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Abstract

The primary emphasis of this work is the development of a finite element based space-
time discretization for solving the stochastic Lagrangian averaged Navier-Stokes (LANS-«)
equations of incompressible fluid turbulence with multiplicative random forcing, under
nonperiodic boundary conditions within a bounded polygonal (or polyhedral) domain of
R, d € {2,3}. The convergence analysis of a fully discretized numerical scheme is
investigated and split into two cases according to the spacial scale @, namely we first assume
a to be controlled by the step size of the space discretization so that it vanishes when passing
to the limit, then we provide an alternative study when « is fixed. A preparatory analysis
of uniform estimates in both a and discretization parameters is carried out. Starting out
from the stochastic LANS-a model, we achieve convergence toward the continuous strong
solutions of the stochastic Navier-Stokes equations in 2D when « vanishes at the limit.
Additionally, convergence toward the continuous strong solutions of the stochastic LANS-a
model is accomplished if @ is fixed. Neither of the mentioned convergences involves the
Skorokhod theorem.
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1 Introduction

Over the last few decades, many regularization models of the Navier-Stokes equations (NSEs) have arisen,
especially the a-regularizations, for the sake of better understanding the closure problem of averaged
quantities in turbulent flows. Such turbulent modeling schemes (e.g. Leray-a, Navier-Stokes-a, Clark-«,
Modified Leray-a) were introduced as effective subgrid-scale models of the NSEs which require massive
grid points or Fourier modes, allowing for approximation to capture all the spatial scales down to the
Kolmogorov scale (see for instance [8]] and the references therein), as well as their suitability with the
empirical and experimental data for a thorough range of Reynolds numbers.

In the present paper, we consider the stochastic version of the LANS-a equations [26]] (also known
as the viscous Camassa-Holm equations [3], or the Navier-Stokes-a model |12} 22])

&, (u - a/zAﬁ) —vA (u - azAﬁ) — Qi % (V x (ii — a/zAﬁ)) +Vp = f( i)+ g(, i)W,
div ii = 0, (1.1)
(0, -) = i,

for internal flow i.e. for a bounded domain in R?, d € {2,3}. The unknown vector field i is called the
filtered fluid velocity, and it depends on time and space variables, v is the fluid kinematic viscosity, and
a is a small spatial scale at which fluid motion is filtered. Note that both v and @ are positive constants.
f = f(t,a) is an external force, the scalar quantity p = p(t, x) represents the pressure and ity is the
corresponding initial datum. The last term of equations (I.1]); describes a state-dependent random noise,
and it is defined by g(-, @)W := g(t,i1)0,W(t, x), where g is a diffusion coefficient. One of the aims herein
is to approach the two-dimensional solutions of the stochastic NSEs via the LANS-a model, numerically.
Whence the need to evoke the former equations with similar configurations:

O —vAv +[v-V]o + VA= f(,0) + g(-,v)W,
divv =0, (1.2)
v(0,-) = vo,

where v (resp. A) is the corresponding fluid velocity (resp. pressure), and vg embodies its initial datum.

Equations and (1.2) are usually employed as a complementary model to their deterministic
versions to better understand the situation of tiny variations or perturbations present in fluid flows. The
former represents a modification of the latter by performing Lagrangian means, asymptotic expansions,
and an assumption of isotropy of fluctuations in the Hamilton principle, which grant further physical
properties (e.g. conservation laws for energy and momentum). More specifically, the convective nonlin-
earity [v - V] v in the NSEs is adjusted so that the cascading of turbulence at scales under specific length
stops. The latter adjustment is called a nonlinearly dispersive modification.

The existence and uniqueness of a variational solution to the problem (I.1)) were investigated in
[9]] under Lipschitz-continuous conditions in a three-dimensional bounded domain. A similar study is
proposed in [[14]], but this time with a genuine finite-dimensional Wiener process depending only on time.
LANS-a model driven by an additive space-time noise of trace class was considered in [20], where the
authors proved the existence and uniqueness of an invariant measure, and a probabilistic strong solution.

Speaking of the numerical approach, the convergence analysis of suitable numerical methods for the
stochastic LANS-a equations is less well developed. In connection with the deterministic version, both
convergence rate and convergence analysis of an algorithm consisting of a finite element method were
investigated in [[13]] where the spatial scale « is considered in terms of the space discretization’s step. The
author in [7] conducted a similar study, with @ being independent of the discretization parameters. On the
other hand, numerical schemes for stochastic nonlinear equations admitting local Lipschitz nonlinearities
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related to the Navier-Stokes systems had been already investigated. For instance, authors in [|6] studied
a finite element-based space-time discretization of the incompressible NSEs driven by a multiplicative
noise. An enhancement of [|6]] in dimension 2 was carried out in [2]].

This paper aims to provide a fully discrete finite element-based discretization of equations (I.1)
in a bounded convex polygonal or polyhedral domain. Notice that the underlying model consists of a
fourth order problem, nevertheless we avoid the use of C! piecewise polynomials-based finite element
methods by introducing a notion of differential filters that transform equations (I.I)) into a coupled
problem of second order. The employed time-discretization herein is an Euler scheme. One highly
valued characteristic of the finite element method is the prospect of meticulous interpretation provided by
the functional analysis framework. In contrast to the linear stochastic partial differential equations, since
we are dealing here with a nonlinear model, one cannot make use of the semigroup method or Green’s
function. Those techniques are effectively replaced by monotone or Lipschitz-continuous drift functions.
It is worth highlighting the importance of constructing practical numerical schemes provided with exact
divergence-free finite element functions (e.g. see [4} 15] 28, 29]). However, due to their computational
complexity, one may notice the usage of a weak divergence-free condition that compensates for the strong
sense’s absence.

The associated spatial scale a will be considered hereafter either in terms of the space discretization’s
step (case 1) or independently of all discretization’s parameters (case 2). Therefore, our main results
consist of the convergence in both 2D and 3D of Algorithm [1| toward the continuous solution of the
2D stochastic NSEs for the case 1, together with the convergence toward the continuous solution of the
stochastic LANS-a model for the case 2. Speaking of the followed approach, we begin by performing
a priori estimates characterized by their uniformity in @ (for case 1) and the discretizations’ parameters
(for cases 1 and 2), allowing us to extract convergent subsequences of the approximate solution. As
mentioned in the abstract, Skorokhod’s theorem is not employed to achieve solutions’ existence, which
means that the probability basis that was defined in Section[2]is maintained throughout the demonstration.
This avoidance took place due to two different identification methods, according to the imposed condition
on the spatial scale @. In other words, if the target was the LANS-a solution, the identification method
would rely on its solution’s regularity, which is known to be high compared with the NSEs’. If one was
aiming for the NSEs solution, the followed technique exploits a local monotonicity property attributed
to the nonlinear term of equations (I.I). Each of these two approaches were first introduced in 9 27] to
illustrate solutions’ existence through an abstract Faedo-Galerkin method. However, since we are dealing
with discrete settings herein, Itd’s formula is no longer applicable. Fortunately, discrete derivations solve
this issue despite the appearance of a few associated extra terms.

The paper is organized as follows. We introduce in Section [2] a few notions and preliminaries,
including the spatial framework, the needed assumptions, the time and space discretizations alongside
their properties, definition of solutions to problems (I.I) and (I.2), the definition of continuous and
discrete differential filters along with the investigated algorithm. Section[3]is tailored for the main results
of this paper. We dedicate Section[d]to all possible a priori estimates within standard regularities, together
with the local monotonicity property related to the nonlinear term. In Section[5] we study the convergence
analysis of the proposed numerical scheme. Accordingly, we identify both deterministic and stochastic
integrals, as the discretization steps tend to 0, with their corresponding counterparts. We terminate this
paper (Section [6)) with a conclusion concerning the obtained limiting functions and how one can relate
them to the stochastic NSEs and LANS-a model. We equip this section with a computational experiment
to visualize the outcomes and to evaluate the performance of the proposed numerical scheme.
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2 Notations and preliminaries

We state, in this section, preliminary background material following the usual notation employed in the
context of the mathematical theory of Navier-Stokes equations.

Given T > 0, we denote by D c R?, d € {2,3} a bounded convex polygonal or polyhedral domain with
boundary dD, in which we seek a solution, namely a stochastic process (ﬁ(t), p(t)),t € [0,T] satisfying

equations (I.1)) in a certain sense. Define almost everywhere on 9D the unit outward normal vector field
ii: 8D — R<. The following function spaces are required hereafter:

d

H:= {z € (LZ(D)) | divz=0a.e. in D, z.n =0a.e. on 6D},
d

V= {z € (Hé(D)) | div z=0a.e. in D}.

From now on, the spaces of vector valued functions will be indicated with blackboard bold letters, for
instance L% := (L2(D))d denotes the Lebesgue space of vector valued functions defined on D. Denote
by &: L?> — H the Leray projector, and by A: D(A) — H the Stokes operator defined by A := — A
with domain D(A) = H> NV. A is a self-adjoint positive operator, and has a compact inverse, see for
instance [|10]. Let (Q, F\(Ft)eefo) s P) be a complete probability space, QO be a nuclear operator, and K
be a separable Hilbert space on which we define the Q-Wiener process W(t), ¢ € [0,7] such that

W)= > Nap@Owe, Ve e[0T] @.1)

keN

where {8*(-), k € N} is a sequence of independent and identically distributed R-valued Brownian motions
on the probability basis (Q, F,(Ft)iefo.) P), {wk, k € N} is a complete orthonormal basis of the Hilbert

space K consisting of the eigenfunctions of Q, with eigenvalues {gx }xen+. The following estimate will
play an essential role in the sequel, cf. [23].

E[IIW() - W(s)¥] < @r- DIt -s) (Tr(Q)), VreN, (2.2)

where 2r — 1)!! .= (2r — 1)(2r = 3)... x5 x 3 x 1, and Tr(Q) denotes the trace of Q.

For any arbitrary Hilbert spaces X, Y, the sets .1 (X,Y) and %4 (X, Y) denote the nuclear, and Hilbert-
Schmidt operators from X to Y, respectively. For brevity’s sake, if X =Y, we set .Z;(X, X) = Z(X),i €
{1,2}. Hereafter, M; (0,T; X) denotes the space of all F;-progressively measurable processes belonging
to LP (Q x (0,T),dP x dt; X), for any Banach space X.

Throughout this paper, the nonnegative constant Cp depends only on the domain D, the symbols
(-,-) and (-, -) stand for the inner product in L? and the duality product between H™! and H!, respectively.
Recall that « is a small spatial scale, thereby we assume that @ < 1. The latter leads to the following
norm equivalence

all -l < [l < 11l (2.3)

where ||-||,, is defined by [|-||7, == [|-]|7, + @ ||V-||?,. We point out that the whole study herein maintains
all the stated properties if one chooses @ < @&, for some & € R}. For arbitrary real numbers x,y, the
inequality x < y is a shorthand for x < cy for some universal constant ¢ > 0. We list below the needed
assumptions on the data iig, g, Q, and f.

Assumptions

(S1) QO € Z(K) is a symmetric, positive definite operator.
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(S5) f e L*(Q;C([0,T];H™") and g € L*(Q; C([0,T]; £(K,L?))) are sublinear Lipschitz-continuous
mappings, i.e. for all z;,z2 € V, g(+,z1) and f(-, z2) are F-progressively measurable, and dP X dt-
a.e. in Q x (0,T),

18 21) = 82l mk,12) < Lellzi — 22l Yz, 22 €V,
gD zk.12) < Ki + Kallzlle, YZEV,

fCz) = fG2)llp < Lellzr — 22lle» YZi,22 €V,

1 DMp-1 < K3+ Kallzlly, Yz eV,

for some time-independent nonnegative constants Ky, K>, K3, K4, Ly, Lg.

(83) iig € L*(Q, 7o, P; V), for some p € [1,+c0).

Remark 2.1 The time-continuity of both f and g in assumption can be readily relaxed and turned
into L*(0,T). This emerges from the approximation choice of f and g occurring in Algorithm l For

instance, f(ty-1,-) could have been approximated by f"(-) = 1 f (m—Dk f(t,-)dt, where k and m are
introduced in subsection[2.2]

To avoid repetitions later on, we state the following assertions

1

(a - b,a) =5 (||a||2|_2 —11BIIZ, + Ila - b||2|_2) forall a,b € L2, (2.4)
M 2 M

(Z Iaml) <3 lanl, VM € N\{0}, Va,, €R. 2.5)
m=1 m=1

The trilinear form We define the trilinear form b, associated with the LANS-a equations, by
b(z1,22,w) = —<Zl x (V x 22),w>, Vz1,22,w € Hy.
The following proposition contains a few corresponding properties.

