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A trust region Newton method for frequency domain full waveform inversion
Xavier Adriaens*, Université de Liege, F.R.S-FNRS; Ludovic Métivier, Université Grenoble Alpes, CNRS, LJK;

Christophe Geuzaine, Université de Liege
SUMMARY

Exploiting Hessian information greatly improves the quality
of full wave inversion. A theoretically simple way to incorpo-
rate this second order derivative is to minimize the misfit using
Newton method. In practice however the pure Newton method
is impossible to implement, because it requires inverting the
Hessian which can actually not be constructed explicitly. Also
the misfit is not necessarily quadratic, thus the exact Newton
direction is not necessarily the best. Consequently it is natural
to turn to truncated Newton methods, where the search direc-
tion is constructed iteratively to approximate the pure Newton
direction. The bottleneck of these methods lies in the com-
promise to find between a direction built in few iterations, but
which hardly takes the Hessian into account and a nearly exact
direction which is very expensive to compute. In this work we
present a truncated Newton method based on a particular trust
region algorithm, in the context of full waveform inversion
in the frequency domain. A numerical test is then performed
to compare convergence speed with another well known trun-
cated Newton method. This test shows that the trust region
method demonstrates faster convergence, if parameters are ad-
equately chosen.

INTRODUCTION

Full waveform inversion is a data fitting technique whose aim
is to recover some model parameters by minimizing the dis-
crepancy between recorded data and data simulated by solv-
ing wave propagation problems. By nature these data are os-
cillatory and consequently the misfit quantifying the discrep-
ancy features local minima (Mulder and Plessix, 2008). Global
optimization techniques should ideally be used but the typi-
cally very high dimensions of the search space prohibits their
use and only local optimization tools can practically be used,
with care. A straightforward direction to iteratively update the
model properties is of course the (preconditioned) gradient, i.e.
the direction of steepest decrease. However it is well-known
that the inverse Hessian plays a crucial role in the reconstruc-
tion (Pratt and Shin, 1998) in addition to offering the possibil-
ity to account for coupling effects between parameter classes
for multi-parameter inversions. Thus increasing attention is
now paid to Newton direction, defined as the solution of a
linear system involving this Hessian. Once again due to the
size of the optimization problem, it is currently not bearable to
store let alone invert this Hessian matrix. Hessian-free meth-
ods such as the conjugate gradients algorithm are therefore the
adequate tool to solve this Newton system without construct-
ing explicitly nor the Hessian, nor its inverse. Once a direction
is chosen, the outer iteration is usually completed by finding
the optimal length of the step that should be performed in that
direction through a line search procedure. Among the non lin-

ear optimization community, it is sometimes argued however
that line search is not well suited with Newton directions, es-
pecially when the Hessian is nearly singular. Indeed when the
Hessian is nearly singular, Newton direction becomes exces-
sively long such that the quadratic approximation implicitly
made when computing it ceases to hold. Much computational
effort must then be made by the line search procedure to re-
duce the step size (Nocedal et al., 2006). Stopping the iterative
solution of the Newton system earlier appears as a solution to
this problem. For example Métivier et al. (2013) proposes to
relax the convergence requirements of the conjugate gradient
method such that it reflects the accuracy of the quadratic ap-
proximation.

In this contribution we propose instead to limit the length of
the Newton direction, also depending on the quadratic approx-
imation accuracy. Such techniques are commonly called trust
region methods.

