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ON THE QUADRATIC RANDOM MATCHING PROBLEM IN
TWO-DIMENSIONAL DOMAINS

LUIGI AMBROSIO, MICHAEL GOLDMAN, AND DARIO TREVISAN

ABSTRACT. We investigate the average minimum cost of a bipartite matching, with
respect to the squared Euclidean distance, between two samples of n i.i.d. random points
on a bounded Lipschitz domain in the Euclidean plane, whose common law is absolutely
continuous with strictly positive Holder continuous density. We confirm in particular the
validity of a conjecture by D. Benedetto and E. Caglioti stating that the asymptotic cost
as n grows is given by the logarithm of n multiplied by an explicit constant times the
volume of the domain. Our proof relies on a reduction to the optimal transport problem
between the associated empirical measures and a Whitney-type decomposition of the
domain, together with suitable upper and lower bounds for local and global contributions,
both ultimately based on PDE tools. We further show how to extend our results to more
general settings, including Riemannian manifolds, and also give an application to the
asymptotic cost of the random quadratic bipartite travelling salesperson problem.

1. INTRODUCTION

The minimum weight perfect matching problem on bipartite graphs, also called assign-
ment problem, is a combinatorial optimization problem which has been historically subject
of intense research by several communities, well beyond operation research and algorithm
theory, including combinatorics and graph theory [29], probability and statistics [11] and
even theoretical physics [32, 31]. Applications related to planning and allocation of re-
sources are classical, but recently they have seen an increased interest, e.g. in the online
version of the problem, related to Internet advertising [30]. The assignment problem and
its common linear programming relaxation, the optimal transport problem, provide also
useful tools in machine learning and data science [5, 34], mostly because of its efficiency
and versatility at discriminating between empirical distributions.

In this article, we focus on the Fuclidean formulation of the problem, where we are
given two finite families of points ()", (yj);.nzl C RY, with m > n, and the matching
cost is defined, for a given parameter p > 0,

n

agfsfm;m — Yol (1.1)
where S, ,, denotes the set of injective maps o : {1,...,n} — {1,...,m}. This corresponds
to a minimum weight perfect matching problem on the complete bipartite graph and edge
weights w;; = |z; — y;|P. In particular, when n =m, S, , = S, is the symmetric group of
permutations over n elements.

A linear programming approximation of (1.1) is given by the Monge-Kantorovich opti-
mal transport problem, where o is replaced by a transport plan or coupling, i.e., a matrix
(mj)g;{’:;’? € [0, 1) with >, m; = 1/m, >, m; = 1/n. Minimization among all cou-
plings yields a particular instance of the Wasserstein cost of order p > 0 between the
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empirical measures = Y71 | 8, and o= Y 6y,

m%nZZWij]:ri—yj‘P:Wé’ EZ(SIZ.,EZ(S% . (1.2)
=1 j=1 =1 7=1
The Birkhoff-von Neumann theorem [29] provides an exact correspondence between (1.1)

and (1.2) when n = m, i.e., both the costs and optimizers are the same, an optimal plan
is as a permutation matrix (both up to a factor 1/n). As a consequence, one can exploit
the rich analytic structure of optimal transport and use tools from convex analysis and
partial differential equations.

We further assume that the points x; = X;, y; = Y; are samples of independent iden-
tically distributed (i.i.d.) random variables with a common law. This is the paradigm of
many problems in geometric probability, in particular related to the theory of Euclidean
additive functionals [10, 51]. The random Euclidean bipartite matching problem is in fact
known to be quite challenging: general results and techniques that give precise results in
similar problems (e.g. the non-bipartite matching problem) fail here, most notably when
the dimension of the space is small.

The “critical” case turns out to be d = 2, which we also consider in this work. In this
case, Ajtai, Komlés and Tusnddy [I] first showed that for i.i.d. uniform samples on the
square (0,1)? the asymptotics in the case n = m — oo reads, for! p > 1,

o (1 & 1 & logn\*/?
=1 =1

Talagrand [12] subsequently investigated the case of general laws, possibly not even abso-
lutely continuous, providing a universal upper bound for p = 1, with the same rate.

The parameter p > 0 plays a relevant role, since the solution to both problems (1.1)
and (1.2) in general depends on p, and for d = 2, p < 1 the correct rate in (1.3) turns
out to be n™?/2, i.e. no logarithmic corrections appear [7]. The classical literature focused
mostly on the case p =1 — but also on the case p = oo, see [28, 10].

A recent breakthrough in the quadratic case p = 2 was obtained by the statistical
physics community, starting from the seminal work [16] and further developed in [17, 39].
By formally linearising the Monge-Ampére equation around the constant density to obtain
the Poisson equation, they argued in particular that the optimal transport cost should be
well-approximated by a negative Sobolev norm of the difference of the empirical measures.
After a renormalization procedure to cut-off divergences, this led for uniform points on
(0,1)% to the conjecture

E

lim E

n—oo logn

NEES 1 1
i=1 i=1

A rigorous mathematical proof of (1.4) was later obtained in [1]. Further simplifications
and improvements of this method have been done in [2], leading to quantitative bounds
for optimizers [3]. See also [20] for a justification of the linearisation ansatz of [16] down to
mesoscopic scales based on a large-scale regularity theory for the Monge-Ampeére equation
[21]. Let us point out that for p > 1, with the exception of p = 2, even in the case of
uniform points on (0,1)? it is still an open problem [44, Section 4.3.3] to determine if the
limit in (1.3) exists, i.e. prove the existence of

n N2l (1 1
li E — = .
nesoo <logn) We n;(sx“n;(syl

IWe use the notation A ~ B if both A < B and B < A hold, where in turn A < B means that there
exists a global constant C' = C(d,p, ) > 0 depending only on the dimension d, p > 1 and on the fixed
domain 2 such that A < CB.
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A natural question is how (1.4) should be modified when the uniform law is replaced by
a different density. As a first step in this direction, it is proven in [2, 4] that (1.4) holds on
general closed compact Riemannian manifolds (M, g), when the cost is the square of the
Riemannian distance and the law of the samples is the normalized Riemannian volume
measure. This however does not even cover the case of a uniform measure on a general
convex set M = Q C R?, because of the presence of the boundary. For non-convex sets, an
additional problem is that the Riemannian distance is different from the Euclidean one.
On the other side, it was recently predicted in [9, Conjecture 2] that for every bounded
connected open set 2 C R? with smooth boundary and every smooth, uniformly positive
and bounded density with respect to the Lebesgue measure, the limit (1.4) holds true with
the right-hand side multiplied by [€2|. A rigorous proof of the upper bound

<19
— o’

lim sup (1.5)

, n o [(1 & 1<

P fog [W2 (n Z oy Z 5”)
=1 =1

has been obtained in [), Theorem 1] under the hypothesis that = (0,1)? and that the

common law of the points is absolutely continuous with a uniformly strictly positive and

bounded Lipschitz density. Further conjectures on higher order terms in the asymptotic

expansion of (1.4) can be found in [10], relying on a clever comparison between the ex-

pansions in any two smooth compact manifolds. Unfortunately, a rigorous mathematical

justification of these predictions seems currently out of reach.

Main results. Our main results fully settle the validity of [9, Conjecture 2|, allowing
in fact for densities that are not necessarily smooth, but only Hélder continuous and
strictly positive on a bounded connected domain with Lipschitz boundary. We state and
prove separately first the case of the quadratic Wasserstein distance between an empirical
measure and the common law of the sampled points, and then that of optimal transport
between two independent samples. In the former setting we have the following

Theorem 1.1. Let Q C R? be a bounded connected domain, with Lipschitz boundary and
p be a Hélder continuous probability density on Q uniformly strictly positive and bounded
from above. Given i.i.d. random variables (X;)°, with common distribution p, we have

n \Q|
nh—>Holologn ! ( Z X“p>]

In the latter case, we also allow for possibly a different number of points n, m among
two (jointly) i.i.d. families of random variables, extending [2, Remark 7.1].

Theorem 1.2. Let Q C R? be a bounded connected domain with Lipschitz boundary and
p be a Hélder continuous probability density on Q uniformly strictly positive and bounded
from above. Given i.i.d. random variables (X;,Y;)?2, with common distribution p, for
every q € [1, 0],

lim — | W2 l§n:5 iEmjé Ly
n,m—00 logn 2| p &N LT T An q)
m/n—>q i=1 J=1

Building on these results for Euclidean planar domains, it is possible using similar sub-
additivity arguments to generalize them to some metric measure spaces, including e.g.,
smooth connected domains of two dimensional Riemannian manifolds with densities, see
Section 6 for more precise statements.

Notice that when ¢ — oo we obtain in Theorem 1.2 the same limit as in Theorem 1.1.
When n = m, Theorem 1.2 gives the asymptotic value of the minimum bipartite matching.
In fact, using simple upper and lower bounds we can obtain a related result for n, m — oo
with m — n that does not grow too fast.
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Corollary 1.3. Let Q C R2 be a bounded connected domain, with Lipschitz boundary and
p be a Hélder continuous probability density on Q uniformly strictly positive and bounded
from above. Given i.i.d. random variables (X;,Y;)?2, with common distribution p, for any
sequence m = m(n) > n with hmn%oo(m —n)/logn =0, it holds

Q
lim min Z]X YU(Z ‘ |

n—00 logn TESn,m

We further deduce a result for the average cost of the random quadratic Euclidean
bipartite travelling salesperson problem. The Euclidean travelling salesperson problem
searches for the shortest cycle that visits a given set of points in R?, and the study of its
random version is classical [, 36, 50, 19]. Its random bipartite variant requires that the
cycle must alternatively connect points from two given sets of points. By extending the
argument from [14] from the case of the square to a general domain, we deduce that the
cost of the random quadratic Euclidean bipartite travelling salesperson problem in two
dimensions is asymptotically twice that of the bipartite matching problem.

