huhaxa1,h + fal’hﬁxuh — 7a§ar7h’
A —}—.uh@muh + 2a""9,a"" + 2aM" 0,0 = —nh(t, x),
(ar’h, al’hjuh)h:o = (Re(ao(h)), Im(ao(h)), 85,35) .

This system can be written in the form

(5.2) " + A(w")dw" = hH (w") + 7,
ar,h uh 0 lar,h
(5.3) wh'=[a" ], Aw") = 0 ul %ai’h ,
uﬁ 2ar,ﬁ 2ai,ﬁ uﬁ
~ 102 0
(5.4)  H@") = 102" |, f'(t,x) = fo(t,x) + hfi(t,z) =
0 777h(ta ‘/L‘)

We observe that this system shares the following properties.

(i) The maps w +— A(w) and w — H(w) are linear.
(ii) The left hand side of (5.2)) is symmetrizable with diagonal matrix Ay := diag(1,1,1/4).
(iii) H(w") has an Hamiltonian structure.
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(iv) f"(t,z) is uniformly bounded in C([0, T]; H*+%).
Therefore, for a < k classical energy estimates lead to
55) Dr(Agd2w", 92wy =2h(AgH (0%w"), 9%w™)
— 2(Agd (A(wM)dpw™), d%w™) + 2(A0d 1, 92w™).
Thanks to the special structure of H(w"), an integration by parts gives
(AgH (92w, 02uw™) = 0.

Moreover, since 9% (¢, x) are uniformly bounded on [0, 7] x T and using the fact that Ag is
a symmetrizer for (5.2)), classical estimates on the right hand side of (5.5)) lead to

0 Y (Agdgw", 95wy < Cllw"||cn [l || Fx+Clw” | g,
a<k

which C > 0 is a constant independent of & € (0,1]. As the initial data are uniformly
bounded in H* (see ), by Gronwall’s lemma we get the existence of Tp such that a”, u”
are uniformly bounded in C([0, Tp]; H).

Next, we solve equation via and u" = 9,8". Then it suffices to prove that
Jr S"(t) are uniformly bounded on [0, Tp]. We know from that

1
9,S™ + 5(uﬁ)2 + it z) + "> —1=0.
Since [1. f"(t) =0 and [} 3(u")? +|a"|> — 1 are uniformly bounded, this concludes the proof.

e Step 2. For h small enough, the solutions (a", S") are uniformly bounded in C ([0, T]; H* x
H**1). Moreover, (a", S") tends to (ag, So) in C([0,T]; H* x H*1) as h — 0%,

It is known from the assumption of Theorem that (1.5) admits a solution (pg,uo) in
C([0,T); H*). At first, by denoting w” (t) := (aj(t),a§(t),uo(t)) we prove that the zeroth
order limit system (2.4)),

(5.6) Orw + A(w)0,w = fo,

(57) w(0) = (af. ah, w0) =0 = (Re(a), Im(a§), 8,5).

has a solution wy € C([0,7]; H**?). Indeed, suppose that the maximal solution is on the
interval [0, s) with s < T, then pg, ug are bounded in C([0, s]; H**?). We know from (2.4)

that ag belongs to C([0, s]; H**1), which is in contradiction of the definition of s.
Let us define v" = w" — wp. Then comparing (5.6) and (5.2) we get

(5.8) ol + (A(vh) + A(wo))azvh + A(vh)&vwo = h(H(wo) + H(vh) + fl),
(5.9) v"(0) = (Re(ao(h)) — Re(al), Im(a’(R)) — Im(af), 0),
As wg belongs to C([0,T]; H**?), we get that
| (RH (95w), 050" |< hC ||wol| gz 0" || g, Yer <
which together with similar energy estimates as in the previous step lead to

0y (Aodgv", 8gv") < Cll" |3 (0" o1 41) + RO|[0" | g A-hC[0" | .

a<k
Since [[v"(0)|| g+ tends to 0 as & tends to 0, we are able to find positive fig such that
10"l oqo.1: 1)< CR A+ Cl0"(0)]| g < Ch, Y0 < B < g
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Therefore, the solutions (a”,u") converge uniformly to (ag,ug) in C([0,T]; H* x H¥) as

h — 0F. Meanwhile we know that S" (resp. Sp) satisfies (2.2) (resp. (2.3)), thus direct
calculations as above show that

/sﬁ(t) —>/Sg(t) in C([0,T]) as h— 0%
T T

Hence

(a”, 8™ tends to (ag, Sp) in C([0,T]; H* x H*) as b — 07,

e Step 3. Let S" = (S"—Sy)/h,o" = v"/h. Then (a",S") tends to (a1, S1) in C([0,T); H*2x
Hk_l).
We deduce from (5.8)) and the last equation of (5.1)) that

(5.10) 0" + (RA(D") + A(wp)) 050" + A(9") 0wy = H(wo) + RH (") + f1,
(5.11) 2"(0) = (Re(al + R(h)), Im(al + R(%)),0).

The limit system of f reads

(5.12) 00 + A(wo)ds + A(0")dpwo = H(wo) + f1,

(5.13) 5(0) = (Re(a}), Im(af), 0),

which is exactly the first order system . Let us denote the solution of this linear system
by v1 = (a71nvai17u1)'

Thanks to (5.10), @" are uniformly bounded in C([0,T]; H¥) c L*([0,T; H*). Then
by plugging this bound into 7, we obtain the uniform boundedness of 9;o" in
C([0,T); H*=2) c L>([0,T]; H*=?). Therefore, up to a subsequence, #" converges to some
function v’ in C([0, T]; H*~2). By taking the limit, we find that v’ solves the equation ([5.12)-
(5.13]). Hence v’ coincidence with v1. To this end, we deduce from

) 1 _
OrS" + gt + Sh(E")? + Fy + (@9 + "a0) + b | @ P= 0,

0¢S1 + uour + 2Re(apar) + Fo =0,
that
/Téﬁ(t) o /TSl(t) in C([0,T]) as h — 0F.
Therefore
(a", S™) tends to (a1, S1) in C([0,T]; H* 2 x H* ) as h — 0.
More precisely, we get the first order expansion of 1)":
a" = ag + hay + b, S" = Sy + hSy + hrl,

— _ N _
hli)rél+||ra”C([O,T];Hk*2)_ 0, hli%lJrHTSHC([O,T];H’“*l)_ 0,

and complete the proof of Theorem O
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