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Abstract

Bonding techniques are increasingly used in many industrial fields. Mod-
elling the under-load damaging behavior of hard structural adhesives is still
an open challenge. This work proposes a new hard interface analytical model
with evolutive micro-cracking damage. The model is obtained within a rigor-
ous theoretical framework combining asymptotic theory and micromechanical
homogenization. Main new features are: (i) the adoption of two dual ho-
mogenization approaches; (ii) the formulation of a thermodynamically-based
damage evolution law for hard interfaces. The interface model is able to de-
scribe both ductile and brittle damage behavior of hard structural adhesives.
Provided examples on the structural behavior, under several loads, suggest
the suitability of the proposed interface model as a modelling strategy for

hard structural adhesives with micro-cracking damage.
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1. Introduction

Bonding has become a very common practice to assembly materials and
structural elements in many industrial fields, such as aeronautic, spatial,
automotive, nuclear, civil, mechanical and bio-engineering, mainly because
structural adhesives offer low-cost techniques and a great design freedom
while preserving good mechanical performances. For some applications, such
as assemblies of fiber-reinforced composites and implant fixations, bonding is
the only viable assembly technology. To achieve better performances avoiding
too large mismatch in terms of thermo-elastic properties, structural adhesives
and adherents have, in some cases, an equivalent stiffness. Some examples
can be cited: acrylic adhesives, whose Young’s modulus (E) is around 2-3
GPa [1], are used in manufacture of plywood (E = 5 — 8 GPa); phenolic and
epoxy adhesives with £ = 3—5 GPa [2] are used to bond structures of GFRP
(polyester-glass composites) with £ = 15 — 28 GPa; orthodontic adhesives
with £ = 18 — 22 GPa [3] are usually used for cementation of brackets on
enamel (E ~ 65 GPa).

An adhesive equally stiffer than adherents is defined, from a mechani-
cal point of view, as a hard interface, as opposed to the definition of soft
interface [4, 5|. A wide literature exists concerning models of soft material
interfaces, including those undergoing material degradation. Analytical soft
interface models often take into account the nonlinear evolution of the inter-

face properties by introducing at least one parameter (of damage, adhesion,
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etc.) whose variation depends macroscopically on kinematic variables [6-15].
Numerical soft interface models, in the framework of the finite element the-
ory, generally use cohesive zone models (CZM) based on traction-separation
laws of various shapes, to describe cohesive and adhesive failure [16-22].

Recently, some analytical models of hard material interfaces have been
also developed [23-29] and it has been proved that interface models developed
for soft adhesives cannot be directly applied in the case of hard adhesives [25].
Moreover, the existing hard interface models do not consider the degradation
of the adhesive material properties.

This paper provides a novelty within this context, by proposing a hard
material interface model accounting for an evolutive micro-cracking damage.
In the last twenty years, the present authors established an original modelling
strategy to derive soft and hard imperfect interface models based on the
combination of asymptotic theory and micromechanical homogenization |11,
14, 23-26] (see Fig. 1). This strategy has already been successfully used
to describe the mechanics of thin elastic layers in adhesive-like problems
and contact problems [13, 15, 30, 31]. Moreover, it has been identified as a
sound alternative to the classical cohesive zone models, principally because
imperfect interface models allow to consider the physics of the adhesives in
terms of geometrical (thickness, surface roughness), mechanical (anisotropy,
non-linearity) and damage properties.

This work is an extension of the authors’ modelling strategy of hard im-
perfect interfaces. Drawing on Kachanov’s micromechanical homogenization
theory [32-37|, micro-cracking damage is represented by a microcracks den-

sity parameter. Particularly, the adoption of a generalized cracks density [38|
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Real problem Modelling strategy

F F

v

Micro-cracking
damage

Fig. 1: Schematic sketch of the imperfect interface modelling strategy

allows to by-pass the geometrical definition of the cracks, which is possible
only for circular and regular cracks [32], and as a matter of fact it extends the
generality of the proposed interface model to any regular and irregular cracks
shape. It should also be noted that the generalized microcracks density can
be measured postmortem by X-ray micro-tomography [15]. The evolutive
character of the micro-cracking damage is described by introducing a new
evolution law of the generalized cracks density.

The paper is structured as follows. The hard imperfect interface law is
derived via the asymptotic expansions method in Section 2. In Section 3,
the microcracked-material-interface properties are derived through two dual
approaches of micromechanical homogenization, stress [32, 33| and strain-

based [39, 40]. The damage evolution law is derived from a thermodynamic
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approach and then included in the hard interface model via the asymptotic
expansions method. In Section 4, the behavior of the proposed interface
model under various loading type is discussed via some academic examples.
Moreover, the influence of damage parameters is investigated. Conclusions

and perspectives are drawn at the end of the paper.

2. Derivation of the hard imperfect interface model

2.1. Notation and problem statement

The herein adopted matched asymptotic expansion theory builds on the
tradition of using asymptotic analysis to derive mechanical laws governing
imperfect interface conditions [41-48|.

In what follows, a thin material layer of constant thickness ¢ embedded
between at least two solids is referred as interphase. Being L a representa-
tive length scale of the geometry, the non-dimensional interphase thickness
e = t/L can be defined and taken as a small parameter for the asymptotic
expansions of the elastic problem. When ¢ < 1, the thin layer can be sub-
stituted by a surface separating the adherents called interface across which
certain conditions on the displacements and tractions prevail [4].

The interphase occupies a domain B® with cross-section S, § being an
open bounded set in R? with a smooth boundary. The adherents occupy the
reference configurations Q°. C R®. Let S°4 be taken to denote the plane
interfaces between interphase and adherents and let Q¢ = Q°, U 8%, U B
denote the whole composite system. It is assumed that the displacement and
stress vector fields are continuous across S¢..

