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Abstract

The primary emphasis of this work is the development of a finite element based space-time
discretization for solving the stochastic Lagrangian averaged Navier-Stokes (LANS-«) equations of
incompressible fluid turbulence with multiplicative random forcing, under nonperiodic boundary
conditions within a bounded polygonal (or polyhedral) domain of R%, d € {2, 3}. The convergence
analysis of a fully discretized numerical scheme is investigated and split into two cases according
to the spacial scale «, namely we first assume « to be controlled by the step size of the space
discretization so that it vanishes when passing to the limit, then we provide an alternative study
when «is fixed. A preparatory analysis of uniform estimates in both o and discretization parameters
is carried out. Starting out from the stochastic LANS-a model, we achieve convergence toward
the continuous strong solutions of the stochastic Navier-Stokes equations in 2D when « vanishes
at the limit. Additionally, convergence toward the continuous strong solutions of the stochastic
LANS-a model is accomplished if « is fixed. Neither of the mentioned convergences involves the
Skorokhod theorem.
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1 Introduction

Over the last few decades, many regularization models of the Navier-Stokes equations (NSEs) have arisen,
especially the a-regularizations, for the sake of better understanding the closure problem of averaged quantities
in turbulent flows. Such turbulent modeling schemes (e.g. Leray-«, Navier-Stokes-c«, Clark-«r, Modified Leray-
«) were introduced as effective subgrid-scale models of the NSEs which require massive grid points or Fourier
modes, allowing for approximation to capture all the spatial scales down to the Kolmogorov scale (see for
instance [9]] and the references therein), as well as their suitability with the empirical and experimental data for
a thorough range of Reynolds numbers.

In the present paper, we consider the stochastic version of the LANS-« equations [29] (also known as the
viscous Camassa-Holm equations [4]], or the Navier-Stokes-a model [[13}25]))

0y (u— o?Au) —vA (1 — o?Au) — a x (V x (@ — o*Au)) + Vp = f(-,a) + g(-,m) W,
div i = 0, (1.1)
a(ov ) = Uo,

for internal flow i.e. for a bounded domain in R%, d € {2,3}. The unknown vector field % is called the filtered
fluid velocity, and it depends on time and space variables, v is the fluid kinematic viscosity, and « is a small
spatial scale at which fluid motion is filtered. Note that both v and « are positive constants. f = f(¢,a) is
an external force, the scalar quantity p = p(¢, z) represents the pressure and g is the corresponding initial
datum. The last term of equations (I.I)); describes a state-dependent random noise, and it is defined by
g(-, W)W = g(t,0)d;W (t,z), where g is a diffusion coefficient. One of the aims herein is to approach the
two-dimensional solutions of the stochastic NSEs via the LANS-a model, numerically. Whence the need to

evoke the former equations with similar configurations:

v —vAv+ [v- Vv + VA = f(-,v) + g(-,0)W,
divv =0, (1.2)
v(0, ) = vy,

where v (resp. A) is the corresponding fluid velocity (resp. pressure), and vg embodies its initial datum.

Equations (I.T)) and (1.2) are usually employed as a complementary model to their deterministic versions to
better understand the situation of tiny variations or perturbations present in fluid flows. The former represents
a modification of the latter by performing Lagrangian means, asymptotic expansions, and an assumption of
isotropy of fluctuations in the Hamilton principle, which grant further physical properties (e.g. conservation
laws for energy and momentum). More specifically, the convective nonlinearity [v - V] v in the NSEs is adjusted
so that the cascading of turbulence at scales under specific length stops. The latter adjustment is called a
nonlinearly dispersive modification.

The existence and uniqueness of a variational solution to the problem (I.1)) were investigated in [10] under
Lipschitz-continuous conditions in a three-dimensional bounded domain. A similar study is proposed in [[15],
but this time with a genuine finite-dimensional Wiener process depending only on time. LANS-a model driven
by an additive space-time noise of trace class was considered in [22], where the authors proved the existence
and uniqueness of an invariant measure, and a probabilistic strong solution.

Speaking of the numerical approach, the convergence analysis of suitable numerical methods for the
stochastic LANS-« equations is less well developed. In connection with the deterministic version, both
convergence rate and convergence analysis of an algorithm consisting of a finite element method were investigated
in [14]] where the spatial scale « is considered in terms of the space discretization’s step. The author in [8]]
conducted a similar study, with o being independent of the discretization parameters. On the other hand,
numerical schemes for stochastic nonlinear equations admitting local Lipschitz nonlinearities related to the
Navier-Stokes systems had been already investigated. For instance, authors in [[7] studied a finite element-based
space-time discretization of the incompressible NSEs driven by a multiplicative noise. An enhancement of [[7]
in dimension 2 was carried out in [3]].
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This paper aims to provide a fully discrete finite element-based discretization of equations (I.1]) in a bounded
convex polygonal or polyhedral domain. Notice that the underlying model consists of a fourth order problem,
nevertheless we avoid the use of C'! piecewise polynomials-based finite element methods by introducing a notion
of differential filters that transform equations (I.)) into a coupled problem of second order. The employed time-
discretization herein is an Euler scheme. One highly valued characteristic of the finite element method is the
prospect of meticulous interpretation provided by the functional analysis framework. In contrast to the linear
stochastic partial differential equations, since we are dealing here with a nonlinear model, one cannot make
use of the semigroup method or Green’s function. Those techniques are effectively replaced by monotone or
Lipschitz-continuous drift functions. It is worth highlighting the importance of constructing practical numerical
schemes provided with exact divergence-free finite element functions (e.g. see [5,/16}[31}32]). However, due to
their computational complexity, one may notice the usage of a weak divergence-free condition that compensates
for the strong sense’s absence.

The associated spatial scale o will be considered hereafter either in terms of the space discretization’s step
(case 1) or independently of all discretization’s parameters (case 2). Therefore, our main results consist of the
convergence in both 2D and 3D of Algorithm [I] toward the continuous solution of the 2D stochastic NSEs for
the case 1, together with the convergence toward the continuous solution of the stochastic LANS-a model for
the case 2. Speaking of the followed approach, we begin by performing a priori estimates characterized by
their uniformity in « (for case 1) and the discretizations’ parameters (for cases 1 and 2), allowing us to extract
convergent subsequences of the approximate solution. As mentioned in the abstract, Skorokhod’s theorem is not
employed to achieve solutions’ existence, which means that the probability basis that was defined in Section [2]is
maintained throughout the demonstration. This avoidance took place due to two different identification methods,
according to the imposed condition on the spatial scale . In other words, if the target was the LANS-« solution,
the identification method would rely on its solution’s regularity, which is known to be high compared with the
NSEs’. If one was aiming for the NSEs solution, the followed technique exploits a local monotonicity property
attributed to the nonlinear term of equations (I.I). Each of these two approaches were first introduced in [[10}
30] to illustrate solutions’ existence through an abstract Faedo-Galerkin method. However, since we are dealing
with discrete settings herein, Itd’s formula is no longer applicable. Fortunately, discrete derivations solve this
issue despite the appearance of a few associated extra terms.

The paper is organized as follows. We introduce in Section [2] a few notions and preliminaries, including
the spatial framework, the needed assumptions, the time and space discretizations alongside their properties,
definition of solutions to problems (I.I]) and (I.2)), the definition of continuous and discrete differential filters
along with the investigated algorithm. Section [3] is tailored for the main results of this paper. We dedicate
Section [] to all possible a priori estimates within standard regularities, together with the local monotonicity
property related to the nonlinear term. In Section[5] we study the convergence analysis of the proposed numerical
scheme. Accordingly, we identify both deterministic and stochastic integrals, as the discretization steps tend to
0, with their corresponding counterparts. We terminate this paper (Section[6) with a conclusion concerning the
obtained limiting functions and how one can relate them to the stochastic NSEs and LANS-a model. We equip
this section with a computational experiment to visualize the outcomes and to evaluate the performance of the
proposed numerical scheme.

2 Notations and preliminaries

We state, in this section, preliminary background material following the usual notation employed in the context
of the mathematical theory of Navier-Stokes equations.
Given T' > 0, we denote by D C R%, d € {2,3} a bounded convex polygonal or polyhedral domain with

boundary 9D, in which we seek a solution, namely a stochastic process (ﬂ(t),p(t)),t € [0,7] satisfying

equations (I.I)) in a certain sense. Define almost everywhere on dD the unit outward normal vector field
ii: D — RY. The following function spaces are required hereafter:

H:= {z € (L2(D))d ’ divz=0ae. in D, z.77i =0a.e. on 8D},
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V= {z € (H&(D))d | divz=0ae. in D}.

From now on, the spaces of vector valued functions will be indicated with blackboard bold letters, for instance

L? = (LQ( ))d denotes the Lebesgue space of vector valued functions defined on D. Denote by &2: L2 —
H the Leray projector, and by A: D(A) — H the Stokes operator defined by A = —ZA with domain
D(A) = H2N V. A is a self-adjoint positive operator, and has a compact inverse, see for instance [11]. Let

(Q, T, ( %)tE[O,T] , P) be a complete probability space, () be a nuclear operator, and K be a separable Hilbert
space on which we define the Q-Wiener process W (t), t € [0,T] such that

=Y VB (tywy, Vte[0,T], 2.1

keN

where {3%(-), k € N} is a sequence of independent and identically distributed R-valued Brownian motions
on the probability basis (Q, F,( %)te[O,T] ) P), {wg, k € N} is a complete orthonormal basis of the Hilbert

space K consisting of the eigenfunctions of @), with eigenvalues { gy } xen+. The following estimate will play an
essential role in the sequel, cf. [26].

E (W) - Ws)IF] < @ -1 -9" (TrQ)", vreN, (2.2)

where (2r — 1)!l == (2r — 1)(2r — 3) ... x 5 x 3 x 1, and T'r(Q) denotes the trace of ().

For any arbitrary Hilbert spaces X, Y, the sets £ (X,Y) and % (X,Y") denote the nuclear, and Hilbert-
Schmidt operators from X to Y, respectively. For brevity’s sake, if X =Y, we set Z(X, X) = Z(X),i €
{1,2}. Hereafter, M% (0,T; X) denotes the space of all #;-progressively measurable processes belonging to
LP (Q x (0,T),dP x dt; X), for any Banach space X.

Throughout this paper, the nonnegative constant C'p depends only on the domain D, the symbols (-, -) and
(-,-) stand for the inner product in L? and the duality product between H~! and H!, respectively. Recall that o
is a small spatial scale, thereby we assume that o < 1. The latter leads to the following norm equivalence

all [l < [[lla < 11 b (2.3)

where ||-||, is defined by ||-|| == ||||72 + a?||V||}2. We point out that the whole study herein maintains all
the stated properties if one chooses o < @, for some & € R’ . For arbitrary real numbers z, y, the inequality
x < y is a shorthand for x < cy for some universal constant ¢ > 0. We list below the needed assumptions on
the data ug, g, @, and f.

Assumptions
(S1) Q € 4 (K) is a symmetric, positive definite operator.

(S2) f € L2 C([0,T);H™)) and g € L?(Q;C([0,T]; £ (K, L?))) are sublinear Lipschitz-continuous
mappings, i.e. forall 21,22 € V, g(-, 21) and f(-, z2) are F-progressively measurable, and dP x dt-a.e.

inQ x (0,7),
lg(21) =90 22l g2y < Lo llor — 22l V21,22 €V,
HgCs 2 2y < Ko+ Kalzll,, VzeV,
1F (G z) = FO 2l < Lpllen — 22l Va,22 €V,
G2 pr < K34 Kallzll,, VzeV,

for some time-independent nonnegative constants K, Ko, K3, K4, Ly, Ly suchthat Ly < v/ \/50123 and
1/2
L, <Tr(Q)~1/? (1/2 - 2L§C§§) /Cpv2v, with Cp > 0 being the Poincaré constant.
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(S3) 1o € L* (2, Fy, P; V), for some p € [1, +00).

Remark 2.1 The time-continuity of both f and g in assumption can be readily relaxed and turned into
L?(0,T). This emerges from the approximation choice of f and g occurring in Algorithm|l| For instance,

f(tm—1,") could have been approximated by f™(-) := ,1€ (Zk Dk f(t,-)dt, where k and m are introduced in
subsection[2.2]
To avoid repetitions later on, we state the following identity
1
(a b, a) -3 (Hauﬁz —|[l[22 + lla — b\|ﬁg) for all a, b € L2 2.4)
la + 0P < 2071 (|a|P + |bP), foralla,b € Rand p > 1. (2.5)

The trilinear form We define the trilinear form b, associated with the LANS-« equations, by
b(z1, 20, w) = —<z1 X (V x z3) ,w>, V21, 20, w € H}.
The following proposition contains a few corresponding properties.

Proposition 2.1
(i) (21 x (V X 29),w) = — (w x (V X 22),21) forall z1, z0,w € HL. Particularly, (z1 x (V X 23),21) =
0.
(i) — (21 X (V X 2z9),w) = ([21 - V]z2,w) + ((Vzl)T . 22711)) —(V(z1 - z2),w), forall z1,z9,w € H(l]. In
particular, 5(21, zo,w) = ([z1 - V]za2,w) + <(Vz1)T - 29, w> if 21,22 € Hy and w € V.
(iti) — (21 X (V X 22),w) = ([21 - V]zo,w) — ([w - V]za, 21), for all z1, z2,w € H(l].
Cp |21l 1V 22lle [[wll 5 [Vl 152, ifd =2,

(iv) Vz1,2z9,w € Hl,
‘ Cop |l IVl IVl e [Vl e, ifd=3.

