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ORBITAL STABILITY OF A SUM OF SOLITONS AND BREATHERS OF THE MODIFIED
KORTEWEG-DE VRIES EQUATION

ALEXANDER SEMENOV

ABSTRACT. In this article, we prove that a sum of solitons and breathers of the modified Korteweg-de
Vries equation (mKdV) is orbitally stable. The orbital stability is shown in H?. More precisely, we
will show that if a solution of (mKdV) is close enough to a sum of solitons and breathers with distinct
velocities at + = 0 in the H? sense, then it stays close to this sum of solitons and breathers for any
time + > 0 in the H? sense, up to space translations for solitons or space and phase translations for
breathers, provided the condition that the considered solitons and breathers are sufficiently decoupled
from each other and that the velocities of the considered breathers are all positive, except possibly one.
The constants that appear in this stability result do not depend on translation parameters.

From this, we deduce the orbital stability of any multi-breather of (mKdV), provided the condition
that the velocities of the considered breathers are all positive, except possibly one (the condition about
the decoupling of the considered solitons and breathers between each other is not required in this
setting). The constants that appear in this stability result depend on translation parameters of the
considered solitons and breathers.

1. INTRODUCTION

1.1. Setting of the problem. We consider the modified Korteweg-de Vries equation:

{ up+ (g + %), =0, (t,x) ERxR,

(mKdYV) u(0,x) =up(x), x€R,

for ug € H*(R).

(mKdV) appears as a good approximation of some physical problems as ferromagnetic vortices
[44], fluid mechanics [22], electrodynamics [36], plasma physics [37, 9], etc.

The Cauchy problem for (mKdV) is locally well-posed in H® for s > —3 [21]. For s > 1, the
Cauchy problem is globally well-posed [12]. In this paper, we will use only basic results about the
Cauchy problem: the fact that it is globally well-posed in H! or H2.

Note that the set of solutions of (mKdV) is stable under space or time translations or under
reflexions with respect to the x-axis.

We have following conservation laws for a solution u(t) of (mKdV):

(11) M[u](f) = % [
(12) Efu](£) := ;/ui(t,x)dx - i/zﬁ(t,x)dx,
(13) Flu](t) = % [t xyax - ; [0 )+ i [t xpax

Note that (mKdV) has actually infinitely many conservation laws, because it is integrable, like
the original Korteweg-de Vries equation (KdV), which has quadratic nonlinearity [35, 1]. It is also a
special case of the generalized Korteweg-de Vries equation (gKdV) [28].

(gKdV) belongs to the family of nonlinear (focusing) dispersive equations. Other examples of
equations belonging to this family are the nonlinear Schrodinger equation (NLS) [32, 43, 42] and
the nonlinear Klein-Gordon equation (KG) [13, 14]. They share a common property: they all admit
special solutions called solitons, a bump that translates with a constant velocity without deforma-
tion. However, (mKdV) enjoys a specific feature: it admits another class of special solutions called
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breathers, which we will describe below. We will consider here both specific solutions of (mKdV)
together: solitons and breathers.

For ¢ > 0,k € {—1,1} and x¢ € R, a soliton parametrized by c, x and x is a solution of (mKdV)
that corresponds to a bump of constant shape that translates with a constant velocity ¢ without
deformation, that is initially centered in x and that has for sign x. In other words, it is a solution
of the form:

(1.4) Rex(t, x;x0) := kQc(x — ct — xp),

where Q. is the profile function that depends only on one variable and that is positive and pair.
Q. € HY(R) should solve the following elliptic equation:

(15) ! —cQc+Q=0.

It is possible to show that (1.5) has a unique solution in H!, up to translations and reflexion with
respect to the x-axis. One can show that Q. has the following expression:

(1.6) Qe(x) := (coshzz(c\fcx)> :

We denote Q := Q; the basic ground state.

When ¥ = —1, the soliton is sometimes called an antisoliton.

The soliton R, (xg) travels with velocity ¢ to the right, the position of its center at a time t is
xo + ct. It is exponentially localized, depending on ¢ and x( + ct (the position of the bound depends
on xg + ct, the amplitude and the exponential decay rate depend on c):

(1.7) IR (t,x;%0)| < V2cexp (—Vc|x —xo—ct]).

Analoguous bounds are valid for any derivative (with the same decay rate but different amplitude).
This motivates the terminology “shape parameter” for c.

Solitons, in particular their stability, have been extensively studied: regarding orbital stability
(in H'), we refer to Cazenave, Lions [8] and Weinstein [43, 42] for (NLS) and Weinstein [43], Bona-
Souganidis-Strauss [7] and Martel-Merle [30] for (mKdV), see also Grillakis-Shatah-Strauss [20] for
a result in an abstract setting. Asymptotic stability (in H') of (mKdV) solitons was shown by Martel-
Merle [29, 33, 31] and refined by Germain-Pusateri-Rousset [18].

For a,f > 0 and x1,x2 € R, a breather parametrized by «, B, x1, x2 is a solution of (mKdV) that
has the following expression:

, , B sin(ay:)
(1.8) Balﬁ(t, X;X1,Xp) 1= 2v/20, [arctan (occosh(,Byz) ,
where y1 1= x + 6t + x1, Y2 1= x + Yyt + X2, 6 := a® — 3p% and 7 := 3a? — B
The breather B, g(x1, x2) travels with velocity —; the position of its center at a time ¢ is —x, — yt.
It is exponentially localized, depending on &, p and —x, — <yt (the position of the bound depends
on —xp — t, the coefficient depends on « and f, and the exponential decay rate depends on p):

(1.9) | Bap(t,x; 21, x2)| < Cla, B) exp (=B |x +x2 + ),
Analogous bounds are valid for any derivative (with the same decay rate but different amplitude).
This motivates the terminology “shape” and “frequency” parameters for § and «, respectively.
One doesn’t talk of “antibreathers”, because if we replace x; by x; + 7, then a breather is trans-
formed in its opposite.
Similarly to (1.5), it is known that a breather B = B, g satisfies the following elliptic equation on
R:

3
(1.10) Buxxx 4+ 5BB2 + 5B%B,, +

2
Note that in [39] a similar form of elliptic equation (with a fourth order derivative) is obtained
for a soliton R from (1.5). This allows us to consider solitons and breathers at the same level of
regularity, which is the key of the proof made in this article.
This object was first introduced by Wadati [40], and it was used by Kenig, Ponce and Vega in
[25] for the ill-posedness for (mKdV) for rough data. Their properties, in particular their stability,
are well studied by Alejo, Mufioz and co-authors [3, 2, 5, 6, 4]. We know that a breather is orbitally

B —2 (B2 —a?) (Bux + B?) + (&> + B7)* B =0.
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stable in H? [3]. Afterwards, H' orbital stability was proved via Backlund transformation [4], and
also H' asymptotic stability, for breathers moving to the right. Asymptotic stability of breathers in
full generality is still an open problem.

When a — 0, B, g tends to a double-pole solution of (mKdV): it is a couple soliton-antisoliton that
move with a constant velocity and that have a repulsive logarithmic interaction [41]. However, this
limit, which is somehow at a boundary between solitons and breathers, is expected to be unstable
[19]. We do not consider this object in this paper.

Solitons and breathers are important objects to study because of their stability properties and
also because of the soliton-breather resolution. The latter is an important result about the long time
dynamics of (mKdV), which asserts that any generic solution can be approached by a sum of solitons
and breathers when t — +oo. It is established for initial conditions in a weighted Sobolev space in
[10] (see also Schuur [38]) by inverse scattering method; see also [38] for the soliton resolution for
(Kdv).

Given a set of basic objects (solitons and breathers), we consider a solution that tends to this sum
when t — +oo, called multi-breather. In [39], we have shown existence, regularity and uniqueness
of multi-breathers of (mKdV). There is also a formula for multi-breathers of (mKdV) obtained by
Wadati [41], which was derived as a consequence of the integrability of (mKdV)); but is it not well
suited for our purpose.

Martel, Merle and Tsai [34] proved that a sum of (decoupled and ordered) solitons is orbitally
stable in H! for (mKdV), and actually asymptotically stable (in the region x > dt for 6 > 0 small).
Le Coz [26] has established stability of (mKdV) N-solitons in HN by modifying the approach used
by Maddocks and Sachs [27] for (KdV).

Inspired by [34], similar asymptotic stability results where obtained for sums of (decoupled)
solitons for various nonlinear dispersive equations: we refer to El Dika [16] for the Benjamin-
Bona-Mahony equation (BBM), Kenig and Martel [23] for the Benjamin-Ono equation (BO), El
Dika-Molinet [17] for the Camassa-Holm multipeakon, and Coéte-Mufioz-Pilod-Simpson [15] for
the Zakharov-Kuznetsov (ZK) equation.

Because breathers have an H? structure, we prove orbital stability in H? in this paper for a sum
of solitons and breathers. One of the difficulties is to obtain H2 stability results for solitons too, i.e.
to study solitons at a H? level.

1.2. Main results. We prove in this article that given any sum of solitons and breathers with distinct
velocities and such that all these velocities except possibly one are positive, a solution u of (mKdV)
that is initially close to this sum in H? stays close to this sum for any time of a considered time
interval up to space translations for solitons or space and phase translations for breathers. This is
orbital stability. Let us make the definition of orbital stability more precise.

Let L € IN. We consider a set of L solitons: given c? >0,x € {—1,1} and xg,l ERfor1<I<IL,
weset, forl1 <[ <L,

(1.11) Ri(t,x) :== Ro . (£, %;x7).

