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Abstract

The primary emphasis of this work is the development of a finite element based
space-time discretization for solving the stochastic Lagrangian averaged Navier-
Stokes (LANS-a) equations of incompressible fluid turbulence with multiplicative
random forcing, under nonperiodic boundary conditions within a bounded polygonal
(or polyhedral) domain of R, d € {2,3}. The convergence analysis of a fully dis-
cretized numerical scheme is investigated and split into two cases according to the
spacial scale @, namely we first assume a to be controlled by the step size of the
space discretization so that it vanishes when passing to the limit, then we provide
an alternative study when « is fixed. A preparatory analysis of uniform estimates in
both « and discretization parameters is carried out. Starting out from the stochastic
LANS-a model, we achieve convergence toward the continuous strong solutions of
the stochastic Navier-Stokes equations in 2D when « vanishes at the limit. Addition-
ally, convergence toward the continuous strong solutions of the stochastic LANS-«
model is accomplished if « is fixed.
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1 Introduction

Over the last few decades, many regularization models of the Navier-Stokes equations (NSEs) have
arisen, especially the a-regularizations, for the sake of better understanding the closure problem
of averaged quantities in turbulent flows. Such turbulent modeling schemes (e.g. Leray-a, Navier-
Stokes-a, Clark-a, Modified Leray-a) were introduced as effective subgrid-scale models of the
NSEs which require massive grid points or Fourier modes, allowing for approximation to capture all
the spatial scales down to the Kolmogorov scale (see for instance [8] and the references therein), as
well as their suitability with the empirical and experimental data for a thorough range of Reynolds
numbers.

In the present paper, we consider the stochastic version of the LANS-a equations [26] (also
known as the viscous Camassa-Holm equations [3]], or the Navier-Stokes-a& model [[11}22]))

Gwﬁ—fA@—vA@—a%m)+w-W(ﬁ—fA@+(Wﬂr%ﬁ—fAm+Vp

= f(. ) +g ()W, (1.1)
divii=0,
IZ(O’ ) = IZO,

for internal flow i.e. for a bounded domain in R?, d € {2,3}. The unknown vector field i is
called the filtered fluid velocity, and it depends on time and space variables, v is the fluid kinematic
viscosity, and « is a small spatial scale at which fluid motion is filtered. Note that both v and «
are positive constants. f = f(t, i) is an external force, the scalar quantity p = p(t, x) represents
the pressure and i is the corresponding initial datum. The last term of equations (I.1]); describes
a state-dependent random noise, and it is defined by g(-, @)W = g(t,i1)9,W(t,x), where g is
a diffusion coefficient. One of the aims herein is to approach the two-dimensional solutions of
the stochastic NSEs via the LANS-a model, numerically. Whence the need to evoke the former
equations with similar configurations:

O —vAv+[v-V]v+Va= f(-,v) +g(-,0)W,
divv =0, (1.2)
v(0,-) = vo,

where v (resp. A) is the corresponding fluid velocity (resp. pressure), and vy embodies its initial
datum.

Equations (I.1)) and (I.2)) are usually employed as a complementary model to their deterministic
versions to better understand the situation of tiny variations or perturbations present in fluid flows.
The former represents a modification of the latter by performing Lagrangian means, asymptotic
expansions, and an assumption of isotropy of fluctuations in the Hamilton principle, which grant
further physical properties (e.g. conservation laws for energy and momentum). More specifically,
the convective nonlinearity [v - V] v in the NSEs is adjusted so that the cascading of turbulence
at scales under specific length stops. The latter adjustment is called a nonlinearly dispersive
modification.

For stochastic hydrodynamical systems, a general theory was developed in [13]], involving
well-posedness and large deviations. It covers, for instance, 3D Leray-a model, but not completely
the LANS-a equations which, in parallel, have been a subject of several papers. The existence and
uniqueness of a variational solution to the problem (I.T]) were investigated in [9] under Lipschitz-
continuous conditions in a three-dimensional bounded domain. A similar study is proposed in [[15]],
but this time with a genuine finite-dimensional Wiener process depending only on time. LANS-«
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model driven by an additive space-time noise of trace class was considered in [19]], where the
authors proved the existence and uniqueness of an invariant measure, and a probabilistic strong
solution.

Speaking of the numerical approach side, the convergence analysis of suitable numerical
methods for the stochastic LANS-a equations is less well developed. In connection with the
deterministic version, both convergence rate and convergence analysis of an algorithm consisting
of a finite element method were investigated in [14] where the spatial scale @ is considered in
terms of the space discretization’s step. The author in [[7]] conducted a similar study, with & being
independent of the discretization parameters. On the other hand, numerical schemes for stochastic
nonlinear equations admitting local Lipschitz nonlinearities related to the Navier-Stokes systems
had been already investigated. For instance, authors in [6] studied a finite element-based space-
time discretization of the incompressible NSEs driven by a multiplicative noise. An enhancement
of [|6]] in dimension 2 was carried out in [2].

This paper aims to provide a fully discrete finite element-based discretization of equations (I.T))
in a bounded convex polygonal or polyhedral domain. Notice that the underlying model consists
of a fourth order problem, nevertheless we avoid the use of C! piecewise polynomials-based
finite element methods by introducing a notion of differential filters that transform equations (I.T))
into a coupled problem of second order. The employed time-discretization herein is an Euler
scheme. One highly valued characteristic of the finite element method is the prospect of meticulous
interpretation provided by the functional analysis framework. In contrast to the linear stochastic
partial differential equations, since we are dealing here with a nonlinear model, one cannot make
use of the semigroup method or Green’s function. Those techniques are effectively replaced
by monotone or Lipschitz-continuous drift functions. It is worth highlighting the importance
of constructing practical numerical schemes provided with exact divergence-free finite element
functions. However, due to their computational complexity, one may notice the usage of a weak
divergence-free condition that compensates for the strong sense’s absence.

The associated spatial scale @ will be considered hereafter either in terms of the space dis-
cretization’s step (case 1) or independently of all discretization’s parameters (case 2). Therefore,
our main results consist of the convergence in both 2D and 3D of Algorithm [I] toward the con-
tinuous solution of the 2D stochastic NSEs for the case 1, together with the convergence toward
the continuous solution of the stochastic LANS-a model for the case 2. Speaking of the followed
approach, we begin by performing a priori estimates characterized by their uniformity in « and the
discretizations’ parameters, allowing us to extract convergent subsequences of the approximate so-
lution. We also demonstrate iterates’ uniqueness, thanks to the scheme’s linearity. The second step
consists in applying two compactness lemmas (Lemmas[2.2]and [2.3)) to achieve strong convergence
of the iterates in the same probability space, toward the NSEs and the LANS-a model. In other
words, we do not use the Skorokhod theorem. Although the mentioned compactness lemmas do not
include spaces with randomness, we accomplish a preliminary convergence through a suggested
sample subset Q,f’ , C €2, whose measure is bigger than 1 — &, with & being independent of @ and
the discretizations’ parameters. The latter allows us to demonstrate the strong convergence in the
whole probability set Q. Afterwards, we identify the limit of each term of Algorithm [I] with its
continuous (in time) counterpart.

The paper is organized as follows. We introduce in section [2|a few notions and preliminaries,
including the spatial framework, the needed assumptions, the time and space discretizations
alongside their properties, definition of solutions to problems and (1.2), the definition of
continuous and discrete differential filters, the investigated algorithm together with the needed
compactness lemmas. Section [3] is tailored for the main results of this paper. We exhibit part
of the proofs in section 4 where we focus on the a priori estimates and iterates’ uniqueness. In
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section[5] we study the convergence analysis of the corresponding numerical scheme. Accordingly,
we identify both deterministic and stochastic integrals, as the discretization steps tend to 0, with the
corresponding exact solution. We terminate this paper (section [6) with a conclusion concerning
the obtained limiting functions and how one can relate them to the stochastic NSEs and LANS-«
model. We equip this section with a computational experiment to visualize the outcomes and to
evaluate the performance of the proposed numerical scheme.

2 Notations and preliminaries

We state, in this section, preliminary background material following the usual notation employed
in the context of the mathematical theory of Navier-Stokes equations.

Given T > 0, we denote by D c R?, d € {2, 3} a bounded convex polygonal or polyhedral domain
with boundary d D, in which we seek a solution, namely a stochastic process (i(¢), p (t)), t€[0,T]

satisfying equations (I.I)) in a certain sense. Define almost everywhere on dD the unit outward
normal vector field 7i: D — R?. The following function spaces are required hereafter:

Vo= {z e [CX(D)]? ]| divz =o},
d

H:= {z € (LZ(D)) |divz=0ae. inD, z.ii=0ae. on BD},
d

V= {z € (Hé(D)) | divz=0ae. in D}.

From now on, the spaces of vector valued functions will be indicated with blackboard bold letters,
for instance L2 := (LZ(D))d denotes the Lebesgue space of vector valued functions defined on D.
Denote by &2: L? — H the Leray projector, and by A: D(A) — H the Stokes operator defined by
A := — A with domain D(A) = H> NV. A is a self-adjoint positive operator, and has a compact
inverse, see for instance [10]. Let (Q, F,(#)iejo,r]-P) be a complete probability space, O a
nuclear operator, and denoted by K a separable Hilbert space on which we define the Q-Wiener
process W(t), t € [0,T] such that

W) = > NaxB*(wi, Vi e[0,T], 2.1)

keN

where {8 (-), k € N} is a sequence of independent and identically distributed R-valued Brownian
motions on the probability basis (€2, F, (%),c0,7] » P), {wy, k € N} is a complete orthonormal

basis of the Hilbert space K consisting of the eigenfunctions of Q, with eigenvalues {gr }xeN-.
The following estimate will play an essential role in the sequel, cf. [23]].