(z1 X (V X 2z9),w)| < {

1/2 1/2

(v) Ford =3, ||22]| 2, for all z; € L? and z5 € H? N H}.

(V x 22) [y < Cp [|z1][ii” (|21l
Proof: Identltles.andmfollow straightforwardly from the triple product property (axb)-c = —(¢xb)-a, and
the equality [21-V]2zo+(V21) T 20—V (21-29) = —21 x (V x 29), respectively. To justify assertlonm, we make
use of more precisely we apply two integrations by parts to ((Vzl) 2o, W ) = =1 J pOi 2122 w'dx
to obtain — ([w - V]z2, 21) + (V(21 - 22), w). Plugging it back in [(ii)] yields the result. Estimate can
therefore be concluded from assertion after employing the Holder and Gagliardo-Nirenberg inequalities
for both dimensions 2 and 3. To demonstrate we shall use assertion Indeed, let 21, 22, ¢ € H? such
that ||¢||q1 < 1. Thus, (21 x (V x 22),¢) = ([¢ - V]22,21) — ([#1 - V]z2,¢) = I — J. Performing an
integration by parts on [ yields I = — ([¢ - V]z1, 22) — (z1div(¢), 22). Therefore, by the Holder, Agmon and
Gagliardo-Nirenberg inequalities in R, we get

1/2 1/2
1] < [llles [V 2] leall2allLe + 2] lioo |divgpl [z |22llLe < Cpllzal [ 2l 12 e-
Integrating by parts J, it follows J = — ([z1 - V]p, 22) — (22divz1, ). Applying once again the same
inequalities that were employed to illustrate the bound of I, we obtain
1/2 1/2
1< llztllus [ [Veellisl 22l e + 12l lldiva]lusllellus < Cpllzlle]lz2] ezl e
Putting it all together and arguing by density complete the proof. O

It is well-known that finite element methods based on C' piecewise polynomials are not easily imple-
mentable. Therefore, our fourth-order partial differential equation (I.1)) must undergo a modification so that it
turns into a second-order problem. To this end, we shall propose a differential filter that deals with a Stokes
problem. Such an idea emerges from [[18]] within a slight adjustment for the sake of fitting the current framework.
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Definition 2.1 (Continuous differential filter)
Given a vector field v € L2, its continuous differential filter, denoted 1, is part of the unique solution (i, p) €
V x L3(D) to
—a?Au+u+Vp=wv, inD,
div(u) = 0, inD, (2.6)
u =0, on 0D.
Note that the differential filter of a function v is usually denoted by v. Nevertheless, the employed notation herein
will be @ to obtain a clear vision of the relationship between the differential filter and equations (I.I]). For a given
v € L2, problem (2.6) yields a unique @ € H? NV provided that D C R?, is a bounded convex two-dimensional

polygonal (three-dimensional polyhedral) domain. Moreover, the solution @ satisfies ||i||2 < Cpa™2||v]| 2.
The former and the latter properties are provided in [23, Subsection 8.2].

2.1 Definition of solutions

Relying on paper [[10], a solution to equations (I.I) can be defined as follows:

Definition 2.2 Let T' > 0 and assume that (S3)| are valid. A V-valued stochastic process  is said to
be a variational solution to problem (L)) if it belongs to M2 (0, T; D(A)) N L* (§; L>(0,T;V)), is weakly
continuous with values in V/, and it satisfies P-a.s. and for all t € [0, T the following:

u 2(Va v t a(s) + o’ Au(s s
(@(t).6)+ o (V). 90) + v [ (is) + o*Au(s). A)a

+ /0 b (u(s),u(s) — o? At(s), ¢) ds = (g, @) + o? (Vig, Vo) 2.7)

t

i /ot (Flo ). 0 )ds + (/0 g(s,a(s)) AW (s),6), ¥o € D(A).

If @ is a solution to problem (I.1) in the sense of Definition[2.2] then it has the sufficient regularity to define the
right-hand side v of system (2.6)). Therefore, considering v = v(¢) as in problem (2.6) grants a new (equivalent)
formula for equation (2.7), namely for all ¢ € [0, 7], it holds P-almost surely

(v(t), 8) + v /0 (Vo(s), Vo) ds + /O B(a(s), v(s), )ds = (vo, §)
(2.8)

+ [ tsatn.opis+ [ otsatnan o). voev.

where vy € L? is given by equation (2.6) when @ = 1.
t

The trilinear term involving the pressure / b(a(s), Vi(s), ¢)ds does not appear in equation (2.8) because
0

b(u, Vp, @) Z/ Z@@p(bjda:—l— Z/@ujﬁjpgb dx.

5,j=1 1,7=1

The first term on the right-hand side turns into — / [¢ - V]uVpdz after performing an integration by parts, and
D

the second term can be rewritten as / [¢ - V]uVpdz. We highlight the absence of (V(u - V), ¢) in the above

calculation which results from Propolgition It is worth mentioning that (2.8)), coupled with the weak
formulation of (2.6), establishes a well-posed problem whose solution satisfies equations (I.1)) in the sense of
Definition 2.2

According to Definition it is straightforward to infer that assumption can be substituted by
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(S§y vy € L% (2, Fo, P; H), for some p € [1,+00).

Indeed, the V regularity of 4 arises from the variational formulation study of system (2.6) which implies that
7ol < TvollL2-

Remark 2.2 Both functions v and u of equation (2.8)) must vanish at the boundary 0D, which includes the
condition At = 0 on OD. This goes back to the way in which the LANS-« model is constructed. For additional
interpretations, the reader may refer to article [29].

Next, we give a definition of strong solutions to problem (I.2) in 2D.

Definition 2.3 Given T > 0, let assumptions|(S1)}|(S2)|and|(S$")|be fulfilled. An H-valued stochastic process
v(t),t € [0,T)is said to be a strong solution to equations (L.2) if it belongs to M3 (0, T; V)N L*(€%; C([0, T]; H))
and it satisfies P-a.s., for all t € [0,T):

(v(t), ) + v /0 (Vo(s), V) ds + /0 ([o(s) - Viu(s), 9Yds = (v0, )
(2.9)

+ /Ot (f(s,v(s)), 0)ds + </Otg(8,v(s))dW(5)7¢> Ve eV.

2.2 Discretizations and algorithm

Time Discretization

Let M € N* be given, and Iy = {t;}}, be an equidistant partition of the interval [0, 7], where ¢y = 0,
tyr =T and k :== T'/M is the time-step size. The nodes’ equidistance is not mandatory in the sequel; it is
imposed, however, for simplicity. One can generalize the presented method by associating a time-step k,, with
each sub-interval [t,,—1, %), forallm € {1,..., M}.

Space discretization For simplicity’s sake, we let 7}, be a quasi-uniform triangulation of the domain D C R?

into simplexes of maximal diameter h > 0, and D = U K. The space of polynomial vector fields on an
KeTy,

arbitrary set O with degree less than or equal to . € N is denoted by P,,(0) := (P,(0))?. For ny,ny € N\{0},

we let

Hi = {zn € YN ICOD)? | 21 € Puy (K), VK €73},
Ln = {an € L3(D) | anl,c € Pusl(K), VE €73},

Vy, = {zh € Hy, ‘ (div(zp),qn) =0, Vgu € Lh},

be the finite element function spaces. For fixed n1,no € N\{0}, we assume that (Hy, L;,) satisfies the discrete
inf-sup condition; namely there is a constant 3 > 0 independent of the mesh size h such that

sup (div(zn), qn)

> Bllanllg2, Yan € L. (2.10)
aeHn\foy [ Vanll2

Examples of finite-dimensional spaces that satisfy inequality (2.10)) are provided in [} [T9} [24]].
Given z € L2, we denote by I, : L? — V;, the L2-orthogonal projections, defined as the unique solution of the
identity

(z —Mpz,0p) =0, Vop € Vp,. (2.11)

For z € H{, Al Hé — V}, denotes the discrete Laplace operator, defined as the unique solution of

(A%2,00) = = (V2,Vn), Vion € Vi 2.12)
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Operator A" can also be seen as a discrete Stokes operator since its image is V. We point out that one must
not blindly interchange Hj, and V}, in the definition of A" because a discrete pressure shall be eliminated from
Algorithm [I]later on. This also appears in Lemma [2.1]

Estimate (2.13) and the inverse inequality (2.14) below need to be satisfied by the recently defined ap-
proximate function spaces. Let S;, be a finite-dimensional subspace of H} equipped with an L2-projector
IIs, : L? — Sy, satisfying the following property:

Let n € N be the polynomials’ degree in S,. For all s € [2,n + 1], and z € H* N H}, there is a positive
constant C' independent of h such that

1
Y WDV (2 =T, 2)|| 2 < Ch® ||z | - 2.13)
7=0

Furthermore, assume that S, fulfills the following inverse inequality:
For/ e N,1 < p,q < +ooand 0 < m < /, there exists a constant C' independent of A such that

l2n ] lep < CH™= 280G | 2 g s V2h € Sh. 2.14)

Provided the triangulation of the domain D is quasi-uniform, one can easily check that the space Hj, satisfies
both estimates (2.13) and (2.14). The reader may refer to [6] for adequate proofs. Subsequently, we take
Identity (2.12) together with the inverse inequality (2.14)) ensure the following estimate:

HMZ"HLQ < Ch Y| Vanl|iz, Yon € Vi 2.15)

The discrete differential filter is somewhat defined as its continuous counterpart, but this time by involving
the weak formulation of problem (2.6).

Definition 2.4 (Discrete differential filter)
Let v be the vector field of Definition Its discrete differential filter, denoted by u;, € Vy, is given by the
unique solution of

o (Van, Vn) + (un, on) = (0,91), Ve € V.

Additional information are stated in article [27, Section 4] . We list some of its properties in the following
lemma.

Lemma 2.1 Let v = v, € V}, and uy, € Vy, be its discrete differential filter. Then,
(i) vy = up — 2 A"y, and Vo, = Vi, — o2V A"y, ace. in D.

- _ 2 2 | an |I?
(ii) (Yo, Vag) = ||Vag||[2 + o HA uh’ L

Proof: Assertions (i) and (ii) are covered in |14, Lemma 2.1]. O

Before exhibiting the algorithm, we will define new notations for the approximate functions. The subscript h
of the utilized test functions will be dropped throughout the rest of this paper for the sake of clarity. Fort¢ € [0, T7,
we set V (t) :== vy (t) for v, € V},, and denote by U (¢) its discrete differential filter, i.e. U(t) := uy(t). Besides,
let II(t) := py(t) and II(t) == py,(t) be the (space) approximate pressures. We point out that Algorithm [1|is
derived from equation (2.8), which contains both terms u and v.

Algorithm 1

Let U° € Hy, be given.

Project vy through (Vo,w) = (Uo,w) + a? (VUO, Vw),for all ¥ € Hy,

If for m € {1,..., M}, iterates U™, V=1 TIm—1 o™= are known, find a 4-tuple stochastic process
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(Um’vmvnn%ﬁm) € Hp X Hy X Ly x Ly, such that for all ((,D,¢,A1,A2) € H;, x Hy, x L, X Ly, there
holds P-a.s.

(V= vl ) 4 ke (VY V) = k(U X (VX V™), ) = k(T div(e)
= k<f(tm_1, U1, gp> + (g(tm—l, U™ AW, sO),
(

(V™) = (U™, %) + a2 (VU™ V) — (1", div(v))
(div(U™), A1) = (div(V'™),Ay) =0,

where Ay, W = W (ty,) — W (tm—1) forallm € {1,...,M}.

The choice of the starting point U° of Algorithm [1]is provided in Section [3| Although the trilinear term’s
second variable could have been chosen to be expliciti.e. V x V™1, this choice may force an extra smoothness
assumption on vy when illustrating the a priori estimates of {Vm}%zl; namely one needs vg to be in HJ,
which is not really practical as vy is just a transfer tool that should not play an important role within the study.
For each m € {0, ..., M}, we may conclude from the second and third equations of Algorithm [l| along with
Definition 2.4] two facts:

(i) U™ is the discrete differential filter of V" and thereby, all the associated properties are valid.

(ii) The Algorithm’s starting point U° could be exchanged with V°.

3 Main results

In the light of the preceding preliminaries, we are now able to state the main results of this paper. Theorem [3.1]
concerns the stochastic LANS-a model and Theorem [3.2]is devoted to the stochastic Navier-Stokes equations.