Corollary 1.4. Let Q C R? be a bounded connected domain, with Lipschitz boundary and
p be a Hélder continuous probability density on Q uniformly strictly positive and bounded
from above. Given i.i.d. random variables (X;,Y;);2, with common distribution p, then

‘2 — @

)
s

lim min Z |X T(i)|2 + |Yr(i) — Xo(i+1)

n—00 log n 0,7ES
where we use the convention U(n +1)=0(1), foro € S,.

Finally, let us comment that our main focus on limit results for the expected costs is
justified by general concentration arguments that can improve to convergence in probabil-
ity of the sequence of renormalized cost — see [1, Remark 4.7], where the only assumption
is the validity of a L?-Poincaré-Wirtinger inequality, satisfied on such regular domains.

Idea of the proof. We follow the sub-additivity method introduced in this context in
[7, 18] and later improved in [9, 22]. This splits the energy in a local and a global part. A
central point is to prove that the global part, which encodes the defect in sub-additivity,
has asymptotically only a vanishing contribution. While this method has already been
implemented in [9] to obtain the upper bound (1.5) one of our main achievements is to
prove that it may indeed be used also to get the corresponding lower bound. To this
aim, we rely on a “boundary” variant of the optimal transport which has super-additivity
properties. Similar functionals have been widely used in the theory of Euclidean additive
functionals [7, 51]. The main point is to prove that when Q = (0,1)? and the law is the
uniform one, the asymptotic costs for the usual optimal transport and the “boundary”
versions are equal (see Proposition 3.1 and Proposition 3.2). Our proof relies on the PDE
approach from [2, 1]. To the best of our knowledge, this is the first example where the
so-called Dirichlet-Neumann bracketing method is used in the context of optimal transport
(see [0] for a recent application of these ideas for Coulomb gases).

On a more technical side, we introduce two main ideas. First, in order to deal with
domains which are not (0,1)? or a finite union of cube, we consider a Whitney partition
of our domain. While this does not affect too much the treatment of the local term, it
requires a finer estimate of the global one. Indeed, as in [9, 22] (see also [35, 4, 21, 2(])
we first rely on the estimate

W(£1) S I = 13-
to reduce ourselves to an estimate in H~!. In [9, 22] (and also [21]) the right-hand side is
then estimated thanks to Poincaré inequality by an L? norm. A quick look at [9] shows
that for fixed number of points n, this yields an error which is proportional to the number
of cubes in the partition of our domain. Since a Whitney partition is made of infinitely
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many such cubes (or in any case a very large number of them, see Lemma 5.1) this would
lead to a very bad estimate. This is due to the fact that a function with rapid oscillations
typically has large L? norm but small H~! norm. To capture this, we prove in Lemma 2.1
a finer estimate for functions with “small” support. This gives an error term which, up
to logarithm, does not depend on the mesh-size of our partition (see (4.10)). In order to
deal with Holder continuous densities instead of Lipschitz ones as in [9], the second idea
is to replace the Knothe map used in [9, Lemma 1] by a transport map constructed via
heat flow interpolation in the spirit of the Dacorogna-Moser construction (see Lemma 2.5).
This might be of independent interest and may be related to similar constructions in the
literature, e.g. [25, 33] .

Further questions. We mention here some open problems related to our results:

(1) In [3] and [20] quantitative rates of convergence for the optimal transport map
have been obtained. It may be worth exploring whether similar quantitative rates
still hold in the general setting addressed in this article.

(2) We expect that our results may be extended to the case of less regular domains
and densities, with a similar asymptotic cost. However, the validity of (1.5) must
require some condition on the support of p, such as connectedness [9, Remark 2],
which is in contrast with the universal upper bounds obtained by Talagrand [13]
for the case p = 1.

(3) The case of unbounded domains may be treated with similar techniques, possibly
leading to sharper limit results for a wide class densities, e.g. Gaussian ones [20,

, 15], where existence of a limit is an open question. We mention in this regard
that the case d = 1 already rises yields some interesting problems, see [12, 15, 11].

(4) Finally, it may be worth exploring how large the difference m —n can be in Corol-

lary 1.3 so that (1.3) still holds true.

Structure of the paper. In Section 2 we fix our notation and provide some general
results about negative Sobolev norms, classical optimal transport and its “boundary” ver-
sion and finally a construction of a transport map from a Hélder density to the uniform
one via heat flow on the cube. Section 3 is devoted to the extension of the PDE approach
from [2, 4] to the “boundary” transport cost on the square. In Section 4 and Section 5 we
prove respectively Theorem 1.1 and Theorem 1.2. Section 6 describes how similar tech-
niques allow to consider more general settings, including Riemannian manifolds. Section 7
and Section 8 contain respectively the proof of Corollary 1.3 and Corollary 1.4. Two ap-
pendices include technical results about decomposition of a domain into sets with certain
properties that may be well-known in the literature, but we did not find exactly stated in
a version useful for our purposes.

2. NOTATION AND PRELIMINARY RESULTS

We write |A| for the Lebesgue measure of a Borel set A C R?, and [  J for the integral
of an integrable function f on A. If a measure is absolutely continuous with respect to the
Lebesgue measure, we always identify it with its density. A cube @ C R? of side length
¢ is a set of the form @Q = H?zl(vi,vi + ¢) with (v;)%, € R? and ¢ > 0. We note £(Q)
the sidelength of a cube Q. By a partition of Q C R?, we always mean in fact that Q is
covered up to Lebesgue negligible sets. We denote by |v| the Euclidean norm of a vector
v € R We use the letters C, ¢ for positive constants whose value may vary from one
line to the next and w for a generic decreasing rate function with lim; . w(t) = 0. In
this paper the domain €2 is fixed and we write A < B if there is C' > 0 depending only
on § (and potentially on d and p if we consider the p-Wasserstein distance in R?) such
that A < CB. For a function f, we use the notation Vf for its gradient, V - f for its
divergence, Af = V-V f for its Laplacian. The push-forward of a measure p with respect

to a map f is denoted fypu, i.e., fyu(A) = u(f~1(A)).
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For f: 9 CRY — R¥, we write [|fl|s0) = (Jo | £")""", I1f]l 1 (o) = Subseq |£(2)] and

[f(y) = f()]
Fllea) = 1o ) + sup ———"—,
1 llca) = 1f 1l L) S =y
T#Y
for o € (0,1] for the a-Holder norm of f (when oo = 1 we obtain its Lipschitz norm). We
also write
Lo — s MO = 7@
z,yeN ‘x - y’
TFy

We omit to specify (2 when it is clear from the context and write || f[|,,, || fllo: [[fllce and
Lip f.

We collect below some general facts useful to prove our main results. For possible
future reference we state and prove them in a slightly more general form, e.g., in general
dimensions or for general, non quadratic, costs.

2.1. Negative Sobolev norms. Let Q C R? be a bounded connected open set with
Lipschitz boundary. We denote the negative Sobolev norm by

£l = sup / fé,
IVolra)<1/Q

where ¢ is the Holder conjugate of p (i.e. 1 = % + %) For p = 2 we simply write H ().
Notice in particular that in order to have || f||y-1.»(q) < 00 we must have [, f = 0. In this
case we may also restrict the supremum to functions ¢ having also average zero. When it
is clear from the context, we will drop the explicit dependence on 2 in the norms.

The heat semi-group with null Neumann boundary conditions on €2 is well-defined as
the symmetric Markov semi-group of operators (P;)¢>( arising as the L? gradient flow of
the Dirichlet energy ||V f||5 on the Sobolev space f € H'(Q). Tt is well-known [47] that
the validity of L?-Poincaré-Wirtinger inequality on ) is equivalent to a spectral gap, i.e.,
for some constant ¢ > 0, for every f € L?(Q) with Jo f=0,

1Pflly < eI flly,  for ¢t > 0. (2.1)

In particular, one has the integral representation

A‘lf:/OOOPtfdt

for the solution to the elliptic PDE, Au = f in Q with null Neumann boundary conditions
and also, for the negative Sobolev norm,

= [ a7ty = [ [ gpgae= [7 [ papiae (2.2)

Sobolev inequality instead is equivalent to ultracontractivity: for every t € [0,1] and
felLl with [, f =0,

1P fllo S 2151 - (2.3)

In terms of the symmetric heat kernel p;(x,y) = p:(y, ) (defined by the equality P;f(z) =
[ope(z,y) f(y)dy), it reads ||p||,, < t~%2. This inequality can be easily combined with
(2.1) to obtain the stronger inequality

1Piflloe S 211l (2.4)

The following lemma will be used to bound the negative Sobolev norm of functions
supported on subsets A C Q.
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Lemma 2.1. Let d > 2, Q C R? be a bounded connected Lipschitz domain. For every
f € L>(Q) with fo =

115 4/ [1o {'ﬂ:'

1_1
Hf\ll dHfIIQ z if d > 2.

K[ Z/Ooo/QfPtfdt.

By (2.4) and || P, flco < ||f]|co, for every ¢t > 0,

/QfPtf <l 1P Nlo S U1 min (L 2 exp(—ct) [1£1]y)-

By integration we obtain for every ¢y > 0,

ifd=2,
[PAIFPRES

Proof. By (2.2)

logto| ifd=2
2 < ¢ + ’ 210 ) )
171 S 11y ( ol ||f||1{ A

P2 £l

Optimizing in t¢ by setting to = || |3 concludes the proof. O

2.2. Optimal transport. We introduce some notation for the Wasserstein distance and
recall few simple properties that will be used throughout. Proofs can be found in any of
the monographs [18, 33].