E[IW@) - W(s)IF] < 2r =D (t=s) (Tr(Q))", VreN, (2.2)

where (2r — D11 := (2r = 1)(2r = 3) ... x5x3x 1.

For any arbitrary Hilbert spaces X,7, the sets .Z1(X,Y) and %4(X,Y) denote the nuclear,
and Hilbert-Schmidt operators from X to Y, respectively. For brevity’s sake, if X =Y, we set
Z(X,X) = Z(X),i{l,2}. Hereafter, Mg (0,T; X) denotes the space of all F-progressively
measurable processes belonging to LP (Q x (0,T), dP x dt; X), for any Banach space X.

Throughout this paper, the nonnegative constant Cp depends only on the domain D, the
symbols (-, -) and (-, -) stand for the inner product in L? and the duality product between H™! and
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H!, respectively. Recall that « is a small spatial scale, thereby we assume that @ < 1. The latter
leads to the following norm equivalence

all -l < e < -t (2.3)

where ||-||,, is defined by ||-||%, = ||~||i2 +a? ||V'||i2. We point out that the whole study herein

maintains all the stated properties if one chooses @ < g, for some @y € R}. For arbitrary real

numbers x, y, the inequality x < y is a shorthand for x < cy for some universal constant ¢ > 0.
We list the assumptions needed below for the data irg, g, O, and f.

Assumptions
(S1) Q € A(K) is a symmetric, positive definite operator,
(S2) f e L*(Q;C([0,T];H™) and g € L?(Q; C([0,T]; £ (K, L?))) are sublinear Lipschitz-

continuous mappings, i.e. for all z1,z, € V, g(-,z1) and f(-,z2) are F-progressively
measurable, and dP X dt-a.e. in Q X (0,7T),

llg(z1) =8¢ 2l mk,12) < Lgllzi —22lle s Vzi,z2 €V,
g Dz k,2) < Ki +Kallzllo, Yz €V,

||f(’ Zl) _f(" ZZ)”H’I < Lf ||Z1 _Z2||(y9 VZI’ € V,
I1fC DN < K3+ Kallzlle, VZeV,

for some time-independent nonnegative constants K1, K>, K3, K4, Ly, Lg.
(S3) iip € L*(Q, %o, P; V).

To avoid repetitions later on, we state the following assertions

1
(a - b,a) -2 (||a||fz —IBIIZ, +lla - b||2|_2) foralla, b € L2, (2.4)

M 2 M
(Z |am|) <3 Z laml?, VM € N\{O}. 2.5)
m=1 m=1

The trilinear form We define the trilinear form b, associated with the LANS-a equations, by

b(z1,22,w) = <[Zl 'V]Zz,w> + < (Vz)” -12,w>, Vz1,22,w € Hy.
We list in the following proposition a few corresponding properties.
Proposition 2.1
(i) b(z1,22,w) = —b(w,22,21), forall zy,w € V, 25 € H|,
(i) b(z1,22,21) =0, forall (z1,22) € VX H},

(iii) [b(z1, 22, w)| < Cp llzallwr lz2llpt wllp, for all zi, z2,w € Hy,

(iv) / (Vzl)T - Zowdx = —/ [w- V]zoz1dx, forall 71,7z, € H(l) andw € V.
D D
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Proof: For (i)-(iii), see for instance [16, Lemma 1], and the last assertion was covered in [9,
Proposition 2.1] with a slight modification here regarding the utilized spaces. O

It is well-known that finite element methods based on C'! piecewise polynomials are not easily
implementable. This means that our fourth-order partial differential equation (I.I]) must undergo
a modification so that it turns into a second-order problem. To this end, we shall propose a
differential filter that deals with a Stokes problem. Such an idea emerges from [[17] within a slight
adjustment for the sake of fitting the current framework. The divergence-free condition in the
definition below is not mandatory as one can always use the Helmholtz decomposition to subsume
the resulting gradient term within V.

Definition 2.1 (Continuous differential filter)
Given a (divergence-free) vector field v € L* vanishing on dD, its continuous differential filter,
denoted by i, is part of the unique solution (i1, p) € V X L%(D) to

—aszL_t+ﬂ+Vﬁ:v, inD,
divii =0, inD, (2.6)
u=0, on dD.

Note that the differential filter of a function v is usually denoted by . Nevertheless, the employed
notation herein will be i to obtain a clear vision of the relationship between the differential filter
and equations (T.T). For a given v € L2, problem (2.6) yields a unique & € H> NV provided that
D c R4, is a bounded convex two-dimensional polygonal (three-dimensional polyhedral) domain.
Moreover, the solution # satisfies ||i||2 < C pa2||v| |.2. The former and the latter property are
provided in [20, Subsection 8.2]. Observe that v in equations (2.6) is assumed to be null on D
due to the occurring equality & = v when one passes to the limit in «@ after projecting (2.6); using
the Leray projector &2.

2.1 Definition of solutions

Relying on paper [9], a solution to equations (I.1]) can be defined as follows:
Definition 2.2

Let T > 0 and assume that (S1)-(S3) are valid. A V-valued stochastic process u(t), t € [0,T] is
said to be a variational solution to problem (L.1)) if it fulfills the following conditions:

(i) @ € M3 (0.T:D(A)) N L? (Q: L=(0.T:V)),
(ii) i is weakly continuous with values in V, P-almost surely,

(iii) forallt € [0,T], i satisfies the following equation P-almost surely

(@(1), §) + &2 (Vii(t), V) + v /t (a(s) + P Ai(s), A¢)ds
0
+ / I;(ﬁ(s),ll(s)—a/zAﬁ(s),¢) ds = (iig, §) + & (Vitg, V) 2.7)
0

" /O t (£(s.(s)). 9 )ds + ( /0 tg(s,a<s>>dw<s>,¢), Vo € D(A).
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If i is a solution to problem (I.I) in the sense of Definition then considering v = v(¢) as in
problem (2.6) grants a new (equivalent) formula for equation (2.7), namely for all # € [0, T'], there
holds P-almost surely

(0(1), 8) + v /O (Vo(s), V) ds + /0 B(@(s). v(s). #)ds = (vo. )
(2.8)

+ / <f(s,a(s)>,¢>ds+( / g(s,ﬂ<s>)dW<s>,¢), Vo € D(A),
0 0

where vy € L? is given by equation (2.6) when & = itg. The trilinear term involving the pressure
fOt b(i(s), Vj(s), p)ds does not appear in equation (2.8)) because

d d
b(a,Vp,¢) = Z‘/Dﬁiaiajﬁ¢jdx+2‘/D@ilij(?jﬁqﬁidx.

i,j=1 i,j=1

The first term on the right-hand side turns into — fD [¢ - V]V pdx after performing an integration
by parts, and the second term can be rewritten as fD [¢ - V]aVpdx. It is worth mentioning that
(2.8)), coupled with the weak formulation of (2.6)), establishes a well-posed problem whose solution
satisfies equations (I.1)) in the sense of Definition [2.2]

Next, we give a definition of strong solutions to problem (I.2)) in 2D.

Definition 2.3

Given T > 0, let assumptions (S1) and (S») be fulfilled, d = 2 and vy € L*(Q, Fo, P; H) be the
initial datum. An H-valued stochastic process v(t),t € [0,T] is said to be a strong solution to
equations (1.2)) if it satisfies:

(i) v e M2 (0,T;V) N L*(Q: C([0, T]: H)),
(ii) forallt € [0,T], there holds P-a.s.

(0(1). ) + v /0 (Vo(s). V) ds + /0 ([o(s) - V]o(s), @)ds = (10, 0)
2.9)

+/ (f(s,v(s)), go)ds + (/ g(s, v(s))dW(s),<p) , Yo € D(A).
0 0

2.2 Discretizations and algorithm

Time Discretization Let M € N* be given, and set Iy = {z, }?’i o an equidistant partition of the
interval [0,T], where ¢ty := 0, fpy := T and k = T/M is the time-step size. The equidistance
condition is not mandatory in the sequel, but it is imposed for simplicity. One can generalize
the presented method by associating a time-step k, with each sub-interval [t,,-1,1,,], for all
me{l,...,M}.

Space discretization For simplicity’s sake, we let 7;, be a quasi-uniform triangulation of the

domain D c R?, d € {2,3} into simplexes of maximal diameter 42 > 0, and D = U K. The

KeTy,
space of polynomial vector fields on an arbitrary set O with degree less than or equal to n € N is

denoted by P, (0) := (P,(0))?. For ny,ny € N\{0}, we let

Hy = {zh e H N [CO(D)9 | znly € Py (K), VK € ‘Th},
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Ly = {Qh € L3(D) ‘ gnlx € Pny(K), VK € Th}’
V;, = {Zh € Hy | (div zp,qn) =0, VYqn€ Lh}’

be the finite element function spaces. For fixed nj,ny € N\{0}, we assume that (Hj, L) satisfies
the discrete inf-sup condition; namely there is a constant 8 > 0 independent of the mesh size A

such that _
(div zn, qn)

sup  ————— > Bllqnllz2, Y qn € Lp. (2.10)
e {0y 11Vzall2
Given z € L2, we denote by ITj,: L> — V,, the L?-orthogonal projections, defined as the unique
solution of the identity

(z=Hpz,0n) =0, Yo € V. (2.11)

For z € H(l), AP H (1) — V}, denotes the discrete Laplace operator, defined as the unique solution of

(Ahz, soh) =—(Vz,Von), Yon € V. (2.12)

Estimate (2.13)) and the inverse inequality (2.14)) below need to be satisfied by the recently defined
approximate function spaces. Let Sy be a finite dimensional subspace of H(l) equipped with an
L2-projector I, : L2 — Sy, satisfying the following property:

For z € H(l) N W2, there is a positive constant C independent of / such that

1
DD (2= Tis,2)|| 2 < CR* [lallwss 2< s <n+ 1, (2.13)
7=0

where 7 is the polynomials’ degree in Sj,.
Furthermore, assume that S, fulfills the following inverse inequality:
For{ e N,1 < p,q < +ocoand 0 < m < ¢, there exists a constant C independent of & such that

Nznllwer < CH™HMG=G0 |21y Yz, € Sh. (2.14)

Provided the triangulation of the domain D is quasi-uniform, one can easily check that the space
Hj, satisfies both estimates and (2.14). The reader may refer to [3] for adequate proofs.
Subsequently, we take S;, = Hy,.