Theorem 3.1 LetT > 0, (Q, F, (Ft)eelo,1)s P) be afiltered probability space, and D C R? be a bounded convex
polyhedral domain. Suppose that assumptions|(S1)}|(So)|and|(S)|are fulfilled. Given an M € N\{0}, define
the discretization step size k = % such that k € (0,1) and Iy, makes up a uniform partition of the time interval
[0,T). Let h € (0,1) be the space discretization step size such that the triangulation Ty, is quasi-uniform,
and let o > 0 be a fixed non-vanishing parameter that does not depend on k and h. Define the finite element
triple (H hs Ln, U }? ) such that the pair (Hy,, Ly,) satisfies the discrete LBB condition and the initial datum
U }3 (:= U") belongs to Hy,. The following results are valid:

~ M
e For a given (k,h,a) € (0,1) x (0,1) x (0,400), there is a solution {(Um, Vm,Hm,Hm)} to

m=1
Algorithm[I| that fulfills Lemmas [@.1| and

e For a family {k,h} of discretization parameters satisfying k,h — 0 instantly such that U° — g as
h — 0 in the space L*(Q;H') (particularly HUO{ ‘L4(Q.H1) is uniformly bounded in h), the solution

m=1

. M
{ (Um, vmoIrr, Hm> } of Algorithm |I| converges toward the unique solution of the Lagrangian
averaged Navier-Stokes equations (1.1) in the sense of Definition 2.2}

Theorem 3.2 Let T > 0, D C R? be a bounded convex polygonal domain and (Q, F, (Ft)eelo,m P) be a
filtered probability space. Assume assumptions|(Sy)}|(S2)|and|(S$)| Given an integer M € N\{0}, define the
time discretization step size k == % such that 0 < k < 1, and Iy, forms a uniform partition of the time interval
[0,T). Let h € (0,1) be the space discretization step size such that the triangulation Ty, is quasi-uniform.
Define the finite element triple (Hp, Ly, U}) such that the pair (Hp,, Ly,) satisfies the LBB condition (2.10) and
UY (:= U°) belongs to Hy,. The following results hold:

- M
e For a given (k,h,a) € (0,1)3, there exists a solution {(Um, vm oI, Hm)}

to Algorithm |l|that
m=1
satisfies LemmaW. ||
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o Forafamily{k, h, a} of parameters satisfying k, h, o — 0 instantly such that the following supplementary
assumptions are imposed.:

* the spatial scale « lies in the range [pminh, Qumazh] for some cumin, Amaz > 0 independent of k
and h,

x U® — @g in the space L*(Q2; HY) (particularly, ||UY|| LA(Q;H1) I uniformly bounded in h),

~ M
the solution { (U moym oI, Hm> } of Algorithm|l|fulfills Lemma .5 and it converges toward the
m=1

unique solution of the stochastic Navier-Stokes equations (1.2)) in the sense of Definition

The initial datum U° of Algorithm [1|can be prescribed through the Ritz operator which grants a uniform
bound in H! with respect to h. That is, we evoke the Ritz operator & ; which is stable in H! i.e. there is a
positive non-decreasing function ¢, uniform in h such that ||® ,v||y1 < ¢||v||2 for all v € HY, such that for a
given v € H!, ®;,: H! — V, is defined as the unique solution of

(VR pv, Vo) = (Vv, V), Yo, € V.

Therefore, we define U by U 0 = R 19 where 7 is the initial datum of equations (I.1)), which also represents
the continuous differential filter of vy. Besides, the second equation in Algorithm|I|together with Lemma[2.T}(i),
inequality (2.13), @ < 1 and & < gz h lead to HVOHL2 < v2max(1, Camaz) HUO‘ ‘Hl which means that
||V9]|,> is also uniformly bounded in h.

4 Solvability, stability and a priori estimates

Notice that the system of equations proposed in Algorithm |1|{can be reformulated after taking the test functions
pand 9 in Vp:
(V™ =V o) + kv (VV™ Vo) — k(U™ x (V x V™), )

=k{f(tm-1,U""1),0) + (9(tm-1, U™ ) ALW, 0), Yo € V. 4.1)
(V™) = (U™ ) + o (VU™ V), Vi € V.

In the lemma down below, we illustrate the solvability of Algorithm/[I] the iterates’ measurability, and some
a priori estimates whose role is to afford the proposed numerical scheme with stability.

Lemma 4.1 Assume that assumptions are valid and let p € [2,00) N N. Then, there exists a Vj, x
Vj, X Ly, x Ly-valued sequence of random variables {(U™, V™ TI"™ TI"™)}M_, that solves P-a.s. Algorithm
and fulfills the following assertions:

(i) foranym € {1,..., M}, the maps U™, V"™ : Q — Hy, are T, -measurable.

M M
kv 2 1 2
.. mi2 m|(2 2 hyrm m m—1
(ii) E[1§ma§X |U ||Oé—|——2 2_1 (HVU L2 + o HA U HL2> + E_IHU -U Ha} < Cr,

M
(iii) E[liﬁ% o™+ 3 o) fjom = o2

m=1

M
m)2P~1 m||2 2 hyrm 2
+kumZ:1||U 2 <||VU R+ a? ||atr HL” < Cr,,

where Ct,, > 0 depends on HUO‘ ‘sz(Q,Hl), T, {Ki}?zl, Tr(Q), v, and D, and is independent of o, k and h.
Note that Cp = CTJ.
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Proof:  Solvability

To prove the Algorithm’s solvability, we will follow a technique similar to that in [2, Lemma 4.1] while relying on
equations (@.1). Since V'™ € Vj, forallm € {1,..., M} then, by Lemma(i), weget V™ = U™ —ao2AMU™,
P-a.s. and a.e. in D. This means that the existence of U implies that of V. Assume that, forsome 2 < ¢ < M
and for almost every w € Q, a sequence {(U™(w), V™ (w))}’}; has been found by induction. For w € €,
define P-a.s. the mapping 7, : V), — V), by

F1(p) =@ — ?Alo — VI (W) — kvA (90 - aQAhso) — ki x (V X (p — aQAhsD))
— kf(te—1, U N w)) = gte—r, U (W) AW (),

for all ¢ € V. The continuity of 7, can be shown by a straightforward argument. Since, V}, equipped with
the inner product (-, -), is a Hilbert space, then by Riesz representation theorem, functional 7, ; can be defined
through the L2-inner product, namely for ¢ € Vp,,

(F21(0) () = (F21(p),¥) , forall ¢ € V.

Therefore, for ¢ = ¢ € Vj, and by Proposition (i)} the discrete Laplace operator (2.12)), assumption
the Cauchy-Schwarz and Young inequalities,

(F21(9),9) = llelta + (02 + k)| [Vl 22 = [V @) ez lllie + kva? ([ A%| s
— & (K + Kal U7 @)lla ) el = (K1 + Kol [T @)l]a ) 1AW (@)l k]2

1 kv _ kC? _ 2
lolZa + (02 + )19 le — V@I — 2 (K + Kl (w)lla)

_ 2 1
Ky + Ka||U* 1(w)lla> 1AW (@)I[7 = SllellEs = Lea(w),

>

|

/N

where

kC% K3

v

kCHK3
Loy =2K7(|AW |l + —2=2

VR, + ( i 2K§|IA4WH§<) 2.

By inequality (2.2)) and the induction’s hypothesis, it holds P-a.s. L;_;(w) < +oc. Therefore, taking ¢ € Vj,
such that ||¢[| 2 = \/2L,_1(w) yields (F~(¢),¢) > 0. Subsequently, Brouwer’s fixed point theorem (see
[20, Corollary 1.1, p. 279]) ensures the existence (but not uniqueness) of a function ¢ = ¢(w) € V}, such that
72 1(#) = 0. Hence, (U, V*) € Vj, x Vj, exists P-a.s. . The discrete LBB condition (2.10) yields the existence
of an Lj, x Ly,-valued process { (IT™, IT™)}M_, satisfying Algorithm

Measurability

After proving the algorithm’s solvability through the functional 7, ,, the measurability of iterates U™, m €
{1, ..., M} follows by induction (see [2, Lemma4.1]). Moreover, by Lemma( i), one infers the measurability
of (V™ML

A priori energy estimate

Let us denote by ||||ia the quantity ||VH2|_2 +a? HA}RH;. In equation (.I)), we take ¢ = ¢ = U™ and
employ identity (2.4), Lemma [2.T}(ii) together with Proposition

(U™ = U™ M2+ U™ = U™ 2) + kel[U™ 7 0 = k(f (tmer, U1, U™)
+ (9tm-1, U™ AW, U™ = U™ ) + (g(tm-1, U™ AW, U™

N | —

(4.2)
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After employing the Cauchy-Schwarz and Young inequalities along with assumption|(.S2 )}, we take the sum over
m from 1 to M:

M

1 1 1 e
SIOYIE =S IUo2+ 3 >l =U 1Ha+f2\|

m=1
CZ%TKZ% CIQDKZ% z —1y)2 Z -1 2
< k m tm—-1, U™ A, 4.3
<=ty =D mizjlw Ha+mZ:1|g< LU DAL W (43)

M
+ ) (gt , U™ H AW, U™,
m=1

Due to the measurability of U™, the last term on the right-hand side vanishes when taking its expectation. The
penultimate term is controlled as follows:

E [Ilg(tm—1, U™ ) ey 1AW 1

= E a1 Ul e | E (I8 W 1] 5] @)
< 2Tr(Q)Kik + 2K3kTr(Q)E [[[U™ 2],

thanks to the tower property of the conditional expectation, the increments independence of the Wiener process,
property (2:2)), and assumption[(S2)] Plugging estimate (#4) in equation @.3) returns

M M
1 _ k
SEMNUMIE] +7 D EQm —um 2] + 5

m=1 m=1

+ ChK3 D73 4 oTr(Q)KE ) T + ChKi L 4 2K3T kz [1U™2]
v 1 14 2

E(IU™Iha] < SE [IIU°11E]

1
2

W

4.5)

Now, we employ the discrete Gronwall inequality (see for instance [35, Lemma 10.5]) in order to prove the
sought estimate. We replace M in equation (4.5)) by any other index ¢ > 1. We get

02 K2 T KL +2K3Tr(Q)
e [I02] < [E QeI + 2 (25 s orr@nt ) 7) (5 )~k

forall ¢ € {1,..., M}, where ||U°||, < ||U°||y: thanks to (2.3). Consequently,

1<ma<XMEU|U 2] < Kr. (4.6)

By virtue of estimate (4.5]) and the discrete Gronwall lemma, one also obtains the following two estimates:

M
k m 1 m m—
P2 E[HU 12.] < Kr and 4;15[\0* — U 2] < Kr.

We still need to prove E [ ma<XM U™ |2} < C', for a certain positive constant C independent of «, k and

h. To this end, we make use of estimate (4.3), but this time by summing from m = 1 to m = ¢ where £ > 1 is
an integer. Then, we take the maximum over ¢ and apply the mathematical expectation on both sides to get

1 1 C2TK?2 K2 M .
E[max y|Uf||2] SEIUOIR] + =2=2 4+ ==k Y E ([0 117]

2 |1e<Mm =
o ' 4.7
m—1 2 m—1 m—1
—l—mzlE [llg(tm-1, U™ 1) AR WI[Z.] + E lrgne%mﬂ(g(tm_l,zf )JARW, U™ )
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To bound the last term on the right-hand side, we use assumption|(.S3 )} the Burkholder-Davis-Gundy and Young
inequalities, after considering the sum as the stochastic integral of a piecewise constant integrand:

l
E [ max (9(tm—1, U™ H AW, U™ )

1<U<M “—

M 1/2
_ 2 _

<E (kz [|9(tm—1, U™ D[ g2 U™ 1Hﬁz> (48)

m=1
1 1 M

02 2 )12 2 —1712

< ZEUITPNE] +2K7T + B | 7 max |U |!L2+2szg::1|Um IIQI'

Returning to estimate (4.7), we avail ourselves of (4.4)), (4.6) and (4.8) to conclude
E [ max ||Um||i] <Cr,
1<m<M
where Cr > 0 depends only on the parameters of K.

Bounds for higher velocity moments
We will demonstrate below the case p = 2. The reader may refer to [[7] for additional hints. We start by
multiplying equation (#.2)) by the norm ||U™||2.

1 1 _ 1 _
U™ e = ST HRNU™ G + S1U™ = U HENO™ G + kv [[U™[7 U™
= B (b1, U™, U0 + (gtm, U D AW U™ U ) Ul 49
+ (9(tme1, U™ DA W, U™ Y |JU™|2 =T + 11 + 111
For I, we apply the norm equivalence (2.3)), the Young inequality and estimate |a + b|P < 2P~1(|a|P + |b|P) for
p=4:

m— ms ms kCt m— 4
I < kCp (K3 + Kal|[U™ H]a) VU™ 2 ||U Hééﬂf(Kﬁ&HU o)

3kv 2kCHKE  2kCHK} _ 3kv
+ U MU™E < =52 + =52 Mg + =~ lU™ I /U™
4 v v 4
For 11,
IT < |g(tm—1, U™ Doy 1AmW Il (10™1E = U™ HE + [0 H2)
1 _
o Al
_ _ 1 1212
< llg(tm—1, U™ Dz |AmWIRNT™ G + 25 10711 = 1071
_ 1 .
+ 4llg(tm-1, U™ g || B Wl + 7110 = U™ 22U 2.
For I11,
111 = (g(tm—1, U AW, U™ ([[U™1E = [[U™HIE + 110" HIR)
_ _ _ 1 1212
< (9(tma, U™ AW, U ) UG + 6 (1016 = 101G
4191, U™ ) Py g oy | Am WU 2.
Equation (@.9) becomes

1 1, me 1 _ kv
U™ la = ST HRNT™ G + 0™ = U HENT™ G + = 0™ 5o 10115
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2kCAKY  2kCHKE
<=5+ =0Tl +

1 m m— 2
2 S o — o)
- (9(tet, U™ AW, U™ 072 4 4llg (s, Uy ey 1D W[
+ 5119 (b1, U™ )2 a2y | W [T 2.