Proposition 2.1

(i) (z1 X (VX 22),w) = —(w X (V X 22),21) for all z1,z2,w € H'. Particularly, (z; X (V X 22),21) = 0

(ii) —(z1 X (VX 22),w) = ([z1 - V]2, w) + ((Vm) 22, W ) - (V(z1 - 22),w), for all z1,z0,w € Hy. In

particular, b(z1,z2,w) = {[z1 - V]z2, w) + <(VZI)T Zz,w> ifz1,22 € H and w € V.

(iii) — (21 X (VX 22),w) = ([z1 - V]z2,w) = ((w - Vlza, 21), for all z1, 2, w € H}.

12

1/2 ,
Cp [lzilla Va2l w5 ||Vw|||_/2 ., fd=2,

(iv) Vzi,z2,w € H), [(z1 X (V X 22),w)| < 12 12 :
0 Co |zl 3 11Vzll S IVl [Vwll 2. ifd = 3.

(v) Ford =3, |lz1 X (V x 22)llgr < Cp llztlllZ 121157 1122l for all 2y € L2 and z5 € H2 A HY,
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Proof: Identities |(i)| and follow straightforwardly from the triple product property (a X b) - ¢ =
—(c X b) - a, and the equality [z1 - V]zo + (V21)T - 20 = V(21 - 22) = —z1 X (V X 22), respectively. To justify
assertion , we make use of more precisely we apply two integrations by parts to ((Vz;)” - z2, w) =
Zl‘.szl /D aiz{zéw"dx to obtain — ([w - V]z2,z1) + (V(z1 - 22), w). Plugging it back in|(ii)| yields the result.
Estimate can therefore be concluded from assertion after employing the Holder and Gagliardo-
Nirenberg inequalities for both dimensions 2 and 3. To demonstrate[(v)l we shall use assertion((iii)] Indeed,
let 1,22, € H? such that ||¢||q < 1. Thus, {z; X (VX 22),¢) = ([¢ - Vlz2,21) = ([z1 - V]z2, ) =2 1 — J.
Performing an integration by parts on [ yields I = — ([¢ - V]z1,22) — (z1div(p),z2). Therefore, by the
Holder, Agmon and Gagliardo-Nirenberg inequalities in R?, we get

. 1/2 1/2
1] < llelluslIVaills lzalle + zillelldivell 2|22l 2 < CD”ZIHH/] IIlelH/z |z2]]L2.

Integrating by parts J, it follows J = —([z1 - V]p,22) — (z2divz1, ). Applying once again the same
inequalities that were employed to illustrate the bound of /, we obtain

. 1/2 1/2
1 < flzille=l[Velliallzallie + lz2ll2lldivzillsllells < CD“ZIHH/] ||Z1||H/2 lz2]]2

Putting it all together and arguing by density complete the proof. O

It is well-known that finite element methods based on C'! piecewise polynomials are not easily
implementable. Therefore, our fourth-order partial differential equation (I.T)) must undergo a modification
so that it turns into a second-order problem. To this end, we shall propose a differential filter that deals
with a Stokes problem. Such an idea emerges from [[17]] within a slight adjustment for the sake of fitting
the current framework. The divergence-free condition in the definition below is not mandatory as one
can always use the Helmholtz decomposition to subsume the resulting gradient term within Vp.

Definition 2.1 (Continuous differential filter)
Given a (divergence-free) vector field v € L? vanishing on dD, its continuous differential filter, denoted
by i, is part of the unique solution (i1, p) € V X Lg(D) to

—azAIZ+IZ+Vﬁ:v, in D,
diviu=0, in D, (2.6)
u=0, on 0D.

Note that the differential filter of a function v is usually denoted by 0. Nevertheless, the employed
notation herein will be & to obtain a clear vision of the relationship between the differential filter and
equations (T.T). For a given v € L2, problem (2.6) yields a unique i € H?> NV provided that D c RY,
is a bounded convex two-dimensional polygonal (three-dimensional polyhedral) domain. Moreover, the
solution i satisfies ||i||y2 < Cpa™? [lv|l 2. The former and the latter properties are provided in [21}

Subsection 8.2]. Observe that v in equations is assumed to be null on 4D due to the occurring
equality i = v when one passes to the limit in « after projecting (2.6)); using the Leray projector 2.

2.1 Definition of solutions

Relying on paper [9], a solution to equations (I.1]) can be defined as follows:

Definition 2.2 Let T > 0 and assume that are valid. A V-valued stochastic process i is said to
be a variational solution to problem (L1)) if it belongs to M% (0,T; D(A) N L? (Q; L¥(0,T;V)), is weakly
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continuous with values in V, and it satisfies P-a.s. and for all t € [0,T] the following:

@(t), ¢) + @ (Vi(1), Vo) + v / t (ﬁ(s) + a2Aﬁ(s),A¢)ds
0
+ / ' (ﬁ(s), ii(s) — a*Ail(s), ¢) ds = (iig, §) + @ (Viig, V) @7
0
+ /0 < £(s, L’t(s)),¢>ds + ( /0 ¢ (s, ii(s)) dW(s), ¢), Ve € D(A).

If i is a solution to problem (I.1) in the sense of Definition then considering v = v(¢) as in
problem (2.6) grants a new (equivalent) formula for equation (2.7), namely for all ¢ € [0,77], there holds
P-almost surely

(W0 d) +v /O (Vo(s). V) ds + /0 B(a(s). v(s). @)ds = (v0. )
(2.8)

+ ‘/Ol <f(s, i(s)), ¢>ds + (/Ot g(s,u(s)dW(s), ¢), Vo eV,

where vy € L? is given by equation (Z.6) when it = iiy. The trilinear term involving the pressure
fot b(ii(s), Vp(s), ¢)ds does not appear in equation (2.8)) because

d d
b, Vp,¢) = ) /Dﬁia,.ajﬁwczﬂ Z/Da,-afajﬁqsidx.

i.j=1 i,j=1

The first term on the right-hand side turns into — f ¢ V]iVpdx after performing an integration by parts,
and the second term can be rewritten as /D [¢-V]iaVpdx. We highlight the absence of (V(it - Vp), ¢) in the
above calculation which results from Proposition [2.TH(i)] It is worth mentioning that (2.8), coupled with
the weak formulation of (2.6), establishes a well-posed problem whose solution satisfies equations (I.T))
in the sense of Definition

Next, we give a definition of strong solutions to problem (I.2)) in 2D.

Definition 2.3 Given T > 0, let assumptions and be fulfilled, d = 2 and vy € L*(Q, T, P; H)
be the initial datum. An H-valued stochastic process v(t),t € [0,T] is said to be a strong solution to
equations (1.2) if it belongs to M% (0,T;V) N L*(Q; C([0,T]; H)) and it satisfies P-a.s., for all t € [0,T]:

(0(D) ) + v /O (Vo(s). V) ds + /0 ([o(s) - V]o(s). 0)ds = (20, )
(2.9)

t
0

+ / (f(s,v(s)),go)ds + (/0 g(s,v(s))dW(s), tp) , Yo e V.

2.2 Discretizations and algorithm

Time Discretization Let M € N* be given, and I = {¢, }g’i o be an equidistant partition of the interval
[0,T], where ty := 0, tpy == T and k = T/M is the time-step size. The nodes’ equidistance is not
mandatory in the sequel; it is imposed, however, for simplicity. One can generalize the presented method
by associating a time-step k,,, with each sub-interval [¢,,,—1,¢,,], forall m € {1,...,M}.
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Space discretization For simplicity’s sake, we let 7}, be a quasi-uniform triangulation of the domain

D c R4, d € {2,3} into simplexes of maximal diameter 4 > 0, and D = U K. The space of
KeT,
polynomial vector fields on an arbitrary set O with degree less than or equal to n € N is denoted by

P,.(0) = (P,(0))?. For nj,n, € N\{0}, we let

Hy = {zh e Hyn[C’(D)}* | Znlx € Pn (K), VK € Th},
Lh = {Qh S Lg(D) | thK € Pnz(K)’ VK € Th}a
Vh = {Zh € Hh | (dll) Zh’qh) = O’ v qdn € Lh}’

be the finite element function spaces. For fixed nj,n; € N\{0}, we assume that (Hj, L) satisfies the
discrete inf-sup condition; namely there is a constant 5 > 0 independent of the mesh size A such that
(div zn,qn)

sup  ——=——— = Bllgnllr2, Y qn € Lp. (2.10)
ameH\(o) VanllL2

Given z € L2, we denote by ITj, : L> — V), the L?-orthogonal projections, defined as the unique solution
of the identity
(z=Mpz,0n) =0, Yen € Vp,. (2.11)

For z € H(l), AP H(l) — Vj, denotes the discrete Laplace operator, defined as the unique solution of

(Ahz, soh) =—=(Vz,Von), Ven € Vp. (2.12)

Estimate (2.13) and the inverse inequality (2.14) below need to be satisfied by the recently defined
approximate function spaces. Let S, be a finite dimensional subspace of H(l) equipped with an L2-
projector Ils,, : L2 — Sy, satisfying the following property:

For z e H* N H(l), there is a positive constant C independent of / such that

1
DD (2 =TI, 2)|| 2 < Ch* NIzl , 2< s <n+ 1, (2.13)
=0
where n is the polynomials’ degree in Sj,.

Furthermore, assume that S, fulfills the following inverse inequality:
For£{ e N,1 < p,q < +o0and 0 < m < ¢, there exists a constant C independent of / such that

Nznllwer < CH™ MG =G0 |2l 0 V2, € Sh. (2.14)

Provided the triangulation of the domain D is quasi-uniform, one can easily check that the space Hj,
satisfies both estimates (2.13) and (2.14). The reader may refer to [5]] for adequate proofs. Subsequently,
we take S;, = Hj,. Identity (2.12) together with the inverse inequality (2.14) ensure the following estimate:

|A"zn| > < CR7MIVznlli2, Yz € Hp. (2.15)

The discrete differential filter is somewhat defined as its continuous counterpart, but this time by
involving the weak formulation of problem (2.6)).

Definition 2.4 (Discrete differential filter)
Let v be the vector field of Definition[2.1) Its discrete differential filter, denoted by ity, € Vly,, is given by

@ (Vitn, Vo) + (iin, on) = (0, 0n), Yeon € Vi
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Additional information are stated in article [24}, Section 4] . We list some of its properties in the following
lemma.

Lemma 2.1 Letv = v, € V" and @i, € V}, be its discrete differential filter. Then,
(1) vy = up — a/zAhﬁh and Vo, = Vi, — «*VA" Gy, a.e. in D.

.. _ _ 12
(ii) (Yo, Vip) = [|Vi|[7, + o ||A" | ».
Proof: Assertions (i) and (ii) are covered in [13, Lemma 2.1]. |

Before exhibiting the algorithm, we will define new notations for the approximate functions. The
subscript £ of the utilized test functions will be dropped throughout the rest of this paper for the sake of
clarity. For ¢ € [0,T], we set V(¢) := vp(¢) for v, € Vj, and denote by U(¢) its discrete differential filter,
i.e. U(t) = ity (t). Besides, let I1(z) := py(¢) and 1(¢) := pj(¢) be the (space) approximate pressures. We
point out that Algorithm [I]is derived from equation (2.8), which contains both terms i and v.

Algorithm 1
Fora givenU° € Hy, findforeverym € {1,. .., M}, ad-tuple stochastic process (™ ym, mm, I:Im) € Hpx
Hy, X Ly, X Ly, such that for all (¢, A1,Ay) € Hy X Hy, X Ly, X Ly, there holds P-a.s.

.(vm - Vm_l,(,o) + kv(VV’",Vgo) kU™ X (VX V™), @) k(H”’, div <p)

= k(1. U" ) + (g1, U DA W 0).
o (V™ y) = (U™ ¢) + a? (VU™ Vy) — (IT™, div ),
o (div U™ Ay) = (div V",A») =0,

where Ay W = W(ty,) = W(ty—1) forallm € {1,...,M}.

Although the trilinear term’s second variable could have been chosen to be explicit i.e. V x V"1,
this choice may force an extra smoothness assumption on vy when illustrating the a priori estimates of
{vm }f‘::l; namely one needs v to be in H), which is not really practical as vy is just a transfer tool that
should not play an important role within the study. For each m € {0,..., M}, we may conclude from the

second and third equations of Algorithm|[I|along with Definition [2.4]two facts:
(i) U™ is the discrete differential filter of V" and thereby, all the associated properties are valid.

(ii) The Algorithm’s starting point U° could be exchanged with V°.

3 Main results

In the light of the preceding preliminaries, we are now able to state the main results of this paper.
Theorem [3.1] concerns the stochastic LANS-@ model and Theorem [3.2] is devoted to the stochastic
Navier-Stokes equations.