The discrete differential filter is somewhat defined as its continuous counterpart, but this time
by involving the weak formulation of problem (2.6).

Definition 2.4 (Discrete differential filter)
Let v be the vector field of Definition Its discrete differential filter, denoted by iy, € Vy, is
given by

@ (Vitp, Vo) + (iin, on) = (0. 91) . Ve € Vi

Additional information are stated in article [24, Section 4] . We list some of its properties in the
following lemma.

Lemma 2.1
Letv =vy, € V" and iy, € Vy, be its discrete differential filter. Then,

(i) vpb =y, — azAhﬁh and Vv, = Vi, — a*VA" iy, a.e. in D.

(ii) (Von, Viiy) = |[Vanll2, + o2 || A"y [ .
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Proof: Assertions (i) and (i7) are covered by [[14, Lemma 2.1]. |

Before exhibiting the algorithm, we will define new notations for the approximate functions.
The subscript & of the utilized test functions will be dropped throughout the rest of this paper
for the sake of clarity. For ¢t € [0,T], we set V(¢) := vy (t) for vj, € V},, and denote by U(¢) its
discrete differential filter, i.e. U(¢) := i), (¢). Besides, let II(¢) := pp () and [1(¢) = pj(¢) be
the (space) approximate pressures. We point out that Algorithm [I]is derived from equation (2.8),
which contains both variables & and v.

Algorithm 1

Given a starting point U € Hy, find for every m € {1,..., M}, a 4-tuple stochastic process
(Um, Vm,Hm’ﬁm) € Hp xHy x Ly x Ly, such thatfor all (90,1,//,1\1,1\2) € Hy X Hy X Ly, X Ly,
there holds P-a.s.

O(Vm —ymt tp) + kv(VVm, Vgo) + kl;(Um, ym-t go) - k(Hm, div go)
= k<f(tm—l, Um_l)’ (70> + (g(tm—la Um_l)AmW’ ‘)D)’
o (V™ ¢) = (U™ ¢) +a* (VU™ Vy) - (1", div y) ,
o (divU™, A1) = (div V™, Ay) =0,
where Ay W = W(t,) = W(ty-1) forallm € {1,...,M}.

For each m € {0, ..., M}, we may conclude from the second and third equations of Algorithm [I|
along with Definition [2.4]two facts:

(1) U™ is the discrete differential filter of V™ and thereby, all the associated properties are valid.

(ii) The Algorithm’s starting point U° could be exchanged with V°,

We still need to state two mainly important lemmas that will contribute in the convergence of
Algorithm(I} Besides, given a function u, the shift operator 7, is defined by 7,u(t, x) = u(t+¢, x),
for all (z,x) € [0,T — €] X D.

The following lemma is provided in [[12, Lemma 6], and will be employed when « is assumed
to be controlled by #.

Lemma 2.2
Let Y be a Banach space and M, be a normed vector space in Y. Assume that the embedding
M, — Y is compact and that U is a bounded subset of L*(0,T; M.). We suppose in addition
that ||teu — ull ;20 1—¢;vy — 0 as € — 0, uniformly in u € U. Then, U is relatively compact in
L%*(0,T;Y).

Conversely, when « is considered independently of /& and k, the below lemma will play an
alternative role, and it consists of a discrete version of Lemma[2.2]

Lemma 2.3
Letn = (k,h) € (RY)?% (B,|| - ||) be a Banach space and (My, || - ||m,) be a normed space in
B. Let (un), be a sequence in L*(0,T; B). Assume that

(i) if (¢n)n is a sequence of B such that ||¢n||m, < C for all h > 0, for some C > 0 then,
(@n)n is relatively compact in B,

(ii) lunllr2¢0.1:m,) < C1 and ”u"”Lzloc(o’T?B) < G, for all n, for some C{,C, > 0,

(iii) ||teun — unllp2(0,7-:8) = 0 as € — 0, uniformly inn € Ry X R.

Then, (1), is relatively compact in L*(0, T; B).
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||',[”||'5 v ifv e My\{0},
Proof: For h > 0, define by, (v) := h . Let us show that by, : B —
0 if v € (B\Mj,) U {0}

B is a (nonlinear) compact operator. Indeed, assume that (v)z~0 is a bounded sequence of B i.e.
there is M > O such that ||vy||p < M for all h > 0. We have by, (vy) € My, and ||by(vp)l|m, =
[lonllp < M for all h > 0. Therefore, by assumption (i), (b (vy))s is relatively compact in B.
Whence the compactness of by,. Forn = (k, h) € (R%)?and ¢ € [0, T], define the sequence v, () :=
[|un (1)1
|Tun(l)|T/;h u,(t) on{u,(t) # 0},
0 on {u,(t) = 0}
thanks to assertion (i7). Thus, (v,), is bounded in L?(0, T; B), particularly in L'(0,7; B). On the
[[on (1) ||
s, (1) on {v,(t) # 0}, t t) # 0},
other hand, bh(l)n(t)) _ JTon@Tm, n( ) { n( ) } _ Mn( ) on {Mn( ) } — I/tn([)
0 on {v, (1) = 0} 0 on {u,(r) = 0}

for all t € [0,T]. Thereby, u, = by (v,), for all n € (R%)2. Using the above results together with
assertions (i7), (ii7) and applying Theorem 1 in [[12] yield the relative compactness of (i), in
L*(0,T;B). O

. We have ||vnllz20,7:8) < unllz20,r:m,) < Ci for all n,

3 Main results

In the light of the preceding preliminaries, we are now able to state the main results of this paper.
Theorem [3.1] concerns the stochastic LANS-a model and Theorem [3.2]is devoted to the stochastic
Navier-Stokes equations.

Theorem 3.1

Let T >0, D c RY, d e {2,3} be a bounded convex polygonal or polyhedral domain and
(, F, (Ft)ieo,r1. P) be a filtered probability space. Assume that assumptions (S1)-(S3) are
fulfilled. For any finite positive pair (k, h), let T, be a quasi-uniform triangulation of D, I} be
an equidistant partition of the time interval [0,T], (Hp, Ly) be a pair of finite element spaces
satisfying the LBB-condition (2.10), and U° be in Hy, such that ||U0HH1 is uniformly bounded in

h>0.If \/TE < L < « for some L € (0, 1) independent of k and h then, there exists a solution
{(Um,V’",l'[m,fl’”)}nl‘f:1 of Algorithm |} and it satisfies Lemma Moreover, if U° — i in
LA HY) as h — 0, Algorithm|I| converges toward the unique solution of equations (L.1)) in the
sense of Definition [2.2)]

Theorem 3.2

Let T > 0, D c R? be a bounded convex polygonal domain and (Q,T, (Ft)iefo,r]s P) be a
filtered probability space. Assume assumptions (S1) and (S») and let vy € L*(Q, T, P; H) be
the initial datum of equations (1.2)). For any finite positive pair (k, h), let T}, be a quasi-uniform
triangulation of D, Iy be an equidistant partition of the time interval [0,T], (Hy, Ly) be a pair
of finite element spaces satisfying the LBB-condition 2.10), and V° be in Hy, such that ||V0|||_2 is
uniformly bounded in h > 0. If @« < Ch for some C > 0 independent of k and h then, there exists
a solution {(U™, V™, 11", I:Im)}f‘n/":1 of Algorithm|l} and it satisfies Lemmas and Further,
if VO — vg in L*(;L2) as h — 0 then, Algorithm |I| converges toward the unique solution of
equations (I.2)) in the sense of Definition[2.3)

As stated in the hypothesis of both Theorems|[3.1]and[3.2] one needs to bound the initial datum
U° (or V°) of Algorithm 1| independently of 2 > 0. To do so, we evoke the Ritz operator & j,
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which is stable in H! i.e. there is a positive non-decreasing function £, uniform in % such that
R noll1 < o]l for all v € H'. Given v € H!, the Ritz operator & j,: H' — V, is defined as
the unique solution of

(Vi’{hv, Vvh) = (VU, Vl)h) , Yu, € V.

Therefore, we define U° by U 0 = R jitp where iig is the initial datum of equations (I.1I). The same
operator is suitable if V? was chosen to be the starting point of Algorithm |1} In this case, we set
V% = R v9, where vy is given by problem (Z.6) when i = iig. For further properties, the reader
may refer to [21, Lemma 4.2].

4 Solvability, stability and a priori estimates

Notice that the system of equations proposed in Algorithm [I]can be reformulated after taking the
test functions ¢ and ¢ in Vp;:

o (V™ = V™l ) + kv(VV™, Vo) + kb (U™, V™!, ¢)

= k{(f(tm-1, U™ ), @) + (g(tm-1, U™ AW, ¢), Vo € Vj. (4.1)
o (V™) = (U™ ) +a? (VU™ V), Yy € V.

In the below lemma, we illustrate the solvability of Algorithm[I] the iterates’ measurability,
and some a priori estimates whose role is to afford the proposed numerical scheme with stability.