Let p > 1 and pu, A be positive Borel measures with finite p-th moments and equal mass
w(RY) = A(RY). The Wasserstein distance of order p between u and \ is defined as

1

W) = (_amin [ o ypan(ag) )
TeC(p,A\) JRA R4

where C(u, \) is the set of couplings between p and . For a Borel subset Q C RY, we also
write
Wap(p, A) = Wp(pL €, ALQ),
which implicitly assumes that p(Q) = ().
Let us recall that W), is a distance, in particular the triangle inequality holds:
Wp(/},, V) < WP(N7 )‘) + WP(V7 )‘)

We will also use the classical sub-additivity inequality

Wy (ZMZM) < W (s M), (2.5)
k k k

for a finite set of positive measures py, Ax. A simple combination of the two properties
above and Young inequality yield a geometric subadditivity property [22, Lemma 3.1],
that we report here for the reader’s convenience: there exists a constant C = C(p) > 0
such that, for every Borel partition (2)ren of €2, and every € € (0, 1),

, () oo (), O [~ n @) (@)
W, () = 149 2 Wi (mKa) + Vs (; A(@) N A(fz)A) |

(2.6)
If we assume that € is sufficiently regular, then we may use the Benamou-Brenier
formula in a similar fashion as in [22, Lemma 3.4] (see also [35, Corollary 3]) to bound

from above the Wasserstein distance by the negative Sobolev norm. Notice that we use
the fact that the Euclidean distance is bounded from above by the geodesic distance in €2
(they coincide if €2 is convex).
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Lemma 2.2. Assume that Q C R? is a bounded connected open set with Lipschitz bound-
ary. If u and X are measures on Q with () = A\(Q), absolutely continuous with respect
to the Lebesgue measure and infq A > 0, then, for every p > 1,

1
WS,p(M? A S W [ — )\H;[.i{/fl,p(g) . (2.7)

To deal with lower bounds, we rely on a “boundary” variant of the optimal transport,
introduced in [19], but also independently studied in the setting of Euclidean bipartite
matching problems, see [7, 18]. Here, one is allowed to transport any amount of mass
from and to the boundary of an open set  C RY. We write, for finite positive measures
w and v with finite p-th moment,

1
WbE A :< min / z — y|Pdr(x, >p,
cHCR) TEChq (1,\) ﬁxﬁ‘ yrdn(z.y)

where Cbq(j, \) is the set of positive measures 7 on Q x Q such that 71 L Q = L Q and
maLQ = ALQ (7, m2 denoting respectively the first and second marginals of 7).
The triangle inequality holds,

Whap(p,v) < Whap(p, A) + Wb (v, A).

A geometric superadditivity property also holds: for every disjoint family (2)xen of open
subsets of 2,

WG, (1, v) 2> Wb (1, v).
k

The intuition behind this property is quite clear. Given any plan on ), one should be
able to suitably restrict it on each {2, by stopping the transport at each boundary. To
prove it rigorously, it is sufficient to argue in the case of discrete measures u =, 1104,
v =), vi0y,. The general case follows by approximation. Given 7 € Cbq ,(u,v), we define
(k) ken with 7, € Cbq, (1, v) such that

/Q YRy [ e ypimiay) (2.8)

QkXQk

Again by approximation, we may also assume that m =, med( is discrete, with

- o I[,yg)
(ze,y0) € Q x Q. The following algorithm can be used to define the sequence (7). Set

initially 7 = 0 for every k. For every ¢, consider the pair (x4, ye). If ¢, yp € Qp, then add
T00(2,y,) Y0 Tg. If 2p € Q and yp € Q2 with k # 7, let

t— =inf{t € [0,1] : (1 —t)xp + tye & U}

tt=inf{t €[0,1] : twp + (1 — t)yr & Q;},
and define y, = (1 — ¢ )xp +t 7y € O, xf = tTay+ (1 — tT)y, € 6Q;. Then, add
respectively W(S(a:e,y[) to 7, and Wﬁé(xzvyé) to mj. If @ € Q, for some k and y € (1\ Uj Qj,
set t~ and y, as the previous case and add Fg(s(xé yy) B0 Tk Similarly, if z € Q\ U; ©;
and y € € then add 7745(302 y) 1O Tk In all the other cases, i.e., if z¢,y, € Q\ U, Q, do

nothing. It is not difficult to check that (m); thus defined indeed satisfies 7, € Cbq, and
(2.8) holds (using in particular that p > 1 to argue that |zg—ye|P > |z —y, |P+|2) —yelP).

Arguing similarly as in the proof of (2.6) we obtain a symmetric inequality: there exists
a constant C'(p) > 0 such that, for every Borel partition (2 )ren of 2, and every e € (0, 1),

ot (1580 200 ()

C (€2 1(€2)
e (; N(@) ™ me) |

(2.9)




ON THE QUADRATIC RANDOM MATCHING PROBLEM IN TWO-DIMENSIONAL DOMAINS 9

To obtain lower bounds, we will also rely on the dual formulation of Wbg , that reads

Wog, (1, v) =

sup{/ﬂfd,u+/ggd1/: f(x)+g(y)§|5L’—y|pf01“$,y€(2,f:gzoon(‘m}.
(2.10)

In fact, only the inequality > will be used, which is immediate to check.

Remark 2.3. Many of the above properties, in particular (2.6) and (2.9), hold for the
Wasserstein distance defined over any length metric space, in particular on a Riemannian
manifold.

2.3. A transport map via heat flow. The following result yields a Lipschitz map on the
cube (0, 1)¢ transporting a given Hélder probability density to the uniform one. The main
point here is that the Lipschitz constant of the map is very close to 1. This construction,
possibly interesting on its own, allows us to avoid the use of general boundary regularity
theory for the optimal transport map with respect to the squared distance cost [13], as
it does not seem to be applicable to the case of the cube (it requires strictly convex
and C? boundary). Notice that for Holder continuous densities, counterexamples can be
constructed if we work with the Knothe map as in [9].

Proposition 2.4. For d > 1, a € (0,1], there exists C > 0 depending on d and « only
such that the following holds: for any p: (0,1)% — (0, 00) with
[ =1 end o1l <12
(0,1)4

there exists T : (0,1)4 — (0,1)¢ such that Typ = 1, with
LipT,LipT ' <1+ C|p—1|ga and T(0(0,1)%) = 0(0,1)%.

Proof. Using the Neumann heat semi-group, we define p, = P;p, so that, for ¢ > 0, the
weak formulation of the heat equation reads, for every for every f € H'((0,1)%),

t
/ fpt:/ fp—/ / VfVpdt, foreveryt>D0.
(0,1)4 (0,1)¢ 0 J(0,1)4

We notice first that the assumption gives inf yap > 1/2 so that, for every t > 0,
inf(g 1ya pr > 1/2 as well, hence

—1
oo < 1
By standard heat kernel estimates (one has in fact an explicit representation of p;(x,y),
see [2, Appendix A] for the case d = 2) we have, for every ¢t > 0,

_lia _ 14
Vol St27 2 p—1lca  and [V ST 2™ 0= 1l ca -
We thus define the time-dependent vector field (b;)¢=0, on (0, 1)4,

V() Vpu(x) | Vpu(x) @ V(o)
pt(x) pi(z) pi () '

Using the previous estimates, it follows that

bi(z) = —=Vliog pe(z) = , with Vb(z) =

_lya _laa
belloe St 2 o= 1ga  and Vb St 2™ Ip = 1|ga -

Since the right-hand sides are integrable functions with respect to ¢ € (0,00), standard
arguments yield that the associated flow X (¢, x), i.e., the solution to

t
X(t,x):x—i—/ bs(X (s,2))ds fort >0,z € (0,1)
0
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is well-defined and Lipschitz continuous:

t
Lip X (¢,-) < exp </ [ Vbs|| ds> < exp (C’tgefct lp — ]-||Co<> . (2.11)
0

Because of the homogeneous Neumann boundary condition, b; is tangent to the boundary
9(0,1)%, hence X (t,z) € (0,1)¢ for every t > 0. Moreover, limy_,o, X (t,z) € (0,1)¢ exists
for every x € (0,1)?, since, for s < t,

t
X (t,2) — X(s,2)| < / Ibrlly dr < 53¢ 1o — Ll
S

which yields that t — X (¢, x) is Cauchy as t — oo. We thus define T'(x) = lim;_oo X (¢, ).
Letting t — oo in (2.11), we have

LipT < exp(Cllp—1ca) <1+ Cllp =1l -

To prove that T is invertible, we simply notice that for every ¢ > 0 the inverse map of
x+— X(t,z) is given by y — Y(t,y), Y being the flow of the “backward” in time vector
field (b%)sepo,, b4(y) = —bu—s (y). Writing the analogue of (2.11) for y — Y'(t,y) and
letting t — oo yields the claimed bound on Lip 7.

To conclude, we need to argue that Typ = 1. This follows quite classically from the
fact that py = X (t,-)sp and p; both solve the same continuity equation for the vector field
(bt)¢>0. Since by is locally Lipschitz continuous, with Lipschitz norm that is integrable
in time, uniqueness holds for the Cauchy problem (this follows for example by a slight
adaptation of [38, Theorem 4.4]). Therefore, p; = p; and Typ = limy o pr = limy o0 pr =
1. O

In general, if Q C R is open and T : @ — Q is Lipschitz, then for any pair of measures
t, A with () = A(€Q),

Wap(Ty(pL ), Ty(ALQ)) < (Lip T)Wop(u, A), (2.12)

since any coupling 7 between p L) and AL induces the coupling (7,T)sw. For the

“boundary” optimal transport a similar inequality holds provided that T : Q@ — Q is such
that T'(2) € Q and T(092) C 90

Whap(Ty(L ), Ty L Q) < (Lip T)Whayp(11, V). (2.13)

Combining these observations with Proposition 2.4, we obtain the following result for the
bipartite matching problem, extending [9, Lemma 1] to the case of Hélder continuous
densities.