Theorem 3.1 Let T > 0, (Q, F,(F;);ejo,r}, P) be a filtered probability space and D C R4, d € {2,3} be
a bounded convex polygonal or polyhedral domain. Assume that assumptions are fulfilled. For
any finite positive pair (k, h), let Ty, be a quasi-uniform triangulation of D, I be an equidistant partition
of the time interval [0,T], (Hpn, Ly) be a pair of finite element spaces satisfying the LBB-condition (2.10)),
and U° be in Hy, such that ||U0||Hl is uniformly bounded in h > 0. If « > 0 is seized independently of k
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and h then, there exists a solution {(U™, V™, H”",flm)}{\n/":1 of Algorithm|l| and it satisfies Lemmas
and Moreover, if U — ity in L*(Q; H') as h — 0, Algorithm |I| converges toward the unique
solution of equations (L.1)) in the sense of Definition 2.2}

Theorem 3.2 Let T > 0, D C R? be a bounded convex polygonal domain and (Q, F,(Fy),j0.11,P) be a
filtered probability space. Assume assumptions and and let vy € L*(Q, Fo,P; H) be the initial
datum of equations (1.2). For any finite positive pair (k,h), let T}, be a quasi-uniform triangulation of
D, Iy be an equidistant partition of the time interval [0,T], (Hp, L) be a pair of finite element spaces
satisfying the LBB-condition [Z.10), and U° be in Hy, such that ||U0HH1 is uniformly bounded in h. If
a < aph for some ag > 0 independent of k and h then, there exists a solution {(U’”,Vm,Hm,flm)}ﬁ‘n/":1
of Algorithm |l| and it satisfies Lemmas and Further, if U° — i in L*(Q;H") as h — 0,
Ly < v/\/EClZ) and Lg < Tr(Q)~'/? (V2 - 2LJ%C?))1 ’ /CpV2v then, Algorithm|I| converges toward the
unique solution of equations in the sense of Definition

As stated in the hypothesis of both Theorems and one needs to bound the initial datum U° of
Algorithm independently of 7 > 0. To do so, we evoke the Ritz operator R ;, which is stable in H! i.e.
there is a positive non-decreasing function £, uniform in 4 such that ||® || < ||v]|y: for all v € H'.
Given v € H', the Ritz operator R j, : H! —s V,, is defined as the unique solution of

(VR pv, Vo) = (Yo, Vo), Yo, € Vp.

Therefore, we define U? by U° = Ryiiy where il is the initial datum of equations (I.1), which also
represents the continuous differential filter of vy. Besides, the second equation in Algorithm [I] together
with Lemma (i), inequality (2.15), @ < 1 and @ < aph lead to ||V0HL2 < V2 max(1, Cayp) ||U0||H1,
which means that HVOHL2 is also uniformly bounded in 4.

4 Solvability, stability and a priori estimates

Notice that the system of equations proposed in Algorithm [I] can be reformulated after taking the test
functions ¢ and ¢ in Vj,:

o (V™ = V™ L o) + kv(VV™, V) — k (U™ x (VX V™), )

= k{(f(tm-1, U™ "), 0) + (g(tm-1, U™ DALW, @), Vg € V. 4.1)
o (V™ y) = (U™ ) + o> (VU™ V), Yy € V.

In the lemma down below, we illustrate the solvability of Algorithm [I] the iterates’ measurability,
and some a priori estimates whose role is to afford the proposed numerical scheme with stability.

Lemma 4.1 Assume that assumptions are valid and let p € [2,00) N N. Then, there exists
a Vy XV X Ly X Ly-valued sequence of random variables {(U™,V"™, H’",ﬁm)}f\f:l that solves P-a.s.
Algorithm|I] and fulfills the following assertions:

(i) foranym e {1,...,M}, the maps U™, V"™ : Q — Hy, are F;, -measurable.

M 2
2 llom =l | < cr
m=1

NE

M
> (Ivumig + o [l o) +

m=1

Bl—

(i) E| max ||U™|]% +
1<m<M
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M
-1 112
(iii) E[lgnagMnUmni” £ ) o lom - oL,

m=1

M
kv YU (VU + o 4" G ) | < s
m=1

where Cr ,, = Cr (||UO||L2p @y T (K,-)?Zl,Tr(Q), v, D) is a positive constant, independent of a, k
and h. Note that Ct = Cr 1.

Proof:  Solvability

To prove the Algorithm’s solvability, we will follow a technique similar to that in [1, Lemma 4.1] while
relying on equations @.I). Since V" € V), for all m € {l,...,M} then, by Lemma 2.1}(i), we get
ym = Um — ?AhU™, P-a.s. and a.e. in D. This means that the existence of U™ implies that of V™.
Assume that, for some 2 < £ < M and for almost every w € Q, a sequence {(U™(w), V’”(cu))}f;‘zl1 has
been found by induction. For w € Q, define P-a.s. the mapping ¥,°,: V, = V] by

F2\(9) = 9= P =V @)~ kv (9 = P g) — ko x (V X (¢ - a?Alg)
— kf(te-1, U (W) = glte1, U () AW (w),

for all ¢ € V. The continuity of 7,2, can be shown by a straightforward argument. Since, Vj, equipped
with the inner product (-,-), is a Hilbert space, then by Riesz representation theorem, functional 7,

can be defined through the L-inner product, namely for ¢ € Vp,, (f;_’l((p)) W) = (gr;_) 1(<p),zp) for all

Y € V. Therefore, for = ¢ € V;, and by Proposition (i), the discrete Laplace operator (2.12)),
assumption ($,)] the Cauchy-Schwarz and Young inequalities,

(7210 9) 2 ll@lF2 + (@ + knIVlIL, = IV @)l llelle + kva? ||l

— ke (Ks + KallU @)l gl = (K1 + KllU @)l ) 118 W(@) Ikl
1 kv _ kC? ~ 2
> SHlllE, + (@ + Vel = IV @I, = 52 (K + KallU ™ @)lla)

-1 2 2 1 2
- (K1 + KU @)lla) 1AW @) = 5116l = Le-s(@),

here Lot = 2K2[A W2 kCL, K3 Vel KCLKL | Hg2 AR uc-R. B d
where Ly = 2K7||[A W[z + —2— + || 152 + | =5 + 2K51[AcWIIk ) ] ll- By (2.2) an

14

the induction’s hypothesis, there holds P-a.s. Ly_j(w) < +co. Therefore, taking ¢ € V; such that

llell2 = V2Le-1(w) yields (jft,“_’l(tp), tp) > 0. Subsequently, Brouwer’s fixed point theorem (see [|18}
Corollary 1.1, p. 279]) ensures the existence (but not uniqueness, see Remark of a ¢ = ¢(w) € Vy,
such that #,° (¢) = 0. Hence, (U4, V%) € V), x Vj, exists P-a.s. . The discrete LBB-condition (2.10)
yields the existence of an Ly X Ly-valued process {(II"", II"™)}™_  satisfying Algorithm
Measurability

After proving the algorithm’s solvability through the functional #;”,, the measurability of iterates U™,
m € {1,...,M} follows by induction (see [1, Lemma 4.1]). Moreover, by Lemma (i), one infers the
measurability of {V""}M_ .

A priori energy estimate

Let us denote by ||-||fm the quantity ||V-||2|_2 +a? ||Ah-||2|_2. In equation (@.1J), we take ¢ = ¢ = U™ and
employ identity (2.4), Lemma 2.1} (ii) together with Proposition

1 . ) )
3 (10715 = 10" 4 107 = U ) 4 kO™ o = K et U0
+ (g(tm_l, U™, W, U™ — U’"‘l) + (g(tm_l, U DA W, Um—‘) .
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After employing the Cauchy-Schwarz and Young inequalities along with assumption we take the
sum over m from 1 to M:

lUleUoleUm Um—lszMUmz
SIUMIE = 311 ||(,+ZZ|| - ||a+72|| o
=1 m=1
CiTK? CiK
<B4 4k2||Uml||2+Z||g<rm LU AW, (4.3)

v

+ ) (@l U AW, U™,

m=1

Due to the measurability of U, the last term on the right-hand side vanishes when taking its expectation.
The penultimate term is controlled as follows:

E |18 -1, U DI g o1 Bm WK |

= E [110m1. U DI, 1| E [18mWIIE
< 2Tr(Q)K 2k + 2K2KTr(Q)E [|lU™ 2],

%M] (4.4)

thanks to the tower property of the conditional expectation, the increments independence of the Wiener
process, property (2.2)), and assumption[(S;)] Plugging estimate (#.4) in equation (4.3)) returns

1 & kv I
M2 - m _ yym—12 il m 2z 0112
E(IWMIE] + 3 2 ElNO™ -0 G+ mzl 10712, | < SE[10°12]
- (4.5)
C2K2 C2K2 M-1
+( D3 o1y (Q)Kz)T+( D4 2K2Tr (Q)) >TEomZ].
m=0

Now, we employ the discrete Gronwall inequality (see for instance [[32, Lemma 10.5]) in order to prove
the sought estimate. We replace M in equation (4.3) by any other index £ > 1. We get

o o1 é 3 s T(C%’VK‘% +2K22Tr(Q))
EQNUAE] < |ENIUOI ] +2 +2Tr(Q)K] = Kt
forall £ € {1,...,M}, where ||U°||, < ||U°||,4: thanks to (2.3)). Consequently,
max E [IIUm||§] < Kr. (4.6)

1<ms<M
By virtue of estimate (4.5) and the discrete Gronwall lemma, one also obtains the following two es-
timates: ’% Zf\n/lzl E [||U’"||ﬁ’a] < Kr and %Z%:l E [||U'" - Um‘1||(2,] < Ky. We still need to prove
E [1 SrrrlnanM [|lU™|2| < Cr, for a certain positive constant Cy independent of «, k and 4. To this end, we

make use of estimate (4.3)), but this time by summing from m = 1 to m = £ where £ > 1 is an integer.
Then, we take the maximum over £ and apply the mathematical expectation on both sides to get

1 0112 C%TK?? CZKZ J m—1,2
< SE[IUOR] + =2 kz o™ "13]
4

m—1 m—1
max Zl(g(tm_l, U AW, U
m=

1
_E Uf 2
2 [13}25\4” o

M 4.7
+ > E[llgtm1, U™ AR WIZ] +E
m=

1
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To bound the last term on the right-hand side, we use assumption the Burkholder-Davis-Gundy and
Young inequalities, after considering the sum as the stochastic integral of a piecewise constant integrand:

4
E| max r;(g(tm_l,Um‘l)AmW,U’”‘l)
M 1/2
<E (k > g1, U Dl 2y 107 Hiz) (438)
m=1
< lE[||U0||22] F2KPT+E | max NUl? +2K2k§: ||Um—1||2].
4 L ! 4 1<b<M L 2 fomet @

Returning to estimate (4.7), we avail ourselves of ({.4)), (4.6) and (4.8) to conclude
E [ max ||U'"||?,] <Cr,
I<m<M

where Cr > 0 depends only on the parameters of Kr.

Bounds for higher velocity moments

We will demonstrate below the case p = 2. The reader may refer to [6] for additional hints. We start by
multiplying equation (@.2) by the norm ||U™||3.

1 ' 1 .
EIIUmllf, - §||U'" 2™z + §||Um - U™ Ao + kVIlUmllf,,allUmlli
= k(f(ter, U™ 1), U™ U™]2 + (g(tm_l, U YA, W, U™ - Um—‘) ™2 (4.9)

+ (g(tm_l, U™ HAmW, Um—l) U™ =T+ 11+111.