Lemma 4.1

Assume that assumptions (S1)-(S3) are valid. Then, there exists a Vi, X Vi, X Ly, X Lyp-valued
sequence of random variables {(U™, V", TI™, flm)}nﬂf: | that solves P-a.s. Algorithm and fulfills
the following assertions:

(i) foranym € {1,..., M}, the maps U™, V™ : Q — Hy, are F;, -measurable.

M

M
(ii) E[ max ||U™ + % (Ivom 7 + o [|a"um[L) + 21; Do -vm g | < cr
- m m=1

=1

ses 1 M - 2
i |, mas, 1071+ D% 10 o™ -0,

m=1

kv M 5
g I (V02 + o2 a0, ] < Cra

where Cr 4 = Cr 4 (||U0||qu(g;H1),T, (Ki)* Tr(Q),v,D), g € {1,2} is a positive constant,

i=1°

independent of a, k and h. Note that Cr = Cr ;.

Proof:  Solvability

To prove the Algorithm’s solvability, we will follow a technique similar to that in [1, Lemma 4.1]
while relying on equations (@.1)). Since V™ € V), for all m € {1,..., M} then, by Lemma 2.1
(i), we get V" = U™ — @?APU™ P-as. and a.e. in D. This means that the existence of U™
implies that of V™. Assume that, for some 2 < ¢ < M and for almost every w € €, a sequence
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{(Um(a)),Vm(cu))}f;l‘:l1 has been found by induction. For w € Q, define P-a.s. the mapping
F,2: Vi — V), by

FE(9) = ¢ = Ay = V7 () — kv (Ap - aAN") + ko - VIV ()
+k (V)" - VI (W) = kf (teo1, U N (w)) = g(te-1, U (w) AcW (w),

for all ¢ € Vj,. The continuity of 7, can be shown by a straightforward argument. Since, V,
equipped with the inner product (-, ), is a Hilbert space, then by Riesz representation theorem,
functional #,*, can be defined through the L?-inner product, namely for ¢ € Vp,, ( F2 (9) (y) =
(fg‘f] (¢),y) for all ¢ € Vj,. Therefore, for ¢ = ¢ € V), and by Proposition (ii), the discrete
Laplace operator (2.12)), assumption (S,), the Cauchy-Schwarz and Young inequalities,

(721(0),¢) = lIgllE, + (@ + kNIT@IE, = IV @)llal el + kva?l 4"l 2,
— k(K3 + Kal U @)l lgllha = (K1 + K20 @)l ) 1AW (@) Il

1 kv _ 2 ~ 2
Ellsoll +(az+7)IIV¢IILz — IV () - 2_VD (K3+K4||U" 1(w)lla)

- 2 1
- (Ki+ KU @la) AW @I = 31l = Lot (@),

kC% K? _
where Loy = 2K?||A¢W||% + kepKs +||VE 1||2 —D—d +2K§||AgW||%{) IJU12. By 2.2)

and the induction’s hypothesis, there holds P-a.s. Ly_j(w) < +co. Therefore, taking ¢ € V}, such
that ||¢]| 2 = V2L¢e-1 (w) yields (7;_)1(90)’ ¢) > 0. Subsequently, Brouwer’s fixed point theorem
(see [18, Corollary 1.1, p. 279]) ensures the existence (but not uniqueness) of a ¢ = ¢(w) € Vy,
such that 7, (¢) = 0. Hence, (UL, v eV, x V}, exists P-a.s. . The discrete LBB-condition
(2.10)) yields the existence of an Lj, x Lj-valued process {(IT", Hm)}M satisfying Algorlthml
Measurabililty

After proving the algorithm’s solvability through the functional #,*,, the measurability of iterates
U™, m € {l1,...,M} follows by induction (see [I, Lemma 4.1]). Moreover, by Lemma 2.1} (i),
one infers the measurability of { Vm}f‘n/’: 1

A priori energy estimate

Let us denote by ||-||%w the quantity ||V-||2|_2 +a? ||Ah-||2|_2. In equation @.1)), we take ¢ =y = U™
and employ identity (2.4) and Lemma[2.1} (ii):

C2

1 . ) )
3 (10718, = NP 40 = U0 ) 4 O™ = K e 0007
+ (g(tm_l, U YA W, U™ — U’”‘l) + (g(tm_l, U HYALW, Um—l) .

After employing the Cauchy-Schwarz and Young inequalities along with assumption (S,), we take
the sum over m from 1 to M:

1M21021M m _ pym=1y)2 kv < m |2
SIWUMIE = S0 + 3 ) ™ =U ||a+72||v [
m=

m=1

C3TK? c
< D

4

L 4kZ|lU’" "1 +Z|lg(tm LU AW, (4.3)

m=1

M
+ D (@ltmo1, U™ ) AW, U™,

m=1
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Due to the measurability of U™, the last term on the right-hand side vanishes when taking its
expectation. The penultimate term is controlled as follows:
E [llgCtm1, U™ DIE, o 18 W |

= E [lgCm1, U™ DIR, 1oy | E [118mWIE
< 2Tr(Q)K?k + 2K2kTr(Q)E [[lU™ V12 ]

%m_l] (4.4)

thanks to the tower property of the conditional expectation, the increments independence of the
Wiener process, property (2.2), and assumption (S;). Plugging estimate (4.4) in equation (.3
returns

k
[||UM||(,]+4ZE[||U'" U] + VZE[IIU’”II,,Q] E[||U°||%,]
m=1 m=1
(4.5)

(j2 1(2 (jl E(Z M-1
+( Dv 2+ 2Tr(Q)K? T+( P4 263Tr(Q) |k D EIIU™IE] .
m=0

Now, we employ the discrete Gronwall inequality (see for instance [28, Lemma 10.5]) in order to
prove the sought estimate. We replace M in equation (4.3) by any other index £ > 1. We get

Cc2K? T(C%;K‘%+2K2Tr(g)
E[IUAIG] < E[||U0||2H1]+2( 22+ 2Tr(Q)KT | T e T =k
forall € € {1,..., M}, where ||U°||, < ||U°||;y1 thanks to (2.3)). Consequently,
max E [||U™|[%] < Kr. (4.6)

1<sm<M

By virtue of estimate (4.5) and the discrete Gronwall lemma, one also obtains the following two
estimates: 5 %:1 E [||U’"||i a] < Kr and }‘ Zf\n/lzl E [||U’" - U’"‘1||%,] < Kr. We still need to

prove E | max [|lU™|)%,| < Cr, for a certain positive constant Cy independent of a, k and 4. To
<m<

this end, we make use of estimate (4.3)), but this time by summing from m = 1 to m = ¢ where
¢ > 1is an integer. Then, we take the maximum over ¢ and apply the mathematical expectation on
both sides to get

C2TK? Cik? ¥

E (IO ] + =2+ 41«2 E [IlU™ "1 ]

1 £112
— max ||U
LS“MH I3

N —

W]

o P “4.7)
-1 2 -1 -1
* D E et U™ DAWIE] 4 B | max, D (et U™ D W. 0"

m=1

To bound the last term on the right-hand side, we use assumption (S5), the Burkholder-Davis-
Gundy and Young inequalities, after considering the sum as the stochastic integral of a piecewise



14 Numerical and convergence analysis of the stochastic LANS-a equations

constant integrand:

¢
E | max Z(g(tm_l,Um_l)AmW,Um_l)

1<t<M
m=1

M
E (k > lgtmr, U
m=1

A

1/2
2 -
L U™ 1||iz) (4.8)

IA

1 1
yia [IU°1I2,] +2KT +E | - 1

M
; g}ég}\lllU‘}IIiz+2K§kZ||Um_1||4-
== m=1

Returning to estimate (4.7), we avail ourselves of (#.4)), (4.6) and (4.8) to conclude

E| max ||Um||%Z <Cr,
l<m<Mm

where Cr > 0 depends only on the parameters of Kr.
Bounds for higher velocity moments
We start by multiplying equation (@.2)) by the norm ||U™||3,.

- 1 -
U™l = SHUTHIRNU™IG + S1U™ = U HGHU™ G + kv IO™ 11, o [1U™11G

] ]
2 2
= k(f (tm1, U™ D, U™U™|% + (g(zm_], U™ AW, U™ - Um-l) ™3 (4.9)
+ (g(tm_l, U AW, U’"—l) U™ = I+11+111.
For I, we apply the norm equivalence (2.3)), the Young inequality and estimate |a + b|P <

2P=1(Ja|P + |b|P) for p = 4:

4
m—1 m % m % kCD m—1 4
1% kCp (K3 + KallU™ L) VU™ I 107115 < 522 (Ks + KallU™ o)

3kv 2 2 2kC4DK§ chf)Ki “1y4 , kv 2 2
+T||Um||h,a||U’"|| S—5 ot 11%s IIQ+TIIU’"|I,1,QIIU"1IIQ-
For 11,
11 < 1181, U™ DI o 1AW (1107112 = 110771 + 1012
1 _
+ 7o = U
1 2
—1y(12 2 -1y12 2 -1y12
< 18 (tm—1, U )y, (k12 1AWk U™ IIQ+EIIIU’"IIQ—IIU’" 112
_ 1 _
+ 418 (tm1, UMD, (¢ o) 1Am Wl + 211U = U HBNU™ G,
For 111,

11 = (g, U AW, U ) (10712 = 101 + o 2 )

- - _ 1 12 2
< (8t U™ AW U ) U + S U7 = 0

418t U DI, ¢ o) 1AW 2
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Equation (4.9) becomes

1 1 _ 1 _ kv
UG = SNUHENU™ G + 00 = U™ HIGNU™ I + - 10™ 1, o 1U™11,

2kCHK?  2kCHK? 1 ’
T+ U+ g U™ = 1G]