Lemma 2.5. Letd > 1, a € (0,1], p > 1 and let p be a uniformly positive and a-Hélder
continuous function on a domain Q C RY. Then, there exists a constant ¢ = C(p,p) > 0
such that, for every cube @ C Q with side length r < ¢, the following holds:

(1) if (Xi)ly are ii.d. on Q with common density p/p(Q) and (X])I, are i.i.d.
uniformly distributed on [0,7]%, then

p( 1y sv.. P )| = p( Ly Svr 1
e (o) 2 (5o
W (iiéx@ﬂ (2.14)
=1

S r*E

~

where W, € {Wgq ,, Wbgp};
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(2) with the same notation, if (X;)i_y, (Y;)7, are (jointly) i.i.d. on Q with common
density p/p(Q) and (X])iq, (Y])]Ly are (jointly) i.i.d. and uniformly distributed

J
on [0,7]%, then

1 & 1 & 1 — 1 &
BAWE (G 20w 20 | =B WL D0 0D by
=1 7j=1 =1 7j=1
1 & 1 &
<rOE | WP nz;(sxgjmz;csyf . (2.15)
1= J]=

Proof. The proof is identical to the proof of [9, Lemma 1] but we include it for the reader’s

convenience. We only prove that for r small enough,
wr (L iax. A
\nm @

1 — 1
— Cr®E |WP f§ Sxr, —
(1 r )]E [ * (n — Xi’ ’Q‘)

since the other inequalities may be proven in the same way. Without loss of generality we
assume Q = (0,7)%. Let also p = ming p. We define p"(z) = p(rz)r?/p(Q) for x € (0,1)4,
so that f(o 1) p" =1, and for every z, y € (0,1)%,

)

Pl ca
pl(x) —p'(y) < ”E_)Crax —y|*

thus ||p" — 1||ce < 1/2 if 7 is sufficiently small. We define S : Q — Q as S(z) = rT'(z/r),
where T is the map provided by Proposition 2.4. It holds Lip S = LipT and Lip S~! =
LipT™!, Syp/p(Q) = 1/|Q| is uniform, hence the variables (S(X;))’, have the same law
as (X7)_,. Moreover,

1 « 1 —
Sy (TZ.Z(SXZ) = Ezés(xi)

i=1
has the same law as = > | dxr. Since S(0Q) = 9Q and S(Q) = Q, it follows from (2.12)
and (2.13) that

1< 1
E[Wf <n;5Xf’@\>] (LipT)’E Wp( Z x,,>

This proves the claim provided r is small enough so that (Lip T)? < (1 — Cr®)~1. O

9

3. ASYMPTOTIC EQUIVALENCE OF THE USUAL AND BOUNDARY COSTS FOR UNIFORM
POINTS ON THE SQUARE

In this section we show how to modify the proofs from [!], using also ideas from [2], to
obtain the analogue for Wb of the limits

nlbnolologn [ (Z(S&’l)] - (3.1)

and

lim
n—o0 log n

(i) L

where (X;,Y;)%2, are i.i.d. uniformly distributed on (0,1)?. We deal first with the simpler
case of matching to the reference measure.
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Proposition 3.1. Let (X;)2, be i.i.d. uniformly distributed on (0,1)%. Then

ot (5| -

Proof. To simplify the notation, we write Wb instead of Wb )2, and W instead of
Wio,1)2,2. Since Wb < W, it is sufficient to prove that

Wb2< Z5X, )] _iﬂ. (3.2)

n
lim ——
n—oo logn

lim inf
n—oo logn

We do it in several steps.

Step 1 (Regularization). Write u, = 13" | §x,, and for t > 0,

n
pin () = Pyjin = Zpt z, X;)
where we recall that (P;);>o denotes the Neumann heat semi-group on (0, 1) with kernel

pi(z,y). The triangle inequality for Wb and the inequality Wb < W give

W (i, 1) < (Wo(tn, 1) + W (i, pi)°
< WO (s 1) + W (s 1) (W (pts p13,) + 2W (i 1)) -

We choose t = (logn)*/n, so that, the refined contractivity estimate [2, Theorem 5.2] gives

loglogn
B [W2(pn, )] S ===
Together with the upper bound
logn

E [W2(M’fl7 1)] S n 9
which follows from (3.1), we obtain that for n large enough,

vlognloglogn

n

E [Wb?(un, 1)] > E [Wb* (4, 1)] — C

(3.3)

Thus, it is sufficient to prove (3.2) with !, instead of y,,.
Step 2 (PDE and energy estimates). Let f. be the solution to —AfL = uf —1 with null
Neumann boundary conditions, i.e., since Psul = p™*s,

fio= [ - nas

Recall that, as proved in [1] and [2, Lemma 3.14],

logn 1
= — 4
/(01 ‘an’ 4mn +0 (n) (34)

2
/ }vf£\4] S <logn) . (3.5)
(0,1)2 n

In addition to these gradient estimates, we will also need the upper bounds

t - t |4 <i
/01)2\ \] -, and E[/<o,1>2 fn}]an, (3.6)

which can be proved in a similar way. Indeed, for every = € (0 1)2,

E

and

E

n

P~ 1= 3 (pel X0) Z@

=1
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is a sum of centered i.i.d. random variables (§;)_;. For s € (0,1), we bound from above

Bl = [ o) 1=l 157

where we used the ultracontractivity (2.3) for the heat kernel and similarly
E[&] < / ol y) + 15 52/ pi(z,y) + 1557
(0,1)2 (0,1)2
This yields immediately that
1
E[ S () — 1 2} < -
J Bl -7 5
Using Rosenthal’s inequality [37] (see also [20]) we also get
1 1
E[(pé(z) — 1) < ——
/(0,1)2 (@) =] = n3s3 *

For s > 1, we use (2.4), and p € {2,4},

n2s?’

s | < s q < e—cs/QS—d/Z
g = Ul < lpn = oo S

qul/2 - 1” < e—cs/QS—d/2 ’

ui/Q—lH
1 p

S e luy? = 1.

Taking expectation and using also the upper bounds above for s = 1/2, it follows that for
some constant ¢ > 0,

| Bl 1718
(0,1)?

For p = 2, we obtain

00 1/2 1 1 ooe—cs/2 1
E|(u(z)—1)? " < d £ ds< —
| Ele@ -] s [ oz [ e s

and, for p = 4,

o0 1/4 1 1 1 1/4 oo —cs/4 1
Elw@ 01" <[ (== +— <.
| Bl -v]" < | (n%g ; n) R

We conclude, for p = 2 that

E[/ \fJiIQ]: ) (u”’sl—l)(u”’”—l)] dsyds:
(0,1)2 t Jt | /(0,1)2

0o oo i 1/2 1/2

S/ / E/ (u”’sl(w)—lfl E[/ (u“’”(fC)—l)?] dsydsz,

t t |/ (0,1)2 (0,1)2
o
| E
t

and similarly for p = 4,

IN

1/2
/ @) — 1%  ds| <
(0,1)2

4

1/4
e 1
| [ il B[ we-vt| as) 5o
(0,1)? t (0,1)? "

Step 8 (Dual potential). For n € (0,1) we introduce a smooth cut-off function x,, :
(0,1)2 — [0, 1] such that x,(z) =1 on [n,1 — ), x,(z) = 0 on (0,1)2\ [n/2,1 — n/2]?,
with

IVxalle 175 [Vl S 772
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The function f,, = f}x, can be extended by periodicity to a function on the flat torus T2.
By [4, Corollary 3.3] applied to T2, there exists g, € C(T?) such that for z, y € T?,

d’H‘Z(xay)z HAfn” 2
Fu@) +9ala) < T2 and [ (k) Lvar

We may naturally interpret g, as being defined on (0, 1), so that using dp2 (z,y) < |z—y|?,
we have for z, y € (0,1)2,

2
(o) + galy) < 220

To prove that g,(x) = 0 on 9(0,1)?, we recall that [4, Remark 3.4] g, is also the unique
viscosity solution to the Hamilton-Jacobi equation dyu+ 1|Vu|? = 0 with initial condition
—f™, hence, it coincides with the Hopf-Lax solution

. dTQ(xay)z
)= {0+ ]

From this representation, we see at once that, if

e < L

then gn(z) = 0 on 9(0,1)%, because that f,(y) = fL(y)xn(y) = 0 if z € 8(0,1)® and
dT2 (LIZ‘, y) < 77/2

Let us also notice that, since Vf,, = V flx, + fLVx;, we have by Young and Cauchy-
Schwarz,

(3.7)

2 2
[ VaR-VAPS [ VARG [ |
(0,1)2 (0,1)2 (0,1)2

) )

1/2
s(/ \Vfél“) I / 202,
(0,1)2 (0,1)2

)

which in expectation gives by (3.5) and (3.6)

o

)

n

IV fu —vﬁf] <

Using (3.4) and Young inequality we find for every e > 0,

1
[, 195 ] =

1
vfn a
/(0 1 | | ] 47T
Arguing similarly, we have

<logn> [/'Vf" ]N (lolgn) (3.10)

Let us finally argue that

1f2lloe + 19 f2lle + 1A S M S V2 il - (3.11)
Since the estimate HAf,ZHOO S HVfoLHOO is clear and HffLHOO S HfolHoo follows from
f(071)2 S =0, we are left with the proof of ||V fi||_ < [|[V2fi| .- Fix 22 € (0,1) and
consider the function ¢(z1) = f!(z1,22). We have ¢'(z1) = V fL(x1,x2) - e1 (here (e, e2)

is the canonical basis of R?). By the Neumann boundary conditions, ¢'(0) = ¢/(1) =
so that [|¢/]l o < 10"l < || V2L, and thus | V£ el < [V, - Exchanging the

E §5+gn1/2.

lim sup
n—oo

logn

Choosing € = 1'/* we conclude

E < pt/h (3.9)

~

lim sup
n—oo

ogn
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roles of x1 and z9 concludes the proof of the claim.

