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LMS, CNRS, École Polytechnique, Institute Polytechnique de Paris, Palaiseau, 91128, France

Abstract

This paper investigates the effects of plasticity on the effective fracture toughness. A layered material

is considered as a modelling system. An elastic-plastic phase-field model and a surfing boundary condition

are used to study how the crack propagates throughout the material and the evolution of the effective

toughness as a function of the layer angle. We first study three idealized situations, where only one

property among fracture toughness, Young’s modulus and yield strength is heterogeneous whereas the

others are uniform. We observe that in the case of toughness and strength heterogeneity, the material

exhibits anomalous isotropy: the effective toughness is equal to the largest of the point-wise values for

any layer angle except when the layers are parallel to the macroscopic direction of propagation. As

the layer angle decreases, the crack propagates along the brittle-to-tough interfaces, whereas it goes

straight when the layers have different yield strength but uniform toughness. We find that smooth

deflections in the crack path do not induce any overall toughening and that the effective toughness is

not proportional to either the cumulated fracture energy or the cumulated plastic work. In the case

of elastic heterogeneity, the material is anisotropic in the sense of the effective toughness, as the latter

varies as a function of the layer angle. Four toughening mechanisms are active: stress fluctuations, crack

renucleation, plastic dissipation and plastic blunting. Finally, we consider a layered medium comprised of

compliant-tough-weak and stiff-brittle-strong phases, as it is the case for many structural composites. We

observe a transition from an interface-dominated to a plasticity-dominated failure regime, as the phase

constituents become more ductile. The material is anisotropic in the sense of the effective toughness.

Keywords Effective fracture toughness, Anisotropy, Layered media, Variational phase-field approach,

Plasticity.

1 Introduction

Fracture toughness certainly is one of the most important property of structural materials, as it determines

the lifespan of systems and devices used in applications where catastrophic failure is unacceptable. However,

despite the extremely wide impact that fracture has on both society (e.g., critical medical implants) and

industry (e.g., nuclear, aerospace and civil engineering), the rational design of tough and graceful materials

is still a primary challenge to modern solid mechanics. Indeed, one of the key problem is understanding how

heterogeneity influences the effective fracture properties of multi-phase materials, where phase constituents

generally exhibit contrasts in elastic moduli, fracture toughness and yield strength.

∗Corresponding author: stella.brach@polytechnique.edu
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There is a rich literature regarding crack propagation in multi-phase media, part of which has been

driven by the desire to achieve better failure performances. Elastically-heterogeneous materials have been

subjected to extensive investigations, including elastostatic analyses of a crack at a bi-material interface

[9, 10, 23, 38, 45, 63], models of elastic solids with smooth Young’s modulus distributions [28, 29, 41], as

well as approaches for the design of bio-inspired or 3D-printed composites with enhanced overall toughness

[35, 51, 62]. Recent numerical and experimental studies [39, 40] showed that two are the mechanisms

responsible for the overall toughening of elastically-contrasted layered media: stress fluctuations induced by

the elastic mismatch and crack renucleation at compliant-to-stiff interfaces. On the other hand, toughness

heterogeneity was shown to significantly affect crack growth in particulate or fiber-reinforced composites

[16, 20, 31–33, 36, 58], hindering propagation via crack trapping and face bridging. Crack pinning also occurs

at brittle-to-tough interfaces in layered media, whose effective toughness was shown to be equal to the largest

of the point-wise values [39]. As for the contrast in ductility, toughening due to crack trapping and bowing

has been extensively reported in brittle materials reinforced with ductile particles [43, 56, 59, 60]. Deflections

in the crack path have also been observed in additively-manufactured materials [30, 65], where the printing

trajectory can be optimized to create textures with enhanced toughness. Moreover, the presence of a second-

phase constituent dispersed into a matrix material can lead to orientation-dependent failure mechanisms.

These have been recently investigated via different phase-field formulations, featuring orthotropic/fiber-

reinforced materials with different damage/phase field variables [8, 44].

Here, we study the relationship between heterogeneity and fracture by focusing on the effects of plasticity

on the anisotropy of the effective toughness. We refer to a layered material as a modeling system, comprised

of isotropic phase constituents. Brach et al. [17] studied crack propagation in layered media by using a

phase-field model of brittle fracture [14]. Authors assumed the layer thickness to be much larger than the

phase-field regularization parameter, showing that the effective toughness can depend on the overall direction

of crack propagation. This work considered elastic materials with contrasts in either the elastic moduli or

in the fracture toughness. The current study extends such analysis to elastic-plastic layered materials, as

plasticity is expected to greatly impact the evolution of the fracture process and thus the effective fracture

toughness. To this end, we use an elastic-plastic phase-field formulation which couples elasticity, perfect

plasticity and fracture in a rate-independent setting [1, 18]. A surfing boundary condition [39] is applied to

macroscopically propagate a crack at different layer angles.

We first consider three idealized situations, where only one property among elastic modulus, fracture

toughness and yield strength is heterogeneous while the others are uniform. We show that in the case

of toughness and strength heterogeneity, the material exhibits anomalous isotropy, in the sense that the

effective toughness is equal to the largest of the point-wise values for any layer angle except when the layers

are disposed parallel to the macroscopic direction of propagation. On the other hand, in presence of elastic

heterogeneity, the effective toughness is anisotropic as it varies as a function of the layer angle. Finally, we

consider a layered material whose constituents are compliant-tough-weak and stiff-brittle-strong phases, as

in common structural composites. We highlight the transition from an interface-dominated to a plasticity-

dominated failure. Results show different crack propagation regimes and effective toughness depending on

the layer angle.

Notation. Underlined and double-underlined characters are used to indicate vectors and second-order

tensors respectively. Blackboard letters denote fourth-order tensors. The symbol “:” indicates the double-

dot product operator. A superposed dot denotes the time derivative.
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2 Variational phase-field model

Consider a heterogeneous body Ω comprised of linear elastic and perfectly plastic constituents. Let C be

the stiffness tensor (with Young’s modulus E and Poisson’s ratio ν), Gc the critical energy-release rate

(toughness) and σ0 the von Mises yield strength. We investigate the anisotropy of the effective toughness

by performing variational phase-field simulations [13, 14, 34]. As such, a regularized energy functional E`
is introduced, depending on the characteristic length ` > 0 and on the phase-field (or damage) variable

α ∈ [0, 1]. The latter is equal to 0 when the material is intact and equal to 1 when complete fracture occurs.

The fracture problem is solved by minimizing E` with respect to the displacement field u, the plastic strain

ε
p

and the damage variable α [1, 18]

(
u∗, ε∗

p
, α∗
)
`

= arg min
u∈Ku, ε̇

p
∈G,

α̇≥0

E`(u, εp, α) (1)

where Ku is the set of kinematically-admissible displacement fields which comply with the boundary condi-

tions and G is the set of plastically-incompressible strain rates (i.e., tr ε̇p = 0). The regularized total energy

functional E` is

E`
(
u, ε

p
, α
)

:=

∫
Ω

1

2
(ε− ε

p
) :
(
η + (1− α)2

)
C : (ε− ε

p
) dΩ +

∫
Ω

3Gc

8

[α
`

+ `|∇α|2
]
dΩ+∫

Ω

(1− α)2

∫ t

0

π
(
ε̇
p

)
dt dΩ

(2)

where ε = (∇u + ∇ut)/2 is the total strain, η is a small residual stiffness and t is the time variable. The

plastic potential is equal to π
(
ε̇
p

)
= σ0ε̇

eq
p

if the admissibility condition tr ε̇p = 0 is satisfied and unbounded

otherwise. The equivalent plastic strain rate is ε̇eq
p =

√
(2/3)ε̇d

p
: ε̇d

p
, with ε̇d

p
the deviatoric part of ε̇

p
.

