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Abstract
Nanophononic metamaterials have broad applications in fields such as heat management, thermoelectric energy conversion,

and nanoelectronics. Phonon resonance in pillared low-dimensional structures has been suggested to be a feasible approach
to reduce thermal conductivity (TC). In this work, we study the effects of imperfections in pillared nanostructures based on
graphene nanoribbons (GNR), using classical molecular dynamics simulations and harmonic lattice dynamics. The TC of
perfect pillared GNR is only about 13% of that of pristine GNR due to the strong phonon resonant hybridization in pillared
GNR. However, introducing imperfections such as vacancy defects and mass mismatch between the pillars and the base material,
and alloy disorder in the pillars, can weaken the resonant hybridization and abnormally increase the TC. We show that both
vacancy defects and mass mismatch can reduce the penetration of the resonant modes from the pillars into the base material,
while the alloy disorder in the pillars can scatter the phonons inside them, which turns regular resonance into a random one
with weaker hybridization. Our work provides useful insight into the phonon resonance mechanisms in experimentally relevant
low dimensional nanostructures containing various imperfections.

I. INTRODUCTION

Due to the ability of tuning low frequency phonon
transport, nanophononic metamaterials based on phonon
resonance have received great interests [1–10] since it
was proposed by Davis and Hussein [11]. Different from
the phonon scattering mechanism, which is based on the
phonon particle picture and relies on the inclusion of scat-
tering sources inside a material, the phonon resonance
mechanism is based on the phonon wave effect and relies
on the design of surface resonant structures on top of a
base material, which is usually a wire or a film. The in-
coming and outgoing waves in the surface resonant struc-
tures can interfere with each other to form standing waves
similar to a closed organ-pipe mode. The standing waves
(resonant modes) from the surface resonant structures
can hybridize (couple) with the propagating waves in the
base material through an anti-crossing effect, which can
greatly reduce both the group velocities and the relax-
ation times of the phonons in the base material [3, 12].
Through a proper design of the surface resonant struc-
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tures, the transport of phonons in the base material with
relatively long wavelengths can be efficiently engineered
[3, 13, 14], which is complementary to the phonon scat-
tering mechanism that mainly affects the transport of
phonons with relatively short wavelengths [13]. Because
the resonant structures are located on the surface of a
base material, their effects on electron transport in the
base material are expected to be limited, which could be
beneficial for thermoelectric applications [15–17].

While it is well known that phonon resonance can be
controlled by the geometrical parameters (such as pillar
height and period) of the resonant structures [3], it re-
mains unclear how it can be affected or tuned by im-
perfections. In this work, we carry out a systematic
study on this question by employing classical molecular
dynamics (MD) simulations and harmonic lattice dynam-
ics (LD) calculations, taking pillared graphene nanorib-
bons (GNR) as a prototypical material. We find that
the introduction of imperfections in the pillars and the
interfaces between the pillars and the base material can
effectively reduce the resonant coupling between the reso-
nant and propagating modes and abnormally enhance the
TC. This finding suggests that the quality of the pillars
and the interfaces are as important as the geometrical
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parameters for tuning the phonon resonance in pillared
low-dimensional nanostructures.

II. MODELS

For simplicity, we only consider zigzag GNR, i.e., GNR
with edges along the zigzag direction; see Fig. 1(a). The
width of the GNR is chosen as LNR = 4.1 nm. Start-
ing from this point, we constructed the various resonant
structures with the basic building blocks shown in Figs.
1(b)-(e).

FIG. 1. Schematic illustration of (a) the pristine GNR, (b)
the PR-GNR, (c) the DR-GNR, (d) the HR-GNR, and (e)
the AR-GNR. The purple color in (d) and (e) indicates atoms
with masses different from those of the base graphene flake,
see text for details. All the structures are finite in the ver-
tical direction, but are supposed to repeat infinitely in the
horizontal direction. In practice, using the length of about
120 nm in the horizontal direction (with 15 periods for each
resonant structure) and periodic boundary conditions ensures
the convergence of the properties relevant to our study.