For I, we apply the norm equivalence (2.3)), the Young inequality and estimate |a+b|P < 2P~!(|a|P +|b|P)
forp = 4:

m—1 m % m % kCé m—1 4
1< kCp (K + KallU" o ) VU I I0™1E < -2 (Ks + KellU™ Lo

4 14 4 4 4
e 2 gmp g < 05 R ey Y gmp e
For 11,
11 < 1181, U DI e oy 1AW (1107112 = 110712 + 012 )
+ 0" U
< 1181, U™ Ny L 1A WIRNT™ G + 1—16 o™ = o2

181, U™ Dl o 1AWl + 10 = 0" 1210,

For 111,

11 = (g1, U™ AW, U} (0712 = 1107112 + 110712

_ _ _ 1 122
< (801, U AWWL U U E = U7 - 11U



14 Numerical and convergence analysis of the stochastic LANS-a equations

+ 4118 (tm-1, U™ O, e oy 1AW IR NIU™ G,
Equation (4.9) becomes

1 _ 1 B kv
U = SO RIS + 0™ - U RO + g o

2kC* K+ 2kCHK? 1 )
S+ oG+ g o IE = 1o

L
2

- 3
24
m—1 m—1 m-1y2 m—1y\114 4

+ (80, U)W, U™ U7 + Al 1, U™ D o AW

+ 518 (tm-1, U™ DI e oy 1A WIRINU™ .
_ _ _ 2
Note that [[U™ I3, = U™ ZNU™ 15 = 531010 = 1U™ G + [HU™ 15 = U™ I3[, therefore
1 _ 1 _ 2 _
Z(IIU’"IIi — U™ Hlg + 5 NU™1G = MU G + o™ = o™= g o™ g

4 rrd 4 rd
UCHKS | KCHKL iy
3 a
4

U™ 0™ <

V3 (4.10)
+ (81, U DAGW U U™ + Al o1, U DI o AW
+ 51181, U DB, o o 1A WIE U™ 2,
Proceeding as (#.4)), the penultimate term can be estimated as follows
E (1181, U™ DIl e o |18 Wl | < KITHQPE + KETHQPE (U] @)
Next, we bound the last term on the right-hand side of {.10)
~1y(12 2 -1))2
E [Ilg 1. U™ DIy e o 1A W™ 12 )

< KTkTr(Q)E [[[U™Y1Z] + K3Tr(Q@)KE [[IU™I5] -

The third term on the right-hand side of (4.10) vanishes after taking its expectation, thanks to the
measurability of the iterates U™, m € {1,...,M}. We collect and plug the above estimates back in
(4.10), and we sum it up over m from m = 1 to m = M. Then, we apply the mathematical expectation,
and employ the discrete Gronwall lemma to get

m 14
(max E[lU"l;] < Cro, (4.13)

where Cr > > 0 does not depend on @, k and h. We also get by Gronwall lemma the following two
estimates:

1 M
aE [ o = v iIumiG

m=1

M
2 2
D omip Momig

m=1

k
< CT,Z and TVE < CT’z.

It remains to show that E [1 maxM ||Um||3] < Cr,. To do so, we follow the technique which was
<m<

employed in the previous step (A priori energy estimate) by summing up inequality (4.10) over m from 1
to £ > 1. We will only need to control the following stochastic term:

14

m—1 m—1 m—1,2

5[12}&};@(%_1,1] AW, U ||U IIC,]
=
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2

M
SE [k D Neltmr, UM DI, e 2 IO

m=1

' 1
- 0 - m| 14 2 m—1(2 2 m—14
<E ||U [l + g, max [[U™]; +4K kleU |2 + 4K kleU I

m=1 m=1

Collecting all estimates together and using (4.13)) complete the proof of estimate (iii). m|

Remark 4.1 The iterates’ uniqueness can be shown to hold in a subspace Q¢ of Q such that € =
e(k,h) > 0and P(Q¢) — 1 as e — 0. Uniqueness in the whole probability space does not occur because
of the nonlinearity of the proposed numerical scheme. The reader may refer to [|6, Lemma A.1] for a
similar approach.

Lemma 4.2 Assume the hypothesis of Lemma Iterates {U m}f‘n/’:l satisfy the following estimate:

2p-!

M
E (kv Z (||VU’"||2L2 + a? ||AhU’"||2L2)) < Crp,

m=1

where Cr , > 0 has same ingredients as that of Lemma

Proof: The demonstration is straightforward; it can be illustrated as follows: we pick the adequate
inequality from equation (4.3)):

M 2 2 2 g2
k 1 CLTK; CrKT
= 2 MU o < SO0 + 2+ 2 max (U
’ 4

v 1<m<M

M
D18 tm1, U™ AW 2

m=1

M
-1 2 -1
+ 3 gltm1, U AW, + max [|U™ |2
o l<sm<M

C2TK?
%HUOHZ D 3 + +—

12 1
— | max (UG +4Z||g(rm LU AW,

1<m<M

C2KT 1)
m=1

where we used the Young inequality together with estimate (2.5)). It suffices now to raise the above
inequality to the power 27!, apply estimate |a + b|9 < 297'(|a|? + |b|9), take the mathematical expec-
tation, and employ Lemma [E]—(iii). We point out that the last term on the right-hand side turns into
Cp ZM g1, U™ HA,, W|| after applying estimate (2.5) (p — 1)-times, and can subsequently be
controlled as done for 1nequa11ty @ O

The provided a priori estimates in Lemmata [4.1] and £.2] are not sufficient to derive the existence of
a solution when « is not vanishing. Whence the need of the following lemma which consists of further
stability properties for Algorithm I}

Lemma 4.3 Assume that « is fixed away from h and k and that are valid. Let {Vm}%: | be the
iterates of Algorithm[l| For p € [2,+00) NN, there holds

M M
, —1112
(i) B max (V"I + kv O IIVVPIR + 3 V7 = Vs | < Cle,
- m=1 m=1
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2p-1

M 2rt
+ (Z [vrm -y ||i2) < Cpla),
m=1

but not on k and h. Note

M
2
(ii) E| max v +(ka|IVVm||L2

for some constant C,(a) > 0 depending on a,
that C(a) = Ci(a).

Hly
(@HY)

Proof: We replace ¢ by V" in equation (4.1)), then apply identity (2.4) to get
1 1 _ 1 _
SV = SV, + S = v R v,
= k(U™ X (VX V™), V™) 4 K f(tmet, U1, VM + (g(tm_l, U™ D)ALW, vm) :

Taking the sum over m from 1 to £ € {1,..., M}, then the maximum over ¢ yields

M M
1 £ 2 1 —1712 1 012
5 max [[VCI%, +ka||vvm||L2+§Z_||vm—vm 72 < SIVOIE

M M
kAU XV XV™MLY™] 4k F et U™ Dl [V (4.14)

m=1 m=1

M
- 1
+ Z g (tm—1, U™ AWV |2 = EHVOHEZ +Ji+ L+ S5

m=1

We exploit the identity V™ = U™ — a?>A"U™ and Proposition to write
(U™ % (V X V™), V™) = o? (Ah U™ % (V x V™), U’") : (4.15)

Moreover, plugging ¢ = U™ in equation (4.I)), and using the Cauchy-Schwarz, Young and Poincaré
inequalities return ||VU™|| > < Cpa~!||[VV™|| 2. Further, by Lemma(i),it follows a?||[VA"U™||» <

[IVU™||2+]IVV™|.2 < (Cpa~'+1)||[VV™| 2. Therefore, identity (#13)), Proposition 2. 1}{(iv)} the norm
equivalence (2.3), the Holder and Young inequalities imply

J <cDoA<Z||U'"||a||va||Lz||A’“U'“||“2 “epa T+ vy

m=1
14,y
(k > ||vvm||ﬁz)
m=1

M
kv
k Z 10 e 1A U™ + = ) 19V
m=1

3/4

M
< Cpa™NCpa T+ 1k ) |lUm|[4e? A" U™,

m=1

27CH(Cp + a)?
< —

4y3a* —~

Furthermore, employing assumption|(S,)} the Poincaré and Young inequalities gives

2C
J2<—kZ(K2 KEIU™ M2 + vavmnu

Moving on to J3, we make use of the Young inequality and estimate (2.5))

Js < max ||vm||LzZ||g(tm_1,Um—‘>AmW||Lz
t<m m=1
1 M
< g max (V7 +3 ) g1 U HARWIE,

m=1
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The last term on the right-hand side is controlled in estimate (.4). Collecting all inequalities together,
equation (4.14) becomes

1 ky & 1Y 1
2 2 1712 0112
3, VPR 5 D IVVPIE: + 5 D IV = v, < 51V,
m=1 m=1
7cT M 2C2TK? 2C2K2T
D mn4d 21 ahyrmy2 D 3 D™4 m—1112
itk 2 IO U+ == R ma G @0

M
+3 3 11gltm1, U™ AW,
m=1

Applying the mathematical expectation along with Lemma [.1| completes the proof of assertion (i). To
illustrate estimate (i), we shall raise inequality (#.16) to the power 2P~!, then apply estimate |a + b|9 <
29-1(Ja|? + |b|9). We show below the outcome up to constants:

M ¥y 2r-1
max ||V"|% + kv Z vV + Z ym _ym-12 < VO
 max [IVEI 2, IVVIL 2, I I VEIE

M 2p7!
-3 —4y2r~! m) 2P 2\ ARy m |2 m—1,2P
+ (v a max ||U k a’||A"U +1+ max |[|U
(Pt max (U713 ( 2 I, max {[U"][3
m=1
M
_ P
+ ||g(tm—1,Um 1)AmW||EZ-
m=1
Taking the mathematical expectation and employing Lemmas [4.T] and 4.2 complete the proof. m|

Remark 4.2 According to the proof of Lemma one can assume the relation v3a* > 1 to tackle the
non-uniformness in « of the obtained estimate. This only applies when the scale « is fixed.

In order to obtain a priori estimates for {Vm}f‘n"':l in Sobolev spaces, uniformly in «, we shall assume
that @ < aph for some @ > 0 independent of & and k. We will present in Lemma |4.4{ some preliminary
estimates.

Lemma 4.4 Ler {(U™, V’")}n]‘f':1 be the iterates of Algorithm |I| and 0 < a < aph, where ag > 0
independent of a, h and k. Then, for allm € {1,...,M} and P-a.s.

(0) IV™||2 <1 ||U™]

w’
.o 2
(i) 1I9V7IE: < & (V0™ + o2 AP0,

(iii) |V = v < a|lumtt - U, forall € € {1,... .M —m},

where Cy > 0 depends only on a and the constant C of the inverse inequality (2.14).

Proof: Letm € {l,...,M}. From equation (4.1)),, taking ¢y = V" and applying the Cauchy-Schwarz
and Young inequalities yield ||V’”||i2 < ||Um||ﬁ2 + illV”‘Hi2 + %2||VU’”||32 + ET"ZHVV’”HEZ, where
1
a§c2
(i). On the other hand, by Lemma (i), VV™ = VU™ — o*VA"U™, P-as. and a.e. in D. Thus,
[[VV™| Ifz <2||vVU™| |iz + 201(2)C2a/2| |ARU™| |iz, thanks to the inverse inequality (2.14). Estimate (iii) has
similar proof to that of assertion (7). O

Clearly, one must incorporate Lemmas {.T|and {.4] to obtain:

€ > 0. Taking € = and applying the inverse inequality (2.14) complete the proof of assertion
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Lemma 4.5 Let {V" }fn”:l be the iterates of Algorithm Assume that assumptions are fulfilled
and that 0 < a < aph, for some g > 0 independent of k and h. Then,

E

m kv & m 1 < ~1112 ,
 max_ |V ||iz+7;||vv ”fﬁsz:lHV’"—V’" | = &

where C; > 0 does not depend on «, k and h.

We terminate this section with a local monotonicity property associated with the trilinear term of the
underlying equations, as stated in the following proposition.

Proposition 4.1 Let d = 2. Assume that a < aph for some ag > 0 independent of k and h, and that

V172
v L:C?
Ly < and L, < 1 v__ £ , where Cp represents here the Poincaré constant. For
4 V2C3, &= yrro \2¢5 P
U;ll,UZ € Vy, let ﬁ;l and ﬁfl be their discrete differential filters, respectively. Denote wy, = ﬁ;l - ﬁi. There
is a constant X > 0 depending only on D, aqy and the inverse inequality’s constant C such that

_ _ _ - K =214
<VA(U;1 - U}zl) + u}ll X (V % v}ll) - u}zl X (V % v,21) + f(, u,ll) - f(-,ufl) - ||u,21HL4 Wh, wh>

) 4.17)
+ TF(Q) ”g(’ﬁfll) - g(’ IZ%,) SB(K;L2) <0.
Proof: The first target in this proof will be the estimate
V(v = oD)ll2 < (1 + C2ad)IV@y, — i), 2- (4.18)

Indeed, from Lemma (i), we get V(v} — v?) = V(i) — ii7) — «*VA" (i) — ii;) a.e. in D. Therefore, a
simple application of the inverse inequalities (2.14), (2.15) and the hypothesis @ < agh justifies (4.18).
On the other hand,

|(ﬁ}l X (Vxv)) - x(VXUi),wh)| = |(ﬁfl X (VX (v = vfl)),wh)|

1/2

-2 1 2 1/2 2 _2N\11~ 3/2 1/2
< Cplly IV (o = oDl wall S NIVwnl| 2 < Co( + C2a)||ah sVl |}, i

W lwall” 419

v 2 K24 2
< Z||th||Lz + ﬁ”uhllullwh”Lz,

for some constant X > 0 depending on C, & and Cp, where Proposition [2.T}{(D)} estimate (4.18)) and
Young’s inequality were employed. In addition, assumption [(S,)]implies

L2C?
_ - D v
[(fCoaiy) = fCoiip).wa)| < LeCpllwnllol|Vwrll 2 < llwall + ZIIthIIfz
D 2 N 2 v 2
< (IVwpll > + @7 |[A wh|l[>) + ZIIthIILz,

where the Poincaré inequality and ||[Vey|| 2 < Cpl|A"@n|l 2, Ven € Vi, were used in the last inequality.
Similarly, by virtue of assumptions and the Poincaré inequality, one gets ||g(-, ﬁ}l) —g(, IZ,ZZ)I If% KLy S

L;Ch||Vwsl’,. By Lemma (i) and identity [2.12} there holds v (V(v}l - v2), th) = v[|Vunl?, +
va?||Arwy,| |iz. The sum of the former and the latter identities along with inequalities (.19), (@.20) yields

estimate (@.17). O
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Remark 4.3 The assumed conditions on Ly and Lg in Proposition are mainly imposed to maintain
the monotonicity property. They appear in this context due to the dependence of both f and g on the
solution. In other words, if f = f(t) and g = g(t), these conditions would no longer make sense. Observe,
in addition, that one could have omitted the factor —— by adjusting the Lipschitz-continuity of the

VTr(Q)

diffusion coefficient g 10 ||g(-.21) — 8(- 22l sy s) < Le N1zt = 2o

5 Convergence

All the previous analysis relied on {(U™, Vm)}nz‘f':1 , which does not depend explicitly on the time variable.

