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On cycle-skipping and misfit functions modification for full-wave inversion:

comparison of five recent approaches

Arnaud Pladys*, Romain Brossier*, Yubing Li* and Ludovic Métivier'*

ABSTRACT

Full waveform inversion, a high-resolution seismic imag-
ing method, is known to require sufficiently accurate ini-
tial models to converge toward meaningful estimations of
the subsurface mechanical properties. This limitation is due
to the non-convexity of the least-squares distance with re-
spect to kinematic mismatch. We propose a comparison of
five misfit functions promoted recently to mitigate this is-
sue: adaptive waveform inversion, instantaneous envelope,
normalized integration, and two methods based on optimal
transport. We explain which principles these methods are
based on and illustrate how they are designed to better han-
dle kinematic mismatch than a least-squares misfit function.
By doing so, we can exhibit specific limitations of these
methods in canonical cases. We further assess the interest of
these five approaches for application to field data based on a
synthetic Marmousi case study. We illustrate how adaptive
waveform inversion and the two methods based on optimal
transport possess interesting properties, making them ap-
pealing strategies applicable to field data. Another outcome
is the definition of generic tools to compare misfit functions
for full-waveform inversion.
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INTRODUCTION

Full waveform inversion (FWI) is a high-resolution seismic
imaging method dedicated to reconstructing the mechanical
properties of the subsurface (Devaney, 1984; Pratt and Shipp,
1999; Plessix and Perkins, 2010; Raknes et al., 2015; Gérszczyk
et al., 2017). It is formulated as an iterative process based on
minimizing a function measuring the misfit between observed
and calculated data over a space of model parameters describ-
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ing the subsurface. The resolution improvement FWI can pro-
cure, compared with standard tomography methods, is used to
significantly improve depth-migration images or even produce
directly interpretable quantitative estimates of the subsurface
mechanical properties (Shen et al., 2018). FWI is applied at
multiple scales, from global and regional scales in seismology
to exploration scale for the oil & gas industry, and even, more
recently, at near-surface scale for geotechnical applications. A
thorough review of FWI and its applications can be found in
Virieux et al. (2017).

FWI suffers from a significant shortcoming in its classical
formulation: the non-convexity of the least-squares (L? ) misfit
function on which it is conventionally based.

This non-convexity of the misfit function is an issue because
the iterative process on which is based FWI is a local optimiza-
tion algorithm. Standard size for realistic applications makes
global optimization strategies beyond modern high-performance
computing platforms current and predictable capabilities. There-
fore, if the initial model used is too far away from the global
minimum, FWI converges toward a potentially non geologi-
cally informative local minimum. This constraint leads to the
need for an accurate enough initial model to ensure conver-
gence toward the global minimum of the misfit function.

In a physical sense, the non-convexity of the L? misfit func-
tion is associated with a phenomenon known as cycle-skipping.
It appears when the calculated data are shifted (in time) from
more than half a period (corresponding to the signal dominant
frequency) compared to the observed data. If the time-shift be-
tween observed and calculated data is larger than half a period,
the minimization of the L? norm between the two signals will
“skip” a phase and align the two signals on the closest phase
(hence the name, cycle-skipping). This ambiguity translates
into an erroneous reconstruction of the velocity model (Virieux
and Operto, 2009).

This limitation of FWI has been documented since its origin
(Gauthier et al., 1986). To address this limitation in practical
cases, the workflow generally relies on data hierarchy (Bunks
et al., 1995; Pratt, 1999; Shipp and Singh, 2002; Wang and
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2 Pladys et.al.

Rao, 2009; Brossier et al., 2009). The historical approach con-
sists in interpreting first the lowest frequency available (around
2 to 4 Hz for seismic exploration targets), then progressively
introducing higher frequency data, following a multi-scale ap-
proach (Sirgue and Pratt, 2004). The lowest frequencies are,
by definition, less subject to cycle-skipping. The second level
of data hierarchy can then be defined by playing on tempo-
ral and/or offset selection of the data. The idea is to reduce the
number of propagated wavelengths that are interpreted simulta-
neously, hence reducing the risk of cycle-skipping. In practice,
this second level corresponds to first reconstructing the near-
surface and progressively introducing deeper updates referred
to as layer stripping approach.