Step 4 (Conclusion) In the event A, = {HVQf’thHoo < 1/log n} we use (fn, gn), as defined
in the previous step, in the duality (2.10). The event A,, has large probability, i.e.
P(A5) Snt, (3.12)

for every k > 0 (with an implicit constant depending on k only, see [2]), hence it is
sufficient to bound from below the expectation of Wb?(uf,1) on A, (using the trivial
bound Wb?(ul, 1) < 2 on AS). If A, occurs, we have by (3.11),

1
80+ 198+ 1A S o
so that (3.7) holds if n is sufficiently large (for fixed 1) and

1
||Afn||oo S HVQ(fvthn)Hoo = W = Wn(n)a

where for fixed 7, lim,,_,oc wy(n) = 0. Thus,

SR 2 [ g+ [ Rl - D)

(0,1)2
V fol?
Z—ew”(”)/ [V fn —/ FuAfE
012 2 (0,1)2

ew”l(n)
:<1_ 5 / |an|2+/ Vi (VI =V ).
(0,1)2 (0,1)2

Taking expectations, we bound the second term in the right-hand side using (3.8) and
(3.9),

E

lim sup
n—00 10g n

/ ‘vfn (vfrtz_vfn)‘] §771/4~
(0,1)?

For the first term, we have

lim inf E[(2—en™M)xa / IV f|?
n—o0 IOgTL (071)2
> lim inf E / |an\2 — lim sup E | xac / |an|2
n—oo logn (0,1)2 n—oo logn " J(0,1)2
G 1
 An Cn

where we used in the last line that

XA%/ ’vfn’2
(0,1)2

)

1/2

lim sup LE

n—00 logn n—00 1 gn

< limsup P(A;)'/?——E [ /( . IV £l
0,1

(3.12)&(3.10) 0.

Letting n — 0 we finally obtain the thesis. O

Next, we deal with the analogue result for the bipartite matching. In fact, we even
consider the case of different number of points. Let us point out that we only prove a lower
bound since this is what we will later use in the proof of Theorem 1.2. The corresponding
upper bound may be obtained as a corollary of that theorem or more elementarily by
arguing as in (5.2).
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Proposition 3.2. Let (X;,Y;)%2, be i.i.d uniformly distributed in (0,1)2, then there exists
a rate function’ w such that for every n < m,

E (Wb 2, ( Zaxz, Z@)]_ng(wg—w(n)).

Proof. The proof is very similar to the lower bound in the previous Proposition 3.1 so we
only sketch it. Define p,, = 2 37" | §x, and A, = = 37 by, and write W for Wio,1)2,2
and similarly for Wb. We denote by !, and A\l the Neumann heat-kernel regularizations
of p, and \,. We define f! as the solution to —Af! = pf — 1 and f}, the solution of
—AfL =X, — 1. We finally set f} ,, = fi — ff,, and choose ¢t = (logn)*/n. Notice that
if t,, = (logm)*/m then t,, < t.

Repeating Step 1 of the proof of Proposition 3.1 we have, by the triangle inequality and
Wb < W,

W (1 M) — W0 M)
( (UL, 1) + Wb(pin, A )—{—W()\fm)\m))?_WbQ(Mm)\m)
2 (it

n» fin) + W2()\£m Am) + W (tin, Am) (W(M%a pin) + W()\fna )\m)) .

Y

<
SW
The refined contractivity estimate [2, Theorem 5.2] gives

loglogn

E [W2(Mfw#n)] S .

and moreover, since t = (logn)*/n = v/m with v = (logn)*(m/n) > logm, applying
again [2, Theorem 5.2] we have

E [W2()\fn7)\m)] < logy < loglogn + log (%) < loglogn7

~Y
m m n

where we used that m > n and thus .- log (%) is bounded. Using also that

B [ (s )] S B (172, 1)] + [I7200, 1)] § 257 4 BT 08T

we find the analogously to (3.3) that for some constant C' > 0,

v1ognloglogn

n

E (W6 (pin, Am)] > E [WH? (b, AL)] — €

Turning now to Steps 2-4, we see that the proof can be repeated verbatim using fflm
instead of f! and the triangle inequality to obtain the various estimates from the corre-
sponding ones on f! and f! . The only additional ingredient is that using integration by
parts and independence, we have the following orthogonality property

E/ VitV / fLAfL =—/ E[fi] E [\,
(0,1)? (0,1)? (0,1)?

= -F

=0.

2recall that a rate function is a generic decreasing function w such that lim; e w(t) = 0.
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Therefore, appealing once again to [2, Lemma 3.14],

E[/ rvﬁmﬂzE[/ VLR / VL
(0,1)2 ' (0,1)2 (0,1)2
=E[/ VL / VL
(0,1)2 (0,1)2

+E
_\logt\ \logt\
T 4mn

_logn (
4w

+E +2E

/:me
(0,1)2

— —l— w( 0
Remark 3.3. Arguing as in [4, Theorem 5.2], we can also provide a lower bound for the
Wasserstein distance of order 1:

lm nf = | Whioe, (Z%7Z®ﬂ
The proof is exactly as in [, Theorem 5.2]. The only difference lies in the choice of the
Lipschitz function in the dual description of the Wasserstein distance. The function ¢
from [4, Theorem 5.2] must be replaced by ¢x, where X, is defined in the proof above.

4. PROOF OF THEOREM 1.1

We recall that for a given Lipschitz and connected domain €2 and a Holder continu-
ous and uniformly strictly positive probability density p on €2, we consider (X;)°; i.i.d.
random variables with common distribution p. Letting

1 n
= - E (5X¢7
[
we want to prove that
2]
li W2 =—.
30 logn E [W3 (pin, p)] 47

Without loss of generality, we assume that |2 = 1. We also omit to specify p = 2 and
simply write W = Wg o and Wbg = Wbg for Q C Q. Let us introduce some further
notation: for » > 0 we consider (X7)?2,, i.i.d. uniformly distributed random variables in
[0,7]%2. We then define the average cost functions

1< 1
Wio2 (nZ‘SXZa?az) , Fbr(n) =E [ [m]?( Z‘SXZ )]
i=1

By scaling, (3.1) and Proposition 3.1, we have

(4.1)

F.(n)=E

2logn

F.(n) = r2Fy (n) < y

(14+w(n)), and Fb.(n)=r’Fb(n) >7“24

(4.2)
Step 1 (Whitney decomposition). We consider {Q}, a Whitney decomposition of Q, see
[11, Chapter 6]. For 6 = §(n) > 0 to be chosen below we set Us = {Q) : diam(Qy) > 0}
and V5 = {Qp : diam(Qg) < ¢}. For r > 0 dyadic and small enough so that Lemma 2.5
applies with rdiam(f2), we split each @}, into r~2 sub-cubes. We let Vs be the union
of these cubes. Up to relabeling we have Us U Vy = {Q},. We finally define s, =

1in (%) / p(S2k)-
For € > 0, we estimate by the subadditivity inequality (2.5)

E [W3(pn,p)] < (1+¢ ZE WQk(Mn,K/kp)] + E
k

(Z RkﬂXQk,P>] (4.3)
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and the superadditivity inequality (2.9)

E [ngz(un,p)] >(1-¢) ZE [nglk (kin, Hkp)] - gE [ngl (Z HkpXQk’ﬂ)] - (44)

k k

In both expressions, we recognize in the right-hand sides a sum of “local” contributions
and an additional “global” term. We consider these contributions separately in the next
two steps and show in particular that the global term does not contribute in the limit.

Step 2 (Local term). We let N = npu,(€) be the number of points X; which belong
to the cube Q. This is a random variable with binomial law and parameters (n, p(Q)).
We decompose the sum in the right-hand side of (4.3) as

> R [WE, (s 5xp)] = Y B [Wa, (kny k)] + > B [WR, (i, k)] -
k Us vr
For the first term we use the naive estimate
E [W3, (tin: kip)| S diam®(Qp)E [ ()] < 6%p(Q),

to get

> R [WE, (s 5xp)] S 62> p() < 6% [d(-,09) < 6] S 8°. (4.5)
Us Us

As for the second term, we use (2.14) from Lemma 2.5 to infer that for every Q € VJ',

E (W&, (tin, kkp)] = E [E [W3, (tin, 5xp)| Ni] ]

<(1+CrE []?F\/m(]vk)]
< (14 0 Mg og () (1 + ().

Using the concentration properties of the binomial random variable Ny and the fact that
§ = §(n) satisfies lim,,_, nd? = 0o, we see that

E [log(Vi)(1 + w(Ny))] = log(np(6%))(1 + w(nr2s?)) (4.6)
and we find
B (W3, (i msp)] < (14 Or) B 10,11 42 )
We now claim that
> €%l log %] < [log . (4.8)
k

Indeed,
> 1%l log [l = > [l log [l + > ||| log ||
k Us vy

= Z Q|| log [Qx| + Z |Qkl[log |Qk| + log 7|
Us Vs

S Qe log |Qkll + ) 1Qklllog 7| S 1+ |logr| < [logr],
k Vs

where we used that (notice that the finiteness of the integral below is ensured, for instance,
by the finiteness of the Minkowski content of €2, in turn ensured by Lipschitz regularity)

S 1@kl og |Qx) s/guogd(.,amr < 0.
k
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Thus, from (4.7) and (4.8),

logn 1 |[logr| logn
2 < @ 252 3) (4
Ek E [WQk(,un,/ﬁ;kp)] < (1+Cr%) T +C’< - + - w(nr<d®) + 9 (4.9)

For the analogue term in (4.4), we simply discard the terms with Q; € Us and for the
remaining ones use again (2.14) from Lemma 2.5 and the function F'b, instead of F, to
obtain

| 1-0C6 | |
SO (W, ()] > (1= o) BT C0 o (RBTL T80 242 ).

n 47 n n
k

Step 3 (Global term). We now turn to the second term in the right-hand side of (4.3),
for which we show that

logr

k

Notice that the inequality Wb < W gives an inequality also for the corresponding term in
(4.4).
We first use Lemma 2.2 to deduce

w3 (Z 'ikPXQk,P> S

k

Taking expectation and expanding the squares we have

‘ > (k= 1)

k
For the first sum, we use that

2

> (kk = D)pxa,

k

H*l

2 2

> sk — 1) i

k

> (kr = 1) (pxa, — p(Q)x0)
k

)

H—l

H—l
where

fr = pxa, — () xa-

2

=D El(wr = DI full o + D Ellsy — 1)k = DI, St
k

H-1 J#k

1 1
< N
= np(Q) T n|Q

B{(w — 1) = 755 [(an(2) = (%))

and, by Lemma 2.1 with f = f, since || fx]|, S 1 and || fx]l; ~ p(%),

1fillF-1 S p(2)?|og p()] S 1917 log |92l (4.11)
to get
1 1 (%) |log 7|
2 2
D2 el = Pl S 5 D190 tog 91 - ol 5

For the second sum, we use that if j # k,

Bl — (g — 1)] = nlaien )]y

1
p(84)p(S4) n
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together with (4.11) and Cauchy-Schwarz inequality to conclude

> El(ks = (ke = DI ) S — ZHJZHH o el -
J#k J#k
1
S EZ|Qj’|log’QjHUQ’QkHlOg’QkHl/Z
J#k

2
1
< — Qx| log | Q|12
Nn<§k ||| log |||

< Ilog?"l’
n

where we argued as above to bound Y°, ||| log |Q%||'/? < |log 7|'/2. This proves (4.10).

