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INTRODUCTION

Kinematically complete experiments at synchrotron radiation facilities have recently made it possible to observe Compton scattering of energetic photons from a helium target with unprecedented detail [START_REF] Kircher | Kinematically complete experimental study of Compton scattering at helium atoms near the threshold[END_REF], thus providing an additional tool, so far unexplored, to investigate electron dynamics in atoms and molecules. These are very challenging experiments, since, in addition to the inherent complication of detecting the various charged fragments in coincidence with good enough statistics [START_REF] Dörner | Cold Target Recoil Ion Momentum Spectroscopy: a momentum microscope' to view atomic collision dynamics[END_REF], Compton scattering cross sections are extremely small: around six orders of magnitude smaller than photoionization cross sections associated with the absorption of that same photon [START_REF] Kircher | Kinematically complete experimental study of Compton scattering at helium atoms near the threshold[END_REF][START_REF] Eisenberger | Compton Scattering of X Rays from Bound Electrons[END_REF][START_REF] Gavrila | Compton Scattering by K-Shell Electrons. I. Nonrelativistic Theory with Retardation[END_REF][START_REF] Doumy | Nonlinear Atomic Response to Intense Ultrashort X Rays[END_REF][START_REF] Fuchs | Anomalous nonlinear X-ray Compton scattering[END_REF][START_REF] Bachau | Stimulated Compton Scattering in Two-Color Ionization of Hydrogen with keV Electromagnetic Fields[END_REF][START_REF] Dondera | Two-color ionization of hydrogen close to threshold with keV photons[END_REF][START_REF] Houamer | Compton ionization of hydrogen atom near threshold by photons in the energy range of a few kev: nonrelativistic approach[END_REF]. This is practically an unsurmountable barrier for molecules, as one must also account for the additional nuclear degrees of freedom.

Due to their high brilliance and short duration, X-ray free electron laser (XFEL) pulses [60][START_REF] Emma | First lasing and operation of an ångstrom-wavelength free-electron laser[END_REF][START_REF] Jamison | X-ray FEL shines brightly[END_REF][START_REF] Ishikawa | A compact X-ray free-electron laser emitting in the sub-ångström region[END_REF][START_REF] Allaria | Highly coherent and stable pulses from the FERMI seeded free-electron laser in the extreme ultraviolet[END_REF][START_REF] Tschentscher | Photon Beam Transport and Scientific Instruments at the European XFEL[END_REF][START_REF] Milne | The Swiss X-ray Free Electron Laser[END_REF][67] should be the ideal tool to investigate Compton scattering from molecules in the few-hundred eV to keV photon energy range. Indeed, ultrashort pulses currently generated by XFELs [START_REF] Tschentscher | Photon Beam Transport and Scientific Instruments at the European XFEL[END_REF][START_REF] Bostedt | Linac Coherent Light Source: The first five years[END_REF] are at least ten orders of magnitude more intense than those generated in synchrotron radiation facilities, so that they can efficiently compensate the smallness of the cross sections by providing a much larger number of photons in a short time interval. Because of this, XFELs have already opened the way to the observation of non-linear (multi-photon) processes in the X-ray wavelength spectral region [START_REF] Doumy | Nonlinear Atomic Response to Intense Ultrashort X Rays[END_REF][START_REF] Lutman | Experimental Demonstration of Femtosecond Two-Color X-Ray Free-Electron Lasers[END_REF][START_REF] De Ninno | Chirped Seeded Free-Electron Lasers: Self-Standing Light Sources for Two-Color Pump-Probe Experiments[END_REF][START_REF] Hara | Two-colour hard X-ray free-electron laser with wide tunability[END_REF][START_REF] Serkez | Opportunities for Two-Color Experiments in the Soft X-ray Regime at the European XFEL[END_REF][START_REF] Callegari | molecular and optical physics applications of longitudinally coherent and narrow bandwidth free-electron lasers[END_REF][START_REF] Eichmann | Photon-recoil imaging: Expanding the view of nonlinear x-ray physics[END_REF], to image singlemolecule structural changes by means of photoelectron diffraction [START_REF] Kastirke | Photoelectron diffraction imaging of a molecular breakup using an x-ray free-electron laser[END_REF] and X-ray diffraction [START_REF] Chapman | Structure determination using x-ray free-electron laser pulses[END_REF], or to pump and probe electron dynamics occurring in valence and inner-valence molecular states with few-fs resolution [START_REF] Allaria | Two-colour pumpprobe experiments with a twin-pulse-seed extreme ultraviolet free-electron laser[END_REF][START_REF] Huang | Generating Single-Spike Hard X-Ray Pulses with Nonlinear Bunch Compression in Free-Electron Lasers[END_REF][START_REF] Li | Time-resolved pumpprobe spectroscopy with spectral domain ghost imaging[END_REF][START_REF] Hartmann | Attosecond timeenergy structure of X-ray free-electron laser pulses[END_REF][START_REF] Fukuzawa | Real-time observation of X-ray-induced intramolecular and interatomic electronic decay in CH2I2[END_REF][START_REF] Duris | Tunable isolated attosecond X-ray pulses with gigawatt peak power from a free-electron laser[END_REF][START_REF] Li | Electron-ion coincidence measurements of molecular dynamics with intense x-ray pulses[END_REF]. The emerging high repetition rate at several XFEL facilities will further facilitate the investigation of such elusive processes by using multi-particle coincidence spectroscopy.