- 3
%
+(g(tm_1 U AW U’"‘l)IIU’"’III2 + 418 (tme1, U™ DI} ARWII%
’ s a m—1» _%(K,Lz) m K

#5018 (tm1, U DI, oy 1AW N2
Note that || U™ |[4, = [l 211U = LA™ 114 =107 A+ 0™, = U™ 1), therefore
1 _ 1 _ 2 _
Z(IIU’"II‘(‘,—IIUm 1||‘é+§|IIU’"IIZQ—IIUm BT+ o = v AT,

2kCHKy 2kCpKy
> EL LA

2 2
U U™ < @10

+ (8 mt, U D)AWL U ) U + g et U1 o |18 W T

45118 (1. U™ DIE e o 1A WD
Proceeding as (#.4), the penultimate term can be estimated as follows
E [IlgCm1, U DI, o) 1AWl | < KiTr(@22 + KITr(@PE [0 114 411)

Next, we bound the last term on the right-hand side of (4.10)

E [Ilg (o1, U1 o 1AW NIU™ 111
< KPATr(Q)E [[IU™ 1G] + K3Tr(Q)KE [IIU™ Ml ] -

(4.12)

The third term on the right-hand side of (4.10) vanishes after taking its expectation, thanks to the
measurability of the iterates U™, m € {1,..., M}. We collect and plug the above estimates back
in (.10), and we sum it up over m from m = 1 to m = M. Then, we apply the mathematical
expectation, and employ the discrete Gronwall lemma to get

max E [||U™|%] < Croa, (4.13)
<m<

1 M

where Cr » > 0 does not depend on @, k and 4. We also get by Gronwall lemma the following two
estimates:

M
Do —umiR o,

m=1

M
2 2
DU MU | < Cr o

m=1

1 k
ZE < Crpand TVE

It remains to show that E [1 max [|[U™] Ii] < Cr . To do so, we follow the technique which was
<m<

employed in the previous step (A priori energy estimate) by summing up inequality (@.10) over m
from 1 to £ > 1. We will only need to control the following stochastic term:

14

m—1 m—1 m—112
121}2;)}(\/[ Z}l (g(tm_l,U )ALW, U ) I|U ||a]

E
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1

2

M
SE[[k D] Nglmt, U DI, o lU™IG,
m=1

' 1
0 - m| 14 2 m—1/2 2 m—14
<E ||U i + 5, max [[U™][G +4K kZHU 112 + 4K kZHU I

m=1 m=1

Collecting all estimates together and using (4.13) complete the proof. i

While proving the solvability of Algorithm |1} we found out that the iterates {(U™, V’")}"m/":1
might not be unique. We will discuss this property in the upcoming lemma.

Lemma 4.2
Iterates {(U™, Vm)}ffll:] of Algorithm|l} are unique P-almost surely and almost everywhere in D.

Proof: Assume that the Vjy, X Vp-valued processes {(Um,Vm)}M , and {(U}", V’")}M , solve
the projected version ( of Algorithm l starting from the same initial datum U0 For all m €
{0,1,..., M}, denote by u’" = U7 =U andby V™ = V" = V]". Clearly, 10 = = 0 P-almost
surely. Replace both solutions in equation (4.1) and subtract them to get for all (¢, w) eV xVp:

. (q/m _ gyt (,0) + kv (VU™ V) + k[BU™, V™ ) — BUT, VI )]
= K(f (1. UP ™) = F(tne1 U0 + (8t UP ) = gt U ) 1D
o (V™) = (UM, y) +a? (VU™ V).

We proceed by induction. For m = 1, the trilinear term becomes b(7',0,¢) = 0 and equa-
tion @#14); leads to (V1, ) + kv (V¥1,Vy) = 0. Taking ¢ = ¢ = U in both @.I4), and the
latter equation and subtracting them yield ||u!||%, = —kv (V¥!,Vu!). From Lemma (i),
one gets V! = Vu! — o?VA"u! P-as. and ae. in D. Thereby, ||Uu!||? = —kv||VU ||2L2 +
kva? (VA"u!, vu'l). Using identity (2:12)), we infer that

' I7, + kv [V |17, + kve? || A", = 0, P-as.

Hence, 1! = ¥! = 0, P-a.s. and a.e. in D. By following the same technique while assuming
(Uf”‘l, Vlm‘]) = (Ug"l,VZm‘l), one gets eventually the uniqueness P-a.s. and a.e. in D for all
m € N. O

In order to obtain a priori estimates for {V’"}%=1 in Sobolev spaces, independently of the
discretization’s parameters, we shall assume that there is a positive constant C, independent of «,
h and k such that 0 < & < Ch. We will present in Lemma {.3|some preliminary estimates.

Lemma 4.3
Let {(U™, V’”)}n]‘f:1 be the iterates ofAlgorithmand 0 < a < Ch, where C > 0 independent of
a, hand k. Then, forallm € {1,..., M} and P-a.s.

(@) V™2 < CLIIU™ o
(i) 119V < 01 (V0" + o A" 07
(iii) ||[V™ = V™|, < i |lumt U™, forall € € {1,...,M —m},

where Cy > 0 depends only on C and the constant C of the inverse inequality (2.14).
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Proof: Letm € {l,...,M}. From equation (4.1)),, taking ¢y = V™ and applying the Cauchy-
Schwarz andYounginequalitiesyield||Vm||iz < ||Um||2|_2+}l||Vm||iz+a?2||VUm||i2+ETa2||VVm||2LZ,
where € > 0. Taking € = # and applying the inverse inequality (2.14) complete the proof of
assertion (7). On the other hand, by Lemma(i), VV™ = VU™ — @®?VA"U™, P-a.s. and a.e. in
D. Thus, ||VV’”||i2 < 2||VU’"||E2 + 2CZC2a/2||AhU’"||2LZ, thanks to the inverse inequality (2.14).
Estimate (iii) has similar proof to that of assertion (7). |

Clearly, one must incorporate Lemmas [4.T]and 3] to obtain:

Lemma 4.4
Let {V’"}%:1 be the iterates of Algorithm|l| Assume that assumptions (S1)-(S3) are fulfilled and
that 0 < a < Ch, for a certain C > 0 independent of a, k and h. Then,

ky & 1 < e ,
E lgnananmniﬁ7;|val|@+ZmZ:lHV'"—V’" | < ¢z

where C1. > 0 does not depend on a, k and h.

M

m—1> Where the scale @ is

We end up this section with the following a priori estimate for {V'"}
not necessarily assumed to be controlled by 4.

Lemma 4.5
Assume (S1)-(S3) and let {V’"}I‘m/":1 be the iterates ofAlgorithm Then,

M
E kD IV™IIE| < Cr.
m=1

Proof:  From equation (.I), replacing y by V" and employing Lemma(ii )leadto ||[V™| |2L2 =
[JU™||?, + a? (||VU’"||2L2 + azllAhUmHiz). Multiplying by k, summing both sides over m from 1

to M, using the condition @ < 1, then applying the mathematical expectation and Lemma 4.1} (if)
complete the proof. O

5 Convergence

All the previous interpretation relied on { (U™, V’")}"Mlzl, which does not depend explicitly on the
time variable. To investigate the convergence in continuous-time spaces, €.g. L? (Q; L? (0,T;H 1 ),
we need to define the following processes

Ve n(t,x) = %V"’(x) + t’"k—_tvm—l(x), Y (1,%) € [tm_t, tn) X D, .1
(‘ll,;h(t,x),‘l/k_’h(t,x)) = (Um—l(x),vm—l(x)), V(t,x) € [tmetstm) XD, (5.2)
(ﬂZ,h(I,X)”kah(t,X)) = (U™ (x),V"™(x)), Y(t,x) € (tm-1,tm] X D. (5.3)

Note that ¥ j, is continuous on [0, T],

I —1Im-
k

Vin(t,) =V, (1) = (v’" - V’"—l) forall £ € [tm_1, 1), (5.4)
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and
" t—1tn
rVk,h(tv ) - {Vk,h(ta ) =

k

(vm - vm—l) forall £ € (ty_1, tm]. (5.5)

Plugging both new processes in equation (@.1)), we get for every ¢ € [ty—-1,1m), (¢, ¥) € Vi XV,
and P-a.s. the following:

t t
o (Vi = Vi) + v[ (V21 Vo) ds +[ B(UL Vs ©)ds
m-1 m-1

< [ g eas T [ g paws. o),

Im-1

() = (1t 0 <02 (Va7 90)

Im-1

where f(t,) = f(tm-1,-) and g~ (¢, ) = g(t;—1,-) for all ¢ € [t;—1, ) and m € {1,..., M}.

Since Lemmas and are essential to retrieve a strong convergence in spaces that do not
depend on randomness, we must consider applying them in a probability subset. We shall give first
a dedicated configuration for the case 0 < @ < Ch. It will be adjusted afterward to fit the converse
case.