Successful practical applications at the exploration scale of-
ten rely on the conjunction of these approaches as well as the
design of an accurate initial starting model, obtained, for in-
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stance, through reflection tomography or stereotomography (Lamso

baré, 2008). Nonetheless, the conditions detailed previously to
obtain a satisfactory FWI result are not always gathered. For
instance, low-frequency data around 2 to 4 Hz are not always
available or of sufficient quality. Moreover, obtaining low-
frequency can increase the cost of acquisition, or can some-
times not be physically possible, or can even compromise the
quality of the high frequency needed to obtain a very high res-
olution. Accurate initial model building can also be a time-
consuming and challenging task requiring strong human ex-
pertise as it generally relies on tomography methods based on
travel-time or reflected event picking. It also relies on prior
information coming from geology or well logs; all of these re-
quire human expertise. This makes FWI less robust and re-
duces its range in terms of applications.

Mitigating the sensitivity to initial model quality has been
the motivation for a large number of studies in the past decades.
Two main lines of investigations can be identified, both lead-
ing to the reformulation of the conventional least-squares FWI
problem.

Considering the first line, we regroup methods that can be
cast under the frame of “extension strategies”. It is not our
purpose to give an extensive overview of these methods here,
but we try to sketch their main ingredients. The philosophy
of extension strategies consists in introducing supplementary
degrees of freedom to the FWI problem, which can match the
data in the early iterations of the FWI process to avoid cycle-
skipping. Relaxing iteratively the use of these artificial degrees
of freedom should lead to a correct subsurface model estima-
tion.

Historically, these methods derive from migration velocity
analysis (MVA) (Symes, 2008). MVA relies on the scale sep-
aration assumption. The subsurface parameters to recover are

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

leading to a clear understanding of their foundations, thanks
to the theory of pseudo-differential operators. However, their
application to field data is still limited, mainly because of two
issues. First, the repeated construction of high-dimensional re-
flectivity cubes is computationally demanding. Second, the
macro-velocity model construction through MVA is compli-
cated as soon as complex data with multi-pathing and multiple
reflections are considered.

More recently, another class of extension strategies has emerged.

As opposed to model space extension, the artificial degrees of
freedom are introduced at the source level, following a source
extension strategy (Huang et al., 2018; van Leeuwen and Her-
rmann, 2013). These methods have shown interesting promises
in 2D synthetic case studies. However, their application to 3D
field data seems still limited, mainly because of the difficulty of
applying these methods in the time-domain. Current solutions
either rely on relatively crude approximations (Wang et al.,
2016) or on a sophisticated iterative solution, which increases
the computational cost of the approach significantly (Aghamiry
et al., 2020).

The second investigation line relies on reformulating the FWI
problem using an alternative measure of the distance between
observed and calculated data, namely a different misfit func-
tion. A large variety of approaches have been proposed on this
framework. The first proposed along this line is to use cross-
correlation measurements (Luo and Schuster, 1991), a strategy
later revisited by van Leeuwen and Mulder (2010). The idea
behind this is that cross-correlation should give access to the
time-shifts between synthetic and observed traces. A misfit
function based on the minimization of these time-shifts, resem-
bling a tomography misfit function, should thus be less prone
to cycle-skipping. The original approach of Luo and Schuster
(1991) was labeled as “wave equation tomography” strategy.

However, when seismic traces contain multiple seismic events,
the cross-correlation measurement might fail to give a correct
estimation of a potential time-shift. This is why deconvolu-
tion based approaches have been later promoted, first by Luo
and Sava (2011), then improved by Warner and Guasch (2016).
The latter approach has been labeled as “adaptive waveform in-
version” (AWI) and is based on a normalized deconvolution of
the synthetic and observed seismic traces. It has shown very
interesting properties both on synthetic and field data. The de-
convolution of the traces yields a Wiener filter, which is then
normalized and serves as an input for the misfit function. The
misfit function penalizes the energy of the filter away from a
bandpass Dirac filter, which would have been obtained in the
correct subsurface model. Note that AWI shares some similari-
ties with the extended source approach and can indeed be recast
in the frame of these methods (Huang et al., 2018). This indi-

decomposed as a smooth macro-velocity model and a high wavenam-cates that the separation between extended methods and mis-

ber content reflectivity model. Artificial degrees of freedom are
introduced at the reflectivity level by introducing an extra di-
mension on offset, subsurface offset, or time-lag. The MVA
problem is formulated as the iterative update of the macro-
velocity model to focus the energy of the “extended” reflec-
tivity model at zero in the artificial dimension. These meth-
ods have benefited from in-depth mathematical research work,
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fit function reformulation methods is not as watertight as one
could think. Nevertheless, it is useful to draw a landscape of
the investigations around the cycle-skipping issue in FWI.
Another family of misfit function modifications relies on
transforming the signal itself prior to comparison through a
least-squares distance. Extracting the instantaneous phase and
envelope (Fichtner et al., 2008; Bozdag et al., 2011) has been
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Cycle-skipping and FWI misfit functions 3