Cr/X1

Let K € IN. We consider a set of K breathers: given a > 0, fx > 0 and x(l),k, xg r ERfor1 <k <K,
we set, for 1 < k <K,

(1.12) Bi(t,x) := Buy g, (£, 65x5 1, 29, ).

We now define important parameters for each of the objects of the problem. For 1 <[ < L, the
velocity of the I/th soliton is

(1.13) 0§ =Y,
and for 1 < k < K, the velocity of the kth breather is

(1.14) 0? = B2 — 3a2.
For 1 <1 < L, the center of the [th soliton is
(1.15) xXj(t) == xq, + ojt,

and for 1 < k < K, the center of the kth breather is
(1.16) xp(t) == =29 + ot
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We set | := K+ L the total number of objects in the problem. We assume that | > 2, because for
] = 1 the proof is already done in [3] when the only object is a breather, and in [43] when the only
object is a soliton.

We assume that the velocities of our objects are all distinct, this will imply that our objects are
far from each other when time is large, which is essential for our analysis. More precisely,

(1.17) Vk#K, o0 £k, VI#U, o #£Y, VI ol #0

This allows us to define an increasing function
(1.18) v:{l,.,J} = {o},1<k<K}U{v},1<I<L}

The set {v1,...,v;} is thus the set of all the possible velocities of our objects. We have
(1.19) 0 <0y <...<Uy.

We define, for 1 < j < ], P; as the object (R; or By) that corresponds to the velocity v;, i.e. if
v; = vj, we set P; := R;, and if v; = v,ﬁ, we set P; := By. So, Py, ..., Py are the considered objects that
are ordered by increasing velocity.

We denote xj(t) the position (the center of mass) of P;(t). More precisely, if P; = R;, we set
xj(t) == x;(t); and if P; = By, we set x;(t) := xi(¢).

We set

L K J
(1.20) R:=) R, B:=) B, P:=R+B=) P,
1=1 k=1 j=1

We need both notations: indexation by k and /, and indexation by j, and we keep these notations
to avoid ambiguity.

The main result that we will prove in this article is the following: a sum of decoupled solitons
and breathers, with v, > 0 (that is, all travel to the right, but at most one can be static or travel to
the left), is orbitally stable. The precise statement is as follows.

Theorem 1.1. Given a set of solitons and breathers (1.11), (1.12) whose velocities (1.13) and (1.14) satisfy
(1.17), and whose positions are set by (1.15) and (1.16), we define the corresponding sum P in (1.20), and we
define P;, vj, x; a reindexation of the given set of solitons and breathers such that (1.19). We assume that

(1.21) 02 > 0.

Then there exists Ay, 6y, Do, ap > 0, constants (depending on c?, &k, Bk, but not on xg I x‘l) i OF x‘z) i), such
that the following is true. Let D > Dy and 0 < a < ag such that

(1.22) [u(0) = P(0)||p2 < @, and xj(0) > x;_1(0) +2D, forallj=2,...,],

for a solution u € C(R, H*(R)) of (mKdV).
Then, there exist xq;(t), x1(t), X2k (t) defined for any t > 0 such that

(1.23) Vi >0, < Ay (a n e—GOD) ,

H2

L K
u(t) =y R, (t,5x0,(t)) = Y Bayge (£ 5 x1x(t), x2())
=1 k=1

with
L K

(.24 VE2 0, Y [0 + X (154(0)]+ [raelt)]) < Cho (a+eP),
=1 k=1

for some constant C > 0.

Remark 1.2. Let us stress on the fact that the constant Ay do not depend on the translation parameters
of the considered objects.

We also deduce a consequence from Theorem 1.1 for multi-breathers.

Recall that multi-breathers were defined and contructed in [39], and their uniqueness was proved
there when v, > 0. They can be also obtained from the formula from [41] obtained by inverse
scattering method by Wadati. Let p be a multi-breather associated to P (in the setting v, > 0, we
know that p is also unique). To emphasize the dependence of p with respect to the parameters, we
will write

(1.25) p(t,x) =: p(t, x; ax, Bk, x(f,k, xg,k, K,,c?, xgll).
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The same way, to emphasize the dependence of P with respect to the parameters, we will write
(1.26) P(t,x) =: P(t,x; a, P, X3 o, X9 1, 51, €5, X0 ).
Theorem 1.1 can be recast as orbital stability of a multi-breather:

Theorem 1.3. Let ay, By, x(l) » xg k, Kl,c?, xgl and p the multi-breather associated to these parameters with

notations as in (1.25) given by [39, Theorem 1.2]. We assume that (1.17) holds and vy > 0. There exists
o > 0 small enough, Coy > 0 large enough such that the following is true for 0 < 1 < 1.
Let u(t) be a solution of (mKdV), such that

(1.27) [(0) = p(0; ks B 31 40 X2 X01) | 2 < 11
Then there exist C1 functions xq(t), x1x(t), X2 (t) defined for any t > 0 such that
(1.28) VE>0, |lu(t) — p (tak B x1e(t), xox(t), e} x0, (1)) || 1o < Com,

with (1.24) that is satisfied.

Remark 1.4. Let us stress on the fact the Cy do depend on the translation parameters of the considered
solitons and breathers, i.e. on xg,l' x(l]’k and xg,k. More precisely, it depends on the time we need to
wait until the collisions between the considered solitons and breathers are over. This is a fundamen-
tal difference between Theorem 1.3 and Theorem 1.1. In fact, in Theorem 1.1, we avoid collisions
and this is the reason why we get a more uniform result. It is reasonnable to expect that Theorem
1.3 can be improved so that Cy do not depend on translation parameters.

In this paper, we adapt the arguments given by Martel, Merle and Tsai [34] to the context of
breathers. To do so, it is needed to understand the variational structure of breathers, in the same
manner as Weinstein did in [43] for (NLS) and (mKdV) solitons. Such results have been obtained
by Alejo and Mufioz in [3]. When a soliton is a critical point of a Lyapunov functional at the H'
level, whose Hessian is coercive up to two orthogonal conditions, a breather is a critical point of a
Lyapunov functional at the H? level, whose Hessian is coercive up to three orthogonal conditions.
One important issue that we address is to understand the variational structure of a soliton at the
H? level. We do this by modifying the Lyapunov functional from [3], and we will also adapt it for
a sum of solitons and breathers. We need to make assumptions on the velocities of our breathers
(recall that the velocity of a soliton is always positive), because several arguments are based on
monotonicity properties, which hold only on the right.

1.3. Organisation of the proof. The proof of Theorem 1.1 is based on two results: a modulation

lemma and a bootstrap proposition. We give a detailed outline of both results in Section 2, and

give in Section 3 the proof of the heart of the argument (Proposition 2.6), where we complete the

bootstrap via a (finite) induction argument on the an improved bound localized on the last j objects.
In Section 4, we prove Theorem 1.3 as a quick consequence of Theorem 1.1.

1.4. Acknowledgments. The author would like to thank his supervisor Raphaél Cote for suggesting
the idea of the work, for fruitful discussions and his useful advice.
The author would also like to thank Guillaume Ferriere for his useful remarks and suggestions.

2. REDUCTION OF THE PROOF TO AN INDUCTION

For the proof, we assume the assumption of the Theorem 1.1 true (i.e. we assume (1.22) true) for
a solution u(t) and a choice of translation parameters, and the goal is to find the suitable constants
A, 0, Dy, a9 (that do not depend on u nor on translation parameters) so that the Theorem 1.1 holds.

2.1. Some useful notations. We set some useful constants for this paper. We define the worst
exponential decay rate:

(2.1) B:=min{fi, 1 <k <K}U{ /c,1<I<L},
and the worst distance between two consecutive velocities:
(2.2) T:=min{vj —v;,1 <j< -1}

For any j = 2, ..., ], we have that
(2.3) Vt e I, x]'(t) - x]‘,l(t) > x](O) — x]‘,l(O) + Tt.
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We introduce general parameters, for j = 1,..., ], (a;,b;). If P; = By is a breather, we set (a;, bj) :=
(a, Bx). If P; = R; is a soliton, we set (a;, bj) := (0, ﬁ)

2.2. Modulation lemma. We will first state a standard modulation lemma, which can be proved
similarly as the modulation lemma in [39]. We need it because we will construct translations of our
objects so that they are near to u and some orthogonality conditions are satisfied. These orthog-
onality conditions will allow us to use coercivity of some quadratic forms in the following of the
proof.

Lemma 2.1. Let A > 0,0 > 0, t' > 0 and yy,(t), yox(t), y3l( ), Yo, (t) defined for t € [0,t'] (with

ys,(t) > 0) such that Vt € [0,#'], |yz;(t) — ¥ < min{g }U{ ,1 < p <L} If Dy is large enough and
ag is small enough (dependently on A'), there exists a constunt Cyp > 1 such that the following holds. Let u(t)
be a solution of (mKdV) such that for any t € [0, '],

L
(24) u(t) = Y 11Qy, 5 (- + v (t) — ci't) Z Buy g (t 5y i (£), o (1)) < A (ﬂ +e_9D) ,
=1 H2
L K
(2.5) =Y 11Qy,,0) (- +%0,1(0)) = Y Buy g (0,5 y14(0), y24(0))|| < a,
=1 k=1 H2

and if we set yj(t) := —yoi(t) + vt if P; = Ry, and y;(t) := —ypx(t) + it if P; = By, we have, for any
2<j<],

26) Ve [0,¢], y(t) ~ya() > D,

then, there exists C functions zqx(t), zox(t), 23, (t), 20, (t) defined for t € [0,#'] (with z3;(t) > 0), such
that if we set

2.7) e(t) == u(t) — P(t),
where
2.8) Ri(t,x) := 1Quy () (- + 204 (t) — 1) for 1 <1<,
(2.9) Bi(t, x) := By p (£, X321 4(t), 204 (t))  for 1 <k <K,
(2.10) Pi:=R, if =R, Pj:=B if Pj=By,

_ L _ K _ _ _ ] _
2.11) R:=YR, B:=Y B, P=R+B=) D,

=1 k=1 j=1
then, for t € [0,t'], for1 =1,.., L, fork =1,.

