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Abstract

This paper considers distribution network asset degradation, namely transformer and cable aging, in the context of the day-ahead
operational planning in active distribution networks. The focus of this work is to quantify aging as a short-run network variable
cost, and complement accordingly Distribution Locational Marginal Cost (DLMC) components. Short-run dynamic DLMCs are
defined using sensitivity analysis of a centralized enhanced AC Optimal Power Flow model, providing incentives for optimal
DER scheduling. Results indicate that optimal DER scheduling leads to smoother DLMC marginal aging component profiles
compared to popular “open-loop”, e.g., Time of Use, pricing schemes.

1 Introduction

Rapid integration of Distributed Energy Resources (DERs),
including Electric Vehicles (EVs), solar photovoltaic (PV), and
the like, presents several challenges to distribution networks
and their assets. For instance, early studies on EVs pointed out
that clustering EV chargers under the same transformer may
cause damage and outages from persistent overloading.

In a recent work [1], we presented a novel centralized day-
ahead AC Optimal Power Flow (OPF) model encompassing
transformer degradation/aging [2, 3] as a short-run network
variable cost, and additive real/reactive power Distribution
Locational Marginal Cost (DLMC) components related to:
the costs of real and reactive power transactions at the T&D
interface; real and reactive power marginal losses; voltage
and ampacity congestion, and a transformer degradation/aging
marginal cost component. In this work, we further explore
cable aging [4, 5], using the cable thermal stress model, which
exhibits direct analogies to the transformer thermal model.

Part of our analysis focuses on the incentives provided by
the short-run dynamic DLMCs viewed as price signals (see
e.g., [1, 6], compared with other “open-loop” approaches, e.g.,
Time of Use (ToU) tariffs. Preliminary results suggest that
highly volatile DLMCs obtained by open-loop DER schedul-
ing options tend to become smoother when DERs adapt their
profiles to real and reactive power DLMCs [6].

The main contributions are three-fold. First, we complement
the enhanced AC OPF model of [1] considering the cost of
cable aging. Second, we present a new cable marginal aging
DLMC component. Third, we estimate the marginal aging
components on an instance of an actual distribution feeder.

The remainder of this paper is organized as follows. Section
2 introduces the cost of aging into the AC OPF model. Section
3 presents the marginal aging DLMC components, and Section
4 estimates them for different load profiles. Section 5 concludes
and provides further research directions.

2 AC OPF Model including Asset Aging

2.1 Branch Flow AC OPF Model

We consider a radial network with N + 1 nodes, N lines,
where N = {0, 1, ..., N} is the set of nodes, with node 0 rep-
resenting the root node. The set N+ = N \ {0} is also used
to denote the set of lines, since each line ij, linking upstream
node i and downstream node j is uniquely defined by the down-
stream node j. Transformers and cables are represented as
subsets of lines by N+

Xf and N+
C , respectively; they are indexed

by j. Also let t denote the time period, and T the length of the
optimization horizon, with T + = {1, 2, ...T}; unless otherwise
mentioned t ∈ T +. For each node i ∈ N , let vi,t denote the
magnitude squared voltage, pi,t (qi,t) denote the net demand of
real (reactive) power. For each line j ∈ N+, let lj,t denote the
magnitude squared current, Pj,t (Qj,t) the real (reactive) power
flow, and rj (xj) the resistance (reactance).

The AC OPF model objective function:

minimize
∑
t

cPt P1,t +
∑
t

cQQ1,t + Aging Cost, (1)

minimizes the sum of the real power cost, where cPt is the
hourly cost of real power at the root node, plus the the sum
of the reactive power cost, where cQt is an opportunity cost for
reactive power at the root node, plus the asset aging cost. In
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(1), we assumed, without loss of generality that the root node
is only connected to line 1, hence the net injections at the root
node, equal the flows P1,t and Q1,t.

The branch flow model [7] describes the power flow equa-
tions as follows:

Pj,t − rjlj,t =
∑

j′:j→j′

Pj′,t + pj,t, ∀j, t, (2)

Qj,t − xjlj,t =
∑

j′:j→j′

Qj′,t + qj,t, ∀j, t, (3)

vj,t = vi,t − 2rjPj,t − 2xjQj,t + (r2j + x2
j)lj,t, ∀j, t, (4)

vi,tlj,t = P 2
j,t +Q2

j,t, ∀j, t, (5)

where (2) and (3) define the real and reactive power balance at
node j, respectively, (4) defines the voltage drop along line j,
and (5) defines the apparent power flow along line j. The latter
non-convex equality constraint is relaxed to a convex inequality
vi,tlj,t ≥ P 2

j,t +Q2
j,t, following [8], yielding a Second Order

Cone Programming (SOCP) relaxation.