Compton scattering of photons by electrons bound to atoms differs from standard Compton scattering, i.e., from scattering by quasi-free electrons, in that it is a three-body problem instead of a two-body one. In standard Compton scattering, momentum exchange between the incoming photon and the free electron governs the whole process. In Compton scattering by bound electrons, an electron is ejected as a result of the photon kick and the remaining ion recoils to satisfy momentum conservation [START_REF] Kircher | Kinematically complete experimental study of Compton scattering at helium atoms near the threshold[END_REF][START_REF] Bachau | Stimulated Compton Scattering in Two-Color Ionization of Hydrogen with keV Electromagnetic Fields[END_REF]. Determining the momentum of the scattered photon thus requires the joint measurement of the electron and ion momenta.

An interesting observation in the above mentioned He experiment [START_REF] Kircher | Kinematically complete experimental study of Compton scattering at helium atoms near the threshold[END_REF], performed with photons of keV energy, was that, as a consequence of the electron binding energy, photons are not scattered in the forward direction. The reason for this behavior is that, at keV energy, the photon-atom interaction potential is dominated by the non-dipole A 2 term instead of by the usual dipole A • P term, where P is the electron momentum and A is the vector potential of the incident light.

The choice of keV photon energies to perform such experiments in He was not capricious, since the contribution of the A 2 term rapidly decreases with decreasing photon energy, thus leading to a further reduction of the cross section [START_REF] Samson | Direct measurement of he + ions produced by compton scattering between 2.5 and 5.5 kev[END_REF]. However, at sub-keV photon energies, the contributions from A 2 and A • P can eventually become comparable in magnitude [START_REF] Bachau | Stimulated Compton Scattering in Two-Color Ionization of Hydrogen with keV Electromagnetic Fields[END_REF][START_REF] Bachau | Stimulated Raman scattering in hydrogen by ultrashort laser pulse in the keV regime[END_REF]. How this could affect Compton scattering remains an open question, although, as A 2 and A • P couple the initial electronic state with states of different symmetries, interferences leading to unusual electron emission should be expected. One can anticipate an even richer scenario in the case of molecular targets [START_REF] Kircher | Recoil-induced asymmetry of nondipole molecular frame photoelectron angular distributions in the hard x-ray regime[END_REF], since, as is well known from multi-coincidence photoionization experiments performed at lower photon energies, electron angular distributions are strongly dependent on molecular orientation (see, e.g., [START_REF] Williams | Imaging polyatomic molecules in three dimensions using molecular frame photoelectron angular distributions[END_REF][START_REF] Lucchese | Molecular-frame photoelectron angular distributions[END_REF][START_REF] Kastirke | Double core-hole generation in o 2 molecules using an x-ray free-electron laser: Molecularframe photoelectron angular distributions[END_REF]).