THEORY

Full waveform inversion consists in finding the optimal model
parameter m™* whose corresponding wave field u, defined through
a wave propagation operator .%, matches the recorded data set
d after a projection % onto receivers

% (u) = d with F (u,m*) = f e
through the optimization problem
m* =argmin _# (m) with _Z (m) := dist(Z(u(m)),d). (2)

Local optimization techniques are based on a local expansion
of the misfit _¢ around the current model estimate

F(m+6m)~
)+ 1D £ Y(m) + (DR 7} (S Sm). )

This expansion can also be written in terms of the gradient j'
and the Hessian operator .7 once an inner product (-,-),, is
chosen for the model space M

F(m+6m)~
J(m)+(j',6m),,+ % (H(8m),6m)y,.  (4)

Resulting from this expansion, the pure Newton direction py
is defined as the solution of the linear system

H(pn)=~] (&)

The large-scale nature of this linear system requires the use
of Hessian-free iterative methods. The Hessian operator being
symmetric, the conjugate gradient method is the ideal candi-
date. An additional safeguard is however added to exit prema-
turely when directions of negative curvature are encountered.
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Such directions exist because the full Hessian is not necessar-
ily positive definite, especially far from the global minimum.

The choice of the inner product plays a central role in the inver-
sion as it defines both gradients and Hessians and is actually
equivalent to preconditioning them (Zuberi and Pratt, 2017).
Basically different choices of inner product do not modify the
pure Newton direction but do modify the subspace constructed
by the conjugate gradient method. A good choice could thus
lead to better convergence or to better directions if the conver-
gence criterion can not be met, for example because of nega-
tive curvature or trust region violation.
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Figure 1: Gradient for the model given in Figure 2(b) for dif-
ferent inner product choices. (a) conventional (b) first term of
Eq.(6) (c) both terms of Eq.(6).

Here we chose an inner product composed of two terms
#1/2 7172 o o
<'7'>M = <hdi/ag '?hdi/ag > TH <V.’V'> . (©)
The first term is related to the diagonal part of the Gauss-

Newton Hessian ﬁéi/fi and compensates for the geometrical
spreading (Pan et al., 2017) while the second term, related
to spatial derivation, increases the norm of directions that are
rapidly varying and prevents the inner product from being in-
sensitive in regions where the diagonal Hessian is close to zero.
This inner product is very similar to the one introduced by Zu-
beri and Pratt (2017), except that the Gauss-Newton diagonal
Hessian is used in addition. The stabilizing parameter i can
be expressed in terms of a characteristic length /.

ui= ilthres (16/2717)2 @)

with Jignres a threshold value for the diagonal Hessian. In re-
gions where the diagonal Hessian is close to the threshold, then

directions with details smaller than this characteristic length /.
are penalized with respect to smoother directions. From the
point of view of preconditioning, this inner product generates a
depth-scaling and a smoothing. The effect of this inner product
is illustrated in Figure 1 on the first gradient computed during
the inversion process described in the application section.

Line search

Newton method can be globalized by a line search procedure.
In that case a direction p is first found by solving the New-
ton system approximately with the conventional conjugate gra-
dient method (Algorithm 1). Over-solving is here avoided
through the forcing term 7, which is not systematically close
to zero but which is instead chosen to reflect the accuracy of
the second order expansion. Métivier et al. (2013) compared
three famous choices for this forcing term in the context of
acoustic imaging.

Algorithm 1 Conventional conjugate gradient

p<—0¢r<_j/aq<__j/

loop
if (7 (q),q) ) < 0 then return p
§<_ <r7r>M
o m, pptog rer+oai(q)
if ||7lly; <M l/'|l;, then return p
B« % g —r+Pq
end loop

An appropriate length ¥ is then given to this direction p, ideally
the global minimum along the line m + yp. In practice how-
ever less stringent satisfactory conditions are used instead (e.g.
Armijo, Goldstein or Wolfe conditions (Nocedal et al., 2006))
to spare expensive wave problem resolutions. The outer loop
is finally obtained by repeating these two steps until conver-
gence.

Trust region
When the Newton method is globalized by a trust region tech-
nique, both the direction and its length are found simultane-
ously by solving the Newton system with an additional con-
straint

H(py) = —J with |[pxly < A ®)
This new problem can be solved approximately with a slightly
modified version of the conjugate gradient method (Algorithm
2) due to Steihaug (1983). Basically there are only two modifi-
cations compared to Algorithm 1. First, the inner iterations are
cropped to the trust region radius A when the unconstrained so-
lution increases beyond it. Second, directions of negative cur-
vature are followed up to the boundary of the trust region while
these directions are never investigated in the conventional ver-
sion.