The pillars in these resonant structures have a height
of HRe = 10.2 nm and a width of LRe = 4.2 nm, and
the period of the resonant structures is Lp = 8.1 nm; see
Fig. 1(b) for an illustration of these geometrical param-
eters. In Fig. 1(b), the pillars are extra graphene flakes
attached to the two edges of the middle GNR, and we
call the resulting resonant structure the perfect resonant
GNR (PR-GNR). The resonant structure in Fig. 1(c) is
called the defective resonant GNR (DR-GNR), which is
obtained from the PR-GNR by creating vacancy defects
(of size 3.2× 0.4 nm2) around the interface between the
pillars and the middle GNR. The resonant structure in
Fig. 1(d) is called the heterogeneous resonant GNR (HR-
GNR), which is obtained from the PR-GNR by changing
the mass of the atoms in the pillars. We consider a mass
ratio of 2 and a mass ratio of 4 between the pillars’ and
base material’s atoms and call the corresponding struc-
tures HR-GNR-2m and HR-GNR-4m, respectively. The

resonant structure in Fig. 1(e) is called the alloyed res-
onant GNR (AR-GNR), which is obtained from the PR-
GNR by doubling the mass of (uniformly randomly cho-
sen) half of the atoms in the pillars. Last, by combining
the DR-GNR and AR-GNR models, we obtain a reso-
nant structure called the defective alloyed resonant GNR
(DAR-GNR).

III. COMPUTATIONAL METHODS

MD simulations were performed using the GPUMD
package [18, 19] with the optimized Tersoff potential [20]
and a time step of 0.5 fs. All simulations were performed
at a target temperature of 300 K. We used the homoge-
neous nonequilibrium MD (HNMED) method [21, 22] to
calculate the TC. The running TC as a function of the
production time t is evaluated as [22]:

κ (t) =
1

t

∫ t

0

dτ
〈Jq (τ)〉ne
TV Fe

, (1)

where V refers to the system volume, T to the sys-
tem temperature, Fe is the driving force parameter, and
〈Jq (τ)〉ne the nonequilibrium heat current induced by the
driving force.

In the HNEMD simulations, the TC can be spectrally
decomposed in the frequency domain as [22–26]:

κ (ω) =
2K̃ (ω)

TV Fe
. (2)

Here, K̃ (ω) is the Fourier transform of the virial-velocity
time correlation function defined as [26]

K (t) =
∑
i

〈Wi(0) · vi(t)〉, (3)

where Wi represents the virial tensor for atom i as de-
fined in Ref. 26 and vi is the velocity of atom i.

From κ (ω) and the spectral ballistic conductance
G (ω) obtained from an NEMD simulation with a short
conducting channel [23, 24, 27], the spectral phonon
mean free path (MFP) λ (ω) can be calculated as [22]:

λ (ω) = κ (ω) /G (ω) . (4)

IV. RESULTS

Figures 2(a) and 2(b) show the TC as a function of the
production time in the HNEMD simulations for pristine
GNR and PR-GNR, respectively. For pristine GNR, we
considered the driving force parameters from Fe = 0.04
µm−1 to Fe = 0.1 µm−1; for PR-GNR, we considered
Fe = 0.3 µm−1 to Fe = 0.5 µm−1. Within these ranges of
Fe, there is no systematic dependence of TC on Fe, sug-
gesting that linear response is achieved in the HNEMD
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FIG. 2. Running TC κ of (a) GNR and (b) PR-GNR as a
function of the production time t in HNEMD simulations.
The range of magnitudes of the driving force parameter Fe

are indicated. The dashed lines represent individual runs and
the solid lines represent their averages.

FIG. 3. Converged TC for the various structures considered
here (for abbreviations see Fig. 1).

simulations. We adopted the block-averaging method
[22] to obtain an average TC and an error estimate for
each system: κ = 2208±19 W/mK for pristine GNR and
κ = 307 ± 4 W/mK for PR-GNR. The TC of the GNR
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FIG. 4. Spectral thermal conductivity for the various struc-
tures considered in this paper, calculated according to Eq.
(2).

is only about 20% smaller than that of two-dimensional
graphene [22], which suggests that the phonon-boundary
scatterings caused by the edges in the GNR are rather
specular and have small effects on the TC. In contrast,
by attaching resonant pillars to the GNR to form the
PR-GNR structure, the TC is reduced by about 87%, in-
dicating the strong hybridization effect between resonant
and propagating modes. Such hybridization can reduce
both the phonon group velocities and the phonon relax-
ation times, particularly at low frequencies [3, 12, 28], in
contrast to the purely scattering effect [2, 13]. Therefore,
the TC of PR-GNR at low frequencies is significantly re-
duced compared to GNR, as can be seen from Fig. 4.

Similarly, the TC values for DR-GNR, AR-GNR,
DAR-GNR, HR-GNR-2m, and HR-GNR-4m were calcu-
lated to be 490 ± 41, 360 ± 9, 562 ± 27, 468 ± 4, and
520±3 W/mK, respectively, as shown in Fig. 3. They are
all larger than the TC of PR-GNR. From Fig. 4, we also
see that the enhancement of TC in DR-GNR compared to
PR-GNR is contributed by both low- and high-frequency
phonons, while the enhancement of TC in AR-GNR and
HR-GNR comes from the high-frequency phonons only.
The abnormal increase of TC in all these modified res-
onant structures compared to PR-GNR is not expected
from the phonon scattering mechanism, but can be ex-
plained in terms of the phonon resonance mechanism, as
discussed below.