An orthonormal Cartesian basis (O, iy, i3, i3) is introduced and let (z1, x9, 3)



84

85

87

88

89

90

91

92

93

94

95

Accepted Manuscript

be taken to denote the three coordinates of a particle. The origin of the basis
belongs to §. The aforementioned system is sketched in Fig. 2a.
(b)

g
2, \\\l !//r

g

23,2,

)

-1/2 Y g/
Nl

Iy XXy

(c)

X3

Fig. 2: The three steps of the matched asymptotic expansion method: (a) Refer-
ence configuration (interphase); (b) Rescaled configuration (asymptotic expansion

phase); (¢) Limit configuration (interface).

The materials of the composite system are assumed to be homogeneous
and linearly elastic and let Ay, B be the fourth-rank elasticity tensors of
adherents and of interphase, respectively. Tensors A, B® have the usual
symmetry properties, with the minor and major symmetries, and are posi-
tive definite. Note that any assumption on the anisotropy of adhesive and
adherents materials is needed for the proposed development. As a matter of
fact, it extends the generality of the proposed asymptotic approach to any
anisotropic material.

Adherents are subjected to a body force density f* : Q¢4 — R? and to a
surface force density g* : T¢ = R* on T'¢ C (09 \ S5)U(9Q°_\ 8). Body
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o6 forces in the interphase are neglected.
o7 On I, = (097 1 \S7)U(09° _\S2)\I';, homogeneous boundary conditions
o8 are prescribed:

u"=0 onl%, (1)

oo where u® : QF — R3 is the displacement field defined on €¢. Boundaries

wo I'7, T, are assumed to be located sufficiently far from the interphase and the

11 external boundaries of the interphase B° (0S x (=3, 5)) are assumed to be
102 stress-free. The external forces field is endowed with sufficient regularity to
03 ensure the existence of an equilibrium configuration [25].

1s The following notation is adopted:

105 e [f] == f(2a,3)—f(2a, —3) = jump in the rescaled configuration (Fig. 2b);

1
106 o (f):= [ f(2a,z23)dz3 = average in the rescaled configuration;
2

107 e [[f]] .= f(Xa,07)—f(X4,07) = jump in the limit configuration (Fig. 2¢);
108 o ((f)) = 32(f(Xa,0") 4 f(Xa,07)) = average in the limit configuration;
s where [ is a generic function, z, = (21, 22) and x, = (z1, z3).

o 2.2. The one-order asymptotic theory

111 This section details the main steps of the asymptotic analysis leading to
112 the hard interface law at one-order. Full formulation is reported in Appendix
us A and more details could be found in [23-26].
114 Generally, the elasticity tensor B of a hard interphase does not depend
us on € 23, 25|

B° =B (2)
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In the rescaled configuration (Fig. 2b) and considering Eqgs. (A.7) and
(A.14b), the stress-strain equation (A.31b) reads as:

6" +eo' =B e + & +cel) +o(e) (3)
Equation (3) is true Ve, thus the following conditions are derived:

0=DB(e" (4a)

¢’ =B(e") (4b)

By considering Eq. (A.8) and the positive definiteness of the tensor B, Eq. (4a)

gives:

uy=0=[u"]=0 (5)

Moreover, substituting Eq. (A.9) written for £ = 0 into Eq. (4b) it gives:
¢’i; = KVa', + K¥a% + K¥al (6)
with j = 1,2,3 and K# being the two-order tensors such that K7’ := Bjj.

Next, integrating Eq. (6) with respect to z3 (for j = 3) and considering
Eq. (A.17) it results:

] = (K¥)7! (6% — Kol @
Then, by replacing Eq. (6) (j = 1,2) in the equilibrium equation (A.18) one
obtains:

(6'3)5 = —(6%a) 0 = — (K"} + K**0) + K**0) (8)

Next, by integrating Eq. (8) with respect to z3 between —1/2 and 1/2 and
by using Eq. (7), it is obtained:

6] = (— Kl - K (K™) ! (6% - K™a) ) (9)

,

8
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where Greek indexes (o, 8 = 1,2) are related to the in-plane (xy, z2) quan-
tities. Note that in Eq. (9) higher order effects, related to in-plane deriva-
tives, appear. These terms, usually neglected in standard zero-order theories
[23, 25], are related to the curvature of the deformed interface (second-order
derivatives).

Finally, the transition from the rescaled configuration to the limit configu-
ration is obtained by introducing the matching conditions Eqgs.(A.27)-(A.30)

and the interface laws at both zero-order and one-order are derived:

e Zero-order interface law:

[w’] =0 (10)
[0 i3] = 0 (11)

e One-order interface law:
[u)] = (K*)™" (6% — K*ul,) — ((u%)) (12)

o )] = (- KPul — K*(K®) ! (0% - KPul,) )

e’

— ((o3i3)) (13)

Equations (10)-(11) are the standard perfect interface condition, character-
ized by the continuity in terms of displacements and stresses at the interface
[4]. Equations (12)-(13) are the displacements and stresses jumps at the inter-
face in the one-order asymptotic theory. They depend on the displacements
and the stresses fields at the zero-order and on their first and second-order

derivatives.
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The hard interface law in the reference configuration (Fig.2a) is derived by
considering asymptotic expansions (A.14a) and (A.5a) combined with Egs.

(10)-(13) [25]:

) ~ = ((K)7 ((fo%s)) — KH(us,)) — ((us)) (14)
o ia]) & = ( (= K ((u5)) — K*(K™) ™" (((0%1)) — K™ ((w5))) )

)

(0% is))) (15)

3. Introduction of the micro-cracking damage

In this section, it is shown how to include micro-cracking damage in the
hard interface law above obtained. The closed-form of the effective elastic
tensors K7 in Eqgs. (14)-(15) is specialized by using micromechanical ho-
mogenization in the case of two microcracked material models: Kachanov-
Sevostianov (KS) and Welemane-Goidescu (WG) models. The evolution law
of the generalized microcracks density is derived from a thermodynamic ap-
proach and then included in the hard interface model via the asymptotic

expansions method.