The energy functional (2) is expressed in terms of the non-dimensional quantities

C̃ =
C
L0

, G̃c =
Gc

E0L0
, ũ =

u

L0
, ˜̀=

`

L0
, dΩ̃ =

dΩ

L3
0

(3)

where L0 is a characteristic length of the domain and E0 is a typical value of the Young’s modulus. For the

sake of compactness, the tilde appearing above the non-dimensional parameters is dropped in what follows.

In the original brittle formulation [47, 52, 53], the evolution of the fracture process is obtained by fulfilling

three principles, which are damage irreversibility (a crack can not heal), stability (the energy-release rate

is bounded from above by Gc) and total energy balance (the crack grows when the energy-release rate is

critical). In the same setting, Γ-convergence arguments [19, 24] have been used to show that the global

minimizers of the regularized energy converge to those of the Griffith fracture model. On the other hand,

the asymptotic behavior of elastic-plastic functionals as in Eq. (2) has been studied in [25], by referring

to the particular case of antiplane shear. Results showed that the Γ-limit of E` as ` → 0 does contain a

fracture energy term, which describes the crack opening. However, at the best of author’s knowledge, the

Γ-convergence of elastic-plastic functionals (2) towards a well-recognized sharp discontinuity formulation has

still to be probed and represents an interesting topic of future investigation.

We note that computing the global minimizers of the energy (2) is practically not feasible, as E` is

separately convex with respect to α and (u, ε
p
) but it is not jointly convex in (α, u, ε

p
). Moreover, global

minima can lead to nonphysical evolutions when the crack discontinuously propagates in time [15], as it
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Figure 1: Computational domain. Notation.

is indeed the case in heterogeneous materials. Discussions reported in [47, 61] point to the interesting

result in that evolutions which only satisfy the irreversibility and stability principles can effectively capture

crack nucleation and size effects in many materials and geometries, although multiple solutions are possible.

This issue has been partially addressed in [18] by solving the fracture problem (1) via different alternating

minimization algorithms, which delivered the same results. Here, the functional E` is first minimized with

respect to (u, ε
p
) while holding the fracture variable α fixed, and then minimized with respect to α while

holding (u, ε
p
) fixed.

Plane strain conditions are assumed. The fracture problem is implemented using linear finite elements.

We use uniform unstructured meshes with a Delaunay–Voronoi triangulation and element size δ. The con-

strained minimization with respect to α is implemented by using the solvers provided by PETSc [2–4]. The

minimization with respect to ε
p

is a constrained optimization solved with SNLP. The minimization with

respect to u is a linear problem, implemented by using preconditioned conjugated gradients. All com-

putations are performed via the open source code mef90 [12]. The numerical fracture toughness [14] is

Gnum
c = Gc(1 + 3δ/8`), the nucleation stress [54] is σc =

√
3GcE/(8`(1− ν2)) and the ductility ratio [18]

is ry = σc/σ0. The latter discriminates between quasi-brittle (ry < 1) and ductile (ry > 1) fracture. In

the figures in the sequel, the plastic process zone is shown in green by computing the cumulated equivalent

plastic strain εeq
p =

∫ t
0
ε̇eq
p dt with εeq

p (t) ≥ 0.1%. Similarly, the presence of the crack is highlighted by setting

α(t) ≥ 0.1%. Finally, η = 10−6, ` = 0.25, δ = 0.1, Gnum
c = 1.15, E = 1, ν = 0.2, Gc = 1 and σ0 = 0.625 if it

is not specified otherwise.

2.1 Methods and prior results

We refer to a layered material as a modeling system. The computational domain Ω is a rectangle of length

L and width H, provided with a Cartesian reference system (ex, ey) (see Figure 1). The layers are oriented

at an angle θ with respect to ex and comprised of elastic-plastic materials with alternating properties. The

thickness τ is defined normal to the layer axis and thus independent from θ. We assume τ = 32, H = 40

and L = 352 if not otherwise specified1. Three idealized cases are firstly addressed -toughness, elastic and

strength heterogeneity- where only one property among the fracture toughness Gc, elastic modulus E and

yield strength σ0 alternates while the other two are uniform. A layered material with hybrid heterogeneity

is then considered, where the layers simultaneously exhibit contrasts in strength, toughness and elastic

properties.

1Recall that these are non-dimensional quantities. The results presented in this paper are independent from the dimensions
of the computational domain (see also [17, 39]).
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Following [39], we compute the effective fracture toughness by using a surfing boundary condition. The

layered microstructure is embedded into a linear elastic and undamageable material with averaged mechanical

properties. A mode-I crack opening displacement u(z, t) = U(z − V tex) is applied to the external boundary

z ∈ ∂Ω of the domain, macroscopically driving crack propagation along the horizontal direction at the

velocity V = 1. The steadily-translating displacement field reads as [64]

U =

√
EGc(1 + ν)

E

(
3− ν
1 + ν

− cosφ

)√
r

2π

(
cos

φ

2
ex + sin

φ

2
ey

)
(4)

where (r, φ) is a polar reference system emanating from the crack tip. The layers are aligned with the

macroscopic direction of propagation for θ = 0 and disposed perpendicular to it for θ = π/2.

At each time-step, we compute the effective energy-release rate as the far-field J-integral [22, 57]

J =

∫
L

(
WnLx − σijui,xnLj

)
ds (5)

where i, j ∈ {x, y}, W is the elastic energy density, L is a contour embedded in the undamageable material

and surrounding the crack tip, and nL = nLx
ex +nLy

ey is the outward normal to L. The effective toughness

is defined as the minimum driving force necessary to propagate a crack through macroscopic distances, that

is the maximum value of the far-field J-integral

Geff
c = max

t
J(t) (6)

The effective property has been shown to be independent from the temporal and spatial discretization,

amplitude of the surfing loading, as well as from the particular expression used to impose the translating

opening displacement [39, 40]. The anisotropy of Geff
c is investigated by propagating a crack at various angles

to the layers, that is by varying the angle θ.

Crack propagation in homogeneous elastic-plastic media We briefly recall here some of the results

obtained in [18], where the variational phase-field model in Eq. (2) has been used to investigate crack nucle-

ation and propagation in elastic-perfectly plastic bodies. This will be useful in what follows to understand

how fracture occurs in each phase of the layered material.

Consider a homogeneous medium subjected to the surfing boundary condition (4). The evolution of the J-

integral and energies is shown in Figure 2 (a) as a function of time. In the case of an elastic material, a steady

crack growth is observed as the energy-release rate equals the local toughness. On the other hand, if the

material is elastic-plastic, fracture occurs in an intermittent fashion involving crack arrest and renucleation.