2.2 Transformer Aging and Thermal Model

In [1], we considered the transformer Loss of Life (LoL) using
the Arrhenius model for the insulation relative aging or Aging
Acceleration Factor (AAF) [2, 3], given by:

AAFj,t = exp
( A

383
− A

273 + θHj,t

)
, (6)

where A is a constant with typical value 15000, and θHj,t is
the transformer Hottest Spot Temperature (HST). The AAF is
equal to one for a reference HST of = 110oC, whereas it is
greater (lower) than 1 for higher (lower) HSTs.

The transformer aging cost is defined as:

Transformer Aging Cost =
∑

j∈N+
Xf

,t

cjLj,t, (7)

with cj an hourly cost that is obtained considering its value and
estimated lifetime, and Lj,t a piecewise linearization, with M
segments, of the transformer LoL that is given by:

Lj,t ≥ aH
mθHj,t − bHm, m = 1, ...,M, (8)

where the relaxed inequality is guaranteed to be exact, since
Lj,t is introduced with a cost in the objective function.

The HST is given by:

θHj,t = θAt +∆θTO
j,t +∆θHj,t = θTO

j,t +∆θHj,t, (9)

where θAt is the Ambient (A) temperature, ∆θTO
j,t is the Top-

Oil (TO) temperature rise over θAt , and ∆θHj,t is the winding
HST temperature rise over θTO

j,t . The temperature dynamics of
the transformer thermal response include a fast response of the
winding with a time constant of about 3-4 minutes, and a slower
response of the top-oil, with a time constant of about 3 hours.

Hence, assuming an operational-planning scheduling horizon
with a time granularity of 15min to 1h, we can account for the
temperature dynamics of the transformer, by considering the
steady state of the winding, and the difference equations for
the top-oil temperature. The detailed derivations are provided
in [1] and are summarized, ∀j ∈ N+

Xf , t,m = 1, ...,M , in:

Lj,t ≥ αH
mθTO

j,t + βH
j,mlj,t + γH

j,m, (10)

θTO
j,t = δTOθTO

j,t−1 + ϵTO
j lj,t + ζTO

j,t . (11)

Using an hourly granularity, recommended values for ser-
vice transformers, and a typical ratio of load losses at
rated load to no-load losses equal to 5, the parameter
values are given as follows: αH

m = aH
m, βH

j,m =
0.8aH

m∆θ̄Hj

lR
j

,

γH
j,m = 0.2aH

m∆θ̄Hj − bHm. δTO = 3
4
, ϵTO

j =
0.167∆θ̄TO

j

lR
j

, ζTO
j,t =

0.083∆θ̄TO
j + 0.25θAt , where lRj represents the transformer

rated magnitude squared current, whereas ∆θ̄TO
j and ∆θ̄Hj

represent the top-oil and winding temperature rise at rated
load, with typical values of 55oC and 25oC, respectively. For
completeness, the transformer HST is given by:

θHj,t = θTO
j,t + 0.8∆θ̄Hj

lj,t
lRj

+ 0.2∆θ̄Hj . (12)

2.3 Cable Aging and Thermal Model

The insulation of electric cables is also subject to aging follow-
ing the Arrhenius model. For a given temperature of conductor
core j, at time period t, θCj,t, the AAF is given by:

AAFj,t = exp
( B

363
− B

273 + θCj,t

)
, (13)

where B is a constant that depends on the cable. The AAF
indicates that, at a reference conductor core temperature of
90oC, the cable loses one hour of life for one hour operation.
The cable AAF is greater (lower) than 1 for conductor core
temperatures greater (lower) than 90oC.

The thermal modeling of the conductor is based on IEC stan-
dards [4, 5], which describe power cable rating calculations
in steady state and dynamic conditions. The conductor core
temperature, θCj,t, is given by:

θCj,t = θSt +∆θCS
j,t +∆θCj,t = θCS

j,t +∆θCj,t, (14)

where θSt is the temperature of the Soil (S) far from the cable
(environment temperature), ∆θCS

j,t is the Cable Surface (CS)
temperature rise over θSt , and ∆θCj,t is the conductor Core (C)
temperature rise over θCS

j,t . Note the similarity of (14) with (9);
indeed the soil temperature resembles the ambient tempera-
ture, the cable surface temperature (rise) resembles the top-oil
temperature (rise), and the conductor core temperature (rise)
resembles the winding HST temperature (rise).