2.12) / Ri(b)e(t) = / 3. Ry (D)e( / 92, Bi (1) / 92, B (1)e(t) = 0.

Moreover, for t € [0,t'], we have
le(®) [z + |21, (t) = yre(t)] + [z2k(t) — ya,(t)]

(2.13) _
+z31(8) =y (D] + z0,(5) = you (D] < CA (a+e7P),

and

(2.14) [|e(0) |2 + |21(0) — y1,(0)| + [224(0) — y2,4(0)| + |23,1(0) — y3,1(0)[ + |z0,1(0) — Y0, (0)| < Caa,
and for any t € [0,t], (z1x(t), zox(t),23,(t),201(t)) € REF2L is unique such that (2.12) is satisfied and
(z14(t), 204(t),23,(t),20,(t)) is in a suitable neighbourhood of (y1x(t), Y2, (t), y3,(t), yo,(t)) that depends
only on A’ (a+e%P).
We set, for t € [0,1], zj(t) ==z () := —zq(t) + vt if Pj = Ry, and zj(t) := z](t) := —zo4(t) + 0}t if
P, = B,.
] For Dy large enough and ag small enough, if we assume that

(2.15) Vte [0,t'], zj(t)—zj1(t) > D,
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(note that (2.15) is a consequence of Vt € [0,t'],  y;(t) —y;_1(t) > 2D if ag is small enough and Dy is large
enough), then for any t € [0, '], we have that

fork=1,..,K

(2.16) 1248 + [Z4,(5)] < Ca ( / e—’é\x—zz<t>|sz>” e
forl=1,..,L,

(2.17) |25, (H)] + |zo,(1)] < C </ e_g’x_zls(t”sz)l/z G5

Remark 2.2. We will also use generalized notations for y; x(t), y2(t) and other object-specific nota-
tions, in the lemma above.
For j=1,.., ], either if P]- = R; is a soliton, we denote

(2.18) yii(t) ==yaa(t),  zii(t) == zau(t),  w3i(t) :=you(t), z5;(t) == 2z0u(t),

or if P]- = By is a breather, we denote

(2.19) vt ==yik(t),  zii(t) == z1k(t),  ya,(t) :=yox(t),  z3i(t) := zox(t).

Proof. See [39, Lemma 2.8], for the proof of a similar result. We also refer to [34, 3, 11]. O

2.3. Bootstrap. Given Lemma 2.1, we reduce the proof of Theorem 1.1 to the following bootstrap
proposition (we will use the notations given in Section 1.2; in particular the position x;(t) of P;(t) is
defined there):

Proposition 2.3. There exists A > Cp and 6 > 0 such that, if Dy is large enough and aq is small enough
such that

0
c
(2.20) Coa < Afa+eP) < min{%} U{F1<p<Ly,

for t* > 0, we assume that there exist C' functions x1(t), X2 (t), c1(t), xo,(t) € R (with ¢;(t) > 0) defined
for t € [0, t*] such that, if we denote

L K
(2.21) vte[0,t7], e(t)=u(t)— Y R 2
1=1 k=1
where u is a solution of (mKdV),
(2.22) Vi€ [0,t], Ri(t) :=1Qq ) (- + x01(t) —cft) for 1<I<L,
and
(2.23) Vi€ [0,£%], Bi(t) := Buyp, (t, s x1(t), xax(t)), for 1 <k <K,
13} = Rj i if P; = R; and 13] := By ifP- = By, and ff(t) = —xo,(t) + vjt, J?,f(t) = —xx(t) + obt,

%(t) := % (1) if By = Ry, and %(t) = x}(¢) if Py =
and if we assume that

(2.24) V1<j<T—1, x:1(0) —x(0) > 2D,
(2.25) vte0,t], [e®)m < A(a+e ), [e(0)ll < Caa,
(2.26) VEe (0,8, |a(t) = <A (a+e—9D), 1c(0) — 9| < Cag,

L K
(2.27) Y 1x0,(0) + 20,1 + Y (Jx1(0) — 9 4 + [x2,4(0) — 23, |) < Ca,

=1 k=1

L K 0

(2.28) Ve (0,67, ) (It +]xg,(t) Z |11 (B)| + 204 (8)]) < CA(a+eP),

I=1
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where C > 0 is a large enough constant, and

(2.29) Vi € [0,], / By (De(t) = / By (De(t) = / Ri(D)e(t) = / Ry (H)e(t) =0,
then

(2.30) vie 0,6, [le(t)] < g (ate7P),

(2.31) vte [0,t], |o(t) -0 < é (u —i—e’9D> :

Remark 2.4. We will use generalized notations for xy x(t), x2x(t), c;(t) and xq;(t).
For j =1,.., ], either if P; = R, is a soliton, we denote

(2.32) xij(t) =q(t), x;j(t) = x0,(t),
or if P; = By is a breather, we denote
(2.33) xq(t) == xpk(t), x5 = xpx(t).
We denote
- I K _ L _
(2.34) P(t) := Epj(t) = kZ‘{Bk(t) +;R,(t).
j= - =

Remark 2.5. We note that, for any j = 1,...,] — 1, (2.24) and (2.27), assuming that a¢ is chosen small
enough and Dy is chosen large enough, imply that

(2.35) %711(0) — %(0) > D.

From definitions of xj(t), of T and (2.28), assuming that ag is chosen small enough and Dy is
chosen large enough, we deduce that for any t € [0, t*],

(2.36) VI<j<J—1, 5 ()—%/(t) > g
and
(2:37) <j<) 2 <E() <20

From (2.35) and (2.36), we may deduce that for any ¢ € [0, t*],
(2.38) VI<j<] Gat) %) =D+t

The proof of this proposition will be the goal of the following. The proof of Theorem 1.1 then
follows from a continuity argument.

Proof of Theorem 1.1 assuming Proposition 2.3. We take A, 0, Dy, ao that work for Proposition 2.3, we
will show that they will also work for Theorem 1.1. We take D > Dy and 0 < a < g9 and we assume
that (1.22) is true for a solution u of (mKdV). This implies (2.24).

We assume that ag is small enough and D is large enough such that A (a + e ?P) < min{f} U

0
{$1<p<L}).
Because c% > 1, by continuity, there exists t; > 0 such that

A
(2.39) vie0n], [u(t) = PO)lg < & (a +e*"D) .

Of course, we have that

(2.40) Vt € [0, tl], x]-(t) — x]-,l(t) > 2D + tt.
We apply Lemma 2.1 on [0,#;] with A’ = 42. We take Dy larger and gy smaller if needed. So,
there exist C! functions xy x(t), xox(t), c;(t), x0;(t) € R with ¢;(t) > 0 defined for t € [0,#], such that

if we set
(2.41) e(t) := u(t) — P(¢),
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with the same notations as usual, we have that

(2.42) vteon], le®lm<A(ate ™), [0l < Cor,
(2.43) vte 0] Jat) - <A (a +e—9D) , a(0) = &0 < Caa,
L K
(2.44) Y 1x0,(0) 4+ 20,1 + Y (Jx1,(0) — 9 [ + [x2,4(0) — x3,|) < Ca,
=1 k=1
L K
@45)  veeonl Y (O] + I 0) + L (0] + [¥(0)]) < CA@a+eP),
=1 k=1

if 0 > 0 is chosen small enough, and

@a6)  veelon), [ Ba(et) = [Bae) = [Ri(b)e(t) = [ Ri(be(t) =o.

Remember that (2.38) for any t € [0, 1] is a consequence of what is written above.

Let I* C R, be the supremum of intervals I’ D [0, #] for inclusion in the set of intervals of R
such that the C! functions x; x(t), x24(t), c1(t), xo;(t) may be extended on I’ and such that (2.24),
(2.25), (2.26), (2.27), (2.28) and (2.29) are still satisfied for any t € I'.

In order to make the definition above licit, we need to point out the following fact: by uniqueness
in Lemma 2.1, we find that if we have two extensions on I, and I3, then we find that those extensions
coincide on I, N I3 (we remind that [0,#;] C I, N I3). This is why, if we have suitable extensions on
I, and I3, then we have a suitable extension on I U I3. And, the supremum I* is simply the union
of all the possible extensions I’ and the implicit functions may be extended on I*.