M M
Denote by %" = k Z ||VU’"||2Lz and by ¥*5" = k Z ||VVm||i2. Both law families
m=1 m=1
{ LX) e and {L(V M)} 1, are tight. Indeed, for & > 0, we consider the closed R-ball
K. = Br(0, 1/¢). Clearly, K is a compact set of R, and

M
LUK =P(U*" e K) =P{w e Q| k Z IVU™IE, < 1/e}) 2 1 - Cre,

m=1

forall k, h > 0, thanks to the Markov inequality and Lemma[d.1} (i). Similarly, by Lemma[4.4Jand
the Markov inequality, the tightness of {.Z (7 *-")}; j, follows. Such an argument is summoned just

to emphasize the non-dependence of € on k£ and 4. Concerning the Wiener increments’ tightness,

we define Wy, = % | maxM ||AmW||%<, and consider the same compact set K.. Therefore, by
<m<

virtue of estimate (2.2),
LWin)(KY)=P(Wip < 1/8) 2 1 -Tr(Q)s,

for all k£, h > 0, thanks again to the Markov inequality. With that being said, we fix £ > 0, and
define the sample subset Q7 , = Q}( p N Qi , C €, where Q}( n = {w e Q | Win < 1/8},

T
and Q2 , = {w cQ] /O (||Vu,t,h||2|_2 + ||Vq/kfh||2L2)dz < 1/5}. In the light of the preceding
analysis, there is a ¢ > 0 depending only on T7(Q), Cr and C}. such that

P(Qg,) 21 -ce. (5.6)

The next lemma fulfills one of the hypotheses of Lemmas [2.2] and [2.3] in the sample subset
Q]‘f’ ,- Note that assumption @ < Ch can be replaced by an alternative hypothesis Vk/h < L < a,
for some L € (0, 1) along with a minor modification in Qp ,» as explained in Remar < Such
conditions are mandatory if we are aiming at converging Algorithm[I|toward the LANS-a@ equations
instead of the NSEs.
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Lemma 5.1
LetO < a < Ch for a certain C > 0 independent of a, h and k. For almost every w € Qk W and
ted{l,.... M -1},

M- )
kU w) - v w)|f} < C17.
where C = C(T,v, D, K|, K>, K3, K4, €) > 0 independent of a, k and h.

Proof: Letl e {l,...,M — 1}, and w € QF ,. We replace the index m by i in (#.I), and sum it
over i from m + 1 to m + €. We get for all ¢ € V;, and P-a.s.

¢
(vaﬂ', V<p) Tk Z E(Um+i’vm+i—1’ )
i=1 =1
. . ' (5.7)
=k Z(f(l‘mﬂ'—l, Um™tihy, o) + Z (g(tmﬂ'—l’ U™ D AW, <ﬂ) .

i=1 i=1

-

(V"“" _ym, tp) + kv

Set ¢ = U™ — U™, sum (5.7) up over m from 1 to M — £, then multiply by k:

M-¢ M-t ¢
k Z ||Um+f _ Um”i — —k2V Z (VVm+i, V(Um+€ _ Um))
m=1 m=1 i=1
M-t ¢
— k2 E(Um+i’ Vm+i—1, Um+t’ _ Um)
M-t ¢
+ k2 <f(tm+i—1a Um+i—l)’ Um+€ _ Um>
m=1 i=1
M-t ¢
k0 (@i, U AW, UM U™ ) = L4 1+ 1T+ 1V
m=1 i=1
Our aim is to bound each term by t . For the term I, we use the Cauchy-Schwarz inequality,

1/2
1] < 2v1) K32 $M | [vum| s (zﬁ‘fl ||VV‘||i2) < 222412 On the other hand,
1/2
[11] < Cokbi} k Z V(U™ = U™l (ZIIVU””‘II AWV’"*"*H@)

i=1
12/ m
> ||VV‘||32)
i=1

Z IVUI12,
M 1/2
: 6C
kZHW‘niz) < Xnp
i=1

m=1
12

< 2ch2: k Z VU™,

m=1

1
< 6Cpt}k Z Ivu™|1?,

m=1

i=1
e

where Proposition (iii), the Cauchy-Schwarz inequality for sums, £'(N) < ¢?(N) and esti-
mate (2.5) were employed. For the term 771, we need assumption (S,), the norm equivalence (2.3),
the Poincaré and Cauchy-Schwarz inequalities, estimate (2.3 and ¢! (N) < ¢2(N):

1 < Cok 3 9 - U’")IIszZ (&3 + CorallvU™ ||z

m=1 =
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1/2 M
1
+6Cp17Kyk?k DUivon,

m=1

M
kY IV,

m=1

1
< 2Cp (KT /e +3K4T7 &)1}

1
< ZCDZ‘;K3T

For the term IV, we need the Cauchy-Schwarz inequality, assumption (S5), ' (N) < ¢2(N) and
inequality (2.5):

M-t ¢ 1/2
1 _ . 1
V] < CpKak? Y NI = U™l [ D IVU™ AW | 17
m=1 i=1
S 2Ki\Cp 2CpK, !
m < 2 .
+2Kitg ) |IU™ I max (A W[k < te+ =1
m=1
Collecting all the above estimates together yields the final result. m]

Remark 5.1 Observe that only terms I and 11 in the above proof required the use of the condition
a < Ch. We avert this assumption as follows: firstly, we assume the relation ‘/TE < L < a, for
a certain L € (0, 1) independent of k and h. Secondly, since Lemma is no longer valid, we
adjust the sample subset Qi’ , by replacing ||V‘Vk+’ h“iZ with ||‘ka h“iz' We also need to intersect
Q? . with a supplementary sample subset Q3 , = {w € Q| max ||[U™||% < 1/&}.
k.h k.h l<m<M

Indeed, by virtue of Lemmas(ii), and the Markov inequality, there holds P(QF ) > 1-ce,
for some ¢ > 0 depending only on Tr(Q) and Cy. We recall that € does not depend on
k and h. For the term I, we use inequalities (2.14),(2.5) and some elementary calculations:

, 12
1] < 202 9 M ggm)) (k M ||V‘||2Lz) < 2BELy4112 0 the other hand, from Propo-

nm

sition 2.1} (iii), the Poincaré and Cauchy-Schwarz inequalities, estimate (2.5) and the inverse

inequality (2.14)),

2CCpk 1)p & d 2
- . .
1] < ==2=1, 3 VU™ llee [k 3 IVEIENIVUT R
m=1 i=2
< 20CH -2 2l \/%invumn L 23CCp g2
= m T L VT Teve O

We summarize, in the upcoming proposition, all the convergence results emerging from the
condition & < Ch. We give afterwards, in Proposition [5.2] convergence outcomes concerning the
case Vk/h < L < a.

Proposition 5.1

Assume (O < a < ChforsomeC > Qindependentof a, k and h. There existu,v € LZ(Q; L2(0, T; H(l)))

such that the convergences below occur, up to extractions, as k,h — 0:
Up, —u & Vi, —v in L*(QL*0,T:Hp)).
‘U;;h —u & ‘kah — v in L*(Q;L*(0,T;L?)),
Ve — v in L2(Q; L*(0,T;L?)),
Vip —v in L*(QL*(0,T;L%).

(5.8)
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Proof:  We point out that all subsequences in this proof will be denoted as their original sequences
for the sake of clarity. By virtue of Lemmas (ii) and {‘UZ, ) k.n and {‘ka 4}k, are bounded
in the Hilbert space L*(Q;L?(0,T; H(l))). This implies the existence of two subsequences of
{‘U,t’h}k,h and {ﬂ/kfh}k,h such that 'kah — p and ‘ll,:’h — uin L*(Q;L*(0,T; H(l))) for some
functions v and u belonging to the same space of convergence. To justify (3.8)),, we need to
apply Lemma Indeed, we have H(l) s L2 compactly, {lgi’h‘uz’h}k,h is P-a.s. bounded in

L?*(0,T; H(l)), and for all £ € {1,..., M — 1}, there holds P-a.s.

—__) 0
te—0

>

1
2
4

M-t
+ + _ m+{ m||?
Tt[lglf,hruk,h - 1Qf,huk,h - 1Qi,hk z : ||U Y ”L2 <Ct
m=1

L2 (O,T—[g;Lz)

uniformly in fu;g ,» thanks to Lemma As a result, {19;}1‘217{" nk.n is P-as. relatively compact

in L?(0,T;L?). In other words, {ngz‘f,th,hHiZ(O,T;U)

||lglf,h‘a2,h”iz(0,T:L2) < 1/e, P-a.s. where the function w — é € L'(Q). Therefore, by the

}k.n is P-a.s. convergent. Moreover,

dominated convergence theorem, {||1oz Uy . ll12;2(0,75L2)) He,h 1S convergent. We need to
prove in addition to the latter that {1gl§hu; n k. is weakly convergent in L*(Q; L%(0,T;L?))

to achieve strong convergence. We have E [fOT ||1(gfh)c||i2dt] = [D|TP((€f ,)°) < |DITe,

for all & > 0, thanks to estimate (5.6). By (5.8);, one gets ¢} , — u in L*(Q; L*(0,T;L?)).
T T T

Thus, E | f)" (Leg, 4} @) dr| = €| 7 (4 Liap o) de| + E| )7 (170 ) ] for ai

¢ € L*(Q; L?*(0,T;L?)), which converges toward the term E [fOT (u(t), @) dt]. Note that the test

function ¢ can be considered in a dense set of L?(Q; L?(0, T; L?) since {1975 .\ Uy ;. }k,n is bounded
in the latter space. Subsequently, 1oe @ , — uin L?(; L*(0,T;L?)). As aresult,

T
et i
0

This convergence takes place due to what we have shown so far in this proof and the boundedness
of {U} ;, }k,nin L*(Q; L™(0,T;L?)), thanks to Lemma (iii). The convergence of {%}", }x.n is
done similarly through Lemmas [4.3} (iii) and Moving on to (5.8))3, we have

T
E l/o Vs — o[> dt] <E

From (5.8)),, we get I» o 0. On the other hand, identity (5.5)) yields

T
E < E ‘/0 (Hl(Qf,h)C‘uZ,hHZLZ + ||1Qi,hﬂz’h - M||2|_2) dl‘} —> 0.

k,h—0

T
A m%ﬁ—w;mﬁww;—m@yﬂzn+h.

I _iE[llV’" vmh ]/tm (t_tm)zdt< K er — 0
1_m:1 e k2 =3 o

thanks to Lemmal4.4] The proof of (5.8)4 follows from (5.4)) and the proving technique of (5.8)3. O

Remark 5.2 In the three-dimensional stochastic NSEs framework, the obtained convergence re-
sults in proposition remain up to extractions due to the nonuniqueness of the corresponding
solution, conversely to the the two-dimensional case whose solution is unique.