V. DISCUSSION

As noted above, the reduction of TC in PR-GNR com-
pared to pristine GNR is due to the resonant hybridiza-
tion between the resonant modes from the pillars and the
propagating modes in the base GNR. The enhancement
of TC in the various imperfect resonant structures is then
due to the weakening (or decoupling) of the resonant hy-
bridization caused by the imperfections. It turns out that
the weakening of the resonant hybridization by interface
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FIG. 5. Phonon dispersion at low frequencies, eigenvector of the first resonant mode (the arrows), and the corresponding
structure for (a) PR-GNR, (b) DR-GNR, and (c) HR-GNR-2m. The frequency of the first resonant mode is marked as a
red dot in each phonon dispersion diagram. The dashed lines are guides to the eye (see text). To make the LD calculation
affordable, here we reduced the height of pillars to 2 nm. This does not affect the conclusions here.

defect (in DR-GNR) or mass mismatch (in HR-GNR) at
the interface between the pillars and the base material
is mainly due to harmonic phonon properties, while the
weakening of the resonant hybridization by alloy disor-
der (in AR-GNR) is mainly due to anharmonic phonon
properties, as we explore in turn below.

A. Weakening of resonant hybridization by inter-
face defect and mass mismatch due to harmonic ef-
fects

In order to understand the role of phonon hybridiza-
tion in the heterostructures here, we used harmonic LD
to calculate the phonon dispersions in the quasi-one-
dimensional PR-GNR, DR-GNR, and AR-GNR. Figure 5
shows the low-frequency parts, where the resonant modes
with relatively flat phonon bands [11, 13] can be clearly
seen. The first resonant frequency is at about 0.13 THz in
PR-GNR, which is reduced to about 0.043 THz in DR-
GNR due to the weakening of the mechanical coupling
strength between pillars and the base GNR by the va-
cancy defects at the interfaces. In HR-GNR, all the reso-
nant frequencies are reduced due to the increased atomic
mass in the resonant pillars, with the first resonant fre-
quency reduced to about 0.10 THz.

The eigenvector for the first resonant frequency is also
illustrated in Fig. 5 for each resonant structure, which
corresponds to a rotation of the pillars around the base
GNR. In PR-GNR, the magnitude of the eigenvector
component decreases rather smoothly from the top of
a pillar to the center of the base GNR. Therefore, this
resonant mode penetrates deeply into the base GNR and
will strongly couple to the propagating modes in the base
GNR. In HR-GNR, and particularly in DR-GNR, the
change of the magnitude of the eigenvector component
is less continuous, leading to reduced penetration of res-
onant modes, which weakens the coupling between res-

onant and propagating modes and abnormally enhances
the TC.

FIG. 6. (a) Participation ratio in pristine GNR, PR-GNR,
DR-GNR and HR-GNR-2m. (b) Averaged participation ra-
tio for modes with group velocity smaller than 1 m/s in the
resonant structures. Suggestion: use different markers in both
(a) and (b), not only relying on different colors.

The weakening of the resonant hybridization in DR-
GNR and HR-GNR can also be understood in terms of
phonon localization. A stronger phonon localization cor-
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responds to a smaller phonon participation ratio (PR)
defined as [29, 30]:

pλ =

N N∑
i=1

(∑
α

u∗iα,λuiα,λ

)2
−1

. (5)

Here, uiα,λ is the component of the vibrational eigenvec-
tor of atom i in direction α for mode λ and N is the
number of atoms in the unit cell.

Figure 6(a) shows the PR values for all the modes in
pristine GNR, PR-GNR, DR-GNR, and HR-GNR. The
PR values in the resonant structures are much smaller
than those in pristine GNR, in accordance with the fact
that a reduced participation ratio, hence an enhanced lo-
calization, usually corresponds to a reduced TC [31–33].
However, this rule is only valid for propagating modes.
For resonant (non-propagating) modes, a reduction of PR
(enhancement of phonon localization) should lead to an
enhancement of TC as the enhanced localization of the
resonant modes will reduce the resonant hybridization
between the resonant and propagating modes. Figure
6(b) shows the averaged PR values over the modes with
group velocity vg < 1 m/s in the resonant structures,
which are almost contributed by the resonant modes
solely. It can be seen that the PR values for the non-
propagating resonant modes in DR-GNR and HR-GNR
are indeed smaller than those in PR-GNR.