The size of the trust region is actually controlled by the outer
iterations. The decision of modifying the trust region is based
on the accuracy of the second order expansion. When the ex-
pansion is accurate but the updates are limited by the length
constraint, then the trust region radius is increased. At the
opposite, when the updates are out of the range of validity
of the expansion, then the trust region radius is decreased.
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Algorithm 2 Steihaug conjugate gradient

p0,rej, g« —j
loop
if (72(q),q)y < 0 then
Find 7* > 0 such that ||p+ t¥g||,, = A
return p+ T¥q
end if
§«(n ">1§v1
& Ty
if | p|l;; > A then
Find 7% > 0 such that || p+ 7%g|,; = A
return p+ T¥q

pptog, r—r+ai(q)

end if
if ||rllyy <M l/'||3 then return p
B« % g+ —r+Pq

end loop

The quality of the expansion is quantified by the ratio p be-
tween the actual decrease 8 7, := _# (m+ p) — _#(m) and
the decrease predicted by the second order expansion 4,7, :=

_
-2

This ratio is close to one when the expansion is accurate. Stan-
dard trust region methods directly control the radius A. How-
ever it is an absolute quantity, in the sense that it is compared
to ||plls, which depends on the inner product. Thus, it seems
more natural to control this radius relatively to the gradient
norm, which provides a length reference for the Newton sys-
tem. In this way, even when Newton system changes scale
from one iteration to another, the trust region remains relevant.
This particular variant (Algorithm 3) has been first introduced
by Fan et al. (2016).

p )

Algorithm 3 Fan trust region
Require: 0 <pg<p;<land0<co<1<cy
w1
loop
p + Algorithm 2 with A = || /||,
0Ja= J(m+p)= 7 (m)
875 = (7" P)u +0.5(H (p),P)u
p=387/8%
if p > po then m <— m+p elsem < m
if p < p1 then < cou
elseif p > p; and ||p||,, > 0.5A then u < cju
else thenu+ u
end loop

APPLICATION

In this section we present a standard numerical test case to
which both methods presented above are applied. Final details
of their implementation are also introduced.

Numerical tests are performed on the 2D Marmousi acoustic
model (Versteeg, 1994) (Figure 2(a)) in the frequency domain.
It is here chosen that the subsurface is described by the slow-
ness squared s2 [s2/m?], thus the forward operator writes

ﬂ(p7s2) = Ap+ w*s?p. (10)

Three frequencies (4, 6 and 8 [Hz]) are inverted sequentially
from the lowest to the highest to avoid local minima (Bunks
et al., 1995). Their spacing is chosen following the guidelines
from Sirgue and Pratt (2004) regarding wavenumber cover-
age. Three inner product characteristic scales are used (0.8
[km], 0.5 [km] and 0.4 [km]), one for each frequency. A sur-
face acquisition system composed of 122 equally spaced (72
[m]) emitters-receivers is used and the misfit _# is chosen as
the conventional least-square distance between simulated and
recorded data

VGEE 3

A smoothed version of the exact Marmousi model is used as
an initial guess. This initial model is computed by a laplacian
filter mpy = (14 (Ic/27)?A) ™ Mexace with I = 2 [km] (Figure
2(b)).

Slowness squared field and pressure fields at the three frequen-
cies are discretized on a square grid (36 [m]) by hierarchical
finite elements, respectively of order 1 and of order 2, 3, 4.
A water layer (216 [m]) is also added at the top of the model
but it is kept constant during the inversion. The model is spa-
tially truncated by Sommerfeld boundary conditions (Schot,
1992). Any gradient or Hessian vector product is computed
using the (second order) adjoint state method (Métivier et al.,
2013). Recorded data are generated synthetically using the
same hierarchical finite elements setting than for the inversion,
to reduce numerical errors.