successfully used in seismology. The goal of the instantaneous
phase is to avoid amplitude prediction issues, as earthquake
source and receiver calibration are significant challenges in seis-
mology. The use of the envelope to mitigate the cycle-skipping
issue has also been developed in the framework of seismic ex-
ploration (Wu et al., 2014). An interesting alternative consists
of using a normalized integration of the signal, namely the cu-
mulative distribution of the traces. This approach has been pro-
moted by Donno et al. (2013).

Finally, optimal transport distances have also been promoted
to derive alternative misfit functions for FWI. The motivation is
to benefit from the convexity of the optimal transport distance
with respect to translation and dilation, which provides a misfit
function convex with respect to time-shifts, this being a good
proxy for convexity with respect to seismic velocities (Engquist

and Froese, 2014; Métivier et al., 2018). The main difficulty in .

applying optimal transport in the framework of FWTI is that the
optimal transport theory is developed to compare probability
distributions, therefore positive functions with the same total
integral. Seismic data do not fulfill this assumption.

To overcome this difficulty, different options have been pro-
moted. For instance, one can rely on a prior transformation
of the signal, such as extraction of positive and negative parts,
squaring the data, affine scaling, exponential transform, soft-
max transform (Engquist and Froese, 2014; Qiu et al., 2017;
Yang et al., 2018b; Yang and Engquist, 2018). This has been
shown effective in some synthetic cases. However, relevant
seismic information might be lost in the process of these trans-
formations.

One solution is to rely on a specific optimal transport dis-
tance, which can be extended to comparing non-positive data.
This is the Kantorovich-Rubinstein optimal transport (KROT)
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approach, which has been promoted in Métivier et al. (2016¢,a,b), .
and which has been successfully applied to 3D synthetic elas-

tic data (He et al., 2019b) as well as to field data (Poncet et al.,
2018; Messud and Sedova, 2019; Sedova et al., 2019). One
interest of this approach is its ability to account for lateral co-
herency in 2D or 3D shot gathers. One shortcoming is that,
even if the valley of attraction is wider, compared with the L?
approach, the convexity property of the optimal transport dis-
tance with respect to time-shifts is lost.

Another option has been promoted more recently. Consider-
ing each discrete seismic traces as point clouds and computing
the optimal transport distance between synthetic and observed
points clouds provide a new distance measurement. This spe-
cific optimal transport problem can be cast as a linear assign-
ment problem, for which efficient solvers exist, for point clouds
containing a few hundred to thousands of points, a situation we
encounter for realistic scale exploration case studies (Métivier
et al., 2018, 2019). The benefit of this graph-space optimal
transport (GSOT) strategy is its ability to recover the convex-
ity with respect to time-shifts. Compared with the KROT ap-
proach, GSOT is a trace-by-trace strategy that does not make
it possible to account for lateral coherency. GSOT has been
successfully applied to 3D synthetic and field data (He et al.,
2019a; Pladys et al., 2019; Li et al., 2019; Gérszczyk et al.,
2019).
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As can be seen, numerous investigations motivated by the
inherent ill-posedness of the FWI problem have been lead in
parallel. To our knowledge, no cross-comparison has been pro-
posed so far, which is undoubtedly a lack. The first motivation
of this study is to start developing tools that could be used to
benchmark different FWI strategies. However, beyond a sim-
ple comparison of FWI strategies, we would like to highlight
specific characteristics that an ideal misfit function should sat-
isfy to render the FWI problem less ill-posed. Cycle-skipping
is certainly an issue, but we also show that other criteria than
robustness with respect to cycle-skipping should be considered,
such as:

* sensitivity to the signal polarity;

e applicability in the framework of complex/multi-arrival
data;

* number of tuning parameters and sensitivity to these pa-
rameters;

* sensitivity to wrong amplitude prediction and inaccurate
wavelet estimation.

To illustrate these properties, we select a series of synthetic
case studies of increasing complexity, from time-shifted Ricker
traces to a realistic Marmousi II case study (not in inverse
crime settings). We restrict our attention to five misfit func-

tions, which have been promoted recently and have shown promis-

ing results: adaptive waveform inversion (AWI), instantaneous
envelope (IE), normalized integration method (NIM), KROT,
and GSOT. We consider extended space strategies out of the
scope of this study to keep it reasonably simple, and also be-
cause, as stated before, we consider that alternative misfit strate-
gies have shown more promising results than extended space
strategies so far in terms of practical applications. The tests
that we develop here could, however, be used to benchmark
extended space strategies also.