_ _ _ 2
Note that |[U™|[;, — [[U™HZNU™ (2 = 3(1U™ [ = U™ HIg + [1T™][2 = [T H[Z[7), therefore

1 _ 1 _ 2 _
Z(HU”‘HZ*[—HUV” 1!\i+§\HUmlli—|\Um AT+ o —umHEIom
2kCHKY  2kCLKY

D 3+ g 4HUmle4a

+ R [0 ol [U™13) <

3 (4.10)
+ (9(tm-1, UM AR W U™ ) UG + 4llg(tm—1, U™ |1, 12) | Am W[
+5l1g(tm—1, U™ ) 2y 1A WU,
Proceeding as (#.4), the penultimate term can be estimated as follows
E [lg(tm-1, U™ Mrern 1AnW Ik S KITH(Q + K3TH(QPRE U] . @D
Next, we bound the last term on the right-hand side of (#.10)
m—1y(|2 2 m—11|2
€ {llgttm1, U™ Dl e 1 Am W 1012 W)

< KPRTr(QE[IUmYE] + K3Tr(@KE [IIU™Y[G] -

The third term on the right-hand side of (4.10) vanishes after taking its expectation, thanks to the measurability
of the iterates U™, m € {1,..., M}. We collect and plug the above estimates back in (.10, and we sum it
up over m from m = 1 to m = M. Then, we apply the mathematical expectation, and employ the discrete
Gronwall lemma to get

m| |4 <
1§r£1na§xME 11U™15] < Cra, (4.13)

where C7 2 > 0 does not depend on «, k and h. We also get by Gronwall lemma the following two estimates:

M M

1 m m— m kv m m

aE [Z Jum — o HENU™[a| < Crg and “ E [Z U™ IIU™A] < Cra
m=1 m=1

It remains to show that E [ x [|[U™] |§] < Cr,2. To do so, we follow the technique which was employed in

ma
1<m<M
the previous step (A priori energy estimate) by summing up inequality (.10) over m from 1 to £ > 1. We will
only need to control the following stochastic term:

VA
E [ max (g(tm_hUm_l)AmW, Um_l) HUm_nga]

M 2
SE (k S [lg(tm-r. Um—1>|;2<K,L2>\|Um—1|rz>

m=1

M M M
1 1
<E |00k + U |[a + 4Kk Y U2+ 4K3k Y IU™ ]| -

— max
8 1<m<M
L m=1 m=1

Collecting all estimates together and using (4.13) complete the proof of estimate (iii). ]
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Remark 4.1 The iterates’ uniqueness can be shown to hold in a subspace Q. of Q such that € = e(k,h) > 0
and P(Q.) — 1 as e — 0. Uniqueness in the whole probability space does not occur because of the nonlinearity
of the proposed numerical scheme. The reader may refer to ||/, Lemma A.1] for a similar approach.

Lemma 4.2 Assume the hypothesis of Lemma- Iterates {Um} — satisfy the following estimate:

op—1

2
L2> < CTJ):

M
e | (1035 (1w o
m=1
where Cr,, > 0 has same ingredients as that of Lemma

Proof: The demonstration is straightforward; it can be illustrated as follows: we pick the adequate inequality
from equation (4.3):

M
kv m|2 | ——— C%TK?% C/%KET m—12
_ < Z
2> MU 0 < IO+ ZEEE 4 TR ma (U
m=1
M ¢
+ Z lg(tm-1,U™" I)A W||L2 + max (g(tmflaUm_l)AmVVa Um_l)

1<U<M

3
Il

Next, we raise the above inequality to the power 2°~! and use the estimate |a + b|? < 2971 (Ja|? + |b]9),
Va,b € R,Vq > 1. It holds that

2p—1

M 2p~1 2p—1
kv C2TK? C3K3T
(2 > vaﬁ,a) sl + (25) 4 (20T o
m=1

M 2p—1 ) 2p—1
m—1 2 m—1 m—1
+ (Z Hg<tm—17 U )AmWHLQ) + (12%%)](\4 (g(tm—h U )Ava U )>

m=1 m=1

We will only focus on bounding the mathematical expectation of the last two terms. By the Burkholder-Davis-
Gundy inequality, assumption|(S2)} and Lemma @.T)-(iii), if follows

2P

M 2rt
(Z g(tm—1, Um‘l)AmW\|2|_2> < M¥'E| max
m=1

1<m<M

tm
/ Gty U™ )dW (1)
tm—1

L2

op—1 op—1 1 2p—1 7 9P op—L ;9P —1y12
SR [ ot UM )] ST KY 77 KEE | o 07

S TZP*1K12P + TQP*1K2QPCT’p

On the other hand,

op—1

14
E (3‘? D> (9tmr, U™ H AW, U™ 1))

m=1
M 2p=2
<E (kz ot 1,Um1>|@2(K,Lz)|Um1|az)
1
2p—2
e ( K%+2<K%+K§>uvmluz)
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<E

2p—2
<2TK1 + 2T (K? +K2) max [[U™ 1\]‘*) ]
S QTKY? ™ + 20(K} + K%)F””cnp,

thanks to the Burkholder-Davis-Gundy inequality, assumption Lemma (iii), inequalities 22 <
1+ 2%, Vo € R and (2.3). This completes the proof of this lemma. O

The provided a priori estimates in Lemma are not sufficient to derive the existence of a (continuous)
solution when « is fixed. Whence the need of the following lemma which consists of further stability properties
for Algorithm T

Lemma 4.3 Assume that o is fixed away from h and k and that |(S1) are valid. Let {V™}M_, be the
iterates of Algorithm[I} Forp € [2,+00) NN, it holds

r M

. m m||2 m m—1||2

(i) E | max ||V ||,_z—|—k:1/2_1|VV H,_2+Z_1HV — V™G <O,

i M v M 27!
.. m m m m—1]|2
) | mas [V + (zwz v ||Ez) s (z v —v 1\@) < Gyl
m=1 m=1
for some constant Cp(«) > 0 depending on «, , 1y, but not on k and h. Note
P ) (Hp)
Mo

that C(a) = Cy ().

Proof: We replace ¢ by V™ in equation (4.1)), then apply identity (2.4) to get

1 m 1 m— 1 m m— m
IV = SV + IV = VIR + k][ V ™[
=k(U™ x (VX V™), V™) + k{f(tm-1,U""), V™ + (g(tm-1, U™ AW, V™).

Taking the sum over m from 1 to ¢ € {1, ..., M}, then the maximum over ¢ yields

M
1 1 1
5 nax HV@HLﬁkvE vV + 5 3 IV =Vl < SIVOlI
- =

2 1<e<M
M

+/€Z| X (VX V™), V™) + kY e, U™ D [V (4.14)
m=1

14

m—1 m—1 m—1
b5 gttt U™ AW + 255, 3 (9t UM DA WV

We exploit the identity V™ = U™ — o2 A"U™ and Proposition (i) to write
U™ x (V x V™), V™) = o? (AhUm X (V x V™), Um) . (4.15)

Moreover, plugging 1) = U™ in equation (4.1) and using the Cauchy-Schwarz, Young and Poincaré inequalities
return ||[VU™|| 2 < Cpa~t||VV™|| 2. Further, by Lemma (i), it follows

?||VARU™ |2 < [[VU™|i2 + [[VV™]|i2 < (Cpa ! + 1] VV™| 2.
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Therefore, identity (4.13), Proposition [2.1H(iv)} the norm equivalence «|| - ||q1 < || - [|a < || - ||11, the Holder

X (V x V™), V™) <C’DakZHUmH \|VVm\||_2HAhUmHL2a VCpa~l +1 HVV””‘HI_2

and Young inequalities imply

k Z (U
M 1/4 3/4
< Cpa % /Cpa~t +1 (k > HUmH?iaQHAhUmHL2> (k > HVV’”HL2>
m=1
Z IVV™|2,.

o Z U™ a0 |A"T™|E i

m=1

27C (CD +a)
- 43t
m=1
Furthermore, employing assumption |(.S2)} the Poincaré and Young inequalities gives
< 20% .
YA e, U D [V < kz K3 + KU HI2) ZHVVmHLz
m=1 m=1 m=1
Collecting all inequalities together, equation becomes
1 kv m m m—1 0
5 mnax IV g2 + = Z IVV™ [ + - Z v = v, < *HV 12
270%(C 202TK? 2C%4K3T
b 0P S~ mpraijatumz, + 2BTES | 2BKIT o pmz ae)
v v 1<m<M
L
(tm—1, U DA, W, V1)

4304
m=1

M
£ 3 gl U AW + max > (g
m:
Next, we take the mathematical expectation of equation (4.16) to bound each term on its right-hand size. We

m=1
< CT,37

have
M
B0t (190 + o lla"0™ 22
m=1

.

M
E [k U™ || AMT™ 2
thanks to Lemma [.T}(iii). Moreover, making use of estimate (4.4) and Lemma[.T}(ii), we infer that
2

m=1

< 2Tr(Q)TK? +2Tr(Q)TK3E [||U°|2] +2Tr(Q)K3TCr

|

M
e[ lttacn U0
m=1
To control the last term on the right-hand side of equation (4.16)), we shall employ the Burkholder-Davis-Gundy
.o
> 1

and Young inequalities, assumption [(S2)] and Lemma4.1}(ii)
M
k Z llg tmflaUm_l)H?sfz(K,u)HVm 1|||_2

<e(

14
E B m—1 m—1
max (9(tm—1, U™ H AW, V)
m=1 m=1
1 M
0112 —1\112
< E Lgla<XMHVm||L2]+E ||V|rLz+kZIIIg<tmuUm )Hzg(m?)]
m=
]+ —E [||[V°|]}2] + 2K3TE [||U°||2] + 2K3T + 2K3TCr

IN

E[
4 [1<m

1
max |[V"||E
The first term on the right-hand side of the above equation must be absorbed in the left-hand side of estimate (4.16))
after taking its mathematical expectation. This finishes up the demonstration of assertion (i). To illustrate
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estimate (ii), we shall raise inequality (#.16)) to the power 2P~ 1, apply estimate (2.3)), then take the mathematical
expectation:

M P M 2r—1
E | max ||Vm||Lz+<ka|vvm|ﬁz> +<Zlvmvm—lllﬁz> SE[IIVOE]

1<m<M
m=1 m=1

—1

2 D p—1 P
) L OBT" G

CQP+I(CD+CK)2P M . .
+ L E (kD NU™ae| A2

L3x2p—1 op p2r !
m=1
2r~1
CXT? ' KZ . U 4 )
—i—TE L<ma<XMHUm Ibs } Zng(tm_l,Um JARW [ {2
o

-1

¢ 2

m—1 m—1

+E (12}2)5/1 2 (9(tm-1, U™ HALW,V ))
. cETY K2

= E[HVOHi ] +J1—|—VT+JQ+J3+J4

Using the Cauchy-Schwarz inequality and Lemma4.1} it holds that

N

2p
02P+1 (CD—FCM)QP - - 1 M . .
n< 2Pt max 10712 € | (63 (IV071s + 22ah0 2.

m=1

+
02p (Cp + «)
3x2p=1 [ 2p+1

\/ Crpr2V/Crpi1-

J can be readily bounded through Lemma.T}(ii). On the other hand, we have
oP

p—1
J3 < M* E| max
1<m<M

/ " G(tmr, U)W (1)

tmfl L2

2r—1
tm _
<M*E </ Hg(tm1,Um_1)|\?%(K7L2)dt> <T*'E L<rna<x (K1 + Ka||lU™ H|a )
tm—1 -

STYURY + T KPE[IUN] + T K Oy,
thanks to the Burkholder-Davis-Gundy inequality, assumption [(S>)} estimate (2.3)), and Lemma ( iii). Sim-
ilarly, J4 can be controlled by the use of Burkholder-Davis-Gundy’s inequality, assumption |(S2), Young’s
inequality, estimate (2.5]), and Lemma[4.T}(iii):

op—2

M
Ji SE <k > llg(tm—1, Um_1)||_2zz(K,L2)||Vm_1Ifz)

m=1
1 2
m 0 m—1
< 4B | o, V7| VoI + (7 (11 + Kol 10)°) ]
1 m 1 027 op—1 ;9P 0112P op—1 2p 2p
< B | s, IVPI |+ JEOVOIR) 4 72 KYE 10°12]) + 7% (RF 4 K )

Putting it all together and absorbing the first term on the right-hand side of the above equation terminate the

proof. ]
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Remark 4.2 According to the proof of Lemma one can assume the relation v3a* > 1 to tackle the
non-uniformness in o of the obtained estimate.

In order to obtain a priori estimates for {Vm}%[:1 in Sobolev spaces, uniformly in o, we shall assume that
a < Quuqgh for some a;,q, > 0 independent of h and k. We will present in Lemma some preliminary
estimates.

Lemma 4.4 Ler {(U™, V™) %:1 be the iterates of Algorithm |ljand 0 < a < Qupezh, Where gz > 0
independent of a, h and k. Then, for allm € {1,..., M} and P-a.s.

@) [[V™l2 <allU™]
2
L2>’

Jforalll € {1,....M —m},

o’

@ 9V < e (19072 + o[ [ahom,

(iii) va—i-ﬁ _ VmHL2 < HUm—&-Z _ Um’

where C1 > 0 depends only on ouyqy and the constant C of the inverse inequality (2.14).

Proof: Letm € {1,...,M}. From equation {#.1))2, taking ) = V" and applying the Cauchy-Schwarz and
Young inequalities yield

1 o? %
IV [Ee < O™ + V™I + VO™ I + = [IVV [,

where ¢ > 0. Taking € = and applying the inverse inequality (2.14)) complete the proof of assertion

2 2
amaxC

(i). On the other hand, by Lemma(i), VV™ = VU™ — a?VAMU™, P-as. and a.e. in D. Thus,

IVV™[Es < 2[VU™|[22 + 20,0, C%®|| A U™,

max

thanks to the inverse inequality (2.14). Estimate (iii) has similar proof to that of assertion (i). O

Clearly, one must incorporate Lemmas [4.T|and 4.4]to obtain:

Lemma 4.5 Let {V™}M_, be the iterates of Algorithm Assume that assumptions are fulfilled and
that 0 < a < ayunagh, for some Qg > 0 independent of k and h. Then,

kVM lM _
e | IV S Ve 3 vt <

where Cl. > 0 does not depend on o, k and h.