3.1. Muicromechanical homogenization approaches

The Kachanov-Sevostianov model |32, 37] is a stress-based approach based
on the non-interacting microcracks approximation [35, 36]. The Welemane-
Goidescu model [40, 49, 50] is a strain-based approach, based on the dilute
limit hypothesis [39]. For both models, it is assumed that the material in-
terphase comprises an orthotropic matrix embedding a family of microcracks

parallel to i;. For the sake of simplicity, the formulations are reduced to

10
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the two-dimensional case on the plane (i, i3) with reference to the problem

geometry in Fig.2.

3.1.1. Kachanov-Sevostianov model
Following the theory proposed by Kachanov and coworkers [32-37| based
on the Eshelby’s approach [51], and the above assumptions on microcracks

and matrix, the interface stiffness can be derived as follows:

(EY)? (2R By, EY +1)
E) — EY (v%5)?+ 2R B, EY EY
EY B3 vy
E) — Eg (1/?3)2 +2R B, EY Eg
EY By
EY — EY (v)3)?+ 2R B, EY EY
33 _ 2 G(1)3

11
Kll -

13 31
K31 - K13 -

(16)

33 __
K33 -

where EY, EY, G%, 1% and 1/, are the in-plane elastic orthotropic moduli of
the matrix; B, and By are elastic parameters depending on the matrix and
microcracks characteristics [32, 33].

Note that the engineering moduli can be also easily derived. The effective
Young’s modulus in normal direction (iz), used in the examples below, reads

as:
0
E3

E. =
T 1+2RB,, EY

(17)

3.1.2. Welemane-Goidescu model
In |40, 49, 50, 52|, Welemane and coworkers extended the energy-based
homogenization approach originally proposed in [39] for isotropic materials

to the case of an orthotropic matrix.

11
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By following the Welemane-Goidescu model [49], the expressions of the

interface stiffness read as:

EO
Kll — 1 EO - R
11 ES(10500, — 1)2 ( 5(1— visvs) \/ 9(v31)*m X
13 31 EYvg, 0 0 /
K3 = Ki3 = (0,0, — 1)2 ((1 — vi3tsy) — R/ Egm X>

Vi3V31

EO
K3 = (00—3_1)2 ((1 — Vy05)) — Ry/Egm X)

ViglV3y

. e
K5 = o, (1 L) x)
NG

1
2
0 70 0 0
) , and FY, EY, GY5, )5 and 14, are the

(18)

— 1 V
in-plane elastic orthotroplc moduli of the matrix.
Also in this case, the engineering moduli can be derived. The effective
Young’s modulus in normal direction (i3), adopted for next examples below,

reads as:

Es=E}(1—-2RH,,FES) (19)

with H,, an elastic parameter depending on the matrix and microcracks

characteristics [49] (analogous to the parameter B,,, of the KS model).

3.2. Damage evolution law

The proposed hard interface law expressed by Eqs. (12)-(13) in the limit
configuration (Fig. 2¢), or by Egs. (14)-(15) in the reference configuration
(Fig. 2a), depends on the generalized microcracks density R via the effective
stiffness tensors expressed by Eqgs. (16) and Eqgs. (18) for the KS and WG
model, respectively.

A possible evolution law of R in the interphase B° (of thickness ¢) is herein

derived following a thermodynamic approach [6, 7|. A pseudo-potential of

12
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dissipation ® given by the sum of a quadratic term and a positively 1-
homogeneous functional is considered [7]. The dissipative character of the

evolution of damage is given by the rate-dependent form of the potential:
) 1 ., )
(I)<R) = 5 n R+ ][0,+oo[(R)7 (20)

where 7)° is a positive viscosity parameter; I 4 denotes the indicator function
of the set A, i.e. I4(x) =0if z € A and I4(z) = 400 otherwise; R is the
increment of microcracks density compared to its initial level, indicated in
what follows as Ry. The term ][o,+oo[(R) forces R to assume non-negative
values and it gives the irreversible character of the degradation process for a
non-regenerative microcracked material (R > Ry).

The free energy associated with the constitutive equation of the microc-

racked material is chosen as follows:

U (e(u®),R) = %]B%a(R) (e(u®) : e(u®)) — W R+ I[ry, +oo[(RR) (21)
where B (R) is the effective stiffness tensor of the material (obtained via the
KS or WG model); u is the displacement field; e(u) is the strain tensor under
the small perturbation hypothesis; w® is a strictly negative parameter. Note
that the irreversible character of damage, already imposed in Eq. (20), allows
to neglect the term Ijp, oo[(R) in Eq. (21).

By deriving Eqs. (20) and (21) with respect R and R respectively, then
by replacing them into the movement equations in B¢ (for further details
refer to [6, 53]), the following damage evolution law for R in the volume B5°

is obtained:

I = (o = 3 BR(R) (e(u) s e(u) ) 22)

13
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where (), denotes the positive part of the function and B(R) indicates
the component-wise derivative of the stiffness tensor with respect to the

generalized microcracks density R.

3.2.1. Asymptotic theory

In this section, the asymptotic behavior of the volumetric damage evolu-
tion law (Eq. (22)) is studied. It is prescribed that 7 and w® are volumetric
densities and thus they are inversely proportional to the non-dimensional

Land w® = we™, withp > 0 and w < 0.

interphase thickness e: n°* = ne~
Subsequently, for the sake of simplicity, we will further assume that w and n
do not depend on the direction orthogonal to the interface surface x3 (respec-
tively z3, in the rescaled configuration). In the following, also R is supposed
to be independent of x5 (respectively z3).

Let focus on the term: %IB%’ER(R) (e(u®) : e(u®)) in Eq. (22). This term can

1
be developed at 0-order as 3 B (R) (éo : éo), and the constitutive equation

1
(4b) leads to 5 B, (R) [(B*)"'(R) 6° : €°]. Note that:
e = Sym(t @iy + 0% ® iy + U5 ® i3) (23)

where Sym gives the symmetric part of the enclosed tensor. This term is inte-
1 1
grated along z3 and gives 5 BR(R) [(B*) ™" (R) 6 : (&°)] or 3 BR(R) (e”: (&%)).