This is shown in Figure 2 (b), which displays the crack path and plastic field distribution for two consecutive

time-steps A and B. Fracture proceeds as follows. A plastic zone develops at the crack tip hindering crack

growth: the J-integral increases with time, while the fracture energy (which is proportional to the crack

length) remains constant. At the point marked as A, the energy release-rate reaches a critical value for which

the crack jumps forward in the material by renucleating with a plastic process zone. This corresponds to a

sudden drop of the energy-release rate (point B), as well as to an increase of both fracture and cumulated

plastic energies. The crack is now arrested, while the plastic zone grows under continued loading. The

fracture energy thus remains constant while the plastic energy increases. Once the J-integral reaches a critical

value, the crack jumps forward and the cycle repeats. As a consequence of this intermittent propagation, the

crack leaves behind a discontinuous plastic wake, which visually marks the locations where the crack growth
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was arrested. Authors [18] attributed such an intermittent propagation to the high hydrostatic stresses

occurring at a certain distance ahead of the crack tip (see Figure 2 (c)). In the adopted rate-independent

and perfectly-plastic formulation, this triggers the crack to jump forward. Intermittent crack propagation has

been experimentally reported in steel [42], and consistent with observations on crack propagation through

void growth and coalescence [6, 7, 27, 55]. Moreover, intermittent crack growth results in dimpled crack

surfaces, widely documented in fractography of elastic-plastic materials (e.g., [46, 49]). Finally, the recent

studies [26, 48], conducted on gradient-damage models as in Eq. (2), provided further proof of an intermittent

crack propagation in regimes where plasticity plays a relevant role. In the particular case of an anti-plane

crack, authors [26] demonstrated that the jerky motion first observed in [18] is the only possible behavior.

In the present paper, the crack path and plastic field distribution computed within each layer are similar

to those reported in Figure 2 (b). The term “intermittent” is used to indicate the jerky time evolution

of the fracture process, during which the propagation gets periodically arrested and the crack renucleates

with a jump. The discontinuous plastic wake shown in the figures provide record of such an intermittent

growth. Fracture and cumulated plastic energies are omitted for the sake of compactness, their evolution

being similar to that shown in Figure 2 (a).

Figure 2: Crack propagation in a homogeneous elastic plastic material [18]. (a) Normalized J-integral,
fracture energy and cumulated plastic energy as a function of the time parameter t. (b) Crack propagation
and plastic field distribution at two consecutive time-steps A and B. The discontinuous plastic wake shows
the locations where crack propagation was arrested. (c) Evolution of the hydrostatic stress ahead of the
crack tip at the time-step prior to renucleation.
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(b)

Figure 3: Layered material with toughness heterogeneity. (a) Crack path and far-field J-integral. The
discontinuous plastic wake shows the locations where crack propagation was arrested and resumed with the
crack jumping forward. (b) Normalized effective toughness Geff

c (θ)/Gnum
c as a function of the layer angle θ.

In the polar plot on the left, the maximum local value identifies the toughness computed for the homogeneous
elastic-plastic constituent with G2

c = 2Gc: the effective toughness is then equal to the largest of the point-
wise properties for ∀θ 6= 0, whereas it falls to the smallest of the local values for θ = 0. The yield strength is
σ0 = 0.625 if not otherwise specified. The plastic process zone is shown in green by computing εeq

p (t) ≥ 0.1%.7



3 Toughness heterogeneity

Consider the layered material comprised of alternating brittle (material 1) and tough (material 2) phases

with uniform elastic moduli and yield strength. The fracture toughness is G1
c = Gc and G2

c = 2Gc in material

1 and 2 respectively, whereas the elastic moduli are E1 = E2 = E, ν1 = ν2 = ν and the yield strength is

σ1
0 = σ2

0 = σ0. The tough material has then higher nucleation stress (i.e., σ2
c > σ1

c ) and ductility ratio (i.e.,

r2
y > r1

y), which means that it can plastically deform more before a crack is nucleated.

Figure 3(a) shows the computed crack path and the far-field J-integral for various values of the layer

angle θ. The same figure also reports the evolution of the macroscopic energy-release rate obtained for

an elastic layered medium with the same contrast in fracture toughness [17]. In agreement with [18] (see

Section 2.1), we observe that the crack intermittently propagates within each elastic-plastic layer. In fact, a

plastic process zone appears and develops at the crack tip and temporarily blunts propagation; the far-field

J-integral correspondingly increases until reaching a critical value, which depends on the local toughness.

The crack then jumps forward by nucleating a new plastic process zone; the J-integral drops and the cycle

repeats. As a consequence of this intermittent propagation, a discontinuous plastic wake is left behind

providing record of the locations where the crack growth was arrested. This is more evident in the tough

material, although the same observations hold for the brittle layers where plasticity concentrates in a much

smaller neighborhood around the crack tip. Besides this intermittent growth within each layer, the crack

is also arrested at the brittle-to-tough interfaces. As a result, the overall energy-release rate varies between

the two point-wise values of toughness in the elastic case, and between the corresponding jerky evolutions

in the elastic-plastic one.

For the considered contrast, we observe that the crack grows straight throughout the microstructure

for θ = π/2, that is when the layers are perpendicular to the macroscopic direction of propagation. On

the other hand, for smaller values of the layer angle θ, the crack smoothly deflects at the brittle-to-tough

interface and propagates along it until the energy-release rate is large enough for the crack to kick and

penetrate the tough material. The resulting zig-zag path is very similar to that obtained in the elastic case

[17]. Analogous arguments allow us to conclude that the crack grows in the direction t which maximizes the

energy dissipation [21], that is t = argmaxt(J(t)−Gc(t)).

Figure 3(b) reports the computed effective toughness Geff
c as a function of the layer angle θ. As in the

elastic case, Geff
c is equal to the maximum of the point-wise values for ∀ θ 6= 0, whereas it falls to the smallest

of the local toughnesses for θ = 0. In this case, the layers are parallel to the macroscopic direction of

propagation and the crack only evolves through the less tough material. Irrespective of the orientation of

the microstructure, the effective toughness is larger than that computed via the elastic formulation, as a

result of both plastic dissipation and plastic blunting. This becomes even more evident when considering a

smaller value of yield strength σ0, as shown in right Figure 3(b).

We thus conclude that the material exhibits anomalous isotropy, in that the effective toughness is inde-

pendent of the propagation direction for ∀θ 6= 0 but it falls to the smallest of the local values for θ = 0.

Moreover, materials with a straight (such as for π/2) and a torturous (such as for π/8) crack path have ex-

actly the same effective toughness. Hence, deflections in the crack path do not induce any overall toughening

and the effective toughness is not proportional to the total crack length or cumulated fracture energy. By

the same reasoning, this macroscopic property is not proportional to the cumulated plastic work either, as

crack deflections also involve the periodic development and renucleation of plastic process zones.

8
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Elastic heterogeneity

(b)

Figure 4: Layered material with elastic heterogeneity. (a) Crack path and far-field J-integral. The dis-
continuous plastic wake shows the locations where crack propagation was arrested and resumed with the
crack jumping forward. (b) Normalized effective toughness Geff

c (θ)/Gnum
c as a function of the layer angle θ.

The yield strength is σ0 = 0.625 if not otherwise specified. The plastic process zone is shown in green by
computing εeq

p (t) ≥ 0.1%.
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Figure 5: Layered material with elastic heterogeneity. Normalized effective toughness Geff
c (θ)/Gnum

c as a
function of the layer angle θ for σ0 = 0.417. The maximum (resp., minimum) local value identifies the
toughness computed for the homogeneous elastic-plastic constituent with E2 = 2E (resp., with E1 = E).
The effective toughness is significantly larger than that of both elastic-plastic constituents for ∀θ 6= 0, while
it falls to a value close to the smallest local toughness for θ = 0.

4 Elastic heterogeneity

Let the layered material be comprised of compliant (material 1) and stiff (material 2) phases with uniform

fracture toughness and yield strength. The elastic moduli are E1 = E, E2 = 2E and ν1 = ν2 = ν, whereas

toughness and yield strength are G1
c = G2

c = Gc and σ1
0 = σ2

0 = σ0. The stiff material has then higher

nucleation stress (i.e., σ2
c > σ1

c ) and ductility ratio (r2
y > r1

y).

