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Criterion for critical junctions in elastic-plastic adhesive wear

Stella Brach∗1 and Sylvain Collet1

1École Polytechnique, 91120 Palaiseau, France

We investigate elastic-plastic adhesive wear via a continuum variational phase-field approach. The
model seamlessly captures the transition from perfectly brittle, over quasi-brittle to elastic-plastic
wear regimes, as the ductility of the contacting material increases. Simulation results highlight the
existence of a critical condition that morphological features and material ductility need to satisfy for
the adhesive junction to detach a wear debris. We propose a new criterion to discriminate between
non-critical and critical asperity contacts, where the former produce negligible wear while the latter
lead to significant debris formation.

Adhesive wear is one of the most common forms of tri-
bological interaction, whose origins are still incompletely
understood [1]. It usually occurs in the sliding contact of
materials with comparable hardness and in the absence
of adequate lubrication [2–5]. During the dry sliding of
two rough surfaces, interacting asperities are subjected
to high contact pressures. This leads to the formation
of strong adhesive bonds at the contact interfaces. Upon
further sliding, junctions fail by either plastic smooth-
ing or fracture-induced debris formation. The first wear
mechanism was described by Bowden and Tabor [6]. It
is consistent with the Holm’s model [7] and with atomic
force microscope experiments [8–11]. The second wear
behavior was predicted by Archard [12] and reported in
experiments at different length-scales [13–16].

Predicting the wear behavior of a single-asperity con-
tact holds great promise for technological innovation. It
can steer the development of the next generation archival
storage [17, 18] and scanning probes [19, 20]. Transpos-
ing this knowledge to rough surfaces can lead to the de-
sign of tribosystems with reduced wear damage and of
tailor-made lubricants [21]. Despite the substantial re-
search effort, predicting the onset of wear still is a major
challenge [1]. This resulted in the emergence of a variety
of modeling approaches aiming, among other objectives,
at reproducing the above-mentioned interplay between
plastic smoothing and debris formation [22].

The transition between these two wear mechanisms
was captured for the first time in [23], by using a discrete
description of a model single-asperity contact. Simula-
tion results revealed the existence of a critical length-
scale, which controls the adhesive wear process: smaller
junctions are gradually smoothed out during sliding,
while bigger ones detach a wear debris. To achieve this
result, it was nonetheless necessary to sensibly embrit-
tle the material by using a coarse-grained potential with
an artificially reduced size of the crack tip plastic zone
[23, 24]. On the other hand, most of continuum ap-
proaches focus on the definition of plastic contact [25–
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27] and real contact area [28, 29], while very few works
address the removal of wear debris [30–33].

In this Letter, we investigate adhesive wear in elastic-
plastic junctions by means of a variational phase-field
approach [34, 35]. This enables us to address a wide
range of material behaviors and junction geometries, at
a relatively low computational cost. With respect to dis-
crete approaches, the proposed model is seamless. It re-
quires no artificial adjustment of the constitutive laws
of the material when going from brittle to ductile be-
haviors, and naturally captures the transition between
fracture-dominated and plasticity-dominated wear mech-
anisms as ductility increases. A new criterion is proposed
to discriminate between non-critical and critical adhesive
junctions, where the former fail with no or negligible mass
loss while the latter lead to significant debris formation.

Adhesive wear is understood as a fracture problem
[36, 37]. This is solved by using a variational phase-
field approach, coupled with a rate-independent plastic-
ity formulation [35]. Sharp cracks are regularized by in-
troducing a scalar phase (or damage) field. A regularized
energy functional is minimized with respect to the plas-
tic strain, damage and displacement field, as detailed in
the Supplemental Material SM. The contacting materi-
als are linear elastic and perfectly plastic, with von Mises
yield strength σy and ultimate strength σuts. The ratio
ry = σuts/σy discriminates between quasi-brittle (ry < 1)
and ductile (ry > 1) fracture [35, 38]. The case of a brit-
tle material is recovered for ry → 0.