We terminate this section with a local monotonicity property associated with the trilinear term of the
underlying equations, as stated in the following proposition.

Proposition 4.1 Assume that o < Qupagh for some e, > 0 independent of k and h, and that Ly < ﬁ
P
1 U L2 02 1/2
and Ly < Tr0) (202 - P) , where C'p represents here the Poincaré constant. For U}IL, U}QL € Vy,
r P v

let a}l and 6,21 be their discrete differential filters, respectively. Denote wy = 11111 - B,QL There is a constant

K > 0depending only on D, oy, and the inverse inequality’s constant C' such that
_ _ _ _ K 1214
(vtoh )+ 1k (7 o) — 78 % (F x 08) + £, k) = S 2) = 2 (3]

+ TT(Q) Hg(7a}11,) - g('vﬂl%)

) 4.17)

22 (K;L2)

<0.
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Proof: The first target in this proof will be the estimate
1V (vh = o)Lz < (1+ CPaq, ) [IV (@, — 7) |2 (4.18)

Indeed, from Lemmal2.1}(i), we get V (v} — v}) = V(a} — a}) — a?VAMa}, — @3) ae. in D. Therefore, a
simple application of the inverse inequalities (2.14])), (2.13)) and the hypothesis & < . justifies (4.18). On
the other hand,

‘(ﬂi x (V x v;ll) —ﬂ% x (V x v%),wh)‘ = ‘(ﬁ% x (V x (v,ll —v%)),wh)‘
1/2 3/2 1/2

_ 1/2 _
< Cpll sl IV (eh — ) el 21T wnlll4? < Cp(1+ CPad )@ sl Veon P2 hanll2? - a.19)
v K| -
< 21wl + e llad i llenl iz,

for some constant X > 0 depending on C, ainq, and C'p, where Proposition (1)) estimate (4.18) and
Young’s inequality were employed. In addition, assumption |(,S2 )| implies

—1 —2 2C2P 2 14 2
[(FCoah) = £Cad), wn)| < LyCrllwnl|al| V]l < = wn]|Z + 71 Venl [
1204 (4.20)
P 14
< L ([Vwlffa + [l A" wn|[F2) + 7l Veon] 2,

where the Poincaré inequality and ||Viy|| 2 < Op||AMpnl| 2, Vor € Vi, were used in the last inequality.
Similarly, by virtue of assumptions|(.52)} the norm equivalence (2.3), and the Poincaré inequality, one gets

g a) = gC T, (eae) < LECHITuwnlZe.
By Lemma [2.1}(i) and identity [2.12] it holds that
v (V(U}L —vd), Vwy) = V||V ||z + I/OzQHAhwhHEQ.

The sum of the former and the latter identities along with inequalities (4.19)) and (4.20) yields estimate (4.17).
g

Remark 4.3 The assumed conditions on Ly and L, in Proposition are mainly imposed to maintain the
monotonicity. They appear in this context due to the dependence of both f and g on the solution. In other
words, if f = f(t) and g = g(t), these conditions would no longer make sense. Observe, in addition, that
one could have omitted the factor —=— by adjusting the Lipschitz-continuity of the diffusion coefficient g to

VTr(Q)

g (s 21) — 9('722)Hg2(Q1/2(K);|_2) < Lg|lzr — 22l

5 Convergence

All the previous analysis relied on {(U™, V™)}M_. which does not depend explicitly on the time variable.
To investigate the convergence in continuous-time spaces, e.g. L*(Q; L?(0,T;H})), we need to define the

following processes

(wn(t,2), Vit ) = (U™ (@), VN (@), ¥t ) € [, ) X D, 5.1)
(ulj:h(t’ IE)’ {kah(t’ IE)) = (Um(l')v Vm(x)) 3 V(t, ZL') € (tm*b tm] X D7 (52)
(fi(t)')vgi(tv )) = (f(tm—la‘)vg(tm—la'))) vt € [tm—latm)~ (5-3)

Discrete derivation with respect to time will be required later on. For this purpose, we list a few rules in the
proposition below.
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m m—1

Proposition 5.1 Denote by d; the discrete derivation defined by d; 2™ = % forallm € {1,...,M}.

Let 27,27 : [0, T] — R be the piecewise constant functions defined by 2" (t) := 2™ for all t € (t;,—1,tm], and
27 (t) = 2™t forallt € [ty,_1,tm). The following properties hold true:

(i) di(CTEY) =™ + € diCT.
T T
(ii) / Crd™ (t)dt = CH(T)ET(T) — ¢ (0)€(0) — / (diCH(t)) £ dt.
0 0

(¢t -¢)

(iii) dge es di(" +e 5%

, for somen € (¢, CH).
Proof: See [7, Appendix B]. U

The remaining two subsections of this section are solely devoted to giving adequate proof for solutions’
existence. For further analysis, the reader may refer to Section [6]

5.1 Convergence when a < 4.0

We assume within this part that d = 2. We point out that the demonstration technique which is followed for
a non-vanishing « (see the next subsection), cannot be employed here due to the lack of solution’s regularity.
Nevertheless, Skorokhod’s theorem will be kept away in the steps down below. This avoidance is valid by virtue
of Propositiond.1] We need to go through a few steps to illustrate the convergence of Algorithm I}

Step 1: Boundedness

The following sequences {‘ll,;fh}kﬁ, {‘kah}k,h, {f7 ¢ty ) ben and {g™ (-, Uy ;) }i,p are respectively bounded
in L?(Q; L>°(0,T;L?%)) N L?(Q; L*(0,T;HY)), L2(; L2(0,T;H™Y)) and L2(Q; L(0,T; %(K;L?))) by
virtue ofLemmasand assumption@l Therefore, there are u, v € L?(Q; L>(0,T; L*)NL2(0, T; H})),
Fy € L*(Q; L*(0, T;HY)), Go € L*(Q; L*(0, T; £5(K; L?))) and two subsequences denoted by {5 ./ }x s
{‘Vth, }ir e such that

Uy —u & Vi, = in L(€; L*(0, T; HY)), (5.4)
Ul Su & Vb b S in L?(9; L>=(0,T; L?)), (5.5)
(U ) = Fo in L?(Q; L*(0, T; H™1)), (5.6)
9~ (U ) = Go in L2(Q; L*(0;, T; £5(K; L?%))). (5.7)

Letp € D(A). Sety;, = Iypand R(uy,) = vAY,,, + 47, x (V x 91 ). By summing equation ([@.I)) over
m from 1 to M, we achieve:

T T
/0 <R(U/:7,h/)780h’>dt = ({V/;,}LI(T) - {V/J,h/(o)v(ﬂh’) _/0 <f7(t7ﬂk_/7h/)7%0h’>dt

_ (/OTg(tvu’;’h/)dW(t)’(ph) .

Since all terms on the right-hand side converge after applying the mathematical expectation, thanks to (5.4)-(5.7),
we define the operator Ry as

E T(Rg(t),g;)dt = lim E T<R(‘u,j’h,),1'[h/go>dt , Vo € D(A).
0 k! b/ —0 0

Subsequently, the limiting function v fulfills, for all ¢ € D(A), for all t € [0,7] and P-a.s. the following
equation:

(l6).0)— [ Rofs)ehds = (o) + [ (Fuls) s + (/ t Gl (s)0). 58)
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Besides the convergence results (5.4)-(5.7), we will also need the following:

Gl ) = R in L*(Q; L*(0, T;H™ 1)), (5.9

g9 (4 ) — Go in L2(Q; L(0;, T; £ (K; L2))). (5.10)
Convergence (5.9) can be illustrated as follows: {f~ (-, U/, /) }x,n is bounded in L?(€2; L?(0, T;H™1)), thanks
to assumption and Lemma Thus, there are [ and a subsequence of { (-, ‘u]j, p) Ji e (still denoted
£~ ) such that f~ (-, ,,) — Fpin L?(Q; L?(0,T;H™1)). To unify the limiting functions Fy and
Fo, we let p € L?(Q; L?(0,T; HY)). Thus,

(Fo(t) — Fo(t),(t)) <(Fo(t) — f~ (6, )} p), o) + Lyllal = Upg pollallo()] e
+ <f7<t7‘uk_/7h/) - FU(t)7 QD(t)>
Integrating with respect to ¢ and applying the mathematical expectation while taking into account the strong
T
convergence toward 0 of E [ / g — Uy, h/Hidt] (thanks to Lemma yield Fy = Fp in the space
0 bl bl

L?(Q; L%(0,T;H™1)). Convergence (5.10) follows similarly.

Step 2: u and v are equal

From equation (4.1), there holds fl/f’h/ = ‘a,j,’h, — aQAh"u,j,’h,, P-a.s. and a.e. in (0,7") x D. Moreover, for
all ¢ € L?(Q; L*(0,T;L?)), we have

T
o2E [/0 (Ah fu;j/,h/,@(t)) dt] < allellr2@;r2 (0,2 E [/0

< Ozm,whl|’@|’L2(Q;L2(07T;L2))CT — O as k/, n — 0,

T 2 h' 2 2
N ]

where Lemma( ii) is exploited along with the hypothesis o < q,qh. As aresult, {Ah"u k0 b e is weakly
convergent to 0 in L?(£2; L?(0,T; L%)). Consequently, it follows from convergence and the relationship
which was stated in the beginning of this step that w = v P-a.s. and a.e. in (0,7") x D.

Step 3: Identification of Ry, Fy and Gy

We shall denote, from this step onwards, (k’, ') = (k, h) for the sake of clarity. Foragiven z € C([0,T]; D(A)),
we define 2} (t) = I,z (ty,) forallt € (tp—1,tn)andallm € {0,1,..., M}. We also denote by z;' its discrete
differential filter. For all m € {1,..., M}, set

2K, <~ (2
Tm = gkz [EXIIH
i=1

and we associate with it the piecewise constant function r*(¢) = r,,, when ¢t € (¢,,_1, t,,]. The constant X in
rm emerges from Proposition .1] and will play a relevant role in the upcoming analysis. We finally define a
non-increasing function p: [0, 7] — R verifying p(0) = 1 and such that its discrete version reads p,, == e~ "™,
forallm € {1,..., M} and we assign p™ and p~ the usual piecewise constant definition. We replace o with U™
in equation (4.1)), employ the Cauchy-Schwarz and Young inequalities, then apply the mathematical expectation

to achieve: ) - )
E [HUmHa - HUm_ Ha - 2k<R(Um) + f(tm—la umn- )a Um>]

B (5.11)
< E [[lg(tm—1, U A W][2] -
Afterwards, we multiply (5.11)) by p,,—1 and sum it over m from 1 to M. It follows:
T
e [ I I - I, O] <€ [2 [ o imiat) + 1 (ut). ugal
T
+E [2/ p~ (O (t, Uy ,) —f(t,u;h),u;h)dt} (5.12)
0

T

T
E [ / p—<t>r|g—<t,uk,h>|\_@2(Ql/2(K);L2)] E [ / Huzhnidtmt] ,
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where the first two terms on the left-hand side in inequality (5.11)) were handled through Proposition [5.1] as
follows:

M T
S put (0B =107 12) = [ 5™ Ol
m=1

T
= Pt (D)), (D)2 - /0 a1yl 2 dup™ (£)dt,

and the right-hand side of (5.11) is treated with It6’s isometry. Taking into account the discrete derivation (see
Proposition [5.1)) and adjusting a few terms in equation (5.12), we obtain

T
E [p+<T>|ru,;th<T>HEz - Hu,;h(omﬁz} < a’E [Hvu;hm)\lﬁz] +E [ /0 g, — zmdtp*dt}
r T T
+E /0 {2((utnz)) —1I512 }dtpwt] +E [2/0 P (O (8, Uy —f(t,u,;th),u,j,h)dt}
r T
+E 2/0 p_(t)<R(‘Zl,j’h) - R(Z}J{) —{—f_(t,‘ll;;h) - f_(t,Zh) ‘llkh —Zp >dt]
r T
e |2 [ o) - RED + 16 - 65,5
- T T
+E|? / (R + (¢ at)xu;;wdt} +E| / O] llg™ (L) — g~ (B ud) e
+llg™ () =g~ EDI%e — g™ (1710 +2 (97 (B wh) 070 5) g

2

+2 (g*(t,fu,;h) - g*(t,‘llk’h),g*(t,ﬂk’h))jQ }dt} =L+ +L+I¢+.. +19
2

where we recall that ((+,-)), = (-,-) + &2 (V-,V-), R(z}}) = vAz| +z x (V x z;7), and 3262 is a shorthand
for £ (QY/?(K);L2). Since z € C([0, T], D(A)), it follows straightforwardly that z; and ;" converge toward
zin LP(0,T;HY) as k, h — 0, for all p > 1 (e.g. [27, Theorem 4.0.1]). It suffices now to study the limit of all
L,... ,IIQQ. Itis easy to see that I; — O as k, h — 0 because Uy ;,(0) = UY and ||U°||y: is uniformly bounded
in h. By Proposition[5.1]