Motivated by the exceptional capabilities of XFELs, in this work we have studied Compton scattering from fixed-in-space H 2 molecules in the photon energy range where both A 2 and A • P terms are comparable in magnitude (∼500 eV). As pulses generated at XFELs are rapidly reaching sub-femtosecond duration [START_REF] Huang | Generating Single-Spike Hard X-Ray Pulses with Nonlinear Bunch Compression in Free-Electron Lasers[END_REF][START_REF] Hartmann | Attosecond timeenergy structure of X-ray free-electron laser pulses[END_REF][START_REF] Duris | Tunable isolated attosecond X-ray pulses with gigawatt peak power from a free-electron laser[END_REF][START_REF] Hemsing | Beam by design: Laser manipulation of electrons in modern accelerators[END_REF] (in order to further increase their intensity), the incoming radiation is far from being monochromatic. In this scenario, the inelastic scattering of an incoming photon can be stimulated by the presence of photons with the energy of the emitted photon (stimulated Compton scattering, SCS). We note that the necessary energy to overcome the H 2 ionization potential for maximum momentum transfer in standard photon (Compton) scattering from an electron at rest (photon backscattering) is ∼2 keV. Here we show that SCS is quite apparent at ∼500 eV, far below this threshold value, in spite of the fact that, at this energy, only the high momentum tail of the bound electron momentum distribution can be ionized. Somehow, SCS reminds one of stimulated X-ray Raman scattering (SXRS) already observed at LCLS [START_REF] Weninger | Stimulated electronic x-ray raman scattering[END_REF][START_REF] O'neal | Electronic population transfer via impulsive stimulated x-ray raman scattering with attosecond soft-x-ray pulses[END_REF] and Eu-XFEL [START_REF] Eichmann | Photon-recoil imaging: Expanding the view of nonlinear x-ray physics[END_REF], except for the fact that stimulated emission of light in SXRS is not accompanied by ionization.

We show that, in SCS at ∼500 eV, the combination of the A 2 and A • P terms gives rise to asymmetric electron angular distributions and that, for a given photon incidence direction and a given photon scattering angle, this asymmetry strongly depends on molecular orientation. The magnitude of these asymmetries is associated to specific photon scattering angles.

Therefore, the additional knob provided by molecular orientation in the few-hundred eV photon energy range, in combination with light-incidence and polarization directions, provides a rich scenario for electron emission direction beyond that found in photoionization experiments performed at low photon energies.

RESULTS AND DISCUSSION

Theory

For the ultrashort pulse durations considered in this work (200 attoseconds), chosen to mimic those achievable at XFELs [START_REF] Huang | Generating Single-Spike Hard X-Ray Pulses with Nonlinear Bunch Compression in Free-Electron Lasers[END_REF][START_REF] Duris | Tunable isolated attosecond X-ray pulses with gigawatt peak power from a free-electron laser[END_REF][START_REF] Hemsing | Beam by design: Laser manipulation of electrons in modern accelerators[END_REF], and in the absence of autoionizing resonances, the nuclei will not have time to move before the electron is ejected. Therefore, we will ignore the nuclear degrees of freedom and will work in the fixed-nuclei approximation. We note however that, for longer pulses, e.g., of the order of a few fs or more, inclusion of the nuclear degrees of freedom is mandatory, as hydrogen atoms are very light and can move considerably in such a short time interval [START_REF] Martín | Ionization and dissociation using B-splines: photoionization of the hydrogen molecule[END_REF]. In the fixed-nuclei approximation, the hamiltonian of the H 2 molecule can be written as