To investigate the convergence in continuous-time spaces, e.g. LZ(Q; L2(0, T; H(l))), we need to define the
following processes

(‘Zl,;h(t, X), q/kjh(z,x)) - (Um_l(x), Vm_l(x)), V(t,%) € [fmts tm) X D, .1)
(‘Ll,j,h(t,x),‘l/kfh(t,x)) = (U™(x),V"(x)), V{0, %) € (tmttm] X D, (5.2)
(f_(t’ ')>g_(t’ )) = (f(tm—ls ')>g(tm—1’ ))’ Vt € [tm—latm)- (53)

Discrete derivation with respect to time will be required later on. For this purpose, we list a few rules in
the proposition below.

m _ m—1
Proposition 5.1 Denote by d; the discrete derivation defined by d;7™ = % for all m €
{1,...,M}. Let z*,77: [0,T] — R be the piecewise constant functions defined by z*(t) = 7" for
allt € (ty_1,tm), and 77 (t) = 2" for all t € [ty_1,t,m). The following properties hold true:

(i) dt(§+f+) = §+dt§+ + f_dt§+-
T T

(ii) / i (0di = CHDET) - £ (0)E(0) - / (de () .
0 0

+ _ )2
(iii) d,ef’ = e d it + e”%,for somen € ({,07).

Proof: See [6, Appendix B]. O
The remaining two subsections of this section are solely devoted to giving adequate proofs for solutions’
existence. For further analysis, the reader may refer to Section[6]

5.1 Convergence when a < aph

We assume within this part that d = 2. We point out that the demonstration technique which is followed
for a non-vanishing « (see the next subsection), cannot be employed here due to the lack of solution’s
regularity. Nevertheless, Skorokhod’s theorem will be kept away in the steps down below. This avoidance
is valid by virtue of Propositiond.1] We need to go through a few steps to illustrate the convergence of
Algorithm 1]

Step 1: Boundedness

The following sequences {‘Ll,:,h}k,h, {’kah}k’h, {f (, ‘u,;h)}k,h and {g (., u,;h)}k,h are bounded in
L*(Q; L=(0,T;L?)) N L*(Q; L*(0,T; H(l))), L*(Q; L*(0,T;H™")) and L*(Q; L*(0,T; £ (K; L?))) respec-
tively, by virtue of Lemmas and assumption Therefore, there are u,v € L? (Q; L™=(0,T; L2) N
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LZ(O, T, Hé))a FO (S LZ(Q, LZ(O, T, H_l)), GO (S LZ(Q’ LZ(O’T’ gZ(Ka L2))) and two SubSequenCeS denoted
by {‘Zl]':, n Yo, AV h,}k,,h, such that

Uf = u & Vi, — o in L*(Q; L*(0,T; Hy)), (5.4)
U gy =t & Vi, =0 in L2(Q; L¥(0,T; L2)), (5.5)
U ) = Fo in L2(Q; L*(0,T; H™Y), (5.6)
8 (U ) = Go in LA(Q; L*(0;.T; £ (K; LY))). (5.7)

Let ¢ € D(A). Set ¢y, = Ilpp and R(Uy ) = vAY,', + Uy, X (V X V7,). By summing equation (@.1)
over m from 1 to M, we achieve:

T T
/ R, ) )t = (Vi (1) = Vg Oon) - / (U ) ow
0 0

T
([ ¢ g avme).

Since all terms on the right-hand side converge after applying the mathematical expectation, thanks to
(5.4)-(5.7), we define the operator Ry as

T
E / <R(u]:’ h’)’ Hh"p>dt:| s VSD € D(A)
0 >

T
Ry(t tl = 1 E
/O (Ro >,¢>d] Jim

Subsequently, the limiting function v fulfills, for all ¢ € D(A), for all # € [0,T] and P-a.s. the following
equation:

t t t

0019~ [ Rals)phds = @)+ [ (Finras + ( [ Gowawes, so) BNER
0 0 0

Beside the convergence results (5.4)-(5.7), we will also need the following:
G ) = F in L2(Q; L*(0,T; H™Y), (5.9)
g (.U ) — Go in L*(Q; L*(0;,T; £(K; L)), (5.10)
Convergence (5.9) can be illustrated as follows: {f~(-, ], ,,)}x . is bounded in L*(Q; L*(0,T; H™1Y),
thanks to assumptionand Lemma Therefore, there are F, and a subsequence of { f~(-, U o
(still denoted by f~(-, 1], ,,)) such that f=(-,uf, ,,) — Fyin L*(Q; L*(0,T; H™")). To unify the limiting

functions Fy and Fy, we let ¢ € L*(Q; L*(0,T; H(I))). Thus,

(Fo(1) = Fo(1), (1)) <(Fo(t) = (6, U550 1), p(0)) + LT pr = Upe pollallo®)l
+ ([T, Uy ) — Fot), (1))
Integrating with respect to ¢ and applying the mathematical expectation while taking into account the
strong convergence toward O of E [ /()T ||‘U,j,’h, - ‘le;,’h,||(2,dt (thanks to Lemma yield Fy = Fj in
L*(Q; L*(0,T; H™!)). Convergence (5.10) follows similarly.
Step 2: u and v are equal

From equation (@.)), there holds ¥} ,,

for all ¢ € L*(Q; L*(0,T;L?)), we have

T
o’E [./o (Ah "U;:,hucp(f)) df] < allellr2@;r20,r:L2)E [/o

< aoh,”(pl|L2(Q;L2(0,T;L2))CT — 0as k,,h, — 0,

’
=up,, - oAU

Y P-a.s. and a.e. in (0,7) x D. Moreover,

T
21 AR 2
(04 ||A ‘Zl]-:/’h/“L2dt:|
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where Lemma (ii) is exploited along with the hypothesis @ < agh. As a result, {Ah'fuk/,hr}k,,h/ is
weakly convergent to 0 in L2(Q; L>(0,T; L?)). Consequently, it follows from convergence (5.4) and the
relationship which was stated in the beginning of this step that u = v P-a.s. and a.e. in (0,7) X D.

Step 3: Identification of Ry, Fp and Gy

We shall denote, from this step onwards, (k’,h") = (k,h) for the sake of clarity. For a given z €
C([0,T]; D(A)), we define z;(t) = Tlyz(tm) for all ¢ € (fy-1,4,] and all m € {0,1,...,M}. We also

2 m
denote by Z; its discrete differential filter. For allm € {1,..., M}, setry, = —Z}Ck Z [|Zr(2;)] |i4, and we
v
i=1

associate with it the piecewise constant function r*(¢) = r,, when ¢ € (t,;,_1,%,]. The constant K in r,
emerges from Proposition d.1]and will play a significant role in the upcoming analysis. We finally define
a non-increasing function p: [0,7] — R, verifying p(0) = 1 and such that its discrete version reads
om =em forallm € {1,...,M} and we assign p* and p~ the usual piecewise constant definition. We
replace ¢ with U™ in equation (4.T)), employ the Cauchy-Schwarz and Young inequalities, then apply the
mathematical expectation to achieve:

E[NU™13 = 11U M2 = 2k(RWU™) + ftme1, U™, U™ < E [llgltm-1. U™ HAGWIIL] . (5.11)

Afterwards, we multiply (5.11)) by p,,—1 and sum it over m from 1 to M. It follows:
2 2 ’
E o (D1, (DR = 1, 13| < E [2 | ook, + f-<r,u;,h),u;,h>dr]

T
+E 2/0 p_(t)(f_(t,‘ulz’h)—f_(t,‘ll;’h),‘ll,:ﬁdt} (5.12)

T
/0 ||fa,:,h||%,d,p+dt],

where the first two terms on the left-hand side in inequality (5.11)) are handled in a similar way to (3.29),
and the right-hand side of (5.11)) is treated with the Itd isometry. Taking into account the discrete
derivation (see Proposition [5.1)) and adjusting a few terms in equation (5.12), we obtain

+E +E

T
| o Ol 001 g

E |o* (Ml (IR, - Il , O] < € [I1Va;, Ol | +E

T
+E/ (2((ufnzt)) -11E1R) dipar
| J0 ’ a

[ T
+E 2/0 p~(O(R(Uy ) = R(EZ) + Ly ,) - (3.4, —z;m:]

T
I et - z;n?,dtpwz]
0

T
2 / p‘(t)(f‘(t,fu;,h)—f‘(t,u,j,h),ﬂ,j,pdt}
0

+E

[ T
+E 2/0 p (O(R(U ) = R(Zp) + [~y ,) —f—(z,z;),z;mz]

[ T T
+E|2 /0 PTORE + f Lz uf )| +E| /0 p-<r>{||g-<z,u,;,,>—g-<z,u;,h)||f%g

_ —y, = 2 —y, = 2 _ —y, =
#1200 ) = 7050 = lls™ (IR0 +2 (s g7 5) P
+2 (g_(t, g ) - ¢ (U )8 fu,j’h))zg }dt] =h+.. . +h+12+. .. +12.
2

where we recall that ((-,-)), = (-,-)+a? (V- V"), R(Z)) = vAz} +7; x(VXz}), and $2Q is a shorthand for
Z(0'2(K); L?). Since z € C([0,T]; D(A)), it follows straightforwardly that z; and Z; converge toward
zin LP(0,T;H") as k,h — 0, for all p > 1 (e.g. [24, Theorem 4.0.1]). It suffices now to study the limit
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ofall I1,.. .,11Q2. It is easy to see that /; — O as k, h — 0 because U, ,,(0) = U% and ||U°||,y1 is uniformly

bounded in 4. By Proposition[5.1]

d 27( —1=+14 + =+112
L<E A —7/) ||Zh|||_4||uk,h_zh|||_2dt +E

! (=)
/ ||‘U1-:,h - ZZ”(eranf] =L+ Db,
0

for some np € (—r*,—r7). By a simple application of Proposition it follows that Is + > 1 + 19Q <0. We
also mention that I » — 0 as k,h — 0 by utilizing Lemma 4.1 and the fact that % = zviézkl |Z;;||ﬁ4.
Furthermore, we know by Lemma (ii) that E [ fOT ||u,j’ n U | |(2,dt] goes to 0 as k, h — 0, therefore
Iy, ISQ and IlQ2 converge to 0, thanks to assumption Collecting the recently derived limits and using

convergences (5.4)-(5.10), we acquire:

T
im € [o" Dl (DI = g, O] < €| [ {2(v,z>—||z||ﬁz}atp<t>dr]

T T
+E 2/0 p(1){Ro(t) — R(z) + Fo(t) — f(t,2),z)dt| + E 2/0 p(t)(R(Z)+f(t,Z),U>dt] (5.13)

+E

T
[ o]l o + 2Ga060.) 0 |

Next, the Itd formula employed to the process (¢,v) +— p(t)llv(t)||i2 (v fulfills equation (3.8))) together
with inequality (5.13), condition @ < aph, convergence U? — iy = vy as h — 0, and the fact that

E |pMIlo(T)I% | < liminf E | o (M), (D)% | grant:

E +E

T
/0 8up(0) 10(0) = 2| 2 d

T
A p(t) ||G0(t) _g(t’Z(t))“iﬂz(Ql/z(K);LZ) dt:|

(5.14)

T
<E 2/0 p(1) (Ro(2) = R(2(1)) + Fo(r) = f(2,2(2)), 2(t) — v(1)) dl] .Yz € C([0,T]; D(A)).