The limiting function u, in the next proposition does not coincide with u that was found
in Proposition [5.I} It is worth mentioning that one can demonstrate the convergence of whole
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sequences {Uy , Yk,ns AV ), }k,n and {Vi n}r,n once we verify that the limiting functions satisfy
equation (2.8)), P-a.s. and for ¢ € [0,7]. Such an idea is true due to the solution’s uniqueness of
equations (I.1) (see for instance [9, Theorem 4.4]).

Proposition 5.2

Assume 0 < Vk/h < L < a, for some L € (0, 1) independent of k and h. Then, there exist two
functions ug € L*(€; L*(0,T; H*N H(l))) andv, € L*(Q; L*(0,T; L?)) such that, up to extractions
and as k,h — 0, one gets

Uf, > o in L*(Q; L*(0,T; H))),
Viy = va in L*(Q;L*(0,T;L?)), (5.9)
Vi = Vo in L*(QL*(0,T;L%)).

and vy = Uy — @*Auy, P-almost surely and almost everywhere in (0,T) x D.

Proof: Once again, all subsequences in this proof will be denoted as their original sequences.
We define M;? = {u € V| [ull), o < +oo}, where [|-][} , = IV -7, +a?||A" - |I7,. Obviously,
M, is a subspace of H!, and (M w5l - lln,a) forms a normed space. Note that Lemma is no
longer applicable since M," depends on h. However, to come out with a strong convergence in

H(]), we shall apply Lemma within the sample subset Q,f’ , that was exclusively modified for

the case Vk/h < L (see Remark . We begin by proving the relative compactness of M’
in H(l): let (¢n)n be a bounded sequence in (M}, || - ||n,o). Therefore, (¢n)n (resp. (A"op)n)
converges weakly as A — 0, in H (resp. L?) toward a function ¢ (resp. z), up to an extraction.
Lety € [C®(D)]%. By identitiesand (A", ) = (A", Tpy) = — (Von, VL) —
- (Vo,Vy) = (Ag,¥), thanks to estimate (2.13). Therefore, z = Ay a.e. in D. Note that
¢ € H*n H(l). The strong convergence of (¢p)y, in Hcl) follows from its weak convergence
along with the property: |[Veull?, = = (A", ¢n) — = (Ap,¢) = [[Vg|[?,, where we used
identity and the weak and strong (which arises from the compact embedding H(l) — L2?)
convergences of (A"¢y,), and (¢p), in L2, respectively. On the other hand, {lgz’h‘az,h}k,h is
P-a.s. bounded in L?(0,T; M) and L*(0,T; H(l)), thanks to the definition of Q,‘f’h. Moreover,
by Lemma 1Qz’h||rt€u,j’h - ‘Zl,t’h||Lz(0,T_t[;H(1)) — 0, as t; — 0, uniformly in k and h. The
latter convergence holds in H(l) due to the norm equivalence (2.3). Subsequently, all conditions
of Lemma [2.3|are met, we infer that {lg,ih‘ult, ntk.n is P-a.s. relatively compact in L*(0,T; H(l)).
Hence, convergence (5.9); can be justified as in the proof of Proposition where we recall
that || - || is equivalent to || - ||H(1) because « does not depend on k and h. Let u, denote the

limit of {2} , }x.n in L2(Q; L*(0,T;H})). By Lemma [4.11(ii), {A" 1}, }in converges weakly,
up to a subsequence, to a function z in L2(€; L*(0,7;L?)). As done earlier in this proof, one
can prove that z = Au,. Thus, E [fOT ||Aua(t)||ﬁzdt] < liminf E [fOT ||Ah‘ll;(r h||2det] <a™?Cr,
which implies u, € L?(Q; L*(0,T;H? N HY)), thanks to the domain’s properties. Moving on to
convergence (5.9), by Lemma {V,", }k.n converges weakly, up to a subsequence, to a function
Ve, in L2(Q; L?(0,T;L?)). Additionally, by Lemma(i), we have P-a.s. and a.e. in (0,7) x D
that ‘Vk"’ n= ‘Zl,t’ B azAh‘uZ, ,+ By relying on what we have proven so far in this proof, one gets the
identification v, = uy — @*Aug, P-a.s. and a.e. in (0,T) x D. For the last convergence, we need
the following estimate

A" onll2 < B IVenlle, Yen € Vi (5.10)



23 J. Doghman & L. Goudenége

This can be illustrated through identity (2.12), the inverse estimate (2.14)) and the Cauchy-Schwarz
inequality. Since {%, , }«.» is bounded in the Hilbert space L*(Q;L*(0,T;L?)) , we let ¢ €
[C2(D)]4. Subsequently,

E [/OT (‘Vk_,h,<p) dt] =E [/OT (‘Vk_,h —“V,:,h,go) dt /OT (rVk'th,(p) dt] =0+,

Using (5.9)),, we get the convergence of {,. It remains to show that ¢; vanishes on the limits. In-
deed, by Lemmas[2.1} (i), .1} (ii), the Cauchy-Schwarz inequality and estimate (5.10), we get {; <
M

+E

Il 2E |k Z(IIU’” U™ |2 +?||AM (U™ - Um_l)HLZ)] S lell2Crk + gl ah™ kCr <
m=1
|l 2Cr (k + *k'/?) — 0. o

Propositions [5.1] and [5.2] give an insight into the limiting functions spaces. Yet, they do
not provide the divergence-free property and the relationship between u# and v. The following
proposition treats this issue.

Proposition 5.3
Let u, v and u  be the limiting functions provided in Propositions[5.1|and Then, u and u,, are
divergence-free, and v = u almost everywhere in (0,T) X D and P-almost surely.

Proof:  To prove that u and u, are divergence-free, we show that {div U; , }x,n converges weakly

in L2(Q; L?(0,T;L?)) toward 0, thanks to (5.8); and (5.9);. To this end, we evoke the Lagrange
interpolation I : C¢(D) — Ly, € € N (c.f. [5, Theorem 4.4.4]). For £ € N, let z € C/(D), then

E [/OT (aivf . 2) dt} =E /OT (divf .z - 12) /OT (aivu . 12) dt}

T
<E / ||Vﬂzh||L2df]||Z—IZ||L2 — 0,
0 ’ k,h—0

+E

where the second term in the first equality vanishes because {U} , }x,n is weakly divergence-
free. Consider ¢ € L. By Lemma (ii), the embedding L?> < L', and @ < Ch, one gets
E [/OT (Q2Ahﬂz’h, go) dt ‘ < CrChllgl| 2 — 0. Therefore, azAh‘u;’h — 0in L2(Q; L?(0,T; L?))
if @ < Ch. By Lemma (i) and Proposition[5.1] we infer that u = v, P-almost surely and almost
everywhere in (0,7) X D. O

In the below proposition, we identify the limits of deterministic and stochastic integrals of
Algorithm 1]

Proposition 5.4
Lett € [0,T]. Forall p e H> NV,

1. if0 < @ < Ch, for some C > 0 independent of a, h and k, then

(i) k}}ilrgoE[/o (Vq/kfh,vnhgo)ds]:E[/o (Vv(s),V<p)ds],

(i) k}}lrgoE[/O E(le’h,‘Vk_’h,tho)ds}:E[/o ([y(s)-V]v(s),go)ds],
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t t
(i) lim E [ /O <f‘(s,u,;,,>,nh¢>ds} =E [ /0 <f<s,v<s>),so>ds},
t t
(iv) lim (/ g_(s,‘ll,;h)dW(s),tho) = (/ g(s,v(s))dW(s),<p), P-a.s.,
k,h—0 \ Jo ’ 0
2. if \/TE < L < q, for some L > 0 independent of a, h and k, then

t t
(i) k,I}erOE[‘/O b(’ll,t,h,‘Vk_’h,tho)ds]:E[‘/o b(ua(s),va(s),tp)ds],

(ii) Assertions 1.(iii)-(iv) remain valid, provided that v is replaced by u .

Proof: Fix ¢ in HZ N V. Starting out with assertion 1, we have {'V,:r h}k’h (resp. {Ilpp}pn) is

weakly (resp. strongly) convergent in L*(Q; L?(0,T; H(l))) (resp. H(l)), thanks to Proposition
and estimate (2.13)). Therefore, 1.(i) follows. Moreover,

B} Vi Tng) = (18, - V1V ) + (VU )T 00,0 Tg) = 1+,

We have J; = — ([‘le’h -V]tho,‘Vk"h) - ([div "(,lz’h]‘Vk_,h,Hhtp) = —Jll - le by integrating by

parts. Therefore, by Proposition [2.1}(iif) and estimate (2.13)),

‘E [/Ol (—Jl1 + ([u - V], v)) ds

/Ot {_ ([‘llz’h -V]go,'l/k_’h) + ([u-V]e, v)} ds]

t
< CpChllellxE [/0 IIVUZ,hIILzllV‘Vk_,h||des}

+ |E

’

The first term on the right hand side tends to O after applying the Cauchy-Shwarz inequality,
Lemmas 4.1)and @.4] Similarly, the second term goes to 0 by virtue of Proposition [5.1] More-

over, le = ([div ‘u;:,h]‘l/k"h,l'[hgo - tp) + (‘Vk‘,h, [div ‘le’h]go). Thus, E [fot |J12|ds] goes to 0 after

applying Holder’s inequality, embedding H! < L*, Poincaré’s inequality, Lemmas
estimate (2.13),convergence (5.8)4 and Proposition On the other hand, by virtue of Proposi-
tion[2.1}(iv), J> = = [}, [Tue - V19, U ,dx. Thus,

t
‘E [/ szs
0

t
< CpChllellE [/0 |IVka_,hllullV‘UZ,hlledS]