H = H el + 2 i=1 A(r i , t) • P i + 1 2 2 i=1 A 2 (r i , t) (1) 
where H el is the electronic Hamiltonian of the field-free H 2 molecule. We will consider two cases: interaction with a single linearly polarized pulse (one color, A) and with two linearly polarized pulses (two colors, A = A 1 +A 2 ). The first case will allow us to describe Compton scattering in which the directions of the incoming and outgoing photons are the same, i.e., no deviation of the scattered photon with respect to the incidence direction [START_REF] Bachau | Stimulated Raman scattering in hydrogen by ultrashort laser pulse in the keV regime[END_REF][START_REF] Dondera | Stimulated Raman scattering of an ultrashort XUV radiation pulse by a hydrogen atom[END_REF]. In the second case, the directions of the incoming and outgoing photons can be different if the propagation directions of the two pulses are also different. As an illustration, here we will consider the case of counter-propagating pulses, which will allow for backward Compton scattering of the incoming photon. Intermediate situations can be considered by varying the relative angle between the two propagation directions [START_REF] Bachau | Stimulated Compton Scattering in Two-Color Ionization of Hydrogen with keV Electromagnetic Fields[END_REF]. In either case, at energies around 500 eV, the dipole terms, A(r i , t) • P i , can be safely treated within the dipole approximation [START_REF] Bachau | Stimulated Compton Scattering in Two-Color Ionization of Hydrogen with keV Electromagnetic Fields[END_REF][START_REF] Palacios | Theoretical methods for attosecond electron and nuclear dynamics: applications to the H 2 molecule[END_REF]96] and the non-dipole terms, A 2 (r i , t), to first order in (k 1 -k 2 )•r i , where k 1 and k 2 are the momenta of the incoming and outgoing photons, respectively, k i = ω i n i /c, with n i the light incidence direction [START_REF] Bachau | Stimulated Compton Scattering in Two-Color Ionization of Hydrogen with keV Electromagnetic Fields[END_REF][START_REF] Dondera | Two-color ionization of hydrogen close to threshold with keV photons[END_REF][START_REF] Bachau | Stimulated Raman scattering in hydrogen by ultrashort laser pulse in the keV regime[END_REF][START_REF] Dondera | Stimulated Raman scattering of an ultrashort XUV radiation pulse by a hydrogen atom[END_REF]. Under these approximations, the Hamiltonian can be written as

H = H el + 2 i,k=1
A k (t)

• P i - 1 c 2 i,j,k=1 A j (t) ∂A k (t) ∂t n k • r i (2)
where is the light polarization direction, which is assumed to be the same for both pulses, and

A k (t) = A 0 k f (t) cos(ω k t)
, being A 0 k the vector potential amplitude and f (t) the pulse temporal envelope (gaussian envelope in this work). Notice that, in this expression, we have removed the [A 1 (t) + A 2 (t)] 2 term by performing the appropriate gauge transformation and that only interaction terms up to order 1/c have been retained, which is an excellent approximation for the low momentum transfer (k 2 -k 1 ) expected at these energies, irrespective of the directions of k 1 and k 2 . Notice also that, in the single-pulse case, there is no sum over the indexes j and k. The validity of these approximations has been demonstrated by Dondera et al [START_REF] Dondera | Two-color ionization of hydrogen close to threshold with keV photons[END_REF] in their study of SCS from atomic hydrogen. In that work, results obtained by including higher-order terms were compared with those obtained by only keeping the same lower-order terms as in the present work. No significant differences between the two sets of calculations were observed, even though the photon energy considered in those calculations was 50 a.u. and, therefore, non-dipole effects should be more prominent than in our case (15-20 a.u. photon energy).