T 4 2 4 g ,(rt —r7)?
el [ =B, - i) v | [ g, - e T ] =+,

for some € (—r™, —r~). By a simple application of Proposition it follows that Is + I + Ig < 0. We
also mention that /3 o — 0 as k, h — 0 by utilizing Lernma and the fact that
(rt — 7’_)2 2% 2
2k

kHZ/J{Hul

T
Furthermore, we know by Lemma ( ii) that E [ / e, — ‘uk_hHidt} goes to 0 as k,h — 0, therefore
O bl )

1y, ISQ and [ 1622 converge to 0, thanks to assumption Collecting the recently derived limits and using

convergences (5.4)-(5.10), we acquire:
i € [0 (O, (D — i, 0] <€ [ [ (2002~ a072) aunttra]
T T
+E [2/0 p(t)(Ro(t) — R(2) + Fo(t) — f(t,z),z>dt] +E [2/0 p(t)(R(z) + f(t,z),v)dt] (5.13)

e[ [ o0 {-latt %0 + 2Gul0nate.2) o ]
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Next, Itd’s formula employed to the stochastic process (t,v) — p(t)|[v(t)||2s (where v fulfills equation (5.8))
together with inequality (5.13)), condition o < y4,.h, convergence U? — g = vg as h — 0, and the fact that

E [p(T)|[u(T) 2] < timinf E [p*(T)][af,(T)]12,] grant

T T
c Uo uplt) |[0(t) — =(1)| dt} +E [/0 p(t) [|Go(t) = g(t. 2(t) [ 12 (s0)L2) dt] 5.14)

T
<E [2 / plt) (Ro(t) — R(=(8)) + Fo(t) — F(t, 2(0)), 2(t) — v(t)) dt] ,

for all z € C([0,7]; D(A)). Particularly, inequality holds true for all z € L*4(Q; L°°(0,T;H)) N
L?(Q; L%(0,T;V)) due to the density of C([0, T]; D(A)) in L*(Q; L>°(0, T; H)) N L2(Q; L%(0,T;V)). Hence,
taking z = v yields Go = g(-,v) in L*(€; L*(0, T; % (Q/?(K); L?))). Therewith, plugging z = v + Aw, for
w € L2(9; L>=(0,T;H)) N L2(Q; L2(0,T;V)) and A > 0, into inequality (5.14) implies the following

\E [ / ' atp<t>|w<t>||ﬁzdt]

T
<E [2/0 p(8)(Ro(t) — R(v+ Aw) + Fo(t) — F(t, 0+ Aw), w(t))dt|

Taking into account the hemi-continuity of operator R and the fact the f is Lipschitz-continuous with respect
to its space-variable, one may take A — 0 to obtain

Ro+ Fy = R(v) + f(-,v) in L3(Q; L?(0, T; H™1)).

5.2 Convergence when « is fixed

Step 1: Boundedness

We aim here at bounding each term of equation (4.1)) in a reflexive Banach space. By virtue of Lemmas [.1]
and the sequences {u;h}k,h and {‘kah}k’h are bounded in L?"(Q; L°°(0,T;L2) N L?(0,T;H})) and
L% (Q; L>=(0, T3 HY) N L2(0,T;H})), respectively. In addition, one may bound the sequence {fu,;fh x (V x
(Vk—i_h)}k,h in L2"(Q; L2(0, T; H™1)) as follows:

T T or—!
E[(/O ||u,:,hx<vwkfh>||aldt) (/0 \|vu;,h||ﬁz|rwgh|izdt) ]

1/2 . 1/2
+1
o vt | e ([ Iviie)

0<t<T

2p~1

< CpE

op—1

< CpE

thanks to Proposition The right-hand side is bounded by a constant due to Lemmas [@.1}(iii) and
4.31(ii). Moreover, for p > 1, {f*(-, ‘llk_h)}]c 1S bounded in L?"(€2; L?(0,T;H™!)); indeed, making use of

assumption|(.S2)| inequality (2.5), and Lemma ( iii), it follows

T op—1 T op—1
E[(/O 17t ) ) ]SE (23 4 282 [l et ]

<2 PRI T 4 2P KT max [|[UMTY)P| <2 TP N(KE 4+ KT Cry).
1<m<M

By applying the same technique, one obtained the boundedness of { g~ (U, h)}k: . in the reflexive Banach

space L (; L*(0,T; %(K,L?))). Therewith, by virtue of Lemmas 4. 1} (iii)-(iv), (ii), there are two sub-

sequences {‘V,:,r W }k;' . and {‘ll,j h/} of {‘kah}k . and {u;h}k g respectively, permitting the following

K b
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convergences
Vet = Va & U 1 — U in L% (Q; L*(0, T; H})), (5.15)
Vet = Va in L* (Q; L>(0,T; L?)), (5.16)
Uy = ta in L* (Q; L>(0,T; HY)), (5.17)
Ul X (VX V) = Bo in L% (Q; L2(0, T; H™Y)), (5.18)
(U ) = Fo in L2 (Q; L?(0, T; H™ 1)), (5.19)
9~ (U ) = Go in L7 (Q; L*(0,T; £ (K;L?))), (5.20)

for some functions v, € L% (Q; L°°(0,T;L2) N L2(0,T;HY)), ua € L¥ (€; L>=(0,T;HY) N L2(0,T; H})),
By € L¥(; L2(0,T;H™Y)), Fy € L¥(Q; L2(0, T;H™Y)) and G € L¥ (9; L2(0, T; £ (K; L2))).

Remark 5.1 For p € [1,+00), since L*"(Q) — L%(Q) continuously, all the above obtained convergence
results hold particularly in L?(S; X), where X corresponds to the space of each convergence.

Step 2: vq = U + a?Au, and properties of u,
By convergence (5.15) and Lemmasf.T}(iv), d.3}(ii), it holds

T 21)—1 T 2p—1
: [( / |Vva<t>||32dt) < Cyla) and E [( / ||Vua(t)||fgdt> < Or,.
0 0
Moreover, by convergences (5.16)-(5.17) and Lemmas [4.T}(iii), 4.3}(ii), we get
E| sup [lua(t)ll2| < Cpla) and E [ sup ||ua (8[| < Crp.
0<t<T 0<t<T

Letw € L?(Q; L%(0,T; D(A))) be arbitrary. From equation (#.1)), it follows that

E UOT (sz,huﬂh/w(t)) dt} =E UOT <‘u,‘€'r,’h,,Hh/w(t)> dt] +a’E [/OT (v‘u,j,,h,, VHh/w(t)> dt] :

Taking into account that ITj-w — was ' — 0, strongly in L2(2; L?(0, T'; H')) together with convergence (5.15)
and the embedding L?" () — L?(£2), one gets

T T T
E UO (va(t),w(t))dt] _E [/O (ua(t),w(t))dt} + o2 [/0 (Vua(t),Vw(t))dt] ,
for all w € L?(Q; L?(0,T; D(A))), which implies v, = uq + a?Au, in L2(£2; L2(0, T;H™!)). Owing to

convergences (5.16) and (5.17), a? Auy, = v — uq € L2(Q; L>(0,T;L2)). Subsequently, v = uq + a2 Aug,
P-a.s. and a.e. in (0,7") x D. This implies

T 2r—! B
E <a4/ |Aua(t)Hﬁth> < 2¥IT¥TE
0

< 2271727 (Cyla) + Cry),

sup |[|va(t)|[{2 + sup Hua(t)l\fgl
0<t<T 0<t<T

thanks to inequality (2.5).
The weak time-continuity of the process u, (i.e. uq € L*(Q;Cy ([0, T];H))) can be illustrated through the

time-continuity of v, (see step 3).
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Step 3: Auxiliary scheme
Owing to equation (@.I) and the convergence results (5.13)-(5.20), the stochastic process v, (t), t € [0, 7]
belongs to L2(Q; C ([0, T); L?)) (e.g. [33]), and fulfills P-a.s., for all t € [0, T and ¢ € V the equation

t t
(va(t), @) + v /0 (Voa(s), Vi) ds — /0 (Bo(s), p)ds

. (5.21)

t
— (t0, ) + /0 (Fo(s), @)ds + /0 (Go(s)dW (s), ¢).

In order to identify the obtained limiting functions in Step 1 with their counterparts, we need to do a subtraction
in one way or another allowing us to appear the difference between the abstract and the solution-dependent
functions, for instance || Fy — f(+, uq)|| for some norm || - || to be determined later. Since neither the employed
finite element method involves strong divergence-free vector fields as test functions nor the space of strongly
divergence-free vector fields is included in the space of weakly divergence-free vectors fields, the subtraction
of equation (5.21)) from the scheme (&.1)) does not seem to make any sense. Instead, we propose a fully discrete
auxiliary scheme arising from equation (5.21)) and permitting the subtraction we mentioned shortly before. We
will make use of the time and space discretizations that were introduced in Section[2] We define a starting point
of the auxiliary scheme (Vo? , Uao) = (VO, U 0) and the discrete versions of By, F{y and G as follows: for all
me{l,...,M},

1 [ftm
By = [ Bt
k tm—1
L ptm 4 (5.22)
(F9,G) = (Fp(0).Go(0)), and (FJ",Gp') = (k | Rty | Go<t>dt>.
m—1 m—1

Such approximations will be required within the last step for the sake of obtaining strong convergence in time
toward their non-discretized counterparts. For all (p,¢) € Vj, x V}, and for every m € {1,..., M}, the
auxiliary scheme reads

(5.23)

(Var =V h o) + kv (VVE, V) = k(B o) + k(F" o) + (G5 AW, ¢),
(Vi) = (U ¢) + o (VUT, V) .

Equation (5.21)) can be considered as a stochastic Stokes problem driven by an additive noise with diffusion
coefficient Gy € L2(; L>=(0,T; % (K;L?))), initial datum vy € L*(£2;L?) and a source term By + Fy €
L2(; L2(0,T;H™Y)). Forall m € {1,..., M}, define the following piecewise constant processes:

(ViF @), ul(t), B (t) = (V" UZ, B, Vt € (tm1,tm),
(Vy (), Uy (1), Fy (t),Go (t) = (Vo L U= B GRt) ) Yt € [ty b))

For a complete investigation of scheme (5.23)), the reader may refer to [17], from which we pick the following
convergence results as k, h — 0 (see Theorem 6 therein):

VI — v in L2(; L°°(0,T;L?%)) and ¥ — v, in L?(Q; L*(0, T; HY)). (5.24)

The above convergences are in the strong sense. Taking now the second equation of (5.23) and plugging it back
into its first one, we get

(U =UT19)) 0+ kv (U 0))an = k(B 9) + k(Fg" o) + (GE M AW, 9)

for all ¢ € Vj,, where ((-,-)),, = (-, -) +*(V-,V-) and ((-, ")), 5 = (V-, V-) +a? (AR, A".) can be treated
in the same way as the L? and the H}-inner products, respectively. Thereby, applying once again [[17, Theorem
6] yields the following strong convergence as k, h — 0:

Ut — ugy in L2(Q; L0, T; HY)). (5.25)
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Notice that the limiting function in (5.23) is u,, which turns out to be true after adjusting the L2 and the H}-inner
products in equation (5.21) to fit the framework of that of the scheme, through the identity v, = uq + o Au,
that was illustrated in Step 2. We point out that ((+,-)),, ;, corresponds in this case to (V-,V+) + a? (A A,
which makes sense because u,, € L?(§2; L?(0,T; D(A))). We still need to exhibit the a priori estimates satisfied
by {V"},, and {U },,, before moving on to the next step. To this end, we replace ¢ by V" in equation (5.23),
then we follow the same demonstration technique of Lemma4.3]to obtain eventually for all p € [1, +00),

2p~1

M 2 M
E max HVC:TLHEZ + (k’V Z vaotn|2|_2> + (Z ”Vc?l - VCZnIHiz) S Ca,va (526)
m=1 m=1

1<m<M

where C,, , > 0 does not depend on k and h. On the other hand, replacing ¢ in scheme (5.23)) with U, and
following the proof steps of Lemmal4.1] we acquire for all p € [1, +00):

M M 2r=!
£ max (U2 + 3 U7 - Uz + (k > HU;”Hi,h) <Cous 52D
- = m=1 m=1
for some Cy,, > 0 independent of k and h, where || - [|2 , = ||V - |72 + o?[|A" - [|2,.

Step 4: Identification of By, Iy and G
From now on, the indices k' and /’ that were derived in Step 1, will be denoted k and h for the sake of clarity.
For each n € N\{0} and for all m € {0,1,..., M}, we define the discrete stopping time

te
oy =i (1, in {0 Hua@lE + [ o) ads > n} ).

Obviously, 7, belongs to the time discretization grid points {to,...,tas}. It is worth mentioning that when
k—0(@G.e M — 4o00), 7)) converges P-a.s. toward the following 7,-stopping time

7™ := min (t,inf {s €0t l[ua(s)|2 —1—/0 ||ua(>\)|]%)(A)d)\ > n}) .