1
Next, by integrating again along z3, it gives 5 B (R) ((éo) : (éo)), where

(&%) = Sym(i% @ i1 + 0% ® iy + [0'] ® i3) (24)
Finally, by adopting the following approximation:
. . . . . s R N .
Sym(5 @iy +10% Qi+ [4'] ®ig) = Sym(i5, @iy +15 Qi+ z [0°]®i3) (25)

14
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the (internal) damage evolution equation reads:

. u€1> <7:481>
nR = w-— 5 Ka(R) [ (@5) | - | (@5) (26)
[a] [a]

where
cK cK12 K18
Ke— | er2 o2 g2
K13 |23 1 K33
€
By introducing the matching conditions of the hard interface law (Eqs. (14)-
(15)) and neglecting the second-order terms, the final form of the proposed

damage evolution law for a hard interface model reads:

8
gy
~—
Ny
—
—
I
)
=
~—

+

3.3. Connection of the generalized cracks density with normalized damage

parameters

In the classical continuum damage theory at least one normalized damage
variable is adopted to describe non-localized damage [6, 53, 54|. The simplest
relationship to describe material properties degradation is £ = E°(1 — D),
where EY is the Young’s modulus of the undamaged material and D is the
damage variable going from 0 in undamaged conditions to 1 in fully damaged
conditions. This damage description is generally used in commercial software

for finite element analysis (FEA). Connection relationships between D and

15
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the generalized cracks density R can be obtained for both KS and WG model

by using Eq.(17) and Eq.(19), respectively, and they read as:

2R B,, E°
- o KS model
I 12RB,, B0 17 mode (28)

D=2RH,, E° for WG model

Equations (28) show that in undamaged conditions D = R = 0 for both
damaged-material models. Instead, in fully damaged conditions (D = 1),
R — +oo for the KS model and it is bounded by the value R = 1/2 H,,,, E°
for the WG model. Note that to have a upper bound for R, in the WG
model, is consistent with the dilute limit theory, on which the WG model is
based [40], meaning that the model is valid for small density values. These
connection relationships (28) have a twofold advantage: (i) they allow a
microstructural interpretation of the damage variable D, by making explicit
its dependency on material and microcracks properties; (ii) they are expected
to simplify the implementation of the proposed interface model in commercial

FEA-software for future validation with numerical simulation.

4. Numerical examples

Hereafter, two academic examples are used to illustrate the constitutive
and structural behavior of the proposed hard interface model with micro-
cracking damage. All the numerical computations have been carried out

using the commercial software Mathematica |55].

4.1. 0-D example: The constitutive behavior

In this section, a 0-D example is developed to illustrate the constitutive

behavior of the interface model. Different points are discussed: the compari-

16
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son between damaged material models KS and WG; the influence of damage
parameters 1 and w on the interface law; and finally, the influence of the

loading rate and of cyclic loads on the interface behavior.

4.1.1. Effects of the damage evolution law

The mechanical properties of the damaged material (Young’s modulus
E4(E,, R)) in the case of KS (Eq. (17)) and WG (Eq. (19)) models, read as

follows:

E
— KS model
T2+ R for mode 29)

EVY(E, R)=E,(1-27R) for WG model

Ei®(Eu, R) =

where B, = H,, = &-. By deriving with respect R, one obtains:

2n E
" KS model
(1+27R)? for moae (30)

(B r=-2nE,  for WG model

(Ef®)r=—

The damage evolution laws in the 0-D case, for both KS and WG models,
are obtained substituting Eqs. (30) into Eq. (27):

<w - 1% [u]2> for KS model
+

. 2 ¢ "
nR = 1 (EWG) R (31)
<w — g = [u]i) for WG model
2 € n
Equations (31) have been numerically solved with an imposed displacement
t
jump equal to [u], = [u],, . . with [u],, . = 0.1 mm and t; = 5s. Note that

the time unit (s) is only qualitative and the proposed model does not depend
on it because the interface model is developed in a quasi-static framework.
Moreover, let F, = 70 x 10> MPa and ¢ = 2 mm. The chosen reference
values for damage parameters are n = 30 MJ.s/mm? and w = —2 MJ/mm?.

Initial damage was imposed to vanish (Rq = 0). To investigate the effects

17
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of parameters n and w on the interface model, a one-factor-a-time (OFAT)

study on both 1 and w has been made on ranges n = (0.3,3,30,300) and

w = (—0.2, -2, —20, —200).

z : : 2z o : :
%0 - 1703 P Z 60001 == 203 /
3 U |- =3 “ 35000 |~ =3
= 25F1{= n=30 e - = - =30 /
% - =300 Py £ 40001~ 7=300
820 & /
< 15 - 5 000 S/
S 10 e — S 2000 /
% 0.5 / — é 1000 A
CE'D 0.0 ‘_é// g 0 {/
0 1 2 3 4 5 0 1 2 3 4 5
Time Time
(a) (b)
3‘ T ! / 3‘ 60 £ T 3|
g 14 |- w=—02 Z —0=—02
E 1281~ $=—2 '// G:) 50— z:—Z /
T Fe=20 = ° - w=-20 //
g 10F |- w=-200 7 S 400 |- w=-200
508 / g 30 / //
: 04 // E 20 ///
g 7 £ Ay
g 02 510
5 00 — 5 o / /
© 1 2 3 4 5 © % 1 2 3 4 5
Time Time
(c) (d)

Fig. 3: Evolution of the generalized microcracks density R. Fig. 3(a): effect of
varying 7 in the KS model. Fig. 3(b): effect of varying n in the WG model.
Fig. 3(c): effect of varying w in the KS model. Fig. 3(d): effect of varying w in the
WG model.