When (2.24), (2.25), (2.26), (2.27), (2.28) and (2.29) are true for xj (), x2 (), c;(t), x0,(t) with
I = [0,f2] C I* (where t; > t;), we may extend these implicit functions a bit further (in a random
way, that we denote y (), y2x(t), y3,(t) and yo,(t), and we denote y; their positions) and have
(2.24), (2.25), (2.26), (2.27), (2.28) and (2.29) that are still satisfied, but on the extended interval. The
extended interval will be an interval of the form [0, t5], where t, > t,. We do it in the following way.
First, we apply Proposition 2.3 on I, and that makes (2.25) and (2.26) a bit improved on I and become
(2.30) and (2.31) on I. And so, (2.25) and (2.26) are satisfied on an extension of I. After application
of Lemma 2.1 with A’ = A (where the notation A’ is from Lemma 2.1), that we may apply thanks
to (2.38) (more precisely, from Remark 2.5, (2.38) is satisfied on I, from what forany 1 <j <] -1,
Yi+1(t) — yj(t) > D is true on an extension of I) we see that (2.29) can be also extended (after
modification of the implicit functions on the extension of I: we now denote them xq;(t), x4 (f),
x3,(t) and xo(t), as they coincide with implicit functions given at the beginning of this paragraph
on | from uniqueness in Lemma 2.1). Note that after this modification, it is needed to reconsider
all the previous sentences of this paragraph, in order to take a smaller extension if needed and
have (2.25) and (2.26) satisfied. Because of Remark 2.5, (2.38) is satisfied on I, this is why for any
1<j<T-1, ﬁ(t) - 3?](15) > D is satisfied on an extension of I (eventually smaller, but of the
form [0, t}] as specified at the beginning of the paragraph). This is why, we may apply consequences
(2.16) and (2.17) of Lemma 2.1 and obtain that (2.28) is also satisfied on this extension of I. Thus,
we may find an extension [0, t5] (with #; > t;) of I and extensions of xq x(t), x2 (), ¢;(t), x0,;(t) on
this extension such that (2.24) (2.25), (2.26), (2.27) (2.28) and (2.29) are satisfied.

We deduce that the interval [* is necesseraly an open subset of IR . Let us prove that I* is also a
closed subset of IR;. This will allow us to conclude that I* = R,.

If I* is not closed, then it is [0,t;), where t, > 0. Let (T,) be a sequence of points of I* that
converges to to. Then, (x1x(Ty)), (x24(Tn)), (c/(Tn)) and (xq;(T,)) are Cauchy sequences because
of (2.28). Thus, they converge and x7 x(t), x2x(t), ¢;(t) and xo;(t) may be extended continuously in
t = tp. By continuity, it is clear that (2.25), (2.26), (2.29) and (2.38) are still satisfied in ¢ = ¢,. This
is why, we may apply Lemma 2.1 on [0, f;]. From uniqueness in Lemma 2.1, we find that xq (f),
x2k(t), c1(t) and xo,(t) are C on [0, t,]. Thus, (2.28) is also satisfied in t = t,. That contradicts the
maximality of I*. Thus, I* is closed in R..
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So, we deduce that we have C! functions x1(t), xp(t),c(t), xo,(t) defined for any t > 0 such
that,

(2.47) VE>0, |le(t)]p < A (a +e—9D) ,
(2.48) VE>0, ()= <A (a +e*9D) ,
L
(2.49) vE>0, Y ([ef(t)] + %0, (1)) + Z %1 (D) + |23 (1)]) < CA(a+eP),

=1
where C > 0 is a large enough constant, and

(2.50) w20, [Ba(e(t) = [Bale(t) = [ Rit)e(t) = [ Ri(b)e(t) =0

And we set

K
(2.51) w( Z K1 Qeo (- + xo, () — 1) = Y Bu g (5 x1k(£), x24 (1))

k=1
We need to bound w to flnlsh the proof. For t > 0, we use triangular inequality and we bound
the norm between two ground states centered at a same point,

Hmwmsuwm+zwq—c,

H?2
< [le(®)[l +C Z ler(t) — ¢
I=1

(2.52) <CA (a + e*"D) ,

and this is exactly what we wanted to prove. Moreover (1.24) is a straightforward consequence of
(2.49). O

Hence, we are left to prove Proposition 2.3.

2.4. Proof by induction. We will prove Proposition 2.3 by induction. More precisely, we want to
find A > Cy,0, Dy, ag so that the Proposition 2.3 holds for any t* > 0.

We assume that there exists functions x1 (), X2k (t), ¢;(t), x0, () € R defined for ¢ € [0,t*] such
that, with notations of Proposition 2.3,

(2.53) VEe (0,6, el < Ala+eP), ||e(0)] s < Caa,
(2.54)

CO
VEe[0,£], |a(t) — % < A(a+eP) < min{%} U {:o <p< L}, Ic(0) — 9| < Caa,

L K
(2.55) Ve (0,8, Y (lep(B)] + |xg, (1) Z (I¥ ()] + x5, (H)]) < CAa+eP),
=1 k=1

(2.56) Vit € [0,t7] / By (H)e(t) = / Bio (t)e( / Ry(t)e(t) = / Ry (e(t) =0,

as well as (2.27) and (2.24).
As in Remark 2.5, we deduce that (2.36), (2.37) and (2.38) are satisfied.
And the goal is to improve inequalities (2.53) and (2.54).
We define the average between positions of two consecutive objects. For j = 3, ..., ], we set

v (t xi(t
(2.57) vHe 0,8, mi(t) = le()z—i—x]()
and we set

@58) Ve 0], malt) = W n /Otmax <551'(S) ;sz’(S), 552’2(5)> "
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With these definitions, we make sure that for any j =2, ..., ], m}(t) > 0, even if v; < 0.
By (2.36), for j > 3,

(2.59) WEMﬂ,@mywaozg @m—@jmzz,
and for j = 2, we have
~/ ~/ ~/
(2.60) Vt e [0,t*], m5(t) = max <x1 (t) —2sz (t), xzz(t)> /
and so,
* T ) >S E () — el > min (2 T

(2.61) VEe[08], my()—%'() = 5, () —my(t) = min (Z, 7).

This is why, we set

_ Uy T

(2.62) { := min ( 1 4)
a constant that depends only on problem data, and so for any j > 2,
(2.63) vte[0,t], X'(t)—mi(t) >, mi(t)—x'(t) > C.

The latter implies that Vj > 2, Vt € [0,t*], x;1(t) < m;(t) < X;(t), and we may deduce by
integration and by (2.38) and (2.63) that

%(t) — mi(t) = %(0) +/x] mi(s) ) ds
%(0) —51(0) gt
= x]()zle() +/0 (xj (s) — mj(s)) ds
(2.64) > % +t,
and similarly,
(2.65) mi(t) 53 (6) > 5+t

We have that (the m; are chosen for that) for any j > 2,
(2.66) Vt € [0,#], mzﬂmz@mz%zg

We will reason by induction in order to improve (2.53) and (2.54). For this, we introduce a cut-off
function.
Let o > 0 be a constant small enough for which the conditions will be fixed in the following of

the proof.
We denote:
(2.67) ¥ (x) := %arctan (exp (Vox/2)).
By direct calculations,
(2.68) Y0 = 27 cosh\fﬁx/z) ’
and so,
(2.69) [¥'(x)| < Cexp (—V0|x|/2) .

We have the following properties: lim ¥ =1, lim_o%¥ =0, forall x e R ¥(—x) + ¥(x) =1,

¥ (x) > 0, [¥"(x)] < ¥ (x)], [¥7(x)] < L[¥"(x)], [¥'(x)] < ¥ and [¥'(x)| < 4 (1-¥).

2
We define cut-off functions filtering P; and all the objects faster than Piforj=2,..,],
(2.70) D;(t,x) =¥ (x —m;(t)).
We have:
(2.71) (q)])t = —m;- (CD])X .

We may extend this definition to j = 1 and j = | + 1 in the following way: ®; := 1 and ®;; := 0.
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=1,...,

such that Z; := 2 and Zj, := +c0 and such that we will be able to prove the following proposition
for any j = 1,...,]J. The goal is to obtain inequalities of Proposition 2.3 with better constants. So,
in order to achieve this, we do the following induction: we suppose that localized inequalities
around Pj,q, ..., Pj are obtained with strongly improved constants (constants divided by Z;,1), and
we deduce from them localized inequalities around P, ..., P; with improved constants, but a little bit
less improved than earlier (constants divided by Z;). We will also assume the bootstrap assumption.
This induction is sufficient, because it starts from an assumption on an empty set of objects and ends
with a conclusion with inequalities localized around all the objects, i.e. global (not localized at all).

Proposition 2.6. Assuming that

(2.72) Vi e [0,t], / (e + e +€%y) D41 < <Zi1>2 (112 _|_e—29D> )

and for any j' > j+1 such that Py = R; is a soliton,

(2.73) Vi e [0,t], e(t) —¢(0)] < <Zi1>2 (az + e—zao) )

and for any j' > j+ 1 such that P is a breather,

N N A \?2

(2.74) vt € [0,t7], '/Pj,g(t) _/p].,g(o)‘ < <Z]+1> <a2+e_2"D>,

and

(2.75) vt € [0,t7], ‘/ [f’;xx +f);3} e(t) —/ [ﬁ]?xx +f??3] g(o)‘ < (ZA>2 (az +e—29D) ,
j+1

we have that
A\2
(2.76) Vi e [0,t], /(52 +€i +£§x) ®; < (Z) (a2+e*29D) ’

and if P; = R; is a soliton,

A 2
2.77 Vvt € ]0,t"], t)—cq(0)] < [ = 24 02D
@77) 0] () ~a) < (7 ) (#+e7)
and if P; is a breather,
~ _ A2

2.78 vt € [0,t], Pe(t) — [ Pie(0)] < () 24P,
@78) orl, | [ Be - [ Beco) 7) (@)
and

- . . - A 2
(2.79) vt € [0,17], ‘ [ BB e = [ [Bro+ ] 8(0)' < <z]> (a2 4 e720).