Step 4 (Conclusion). Putting together (4.9) and (4.10), we conclude that

logn 1 logn 1|logr|
9 < a 252 3,1
E[W=(tn, p)] < (1+¢)(1 +Cr?%) - 47T+C< - w(nr<o*) +46 +€ -

and similarly

E[Wb*(pin, p)] = (1 —€)(1 — Cr%)

lognl—Co <10gnw(nr252) N 1\10g7“]> ‘
n 4r n e n

We now choose § = §(n) = n~" with 8 € (3, 3), so that the condition lim,_, nd? = co
holds but also lim,,_s 16> /logn = 0. This yields

1

(L+€)(1+Cr®) - > limsup FIE[WM, p)] > liminf %E[W(un, p)]
1

> (1—¢)(1 —-Cr%)—.

>(1-e)1-Cr") -

Letting finally » — 0 and € — 0 we conclude the proof of (4.1).

5. PROOF OF THEOREM 1.2

For (X;,Y;)$°, ii.d. random variables with common distribution p in €2, we write
1 n 1 m
i=1 7=1

We now prove that

E [W2 (71, A )}:’ﬂ(ul)

q

11m
7,M—00 log
m/n%q

As above, we may assume by scaling that || = 1 and we will omit to specify p = 2, simply
writing Wg = Wg2 and Wby = Wbg o for Q C €. For n < m, we will mostly focus on
the lower bound,

E (W Am)] = 2 (142 ). (5.1)

Indeed, we first show how the upper bound,

E [ngl(ﬂna )\m)] < lzgn (1 + = + w(”)) ) (5.2)

™™
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can be then quickly obtained as a consequence of [!, Proposition 4.9]3. Letting T»
(respectively T*m) be the optimal transport maps between p and p, (respectively A,), by
independence we have

B W3 Gon )] < B | [ 79 =)
= E [W8 (4n, p)] +E [W3 (A, p)] (5.3)
- 2/91@ (T* —2)] - E [(T’\m - x)} p.

We start with the case n = m. In this case p, and A, have the same law, hence the last
term above becomes

AEKWM—@«ERTM—xﬂp:A¥Pmuwm—mwn

By (5.1) and Theorem 1.1 (recall (4.1)) we get

1
Un 2 = 2 —
hﬂscgplog / B [(T#" — )] p < lim og (E (W& (1 )] ZE[WQ(NTM)\n)]) 0.
Therefore,
i 10g
B (W3 (i, )] + [ BT )] p < 20 (1 ().

We now turn to the general case n § m. Using the inequality —2ab < a® + b? for the last
term in (5.3), we obtain (here we use that w(m) < w(n) and logm = log ™* + logn)

E [W3 (bn, Am)] <

IA

IN

This proves (5.2).

We thus focus on the proof of (5.1). For this we follow the same steps as in Theorem 1.1.
However, we need to be more careful when estimating the “global” term. Indeed, we
cannot apply directly Lemma 2.2 since the measure )\, is singular. To fix this issue,
we first slightly modify the Whitney decomposition to avoid cubes whose measure is too
small. This guarantees that with overwhelming probability, every element of the partition
contains many points so that we may argue as in [22, Proposition 5.2]. Notice that of
course we could have used Lemma 5.1 also in the proof of Theorem 1.1.

To simplify the exposition, we postpone the proof of the following geometric result to
Appendix A.

Lemma 5.1. Let Q C R? be a bounded open set with Lipschitz boundary, let {Qy}r be
a Whitney decomposition of Q. For every 6 > 0 small enough (depending on ), letting
Vs ={Qr : diam(Qg) > ¢}, there exists a family Us = {Q }r of disjoint open sets such
that diam(Qy,) <6, || ~ 6% and Us U Vs is a partition of Q.

Step 1 (Whitney-type decomposition and reduction to a good event). For § = 6(n) > 0 to
be specified below, let Us and Vj be given by Lemma 5.1. For r > 0 dyadic we divide each

3in fact the statement there wrongly contains an equality that should be instead an inequality <
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cube Q, € Vs in r=2 equal sub-cubes of sidelength 7£(Q},). We let V3§ be their collection
and relabel Us U Vi = {Q}5. We set

1

0= 5.4
Vlogn (54)
and for every k such that A\, () # 0
fin ()
K = )
P ()
If instead A, () = 0 we arbitrarily set ki = 0. Define the event
r pin () ‘ Am () 9}
A=VQ, e Vi UUs, |1-— 1-— <= 5.
{ Fehe p() () |~ 4
’\”‘(Q’“)\ <@ then
0
11— kgl 55- (5.5)
We claim that if
1 1
0= e for some 5 € (0,1/2), r~ og(n)’
then
nl—28
P(A°) < —C—— .
( )Nexp< c(logn)g), (5.6)

so that we can restrict ourselves to the event A in the following steps. By a union bound,
to prove the claim, we bound
>4).

P(A) <ZIP’<‘1— >0>—|—ZP<‘1— 2))

We focus only on the terms involving u, (those with A,, are analogous, recalling that
n < m). For every k, the number of points nu,(£2x) is a binomial random variable with
parameters (n, p(€2)). Hence, by Chernoff bounds

(20 o (2120)

Summing this over k and using that by definition of a Whitney partition, for every j € N
such that 277 > 4,

#H{Q e VI 2 0(Qy) e r(270FY 279]) < 297

we find
Pl|1-— > <
2 <' p(Q) _9>_Zex < 210gn>+z < 210gn
k vy
) 22 52
< g 227 exp <—ch ) + 6 Lexp <—c i >
St logn logn

252 2
r=26 Lexp e 0 +6texp | —c no
logn logn

252
<r 25 texp <_Cm“ ) .
logn
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Up to replacing the constant ¢ > 0 with a smaller one, to control the terms r=2§~1 <

nP(logn)?, we obtain (5.6). We end this step applying (2.9) and using Wb < W to get f(?r
(logn)?, p applying g Wb < g
every € > 0,

C
Wb?l(:“’m )‘m) 2 (1 - 5) Z nglk (Una Hk)‘m) - ;Wg) (Z K’k‘XQk)\m7 )\m)
k k

C
> (1—¢e)) Wb, (kn, kxdm) — ;Wé (Z kX Ams Am> .
vy k

Step 2 (Local term). For r > 0 let (X, Y]") be i.i.d uniformly distributed random variables
in [0,7)% and for n < m let

Fb.(n,m)=E

Wit (130w S )

so that by scaling and Proposition 3.2,

logn n
_ 2 S 2 n_ ‘
Fb.(n,m) =rFby(n,m)>r o (1 + - w(n))

Define Ny = npu, () (respectively My = mA,,(£2x)) to be the number of points X; (re-
spectively Y;) in € so that in particular kx = Ni/Mjy. For every given k, the random
variables N, and M} are independent binomial random variables with parameters respec-
tively (n, p(Q)) and (m, p(Q)). We then define the random variables N} = min(Ny, M},)
and M} = max(Ny, My).

For every fixed €, € V{, recalling that € is a cube of sidelength at most of order r,
and using (2.15), we have

N
2 « k * *
E [Wb%, (pin, £1Am)] = (1 — Cr*)E [n Fb TM(]\@,MQ]

1 N
> (1= Cr*) —|u[E [log N; <1 + 2k w(N,:)>]

log(np())

z(1-0rf) 4mn

2l (14 = = w(nr6?))

where in the last line one can argue as for (4.6). Summing over k£ and using (4.8) we find

logn1—C§ (1 n

no 202V |log 7|
+ w(nrd)) C -

E | > W, (pn, krdm) | = (1=Cr®)
V6T‘

T . (5.7)

Step 8 (Global term). We claim that for § = n=? with 8 € (1,1),

n 2
lognE [WQ (Z f@kXQk)\rm )\m> XA

k

< loglogn

~ Viogn

(5.8)

For this we argue along the lines of [22, Proposition 5.2]. We define

0, =1—kKp+0
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and recall that if (5.5) holds (which is the case if A occurs) then 30 > ), > 10. We now
use triangle inequality to write

WSQZ (Z REXQ Amv Am>
k
5 Wg) (Z /{kXQkAma
k k

A () Am ()
W2 (Z [(1 — O A + 0 p(le; p} X0 Y [(1 = 0)Am + O p(Qlj P} Xﬂk)

k k

+ WS22 (Z |:(1 - Hk))\m + 0 A;?Zéi§)p:| XQu Am) .

k

The first and last terms are estimated in a similar way so we only estimate the first one.
We use the fact that 1 — 6 = ki — 6 and subadditivity (2.5) to bound from above