We have solved the time-dependent Schrödinger equation (TDSE) by using this approximate Hamiltonian (2) within the spectral method. A detailed description of this method can be found elsewhere [START_REF] Palacios | Theoretical methods for attosecond electron and nuclear dynamics: applications to the H 2 molecule[END_REF]97,[START_REF] Sanz-Vicario | Time-dependent theoretical description of molecular autoionization produced by femtosecond xuv laser pulses[END_REF]. In brief, the time-dependent wave function is expanded in a basis of 6880 correlated two-electron states described as linear combinations of antisymmetrized products of H + 2 orbitals represented in a basis of radial B-spline functions and spherical harmonics [START_REF] Martín | Ionization and dissociation using B-splines: photoionization of the hydrogen molecule[END_REF]. The angular momentum expansion is truncated at = 16. The B-spline radial box extends up to 60 a.u. and includes 280 of these functions. The typical number of configurations used for continuum states is 280 and for bound states it varies between 390 and 700. The continuum states included in the expansion satisfy the proper incoming scattering boundary conditions.

Ionization probabilities

Fig. 1a shows a sketch of the SCS process for the single-pulse case (central frequency 20 a.u., intensity 10 18 W/cm 2 , and duration 200 attoseconds). Here, SCS proceeds through the absorption of a photon and the emission of a lower-energy photon in the direction of the incoming photon. This is possible because both photon energies are contained in the pulse bandwidth, which is of the order of 2 a.u.. Fig. 1b shows the corresponding ionization probabilities for three typical orientations of the molecule with respect to the photon incidence direction. As can be seen in panel 1 of Fig. 1b, when the molecule is parallel to the polarization direction (hence, perpendicular to the light incidence direction), the ionization probability is dominated by the non-dipole A 2 terms, but this is no longer true when the molecule is perpendicular to the polarization direction (see panels 2 and 3 of Fig. 1b), irrespective of the light incidence direction (parallel or perpendicular to the molecular axis). In this case, dipole A • P and non-dipole A 2 contributions are comparable in magnitude for electron energies close to threshold, but the dipole contribution becomes increasingly dominant as the electron energy increases.

Our calculations predict that, for photons of around 20 a.u., SCS probabilities close to the ionization threshold are roughly three orders of magnitude smaller than the one-photon single ionization probabilities leading to electrons of around 20 a.u., and that those probabilities are comparable in magnitude to two-photon single ionization probabilities leading to electrons with about twice this energy. However, contribution of both one-and two-photon ionization processes close to the ionization threshold is absolutely negligible and lies well below the noise level of the present calculations. Also, standard (unstimulated) Compton scattering is expected to be four orders of magnitude smaller than SCS, as can be shown by using the values of the present pulse parameters in the standard formula that relates both processes. This formula is formally identical to the ratio between the Einstein coefficients for stimulated and spontaneous emission of light (see also Eq. ( 15) of Ref. [START_REF] Dondera | Two-color ionization of hydrogen close to threshold with keV photons[END_REF], where c 3 should be replaced by c 2 ).

The ionization probabilities for two counter-propagating pulses are shown in Fig. 1c. In this case, both forward and backward Compton scattering processes are possible [START_REF] Bachau | Stimulated Compton Scattering in Two-Color Ionization of Hydrogen with keV Electromagnetic Fields[END_REF]. As in the single-pulse case, forward Compton scattering proceeds through absorption of a photon from one of the pulses and stimulated emission from the very same pulse. In contrast, backward Compton scattering requires that a photon is absorbed from one of the pulses and a photon is created by stimulated emission from the counter-propagating pulse. To allow for a clear separation between these two cases, we have chosen different central frequencies for the two pulses: ω 1 = 20 a.u. and ω 2 = 15 a.u.. Fig. 1c shows that, as in the singlepulse case, forward Compton scattering leads to a pronounced peak in the vicinity of the ionization threshold, while backward Compton scattering leads to a second pronounced peak at electron energies around ω 1 -ω 2 -I p ∼ 4 a.u., where I p is the H 2 ionization potential.

The two peaks are especially apparent in the non-dipole A 2 contributions to the ionization probabilities, thus leading to a pronounced oscillation from threshold up to a photoelectron energy of approximately 7 a.u.. As shown in Fig. 1c, when the molecule is parallel to the polarization direction, the non-dipole A 2 contribution is largely dominant while the opposite is found when the molecule is perpendicular to the polarization direction and parallel to the pulses' propagation directions. An intermediate situation is observed when the molecule is perpendicular to both the polarization and the photon propagation directions. It is worth noticing that the relative importance of dipole A•P and non-dipole A 2 contributions changes around an electron energy of 4 a.u.. We also notice that the peaks at threshold (Fig. 1c) are higher than those of the single-pulse case (Fig. 1b).