Remark 2.7. For j = 1,...,,], we may denote by P; the following assertion: (2.76), (2.77), (2.78) and
(2.79). The Proposition 2.6 may be reformulated in the following way:

There exists an increasing sequence (Z;);-1,..j+1 With Z; = 2 and Zj,; = +oco, A large enough
and 6 > 0 such that for Dy large enough and for a9 small enough, we have the following: for any
i=1..],

(2.80) 73]‘4_1 — Pj.
Remark 2.8. Note that the inequalities (2.78) and (2.79) imply the following inequality for any t &
[0, "] in the case when P; is a breather:

~ ~ 2 ~2~ 35
‘ / [ijxxx+5pfpjx+5pj Pie T30 ] (t)

Jxxxx

~ ~ =2 ~2~ 3~5 A2 2 _26D
(2.81) —/ [P + 5P + 5P P+ EP]- ] 8(0)‘ <C (Z]> (a +e ),
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because of the elliptic equation verified by 13]-, which, in the case when 13] — By is a breather is the
following:

~ ~ 2 ~ D~ 3~5 ~ ~3 2 ~
(282)  Bigwrs +5BiBiy + 5B By + 5B —2 (B — o) (Biwe + B ) + (a3 +BY) B =0,

But the inequality (2.81) is also true in the case when 13] = R, is a soliton, because we have even
better in this case. There are two elliptic equations [39]:

~ ~ 2 ~ 2~ 3~5 ~ ~ 3 ~
(2.83) Riexs +5RIRS, +5R) R + SR = 2611 (R,xx IR ) +¢(£)?R; =0,
and
~ ~3 ~
(2.84) (Rix + R) = ()R = 0,
which implies that (2.56) implies
~ ~ 3
(2.85) / (Rie + R) e =0,
and
~ ~ ~2 ~ 2~ 3-~5
(2.86) / Risyes + SRRy + SR Rip + SR ) e =0,

which implies of course the inequality (2.81).

The proof of Proposition 2.6 will be the goal of the Section 3. The proof of Proposition 2.3 follows
from it.

Proof of Proposition 2.3 assuming Proposition 2.6. We perform the induction in the decreasing order:
j=1717]-1,.,2,1. P;11 is empty, and Proposition 2.6 gives the (decreasing) induction step. Hence,
Py, ..., Py are true. Due to Py:
(a 4P ) .
2

ler(t) = &} < ler(t) = 1 (0)] + [er (0) — ]

< <I;‘>2<a2+ezeD> 4 Coua

[@)2 (a+e)+Cof (a+eP).

If we take A large enough with respect to C;, and ag smaller and Dy larger if needed with respect
to A and 6, then

A\? oD A
= <=
(2.89) (2) (a+e )+Cz_ 5

and that concludes the proof of Proposition 2.3.

| >

(2.87) vie [0, et <

*

For I =1, ..., L, we have from P; that for any ¢ € [0,¢

(2.88)

IN

O

Hence, we are left to prove Proposition 2.6. We will write the proof for a fixed j € {1,...,J}. We
assume P;,1 with a set of constants Z, ..., Zj.1, A, 6, Do, a9. We will establish some conditions for
these constants during the proof.

3. ORBITAL STABILITY OF A SUM OF SOLITONS AND BREATHERS IN H?(RR)

In this Section, we prove Proposition 2.6. We assume P;,1 and we prove P;.
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3.1. Almost decay of conservation laws at the right. We localize around the most right objects,
starting from and including the j-th. We set:

(3.1) Mﬁy:;/fmqap:%wwy
(32) Ei(r) = [ Buz - iu‘*] (1) = Eju] (1),
(3.3) F]<t) = / [;uix — guzuz + —u :| CD]<t) =: F][u](t)

Lemma 3.1. Let 0 < wy,wy < 1. If0< 0o <, 0<0< ‘{—g, Dy is large enough and ag is small enough
(depending on A, 0, wy and w»), then for any t € [0, t*],

(34) M;(t) — M;(0) < Ce P,

(35) (Ej(t) + o1 M; () = (E;(0) +w1M;(0)) < Ce ™,

(3.6) (Fi(t) + waM;(t)) — (F;(0) + waM;(0)) < Ce*P.

Remark 3.2. 1f j = 1, we have = 0 at the place of < Ce™2P, we will need it in the following of the
proof.

Proof. If j = 1, we have exact conservation laws, so this Lemma is obvious. We assume that j > 2

for the following of this proof. From Appendix and minoration of n/ ir

d [ 3 3
EM](t) = / —Eui + 41/[4:| q)]x + E /Uzq)]‘xxx + E /qu)jt

[ 3 3 1 1
:/ —2u2+4u] jx+§/u2d>jxxx—§m;/u2<b]'x

[ 3 3,4 1 1
(3.7) g/ —EMZ + 4u zauz} <I>jx+§/u2<l>]-xxx.
Now, we use that ‘QDjxxx‘ < 7Pjx, and we obtain that
(3.8) ZdtM (1) < —/ [—3ux + et Dy

Now, from Appendix, we know that for » > 0, if t, x satisfy x;~1(t) +7 < x < X;(t) —r, then

‘ﬁ(t,x) < Ce™F". And so, for t, x such that x;~1 () +r < x < Xj(t) — r, by Sobolev embedding,
[u(t, )] < |P(t )|+ Clle(t)
(3.9) <CePriyca <a 4 e*"D) .

From that, we can deduce that for r large enough, ap small enough and Dy large enough, for
x € [x;—1(t) +1,X(t) — ], we can obtain that [u(t, x)| is bounded by any chosen constant. Here, we

will use that to bound 3u? by 4.
For t, x such that x < x;~((t) +r or x > x;(t) —r:
Vo
|@(t,x)| < Cexp (—2 |x —m;(t)|

< Cexp (—\/ZE <D+§t—r >

(3.10) < Cexp ( \fC ) exp ( fD) exp (é&r> ,
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and so, if we choose Dy large enough (more precisely, Dy > 4r), we obtain for x ¢ [x;~1(t) +
r,X(t) —r]:
(3.11) | @ (t,x)| < Cexp <—\f€t> exp <—\fD> .

Because [ u* is bounded by a constant for any time (that depends only on problem data), we
deduce that:

;tM]( t) < —/ (;u}% + Zu2> @, (t) + Cexp <_ﬂt> exp (_\é&D)

(3.12) < Cexp <—\/25€t> exp <—\{5D> .

We deduce what we want to prove by integration.
For the second inequality, the argument is similar. We start by using Appendix:

th]-(t) = / [—; (tx + u3)2 —ul + 3u2u§] D + % /uﬁcbjxxx — m]’/ Bui - iu‘*] Djy
(3.13) < — / B (txx + u3)2 +u2, —3uPu? + gui - vzjuéﬂ D, + % / WD),
and again, because ‘CIDjxxx} < 79jx, we obtain that
(3.14) zthj(t) < —/ [(uxx +u ) + 212, — 6uu’ + 30 u —vju ] Dy,

and by doing a similar argument as for the mass, but to bound 6u2 by ¢ and to bound v;u? by
w3 > 0, a constant as small as we need, we obtain

th](t) < _/ |:; (uxx +u ) +uxx + 41/1 — 231/[2:| (D]x + Cexp <—\/25§t) exp (_\gED>
(3.15) < =2 w3 Zq)]x + Cexp <_ﬂt> exp <_\fD) )

2
and so, if we choose w3 such that % < w§,
d o w10
dt( i(t) + wiM;(t)) §23/u2<l>jx+Cexp< \€>exp< {D)—i R

and we deduce what we want to prove by integration.
For the third inequality, the argument is similar. We start by using Appendix:

;tF](t) = / <—§u,2€xx +9u? u? + 1502 uny, + 19—614 + iu + zuxxu“r’ - 445u4u2> D)y
+5/u Usllxx ]Xx+2/ Dy — M, /[ xx_5u2u2+4u:|®jx
< —/ (;uixx —9u? u? — 151Uy, — %ug — iui — 2uxxu + %u‘*uz + 2u§x
(3.17) —5vjutu? + %u6> D +5 / WPt Dy + % / U3 Djrrrs

and again, because ‘CIDjxx‘ < gcbjx and ’CIDjxxx‘ < 79jx, we obtain that

d 9 1
ZEFj(t) < —/ <3u§xx - <18—|— f) w2 u® — 30U Uty — gug — Zut — Bugu’

2
45 4 5, 30 6
(3.18) +— us +—uxx— 100 + = \F wru2 + u D;y,
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and by doing a similar argument as for the mass, but to bound (184 3+/7) u? by ¢, to bound
30uuyy by wy, to bound %ué by ws, to bound %ui by wy, to bound CITITE by ws and to bound

(107)] + %\/E) u? by wy, where ws,wy > 0 are constants that we can choose as small as we want.
And we obtain

d 3 45 o o
Fi(t) < — / {u%xx + —utu? + —ub 4 —ul, — Cwgu? — Cw5u2] D)y

dt 2 4 4 4
+ Cexp (_\/;?Ct> exp <—\§?D>
(3.19) < Cwy / uiCDjx + Cw5/u2CI>jx + Cexp <—\fgt> exp <—\fD> ,
and so, if we choose wy, ws such that Cwy < wlg and Cws < w1 g,
(3.20) ;lt (Fi(t) + waM;(t)) < Cexp <—\f€t> exp <—\fD> ,
and we deduce what we want to prove by integration. O

3.2. Quadratic approximation for conservation laws at the right. We can write the following Taylor
expansions with u = P + ¢ for any t € [0, t*]:

(3.21) M;(t) — M;[P)(t) — / Ped; — % / £d; = 0,
(322)  |Ej(t) — E[P|(t) — / [P, — Pe] @; - / Bei . ;ﬁzsz} ;| < CA(a+e D) / £D;,
(3.23)

_ _ 3
Fi(t) — E[P](t) - / [Pxxsxx _ 5PP2 — 5D%Pye, + 21558] ®;

58~ 5 1 <CA <a+e_eD)/(£2+si) ;.