A, (©
W§22 (Z HkXQk)‘Tm [(’{k - Q)Am +0 ( k)p:| XQk>
k

P(S)
) Am ()
< zk: W3, (((/{k —60) +0) A, (g — O) A\ + 6 PN p>

(2.5) Am (%)
< 0> W3 <)\m7 . >
Zk: o ()

Am ()
[“ OO o) p} ’““)

k

By (4.5) and (4.7), we get

Am () logm
i (e o ) 3)

For the middle term, we use again subadditivity together with Lemma 2.2 and the fact
that A (Qk)/p(Q) ~ 1 in the event A, to infer

Am (k) A ()
v (Z [(1 =0k +6 p(sz p] XD [(1 = 0l + 6 P(Qk’; p] XQk)

k k

A () Am ()
W (;9 o) X 200, X”k")

2
1 M)
S5 ;(e—ek) p(sz XQuP -
2
1 Ao ()
=3 g(ﬁk—l) () XQ. P .
2 2
1 fn () 1 Am ()
i ;<p<9k> ) o i 0 ;( g 1) e o

where in the last line we used that (ki —1) A;’{SZ’;) = (“p"(gi’“)) —-1)— (% -1

2
] _ [logr]

) and triangle

inequality in H~!. By (4.10) we obtain

|

~ n

> - fik));n(g]i];)XQkﬂ

% H-1
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This proves

1)1
HﬂWﬁ(E}%mywAm)M4<9< ° ﬁ) )

which recalling the choice (5.4) of 6, § and r concludes the proof of (5.8).
Step 4 (Conclusion). Putting together (5.7) and (5.8) and using (5.6), we find that

E [Wb?z(,un, Am)] = (1 —€)(1—Cr®) ! :1 o (1 + % - w(nr252)>

logn 7r

S (e e (i)
@+~7+w(»

> L
477
g(n) — 0 as n — oo with € > loglogn//logn.

where in the last line we chose € =

6. EXTENSION TO GENERAL SETTINGS

In this section we show that the techniques developed above lead to extensions of The-
orem 1.1 and Theorem 1.2 to more general settings, including Riemannian manifolds. Let
us give the following definition (see also [16, Definition 3.1}).

Definition 6.1. We say that a metric measure space (2,d,m) with m(Q) = 1 is well-
decomposable if for every € > 0 there exist a finite family, that we call e-decomposition,
(Uk, Q, Ty ), such that, for every k,

(1) Uy C Qis open and m(U, NUy) = 0 for k # k', m(UJ, Ux) = 1,
(2) Qi C R? is open, bounded and connected, with Lipschitz boundary,
(3) Ty - Uk — ﬁk, is invertible with Tk(Uk> = Qk and Tk(aUk) = an and

LipTy, LipT, ' < (1 +e),
(4) (Ty)g(mLUy) has Hélder continuous density, uniformly positive and bounded.

If (22, d, m) is well-decomposable we define
Q| = gg {g || : (Uk, Q, Tk)x is an e-decomposition of Q} .

Remark 6.2. Notice that the quantity inside the brackets is a decreasing function of ¢
and that if 2 is a Riemannian manifold it coincides with its (Riemannian) volume.

In addition to such decomposability assumption, we need to assume the validity of the
inequality:

Wi (fm,m) < || f - 1”%2(].“) , for every probability density f. (6.1)

This estimate is analog to the weaker form of the combination of (2.7) with Lemma 2.1
used in [9, 22] and is intimately connected to the validity of an L?-Poincaré-Wirtinger
inequality (see e.g. [22, Lemma 3.4]).

Theorem 6.3. Let (M,d) be a length space and @ C M be open with diam(Q2) < co. Let
m be a probability measure on M with m(Q) = 1, such that (6.1) holds and (Q,d,m) is
well-decomposable and consider (X;,Y;)52, be i.i. d with common density m. Then, for
every q € [1, 00],

, S _ 19 1

m/n—>q
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and
_ 19

-2 (6.3)

. n 2 l -
i lognIE [W2 (n ;6Xi7m>

Examples of metric measure spaces for which the result apply include smooth domains
in two-dimensional Riemannian manifolds with boundary, as shown in Appendix B. But
also other, less regular cases, may be included, e.g. polyhedral surfaces.

Proof of Theorem 6.3. As usual, we simply write W = Wy and Wb = Wby. We write
fn = %Z?:l 8x;5 Am = % Z;n:l dy;. For e >0, let (Uy, S, Ti)r be an e-decomposition
and let ki = pn(Ug)/Am(Ug). In both cases, after an application of the sub-additivity
and super-additivity inequalities (2.6), (2.9) we are reduced to estimate separately a finite
sum of “local” terms, one for each Uy, and the global terms (using that Wb < W) that
are respectively

E [W§ (Z I-ikXUk)\m,)\m> and E [Wg (Z /if((([]]:))XUk . m)] (64
k k

Local terms. Using (2.12) with T} Uand (2.12) with T}, and taking expectation give
respectively

N M
1 1
2 2 2
E [W (tn L Uk, KgAm L Uk)] <(1+4+e)’E [NW N ;_1 0Xp.00 Vi jg_l 0v; s ,

and

M

N M
1 1
2 -2 2
E [WbU,- (pin L Ugy A L Uk)] >(14¢)“E NWbg, N E l 0Xp.i» E l 0Yy; ,
1= Jj=

where, for every k, we consider i.i.d. random variables (Xj;, Yy ;)2 with common law
pr given by (T})ym normalized to a probability measure on € and N, M are further
independent random variables with binomial laws of parameters respectively (n,m(Uy)),
(m, m(Uy)). For each k, by conditioning upon N, M, and by (5.1), (5.2) with (X4, Y5:)524,
we obtain that, letting N* = min {N, M}, M* = max {N, M}

N M
1 1 |Q%|log N* N*
E|NW? | = 0x, ., — Oy, . <E|N—/——— |14+ — N~*
W N;l X,W,M]El i || < [ N o T )
and similarly

N M
1 1 Q4| log N* N* .
i=1 Jj=1

As n — oo with m/n — ¢ € [1, 00|, we have

N/n - m(U), M/m — m(U;) and N*/N—1, M*/N — q,

with the usual concentration inequalities which eventually give

n €| log N* N~ \ €% 1
1 E|N 1 — N =—11+-).
1 logn [ AT N* + M+ wk(N7) 4 * q

A similar argument gives

lim —E {Wﬁk (“”(U’“)m,m)] _ %] (6.5)

n—oo logn m(Uy) 4t
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Global term. We consider the second term in (6.4), for which we apply (6.1) obtaining
fin(Uk) <Hn(Uk) )2
W2 mm || <) E -1
S| < ()
After multiplying by n/logn and letting first n — oo and then € — 0, the validity of (6.2)
is thus settled.

To bound (6.4), we let K = ming kK — €, so that, as n — 0o, kK — 1 — ¢ and using union
and Chernoff bounds we have the crude estimate (but sufficient for our purposes)

)

C(e)

n

E

m(Ug) S

P(Vk, |k — i > 26) < (6.6)

We bound from above, using the subadditivity inequality (2.5) and the triangle inequality

E W22 <Z KkXUk)‘ﬂ% Am) S E W22 <Z(Hk - K)XUk)\’n% (1 - K’))\m>]
k k
k k
+E W22 (g(/ﬁk - K) )Zln((UU,;k)) xu,m, (1 — /i)ﬁ'l)]

FE W2 (1 — r)m, (1= 5)Am)] -

For the first term, we use again subadditivity (2.5),

W3 <Z(Hk — B)XUAm, ) (KK — K) 17?((53) XUkm>]

k k

< 3 [, (ot 0 )
< 300 MER 2 i, (2w

di E)? I
< O(e) TAmES | 5~ gy lam
k

n m

E

having used (6.6) and (6.5) with A, instead of u,. For the second term in (6.7), we use
(6.1),

E (W3 Zk:( k= )A‘;"((UUk’f)) oom, (1 H)m>]

A (U) 2
<y [(u 3 =) | mw
<8

having used the variance bounds
2
E (mg{’g) — 1> +E [(kr —1)?] < Cff)
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For the third term in (6.7), we use that 1 — k > 2e with probability smaller than C(g)/n
and then, on the complementary event, the already settled (6.3), to obtain
C
ﬂ + g m .
n logm

~

E[W2 (1 — r)m, (1 — £)Am)] S

After collecting all these bounds, we multiply by n/logn and let first n — oo and then
€ — 0 to conclude. O

7. PROOF OF COROLLARY 1.3

We recall that with our usual notation, we want to prove that for any sequence m =
m(n) > n with lim,_,(m —n)/logn = 0, it holds

nh—>nolo log n [aen‘l?lnnm Z 1% =

_

o’

i=1

The inclusion S, C Sy, y, yields immediately

n
min Z 1 X — Y,5))° < min ; X — Yo,

oES nom L

so that it always holds, for any sequence m = m(n) > n,

Xi—= Y5

_ 9
< i
im =5

lim sup
n—00 log n

n—00 10g n

ITGlgl Z | Xi — Yo

To show the converse inequality, given o € S, we induce a matching between (X;);",
and (Y;);Z, by pairing the points (X;);Z, ; to those in (¥;)7L, \ (Yo )? |- Since Q is
bounded, we obtain the inequality

min Z | X; — Yg(i)|2 < min Z | X — Yg(i)|2 + diam(Q)?(m — n).

0€ESH 4 0ESn,m 1
1=

Taking expectation and using the assumption (m—n)/logn — 0, which in particular gives
logn/logm — 1 yields

Q0
u: lim min Z|X Yo 2

< liminf
2mr m—oo log m 0ESm

n—00 ]og n

Xi—= Yo

8. PROOF OF COROLLARY 1.4

Given (z;), (yi)i=; € R?, we introduce the notation

CTSP(($1 i—1) = min Z |Zr (i) — Tr(ig1) ?