We consider the experiment proposed by Green [14]
and Brockley [13], where two triangular asperities of base
D and height H form an adhesive junction (Fig.1). The
non-dimensional junction length J ∈ [0, 1] is defined as
the ratio between the contact interface and the asper-
ity side, such that J = 0 (resp., J = 1) corresponds to
a tip-to-tip (resp., tip-to-base) contact. A quasi-static
shear loading is imposed by the relative horizontal dis-
placement of the top and bottom boundaries, while the
vertical displacement is fixed to zero. For purely brittle
materials, the criterion for debris formation is [36]

J ≥ C D
H
, (1)

which corresponds to a Griffith energy balance between
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(a)

FIG. 1: Assessment of the proposed model against
experiments [13]. H/D = 0.28, ry = 3. (a) Wear process
for J = 0.76. (b) Wear damage A vs. junction length J .

the elastic energy stored in the junction and the fracture
energy necessary to detach a debris (see SM). In (1), C is
a non-dimensional constant that describes the minimum
slenderness for which fully engaged asperities detach a
large debris. If condition (1) is satisfied, a wear particle
detaches from the sliding contact. The junction is then
called critical. Otherwise, no or negligible mass loss is ob-
served. The curve J∗ = C ·D/H identifies the transition
between the two wear behaviors, for a junction of given
slenderness H/D and critical length J∗ (Fig. 1 SM).

The observed wear mechanisms are classified as (Fig. 2
SM): slip (asperities slide past one another), galling
(transfer of material from one asperity to the other) and
particle formation (detachment of a wear debris). The ra-
tio A between the worn area and the undamaged asperity
surface (i.e., HD/2) is used to determine the severity of
the wear damage, as detailed in Eq. (4) of the SM.

We begin by validating our numerical approach against
the experimental results provided by Brockley and Flem-
ing [13]. The original setup is recovered by setting H/D
and J equal to the values reported in [13]. Model param-
eters are chosen to reproduce the behavior of the B152
ASTM copper used in [13]. Details are provided in the
SM. Figure 1 (a) shows the comparison between the com-
puted wear response and the experiment. Upon sliding,
the junction plastically deforms. Tensile stresses concen-
trate at the edges of the adhesive interface and trigger
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FIG. 2: Wear damage A vs. ductility ratio ry. Wear
mechanisms observed for quasi-brittle (ry < 1) and

ductile (ry > 1) adhesive junctions. J = 0.7.
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FIG. 3: Difference in wear damage ∆A between ductile
(ry = 6) and quasi-brittle (ry = 0.5) junctions.

the nucleation of a pair of cracks. The junction eventu-
ally fails by detaching a small wear debris, as observed in
the experiment. In Fig. 1 (b), shear tests are performed
on junctions with different overlap between the asperi-
ties. The wear damage A increases as J increases, while
the adhesive junction fails through different wear mech-
anisms. A transition between slip, galling and small par-
ticle formation is observed, as a larger portion of the
junction plastically deforms. The obtained results are in
very good agreement with the experimental data. Dis-
crepancies with the values of A in [13] might be due to
the large deformations observed in the experiment as J
increases, which are not captured by the present model.
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Galling: A

FIG. 4: Evolution of the wear damage A, for different ductility ratios ry. Galling and particle detachment are
highlighted. Contour plots display the severity of the wear damage caused by debris formation.