Now, we want to simplify each term of the Taylor expansion.

1 _ _ ., 154
. / [ 2.~ 222 _10PPec, — gpzsi + 5P482] o,

3.2.1. Constant terms of the Taylor expansion. We obtain the following lemma dealing with variations
of the constant parts of each Taylor expansion of conservation laws at the right. We reduce each

variation to the variation of each conservation law of 13] Note that if Pj is a breather, the variation
of any conservation law of P; is 0. But, if P; = R;, we may express in the following way M[R;], E[R;]
and F[R;] with respect to Q, the ground state of parameter ¢ = 1 (the basic ground state):

(3.24) MIR)](t) = c;(H)Y2M]Q],
(3.25) E[R](t) = a(t)*/?E[Q],
(3.26) FIR)(t) = ai(t)**F[Q].

Lemma 3.3. If 0 < 4B%,0 < min (g, g), then for any t € [0,t*],

627) | Mj[P)() ~ My[P)(0) ~ (MIP](1) ~ M(B](0)) ] < Ce™P +C (;) (@ +e20),
628 [E(P)O) ~ EFI0) - (BB ~ EIF)O)| < Ce P +.C <;) (2 +e0),
629 [BIP)e) - FIPIO) - (FIB)() - FIB)(O)| < Ce P +.C <;) (2 +¢72).
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Remark 3.4. In the case when P; is a breather, we have that
(3.30) M([Pj](t) — M[P;](0) = E[P}](t) — E[P}}(0) = F[P;}(t) — F[P}](0) = 0.

It is not true in the case when Pjis a soliton.

Proof. When we develop using P = 2{:1 P;, we obtain terms with 13113] with i # j and the other terms
that have all the same index. For the first type of terms, it is enough to bound [ 13115; fori # j:

(3.31) ‘ / PP

BD
< Ce 7.

~2
Now, we look on the terms with the same index, for example f P; ®;. We will distinguish several
cases. If i < j,

/131.2@. < c/e—zﬁlx—@(”\e@("*’”f(f))dx

_ c/ o (2B+/T/2)x =2 (1)~ mj(t dx+C/ o(~2B+V/T/2)x4+2% ()= my(t) 4,

< —e72 (%) —m;(1))
ﬁe
oD

(3.32) < ce P

For the same reason and properties of ¥, fori > j,
(3.33) [P -®) <ce

For i > j, we may use P;; and for i = j, we cannot. So, if fori > j+1, 131 = va is a soliton, we
have by the mean-value theorem, using (2.73),

MIP](t) = MIP)(0)| = [er(t)"/2 = 1(0)!/2] |MIQ]
< Cla(t) - c(0)

A 2
(3.34) <C () 242D
and, by the same way, we may obtain,
2
39) BRI - BP0 <€ () (@ +e2P),
Zin
and
B ) AN (2 op
(3.36) FIBI(H) ~ FIP)O)| < C (=) (22 +e2P).
Zin
O
3.2.2. Linear terms of the Taylor expansion. We denote
(3.37) m[X] == / Xe,
(3.38) milx) = [ Xea,
(3.39) e[X] := / [Xxex — X38] = —/ [Xsx + X3} €,
(3.40) (X = [ [Xeex = X6 @,
(B3.41) f[X]:= / [Xxxsxx —5XX2e — 5X* Xy + 2X58:| = / [Xxxxx +5XX2 + 5X* Xy + %X5 €
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3
(3.42) [ wxxy — 5XX2e — 5X*X ey + 2X5s} D;.
B
47

Lemma 3.5. If 0 < B2,0 < mm( %), if Dy is large enough and ag is small enough, then for any
te[0,t],

@43 |mylP)(e) = mj[P(0) = (m[B] (1) — m[Fy|(0) )| = Ce P +-C (ZA) (a2 +e0),

2
A ) <a2_|_e—29D>’
Zin

A) (2 +e0).

645 [AIPI) ~ £IPYO) — (7RI - FIBIO) | < ce P

]

G44)  |g[PI() — ¢j[P)(0) — (e[B)(t) —e[B](0))| < Ce™P 4 C (

Proof. We develop using P = 211:1 P;. We obtain terms with 13113] with i # j and the other terms that
have all the same index. Knowing that ¢ bounded for Dy large enough and a4y small enough (with
respect to A), we obtain the same bounds in the same way as for the constant part.

Now, if, for i > j 41, P; is a soliton, then we have simply: m[P;] = ¢[P;] = f[P;] = 0.
If, for i > j + 1, P; is a breather, we have a bound for the variation of these quantities by 7;. [

3.2.3. Quadratic part of the Taylor expansion. We set:

(3.46) My[X] = 5 / 2D,
1, 3
(347) gx= [ [ S8 — S X 2] o,
(3.48) Fix= [ B 2~ gxz 2 _ 10X Xy, — gxz 2 4 145X4 2} o,

and Mj(t) = Mj[ﬁ](t),

Lemma 3.6. If 0 < p%,0 < %7 szo is large enough and ag is small enough, then for any t € [0, t*],

(3.49) ‘Mj[ﬁ](t) ~ M{[B]()] < ce ™ 1C (Zi)z (40,
(3.50) &1 - [BI()| < ce P +C (Zi1>2 (74 e0),
@51 BP0 - 0] < e v e (L) (@),

Proof. We develop using P = 2{21 P,. For terms with P;, with i > j, we use the induction assumption
for €. For terms with P;, with i < j, we do as in the previous sections. ]

Note that (3.49) is useless, because M][ﬁ] () —M ][13]] (t) = 0 since M;[X] do not depend on X,
but we write it in order to argue in the same way for the three conserved quantities.
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3.3. Lyapunov functional and simplifications. We introduce the following Lyapunov functional:

(3.52) Hi(t) = Fi(t) + 2 (b]? - af) Ei(t) + (a} + b]?)z M (t).
We set:
~ ~ 2 ~
(3.53) K(t) == FIB)(t) +2 (07 — a?) E[B)(t) + (a2 +82) MIP)(2),
(3.54) L(t) = fIB](t) +2 (b} - a}) e[P](t) + (af + bf)z m( B (t),
(3.55) Q(t) = FB(H) +2 (8 —a?) §[B] () + (a7 + b})z M;[B)(t).

We have the following;:

Lemma 3.7. If ¢ < 2,6 < min (%,g), if Dy is large enough and ag is small enough, then for any
te[0,t],

2
(356) [H5(1) — H,(0) — (Q(r) ~ Q(0))] < Ce P 4 C (;ﬂ) (22+e20).

Proof. From (3.21), (3.22), (3.23), Lemmas 3.3, 3.5 and 3.6 we deduce that:
if o < B?, 0 > min (ﬁ f) if Dy is large enough and 4y is small enough, then for any ¢ € [0, *],

Hi(t) —H;(0) = K(t) — K(0) + L(t) — L(0) + Q(t) — Q(0) + O (A (a +e—9D) / (e +€%) <I>]->

657 rofem)ro( (L) (@ +6290)> .
7+

Now, from the bootstrap assumption (2.25), we see that if we take Dy large enough and ag

2
small enough, then we can bound A (a+¢7P) [ (&2 +€2) @; by (ﬁ) (a® + e 2P). So, for any

te[0,t],
(3.58)
H;(t) —H;(0)

= K(t) = K(0)+ L(t) — L(0) + Q(t) — Q(0) + O <e’2"D) +0 ((Zil)z (az +ez@p)> .

Now, we will simplify K(t) — K(0) and L(t) — £(0).
Simplification of KX (t) — K(0):
If P; is a breather, then K(t) — K(0) = 0. If P; = R, is a soliton, then we have
K(t) = FIR)(t) + 2E[R)) () + (cf)” M[R))(¢)
(3.59) = c()¥2F[Q] +2c0¢;(H)*2E[Q] + (cf)” e1()/2MIQ].

Now, we observe that ¢;(t) = ¢ + (¢;(t) — c?), this is why we want to do a Taylor expansion for
each power function. We recall that by (2. 54) for Dy large enough and ay small enough (with respect

to Z;
by a Taylor expansmn of order 2:

2
— ¢ ‘ is bounded by C ( 1) (a® + ¢~2%D). This is why we may approximate &(t)

2
()2 (1 oot 1,5 (Cl“)co_ C?> ) FIQ)
1 I

_ 0 _0\?
+2(0) (1+icl(t>co i +§ (Cl(t)co Cl) ) E[Q]
1 1
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1a(t) - 1 (at)=d)
(3.60) + ()2 (1 + 201(1?61 -3 (q()c?cl> ) MIQ]
— ()" (¢l + 2610] + MIQD + (a(t) - ) (¢))* (3L +3E1Q) + ;M(Q) )
el - ) ()7 (oriQ)+ JElQ - gMiQ)).
Now, we use the fact that M[Q] = 2, E[Q] = —3% and F[Q] = £, and we obtain that the Taylor

expression of order 2 is in fact:

16 16
(3.61) 32 (@7 40 (a() =) ()7 +0 () =) () = 5 ().
Thus,

16 572 AN 2, ,—26D

and so,
A \2
(3.63) IK(t) —K((0)| <C <> (a2 +e*299) :
Zjt1

Simplification of £(t) — £(0):
If P; is a breather, we have, by the elliptic equation verified by a breather, that £L(t) = 0.
~If 13] isNa soliton, we have, by (2.56), (2.85) and (2.86), that L£(t) = 0 (we have simply m[ﬁ]] =
e[Pj] = f[Pj] = 0). O
3.4. Coercivity.