Due to the D ∞h symmetry of the hydrogen molecule, the following selection rules apply for the dipole A • P term (two-photon transitions):

X 1 Σ + g z -→ 1 Σ + g (3) X 1 Σ + g x/ y ---→ 1 Σ + g , 1 ∆ g . (4) 
and the non-dipole A 2 term

X 1 Σ + g nz -→ 1 Σ + u ( 5 
)
X 1 Σ + g nx/ny ----→ 1 Π u . ( 6 
)
Since the two terms lead to final continuum states of different inversion symmetry and they add coherently in the transition amplitude when the electron energy is the same in both states, asymmetric electron emission will be possible whenever the corresponding contributions are comparable in magnitude. This will have in turn an important effect in the way the incident photon is scattered.

Molecular-frame photoelectron angular distributions Fig. 2 shows the calculated molecular-frame photoelectron angular distributions (MF-PADs) for the single-pulse case (same direction for the incoming and the scattered photons)

and the three geometrical arrangements considered in Fig. 1b. To ease the comparison with potential experiments in terms of yields, we have integrated over electron energies between 0 and 1.0 a.u., i.e., the region where the cross section decreases by approximately an order of magnitude from its maximum at zero electron energy. For the three geometrical arrangements, the MFPADs are strongly asymmetric. These asymmetries are also apparent at any given electron energy within the chosen interval (not shown here). When the molecule is parallel to the polarization direction (Fig. 2a andc), forward electron emission is dominant, i.e., electrons escape preferentially in the direction of the incident photon. The opposite is observed when the molecule is perpendicular to both the polarization direction and the light incidence direction: backward electron emission strongly dominates (Fig. 2b). When the molecule is perpendicular to the polarization direction but parallel to the light incidence direction, electron emission is more important in the forward direction (Fig. 2c). This behavior is similar to that found in the atomic case [START_REF] Bachau | Stimulated Compton Scattering in Two-Color Ionization of Hydrogen with keV Electromagnetic Fields[END_REF], where forward electron emission along the propagation direction is favored. In the present case, however, the strong variation of the relative phase between the interfering dipole A • P and non-dipole A 2 amplitudes with molecular orientation can also lead to electron emission in the opposite direction. We note that, in the absence of non-dipole effects, the MFPADS would be perfectly symmetric with respect to the inversion center of the molecule.

Fig. 3 shows the calculated MFPADs for the case of two counter-propagating pulses (incoming and scattered photons going in opposite directions) and the three geometrical arrangements depicted in Fig. 1c. As in this case we are interested in backward photon scattering (see above), we only show the MFPADs for electron energies around 4 a.u.. As can be seen, when the molecule is parallel to the polarization direction (Fig. 3a), there is a slight preference for backward electron emission, in contrast with the single-pulse case (Fig. 2a). When the molecule is perpendicular to both the polarization and the photon incidence directions (Fig. 3b), there is no preference for forward or backward electron emission direction, also in contrast with the absolute dominance of backward electron emission in the single-pulse case (Fig. 2b). Even more striking is the fact that, when the molecule is perpendicular to the polarization direction but parallel to the photon incidence directions (Fig. 3c), electrons are preferentially ejected orthogonally to these two directions and in the backward direction. This unusual behavior of the MFPADs is the natural consequence of the interference between the dominant contributions associated with the A 2 and A • P, which, as shown by the selection rules [START_REF] Eisenberger | Compton Scattering of X Rays from Bound Electrons[END_REF][START_REF] Gavrila | Compton Scattering by K-Shell Electrons. I. Nonrelativistic Theory with Retardation[END_REF][START_REF] Doumy | Nonlinear Atomic Response to Intense Ultrashort X Rays[END_REF][START_REF] Fuchs | Anomalous nonlinear X-ray Compton scattering[END_REF], involve states of different molecular symmetries.