The computed crack path and far-field J-integral are shown in Figure 4 (a) for various layer angles. The

crack intermittently propagates through the compliant material by periodically renucleating with the plastic

process zone. This intermittent growth is reflected by the jerky time evolution of the energy-release rate.

Once reached the compliant-to-stiff interface, two regimes are observed. For θ = π/2, the crack gets pinned

at the interface and the fracture process is temporarily arrested. Under continued loading, the plastic zone

expands in the stiff material inducing additional blunting. The J-integral increases until reaching a critical

value, which is significantly higher than the uniform point-wise toughness. At this point, the crack breaks

through with a jump and the J-integral falls to the local toughness. The propagation then resumes and the

cycle repeats. On the other hand, as the layer angle θ decreases, the crack deviates from the macroscopic

direction of propagation, advances along the interface up to a point where it gets arrested. The J-integral

correspondingly increases up to a critical value, which is still higher than the uniform toughness but lower

than that observed for θ = π/2. The crack then kicks and penetrates the stiff material with a jump. The

J-integral drops and the cycle repeats.

Similar regimes of propagation have been reported in [17] for elastic layered materials and shown to
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comply with the principle of local symmetry [37, 38]. Here, we observe that the distance covered by the

crack along the interface is shorter than that obtained with elastic constituents, as the fracture process is

considerably slowed down by plastic blunting. Moreover, a comparison among the far-field energy-release

rates in Figure 4(a) shows that such deflections in the crack path do not result in any significant toughening.

Figure 4(b) collects the values computed for the effective toughness Geff
c at various layer angles. On

the left, we compare the results obtained by assuming elastic-plastic constituents with those reported in

[17] for an elastic layered medium with the same heterogeneity. We observe that the effective toughness

overall decreases with decreasing the layer angle, falling to that of the compliant material when the layers

are parallel to the macroscopic direction of propagation. The computed effective toughness is higher than

its elastic counterpart for any angle, although the discrepancy between the two increases as θ reduces.

According to [40], two are the mechanisms which are responsible of the overall toughening in elastic layered

media: (i) stress fluctuations, induced by the contrast in the elastic modulus; (ii) crack renucleation, due to

the lack of driving force at compliant-to-stiff interfaces. The toughening induced by both these mechanisms

decreases with decreasing the layer angle [17], hence explaining the evolution shown on left Figure 4(b). In

elastic-plastic layered media though, two additional mechanisms occur: (iii) plastic dissipation and (iv) plastic

blunting followed by crack renucleation. As shown in Figure 4(b), the contribution of these mechanisms to

the overall toughening results in an opposite trend than that characterizing the elastic case, Geff
c increasing

with decreasing of the layer angle. This becomes evident when considering more ductile materials, as in right

Figure 4(b): the progressive reduction of the toughening coming from (i) and (ii) is compensated by the

plastic contributions, leading to a material whose overall resistance to fracture is greatly enhanced at small

angles. Note also that the effective toughness of the layered material is significantly larger than that of both

elastic-plastic constituents for ∀θ 6= 0. This is shown in Figure 5 for the most ductile case: the normalized

values of toughness of the stiff and compliant materials respectively are 1.316 and 1.303, while the effective

property is at least three times those values for ∀θ 6= 0 and close to the smallest local toughness for θ = 0.

We conclude that the effective toughness is anisotropic and that plasticity tends to overall mitigate

such an anisotropy, by increasing the effective toughness as the layers are oriented towards the macroscopic

direction of crack propagation. On the other hand, crack deflections do not seem to significantly contribute

to the overall toughening.

5 Strength heterogeneity

Consider now the alternating layers comprised of strong (material 1) and weak (material 2) phases with

uniform elastic moduli and fracture toughness. The yield strength is σ1
0 = σ0 and σ2

0 = σ0/1.5, whereas the

elastic moduli are E1 = E2 = E and ν1 = ν2 = ν, and the fracture toughness is G1
c = G2

c = Gc. As such,

the two constituents have equal nucleation stress σ1
c = σ2

c and different ductility ratios r1
y < r2

y, the weak

material being more ductile than the strong one.

Figure 6 shows the computed crack path and the effective fracture toughness for various values of the layer

angle. The evolution of the far-field J-integral is similar to that shown in Figure 3(a) for layered media with

toughness heterogeneity and thus omitted here. We observe that the crack propagates straight throughout

the microstructure, irrespective of the orientation of the layers. As fracture proceeds, the effective energy-

release rate evolves between the toughness of the weak and that of the strong material for any angle except

from θ = 0, for which the crack only evolves through the strong phase. Hence, the effective toughness Geff
c

is equal to the toughness of the weak material for ∀ θ 6= 0, while it drops to that of the strong constituent

11
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Figure 6: Layered material with strength heterogeneity. Crack path (left) and normalized effective toughness
Geff

c (θ)/Gnum
c as a function of the layer angle θ (right). The discontinuous plastic wake shows the locations

where crack propagation was arrested and resumed with the crack jumping forward. The plastic process zone
is shown in green by computing εeq

p (t) ≥ 0.1%. The maximum (resp., minimum) local value identifies the
toughness computed for the homogeneous elastic-plastic constituent with σ2

0 = σ0/1.5 (resp., with σ1
0 = σ0).

The effective toughness is equal to the toughness of the weak material for ∀θ 6= 0, while it falls to that of
the strong constituent for θ = 0.

for θ = 0.

We thus conclude that the material exhibits anomalous isotropy, similarly to the case of toughness het-

erogeneity.

6 Hybrid heterogeneity

While considering only one type of heterogeneity at the time is extremely helpful to understand how tough-

ening mechanisms arise, it is to be noted that most of structural materials simultaneously exhibit contrasts

in elastic modulus, toughness and yield strength. In fact, over the years the quest for better failure perfor-

mances led to the development of hybrid media combining constituents with mutually exclusive properties.

As such, a tough but weak phase (ensuring resistance to fracture) was often combined to a strong but brittle

one (providing hardness). Examples include for instance ceramic/metal and ceramic/polymer composites

[5, 11, 50].

Here, we investigate fracture in such multi-phase media by considering a layered material comprised

of compliant-tough-weak (material 1) and stiff-brittle-strong (material 2) phases. The elastic moduli are

E1 = E, E2 = 2E and ν1 = ν2 = ν, the fracture toughness is G1
c = 2Gc and G2

c = Gc, whereas the yield

strength is σ1
0 = σ0 and σ2

0 = βσ0 with β > 1. The constituents have then equal nucleation stress (i.e.,
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� = 4
<latexit sha1_base64="ca8O4Re2JnUlJEMSuPU6HSVhiho=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRa0ItQ8OKxgv2ANpTNdtIu3WzC7kQopT/CiwdFvPp7vPlv3LY5aPXBwOO9GWbmhakUhjzvyymsrW9sbhW3Szu7e/sH5cOjlkkyzbHJE5noTsgMSqGwSYIkdlKNLA4ltsPx7dxvP6I2IlEPNEkxiNlQiUhwRlZq90IkdlPrlyte1VvA/Uv8nFQgR6Nf/uwNEp7FqIhLZkzX91IKpkyT4BJnpV5mMGV8zIbYtVSxGE0wXZw7c8+sMnCjRNtS5C7UnxNTFhsziUPbGTMamVVvLv7ndTOKroOpUGlGqPhyUZRJlxJ3/rs7EBo5yYkljGthb3X5iGnGySZUsiH4qy//Ja2Lqn9Z9e5rlXotj6MIJ3AK5+DDFdThDhrQBA5jeIIXeHVS59l5c96XrQUnnzmGX3A+vgG5pI8d</latexit>