Lemma 3.8. If o is small enough (with respect to constants that depend only on problem data),

(3.64) f < min <‘i, \2(7) ,

if Dy is large enough and ag is small enough, then for any t € [0, t*],

(3.65) / (2 + e +e,) P <CO(t)+C </sz3j>2 + Ce™ 2D,

Proof. We notice that [ (¢2 + €5 4 €3,) D; is [le,/®;[|3,, modulo some terms that can be bounded by
(3.66) Vo [(E+E+e) o

This is why we will bound ||e/®;|7,,. We can bound it by the canonical quadratic form associated

to 13] and evaluated in &,/®;, if £,/®; satisfies quite well the orthogonality conditions, which is the
case (see Sections 5.4 and (372) in [39]).

So, we obtain that, if Piisa breather, the canonical quadratic form is Q(f) modulo (3.66), and we
have

2
(3.67) / (8 +& +65,) P <CO(t)+C </e\/8]13]> +Cﬁ/ (+ &k +€5,) Dj

which means that if ¢ is small enough,

2
(3.68) / (2 + e +e) P <CO(t)+C (/s, /cpjﬁj) ,
and we check that [ ¢, /(D]-ﬁ]- is [ 813]- modulo Ce~P. So,

" 2
(3.69) / (+ek+6,) P <CO(t)+C < / epj> + Ce 2P,
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If 13] = R; is a soliton, the canonical quadratic form is, modulo C+/c [(E+€ +¢€,) P

(3.70) Qo(t) 1= Fi[Ri](t) + 2, () E[RI](t) + cr()> M[R]] (1)
This is why, for the same reasons as above, we have
(3.71) / (& + €& + €3,) D) < CQo(h).

This is why, we need to be able to bound | Qo (t) — Q(t)|. We have
(3.72) Qo(t) — Q(t) =2 (cr(t) — ) E[RIN(H) +2¢] (er(t) — ) MR (1) + (i) — <)

and so, because M, and &; are quadratic in ¢, we have that

2 MIR)(b),

(3.73) |Qo(t) — Q(t)] < CA (a + e’gD) / (e + &) @),
and so, if we take ap small enough and Dy large enough, we obtain
(3.74) [ @+ +e) o <co).

O

3.5. Proof of P;. Now, we are left to prove P;. More precisely, if P; is a soliton, we will prove (2.76)
and (2.77); if P; is a breather, we will prove (2.76), (2.78) and (2.79). We will distinguish several
cases. We assume that ¢ < min (g, ,82), f < min (%, %), and that Dy is large enough and ay is
small enough (depending on A, 6), so that all the previous lemmas are verified.

3.5.1. Case when P; is a soliton.

Proof of (2.76). By Lemma 3.1 and the fact that b7 — a? > 0 for j > 2 (which is a direct consequence
of v; > 0), we have that, if j > 2, for any ¢ € [0, t*],

(3.75) H;(t) — H;(0) < Ce#P.

(3.75) is also true for j = 1, because of Remark 3.2.
We have, by (3.56), (3.75), the definition of Q(0) and (2.53) for ¢(0), for any ¢ € [0, t*],

(3.76) Q(t) = [Q(t) — Q(0) — (H;(t) — H;(0))] + [#;(t) — H;(0)] + Q(0)
2
(3.77) <Ce P 4 ¢ (ZA> (az n e*m) +Clle(0) 1%
j+1
2, ,-26D AN 2, ,—20D
(3.78) SC(a +e )+C<Z]+1> (a +e )
And so, by (3.65) and (3.78), we have for any t € [0, t*],
2
(3.79) / (4 +e,) P <CO(t)+C (/sﬁ) + Ce™ 2P
A \2 N2
3.80 <C(a*+e 2P +C<> o +C< P»> .
(.80) sc(@re)rc(gy) (Fre®?)re( [
Because of (2.56) and 13] is a soliton, we have that
(3.81) / eP; = 0.

So, the proof of (2.76) is completed for a suitable constant Z; that will be precised later.
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Proof of (2.77). From (3.21), (3.24), (3.27), (3.43), (2.56) and (3.80), we have for any ¢ € [0, t*]:
(3.82)

M (0) — My(6) = M[P)0) ~ My[BL(E) + [ Pea0) — [ Besy o)+ 3 [ 20,0 2 [ 2o

= (cl(o)l/z —Cl(t)l/z) M[Q] + O ((a2+e*29D)> +0 ((Zji)z (az +629D>> _

Similarly, from (3.22), (3.25), (3.28), (3.44), (2.85) and (3.80), by taking a¢ smaller and Dy larger
with respect to A if needed, we have for any t € [0, t*]:
(3.83)

A \2
E;(0) — Ei(t) = (¢;(0)%% —¢;(£)*>?) E[Q] + O ((a®> + e 2P)) + 0 <> a? 4720 ).
(0) = Ej(t) = (c1(0)2 — er(t)*'2) EIQ) + O ( ( ) 70) | )
For 7 = 1,3, because we know that ¢;(t) is not too far from ¢;(0) (and the both are not too far
from c?, by (2.54)), we can write for any t € [0, t*]:

@84 (1) = (@) (1+5 27 0 (o) - a(0)?) ),
and so for any t € [0, *],
(3.85) () = a(0)" = e, (0)"" (ei(t) — c1(0)) +O ((ei(t) = e1(0))7),
and if ag is small enough and Dj is large enough, we have by (2.26), for any ¢ € [0, t*]:
(3.86) 0 ((@(t) — a(0)7)] < 37e(0) " er(t) ~ (0)].

Thus, for any t € [0, *],

-1 Wcl(o)ﬂil

(387) 201 (0" e (1) — 1(0)] > Jer (1) — (0] = "Dy (1) — o0,

0
where ¢;(0)771 is between min{%”, 1< p <L} ! and max {ch, 1<p< L}’7 by (2.54), and so is

bounded above and below by a constant that depends only on the shape parameters of the solitons.
In order to bound |¢;(t) — ¢;(0)| for a given t € [0, t*], we will distinguish two cases.
Case when ¢;(t) — ¢;(0) > 0. From (3.82) and (3.87) for 7 = 1, we can say that

(3.88) ei(t) = ci(0)] < € (er(1)!72 = (0)"/2)
M;(t) — M;(0) - A \? _
< Cw‘FC <a2+€ ZGD) +C (Z]H> <ﬂ2+€ ZGD) .
Now, M[Q] > 0 and from Lemma 3.1,
2, 20D AN (o b
(3.89) lcr(t) — ¢;(0)] SC(a +e >+C<Z]H> (a +e )

Thus, (2.77) is established for a suitable constant Z; that will be precised later.
Case when ¢;(t) — ¢;(0) < 0. From (3.83) and (3.87) for n = 5, we can say that

390 la(t)—a(0)] < C (a0 —a(t)?)
E;(0) — E;(t) 2, ,—26D AN 2 | ,—20D
Now, E[Q] < 0 and from Lemma 3.1, (3.82) and (3.87) for 7 = 3,
3.91)  |ei(t) — ¢1(0)] < Cawr (M;(0) — M;(t)) +C (a2 + e—29D ( ) a*+e 29D)
]+1

< Cwq (cl(o)l/z c()1/2)+C<a tem 29D>+C< AH) (a2+e*29D)
Zj
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A \2
< Cwy |e(t) = ¢ (0)| +C <a2 + e*Z"D) +C <Z+1> <a2 I e—zen) ,
j

and so, by taking w; small enough, we may deduce the desired inequality:

A2
_ < 2, ,—26D 2, ,—20D
(3.92) |Cl(t) Cl<0)| <C (El +e ) +C <Z]‘+1) (ﬂ +e ) .
Thus, (2.77) is established for a suitable constant Z; that will be precised later.