Figures 3a-d show the evolution of the generalized microcracks density
R as a function of the time and of damage parameters n and w, for both

KS and WG models. At the beginning, both models present an horizontal
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plateau at zero (because of the imposed initial damage Ry = 0); then, after
damage initiation, a linear increasing behavior is found for the KS model and
a cubic increasing behavior for the WG model. An inverse proportionality
between R and 7 is found in both models (see Fig. 3(a) and Fig. 3(b)); this
highlights that 1 has the physical meaning of a damage viscosity influencing
the velocity (slope of (R,t) curves) of the damage evolution. This result is
also emphasized in Fig. 4, where the degradation of the Young’s modulus
of both damaged materials KS and WG is shown. The slope of (E;/Eu,t)
curves, for both KS and WG models, increases as 1 decreases, meaning that

material get damaged "faster" for smaller values of 7.

- 7=0.3-KS
- 7=3-KS
n=30 — KS
- 1=300 - KS
- 7=03-WG
N - 7=3-WG
n=30 - WG
e n=300 - WG
2 3 4 5
Time

Fig. 4: Evolution in time of the Young’s modulus of the damaged materials: para-
metric study on 7. Kachanov-Sevostianov (KS, solid lines) and Welemane-Goidescu

(WG, dashed lines) damaged material models are represented.

The parameter w has the physical meaning of a threshold energy beyond
which damage initiate, in analogy with Dupré’s energy for adhesion [53]. In

fact, the damage-initiation time, i.e., when R begins to increase, is more
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s influenced by w than by 7 for both damaged materials, as highlighted in
Figs. 3(c), 3(d) and 5.

1.07
- w=-02-KS
0.8 \“\ R - w==2-KS
. '\ N ~ =-20-KS
2060 W\ LN - w=-200 - KS
KV [ [ ~N ~
= [ \\\ ! ~_" w=-02-WG
= 0.4 !i ll \\l'\ - w=-2-WG
1 - w==20-WG
0.2 S—— - w=-200-WG
006 E : :
0 1 2 3 4 5
Time

Fig. 5: Evolution in time of the Young’s modulus of the damaged materials: para-
metric study on w. Kachanov-Sevostianov model (KS, solid lines) and Welemane-

Goidescu model (WG, dashed lines).

305

306 Moreover, Figs. 4 and 5 show that the complete damage (i.e., when Ey
07 tends to zero) occurs earlier for the WG model than for the KS model inde-
s8  pendently of w and 7. Note that in the case of KS model, F; tends to zero
300 asymptotically (data not shown). This different behavior of the two models is
s10 consistent with the two different hypotheses on which the models are based.
su  Particularly, WG model is based on the dilute limit hypothesis, meaning that
312 it is valid for small density values (less than 20% according to [39]). This is
s13 also in agreement with the fact that the generalized cracks density R has an
sia upper bound in the case of WG model (see Section 3.3). The KS model is
s1is based on the non-interacting microcracks approximation and it is valid for

ate  greater microcracks densities (until 80% according to [36, 37]). For further
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details regarding the difference between these microstructural hypotheses the
reader can refer to [37].

The interface model in 0-D can be expressed as:
on = — [u], (32)

Equation (32) has been solved for both KS and WG models, replacing E4 by
EXS and EVC. respectively (see Egs. (29)), in which R has been obtained
by Egs. (31).

800 7 ‘
; [— — 7=03-KS
1y — p=3-KS
600 ,: / ]]:30 -KS
~' — =300 - KS
-- 71=03-WG
\ -- 1=3-WG
\ n=30 - WG
) -- =300 - WG
5 + --- Undamaged material
Sit]
1\ LN

o, [MPa]

w ]
/

200

0 n
000 002 004 006 008 0.10
[u],, [mm]

Fig. 6: Interface law: parametric study on n. Kachanov-Sevostianov (KS, solid
lines) and Welemane-Goidescu (WG, dashed lines) damaged material models are
represented. The linear-elastic behavior of the undamaged material is represented

with a red dotted line.

Figures 6 and 7 show the interface model for both damaged materials as a
function of n and w. Numerical curves are obtained by solving the damaged
interface model (Egs. (32), (29), and (31)) in displacement-controlled mode.
Both figures suggest a brittle damage behavior in the case of WG model and
a ductile damage behavior for the KS model. Figure 6 highlights that the
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2000
— w=-02-KS
K — w=-2-KS
— 1500 A w=-20 - KS
g / | — w=-200-KS
i -= w=-02-WG
2, 1000 /o - w=—2-WG
& ! w==-20 - WG
500 / H == w=-200 - WG
/ 1 } --- Undamaged material

0
0.00 002 004 006 008 0.10
[u], [mm]

Fig. 7: Interface law: parametric study on w. Kachanov-Sevostianov (KS, solid
lines) and Welemane-Goidescu (WG, dashed lines) damaged material models are
represented. The linear-elastic behavior of the undamaged material is represented

with a red dotted line.

elastic limit increases with 1 and this result confirms the role of the damage
viscosity 7 as the velocity of the damage evolution. Figure 6 shows also that n
influences the nonlinear transition between the linear elastic domain and the
damaged domain (this is more evident in KS model than in WG model); thus
for a small damage viscosity 7 this transition tends to vanish (i.e., suggesting
that the material gets damaged immediately after the initiation). Figure 7
emphasizes the role of parameter w as a damage initiation threshold: thus

the higher is w, the later damage initiates (see Fig. 5) and the higher the

elastic limit.

4.1.2. Effects of the loading rate

The influence of the loading rate and of the loading shape on the interface

model has been investigated. In particular, two displacement jumps have
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been separately imposed to solve Egs. (32), (29), and (31): a ramp function
[u], = vt and a quadratic function [u], = 1/2v*t*+1/2vt. Four values of the
loading rate v = [u], . /t; have been simulated (0.1,0.2,2,20) mm/s with a

fixed [u], . = 1mm and by varying the duration ¢; between (0.05,0.5,5, 10)

s. The damage parameters have been taken equal to their reference values
n = 30 MJ.s/mm? and w = —2 MJ/mm? The other parameters E, =

70 x 10® MPa, ¢ = 2 mm and R, = 0, are taken as in the previous study.