� = 4 , r1
y = 1.0

<latexit sha1_base64="k+2f5tmkn7Rm8TFyNi/ez9271/A=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iB4CGFGA3oJBLx4jGAWyMTQ06kkTXoWu2vEMOTsxV/x4kERr36BN//GznLQxAcFj/eqqKrnRVJotO1vK7W0vLK6ll7PbGxube9kd/dqOowVhyoPZagaHtMgRQBVFCihESlgvieh7g0ux379HpQWYXCDwwhaPusFois4QyO1s4euB8hKRTefp+5dzDpUtV2EB0yGo1un5BTsdjZnF+wJ6CJxZiRHZqi0s19uJ+SxDwFyybRuOnaErYQpFFzCKOPGGiLGB6wHTUMD5oNuJZNXRvTYKB3aDZWpAOlE/T2RMF/roe+ZTp9hX897Y/E/rxlj96KViCCKEQI+XdSNJcWQjnOhHaGAoxwawrgS5lbK+0wxjia9jAnBmX95kdROC85Zwb4u5srFWRxpckCOyAlxyDkpkytSIVXCySN5Jq/kzXqyXqx362PamrJmM/vkD6zPH9vvmQs=</latexit>

� = 4 , r1
y = 3.5

<latexit sha1_base64="4tm1AbHfkQDN8Lz1gzotOnu+q0s=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iB4CGFGI3oRAl48RjALZGLo6VSSJj2L3TViGHL24q948aCIV7/Am39jZzlo4oOCx3tVVNXzIik02va3lVpYXFpeSa9m1tY3Nrey2ztVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ8/qXI792D0qLMLjBQQRNn3UD0RGcoZFa2X3XA2QXRTefp+5dzNpUtVyEB0wGw1vn4qRw2srm7II9Bp0nzpTkyBTlVvbLbYc89iFALpnWDceOsJkwhYJLGGbcWEPEeJ91oWFowHzQzWT8ypAeGqVNO6EyFSAdq78nEuZrPfA90+kz7OlZbyT+5zVi7Jw3ExFEMULAJ4s6saQY0lEutC0UcJQDQxhXwtxKeY8pxtGklzEhOLMvz5PqccE5KdjXxVypOI0jTfbIATkiDjkjJXJFyqRCOHkkz+SVvFlP1ov1bn1MWlPWdGaX/IH1+QPmj5kS</latexit>

� = 4 , r1
y = 4.0

<latexit sha1_base64="QhusjKcoRAtumTA7n2mVAyGrCWQ=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iB4CGFGA3oJBLx4jGAWyMTQ06kkTXoWu2vEMOTsxV/x4kERr36BN//GznLQxAcFj/eqqKrnRVJotO1vK7W0vLK6ll7PbGxube9kd/dqOowVhyoPZagaHtMgRQBVFCihESlgvieh7g0ux379HpQWYXCDwwhaPusFois4QyO1s4euB8hKRTefp+5dzDpUtV2EB0yGo1unVCzY7WzOLtgT0EXizEiOzFBpZ7/cTshjHwLkkmnddOwIWwlTKLiEUcaNNUSMD1gPmoYGzAfdSiavjOixUTq0GypTAdKJ+nsiYb7WQ98znT7Dvp73xuJ/XjPG7kUrEUEUIwR8uqgbS4ohHedCO0IBRzk0hHElzK2U95liHE16GROCM//yIqmdFpyzgn1dzJWLszjS5IAckRPikHNSJlekQqqEk0fyTF7Jm/VkvVjv1se0NWXNZvbJH1ifP+CBmQ4=</latexit>

(2E, Gc, 4�0)
<latexit sha1_base64="KmOGik38TX68t5B+acWQ9DURN9Y=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0GIEJbdGNBjQESPEcwDkmWZncwmQ2YfzPSKYQl48Ve8eFDEqz/hzb9xkuxBEwsaiqpuuru8WHAFlvVtLC2vrK6t5zbym1vbO7uFvf2mihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7wcuK37plUPArvYBQzJyD9kPucEtCSWzgsVa7K+NrtAnuAlI7L1a7i/YC41qlbKFqmNQVeJHZGiihD3S18dXsRTQIWAhVEqY5txeCkRAKngo3z3USxmNAh6bOOpiEJmHLS6Q9jfKKVHvYjqSsEPFV/T6QkUGoUeLozIDBQ895E/M/rJOBfOCkP4wRYSGeL/ERgiPAkENzjklEQI00IlVzfiumASEJBx5bXIdjzLy+SZsW0z0zrtlqsmVkcOXSEjlEJ2egc1dANqqMGougRPaNX9GY8GS/Gu/Exa10yspkD9AfG5w+kpZYv</latexit>

(2E, Gc, 4�0)
<latexit sha1_base64="KmOGik38TX68t5B+acWQ9DURN9Y=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0GIEJbdGNBjQESPEcwDkmWZncwmQ2YfzPSKYQl48Ve8eFDEqz/hzb9xkuxBEwsaiqpuuru8WHAFlvVtLC2vrK6t5zbym1vbO7uFvf2mihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7wcuK37plUPArvYBQzJyD9kPucEtCSWzgsVa7K+NrtAnuAlI7L1a7i/YC41qlbKFqmNQVeJHZGiihD3S18dXsRTQIWAhVEqY5txeCkRAKngo3z3USxmNAh6bOOpiEJmHLS6Q9jfKKVHvYjqSsEPFV/T6QkUGoUeLozIDBQ895E/M/rJOBfOCkP4wRYSGeL/ERgiPAkENzjklEQI00IlVzfiumASEJBx5bXIdjzLy+SZsW0z0zrtlqsmVkcOXSEjlEJ2egc1dANqqMGougRPaNX9GY8GS/Gu/Exa10yspkD9AfG5w+kpZYv</latexit>

(2E, Gc, 4�0)
<latexit sha1_base64="KmOGik38TX68t5B+acWQ9DURN9Y=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0GIEJbdGNBjQESPEcwDkmWZncwmQ2YfzPSKYQl48Ve8eFDEqz/hzb9xkuxBEwsaiqpuuru8WHAFlvVtLC2vrK6t5zbym1vbO7uFvf2mihJJWYNGIpJtjygmeMgawEGwdiwZCTzBWt7wcuK37plUPArvYBQzJyD9kPucEtCSWzgsVa7K+NrtAnuAlI7L1a7i/YC41qlbKFqmNQVeJHZGiihD3S18dXsRTQIWAhVEqY5txeCkRAKngo3z3USxmNAh6bOOpiEJmHLS6Q9jfKKVHvYjqSsEPFV/T6QkUGoUeLozIDBQ895E/M/rJOBfOCkP4wRYSGeL/ERgiPAkENzjklEQI00IlVzfiumASEJBx5bXIdjzLy+SZsW0z0zrtlqsmVkcOXSEjlEJ2egc1dANqqMGougRPaNX9GY8GS/Gu/Exa10yspkD9AfG5w+kpZYv</latexit>

Figure 7: Layered material with hybrid heterogeneity. Normalized effective toughness Geff
c (θ)/Gnum

c as a
function of the ductility ratio r1

y for θ = π/2. For a given strength contrast β, the parameters σ1
0 and

σ2
0 are computed from r1

y. The discontinuous plastic wake shows the locations where crack propagation
was arrested and resumed with the crack jumping forward. The plastic process zone is shown in green by
computing εeq

p (t) ≥ 0.1%.

σ1
c = σ2

c ) but different ductility ratio (r2
y = r1

y/β). The parameter β allows to vary the contrast in ductility

between the two materials, the brittle-strong phase becoming less ductile as β increases.