For the needs of our analysis that considers the operational-
planning problem time granularity, we distinguish between the
two thermal responses, which describe ∆θCS

j,t , and ∆θCj,t. The

2



thermal time constant of the conductor (order of a few minutes)
allows us to model ∆θCj,t using its steady state, i.e.,

∆θCj,t = ∆θ̄Cj
lj,t
lRi

, (15)

where ∆θ̄Cj is the conductor core temperature rise above the
cable surface temperature at rated current, and lRj is the con-
ductor rated magnitude squared current. The thermal model for
the cable surface temperature has a time constant, τS , of about
2h. Since the time granularity (of at most 1h) is at least half the
time constant, the cable surface temperature dynamics can be
described by difference equations:

∆θ̄CS
j

lj,t
lRj

= τ s
θCS
j,t − θCS

j,t−1

∆t
+ θCS

j,t − θSt , (16)

where ∆θ̄CS
j is the cable surface temperature rise above the

soil temperature at rated current, and ∆t is the time granularity.
Hence, from (16), setting δS = τS

τS+∆t
, we get:

θCS
j,t = δSθCS

j,t−1 +
(1− δS)∆θ̄CS

j

lRj
lj,t + (1− δS)θSt . (17)

Similarly to the transformer, the cable aging cost is given by:

Cable Aging Cost =
∑

j∈N+
Xf

,t

cjLj,t, (18)

where cj is an hourly cost that considers the cable value and
estimated lifetime, and Lj,t is a piecewise linearization of the
AAF, with with M segments, similarly to (8),

Lj,t ≥ aC
mθCj,t − bCm, m = 1, ...,M. (19)

Using (15) and (16) , we replace θCj,t from (14) to (19), to get,
∀j ∈ N+

C , t,m = 1, ...,M :

Lj,t ≥ αC
mθCS

j,t + βC
j,mlj,t + γC

j,m, (20)

θCS
j,t = δSθCS

j,t−1 + ϵCS
j lj,t + ζS

t . (21)

Using ∆t = 1h and τS = 2h, the parameter values are given
as follows: αC

m = aC
m, βC

j,m =
aC
m∆θ̄Cj

lR
j

, γC
j,m = −bCm. δS = 2

3
,

ϵCS
j =

∆θ̄CS
j

3lR
j

, ζS
t =

θSt
3

. Typical values for ∆θ̄CS
j and ∆θ̄Cj are

38oC and 40oC; they should be calibrated to the specific cable.
For the calculations, we neglected cable dielectric losses and
the impact of soil moisture, soil thermal resistivity was set to
1.2 [WK/m] and the soil temperature was set to 12oC. The typ-
ical values also depend on the type of the conductor, and their
installation characteristics, e.g., conductors directly buried in
the ground as opposed to conductors laid in ducts or galleries.

2.4 Operational-Planning Problem Summary

The objective function includes (1), where the Aging Cost is
given by (7) and (18). Constraints include: Power flow con-
straints (2)–(5), plus transformer aging constraints (10)–(11),

plus cable aging constraints (20)–(21), plus nodal voltage and
ampacity limits, plus DER constraints and preferences that
detail nodal demand; we refer the interested reader to [1] for
a detailed description of the constraints not included herein
due to space limitations. The optimization problem is a con-
vex SOCP problem, which can be solved with commercially
available solvers.

3 Distribution Locational Marginal Costs

DLMCs for real and reactive power, denoted by P-DLMCs and
Q-DLMCs, are obtained by the dual variables of constraints (2)
and (3), denoted by λP

j,t and λQ
j,t, respectively. Equivalently, the

DLMCs can be also calculated employing sensitivity analysis,
duality and optimality conditions for a given operating point of
the network, which is in turn determined by the solution of the
power flow equations, for a specific DER schedule, i.e., for a
specific nodal demand, pj,t and qj,t, and root node voltage v0,t.