TES

for the costs of the Euclidean travelling salesperson problem and
CZ?TSP((xi)?:l ) (?Ji)?:ﬁ = min Z |x‘r(i) - ?/T'(z‘)’2 + \yr'(i) - x‘r(iJrl)‘Q
b 'L.i
for the cost of its bipartite variant (writing 7(n + 1) = 7(1) for permutations 7 € S,,).

The proof of the lower bound follows straightforwardly taking expectation in the in-
equality

Crrsp(Xi)iy » (Yo)I_;) > 2 min Z |1 X — Yo (8.1)

O'En.
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Using Theorem 1.2, we have then

1

™

liminf —— ! [CI?TSP((XZ')?:U(Y)Z D] =

n—00 lo

To prove the converse inequality, let 7 € S, be a minimizer for C3qp((X;)i;) and let
o €S, bean optlmal matching between (X;);; and (Y;);,, with respect to the quadratic
cost. Welet 7/ =0 o7 €S, so that

n
Corsp (X)imy s (V)I1) <) 1Xor() = Yairap® + Yoty — Xraan >
For every € > 0, using the 1nequahty la+ b2 < (1+¢)]al* + (1 +&71)|b|?, we bound from
above, for every i € {1,...,n},

’YU(T(Z')) - XT(H-l ‘ - ’( o(r(i)) — XT(’L)) + (XT(’L) - AX‘r(i-i-l))‘2
< (14 Yoy — Xe P + A+ DXy — Xrgrn -

Summing upon ¢ gives

Cirsp((Xi)izy > (Yi)iny) <(2+¢) man|X Yol?

cE€S n.

+(1+e” )CTSP,2((Xi)i:1)'
We claim that

E [Clsp((Xi)is))] =0, (8.2)

so that we obtain, again by Theorem 1.2,

lim sup
n—oo 10O

1 2]
li —E|[C; X", (Y < (2 :
SUP Lo n [Corsp (Xo)iey, (Yi)in))] < (2+¢ )271'
The thesis follows letting ¢ — 0.
To prove (8.2), we rely on the known (deterministic) bound

sup  Cigp((z)i,) S 1,
(24)7,CQ
where the implicit constant depends on €2 only. We briefly recall here a proof, for the reader
convenience, based on the space-filling curve heuristic [10, Section 2.6]. Without loss of
generality, we consider the case Q = Q a square. Consider a Peano curve ¢ : [0,1] — Q,
that is surjective and 1/2-Holder continuous. Let t; € [0,1] be such that i (¢;) = x; and
choose 7 € S, such that (¢,(;));L; are in increasing order. Then,

Coap((#)iy) < ) [W(try) = Yltran))? < Wllore D Itey = ] < 2[19 Moz
=1 =1

Remark 8.1. The argument above is in fact rather general and it applies on general metric
spaces provided that the cost of the quadratic bipartite matching problem is asymptotically
larger than that of the travelling salesperson problem. Also, already in the Euclidean
setting, it seems possible to adapt it to the case p # 2, but existence of the limit for the
asymptotic cost of the bipartite matching problem is not known. Finally, exactly as in
[141], the argument applies as well for the random bipartite quadratic 2-factor problem,
i.e., for the relaxation where the single tour is replaced by a collection of disjoint ones:
indeed, since the cost becomes smaller, it is sufficient to notice that the lower bound (8.1)
still holds.



30 L. AMBROSIO, M. GOLDMAN, AND D. TREVISAN

APPENDIX A. PROOF OF LEMMA 5.1

Let us recall that given a bounded open set Q with Lipschitz boundary, and {Q}x a
Whitney decomposition of 2 we want to construct for every § > 0 small enough (depending
on ), a partition of Us U Vs of Q such that Vs = {Qy : diam(Qx) > d}, and Us = {Q }x
with Q open, diam(€) < 6 and |Q| ~ 67

We start by constructing a partition of the set Ay = {d(-,Q°) < \/&5} by open sets
Qy, satisfying diam(€;) < 8, [Q| ~ 6%. For this we first consider a §—net {z;}x of 9,
that is a family satisfying 0Q C U;Bs(z;) and ming; [x; — 2] > g. Such a family can
be for instance constructed by choosing any starting point x; € 92 and then setting
), € argmaxgod(z, UFH{z;}) as long as 99 is not covered by U¥—! Bs(z;). We then set

Q={zeQ |z —a| <|z—xi| Vi#k}nAs.

Notice that since {|x — x| = |z — z;|} is a hyperplane and thus of Lebesgue measure zero,
{ﬁk}k is indeed a partition of A in disjoint open sets. Notice also that by definition of
a Whitney partition, if Q. € Vs then Qi N As = (). Now on the one hand, by triangle
inequality it is immediate that diam(€2;) < & and thus also |Q] < 6%. On the other hand,
still by triangle inequality, B s (xp) NQ C Q so that by Lipschitz regularity of 2, we also

obtain Q] > §¢.
We finally define Us = Up{Qx ¢ Vs : d(Q, Q) > Vdd} Uy, {Q} where

Qk_QkUU{QJ L d(Q;,0°) < Vs, Q;NAS#D and k = argmin{i : ﬁmczﬁé@}}.

In words this means that we consider in Us either cubes which are at distance greater than
Vd§ from Q¢ but which are not in V5 or we combine the sets Qk with the cubes which
intersect both Ay and its complement. The choice to which 25 we associate @); is arbitrary
(as long as they intersect). The sets €, satisfy both diam(Q) < ¢ and Q] ~ 6¢ since
for every j such that d(Q;,2¢) < Vdé and Q; N A§ # 0, we have £(Q;) ~ ¢ and thus the
number of such cubes which can intersect €2 is uniformly bounded with respect to 9.

APPENDIX B. DECOMPOSITION OF RIEMANNIAN MANIFOLDS

We show that Theorem 6.3 applies to compact connected smooth Riemannian manifolds
(M, g), possibly with boundary. In fact, we argue in the case of bounded connected
domains Q2 C M with smooth boundary (so that M itself does not need to be compact).
Notice that Q with the restriction of the metric ¢ is also a compact connected smooth
Riemannian manifolds with boundary, but the induced distance would then be larger (and
different, in general) than the restriction of the one on M, exactly as in the Euclidean
case.

Lemma B.1. Let (M, g) be a two-dimensional Riemannian manifold with (possibly empty)
boundary OM and let Q C M be open, bounded, connected, with smooth boundary. Let
also p be a Hélder continuous probability density on 2 (with respect to the Riemannian
volume) uniformly strictly positive and bounded from above. Then, (2,d,p), where d is
the restriction of the Riemannian distance on M, is well-decomposable and (6.1) holds.

Proof. To show that € is well-decomposable, we modify the well-known argument to obtain
a decomposition of M into geodesic triangles, see e.g. [24, Theorem 2.3.A.1], to take into
account also the presence of the boundary 9€). To simplify the exposition, assume first
that OM = (). Then, by compactness, 9f2 is the union of a finite family of closed simple C!
curves, and to simplify again let us assume that there is only one such curve v : S' — M
parametrized so that 4(t) # 0 for every ¢t € S'. Consider also a parametrization of the
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tubular neighbourhood of «(S!), i.e., a map I' : S! x (—rg,79) — M,
F(t’ T) = €XPry(t) (T’Y(t)L)a

where 4(#)* denotes the inward unit normal to dQ at v(t). By compactness, if rq is

sufficiently small, such a parametrization exist, is smooth (in particular Lipschitz) and
I(St x (0,79)) €Q while I'(S' x (—=rg,0)) C Q°.

Let us also assume that r¢ is sufficiently small so that exp, is well-defined and invertible

on a ball B,(rg) for every p € 0 and with Lipschitz constant smaller than 1+ ¢ (together

with its inverse). Then, normal coordinates T}, = exp, I are well defined on the image

exp,, (Bp(ro))-

Consider a finite mesh {t;}, € S! with d(¢;,¢;4+1) < ro/Lip(T") and let p; = v(¢;) and
q;, = F(ti,’r‘o/2) € Q. Then, d(Qiac_h'Jrl) < L1p(1”)|tl — ti+1‘ < T0/4. On the other side,
d(gi,09) > r¢/2, so that B(g;,ro/4) N 92 = 0 and in particular the geodesic segment
connecting ¢; to g;+1 does not intersect 2. We define U; to be the rectangle-like region
with boundaries given by the geodesic segments connecting p; to ¢;, then ¢; to ¢;+1 and
gi+1 and p;, together with the piece of boundary between p; and p;1+1 (i.e., I'(0, s) with
s € [ti,tir1]. We also notice that the boundary is piecewise C! (with non-tangential
intersections of different pieces), hence when transformed by T, it is Lipschitz regular.

This settles the tubular neighbourhood of 9€2. To complete the construction we then
consider a finite set of points {p;} C Q\ I'(S!, (0,79/2)) such that for every g € 2 there
exist p; with d(p;,q) < o and for every p; there are distinct points py, p, such that

max {d(p;j, pr), d(pk. pe), d(pj, pe)} < 10/2.

We connect with geodesic segments all points p;, pr with d(p;, pr) < r0/2 as well as p;,
q;" with d(pj,q;") < ro/2. Notice that none of these segments intersects 92. As in the
proof of [24, Theorem 2.3.A.1], up to enlarging the family to include intersections of these
segments, we obtain a decomposition into geodesic polygons. To conclude the construction
of the e-decomposition it is sufficient to add these polygons to the sets U; obtained above.

In the case of non-empty 0M, the only difference is that the notion of tubular neigh-
bourhood must take into account points p = y(t) € @ N OM, hence I'(¢,r) is defined only
for r € [0,rp).

Finally, inequality (6.1) follows from the validity of an L?-Poincaré-Wirtinger inequality
on , adapting the proof of [22, Lemma 3.4] to the Riemannian setting. In turn, the va-
lidity of Poincaré-Wirtinger inequality seems to be folklore on smooth connected compact
Riemannian manifolds and a full proof, also in presence of a smooth boundary, may be
given by gluing local inequalities [23, Section 10.1]. O
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