For example, in the last case, the observed MFPAD is the result of the interference between a four-lobed angular distribution resulting from states of 1 Σ + g and 1 ∆ g symmetries (dipole contribution, see Eqs. ( 3) and ( 4)) and a two-lobed angular distribution resulting from a state of 1 Σ + u symmetry (non-dipole contribution, see Eq. ( 5)).

Finally, Fig. 4 shows the MFPADs at three different electron energies for two counterpropagating pulses with polarization parallel to the molecular axis. One can see that, as the electron energy increases, electrons go from being preferentially ejected in the forward direction to be ejected in the backward direction, which is the consequence of the change in the relative phase of dipole A • P and non-dipole A 2 contributions in this electron energy range.

CONCLUSION

We have calculated MFPADs resulting from SCS of ∼500 eV photons by hydrogen molecules. We have found that, by changing molecular orientation with respect to the polarization and photon incidence directions, one can radically change the preferential electron emission direction. In particular, we have shown that it is possible to induce electron emission in either the forward or the backward directions, or in both directions, or even in directions that are orthogonal to the former. This behavior, which can only be observed in molecules, is the consequence of the interference between dipole A • P and non-dipole A 2 interaction contributions, which are magnified in the investigated photon energy range. Experimental realization of this theoretical prediction is nowadays possible by using ultrashort XFEL pulses, which are produced at high enough intensity to compensate the smallness of the Compton scattering cross sections at the chosen photon energy. Therefore, this work opens the way to investigations of SCS in molecules, thus providing unforeseen possibilities to manipulate electron dynamics in molecules at its natural time scale.

Extension of the present methodology to include all orders (1/c) n in the description of the light-molecule interaction would allow one to describe even stronger non-dipole effects and, therefore, to provide theoretical support to experiments performed in XFELs at photon energies higher than those used in the present work. Also, inclusion of nuclear dynamics as described, e.g., in Refs. [START_REF] Martín | Ionization and dissociation using B-splines: photoionization of the hydrogen molecule[END_REF][START_REF] Palacios | Theoretical methods for attosecond electron and nuclear dynamics: applications to the H 2 molecule[END_REF], would allow one to consider longer pulses and to evaluate vibrationally resolved ionization probabilities, which will be useful to understand the role of nuclear motion in Compton scattering from molecules. Work along these lines is currently in progress. Finally, the use of a fully quantum description of the X-ray/matter interaction as given, e.g., in Refs. [START_REF] Henriksen | On the theory of time-resolved x-ray diffraction[END_REF][START_REF] Dixit | Imaging electronic quantum motion with light[END_REF], to evaluate the probability of the "unstimulated" Compton scattering process, which may eventually compete with SCS at photon energies higher than those considered in the present work, would also be of great interest, as totally unexplored physical phenomena may be at play in that energy region. 
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 14 FIG. 1. Ionization accompanying stimulated Compton scattering. (a) Sketch of the stimulated Compton scattering (SCS) process from H 2 for the case of a single pulse. The thick vertical arrows indicate the absorption and emission of photons of frequency ω 1 and ω 2 , respectively. R is the internuclear distance. The two shaded areas, blue and purple, show the effective bandwidths after the absorption and the emission of the ω 1 and ω 2 photons. (b) Ionization probabilities for the single-pulse case (ω = 20 a.u.). (c) Idem for the case of two counter-propagating pulses (ω 1 =20 a.u. and ω 2 = 15 a.u.). Thick black line: total ionization probability. Blue line: dipole A • P contribution. Orange line: non-dipole A 2 contribution. In (b) and (c) the pulse duration is 200 attoseconds and the peak intensity 10 18 W/cm 2 . Green arrows: pulse polarization direction. Red arrows: pulse incidence direction. Dark orange spheres connected by a stick: nuclei. All directions referred to the cartesian x, y and z axes. Purple wavefronts: attosecond pulse.
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