Particularly, inequality (5.14) holds true for all z € L*(Q; L™(0,T;H)) N L*(Q; L*(0,T;V)) due to the
density of C([0,T]; D(A)) in L*(Q; L*(0,T; H)) N L?(Q; L*(0,T;V)). Hence, taking z = v yields Go =
g(-,v)in L2(Q; L*(0,T; 4(Q'?(K); L?))). Therewith, plugging z = v+ Aw, for w € L*(Q; L=(0,T; H))N
L*(Q; L*(0,T;V)) and A > 0, into inequality (5.14) implies

T T
AE [ / 3 p|lw()|*dr| < E [2 / ()(Ro(1) — R(v + Aw) + Fo(t) — f(t,0 + dw), w(t))dt| .
0 0

Taking into account the hemi-continuity of operator R and the fact the f is Lipschitz-continuous with
respect to its space-variable, one may take A — 0 to obtain Ry+Fy = R(v)+ f(-,v) in L>(Q; L*(0,T; H™1)).

5.2 Convergence when « is fixed

Step 1: Boundedness
We aim here at bounding each term of equation (4.1) in a reflexive Banach space. By virtue of Lemmas[4.1]
and the sequences {2}, }x.n and {V,, }r.n are bounded in L*(Q; L™=(0,T;L%) N L*(0,T; H(l))) and
L*(Q; L>(0,T; H(l)) N L*0,T; H(I))), respectively. In addition, one may bound the sequence {7, x (V x
Vi Yen in L2(Q; L2(0, T3 H™Y)) as follows:

T 211/2

2
([ 1wviiarl

>

1/2
< CDE[ sup ||Vfu,j’h||i2] E

0<t<T

T
E [/O 2Ly X (VX VI dt
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thanks to Proposition The right-hand side is bounded by a constant due to Lemmas [.1]
and Moreover, {f~ (-, ‘ll,;h)}k,h and {g‘(-,‘u,;h)}k,h are bounded in L?(Q;L*0,T;H™")) and
L%(Q; L*(0,T; L?)), respectively thanks to assumption and Lemma We mention that the starting
point ‘Vk"h(O) = VY is uniformly bounded in % in L?(Q; L?) as stated in section 3| As a result, there are
two subsequences {7, Jf’ e and {u,j,, w 1w permitting the following convergences

Vi = o & Uf, 0 — g in L*(Q; L*(0,T; Hy)), (5.15)
Vi = Va in L2(Q; L¥(0,T; L)), (5.16)
U,y = g in L2(Q; L(0,T; HY)), (5.17)
U, X (VXY ) = Bo in L2(Q; L*(0,T; H™Y), (5.18)
U ) = Fo in L2(Q; L*(0,T; H™Y)), (5.19)
g (U ) = Go in L*(Q; L*(0,T; (K L?)), (5.20)

for some functions v, € L*(Q;L*(0,T;L?) n L*(0,T; H(l))), ug € L*(Q;L>(0,T; H(l)) N L*0,T; H(l))),
Bo, Fy € L*(Q; L>(0,T; H™")) and Gy € L*(Q; L*(0,T; % (K; L?))).

Remark 5.1 Actually, all the convergence results above can be generalized to higher moments by
employing Lemmas and |-3}(ii), and the limiting functions Fy and Go can be bounded uniformly
in k" and b’ in L*" (Q; L®(0,T; H™")) and L*" (Q; L*(0,T; (K L?))), respectively for all p € [1,+00).
This can be justified through two consecutive steps: first prove a weak-* convergence of { f~(-, U w) e
and {g~(:, ‘u,;h)}k’h in the two mentioned spaces, then unify the obtained limits through convergences

(519) and (5:20).

Step 2: vy = Uy + @?Au, and properties of u,
T T

From convergence (5.13), there holds E [/0 ||va(t)||ﬁzdt] < C(e@) and E [/0 ||ua(t)||ﬁzdt] < Cr. Let
w € L*(Q; L*(0,T; D(A))) be arbitrary. From equation (#.1), there holds E [ fOT (fl/kf h,,Hh/w(t)) dt] =
E [/OT (‘Zl,j,,h,,thw(t)) dt] +’E [fOT (V‘U;,’h,,VHh/w(t)) dt]. Taking into account that [Ty w — w as
h’ — 0, strongly in L?(Q; L?(0,T; H')) together with convergence (5.13)), one gets E [/OT (va (1), w(2)) dt] =
E [ I (ta), (1)) dz] + o’E [ I (Vua (), V(1)) dt], for all w € L2(Q: L2(0,T; D(A))), which im-
plies vy = g + @*Au, in L2(Q; L*(0,T;H™")). Owing to convergences (5.16) and (5.17), o*Au, =
Vo — Ug € L2(Q; L(0,T;L?)). Subsequently, v, = Uy + a@?Aug, P-as. and a.e. in (0,T) x D, and
o*E [ s ||uQ(t)||12)(A)dt] < 2C(a) + 2Cy. One also obtains E[ sup ||ua(z)||§|,] < Cr from conver-

0<t<T
gence (5.17). The former and the latter estimates can be generalized to higher moments as said in

Remark The time-continuity of the process u, (i.e. ug € L*(Q; C([0,T];H'))) can be illustrated in
the same way as that of v, (see step 3), where we only need to evoke equation (4.1)) with the iterates U™.
In other words, we shall replace V" with U™ through Lemma/|2.1

Step 3: Auxiliary scheme

Owing to equation and the convergence results (5.13))-(5.20)), the stochastic process v, (), t € [0,T]
belongs to L>(Q; C([0,T]; L?)) (e.g. [30]), and fulfills P-a.s., for all € [0,7] and ¢ € V the equation

(0a(D) ) + v /0 (Vou(s). Vi) ds - /O (Bols). ¢)ds
(5.21)

~ (b0.9) + /O (Fols)o)ds + /0 (Gols)dW(5). ).
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In order to identify the obtained limiting functions in step 1 with their counterparts, we need to do
a subtraction in one way or another allowing us to appear the difference between the abstract and the
solution-dependent functions, for instance || Fo— f (-, u,)|| for some norm ||-|| to be determined later. Since
neither the employed finite element method involves strong divergence-free vector fields as test functions
nor the space of strongly divergence-free vector fields is included in the space of weakly divergence-free
vectors fields, the subtraction of equation (5.21)) from the scheme (.1)) does not seem to make any sense.
Instead, we propose a fully discrete auxiliary scheme arising from equation (5.21)) and permitting the
subtraction we mentioned shortly before. We will make use of the time and space discretizations that
were introduced in section We define a starting point of the auxiliary scheme (Vg, Ug) = (VO, U 0) and
the discrete versions of By, Fy and Gy as follows: forallm € {1,...,M},

[
B =- / Bo(t)dt,
k -1

(Fg,Gg) = (Fo(0).Go(0)), and (F™.GI") = (% [ " Fo(t)dt,% [ " Go(t)dt).

m-1

(5.22)

m-1

Such approximations will be required within the last step for the sake of obtaining strong convergence in
time toward their non-discretized counterparts. For all (¢,%) € Vj, X Vj, and for every m € {1,..., M},
the auxiliary scheme reads

{.(v;," — Vo) + kv(VV, V) = k (BIL @) + k(FI10) + (GI' AW, @), 5.23)

o (VIy) = (UM y) +a* (VU VY).
Equation (5.21) can be considered as a stochastic Stokes problem driven by an additive noise with
diffusion coefficient Gy € L*(Q; L®(0,T; %(K:L?))), initial datum vy € L*(Q;L?) and a source term
Bo+Fy € L>(Q; L*(0,T; H™")). Forallm € {1,..., M}, define the following piecewise constant processes:

(Vo (1), ug(0), By (1) = (Vo' Ug' By') , Vt € (tm-1, 1],
(Ve (00,650, Fy (0,G5 1)) = (Vo= Uz F =G~ Ve € [t ).

For a complete investigation of scheme (5.23), the reader may refer to [16]], from which we pick the
following convergence results as k, 7 — 0 (see Theorem 6 therein):

a

VI = vq in LX(Q; L¥(0,T;L%) and v — v, in L*(Q; L*(0,T; Hp)). (5.24)

The above convergences are in the strong sense. Taking now the second equation of (5.23) and plugging
it back into its first one, we get

((UCT - U(’,"_l,(p))a kv (U2 0))on = K (BIL@) + k() + (ng—lAmW, ¢) ,

for all ¢ € Vj,, where ((+,"))g = (-,+) + @* (V4 V) and ((,*))g.5 = (V- V) + @? (A", A"") can be treated
in the same way as the L? and the H(l)—inner products, respectively. Thereby, applying once again [|16}
Theorem 6] yields the following strong convergence as k,h — 0:

U = ug in LA(Q; L™(0,T; HY)). (5.25)

Notice that the limiting function in (5.23)) is u, which turns to be true after adjusting the L? and the
H(l)—inner products in equation (5.21) to fit the framework of that of the scheme, through the identity
Vo = Uq + @?Au, which was illustrated in step 2. We point out that ((-, *))a.n corresponds in this case
to (V-,V-) + @? (A-,A-), which makes sense because u, € L*(Q; L*(0,T; D(A))). We still need to exhibit
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the a priori estimates satisfied by {V.'},, and {U}}'},,, before moving on to the next step. To this end, we
replace ¢ by V' in equation (5.23)), then we follow the same demonstration technique of Lemma [4.3]to
obtain eventually for all p € [1, +o0),

2pr-1

2P M
Z ||V(;n - V(;n_l”ﬁz) < Ca,va (526)
m=1

M -
E| max |[V"* + kv§ IIVV™)?, +
l<m<m = ¥L 1 a L
m=

where C, , > 0 does not depend on k and h. On the other hand, replacing ¢ in scheme (5.23) with U},
and following the proof steps of Lemmas4.1]and[4.2] we acquire for all p € [1,+o0):

M M 2p!
2P —1y2 2
E | max UL+ ) U2~ UG + (kv > ||U::"||Q,,,) < Coui (5.27)
== m=1 m=1
for some C,,, > 0 independent of k and &, where || - ||C2Lh = ||V - ||E2 + a?||A" - ||Ez.

Step 4: Identification of By, Fy and G
From now on, the indices k£’ and 4’ that were derived in step 1, will be denoted by k and 4 for the sake
of clarity. For each n € N\{0}, we define the F;-stopping time

t
7, = min (T,inf {z € [0,T] | llua(®)l|Z + / |litar ()| [y 0 s > n}) .
0

For all m € {1,...,M}, we define the discrete stopping time ¢, := 1rr1;1x {t¢ | t¢ < 1, } and a discrete
<t<m

weight p,,, = exp (—mtm —-1m folm [£a ($)| |1 ||ua(s)||szs) = p(ty,), where 11,1, > 0 are to be fixed
later. Clearly, ¢,, and p,, are %; -measurable and p,, is non-increasing. We also need to deal with a
piecewise-constant version of p,,, which is why we introduce first the notations i *(¢) = #,,, for ¢ € (f;y—1, ]
and i~(t) = 1 for t € [ty-1,6,). We therefore set p*(¢) = p(i*(¢)) for all t € (t,,-1,t,] and p~(¢) =
p(i~(r)) for all ¢ € [ty,_1,1,,). We subtract both equations (@.1)) and (5.23), then apply identity (2.4):

1 1 - _

S0z = Ui = S =G+ ko - Ui,

< k(B —U™ X (VX V™M UT-U™) + k(F"" = f(tm-r, U™ ), UT = U™) (5.28)

_ _ _ _ 1 _ _
+ (IG5 = 8t U™ NAWW, U™ = U™ )+ SNGE™ = gltmo1, U™ DIARWIE:

The next step would be to multiply equation (5.28) by p,,—1 and sum it over m. However, we must clarify
a few identities before. Let £ € {1,..., M} be arbitrary. By Proposition there holds

4 te
Z Pm—1 (IIUZ? U™z - upt - U’"‘llli) = / p-(nd||uy, - ‘UZ,hllédt
=l 0 (5.29)

te
2 2
= P )L tg) — U G|~ / 10 - a1} |2y ().
0
Moreover,

4
> ot (1G5 = gltmor, U™ 1AW, U - U
(5.30)

m=1
= [ [ o (w - ) 1660 - g lawods = o)
D JO
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And,

£ 5] 2
> et G = (ot U™ AW = H | VG50 - 5z awen
m=1 L2

(5.31)

2
+...+ = Mz(l‘g).
L2

[ " VFIGS () - gt )W (D)

Subsequently, we multiply equation (5.28)) by p,—1, sum it over m from 1 to £ € {1,..., M}, make use
of (5.29)-(5.31), replace afterwards the node ¢, by the discrete stopping time ¢ |, and then apply the
mathematical expectation to get

-1

I e
EE [p+(t,:l/,_1)||ﬂ;([zl_]) - ﬂ]j,h(t,r,;_l)”(i] +vE [) P (t)||‘ll:; - ‘u/:,hH(Z,,hdt]

L
< E[/O p (1) <B§(f) — UL, X (VXYE )+ Fy (6) = [ (U ), uf - u,‘;h> di (5.32)

1 1 [l
e 5+ 5 [ g - B 0]

where E [Ml (G )] = 0 due to assumption along with the #; _,-measurability of its integrand. To
bound E [MZ(IZ_l)] , we must distinguish between two cases:

Ist case: t:,fl _1 = tm-1, Which yields t”q’l _, = tm—2 and so on so forth... Therefore,

—_

m
E M@ )] < Y E [p,-_1||G;;1 - g(ti_l,Ul_l)||_2%(K;|_2)||AiW||%<]
i=1
1

~.