First, consider the layers to be perpendicular to the macroscopic direction of propagation. Figure 7

shows the evolution of the effective toughness as a function of r1
y for two values of the strength contrast β.

The dashed line indicates the sum of the values Geff
c (π/2)/Gnum

c obtained in the absence of plasticity and

by separately considering elastic and toughness heterogeneity. We observe a transition between two failure

regimes.

For r1
y < 1, both materials are quasi-brittle and the effective toughness is independent from the ductility

ratio. Since no additional toughening comes from the heterogeneity in the local toughness (see Section 3),

the observed enhancement in Geff
c is due to the elastic contrast that the crack has to face when evolving

from the compliant-tough to the stiff-brittle material. We refer to this regime as interface dominated. On

the other hand, for r1
y > 1, the constituents are more ductile and the effective toughness increases with

increasing r1
y. For high ductility ratios, a plastic zone consisting of two lobes appears at the tip of the crack

located in the tough material, by temporarily arresting propagation. Then, the crack directly jumps forward

at the compliant-to-stiff interface, where it stops again due to the unfavorable contrast in elastic modulus.

The plastic zone grows on the compliant side of the interface causing additional blunting. The computed
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(2E, Gc, 2�0)
<latexit sha1_base64="OHwiMk4vR+ZbGjBw2UJlAXZLjvE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxChVKSKOiyIKLLCvYBTQiT6aQdOnkwcyOWUNz4K25cKOLWr3Dn3zhts9DWAxcO59zLvff4CWcSTPNbKywtr6yuFddLG5tb2zv67l5LxqkgtEliHouOjyXlLKJNYMBpJxEUhz6nbX94OfHb91RIFkd3MEqoG+J+xAJGMCjJ0w8q9lX12nOAPkBGxlXbkawfYs888fSyWTOnMBaJlZMyytHw9C+nF5M0pBEQjqXsWmYCboYFMMLpuOSkkiaYDHGfdhWNcEilm01fGBvHSukZQSxURWBM1d8TGQ6lHIW+6gwxDOS8NxH/87opBBduxqIkBRqR2aIg5QbExiQPo8cEJcBHimAimLrVIAMsMAGVWkmFYM2/vEhads06rZm3Z+W6ncdRRIfoCFWQhc5RHd2gBmoigh7RM3pFb9qT9qK9ax+z1oKWz+yjP9A+fwBJoZYH</latexit>

(E, 2Gc,�0)
<latexit sha1_base64="ttGhEBX0jO7ghwnXzTDbf3jf1Ho=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EiVCglqYIeCyJ6rGA/oAlhs922S3eTsDsRS6gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXxJwpsO1vI7e0vLK6ll8vbGxube+Yu3tNFSWS0AaJeCTbAVaUs5A2gAGn7VhSLAJOW8HwcuK37qlULArvYBRTT+B+yHqMYNCSbx6UrsrVa98F+gApGZddxfoC+/aJbxbtij2FtUicjBRRhrpvfrndiCSChkA4Vqrj2DF4KZbACKfjgpsoGmMyxH3a0TTEgiovnX4wto610rV6kdQVgjVVf0+kWCg1EoHuFBgGat6biP95nQR6F17KwjgBGpLZol7CLYisSRxWl0lKgI80wUQyfatFBlhiAjq0gg7BmX95kTSrFee0Yt+eFWvVLI48OkRHqIQcdI5q6AbVUQMR9Iie0St6M56MF+Pd+Ji15oxsZh/9gfH5A9HLlcs=</latexit>

✓ = ⇡/2
<latexit sha1_base64="WcLIZmgB12V6Ha9NRglDL12a9Kc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZV0ItQ8OKxgv2AJpTNdtMu3WyW3YlQSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFynBDXret1NYW9/Y3Cpul3Z29/YPyodHLZNmmrImTUWqOxExTHDJmshRsI7SjCSRYO1odDfz209MG57KRxwrFiZkIHnMKUErBQEOGZLbQPGLWq9c8areHO4q8XNSgRyNXvkr6Kc0S5hEKogxXd9TGE6IRk4Fm5aCzDBF6IgMWNdSSRJmwsn85ql7ZpW+G6falkR3rv6emJDEmHES2c6E4NAsezPxP6+bYXwTTrhUGTJJF4viTLiYurMA3D7XjKIYW0Ko5vZWlw6JJhRtTCUbgr/88ipp1ar+ZdV7uKrUvTyOIpzAKZyDD9dQh3toQBMoKHiGV3hzMufFeXc+Fq0FJ585hj9wPn8AVI+RJw==</latexit>
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c
<latexit sha1_base64="drpHOi3uv2c8GVUxcpPwm6NGLto=">AAACEnicbZC7SgNBFIZn4y3GW9TSZjERtDDuqqBlwEKximAukMQwOzlJhszOLjNnxbDsM9j4KjYWitha2fk2Ti6FJv4w8PGfczhzfi8UXKPjfFupufmFxaX0cmZldW19I7u5VdFBpBiUWSACVfOoBsEllJGjgFqogPqegKrXvxjWq/egNA/kLQ5CaPq0K3mHM4rGamUPGggPGF8fconQVVQc5S9bY48ld2OQkZ/kk1Y25xSckexZcCeQIxOVWtmvRjtgkQ8SmaBa110nxGZMFXImIMk0Ig0hZX3ahbpBSX3QzXh0UmLvGadtdwJlnkR75P6eiKmv9cD3TKdPsaena0Pzv1o9ws55M+YyjBAkGy/qRMLGwB7mY7e5AoZiYIAyxc1fbdajijI0KWZMCO70ybNQOS64JwXn5jRXdCZxpMkO2SX7xCVnpEiuSImUCSOP5Jm8kjfryXqx3q2PcWvKmsxskz+yPn8AW7Ceew==</latexit>

Time
<latexit sha1_base64="aKWk+BZipoJaQ/AHiKVO6Z/LtNs=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokKeix48VihX5CGstlO2qW7SdidiCX0Z3jxoIhXf403/43bNgdtfTDweG+GmXlhKoVB1/121tY3Nre2Szvl3b39g8PK0XHbJJnm0OKJTHQ3ZAakiKGFAiV0Uw1MhRI64fhu5nceQRuRxE2cpBAoNoxFJDhDK/k9hCfMm0LBtF+pujV3DrpKvIJUSYFGv/LVGyQ8UxAjl8wY33NTDHKmUXAJ03IvM5AyPmZD8C2NmQIT5POTp/TcKgMaJdpWjHSu/p7ImTJmokLbqRiOzLI3E//z/Ayj2yAXcZohxHyxKMokxYTO/qcDoYGjnFjCuBb2VspHTDOONqWyDcFbfnmVtC9r3lXNfbiu1t0ijhI5JWfkgnjkhtTJPWmQFuEkIc/klbw56Lw4787HonXNKWZOyB84nz/C+JGA</latexit>A B C D E
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✓ = ⇡/8

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(2E, Gc, 2�0)
<latexit sha1_base64="OHwiMk4vR+ZbGjBw2UJlAXZLjvE=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxChVKSKOiyIKLLCvYBTQiT6aQdOnkwcyOWUNz4K25cKOLWr3Dn3zhts9DWAxcO59zLvff4CWcSTPNbKywtr6yuFddLG5tb2zv67l5LxqkgtEliHouOjyXlLKJNYMBpJxEUhz6nbX94OfHb91RIFkd3MEqoG+J+xAJGMCjJ0w8q9lX12nOAPkBGxlXbkawfYs888fSyWTOnMBaJlZMyytHw9C+nF5M0pBEQjqXsWmYCboYFMMLpuOSkkiaYDHGfdhWNcEilm01fGBvHSukZQSxURWBM1d8TGQ6lHIW+6gwxDOS8NxH/87opBBduxqIkBRqR2aIg5QbExiQPo8cEJcBHimAimLrVIAMsMAGVWkmFYM2/vEhads06rZm3Z+W6ncdRRIfoCFWQhc5RHd2gBmoigh7RM3pFb9qT9qK9ax+z1oKWz+yjP9A+fwBJoZYH</latexit>