/Ot ([‘p : V]rVk_,h"alt,h) ds]

The first term on the right converges toward 0, thanks to Lemmas@4.T|and #.4] By Proposition[5.1]
the second term goes to |E fot ([¢ - V]v,u) ds” which vanishes because u = v, P-a.s. and a.e. in
(0,T) x D (see Proposition

+|E

) and ¢ is divergence-free. Subsequently, the trilinear term b tends
to —E [ fot ([u-V]g,v) ds] , which by virtue of Proposition and an integration by parts, lead to

the sought term. For assertion 1.(iii), we make use of assumption (.S;):

[(F (5. U1 Tlag) = (F(5,u(s)), 0)| = (K + Kall22z 1) T = @l

+1f (s, u(s)) = £~ (s, uls) - ll@llmr + Ly [lu(s) = Uy pllallellnr =2 L1+ Lo + L3.
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We have E [/Oz les] < Chl|¢||2(TK3 + K4Cr) — 0, thanks to estimate (2.13) and Lemma

Besides, E [ fOt des] — 0, thanks to the continuity of f with respect to ¢. Lastly, we decompose

the norm || - ||, after using the embedding L? < L!:

t
E[/ Lidt
0

Convergence of E [ fot |u(s) — U, h||2des] is handled by adding and subtracting ¢ ,, then by

employing the triangular inequality along with convergence (5.8)), and Lemma [4.1} (if). Further-

12
more, E [fot a@?| |V (u(s) - (N h)||2|_2ds] < CrCh, due to Lemma (i), convergence (5.8))

and @ < Ch. We now justify assertion 1.(iv). Let us denote by

t 1/2
stngonHlE[/o <||u<s>—u,;,h||iz+a2||wu<s>—u,;h>||iz>ds] .

J = (‘/0' g_(s’ﬂl;h)dw(s),nh‘P) - (\/() g(S,M(S))dW(S), ‘P)

_ (/O’g‘(s,ﬂ;,h)dw(s),nw —g)+ (/0 (s (5.2 ) = &7 (5. u(s))) @W (). )

#( [ 6 Gl - g, aW(s). ) = 5+ 4
0

After squaring both sides and applying the mathematical expectation, we shall bound each term
separately. To this end, assumption (), Itd’s isometry,the Cauchy-Schwarz inequality, esti-
mate (2.13)), and Lemma[4.1] are all needed in the calculations below.

[ t T t
E / Jids ST”(Q)||Hh‘P_90||2|_2E[/ (K1+Kz||u,;h||a)2ds] < h'Cr — 0,
| /0 ] 0
[ t ] t
E / J3ds sTr(Q)||<p||izL§,E[/ ||fu,;h—u(s)||3,ds] — 0 ( similar to £3) and,
| JO | 0 ’
>
m=1

by the continuity of g with respect to its first variable. Replacing u by v (Proposition[5.3) completes
the proof of (iv). Moving on to assertion 2. We have

— 0,

tm
[ Nettnse = 5.l g s

tm-1

E /0 s2ds| < Tr(Q)llgl%.E

E(‘ll,‘:,h,‘Vk_’h,tho) —Db(tg, Vg, @) = E(‘Zl,‘:,h,‘Vk_’h,tho -@)+ (l;(‘u,t’h,‘Vk_’h, ©) = b g, Vq, <p))

=L +D.

By Proposition iii), estimate (2.13)), the inverse (2.14) and sum (2.5) inequalities, Young’s
H-

inequality, Lemmas and Vk/h < @, one gets

t M M
1/2 m m—1
E[/O |1 Ids SE[kal I sh||so||HzE[ak max_||VU ||Lzm§:1||v ||Lz]

M
U™ 113, +3% Y- V™I,

m=1

< hllgleE < (Cr + Cphliglive —— 0.

max
1<m<M

On the other hand, by employing Proposition 2.1} (iv) and integrating by parts twice, there holds

b(U ). Vi #) = ([¢-V]u+ rVk_’h) - ([ru]:’h-V]go,ﬂ/‘ )

kb % |- Proposition ensures the con-

vergence |E [fot Izds” Y 0, while taking into account that ([¢ - V]ug, ve) — ([ug - Ve, ve)
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coincides P-a.s. with b (14, va, @) after integrating it twice by parts and using the null divergence
of ¢ and u, (see Proposition . We point out that the low regularity of v, (in L?) does not
prevent b(u, vo.¢) from being well-defined, because 1, and ¢ have high regularities. The proof
of convergence for f and g is similar to that of assertion 1. One may only need to replace the

employed estimate @ < Ch (when decomposing the norm || - ||, in the above steps) by the strong
convergence of {U} , }x.n in L*(Q; L*(0,T; H(l))), thanks to Proposition m]

6 Conclusion

We devote this section to results and conclusions emerging from what we have carried out so far.

6.0.1 Convergence of LANS-a to NS in 2D

Assume d = 2, and VO — vg in L2(Q; L?) as h — 0. From Propositions[5.3|and [5.4}(1), we infer
that v satisfies equation (2.9), P-a.s., for all # € [0,T]. Moreover, by a standard technique (e.g.
[27]), it is easy to check that v € L*(Q; C([0,T];H)). We also have, by Proposition (1), that
ve Mz (0,T;V).

6.0.2 Convergence to the LANS-a

Assume d € {2,3}, and U — i in L>(Q;H') as & — 0. According to Propositions [5.2| and
(2), one may notice that we still need to illustrate the convergence of E [ /()T (V’Vk+ e Vo h) dt] ,

¢n € Vy toward its continuous counterpart. To this end, we define, for z € H(l), the elliptic
projection Ej, : H(l) — V}, as the unique solution of

(VEwz,Von) = (Vz,Ven), Ven € Vp.

Operator Ey, satisfies AhEhz =I,Az forall z e HX NV (e.g. [21} Page 593]). Therefore, for all
@ € H> NV, it follows from identities [2.11][2.12] Proposition|S.2{and the above relation that

(V‘V,:h, VEhgo) =- (‘V,:h,AhEh(p) =- (thh’HhASD) =— ((kah’ASD) .

Subsequently, E [ fOT (V‘V+

e VEhgo) dt] converges toward

T T T
—E[/O (va(t),Ago)dz]:—E/O (va(t),Agp)dt]=E[/0 (ua(t)+a/2Aua(t),Ago)dt].

Putting it all together yields the sought result. In other words, u, satisfies equation (2.7), P-a.s.,
forallt € [0,T] and u,, € M% (0,T;D(A)) N L*(Q; L™(0,T;V)) together with the fact that u, is
weakly continuous with values in V.

6.1 Numerical experiments

This part is devoted to giving computational experiments in 2D for the stochastic LANS-a model

through Algorithm |1| when the spatial scale o fulfills either « < Chora > L > % Since

our primary objective is to compare solutions’ behavior of LANS-a to that of Navier-Stokes, we
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provide simulation of solutions to the latter equations as well through a linear scheme covered
in [6, Algorithm 3]. The implementation hereafter is performed using the open source finite
element software FEniCS [25]. We employ the lower order Taylor-Hood (P;-P;) element for the
spatial discretization within a mixed finite element framework. The chosen domain is a unit square
D = (0,1)? along the time interval [0,7] with 7 = 1. The initial condition it and viscosity v
are set to 0 and 1, respectively. For the sake of simplicity, the source term f is considered as a
deterministic constant and the drift term g plays the identity operator role.

Q-Wiener process approximation For computational purposes, we must deal with a truncated

form of the series (2.1). Besides, we consider two independent Hé(D)—Valued Wiener processes
W, and W, such that W = (W, W,). For M € N\{0}, the utilized increments are expressed by

M
AnWe = K2 3T )V ey, e (1,2},

i.j=1

where for all i, j € N and (x, y) € D, the basis elements ¢; ; := 2sin(inx) sin(jmy) represent the
Laplace eigenfunctions with Dirichlet boundary conditions on D. For ¢ € {1,2}, {{ff’}"}i, jtmis

a family of independent identically distributed standard normal random variables, /lf’ j =

(i+))?
for £ € {1,2} and M = 10.

Casea < Ch
Consider @ = 107, h ~ 0.03 and k = 107,

Since this case relates both equations (1.I) and (I.2), we choose two different time values
in [0,T], and plot the associated figures side by side. This allows us to compare the solutions’
behavior together with the occurring differences. Observe that both LANS-a and NS solutions
behave similarly with a slight variation in values. Such a difference was expected since we are
dealing here with approximate computations, not to mention the considered space discretization’s
step & which is not too close to 0, yet its code execution is costly. We also provide the following
pressure figures

Casea > L > Vk/h
For this framework, we set @ = 1, & = 0.03 and take k in terms of A; namely k = 0.942, so that the
condition Vk /h < a is met.

Within one realization, outcomes of the current case are clearly well-behaved, which means a
higher regularity in terms of the velocity fields. It is worth mentioning the speed variation stage
within the time interval [0.45—¢,0.65+¢], € << 1 where the velocity value goes from its lowest to
its highest rate. Below ¢ = 0.45 and above ¢ = 0.65, the velocity field maintains almost a constant
value. Here are the associated pressure figures:

We point out that in both cases, the pressure is heavily impacted by the noise. As its curve
progresses in time, we notice a random behavior at each time node. This can be thought of as the
stochastic pressure decomposition that was evoked in article [4] for the two-dimensional stochastic
Navier-Stokes equations, which states that p can be split into a few terms, one of which can be
written in terms of the Wiener process W.
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(c) Velocity field of LANS-« at time t = 0.586 (d) Velocity field of NS at time ¢ = 0.586
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