3

E [E [pl-_lllGé‘1 - g(ti-1, Ui_1)||92%(K;L2)IIA,~W||%<|%H” (5.33)

—

~

m

TT(Q)E |:</() B p_(t)||G6(t) - g_(t’(u];h)”?gz(K;LZ)dt} )

IA

thanks to the tower property, the Wiener increments independence and estimate (2.2)).

2nd case: 1), | < tm-1. Hence, 1, |, =1, ,. If1} , =tn_o, weargue as the Ist case to obtain the same

estimate. If 77, < fy—2,thens | =1 , =1 . whichleads once again to the st case, and so on... On
m m m m
the other hand,

||G(_)(t) - g_(ty‘a];h)ltzgz(K;LZ) = ||g_(t, ua(t)) - g_(t’u];,h)ll.,z‘fz(K;Lz)
+2(Gy(0) - 870Uy ), Gy 0) — 8 (1, a(0))
< 2Lg||utl(t) - ‘u(;H(zz + 2Lg||u; - ‘ul;h”czy

+2(G5(0 = (U7, G 1) = 87 (1 ua(1))

— 11g”(t ta(0) = GgOI1%, k.2
, L2)
HKL2) o (5.34)

- — (12
ey~ 180 (0) = Go@y oy
where the Lipschitz-continuity of g is utilized. Before heading toward the calculation of d,p* (), we
define y*(¢) = -ty — M2 fotm [t ()|t | |ua ()] |2 ds, for all ¢t € (t,-1,tn], for all m € {1,...,M}.

The function y~ can be defined accordingly. We point out that p* = er. By Proposition there

4 +_~)2
holds for 1 € (t-1, 1), dyp™ (1) = =117 (1) = 129”0} [ ()] It () e s + €€ L2 for

allm e {1,...,M}, for some & € (y~,y*). Now, foreachm € {1,...,M}, there is a {;, € (t;,—1,,) Such
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that ftt”il [t ()|t 1 ua ()| |H2ds = k|lua(Zn)lIni || 4a(Sm)| |12, thanks to the mean value theorem. Thus,
forallme {1,...,M} and t € (t,,_1,1,s),

+ _ A)2
4" (1) = =10 = mop Ol Gl lta Gl + 50 T (5.35)

Furthermore, we take advantage of all and [(v)| of Proposition [2.1]to write for all 7 € (t;—1,tm):
(By (1) = U, x (VX V5), Uy — U ) < (By (1) = Uy X (VX V), Uy — UL )
+ Cpl|V(Uy = uaO|2l IV, = VDIV, —u )l
+ Cp||V(ua(t) = ua (LI |IV(V, = VI lIV(U, = 45 )

1 1
+ Cpllua (Gl 1ua Gl 1V = Vi IV Ug — U ).

(5.36)

The last term can be bounded through Young’s inequality by

2C? max(Cp, a?)?
D > 2
- et (Gl kit [t (&) 21U — U 1l

v
+Z||‘u ukh“ah’

where the estimate |1} — rI/,:hlle < max(Cp, a?)||u} - ‘u;’ u!la.n Was employed. Moreover, by assump-
tion[(S3)} Young’s inequality and || - [|41 < Cpl| - ||, it follows

<F_(t) - f_(t,‘ll];h),‘ll; - ul:h) < <F()_(t) - f_(t,‘ll;),‘ll; - ‘ll]-:’h>

L:C (5.37)

! - 2.7
v ”ua uk’h”a + —||‘U uk h“(zh

* 1

On the other hand, since UY = U° and (p,,),, is non-increasing, the following holds:

fne1 L i
ST -2 2 - 2
/ P llUy — U lladt < / orlluy —‘Zl,:’hlladt < / o llu} —‘Zl,:’hHadt. (5.38)
0 0 0

22

L:c
By setting 7y = 222 +2Tr(Q)Lg and 1, =

v
(5.33)-(5.38)) together, equation (5.32)) becomes

4C2D max(Cp ,a?)?

o and after assembling the obtained estimates

n

tm—l _
SE[o )~ @+ [ i =g e
t-1
+Tr(Q) / o8 (a0 = G012 e

n

_ 2 -
< E[/ £ V) - ) ||‘u:;—‘u,j,h||(2,dt+/0 By - Ul X (VX VL — U )i
+Cp /0 pIV@E = IV = VNIV - u()lladr (5.39)

Bt
+Cp /0 PNV (e () = oGl NIV = VIV (U = U )24t

fnet
+

+ TrHQ) / Go(t) ¢ (UL ), G - g7, ua(t))) . dt] —I+... +VIL

ln

p(Fy () = (6, Ug), Uy — Uy )t + Tr(Q) Ly /OMI P lua(t) = Uy |5 di
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Step 4.1: (p,,,)m is strongly convergent in L*(Q; L2(0,T))
We recall the notation p,, = p*(¢) = p(i*(¢)) for t € (t;-1,t,n]. We have

T 2 2 T
C ( I letor=stio) dz) | e
T T pit(2)
< T /0 6= (D)t + TaE /0 / it ()l [t (5) ool |

where Jensen’s inequality and |e~*! — 1]* < |x| were employed in the first and second inequalities,
respectively. Since for each ¢ € (¢,,,_1,,), We have |t —i*(¢)| < k, the first term goes to 0 as k — 0.
Similarly, the second term converges to 0 by a simple application of the dominated convergence theorem.
Step 4.2: Convergence of I,...,VII to 0

Wehave y* —y~ = —mik—mp fﬁ(t(;) [t (||t | |1 ()] |g2ds, for all t € (¢,,—1,1,). By Jensen’s inequality,

. 4
<TE = O)n2 [ ) Wt () gt [t )l ads 1‘ "

(e M TR K
one gets ~—7— < 5k + = f o)

2
I< Tnlk(Cau +Cr) + —E

[|ua(s)| ||%|1 [|ta(s)]| ||%|2ds. This implies

sup [} —fak,,||22 / " a1 it (3)| o
Im-1 YIm-1

0<t<T

— 0,

2
nyk
<ka<cw+cr>+7E[ sup {121 — 21 4113 sup_[lua (I, /0 lta ()] Fads

0<t<T 0<t<T

thanks to Lemmas 4.1 [4.2] estimate (5.27)), step 2 and Remark[5.1] Moving on to /1, we have
Tn
I =E [/ P (By — Uy x (VX V), Uy — fu,jh>dt]
0 .

L
+E / p_<Bar—U;X(VX‘VJ},‘U;—H;}!)dt] =1L+ 1.
Tn

Weset I1 = 11,1 + 11> where

Tn
111,1 =E [/ (p_ —p)(Ba— —‘U; X(VX’VJ),‘U; —‘U]:h>d[]
0 s

1
T 2
JRCE ><<Vx%+>||a_1dz] -0

1
i
<Ilp” = pllLa.r20,1)E [ sup ||ug, - ‘UZ,hHﬁl] E
0<t<T

due to the strong convergence of (0,,), (see step 4.1) along with the boundedness of the remaining
terms. More precisely, E | sup ||U} — fuz’hlml is controlled through Lemma 4.1{and estimate (5.27),

0<t<T
Uy X (V X V) obeys the same bounding technique as @, X (V x 9", ) in step 1 where we associate

with it the estimates and (5.27). By the definition of B’ together with [31, Lemma 4.5], we get

E [/()T ||Bg||i|_,dt] <E [fOT ||Bo(t)||a_,dt] which is bounded through the convergence (5.18). On the
other hand,

Ih,=E [‘/OTn p(t)(By — Uy X (VX V), Uy — ul:r,h>dt]
- E[ / " p(t)(BY - Bor), U — uf i + / " pO)(Bo(t) - 1ta(t) X (V X 0 (), U, — U )t
0 0

Tn,
+ / () ua(t) X (V X va(t)) — Ut x (VX V), ul — u,jh>dt] =N+ +Js
0 .
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Due to the specific construction of B(’)" together with [31, Lemma 4.9], there holds Bg — By in
L*(Q; L*(0,T;H™")) as k,h — 0. Moreover, U, — U, — 0 in L*(Q; L*(0,T;H")) thanks to con-
vergences(5.15) and (5.25). Therefore, J; — 0 as k,h — 0. Similarly, J, — 0 as k,h — 0 because
(02,10 (Bo—tta X (VXva)) € L?(Q; L?(0,T; H™1)) along with the weak convergence toward 0 of U/, ~ Uy,

in L2(Q; L*(0,T; H')). Making use of Proposition (v)| one gets

T
E [/O 1Z10,7,1(0)p(2) (ua(t) X (V X va(1)) = Ug X (V X V1)) IIﬁ_ldt]

T T
<2E /0 it (1) X (VX (00 (1) = VDI de | +2E /O ||<u(,<r>—ﬂ;>><(\7><v;>||aldr]

T T
S E[ sup ||va(t)—"/a+||ﬁz/0 lla(D)l[fpdt | + E OsupTIIV(Ma(t)—ﬂDIIfz/O IIVrVJIIfzdt]
<t<

0<t<T

Using the generalized Holder inequality, the first term on the right-hand side can be controlled by

1 1

7 T 47

E [OsupT [lva(t) — ‘V(jlliz} 100 = V5 llL2@:L=0,7:12) E [(/0 ||ua(t)||a2dt) } which tends to O as k, h —
<t<

0. Indeed, its first term can be bounded through estimate (5.26), convergence (5.16), and Remark [5.1]

its second term goes to 0 by (5.24), and its third term is also bounded by step 2 along with Remark [5.1]
Similarly, using the same techniques together with convergence (5.25]) imply the convergence toward 0
of the second term on the right-hand side. Therefore, one infers that J3 — 0 as k,h — 0. For 11, since
all terms of the integrand own estimates with high-moments, one can easily show that 7/, — 0 after a
simple application of the Cauchy-Schwarz inequality between the indicator function 1[Tn,t3171] and the
integrand. It is worth mentioning that [, — 7 || < k is essential to obtain such a convergence. Besides,
I11 — 0, thanks to convergence (5.25), Lemma.1] estimates and (5.26). Similarly, /V — 0 due
to the time-continuity of u, in H!, as mentioned in step 2. The term V can be handled in a similar way
to /1 by taking into consideration the construction of F{j" along with assumption Further,

T
-2
/ l|lul - ‘Ua||(ldt} )
0

The first term converges to 0, thanks to convergence (5.25). The second term can be rewritten as follows:
2TrH(Q)LGE [k TM_ ||Um — UnY12] < 2T7(Q)LgkCoyu — O, by virtue of estimate (3:27). It remains
to treat VII. To this end, it will be split into two terms as follows

T
VI < 2Tr(Q)LsE / |lua(r) = ug||dt
0

+2Tr(Q)L,E

VII = Tr(Q)E[ /0 " o) (G(‘) — ¢ (t,Ug ). Gy - g (@, ua(z)))%mu) di

- / At (Go & .U ).Gy g o)), di] = VIL+ VD,
We have

Vil = Tr(QE| /O (o - p0) (Gy - 87U ). Gy — g7 ua(ﬂ))ﬁm.u) d

Tn
+/0 p(t) (Go -8 (U ). Gy -8 (t’”a(t))),za(K;LZ) dl] = VI + VIl ;.
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V111 can be handled in the same way as that of /1] ; to achieve convergence to 0. For VII »,
Tn
Vil = Tr(Q)E[ /0 p(t) (G = Go(t), Gy — 8™ (t,ua(t))) o, k2 dt

+ /T" p(1) (GO(Z) -8 (U ). Gy - GO(I))
0

L(K:L?)

+ /0 (1) (Golt) = 870,y ), Golt) = 8, ua(1))

t
D(K:L?)