4000 ~ :
: — v=20-KS
P — — v=2-KS
530000 v=0.2-KS
& '8 — v=0.1-KS
2,20001§% -- v=20-WG
N F -- v=2-WG
1000 H v=0.2-WG
A== ‘ ‘ ‘ -- v=0.1-WG
0 i[ L ‘ ‘ ‘ ‘ ‘ --- Undamaged material
0.0 0.2 0.4 0.6 0.8 1.0

[u], [mm]

Fig. 8: Interface law for a ramp displacement jump: parametric study on the
loading rate v. Kachanov-Sevostianov (KS, solid lines) and Welemane-Goidescu
(WG, dashed lines) damaged material models are represented. The linear-elastic

behavior of the undamaged material is represented with a red dotted line.

Figure 8 shows the interface law in the case of the ramp displacement
jump. In analogy with the previous section, a ductile damage behavior of the
interface is obtained in the case of KS model and a brittle damage behavior
for WG model.

Figure 9 shows the interface law in the case of the quadratic displacement

jump. The imposed quadratic displacement jump produces an hardening-like
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40007 ‘ 20-KS
H ]| = Vv=20-
.: /// — v=2-KS
3000 § — v=0.2-KS
£ / — v=0.1-KS
2. 20003 -- v=20-WG
= H -- v=2-WG
° - v=02-WG
1000 ! =0
l:. ! -= v=0.1-WG
0 ﬁ '= ! ‘ ---- Undamaged material
0.0 0.2 0.4 0.6 0.8 1.0
[u],; [mm]

Fig. 9: Interface law for a quadratic displacement-jump: parametric study on the
loading rate v. Kachanov-Sevostianov (KS, solid lines) and Welemane-Goidescu
(WG, dashed lines) damaged material models are represented. The linear-elastic

behavior of the undamaged material is represented with a red dotted line.

effect in the damaged part of the interface constitutive behavior (i.e., beyond
the elastic limit) and the slope increases with the loading rate v.

Both Figs. 8-9 highlight that for high-rates (v = 2, 20 mm/s) the elastic
limit (tensile) is higher than in the quasi-static configurations (v = 0.1, 0.2
mm/s) for both KS and WG models. Recently, authors provide a validation
of the proposed hard interface model in [31], by comparing simulated response
curves with data from tensile experimental tests available in the literature
[56] in both quasi-static and high-rate loading conditions. They found that
the loading-rate dependence of the hard interface model makes it suitable to

describe the experimental behavior observed in [56].

4.1.3. Effects of cyclic loading

The influence of cyclic loading on the hard interface model has also been

investigated. A strictly positive sinusoidal displacement jump has been im-
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posed: [u], = [u],,,, |sin(ft/tf)|, with [u], . = 1mm, f=7/2 t; =5s

and 5 cycles have been considered. Both KS and WG damage models have
been considered and the damage parameters have been taken equal to their
reference values n = 30 MJ.s/mm? and w = —2 MJ/mm?. E, = 70 x 10?

MPa, ¢ = 2 mm and Ry = 0, as in the previous study.

— Kachanov—-Sevostianov
=+ Welemane—Goidescu
-= Undamaged material

1000
800" rf \\

£ 600} ]

= [ / ]
400

b= [ % ]
200}

of ]
0.0 0.2 0.4 0.6 0.8 1.0
[u], [mm]

Fig. 10: Interface law for a cyclic load for KS and WG model. The linear-elastic

behavior of the undamaged material is represented with a red dotted line.

As shown in Fig. 10, the two damage models give very different results
under the same loading and parameter conditions. KS model, together with
the proposed damage evolution law, is able to reproduce an elastic-damaged
material behavior with hysteresis, as illustrated in Fig. 10. Generally, the en-
ergy dissipated via micro-cracking damage is higher at the initiation and first
accumulation of microcracks. This is consistent with the resulting hysteresis

loop of the first cycle that is larger than the others; after the first cycle, the
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srs hysteresis decreases with the number of cycles until the damage evolution
379 18 completed. Moreover, the damage evolution produces a decreasing of the
0 interface stiffness (see Fig. 10). The stiffness of the undamaged material is
s equal to 35000 N/mm?® and after the first cycle it reduces to 515 N/mm?.
;2 After the first reloading (2nd cycle), the stiffness slightly decreases until the

;33 damage evolution is completed, and at the end of the fifth cycle the stiffness

sss is equal to 318 N/mm3. This result is physically plausible.

3000

l ‘ 2000 I
25001 3 --n=3 [ - w=-02
i’ \| --7]=30 1500 —_—w==2
7 2000 I 1 1=300 5 F ©=—20
1 -=1=3000 \ --w=-200
1 n 1 w:
E 1500 l ! --- Undamaged material | ] E 1000 H --- Undamaged material | |
1
£ 1000 : N :
I 1 500 !
500 1 V\.
1 1 1
AL 1 0 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
[u], [mm] [u], [mm]
(a) (b)

Fig. 11: Interface law for a cyclic load for WG model. Fig. 11(a)
Fig. 11(b): study on w.

: study on 7.

385 On the contrary, WG damage model is not able to reproduce a damage

sss  behavior under cyclic loads. Figure 10 shows an abrupt reduction in stiffness
37 to zero already during the first loading curve, meaning that the damaged
;s material behavior is brittle, in agreement with the previous results. Note
380 that this behavior does not depend on the chosen values of the damaged
30 parameters 1 and w, as illustrated in Fig. 11.

301 Finally, Fig. 12 shows the evolution in time of the normal stress o,, in the

s02 case of KS model, highlighting the decrease of the maximum normal stress
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303 with the number of cycles (note a decrease of the 60% at the last cycle).