2
Pe(xr;s?) —der| (11)

Line search

On the one hand we choose a line search algorithm that satis-
fies strong Wolfe conditions (Nocedal et al., 2006) with a pa-
rameter set such that a step is very easily accepted (c; = le™,
¢y =0.9, 1 = 1). On the other hand the forcing sequence is
chosen according to the guidelines of Métivier et al. (2013)
(choice (a)).

Trust region

Three parameters sets (a,b and c) have been tested. The first
one (a) is very similar to what was originally proposed by Fan
et al. (2016). The other two (b,c) are more cautious because
they modify the radius more rarely and when they do, it in-
creases by a smaller factor. The forcing term is constant for all
trust region methods (n = 0.4).

Po P1 cQ

@ | 1le* 025 ] 02
® [ 1e% 71075 ] 0.25
© [ 1e*] 09 ] 05

R Bl i

Table 1: Parameter sets for Fan trust region algorithm
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RESULTS

The squared slowness estimated with the trust region (c) method
is shown in Figure 2(c). From a relatively low resolution ini-
tial guess (Figure 2(b)), full wave inversion indeed provides
a high resolution estimation of the exact model (Figure 2(a)).
The image obtained with the other methods does not differ sig-
nificantly.

Figure 2: (a) Marmousi model (b) Initial guess (c) Inversion
results (trust region (c))

Some interesting quantities concerning optimization algorithms
are given in Table 2. For the comparison a preconditioned gra-
dient descent has been added.

ed Is tr(a) | tr(b) | tr(c)
Wave sol. (tot) | 1303 | 432 | 400 310 340
Outerit.  (tot) | 630 42 42 33 41
Innerit. (avg) | (1.) | 3.81 | 3.76 3.7 3.15
Rejected (%) | .04 24 21 .03 .07
Constrained (%) - - .83 .85 93

Table 2: Statistics related to the different inversion algorithms.

Among these indicators lies the percentage of direction refusal
(rejected). Such a denial yields an additional cost because ei-
ther other step length must be tried (line search) or the en-
tire external iteration must be restarted with a smaller radius
A (trust region). The convergence analysis can not be done on
the number of outer iterations (outer it.) because the computa-
tional cost of these iterations is highly dependant on the num-
ber of conjugate gradient iterations (inner it.). Instead each

outer iteration is quantified by the number of wave propaga-
tion problems it requires to solve (wave sol.), as detailed in
Métivier et al. (2013). The misfit is plotted against this mea-
sure of computational complexity in Figure 3.

T T T
0 40 80 120 160

() (b)

10° 4

1072 4

107

Figure 3: Misfit against the number of wave problem solved.
(a) 4 [Hz] (b) 6 [Hz] (c) 8 [Hz]; gradient descent (—) line search
(=) trust region (a)(--) (b) (--) (©) (--)

Not surprisingly second order methods converge orders of mag-
nitude faster than the preconditioned gradient, while the aver-
age number of internal iterations is not much higher than one.
(As a reminder a single internal iteration corresponds to a pre-
conditioned gradient descent). Line search and trust region
(a) methods give comparable results because both actually re-
ject directions equally often. A rejected direction is potentially
a heavy efficiency loss if lots of internal iterations were nec-
essary to compute it. Plateaus appearing in the convergence
curves are a consequence of these refusals. The trust region
(b) shows the best convergence, closely followed by trust re-
gion (c). Their good performance is due to the fact that both
almost do not reject any step and therefore do not waste com-
puting time. Actually convergence slope looks the same for
all second order methods if plateaus are omitted and the ad-
vantage of trust regions method lies in reducing the number
rejected directions and thus the number of plateaus.

CONCLUSION

We introduced a trust region truncated Newton method and
compared its computational performance with a line search
truncated Newton method, in the context of full wave inversion
in the frequency domain. In particular we showed that trust re-
gion method significantly reduces over-solving and thus yields
faster convergence.
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APPENDIX A
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