The influence of plasticity on the wear response of the
adhesive junction is analysed in Fig. 2, for a given J and
increasing values of H/D. The ductility ratio ry is var-
ied to consider quasi-brittle (ry < 1) and elastic-plastic
(ry > 1) contacts. In Figs. 2 (a)-(b), the junction’s ge-
ometry does not satisfy the criterion (1). In fact, quasi-
brittle junctions fail through slip and do not form any
wear debris. For ry > 1, the region surrounding the ad-
hesive interface plastically deforms to accommodate the
large contact stresses. For H/D = 0.2, we observe a tran-
sition from slip to galling, and from galling to particle
detachment as ry increases. Conversely, for H/D = 0.4,
galling is favoured over debris formation as ductility in-
creases. Hence, for a given choice of material (i.e., ry)
and contact conditions (i.e., J), a small variation in the
asperity slenderness can lead to completely different wear
responses. This softens the conclusion reported in [13],
according to which “all junctions of the type investigated
will give rise to a wear particle”. In Fig. 2 (c), H/D and J
satisfy the criterion (1). Quasi-brittle junctions thus fail
by detaching a large wear debris. As ry increases, par-
ticle detachment is replaced by low galling, and part of
the material comprising the junction is transferred from
one surface to the other. This transition is followed by
severe galling in case of more ductile contacts. Small
perturbations of the wear behavior are still observed for
some values of ry, which reveals a strong competition
between fracture-induced and plasticity-dominated wear.
This is shown in Fig. 3 of the SM. Depending on the lo-
cal stress distribution, it can happen that a secondary
crack joins the main fracture process, producing a wear
debris (Fig. 3 (a) SM). In most of the cases though, sec-
ondary cracks -if present- do not contribute to the fail-
ure of the junction, and galling is eventually observed
(Fig. 3 (b) SM). In all the elastic-plastic cases in Fig. 2,
A increases with ry, until converging to a plateau value.

At this point, the whole junction is plastically deformed
and further increase of ductility only results in a further
extension of the plastic zone into the bulk surfaces.

According to the Archard’s law [12], the harder the
junction, the smaller is the wear. Some authors however
object that a more complex dependency of the wear rate
on the hardness might be dissimulated by the large vari-
ability of Archard’s wear coefficient [33, 39]. Our results
show that morphological features also play a fundamental
role. In Figs. 2 (a)-(b), A increases with ry, consistently
with the Archard’s law. The model also captures the de-
pendency of galling on ductility, as weak materials gall
more than hard ones. An opposite trend is observed in
Fig. 2 (c), where A initially reduces with increasing ry.
Archard’s proportionality is recovered after the change
in wear mechanism, as galling becomes more severe with
ry. The plateau value reached by A is however lower
than that experienced in the brittle regime.

Figure 3 further investigates the dependency of wear
damage on hardness, by comparing the values of A ob-
tained for quasi-brittle (ry = 0.5) and ductile (ry = 6)
junctions. The ductility ratio is chosen to capture the two
plateaux in Fig. 2. Variations ∆A = A|ry=6−A|ry=0.5 are
represented in the plane defined by the junction length J
and the asperity slenderness H/D. Two distinct trends
clearly arise. On one hand, ductile junctions with small
H/D wear more than their quasi-brittle counterparts.
This is in agreement with both the Archard’s law and
the physical insights provided in [32]. This increase in
wear damage is particularly significant for large values of
J , where a part of the adhesive junction is debonded dur-
ing sliding (Figs. 2 (a)-(b)). Conversely, ductile junctions
with larger H/D wear less than in the brittle regime,
mostly due to the occurrence of galling. The wear behav-
ior of those junctions does not follow Archard’s predic-
tion, when comparing the two plateaux at ry = 0.5 and
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ry = 6. Note however that after transitioning to the duc-
tile regime, most of those junctions follow the evolution
shown in Fig. 2 (c), and thus gall more with increasing
ductility. Finally, Fig. 3 shows that Archard’s propor-
tionality is recovered for large values of both H/D and
J , for which ∆A becomes again positive. Importantly,
the comparison in Fig. 3 only applies to early-stage wear.
Both the sign and the intensity of ∆A are expected to
evolve during sliding, as galling and third-body interac-
tions progressively modify the surface roughness.