Consider the DLMCs at node n ∈ N+, and time period t. It
was shown in [1] that DLMCs can be decomposed into additive
components that include: the cost at the substation, plus the
real and reactive power marginal losses, plus the voltage and
ampacity congestion, plus a new transformer marginal aging
component. In this work, we supplement the latter component
taking into account cable aging. In fact, following our analysis
in the previous section, we show that the formulas derived for
the transformers essentially carry over to the cables with an
adjustment of the parameters. For brevity, we only provide P-
DLMCs, omitting voltage/ampacity congestion, as follows:

λP
n,t = cPt [Real Power Cost at Substation]

+ cPt
∑
j

rj
∂lj,t
∂pn,t

+ cQt
∑
j

xj

∂lj,t
∂pn,t

[Marginal Losses]

+
∑

j∈N+
Xf

⋃
N+

C

πj,t

∂lj,t
∂pn,t

, [Marginal Aging] (22)

where the sensitivities of the ∂lj,t

∂pn,t
are calculated by the solu-

tion of a linear system derived from the power flow equations.
Before proceeding with the elaboration of parameter πj,t, let

us first consider the inter-temporal impact of aging that extends
beyond the day-ahead, by extending the horizon to the next half
day; the extended horizon is denoted by Text.

For transformer j ∈ N+
Xf , πj,t is given by:

πj,t = ϵTO
j

[ Text∑
t′=t

(
3

4

)t′−t

ξ̃Hj,t′
]
+ ηH

j ξ̃Hj,t, (23)

where ξ̃Hj,t =
∑

m
ξHj,t,maH

m, with ξHj,t,m the dual variable of con-

straint (10), and ηH
j =

0.8∆θ̄Hj

lR
j

. The first part in (23) refers to the
inter-temporal dynamics of the top-oil, which are discounted
by a factor that is decreasing in time, while applying a higher
weight on the high HST hours, and also includes the impact
that extends beyond the optimization horizon. The second part
refers to the winding contribution, which only affects the cur-
rent time period. Notably, it should be

∑
m
ξHj,t,m = cj ; if only
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one constraint is binding then its dual ξHj,t,m should equal cj .
Hence, assuming that for a given θHj,t, the AAF slope is ãH

j,t,
and using typical values in (23), we have:

πj,t =
cj
lRj

[
9.185

Text∑
t′=t

(
3

4

)t′−t

ãH
j,t′ + 20ãH

j,t

]
, (24)

where the slope ãH
j,t is given by:

ãH
j,t =

15000

(273 + θHj,t)
2

exp
(15000

383
− 15000

273 + θHj,t

)
. (25)

For cable j ∈ N+
C , πj,t is given by:

πj,t = ϵCS
j

[ Text∑
t′=t

(
2

3

)t′−t

ξ̃Cj,t′
]
+ ηC

j ξ̃
C
j,t, (26)

where ξ̃Cj,t =
∑

m ξCj,t,maC
m, with ξCj,t,m the dual variable of con-

straint (20), and ηC
j =

∆θ̄Cj

lR
j

. The first part in (23) refers to
the inter-temporal dynamics of the cable surface, which are
discounted by a factor that is decreasing in time, while apply-
ing a higher weight on the high conductor core temperature
hours, and also includes the impact that extends beyond the
optimization horizon. The second part refers to the conductor
core contribution, which only affects the current time period.
Notably, it should also be

∑
m
ξCj,t,m = cj ; if only one con-

straint is binding then its dual ξCj,t,m should equal cj . Hence,
assuming that for a given θCj,t, the AAF slope is ãC

j,t, and using
typical values in (26), we have:

πj,t =
cj
lRj

[
12.667

Text∑
t′=t

(
2

3

)t′−t

ãC
j,t′ + 40ãC

j,t

]
, (27)

where the slope ãC
j,t is given by:

ãC
j,t =

B

(273 + θCj,t)
2

exp
( B

363
− B

273 + θCj,t

)
. (28)

Direct comparison of (23)–(25) with (26)–(28) shows that
essentially the same formulas apply to both transformer and
cables with an adjustment of parameters.

4 Results

We consider a 13.8 kV distribution feeder of a municipal distri-
bution feeder, Holyoke Gas and Electric, MA, US. The feeder
serves a mix of commercial and residential loads, and includes
307 nodes, 110 transformers, and 30 cables. Feeder data are
briefly presented in [1] and in greater detail in [9]. In this work,
we are interested in estimating the aging DLMC components
for specific load profiles.