Tn
« [ 00 (6o - ¢t stno ) = g Cal0)) ]

Owing to the construction of GJ" and [31, Lemma 4.9], one gets G; — Gy in L*(Q; L*(0,T; £5(K; L?))).
Adding on top of that the boundedness properties of the terms G, g™ (-, uq), Go and g™ (,, ‘u,;h) (such
as Lemma step 2, assumption and Remark [5.1)), we infer that the first and second terms on
the right-hand side go to 0 as k,h — 0. Third term also goes to 0 due to convergence (5.20) and the
fact that 19,10 (Go — (- uq)) € L*(Q; L*(0,T; % (K;L?))). Similarly, the fourth term vanishes when
k,h — 0 by virtue of the weak convergence (5.20) and the strong convergence g~ (-, uq) — g(- Uy ) in
L*(Q; L*(0,T; % (K; L?))) which emerges from the continuity of g with respect to f (see assumption.
Finally, VII, — 0 as k, h — 0 because its integrand is uniformly bounded in L*(Q; L*(0,T; % (K; L?)))

and | fT - dt’ < k. Putting it all together to conclude from equation (5.39) the following:

- R _ 2 - L Tt 5= (1) o= — G- (D2 _
Jdim B om0l ~ a2 i) = lim B L5 0 0llg(a(0) = GOy dt| = 0.

Fort € (0,2 _,), we know through the stopping time 7, that p™(¢) > e~mT-mn_ Syubsequently, by making

. . th 2
use of ||1} — ‘kahlh_z < max(Cp,a?)||u} — u,j,h||a,h, it follows k,I;erOE [fo"“ ||’l/(;r - kafh g dt] =
. t_ - - 2 _ S .
k,lllerOE [/0 1 Hg (t,ua(?)) — G, (t)||%(K;L2) dt] = 0, which implies
Tn 2 Tn )
. + + 1 — — _
k,lilerOE[ /0 Vo =V . dt] —k’l}llIEOE[ /0 |lg~(t ua(t)) - Gy (1) | =0 (5.40)

Indeed, it suffices to write fOT" = /Oz’"*‘ + ft " . The first integral on the right converges to 0 as already
m-1

shown and the second one goes to 0 as well because |7, -1 || < k along with the associated estimates of

each integrand, such as Lemma4.3] inequality (5.26)), assumption[(S)] convergence[5.20] and Remark[5.1]
Consequently, there holds

E

Tn )
1600 = stV

Tn
+ /0 1G5 (1)~ &ttt eyt + /0

thanks to the strong convergence in L2(Q; L*(0,T; % (K;L?))) of Gy to Gy together with (5.40) and
the time-continuity of g by assumption Taking into account that {r, }, is increasing to T leads to
Go = g(-ug) in L2(Q; L*(0,T; % (K; L?))). On the other hand,

Tn
< ZE[/O [|Go(t) - Ga(t)||.>2§fz(K;L2)dt
T,

187ttt (1) = 80t DIy 2y | = 0

Tn Tn Tn
E [ /0 19, - va<r>||ﬁzdt] <2E [ /0 195, = Vi | Padt + /0 7 - va<t>||fzdr] 0, (54D
by convergences (5.40) and (5.24). Similarly, by [|7] , — Uille < |1V, — Vo llL2, (5.40) and (5.25),

E

/ ||u,:,,—ua(z>||§dr]s2E[ / llug, - ugllade + / ||u;—ua<r>||§dt]_>o. (5.42)
0 ’ 0 ’ 0
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Forz € M;(O,T; H(l)), we have,

‘E [/T" (ua(t) X (V X 0g (1)) = U, X (V X rVkah)aZ(t»dt}
0

< I1zllagg 0714 E [ /0 (Iltat) X (7 X at) = VDl + 1o = U ) % (7 X V)l dt]

1

T i Tn 2
/0 ||ua<z>||a2dr] E[ /0 ||kah—va<z>||izdz]

1 1
Tn 2 T 2
+cD||z||M;;(O,T;Hg))E[ / ||V<u,:,h—ua<r>>||izdr] E[ / ||vkah||izdr] 0, as ko 0,

1
T 1
< CDHZHM;Z((),T;H(I))E [‘/0 ||”a(l)|||%|1dt} E

where Proposition [2.1] (v)l the Cauchy-Schwarz and the generalized Holder inequalities, step 2,
Lemma [.1] convergence (5.41)) and (5.42) were applied. As a result, the above convergence together

with (5.18) yield
E l / " (Bo() = ua () X (V X v (1)), z(t))dt] - E[ / (Bo() - U, X (VX V), 2(0)dr
0 0

o [ X T XV = 100X (7 X 00O 200 = 0. V2 € MEO.T3HD.
@ |

Now, since the space M;(O,T; H(l)) is dense in L*(Q; L*(0,T; H(l))) and {t,} is increasing to T, we infer
the identity By = ug X (V X vg) in L?(Q; L>(0,T; H™1)). It remains to identify F, with its counterpart. To
this purpose, let z € L*(Q; L*(0,T; H(l))). We have

(ftua®) = £t U ). 2(0)) < (f(tua(®) = £t ua®),2(0)) + LellzOllnt 1uat) = UL 1l

+ Lllz®ll 125, = U Lo

Therefore, the time-continuity of f, convergence and the fact that E [ fOT g, - ’u]:’hHLzydt] =
kE [ZnAle [|jom - uym-1 ||(2,] < kCr — 0 (by Lemma ensure the weak convergence f‘(-,‘u,;h) —
f(ug) in L2(Q; L*(0,T; H™')). The latter together with convergence (5.19) permit the following

E [ [ st - Fo<r),z(r>>dr] —E [ [ o - ), z(t»dt]
0 0

+E

[ <f_(t,ﬂ;,h)—Fo(t),Z(t)>dt] L0 ask o 0, Vz € L2(Q: L2(0,T: HY)).
0

Consequently, Fo = f(,uq) in L(Q; L*(0,T;H™)).

6 Further properties and conclusion

Section[5]gave an insight into the limiting functions and the existence of solutions. Yet, it has not provided
the divergence-free property which must be associated with u, and v. The following proposition treats
this issue.

Proposition 6.1 The limiting functions v and u, which were provided in Section |5| are divergence-free
almost everywhere in (0,T) X D and P-almost surely.
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Proof: To prove that v and u, are divergence-free, it suffices to show that {div U}’ , }x.n converges

weakly in L2(Q; L?(0,T;L?)) toward 0, thanks to (5.4) and (5.15). To this end, we evoke the Lagrange
interpolation I, : C3(D) — Ly, (c.f. [5, Theorem 4.4.4]). For z € C3(D), we have

E [ /0 ' (aivuif ) dt} =E [ /0 ' (diverf 2 - 112) dr /O ' (divuif ), 1) dt]

T
vu; dt|||z—1z]|;2 —— 0,
e s e = el ——

+E

<E

where the second term in the first equality vanishes because {TU,", }«.» is weakly divergence-free. ]

6.0.1 Convergence of LANS-« to NSE in 2D

Assume d = 2, & < aph for some ag > 0 independent of k and &, and U® — iiy in LY Q;HY as h — 0.
In Subsection[5.1} we proved that the process v satisfies P-a.s. and for all (z,¢) € [0,T] X V:

(@), @) + V/o (Vo(s), V) ds — ‘/0 (v(s) X (V X v(s)), @)ds

— (o 9) + /0 (f(s,v(S)),s0>dS+( /0 ¢(5.0()dW(s). ¢,

where we recall that u = v, P-a.s. and a.e in (0,7) X D. The above equation does not represent yet the
Navier-Stokes problem. However, by Proposition [2.1}{GiD)} —(v(s) X (V X v(s)),¢) = {[v(s) - V]v(s), ¢),
where {[¢ - V]v(s),v(s)) = 0 because ¢ € V and v € H(l) (see for instance [31, Chapter 2, Lemma
1.3]). Moreover, by a standard technique (e.g. [30]), it is easy to check from equation (5.8), that
v € L*(Q;C([0,T];H)). Hence, v is a solution of equations (T.2) in the sense of Definition
Additionally, owing to [[19, Proposition 4.1], the process v is unique and it follows that the whole
sequences {fu;’h }x.n and {fl/kfh }k.n are convergent.

6.0.2 Convergence to the LANS-a model

Assume d € {2,3}, @ > 0 an non-vanishing parameter, and U° — ity in L*(€Q; H!) as & — 0. According
to subsection the stochastic process (uq,0,) satisfies, P-a.s. and for all (¢,¢,¢) € (0,T) XV XV,
equation (2.8)) together with (v, (£), ) = (e (t), W) +a? (Vuu(t), Vi¥). Wealsohad v, € L2(Q; C([0,T]; H))
according to step 3 in subsection which implies that u, is weakly continuous with values in V, P-
almost surely. Therewith, u, makes up a solution of equation (I.T) in the sense of Definition[2.2] Taking
advantage of [9, Theorem 4.4], we infer that u, is unique and that the whole sequence {(‘u;’ h,‘l/kfh)}k,h
is convergent.

6.1 Numerical experiments

This part is devoted to giving computational experiments in 2D for the stochastic LANS-a model through
Algorithm[T]when the spatial scale « fulfills either @ < aph or @ > 0 fixed. Since our primary objective is
to compare solutions’ behavior of LANS-a to that of Navier-Stokes, we provide simulation of solutions to
the latter equations as well through a non-linear scheme covered in [6, Algorithm 1]. The implementation
hereafter is performed using the open source finite element software FEniCS [25]]. We employ the lower
order Taylor-Hood (P,-P;) element for the spatial discretization within a mixed finite element framework.
The chosen domain is a unit square D = (0,1)? along the time interval [0,7] with 7 = 1. The initial
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condition ity = (Ay, —0x¥r), where ¥(x,y) = 10sin(100xy*)x*(1 — x)*y*(1 — y)?, and the viscosity v

is set to 1. On the other hand, the source term f(w,t,u) = e‘sz sin(t)u is considered in a way to satisfy
assumption along with the inequality Ly < v/ V2C?2,, where in the present case, Ly = 1. Itis worth
mentioning that Cp, which is the Poincaré constant in this case, is less than diam(D)/n = V2/r (see
(T1])). The drift coefficient g plays the identity operator role.

Q-Wiener process approximation For computational purposes, we must deal with a truncated form of

the series (2.I). We consider two independent H& (D)-valued Wiener processes Wi and W, such that
W = (W,W,). For J € N\{0}, the utilized increments are expressed by

J
AmWe = k2" (A ) Pgl ey, € e {1,2),
i,j=1
where J is set to 10 for the simulations down below, and for all i, j € N and (x, y) € D, the basis elements
e;j = 2sin(imx)sin(jmy) represent the Laplace eigenfunctions with Dirichlet boundary conditions on
D. For ¢ € {1,2}, {{ff’j'"},-, j}m is a family of independent identically distributed standard normal random
1

variables, and AL = —— forte 1,2}.

N i+ )2 th2}

Case a < apgh
Consider @ = 0.0014, & ~ 0.03 and k£ = 0.01.

=0.41 Velocity field of NS at time ¢ = 0.41

Velocity field of LANS-a attime t = 0.99  Velocity field of NS at time ¢ = 0.99

Since this case relates both equations (I.1)) and (T.2)), we choose two different time values in [0, 7],
and plot the associated figures side by side. This allows us to compare the solutions’ behavior together
with the occurring differences. Observe that both LANS-a and NS solutions behave similarly with a
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tiny variation in values (observable via high resolution monitors). Such a difference was expected since
we are dealing here with approximate computations, not to mention the considered space discretization’s
step & which is not too close to 0, yet its code execution is costly. We also provide the following pressure
figures which are barely distinguishable.

LANS-a pressure at t = 0.41 NS pressure at ¢ = 0.41

Case a > 0 fixed

We set i ~ 0.03, k = 0.01, and we consider three different values of a: 5.107*, 5.1073, and 0.05. We
show down below three figures, each corresponds to a value of « at time ¢ = 0.41, and each equipped
with a color bar in order to compare their values to that of case @ < aph.

LANS-5.107* LANS-5.1073 LANS-5.1072

Velocity fields at time ¢ = 0.41 of LANS-« for @ € {5.1074,5.1073,5.1072}

Observe that the velocity fields’ behavior when a = 5.1072 is tremendously comparable with that of
case @ < aph, although the chosen value of « is not as small. There is however, a remarkable velocity flow
variation each time « increases in value. Therewith, the LANS-a equations might not be an alternative
model for the NSEs when the spatial scale « is somewhat large. Beside the mentioned variation of the
velocity, the pressure field is also heavily impacted by the modification of « as it appears in the upcoming
figures. We point out that as a increases, the pressure gains an enormous amplitude which prevent the
corresponding simulation outcome to be visible, especially when « exceeds 0.5.
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| \!
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LANS-5.107* LANS-5.1073 LANS-5.1072

Pressure fields at time 7 = 0.41 of LANS-« for @ € {5.1074,5.1073,5.1072}
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