Forall m € {1,..., M}, we define the discrete weight

tm
o= exp (=t =2 [ a9l a6V s ) = ot

where 11,12 > 0 are to be fixed later. Clearly, py, is #;,,-measurable and is non-increasing. In addition to that,
we need to deal with a piecewise-constant version of p,,, which is why we introduce first the notations

iT(t) = tm, Yt € (tm—1,tm] and i~ (t) = ti—1, Vt € [tm—1,tm)-
We therefore set
§H(E) = p(i* (1)), Yt € (b1, ] and p™(£) = p(i™ (), VE € b1, E).
We subtract both equations ([{.1)) and (5.23), then apply identity (2.4):
1 1 _ _
SNV = U™lg = SO~ = U HIG + kU = U™ 15

<k(BY—U™x (Vx V™, UP—~U™) + k{(F" " — f(tm-1, U™ H,UT —U™)

0 - m—1 _ gym— ¢ (5.28)
+ (Ge " = g(tm—r, U D] AW, U = U™

1 m— m—
+ ST = gltm1, U AR,
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The next step would be to multiply equation (5.28) by p,,,—1 and sum it over m. However, we must clarify a few
identities before. Let ¢ € {1,..., M} be arbitrary. By Proposition it holds that

¢ te
S et (102 =0~ 0= =0 ) = [ Ol - g Bt
m=1

t (5.29)
=p+(tz)||‘ll$(t£)—‘U;Ih(tﬂ)lli—/oé||ﬂ$—ﬂzj,h||§dtp+(t)dt-
Moreover,
me (G = gty U] AW, Ut = U Y)
, (5.30)
/ / ) (s ) - (G (1) — g™ (021, AW (t)de = My ().
And,
ZPm GG = gtm1, U AW E>
o , (5.31)

= Mg(tg).

Ve (U ) dW (1)
L2

Subsequently, we multiply equation @ by pm—1, sum it over m from 1 to ¢ € {1,..., M}, make use of
(3-29)-(5.31)), replace afterwards the node t, by the discrete stopping time

7,1, and then apply the mathematical
expectation to get

N | =

n

Tm—1
e (ool () = a1 or | [ Ol - )]
Tm—1
<E[ [ 0O (B0 —uh < (V) uh) + B - gl —uf,)d 53)
1 L P
by by | ) R (0]

where E [M(72,_,)] = 0 due to assumption which implies that the integrand of M is a martingale
together with the fact that 7.

7', is a stopping time. Next, we handle Ms(7" _;) as follows:

2

E[My(r_ )] = \/ GO ~(t ukh)} dW (t)
L2
m—1 .,-n 9

_ (5.33)
N P E [/7:1711 HG g (&Y, h)‘ L(K,L2)
< Tr(Q)E /Tx” e - o[,
- 0 kb g2y |7

thanks to the It isometry. On the other hand,

1G5 () = 9=t U ) ez = 9™ (b wal®) — g~ (6 U (o)

+2 (Ga (t) =g~ (t, Uy ,), Gy () — g™ (¢, ua(t))>$2(K Ly 197 (1 ualt) = G Dl e )
) ) B ) (5.34)
< 2L2ua(t) — Ug |13 + 207 |ty — Uy lI2

+2(G5 (1) — (0 Tp), Go () — g™ (bua(t)) =117 (0 ual)) = Gy (O] ey
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where the Lipschitz-continuity of g has been utilized. Before heading toward the calculation of dip™(t), we
define

tm
() = =ity — 772/ [|ua (8)||H1||ua(s)||p2ds, forall t € (ty,—1,tm], forall m e {1,...,M}.
0

The function v~ can be defined accordingly. We point out that p* = e By Proposition it holds for
te (tm—latm),

1 it o)
¢hp+(ﬂ::«—nuf1t)—7mp_(ﬂkg/m@)|VAASHMvHuaCOHH2dS*‘GHU(Wzmj)’

forallm € {1,..., M}, for some & € (y~,7"). Now, for eachm € {1,..., M}, there is a (, € (tm—1,tm)
such that

tm
/t [lua ()l [[ua(s)ln2ds = Elua(Gn)l[[ua(Gm)l[He,

thanks to the mean value theorem. Thus, forallm € {1,..., M} and t € (ty—1,tm),

+ _ )2
™ () =~ () = 120~ (D)t (Gt (G e+ 50 T (535)

Furthermore, we take advantage of all and [(v)] of Proposition 2.1]to write for all ¢ € (t,—1, tm,):

(By (t) — ulj,h x (V x ‘kah),‘llg - u}j,h> < (By (t) —ug x (Vx V"), uy - ulj,h>
+Cpl|V(Uy — ua®)leel[V(Va" = VIl V(ug — )l
+ Cp||V(ua(t) = ta(Cn))llel V(¥ = Vi)l IV (1 — 205,z

1 1
+ CDHUoc(Cm)HﬁlHua(Cm)HﬁpH‘VaJr - ’Vk—t_hHBHV(u; - u;::h)HLQ'

(5.36)

The last term can be bounded through Young’s inequality by

2C% max(Cp, a?)? v
= T la (Gl llwa(Gn)llwe g — iy lla + It = @, llan

rva

where the estimate ||V, — 9% ||L2 < max(Cp, a?)||ul — U}, ||a,n was employed. Moreover, by assump-
tion[(S3)} Young’s inequality and || - |1 < Cp| - ||a,n. it follows

<F0_(t) _fi(tfuk_,h)ﬁu;; _ru]::h> < <F0_(t) - fi(ta(uoj)ﬁu;; _ru]::h>
) (5.37)

2
D _ _ 1%
L2y — |+ Sl — a2

+V 4" R

On the other hand, since U2 = U and (pj, )., is non-increasing, the following holds:

n n n

Tmfl Tmfl Tmfl
A VWQ—UM%ﬁSA ﬁm@—uamwgﬁ pllut a2 (538
L3Ch 4C% max(Cp, a?)?

By setting 1 = 2 + 2TT(Q)L§ and 7 = and after assembling the obtained

v vat
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estimates (5.33)-(5.38)) together, equation (5.32)) becomes

1 Tr—1 B
S ol () R+ [ =

n

£TrQ) [l (ko) = G () et

Tt =2 s [
< E[/ e 175 [P +/ o (B — Ut x (V x V), 0l —uf,)dt
0 ’ 0 b
Trm—1
v oo [ IV VO VIS - w0 539

n

Tm—1
+Cbp /0 P11V (ta(t) = wa (Gl V(¥ = Vi) IV (g — 2y, ladt

+/ T E () — £ (g ) Ut )+ Tr(@)Lf,/ T T wa() — g | Bt
0 0
+ Tr(Q)/O o (Gg(t) — g (8, ,), Gy () g*(t,ua(t)))%(K;Lz) dt} —I+...+VIIL

Step 4.1: (p,,), is strongly convergent in L4(Q2; L2(0,T))
We recall the notation p,,, = p*(t) = p(i™(t)) fort € (tm_1,tm]. We have

([ o= i@ ar)

T
<Tm / it — it (t)|dt + TnaE
0

2

T
E <TE [/ ‘e—ﬂl(t—ﬁ(t))—m S o a8l llua(s)llpads 1‘4dt]

0

T prit(t)
/0 / [t (5)] () [l |

where Jensen’s inequality and |e~1*l — 1|* < |z| were employed in the first and second inequalities, respectively.
Since for each t € (t,—1,tm), we have |t — i+ (¢)| < k, the first term goes to 0 as k — 0. Similarly, the second
term converges to 0 by a simple application of the dominated convergence theorem.

Step 4.2: Convergenceof I,...,VII to0

‘We have
it (¢t
vt =T = -k — 772/ ( [|ua ($)||H1 ||ua(8)||p2ds, forallt € (tpm—1,tm)-
i (t)
By Jensen’s inequality, one gets
A2 2 2 it (1)
(’Y+ 77) m 2 / 2 2
AU VAR N TP ds.
4k — 2 + 2 i*(t) HUOC(S)HHl||U‘OZ(S)HH2 S

This implies

2 M tm tm
I < Titk(Cou+ Cr) + 2E [ sup ([ — a3 / / Hua<s>ua1Hua<s>|ramsdt]
0<t<T —1 —1 Jtm-1

Qk T
< Tik(Co + Or) + 22E | sup [Juf — U2 sup ||Ua(t)|!2H1/ [ua(s)|[fzds| — 0,
2 0<t<T T o<i<T 0

thanks to Lemmas estimate (5.27)), and Step 2. Moving on to I, we have
II=E [/ p(Bf —ul x (Vxvh),ul — u,jhmt}
0 k)

Tm—1
+E [/ p (B —ul x (Vxvh),ul — ru,jh>dt] =1L+ 1.
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We set [1y = 1111 + 111 o where

i =€ | [ = B - < (Vv g - ugal
O b

ES 1
4 T 3

E[/ |Bf —ut < (VxV))|[j-dt] —0
0

<Ilp~ = pllasrzom)E | sup [lud —at, [l
0<t<T

due to the strong convergence of (., ) (see Step 4.1) along with the boundedness of the remaining terms. More

sup |lut — ‘ll:h|||‘f|1] is controlled through Lemmaand estimate (3:27), ut x (V x ;)
0<t<T ’

obeys the same bounding technique as ‘U,jh x (V x fl/l:“h) in Step 1 where we associate with it the esti-

precisely, E [

T
mates (5.26) and (5.27). By the definition of By together with [34, Lemma 4.5], we get E [/ 1B |3 dt] <
0

T
E [ / || Bo(t)||3-1 dt} which is bounded through the convergence (5.18)). On the other hand,
0

IL,=E [/ p(t)(By — Uyt x (V x9;7),uf — ‘uljh>dt]
0 b

n n

T

=€ /0 p(O(By" = Bo(t), U — Uyp)dt + /0 p(E)(Bo(t) — ua(t) X (V x va(t)), Uy — U, )dt

)

n

+/ (1) aa(£) X (¥ x v0(0)) — U % (V x V), 0f — 20, )dt] = Jy + Ja + Jy.
O 9

Due to the specific construction of By* together with [34, Lemma 4.9], it holds that BS“ — By in the
space L*(Q; L*(0,T;H™")) as k,h — 0. Moreover, U} — ), — 0 in L*(Q; L*(0,T;H")) thanks to
convergences (5.13) and (5.23). Therefore, J; — 0 as k,h — 0. Similarly, Jo — 0 as k,h — 0 because
Lo, rn)p (Bo—tia X (V X 04)) € L?(Q; L*(0, T; H™')) along with the weak convergence toward 0 of 72} —‘a,jh

in L2(£; L?(0,T;H')). Making use of Proposition [2. 1}{(iv)H(v), one gets

T 2
e | [ 110 0000 (aalt) x (¥ x enle)) — uf x (7 x v0) [}t
0
T

T
< 2E [ | o (7 (a0 —%*))Hﬁldt] +2E [ | ey =) x (9 v;m.aldt]

+E
0<t<T

T
SE ! sup Hva(t)—fVJIQLz/O [[wa(t)|[fedt

T
sup HV(ua(t)—ﬂJ)llfz/ HVVJH@dt]-
0<t<T 0

Using the generalized Holder inequality, the first term on the right-hand side can be controlled by

i T 4 i
[va — Vo'l L2 (010 (0,702 E [(/0 |\Ua(7f)’|2|-|2dt> ] ,

which tends to 0 as k, h — 0. Indeed, its first term can be bounded through estimate (5.26)), convergence (5.16),
and Step 2, its second term goes to 0 by (5.24), and its third term is also bounded by Step 2. Similarly,
using the same techniques together with convergence (5.23) imply the convergence toward 0 of the second
term on the right-hand side. Therefore, one infers that J3 — 0 as k,h — 0. For Il5, since all terms of the
integrand own estimates with high-moments, one can easily show that I I, — 0 after a simple application of the

E [ sup |[|va(t) _(Va+”ﬁ2
0<t<T
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Cauchy-Schwarz inequality as follows:

[NIES

1
T 3 T
15l <€ | [ ey (001 EloiggTuu:—ﬂ;hm / |BJ<t>—ﬂzx<va>|\a1dt]

(SIS

<E[|lmn1—7"]

1 1
1 T 27 2
E [ sup ||uf —‘Uij,thu] E [(/0 1By (t) —ug — (V x ’Va+)||ﬁ|—1dt> ] :

0<t<T

The first term E [|T7’}1_1 - 7'"|] converges toward 0 because 7, _; — 7" P-a.s. as £ — 0. The two remaining
terms can be easily controlled through Lemma .1} (iii), equation (5.27), and the convergence result (5.18). In
addition to that, 11 — 0, thanks to convergence (5.25), Lemma estimates (5.27) and (5.26). Similarly,
IV — 0 due to the time-continuity of u,, in H!, as mentioned in Step 2. The term V' can be handled in a similar
way to 11 by taking into consideration the construction of F{" along with assumption Further,

T T
VI <2Tr(Q)LE U |t (t) — ‘ujHidt} +2Tr(Q)L2E U et — g ||2dt] .
0 0

The first term converges to 0, thanks to convergence (5.25). The second term can be rewritten as follows:

M
N 1o v [+

m=1

2Tr(Q)LIE < 2Tr(Q)L2kCam — 0,

by virtue of estimate (5.27). It remains to treat V1. To this end, it will be split into two terms as follows

VII = Tr(Q)E[/OT p~ (1) (Gg — g (t,Uy,), Gy — g*(t,ua(t)))%(K;Lg)

+/ ") (Gg — g (t.u;,). Gy — g*(t,ua(t))) dt} = VIL + VI,

Lo (K;L2)

We have

VIL =Tr(QE| /0 " — ) (65 — g™ (tug,). Gy ~ g_(t,ua(t))>$2(K;L2)

+ / p(t) (Gg — g (tu;,). Gy — g_(t,ua(t))> dt] = VI, + VI,
0

Za(K5L2)

V111 can be handled in the same way as that of 1/ ; to achieve convergence to 0. For VI o,

Vina =TrQE[ [* plt) (G5 = Golt). Gy — 9 (t.ualt)) e

n

+/OT p(t) (GO(L‘) =9 (t:Uy,), Gy _GO(t))ffg(K;Lz) dt
+ /OT p(t) (Go(t) =g (.U ,), Go(t) — g(t’“a(t))>zz<K;L2>

n
+ [ o) (Golt) = g™t 0t wa0) =~ (al) ]

Owing to the construction of G’ together with [34, Lemma 4.9], it holds that G; — Go in the space
L*(Q; L*(0,T; 4(K;L?))). Adding on top of that the boundedness properties of the terms G, ¢~ (, uq), Go
and g~ (-, ﬂk_,h) (such as Lemma Step 2, and assumption , we infer that the first and second terms
on the right-hand side go to 0 as k,h — 0. Third term also goes to 0 due to convergence (5.20) and the
fact that 1jg np (Go —g(,ua)) € L2(Q; L2(0,T; %(K;L?))). Similarly, the fourth term vanishes when
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k,h — 0 by virtue of the weak convergence (5.20) and the strong convergence ¢~ (-, ua) — g(-,uq) in
L2(Q; L2(0,T; %(K;L?))) which emerges from the continuity of g with respect to ¢ (see assumption [(S)).
Finally, VIIs — 0 as k,h — 0 because its integrand is uniformly bounded in L?(Q; L°°(0,T; % (K;L?)))
and 7,,_, — 7" P-a.s. as k — 0. Putting it all together to conclude from equation (5.39) the following:

n

. Tm—1 _ + + 2 . . Tm—1 _ _ _ 2
k:,lilzgoE [/0 p-(O)llug — ‘uk,hHa,hdt = k,lllv,IEOE . p~(Ollg™ (¢, ualt)) — Gy (t)H_s,ﬂQ(K;L?)dt

n

=0.