Consider the P-DLMC aging component at leaf node n, hour
t. It includes the aggregate impact of transformers and cables,
i.e., of line j ∈ N+

Xf

⋃
N+

C , which is proportional to the sensi-
tivities ∂lj,t

∂pn,t
. Ignoring second order effects, the sensitivities of

cables j that are upstream node n, and the sensitivity of the ser-
vice transformer that connects to node n, i.e., of j = n, can be
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Fig. 1. Transformer Load Factor and HST.
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Fig. 2. Transformer LoL and P-DLMC Aging Component.

approximated by ∂lj,t

∂pn,t
=

∂lj,t

∂Pj,t

∂Pj,t

∂pn,t
≈ 2Pj,t (where we con-

sidered p.u. values). The remaining sensitivities can be ignored.
Hence, the P-DLMC aging component at a specific leaf node
is affected by the aging of the transformer that serves this node
(local impact), plus the aging of all upstream cables. Also, the
real power flow can be approximated by Pj,t ≈ Kj,tS

R
j cosϕj,t,

where Kj,t is the load factor, SR
j the rated apparent power, and

cosϕj,t the power factor; lRj is also defined by (SR
j )

2.
In Fig. 1, we present the load profiles and resulting HSTs

for a 30-kVA transformer that serves a commercial node, in a
summer day, with a 6-EV penetration, under two scheduling
options. The first profile is the result of a ToU tariff, where the
EVs adjust their profile according to the real power costs at
the substation, cPt . The second option is the result of a central-
ized AC OPF enhanced to include transformer aging, referred
to in [1] as Full-opt. The ToU HST profile exhibits a spike dur-
ing hours 11-13, reaching up to about 140oC. Full-opt has a
smoother load profile (load is shifted) resulting in a smoother
HST profile, with a plateau of about 120oC during hours 11-13,
and a small rise at the same level during hour 17. Fig. 2 shows
the transformer LoL profiles and resulting estimated P-DLMC
marginal aging component (considering a 0.9 power factor).
ToU aggregate LoL reaches about 44 hours, whereas Full-opt
about 17 hours. P-DLMCs follow the same shape with the LoL
with a spike of about 190$/MWh under ToU, whereas Full-opt
P-DLMCs reach up to 25$/MWh.

In Fig. 3, we present load profiles and resulting conduc-
tor core temperatures for a cable, with rated current 110A
(2.63MVA), an hourly cost of 0.2$, at soil temperature 18oC.
The load profiles are proportional to the transformer profiles
(adjusted with a factor of 0.85). Conductor core temperature
reaches up to 130oC during hour 12 under ToU, whereas it

4
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Fig. 3. Cable Load Factor and Core Temperature.
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Fig. 4. Cable LoL and P-DLMC Aging Component.

reaches about 106oC under Full-opt, with a smaller rise at about
90oC during hour 17. Fig. 4 presents the LoL and P-DLMC
profiles. The LoL is estimated for a value of B = 15000.
The cable power factor is also considered as 0.9. ToU aggre-
gate LoL reaches about 93 hours, whereas Full-opt aggregate
LoL reaches about 17 hours. Similarly to the transformers,
P-DLMCs follow the same shape with the LoL with a spike
of about 75$/MWh under ToU, whereas Full-opt P-DLMCs
reach up to 8$/MWh. Viewed as price signals, the P-DLMC
spikes under ToU induce a shift of demand, thus leading to
smoother profiles (Full-opt). We should note that the P-DLMCs
are proportional to the cable hourly cost, cj . Also, the impact
of parameter B is explained by the slope ãj,t using (28). For
instance a value of B = 10000 would yield aggregate LoL of
31 (12) hours, ith a highest P-DLMC of about 13 (3) $/MWh,
under ToU (Full-opt). A cable hourly cost of 0.4$ (e.g., a cable
with double length) would result in double P-DLMC values.

5 Conclusions

The methodology proposed in this work leverages the flexi-
bility of grid components, namely transformers and cables, to
sustain overloads for short periods of time, by including the
asset aging cost into active distribution network operational
planning. Employing sensitivity analysis, we estimate distri-
bution network marginal costs, and elaborate on the marginal
aging DLMC components. The analysis illustrates the simi-
larities between the transformer and the cable marginal aging
components and the inter-temporal impacts of the respective
thermal models. It also provides estimates of these components
for given load profiles, highlighting their use as price signals
that incentivize optimal DER scheduling.

The results show that “open-loop” pricing schemes, e.g.,
ToU, are likely to create significant overloading conditions,
which in turn lead to increased aging of network infrastructure.
DLMC spikes, when accounting for marginal aging, provide
the correct signals to optimally shift loads (e.g., EV charging),
should the latter be able to adapt their profiles to DLMCs (see
e.g., Full-opt). The resulting much smoother profiles exem-
plify DLMCs as financial incentives that are key to optimize
distribution network and DER operation.

In our future work, we will discuss the planning implica-
tions of spatiotemporally varying DLMCs, which also convey
sufficient information considering DERs as non-wires solu-
tions [10]. Furthermore, we will address cost considerations
that relate with the risk of failure, which increases rapidly with
aging, and extend our analysis to aging of overhead lines [11].
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