B. Weakening of resonant hybridization by alloy
disorder due to anharmonic effects

Different from DR-GNR and HR-GNR, the weakening
of resonant hybridization in AR-GNR is not due to the
blocking of the penetration of the resonant modes into
the base GNR, but due to the phonon-disorder scattering
within the alloyed pillars. To understand this, we first
note that when the intrinsic phonon MFP is much larger
than the pillar height for all frequencies, phonons can
hardly be scattered inside the pillars and regular phonon
resonance can be formed whenever the phase difference
of the incoming and outgoing (reflected) phonons is (2n+
1)π, where n is an integer. This is the case for PR-GNR,
where the intrinsic phonon MFP inside the pillars (which
can be considered as pristine GNRs) are larger than the
pillar height (10.2 nm) for all frequencies, as shown in
Fig. 7.

From Fig. 7, we also see that when the pillars are al-
loyed as in AR-GNR, the phonon MFP inside the pillars
is reduced due to phonon-disorder scattering, which is
smaller than the pillar height for ω/2π > 18 THz. As a
result, the phase relation of the original resonant modes
with ω/2π > 18 THz will be changed, thus affecting the
formation of those resonant modes. The break of the
original phase relation only means that the original reg-
ular resonant modes are destroyed. However, it can still
create random resonant modes as some of the scattered

phonons still satisfy the phase relation. Such a random
resonant effect is weaker than the regular resonant one
as it cannot be generated for all wavelengths at a spe-
cific frequency, i.e., the resonant band cannot be formed
in the entire Brillouin zone [2]. The weakening of the
resonant modes for ω/2π > 18 THz agrees with the en-
hanced TC in AR-GNR compared to PR-GNR for the
high frequency phonons only as shown in Fig. 4.
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FIG. 7. Phonon mean free path of the pristine and 50% al-
loyed GNR with width of 4.0 nm, calculated according to Eq.
(4). The red dashed line corresponds to the height of the res-
onant pillars (10.2 nm). Better to use one solid line and one
dotted line.

VI. SUMMARY AND CONCLUSIONS

In summary, we have studied the effects of imperfec-
tions on phonon resonance in resonant nanostructures
based on GNR, using molecular dynamics simulations
and lattice dynamics analysis. It is demonstrated that in
contrast to the phonon scattering picture of TC reduction
by imperfection, introducing imperfections to the reso-
nant structures, such as vacancy defects at the interfaces,
mass mismatch between the pillars and the base mate-
rial, and alloy disorder in the pillars can all weaken the
resonant hybridization and abnormally increase the TC.
Based on harmonic lattice dynamics analyses, we have
clarified that both vacancy defects and mass mismatch
can reduce the penetration of the resonant modes from
the pillars into the base material. On the other hand, al-
loy disorder in the pillars can scatter the phonons inside
the pillars, which turns regular resonance into random
resonance with weaker hybridization. The large enhance-
ment of TC in resonant structures by imperfections could
explain the weak reduction of TC by phonon resonance
in the aluminum-pillared silicon membranes as observed
in the recent experiments [34], where various imperfec-
tions are expected within the pillars and at the interfaces
between the pillars and the base material.
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[13] S. Xiong, K. Sääskilahti, Y. A. Kosevich, H. Han,
D. Donadio, and S. Volz, Phys. Rev. Lett. 117, 025503
(2016).

[14] R. Anufriev and M. Nomura, Science and Technology of
Advanced Materials 19, 863 (2018), pMID: 30479674.

[15] S. Volz, J. Ordonez-Miranda, A. Shchepetov, M. Prun-
nila, J. Ahopelto, T. Pezeril, G. Vaudel, V. Gusev,
P. Ruello, M. Weig, Eva M.and Schubert, M. Hettich,
M. Grossman, T. Dekorsy, F. Alzina, B. Graczykowski,
E. Chavez-Angel, J. S. Reparaz, M. R. Wagner, C. M.
Sotomayor-Torres, S. Xiong, S. Neogi, and D. Donadio,
The European Physical Journal B 89, 15 (2016).

[16] J. Recatala-Gomez, A. Suwardi, I. Nandhakumar,
A. Abutaha, and K. Hippalgaonkar, ACS Applied En-
ergy Materials 3, 2240 (2020).

[17] N. Li, J. Ren, L. Wang, G. Zhang, P. Hänggi, and B. Li,
Rev. Mod. Phys. 84, 1045 (2012).

[18] Z. Fan, W. Chen, V. Vierimaa, and A. Harju, Computer
Physics Communications 218, 10 (2017).

[19] Z. Fan and A. Gabourie, “GPUMD-v2.5.1,” (2020).
[20] L. Lindsay and D. A. Broido, Phys. Rev. B 81, 205441

(2010).
[21] D. J. Evans, Physics Letters A 91, 457 (1982).
[22] Z. Fan, H. Dong, A. Harju, and T. Ala-Nissila, Phys.

Rev. B 99, 064308 (2019).
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