(E, 2Gc,�0)
<latexit sha1_base64="ttGhEBX0jO7ghwnXzTDbf3jf1Ho=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EiVCglqYIeCyJ6rGA/oAlhs922S3eTsDsRS6gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXxJwpsO1vI7e0vLK6ll8vbGxube+Yu3tNFSWS0AaJeCTbAVaUs5A2gAGn7VhSLAJOW8HwcuK37qlULArvYBRTT+B+yHqMYNCSbx6UrsrVa98F+gApGZddxfoC+/aJbxbtij2FtUicjBRRhrpvfrndiCSChkA4Vqrj2DF4KZbACKfjgpsoGmMyxH3a0TTEgiovnX4wto610rV6kdQVgjVVf0+kWCg1EoHuFBgGat6biP95nQR6F17KwjgBGpLZol7CLYisSRxWl0lKgI80wUQyfatFBlhiAjq0gg7BmX95kTSrFee0Yt+eFWvVLI48OkRHqIQcdI5q6AbVUQMR9Iie0St6M56MF+Pd+Ji15oxsZh/9gfH5A9HLlcs=</latexit>
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c
<latexit sha1_base64="drpHOi3uv2c8GVUxcpPwm6NGLto=">AAACEnicbZC7SgNBFIZn4y3GW9TSZjERtDDuqqBlwEKximAukMQwOzlJhszOLjNnxbDsM9j4KjYWitha2fk2Ti6FJv4w8PGfczhzfi8UXKPjfFupufmFxaX0cmZldW19I7u5VdFBpBiUWSACVfOoBsEllJGjgFqogPqegKrXvxjWq/egNA/kLQ5CaPq0K3mHM4rGamUPGggPGF8fconQVVQc5S9bY48ld2OQkZ/kk1Y25xSckexZcCeQIxOVWtmvRjtgkQ8SmaBa110nxGZMFXImIMk0Ig0hZX3ahbpBSX3QzXh0UmLvGadtdwJlnkR75P6eiKmv9cD3TKdPsaena0Pzv1o9ws55M+YyjBAkGy/qRMLGwB7mY7e5AoZiYIAyxc1fbdajijI0KWZMCO70ybNQOS64JwXn5jRXdCZxpMkO2SX7xCVnpEiuSImUCSOP5Jm8kjfryXqx3q2PcWvKmsxskz+yPn8AW7Ceew==</latexit>

Time
<latexit sha1_base64="aKWk+BZipoJaQ/AHiKVO6Z/LtNs=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokKeix48VihX5CGstlO2qW7SdidiCX0Z3jxoIhXf403/43bNgdtfTDweG+GmXlhKoVB1/121tY3Nre2Szvl3b39g8PK0XHbJJnm0OKJTHQ3ZAakiKGFAiV0Uw1MhRI64fhu5nceQRuRxE2cpBAoNoxFJDhDK/k9hCfMm0LBtF+pujV3DrpKvIJUSYFGv/LVGyQ8UxAjl8wY33NTDHKmUXAJ03IvM5AyPmZD8C2NmQIT5POTp/TcKgMaJdpWjHSu/p7ImTJmokLbqRiOzLI3E//z/Ayj2yAXcZohxHyxKMokxYTO/qcDoYGjnFjCuBb2VspHTDOONqWyDcFbfnmVtC9r3lXNfbiu1t0ijhI5JWfkgnjkhtTJPWmQFuEkIc/klbw56Lw4787HonXNKWZOyB84nz/C+JGA</latexit>
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<latexit sha1_base64="drpHOi3uv2c8GVUxcpPwm6NGLto=">AAACEnicbZC7SgNBFIZn4y3GW9TSZjERtDDuqqBlwEKximAukMQwOzlJhszOLjNnxbDsM9j4KjYWitha2fk2Ti6FJv4w8PGfczhzfi8UXKPjfFupufmFxaX0cmZldW19I7u5VdFBpBiUWSACVfOoBsEllJGjgFqogPqegKrXvxjWq/egNA/kLQ5CaPq0K3mHM4rGamUPGggPGF8fconQVVQc5S9bY48ld2OQkZ/kk1Y25xSckexZcCeQIxOVWtmvRjtgkQ8SmaBa110nxGZMFXImIMk0Ig0hZX3ahbpBSX3QzXh0UmLvGadtdwJlnkR75P6eiKmv9cD3TKdPsaena0Pzv1o9ws55M+YyjBAkGy/qRMLGwB7mY7e5AoZiYIAyxc1fbdajijI0KWZMCO70ybNQOS64JwXn5jRXdCZxpMkO2SX7xCVnpEiuSImUCSOP5Jm8kjfryXqx3q2PcWvKmsxskz+yPn8AW7Ceew==</latexit>

Time
<latexit sha1_base64="aKWk+BZipoJaQ/AHiKVO6Z/LtNs=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokKeix48VihX5CGstlO2qW7SdidiCX0Z3jxoIhXf403/43bNgdtfTDweG+GmXlhKoVB1/121tY3Nre2Szvl3b39g8PK0XHbJJnm0OKJTHQ3ZAakiKGFAiV0Uw1MhRI64fhu5nceQRuRxE2cpBAoNoxFJDhDK/k9hCfMm0LBtF+pujV3DrpKvIJUSYFGv/LVGyQ8UxAjl8wY33NTDHKmUXAJ03IvM5AyPmZD8C2NmQIT5POTp/TcKgMaJdpWjHSu/p7ImTJmokLbqRiOzLI3E//z/Ayj2yAXcZohxHyxKMokxYTO/qcDoYGjnFjCuBb2VspHTDOONqWyDcFbfnmVtC9r3lXNfbiu1t0ijhI5JWfkgnjkhtTJPWmQFuEkIc/klbw56Lw4787HonXNKWZOyB84nz/C+JGA</latexit>A B
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(b)

Figure 8: Layered material with hybrid heterogeneity. (a) Crack path and far-field J-integral. (b) Normalized
effective toughness Geff

c (θ)/Gnum
c as a function of the layer angle θ. The yield strength is σ0 = 0.625 if not

otherwise specified. The plastic process zone is shown in green by computing εeq
p (t) ≥ 0.1%. The maximum

(resp., minimum) local value identifies the toughness computed for the homogeneous compliant-tough-weak
(resp., stiff-brittle-strong) constituent.
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value of effective toughness is much larger than those obtained for r1
y < 1, as the fracture process is now

essentially driven by plastic blunting. We thus refer to this regime as plasticity dominated. Results in Figure

7 are practically independent from the relative ductility β of the two materials.

We now set β = 2 and investigate how the fracture process evolves when varying the layer angle θ. The

ductility ratio is r1
y ≈ 3 (i.e., σ0 = 0.625), aiming to capture features of both the interface-dominated and

plasticity-dominated regimes.

Figure 8(a) shows the computed crack path and J-integral at various layer angles. The crack inter-

mittently propagates through the tough material towards the compliant-to-stiff interface. The contrast in

toughness with the upcoming layer does not affect the evolution of the J-integral (with respect to what

observed in Section 3), which instead significantly increases as a result of the upcoming mismatch in elastic

modulus. Once reached the compliant-to-stiff interface, the crack is arrested and the plastic zone entirely

develops within the compliant-tough material. The J-integral then increases up to a critical value for which

the propagation becomes unstable and the crack jumps forward. At this point, we observe two different

regimes of propagation depending on the layer angle.