3.5.2. Case when Pjisa breather.
Preliminaries. By the same argument as in the case when P]- is a soliton, we establish (3.80). However,

we are not able to prove (2.76) immediately, because [ 13}8 is not necessarily equal to 0 in the case

when 13] is a breather.
From Lemma 3.5, (3.21), Lemma 3.3 and Remark 3.4, we have that for any ¢ € [0, t*],

/ Pe(t) — / Pre(0) = M;(t) — M;(0) — % £, (t) + % / £0;(0)
(3.93) +0 (e*@D) +0 (( Z‘fl 1 > : <u2 + ezeD)> .
1+

then we use (3.4) and (2.53) for ¢(0), we have that for any ¢ € [0,t*],

/13]'8 /P8 S_, Zq) 2/ 2@ —|—O< —29D)+O<<;1>2<a2+e—zeD)>
7+
A (o),

Z

Now, from (2.82), Lemma 3.5, (3.21), Lemma 3.3, Remark 3.4 and (2.25), we have for any t € [0, t*],

((+8)°) ([ Peto) = [ ) =2 (8 - ) (el)(0) ~ P} ) + (1151 ~ £1P](0))
=2 (b2 . ) (E]-(t) — E;(0) — &(t) + &/(0))
+ (5 ~ Fi(t) + F(0)

69 e (e—zw) ro (A5 (o).
7+

(3.94) <C (a2 + e—ZGD) e (

Recall that if j > 2, b]Z — a]Z > 0. This is why, from Lemma 3.1 and (2.53) for ¢(0), we have that, if
j>2,forany t € [0,t*]:

/131‘8(0) B /Es(t) < ~ <b]2 _ a]2.> ALY

(+47)
+C (@ +eP) 4 C <Zi1>2 (2 +e72P)
(3.96) +2<b12_”]2) Wi + w2 M(0) — Mi(5)

2
2 1,2
(a]- + b].)
(3.96) is also true if j = 1 because of Remark 3.2.
And, from (3.21), Lemma 3.3, Remark 3.4, Lemma 3.5 and (2.53) for ¢(0), we have for any ¢ €
[0,£7],

M;(0) = My() = Mj[P)(0) — My[P)(¢) + [ Pe;(0) — [ Peay / 20;(0) — »

5 [ 2o
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(3.97) =0 (@ +e¥)+0 <<ZA+1>2 <u2+629D>> +/13js(o) - /Ee(t) — M(#).

]

And so, if we choose w; and w, small enough with respect to the problem constants, we obtain
for any t € [0, t*]:

/ﬁjs(o) ) /Ee(t) - (2(82 - a2) wn +w2) My(t) —22 (2 - @) &(t) - Fi(t)
(a2 +2)

(3.98) e (a2 + e*ZQD) e <;)2 (a2 4 e*m) :
7+

Because |M;(t)| +|&i(t)| + | Fi(t)| < [ (2 + €% + €%,) Pj, we deduce that for any ¢ € [0, t*],
2
(3.99) /13]-8(0) - /E-s(t) < C/ (242 +¢2,) P+ C (az + e‘zeD) +C (ZA> (a2 +e—29D) .
j+1
And so, by putting (3.94) and (3.99) together, we have that for any ¢ € [0, t*]:
(3.100)
A

2
‘/13]5(0) - /Ee(t)‘ < C/ (52 +8§C + Six) (I)] +C <a2 +€_29D) +C <Z+1) <a2 _I_e—29D> )
)

Proof of (2.76). From (2.53), (3.100), we deduce for any ¢ € [0, t*]:

[ Beto] <[ [ 5 - [ Beto] +| [ Beco)

- A\ .
SC/(£2+£§+£§X)<I>]'+C<a+e 29D>+C<Zj+1> <a2+e 29D)

+

(3.101) < CA? (az + e’zeD) +C (a + e’29D> .

And so, if a9 is small enough and Dy is large enough, for any ¢ € [0, t*],

2 2
5 A 2, ,—26D 2, ,—20D
: <
(3.102) </P]£(t)) _C<Zj+1) (2 +e2P) +.C (a2 40720,
This is why, from (3.80), for any ¢ € [0,t*],
, 2
(3.103) / (F+e&+e,) P <C (az + 6_29D> +C <A> (az + e_ZQD) ,
Zjt

and (2.76) is established for a suitable constant Z; that will be precised later.
Proof of (2.78). From (3.103) and (3.100), for any ¢ € [0, t*]:

_ _ A \2
P;e(0) — /P‘s H<cC () a4+ e 2P) 4 C(a? +¢72P).
/ i(0) jet) Zi1 ( ) ( )
Thus, (2.78) is established for a suitable constant Z; that will be precised later.
Proof of (2.79). From Lemma 3.5, (3.22), Lemma 3.3, Remark 3.4, (3.100) and (3.103), for any ¢ € [0, t*],

e[P](t) — e[P}](0) = E;j(t) — E;(0) — &(t) + &;(0)
B A\ B
+O(e 29D>+O<<Zj+l> (a2+e 29D>>

2
(3.105) = Ej(t) - E;(0)+ 0O <a2 + 6_29D> +0 ((;ﬂ) <a2 + 6_29D>> .

Now, from Lemma 3.1, for any € [0, t*],

(3.104)

(3.106) e[By)(¢) — e[B}(0) < wi (M;(0) = Mj(t)) +O (a* + 7P ) + 0 ((ZA) (a4 )) |
]+
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And from (3.97) and (3.104), for any ¢ € [0, t*],

- _ A \2
(3.107) e[P](t) —e[P})(0) < C (Z]-H) <a2 T e—zeD> L C (az N 6—291:)) .

To bound above ¢[P;|(0) — e[Pj|(t), we do as in (3.95), (3.96), (3.97), (3.98) and (3.99), but with the
energy instead of the mass, and after using (3.103), we obtain for any ¢ € [0, t*],

_ _ A \2
(3.108) ‘e[Pj](t) - e[P]-](O)‘ <cC () (,12 ¥ e_29D> LC (az N 6—29[)) ‘
j+1
Thus, (2.79) is established for a suitable constant Z; that will be precised later.
j p
3.6. Choice of suitable A and Z;. The induction holds if

A \? A2
3.109 Cl1l+ () < () .
We can set

(3.110) A:=V2(20)?,
and for1 <j <7,

N~

=t
2

(3.111) Z;i:==2(2C)

And, if C > 1, the induction holds.
The proof of Proposition 2.6 is now complete.

4. A CONSEQUENCE OF THEOREM 1.1: ORBITAL STABILITY OF A MULTI-BREATHER
We assume the Theorem 1.1 proved, let us prove Theorem 1.3.

Proof of Theorem 1.3. Let A9 > 0, 8y > 0, Dy > 0 and a9 > 0 from Theorem 1.1 (these constants do
only depend on the shape/frequency parameters of our objects and not on their initial positions).
Let 7o > n > 0 with 9 < 2%01 and C; defined in the following. Let a < ap and D > Dy such that
Ap (a + e_eoD) < 4A0Cin and a = 2Cy5. We may take D even larger so that T* = 0 where T* is
defined in [39, Theorem 1.2]. Let 6; associated to shape/frequency parameters ay, i, Kl,Cé by [39,
Theorem 1.2]. Let A; associated to D by [39, Theorem 1.2].

Let T > 0 be the minimal difference between two velocities.

Let p be the multi-breather associated to ay, i, x(l)’k, xg/k, c?, xgll by [39, Theorem 1.2] with notations
as in (1.25) and P the corresponding sum with notations as in (1.26). We may choose T > 0 large
enough such that

@1) Ve T, [p(t) = P(t) e < a/2,
which is possible from [39], and such that
(4.2) Vi>2, x(T)—x-1(T)>2D,

which is possible because the distance between two objects is increasing with a speed that is at least
T.

By [24] we know that we have continuous dependence of the solution of (mKdV) with respect to
the initial data. And so, there exists C; > 0 (that depends on T) such that if ||[u(0) — p(0)| g2 < 7
and 7p is small enough, then

(4.3) vie[0,T], |u(t) = p®)llm < Ciyp-
Therefore, by triangular inequality,

This means that the assumptions of Theorem 1.1 are all satisfied in T instead of 0. And so, this
means that there exists x((t), x1 x(t), x2£(¢) defined for any t > T such that

@45)  VE>T, |u(t) = P(t g, Br x1k(t), o (), 501, ¢) %00 (1) || o < Aoa +e”®P) < 4ACyy.
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Now, we see that the assumptions of [39, Theorem 1.2, Remark 1.3] are all satisfied in any t > T
instead of 0 for the sum P(ay, By, x1 (1), X2 (1), %1, €Y, x01(¢)). Indeed, if we denote X;(t) the position
of

(4.6) Pi(t; g, Br, x1,4 (), X2 (t), 51, ¢}, 01 (1)),
we know from Remark 2.38 that for any t > T and j > 2,
@) %(t) — %73 (t) > D.

By taking T larger if needed, we may insure that e=%T < Cy7.
Therefore, for any t > T,

(& ok, Brs x1xe (1), X2 (1), 51, e, x01(t)) — P(t; e, Br, X1 (1), x24(£), 1, €0, x01 (1)) || 12
< Age™ % < Are™T < A)Cyyp.
And so, by triangular inequality,

(4.8) VE>T, |u(t) — p(tax B x1k(t), Xk (), k1, ¢}, x0, (1)) || o < (440 + A2)Ca7y.
The latter proves the Theorem for t > T with Cy = (4A0+ A2)Cy. For 0 <t < T, it is enough to
use (4.3). O

APPENDIX: EQUATIONS FOR LOCALIZED CONSERVATION LAWS

Lemma 4.1. Let f be a C® function that do not depend on time and u a solution of (mKdV). Then,

(4.9) dt2/ f /|:—u + M :|fx 2/” frxxs
(4.10) jt/ Bui— iu‘*} f= / [—; (Mxx+u3)2—u,2cx+3u2u§} fﬁi/u,%fxxx,

d Lo 5900 15
dt/[z“xx QW g f

1 4
= / <—;u§xx +9u2 u? + 1503 Uty + %u +—uf+ 3Mxxu5 - 5u4u2> f

4 2 4

(4.11) —|—5/u2uxuxxf” —i—;/uixf’".
Proof. see the bottom of the page 1115 and the bottom of the page 1116 of [28] and Section 5.5 in
[39]. O
Lemma 4.2. Let r > 0. If t, x satisfy x;—1(t) +r < x < Xj(t) — 1, then
(4.12) ‘ﬁ(t,x)’ < Ce P,
Proof. immediate consequence of the exponential majoration of each object. O
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