1000 -

\V/’\ AN A

0 10 20 30 40 50
Time

Fig. 12: Interface law for a cyclic load: normal stress as a function of the time for

the Kachanov-Sevostianov damage model.

304 4.2. 1-D example: The structural behavior

305 In this section, a simple 1-D example is developed to illustrate the struc-

306 tural behavior of the proposed hard interface model. A composite bar under

307 traction was considered. The bar, of section A, comprised two parts of length

s8¢, made of an undamaged material with Young’s modulus F,, and an embed-

30 ded part of length ¢, made of a damageable material (glue-like interphase)

swo with Young’s modulus E4;(E,, R). The damageable material in the inter-

s phase is supposed to have at the beginning the same Young’s modulus of the

a2 adherents, then it degrades as the microcracks density R evolves. The bar

a3 was fixed at one end and a quasi-static traction force was F'(t) applied on

a0s the other end, as illustrated in Fig. 13.
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) Glue
a
/ €
F(2)
2 —>
E,A Eg4 A E,A
n

b)

L lre/2 | lre/2 |

[ 7] T F(2)
4 | -

E,A E,A
\—p

n

Fig. 13: 1-D example: bar under traction, a) glue interphase, b) interface model

The displacement field can be easily derived analytically as:

(

F 0<n</?
A" <n<

F + ForL_ 1 (<n</l+

wn) =94 A"t A \E R =n=ETe (33)
A T T

( B, A" A \E, By FEnEsTE
Thus, the displacement jump along n is obtained as [u], = u({ + &) — u({):
Fe
= 34
= 25 (34

Note that, being % = 0,, the standard spring-like interface law in 1-D ap-
proximation can be derived (in analogy with Eq. (32)).

The Young’s modulus of the damaged material E;(FE,, R) was specialized
to the case of KS and WG model following Eqgs. (29) as in the previous
example. The expressions of the evolution of damage Eqgs. (31) taking into

account the displacement jump Eq. (34) is derived in this 1-D case as:

1 o?
—|w+ WF" 3 for KS model

R= 71] ag ’ 1 (35)
5 (w + WE € (1—2—7TR)2) . for WG model
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where o, = ¢ with ¢ = % €10, 1], ty =5s and & = 400 MPa. Moreover,
reference values are taken as previously: FE, = 70 x 10®> MPa, ¢ = 2 mm,
n =30 MJ.s/mm? and w = —2 MJ/mm?.

The structural response of the proposed hard interface model, in terms
of tensile stress as a function of the macroscopic displacement jump, is il-
lustrated in Fig. 14, where we find again a brittle behavior for WG material

and a ductile behavior for KS material.

400j““‘:““ /*
[ .: // 1
300 —
? :', /
& | i ———
2,200 #
< [
b I / — Kachanov—Sevostianov
100} == Welemane—Goidescu |
I / === Undamaged material ]
ol
0.00 0.01 0.02 0.03 0.04 0.05
[u], [mm]

Fig. 14: Interface law in the 1-D case: Kachanov-Sevostianov model (KS, solid line),
Welemane-Goidescu model (WG, dashed line), undamaged material (red dotted

line).

5. Conclusions

This work proposes an original model of hard imperfect interface account-
ing for micro-cracking and damage evolution. Preliminary numerical results

based on simple academic examples, in terms of both constitutive and struc-

29



424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

446

447

Accepted Manuscript

tural behavior, are promising. They suggest that the model could repre-
sent a suitable strategy for a macroscopic description of hard adhesives with
micro-cracking damage, regardless of whether they have a ductile or brittle
behavior. In fact, the analytical interface model could be included in a finite
element context via user-defined interface finite elements. Moreover, connec-
tion relationships between the generalized cracks density and the standard
normalized damage variable, derived at Section 3.3, are expected to simplify
the implementation in commercial FEA-software for future validation with
numerical simulation.

The main perspective to enhance the proposed model is to establish a
combined experimental /modelling identification protocol for the damage pa-
rameters of the evolution law, the damage viscosity 1 and the damage thresh-
old w. A design of experience will be set up in order to catch the interactions
between damage parameters 1 and w that we could only glimpse through the
OFAT approach. To this aim, authors have specialized the proposed hard
interface model to the case of tubular-butt joints under combined tensile-
torsion loads [31]. This is a standard experimental design used to charac-
terize structural adhesives and it allows future validations of the proposed

interface model with experimental tests.

A. Matched asymptotic expansions method

A.1. Rescaling phase

The rescaling phase of the asymptotic process represents a mathematical
construct [46], not a physically-based configuration, and it is used in order to

eliminate the dependency of the integration domains on the small parameter
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€. This construct can also be seen as a change of spatial variables in the

interphase domain [45, 46] p := (21, 9, x3) — (21, 22, 23):

Z1 = I, 29 = T2, 23 = — (A].)

resulting

9, 0 0 0 0 0
= = — = A2
821 8x1 ’ 822 81727 823 681‘3 ( )

as well as in the adherents p := (1, 2, x3) — (21, 22, 23):

1
21 = T, Z9 = T9g, Z3 :I3i§(1 —5) (A?))

where the plus (minus) sign applies whenever z € Q°, (x € Q°_), with

0 0 0 0 0 0

9z On)  0m  Omy’ Dz Oy

(A4)

After the change of variables (A.1) and (A.3), the interphase occupies the
domain B = {(z1,22,23) € R* : (21,2) € S,|z3] < 3} and the adherents
occupy the domains Q4 = Q¢ + %(1 — ¢£)is, as shown in Fig. 2b. The sets
St = {(21,22,23) € R® : (21,25) € 8,23 = £1} are taken to denote the
interfaces between B and (24 and Q = Q, UQ_UBUS, US_ is the rescaled
configuration of the composite body. I', and I'y indicate the images of I,
and T after the change of variables, and ff =ftop land gt :=gfop!

the rescaled external forces.