For t € (0,77 _,), we know through the discrete stopping time 77 _; that p~(¢) > e~"T~"2" Subsequently,

» 'm—1
by making use of ||V;F — ¥, || 2 < max(Cp, o?)||ul — w}, ||an. it follows

To—1
lim E
k,h—0 0

which implies

TTL
lim E [/
k,h—0 0

™ Tm—1 ™
Indeed, it suffices to write / = / + / . The first integral on the right converges to 0 as already
0 0 ™

2 . 77777'7471 _ _ 2
’ dt] - Jim E [/0 g™ (8 ualt)) — G (t)H%(K;U)dt} —0,

{Va—i_ - {Vk—i_h ‘

2 . ™ N2
v _r,/kthL2 dt} = Jim E UO g™ (1, ua(t) — G (t)H%(K;LQ)] =0.  (5.40)

shown and the second one goes to 0 as well because 7", _; — 7" P-a.s. as k — 0 along with the associated

estimates of each integrand, such as Lemma [4.3] inequality (5.26)), assumption [(S2)} convergence (5.20), and
Step 2. Consequently, it follows that

E[/0 ||Go<t>—g<t,ua<t>>|?W;mdt]ﬁzE[ | G = G 01 eyt

n n

[ 1G5 0 = g () enayt+ [l (E () = ot o )] By e] 0.

thanks to the strong convergence in L?(; L?(0, T; %(K;L?))) of Gi* to Gy together with (5.40) and the
time-continuity of g by assumption Taking into account that {7"},, is increasing to t € [0, 7] leads to
Go = g(-,uq) in L2(Q; L%(0, T; % (K ;L?))). On the other hand,

n n

e[ 10— va0laar] <28 | [7 g v+ |
0 0 0

by convergences (3.40) and (3:24). Similarly, by [|1;, — U |la < |75, — V.t || 2, G-40) and (B.23),

Tn

19, - va(t)||32dt] —0, (541)

n n n

e | [ ot — w1 <22 | [T gy -l [l - w50 G
0 ’ 0 ’ 0
For z € M2 (0,T; H}), we have,
'E U <ua(t) X (V X va(t) = Uy, x (V ‘V,:h),z(t)> dt} '
0
< HZHM;:(O,T;H(I)) E [/0

-
+ HZHM;:(O,T;H})) E [/0

1
T 1 T
< Collllsorse | [ lualfuat] €] [ luattleat]

Ua(t) X (V X (va(t) — ‘kah”HH,l dt]

n

() = ) % (7 x5,

n

E [ /0 15, — valt)|[2adt

1
2

N

n

1 1
T 2 T 2
+ ol | [ IV, - wa)aat] €| [T 19n5 IR 0, sk 0,
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where Proposition[2. TH(iv)H{(v)} the Cauchy-Schwarz and the generalized Holder inequalities, Step 2, Lemma4.1]
convergence (5.41)) and (5.42)) were applied. As a result, the above convergence together with (5.18)) yield

E [/OT (Bo(t) — ua(t) x (V x va(t)),z(t))dt} = E[/OT (Bo(t) — ), x (V x ¥,5), 2(t))dt

n

+ /T <fu:’h x (V x ‘V,:h) —uq(t) x (V x va(t)),z(t»dt} —0, Yz e Mz (0,7} HY)-
0

Now, since the space M2°(0,T; HJ) is dense in L?(€2; L?(0,T;HY)) and {7"} is increasing to ¢ € [0, 7], we
infer the identity By = uq X (V X vg) in L2(£; L2(0, T; H™1)). It remains to identify Fyy with its counterpart.
To this purpose, let z € L?(£2; L*(0, T; H})). We have
(f(tuat)) = f7 (1 Uy y), 2(8) < (F(tualt) = 7 (L ua(t), 2(8) + Lyllz ()]l llua(t) — Uyl lla
+ Lyllz )l 11, — Uy plla-

Therefore, the time-continuity of f, convergence (5.42)) and the fact that

T M
E [/ |, —‘Zlkh||idt} = kE [Z U™ -~ U™ 2| < kCr — 0, (by Lemma1))
0 bl b

m=1

ensure the weak convergence f~(-,U; ) — f(-,uq) in L?(9; L?(0,T;H™')). The latter together with
convergence (5.19) permit the following

e[ "t walt) — Rttt =€ | [ " ua®) — ST, 2(0)

+E [/T (f~(tug,) - Fo(t),z(t)>dt] — 0 ask,h — 0, Vz & L*(Q; L*(0,T;HY)).
0

Consequently, Fy = f(-,uq) in L2(€2; L2(0, T; H™1)).

6 Further properties and conclusion

Section [5] gave an insight into the limiting functions and the existence of solutions. Yet, it has not provided the
divergence-free property which must be associated with u,, and v. The following proposition treats this issue.

Proposition 6.1 The limiting functions v and u,, which were provided in Section [5are divergence-free almost
everywhere in (0,T) x D and P-almost surely.

Proof: To prove that v and u,, are divergence-free, it suffices to show that {div fu,jh}k,h converges weakly
in L?(Q; L?(0,T;L?)) toward 0, thanks to (5.4) and (5.15). To this end, we evoke the Lagrange interpolation
In: C3(D) — Ly, (c.f. [6, Theorem 4.4.4]). For z € C3(D), we have

E [/OT <div‘uzh,z) dt] =E [/OT (div‘u;h,z — Ihz) dt] +E [/0

T
<E VU, || 2dt] ||z — 1 —0,
S| [ vt Nl - 12l o

T
(divu;h, Ihz) dt]

where the second term in the first equality vanishes because {u,j 1 ti,n is weakly divergence-free. ]
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6.1 Convergence of LANS-« to NSE in 2D

Assume a < aupggh for some e, > 0 independent of £ and h, and U 0 — 4 in L4(Q; Hl) as h — 0.
In Subsection we proved that the process v satisfies P-a.s. and for all (¢,¢) € [0,7] x V the following
equation:

(v(t),cp)+1//0 (W(s),w)ds—/o (0(s) x (V x v(s)), @) ds
— (0, 0) + /0 (5, 0(5)), @)ds + ( /0 g(s,v<s>>dw<s>,so) ,

where we recall that u = v, P-a.s. and a.e in (0,7)) x D. The above equation does not represent yet the
Navier-Stokes problem we are looking for because the trilinear term (v(s) x (V X v(s)), ¢) looks unfamiliar.
However, by Proposition 2. I}{(iii)}

—(v(8) x (V x0(s)), ) = ([v(s) - V]v(s), ¢),

where ([ - V]u(s),v(s)) = 0 because ¢ € V and v € H} (see for instance [34, Chapter 2, Lemma 1.3]).
Moreover, by a standard technique (e.g. [33]]), it is easy to check from equation (5.8)), that v is continuous in
time i.e. v € L*(Q;C([0,T);H)). Hence, v is a solution of equations (I.2) in the sense of Definition
Additionally, owing to [21, Proposition 4.1], the process v is unique and it follows that the whole sequences
{u;h} k. and {’kah} kh are convergent.

6.1.1 Convergence to the LANS-a model

Assume d € {2,3}, a > 0 an non-vanishing parameter, and U" — g in L*(€2;H!) as h — 0. According to
subsection[5.2] the stochastic process (uq, vq ) satisfies, P-a.s. and forall (¢, p, ¥) € (0,T)xVxV, equation (2:8)
together with (va(t),v) = (ua(t), ) + o (Vua(t), Vep). We also had v, € L2(Q; C([0,T]; H)) according
to step 3 in subsection [5.2] which implies that u, is weakly continuous with values in V, P-almost surely.
Therewith, u, makes up a solution of equation (L.I)) in the sense of Definition [2.2] Taking advantage of [10,
Theorem 4.4], we infer that u,, is unique and that the whole sequence {(u;h, fl/kfh)} k,h iS convergent.

6.2 Numerical experiments

This part is devoted to giving computational experiments in 2D for the stochastic LANS-a model through
Algorithm[I|when the spatial scale « fulfills either v < 457 0r @ > 0 fixed. Since our primary objective is to
compare solutions’ behavior of LANS-« to that of Navier-Stokes, we provide simulation of solutions to the latter
equations as well through a non-linear scheme covered in [[7, Algorithm 1]. The implementation hereafter is
performed using the open source finite element software FEniCS [28]]. We employ the lower order Taylor-Hood
(P»-Py) element for the spatial discretization within a mixed finite element framework. The chosen domain is
a unit square D = (0,1)? along the time interval [0, 7] with 7' = 1. The initial condition %y = (9%, —0,1))
is divergence-free and vanishes on the boundary 9D, where 1(z,y) := 10sin(100zy?)z%(1 — z)%y*(1 — y)%,
2

and the viscosity v is set to 1. On the other hand, the source term f(w, t,u) = e~z sin(t)u is considered in a
way to satisfy assumption along with the inequality L; < v/ \/5012:,, where in the present case, Ly = 1.
It is worth mentioning that Cp, which is the Poincaré constant in this case, is less than diam(D)/m = \/2/7
(see [12]). Finally, the corresponding noise that drives the equations of interest will be considered additive for
the sake of simplicity i.e. the drift coefficient g will play the identity operator role.

Q-Wiener process approximation For computational purposes, we must deal with a truncated form of the series
[@-1). We consider two independent H{ (D)-valued Wiener processes Wi and W such that W = (W7, Wa).

J
For J > 1, the used increments are expressed by A, W, ~ k'/? Z (Af,j)l/szfem, ¢ € {1,2}, where
ij=1
J is set to 10 for the simulations down below, and for all i,j € N and (z,y) € D, the basis elements
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e; j = 2sin(imz) sin(jmy) represent the Laplace eigenfunctions with Dirichlet boundary conditions on D. For
e {1,2},{ {gfjm}”}m is a family of independent identically distributed standard normal random variables,

1
and Af:] = m for ¢ € {1,2}

Case o < amazh
Consider o« = 0.001h, h =~ 0.03 and £ = 0.01.
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Since this case relates both equations (I.I) and (I.2), we choose two different time values in [0, 7], and
plot the associated figures side by side. This allows us to compare the solutions’ behavior together with the
occurring differences. Observe that both LANS-a and NS solutions behave similarly with a tiny variation in
values (observable via high resolution monitors). Such a difference was expected since we are dealing here
with approximate computations, not to mention the considered space discretization’s step A which is not too
close to 0, yet its code execution is costly. We also provide the following pressure figures which are barely
distinguishable.

Velocity field of LANS-a attime ¢ = 0.99  Velocity field of NS at time ¢ = 0.99

2
21000

LANS-« pressure at ¢ = 0.41 NS pressure at t = 0.41
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Case o > 0 fixed

We set h ~ 0.03, &k = 0.01, and we consider three different values of o:: 5.107%, 5.1073, and 0.05. We show
down below three figures, each corresponds to a value of « at time ¢ = 0.41, and each equipped with a color
bar in order to compare their values to that of case o < pqazh.

LANS-5.10~% LANS-5.1073 LANS-5.10"2

Velocity fields at time ¢ = 0.41 of LANS-« for o € {5.107%,5.107%,5.1072}

Observe that the velocity fields’ behavior when ov = 5.1073 is tremendously comparable with that of case
a < Quazh, although the chosen value of «v is not as small. There is however, a remarkable velocity flow
variation each time « increases in value. Therewith, the LANS-a equations might not be an alternative model
for the NSEs when the spatial scale « is somewhat large. Besides the mentioned variation of the velocity, the
pressure field is also heavily impacted by the modification of « as it appears in the upcoming figures. We point
out that as « increases, the pressure gains an enormous amplitude which prevent the corresponding simulation
outcome to be visible, especially when o exceeds 0.5.

LANS-5.10~% LANS-5.1073 LANS-5.1072

Pressure fields at time ¢ = 0.41 of LANS-a for a € {5.107%,5.1073,5.107%}

Acknowledgment: The authors would like to thank Professor Guy Vallet (Pau and the Adour Region univer-
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