For θ = π/2, the crack goes straight through the stiff material by a rapid sequence of jumps the last of

which is within the compliant-tough layer. The J-integral drops almost instantaneously to the local value of

toughness and starts increasing again due to the upcoming elastic contrast. On the other hand, for smaller

values of θ, the crack gets deflected from the macroscopic direction of propagation. However, differently

from what observed in Section 4, it does not propagate along the interface. In fact, the contrast in ductility

between the two layers is such that the plastic zone preferably develops in the tough material. This prevents

the crack to advance any further along the interface, finding more convenient to renucleate in the brittle

material despite the higher elastic modulus. The propagation is then driven by the surfing condition back

to the macroscopic path and the crack steadily advances as the J-integral equals the local toughness (see

θ = π/8).

Figure 8(b) shows the effective toughness at various layer angles, for two values of yield strength. Similar

to the case of elastic heterogeneity, Geff
c decreases with decreasing θ, attaining values strictly larger than the

toughness of the constituents for ∀ θ 6= 0. At θ = 0, the crack propagates at the compliant interface, however

the plastic process zone only develops within the compliant material. Because of that, Geff
c drops to a value

which is smaller than the toughness of the compliant-tough material. Interestingly, for a low yield strength

and more ductile layers, the effective toughness does not varies smoothly as a function of θ, as it is shown to

be the case for r1
y = 2 (i.e., σ0 = 0.883). This is due to the abrupt transition between the first (crack pinned

perpendicularly at the interface) and the second (crack deflection and jump) regime of propagation.

The material is anisotropic in the effective toughness, similarly to the case of elastic heterogeneity.

7 Conclusions

This paper investigates the anisotropy of the effective fracture toughness [17], with a focus on the effects

induced by plasticity. We consider elastic-plastic layered materials with various contrasts in the local prop-

erties. The effective toughness is determined by combining the elastic-plastic phase-field model [14, 18] with

the surfing boundary condition [39]. We study how the crack propagates throughout the material and the

evolution of the effective toughness as a function of the layer angle.

We start by considering three idealized situations where only one property among fracture toughness,

elastic modulus and yield strength varies while the others are uniform.
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In the case of toughness and strength heterogeneity, the layered material exhibits anomalous isotropy as

the effective toughness is equal to the largest of the point-wise values for any layer angle except when the

layers are disposed parallel to the macroscopic direction of propagation. In this case, the effective toughness

is equal to the smallest of the local toughnesses. As the layer angle decreases, the crack gets deflected at

the brittle-to-tough interfaces whereas it propagates straight when the layers have uniform toughness but

alternating strength. We observe that smooth deflections in the crack path do not induce any significant

overall toughening and that the effective toughness is not proportional to either the cumulated fracture

energy or the cumulated plastic work.

In the case of elastic heterogeneity, the layered material is anisotropic in the sense of the effective

toughness, as the macroscopic property decreases with decreasing the layer angle. An important observation

here is that the effective toughness is strictly larger than the uniform value as long as the crack interacts

with both the constituents. According to [40], in the absence of plasticity two are the mechanisms which are

responsible for such an enhancement of toughness: stress fluctuations and crack renucleation at compliant-to-

stiff interfaces. Our computations highlight the occurrence of two additional contributions: plastic dissipation

and plastic blunting followed by crack renucleation. These mechanisms become dominant when considering

more ductile constituents, leading to an increase in the effective toughness as the layer angle reduces.

Finally, we consider layers comprised of alternating compliant-tough-weak and stiff-brittle-strong phases,

as it is the case in many composites relevant for engineering applications. We perform two analyses. In the

first one, we fix the layer angle and study how the effective toughness varies when considering more ductile

constituents. We observe a transition from an interface-dominated to a plasticity-dominated regime. In the

first situation, the overall toughening is mainly due to stress fluctuations and crack renucleation whereas

in the second scenario plastic dissipation and blunting become the dominant toughening mechanisms. The

obtained results do not significantly depend on the mismatch in yield strength. This suggests that contrasts

in elastic modulus and fracture toughness, rather than strength heterogeneity, are the major players involved

in the fracture process of such composites. In the second analysis, we fix the ductility of the constituents and

study how the fracture evolves as a function of the layer angle. We observe two regimes of propagation. In the

first, the crack goes straight throughout the microstructure and interfaces are plastically deformed. In the

second, the crack is deflected from the macroscopic path while approaching the compliant-to-stiff interface;

here, the plastic zone prevents the crack to further grow along the interface, thus triggering instability. The

layered material is anisotropic in the sense of the effective toughness.
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[18] S. Brach, E. Tanné, B. Bourdin, and K. Bhattacharya. Phase-field study of crack nucleation and prop-

agation in elastic–perfectly plastic bodies. Computer Methods in Applied Mechanics and Engineering,

353:44–65, 2019.

[19] A. Braides et al. Approximation of free-discontinuity problems. Number 1694. Springer Science &

Business Media, 1998.

[20] B. Budiansky, J. W. Hutchinson, and A. G. Evans. Matrix fracture in fiber-reinforced ceramics. Journal

of the Mechanics and Physics of Solids, 34(2):167–189, 1986.

[21] A. Chambolle, G. A. Francfort, and J.-J. Marigo. When and how do cracks propagate? Journal of the

Mechanics and Physics of Solids, 57(9):1614–1622, 2009.

[22] G. Cherepanov. Crack propagation in continuous media: PMM vol. 31, no. 3, 1967, pp. 476–488. Journal

of Applied Mathematics and Mechanics, 31(3):503–512, jan 1967.

[23] T. Cook and F. Erdogan. Stresses in bonded materials with a crack perpendicular to the interface.

International Journal of Engineering Science, 10(8):677–697, 1972.

[24] G. Dal Maso. An introduction to Γ-convergence, volume 8. Springer Science & Business Media, 2012.

[25] G. Dal Maso, G. Orlando, and R. Toader. Fracture models for elasto-plastic materials as limits of

gradient damage models coupled with plasticity: the antiplane case. Calculus of Variations and Partial

Differential Equations, 55(3):45, 2016.

[26] G. Dal Maso and R. Toader. On the jerky crack growth in elastoplastic materials. Calculus of Variations

and Partial Differential Equations, 59(4):1–40, 2020.

[27] Y. Descatha, P. Ledermann, J. Devaux, F. Mudry, A. Pineau, and J. Lautridou. Experimental and

numerical study of the different stages in ductile rupture- application to crack initiation and stable crack

growth. Three-dimensional constitutive relations and ductile fracture.(A 83-18477 06-39) Amsterdam,

North-Holland Publishing Co., 1981,, pages 185–205, 1981.

[28] L. S. Dimas, T. Giesa, and M. J. Buehler. Coupled continuum and discrete analysis of random hetero-

geneous materials: elasticity and fracture. Journal of the Mechanics and Physics of Solids, 63:481–490,

2014.

[29] L. S. Dimas, D. Veneziano, T. Giesa, and M. J. Buehler. Probability distribution of fracture elongation,

strength and toughness of notched rectangular blocks with lognormal young’s modulus. Journal of the

Mechanics and Physics of Solids, 84:116–129, 2015.

[30] J. M. Djouda, M. A. Bouaziz, M. Zouaoui, M. Rambaudon, J. Gardan, N. Recho, and J. Crépin.
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