A.2. Kinematic equations

Following the approach proposed in [23, 25|, let us focus on the kinemat-

1

ics of the elastic problem. After taking G° = u*op!tand u° = u®op~! to
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denote the displacement fields from the rescaled adhesive and adherents, re-

spectively, the asymptotic expansions of the displacement fields with respect

to ¢ are:
U (71, 9, 73) = u’ + eu' + %u® + o(e?) (A.5a)
0 (21, 29, 23) = 0° + e’ + 2a® + o(e?) (A.5D)
U (21, 29, 23) = W + e’ +£20® + o(e?) (A.5¢)

Interphase. The gradient of the displacement field G° reads:

0 ol . Al . 02
~ _ a,3 a, a,3 «, a,3
V(&) =c! N Oﬂ e 15 0@ (A6)
0 U3 3 U g Uszs Uz g Uszs

where «, f = 1,2, so that the strain tensor is:

1
e(t) = 5 |V (&) +V (ﬁE)T] —cle 10 el 1O (AT)
with:
T 5
el=1| 4 2% | = Sym(0% ® is) (A.8)
~0 ~0 ’
5%,3 Ug3
Symlil,) S (@h, +i55)
et = Lo a’k+1 ’ 7akz+1 ) - Sym(ﬁﬁ®i1+ﬁf€2®i2+ﬁ?1®i3)
5(“3,04 T+ Ug 3 ) U3 3

(A.9)
where Sym/(-) gives the symmetric part of the enclosed tensor and k = 0,1,
and ® is the dyadic product between vectors such as: (a ® b);; = a;b;.
Moreover, the following notation for derivatives is adopted: f; denoting the

partial derivative of f with respect to z;.
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Adherents. The gradient of the displacement field u® reads:

—0 —0 =1 —=1
Vi) = | o8 tes | | tes Tes | 62 (A.10)
U3g U3g Uz Usg

so that the strain tensor is:

1
(@) =5 |V(T)+V @) | =etet +&" +eel +0(?) (A1)
with:
e'=0 (A.12)
1
Sym(ig 5) (5, + )
&=, B 9T, T = Sym(@f @i + 0 @i, + Ul ® i)
Sk rily)

(A.13)

and £ =0, 1.

A.8. Equilibrium equations

The stress fields in the rescaled adhesive and adherents, 6° = o o p~!

1

and 6° = g o p~ ' respectively, can be represented as asymptotic expansions

23, 25:
o =0 +eo' + O(?) (A.14a)
6°=6" 46" + O(c?) (A.14b)
¢ =0" +ea' + O(c?) (A.14c)

Interphase. As body forces are neglected, the equilibrium equation is:

dive® = 0 (A.15)
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Substituting Eq. (A.14b) in Eq. (A.15) and using Eq. (A.2), it becomes:
0 = &fa,a—i—g_l&;:&?)

= 8_1&?3,3 + a-zoa,a + a-i13,3 + 56—2'104,(1 + 0(5) (A16>

where a = 1,2. Eq. (A.16) has to be satisfied for any value of ¢, leading to:

6%y = 0 (A.17)
‘3?1,1"“3?2,2"’62‘13,3 =0 (A'18)

where 1 =1, 2, 3.
Eq. (A.17) shows that 6%, is not dependent on z3 in the adhesive, and
thus it can be written:

[6?3] =0 (A.19)

where [-] denotes the jump between z3 = % and z3 = —%. In view of

Eq. (A.19), Eq. (A.18), for i = 3, can be rewritten in the integrated form
[‘3;3] = _‘3(1)3,1 - &33,2 (A-2O)
Adherents. The equilibrium equation in the adherents is:
dive*+f =0 (A.21)

Substituting Eq. (A.14c) in Eq. (A.21) that has to be satisfied for any value

of €, leads to:

dive’ +f =0 (A.22)

dive' =0 (A.23)
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A.J. Matching phase
The imposed continuity conditions at 87 for the fields u® and o° lead to
matching relationships between external and internal expansions |23, 25]. In

terms of displacements the following relationship have to be satisfied:

1 1
W (Xa, i—%) = 0% (Z0, £5) = € (20, £5) (A.24)

where x, := (21, %2), 24 := (21,22) € S. Expanding the displacement in the
adherents u®, in Taylor series along the z3—direction and taking into account

Eq. (A.ba), it results:
€ € € + € ¢ +
u (Xa’ii) = u’(x,,07) £ §u,3(xa,0 )
= u(xa, 0%) + cul (x4, 0F) + gu%(xa, 0%) + -+ - (A.25)

Substituting Eqgs. (A.5b) and (A.5c) together with Eq. (A.25) in Eq. (A.24),
it holds true:

u’ (x4, 0%) +
1 1
+eu' (x4, 0%) £ gu?3(xa, 05) + -+ = 1%z,, iﬁ) + 2! (2a, ié) 4
1 1
= 1"(Za, i§) + eti! (zq, i§) +

By identifying the terms in the same powers of €, Eq. (A.26) gives:
1 1
W (x,,0%) = 1%z, ii) = 1"(za, ié) (A.27)
1 1 1
u'(x,,0%) £+ 5ufg(xa, 0%) = 1'(za, i§) = u'(z,, i§) (A.28)

By identification process, analogous results are obtained in terms of stresses

23, 25]:

. 1 _ 1
035(Xa, 0F) = 633(2a, iﬁ) = 73(2a; ii) (A.29)
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1 1 1
01'13(Xav Oi) + 50?3 3(Xa; Oi) = 533(%7 lL§> = 51‘13(2(» i§) (A.30)

fori=1,2,3.

A.5. Constitutive equations

The constitutive laws in linear elasticity for the adherents and the inter-

phase are considered:

o = Ay (e(®)) (A.31a)
6° = B (e(@r)) (A.31b)

where A, B are the elasticity tensor of adherents and of interphase, respec-

tively.
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