Figure 2 demonstrates that the criterion (1) only holds
for brittle and quasi-brittle adhesive junctions. Its pos-
sible extension to elastic-plastic contacts is investigated
in Fig. 4. Each map reports the wear mechanisms ob-
served for a given ry and the corresponding wear damage
A. To enhance readability, only galling and particle for-
mation are highlighted, while the remaining junctions fail
through slip. We find that the wear response strongly de-
pends on ductility. For quasi-brittle contacts in Fig. 4 (a),
the left side of the map is occupied by wide asperities that
do not produce any wear debris. As the material becomes
more ductile, an increasing number of those junctions
fail by detaching a small particle. The setup considered
in [13] belongs to this region. We observe a transition
from slip to galling and from galling to particle detach-
ment, when going from Fig. 4 (a) to Fig. 4 (c). On the
other hand, the right side of Fig. 4 (a) is occupied by brit-
tle junctions complying with Eq. (1), which detach large
wear debris. With increasing ry, the extent of this re-
gion progressively reduces, while particle detachment is
mostly replaced by galling. For the most ductile mate-
rial in Fig. 4 (c), only junctions belonging to the top-right
corner of the map produce large debris. The most severe
forms of galling occur at the boundaries of this region.
Those results suggest that there must exist a critical con-
dition that H/D, J and ry need to satisfy for the sliding
contact to fail through one wear mechanism or the other.

In [23], an adhesive junction is defined critical if it
fails by “debonding the two asperities from the sliding
surfaces”. This corresponds to particle detachment with
wear damage A ≥ 2. We use the phase-field model to
compute wear maps as in Fig. 4, for materials with dif-
ferent levels of ductility. We then apply the above condi-
tion to identify critical junctions, by neglecting isolated
perturbations of the wear response as those observed in
Fig. 2 (c). We find that all the asperity contacts satisfying

J ≥ γ
(
D

H

)δ
, (2)

with γ = γ(ry) and δ = δ(ry), debond the entire junction
during sliding. Geometries that do not comply with (2)
fail through slip, galling, or detach particles by causing
limited wear damage (A < 2).

The inequality constraint (2) is the criterion that gov-
erns adhesive wear in elastic-plastic contacts, by discrim-
inating between non-critical (no or negligible mass loss)

and critical (significant debris formation) junctions. Its
evolution as a function of the ductility ratio ry is shown in
Fig. 5 (a), where (2) is represented with the equal sign.
The resulting curve delimits the portion of the plane,
which is occupied by critical junctions, from below. The
corresponding values of γ and δ are computed from the
wear maps by setting the threshold A ≥ 2 on debris for-
mation, and are represented with markers in Fig. 5 (b).

We observe a smooth transition between two wear
regimes: brittle (ry → 0) and ductile (ry � 1) adhesive
wear. This transition is well captured by

γ = C + (1− 2C) (1− S)

δ = 1− (1− C) (1− S)
(3)

where C is the constant in Eq. (1) and S = S(ry) is the

sigmoid function S = [1 + exp ((ry − s)/w)]
−1

. The rate
of the transition is controlled by w, while s is the switch-
point that discriminates between the two wear regimes.
Estimates of w and s are obtained by fitting expressions
(3) to the values of γ and δ computed from the wear
maps. Solid lines in Fig. 2 (b) represent the resulting evo-
lution curves as a function of the ductility ratio. For brit-
tle materials, δ = 1 and the criterion (2) recovers the orig-
inal condition (1) with γ = C. In case of elastic-plastic
contacts, δ smoothly decreases with ry until reaching a
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(b)

FIG. 5: (a) Criterion (2). (b) Coefficients γ and δ:
computed values (symbols) and predictions (3) with

s = 1.4, w = 0.25 and C = 0.3. Dotted lines in (b) mark
the plateau values at C and 1− C.
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plateau value at δ = C. The opposite behavior is observed
for γ, which increases with ductility up to the constant
value γ = 1 − C. As a result, in Fig. 5 (a), the extent
of the region occupied by critical junctions reduces with
increasing ry, and eventually becomes constant for the
most ductile materials. This evolution accommodates
the transition from particle detachment to increasingly
severe forms of galling, as shown in Figs. 2-4.

In summary, we proposed a continuum phase-field
model that seamlessly captures the transition from brittle
to ductile adhesive wear. Simulation results highlighted
the existence of a critical condition that the contact ge-
ometry and the ductility of the material need to satisfy
for the junction to produce a wear debris. The resulting
criterion enables wear prediction. It can lead to develop-
ment of algorithms for roughness evolution [40], and to
the design of surfaces with reduced wear damage [41].
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cussions and to the anonymous Reviewers for the perti-
nent comments. Computational resources at the GENCI-
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