GENERAL FWI FRAMEWORK AND MISFIT
FUNCTION FORMULATION

The comparison between misfit functions is made simple by
the FWI formalism (reviewed in the following section), more
precisely by the adjoint state strategy used to compute the gra-
dient at each iteration of the minimization loop. However, let
us recall the main result: a modification of the misfit function
results only in modifying the adjoint source. Therefore, imple-
menting different misfit functions in the same FWI code can be
done directly by isolating misfit function evaluation and adjoint
source computation in different subroutines.

General framework
The FWI problem can be written as

mrrlznf[m] = F(dcal [mL dobs) ’ (1)

where the subsurface parameters are denoted by m, d,ps is the
observed data, d.q;[m] is the synthetic data, and F is a generic
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function measuring the misfit between d.;s and d.,;. Under
general notation, d.q;[m] is obtained through the extraction of
the values of wavefield at the receivers location such that

dcal [m] =

where R is an extraction operator and u[m] is the solution of
the wave propagation problem

Ru[m], (2)

3

with A[m] a generic wave propagation operator (from acoustic
to visco-elastic).

The solution of the minimization problem 1 is computed
through local optimization following the iteration

Mp+1 = My + arAmy, “4)

starting from an initial guess myg. In eq. 4, o, is the steplength,
which should satisfy the Wolfe criterion (Nocedal and Wright,
2006), and Amy, is the descent direction, given by

Amy, = —P[myg]V fmy] (5)

where V f(my,) is the gradient of the misfit function f[m] and
P[my] a preconditioner approximating the inverse Hessian op-
erator

Plmy] ~ Hmg]™t, H[my] = V2 flmy). (6)

Following the adjoint state strategy (Plessix, 2006), the gra-

dient is given by
0A
Vflm] = (8mu /\)

where (.,.) is the Euclidean scalar product in the wavefield
space, and A is the adjoint field, solution of the adjoint equation

(N

A(m)"A =, ®)
where s is the generic adjoint source, given by
OF
_ _pT
s= R (&lml). ©)

Note that in the case of the L2 norm, we recover immediately
that

s = —RT (Ru[m] — dops) , (10)

i.e. the adjoint source is equal to the residual (difference be-
tween observed and calculated data).

Next, we review the formulas for the five misfit functions
selected in this study, as well as their corresponding adjoint
sources. For convenience, we will introduce the distance mea-
surement function associated with each strategy for a single
source/receiver couple, except for the KROT strategy. The
calculated and observed data will be denoted by d.q;(t) and
dops(t) unless stated otherwise. Except for KROT, the final
misfit function is built as a sum over each source/receiver cou-
ple of this distance measurement function, and by linearity, the
resulting adjoint source is also obtained by summation.
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299
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AWI
We give here the AWI formalism. We have

/ P@r)w(r)dr
0

/0 (@) ar

where w(t) is the Wiener filter which either transforms the cal-
culated d.q;(t) into the observed data d s (t) (forward AWI) or
the opposite way around (reverse AWI). Both implementations
are discussed in Warner and Guasch (2016). Also, the compu-
tation of w(t) can be implemented either in the time-domain or
the frequency-domain. In both cases, a water level ¢ is required
to stabilize the deconvolution operation.

The role of the function P(7) is to penalize energy at non-
zero time lag. There are several possibilities to define this
penalty function. Here we focus only on a Gaussian formu-
lation defined as

FAWI (dcah dobs) =

; Y

P(r)=eT /7, (12)
where o is a tuning parameter controlling the width of the
Gaussian function away from 0 time-lag. This o tuning pa-
rameter is defined in seconds and corresponds to the maximum
expected time-shift between the observed and calculated data.

In the case of a frequency-domain reverse AWI implementa-
tion, the adjoint source for a single-trace reads

OFawr | (P(1) = 2F(deai, dobs)) w(T)p(t + 7)dT
Odear [ w(r)dr )

(13)

where . t
/ Gob (A dw, (14)

dj;bs( d ) +e
with ¢ defined as

€= (muz}x |dobs (W)])C - (15)

In eq. 15, ( is a user-defined damping ratio, ranging from 10~2
to 10~° in our experiment. A large ¢ will help when trying to
tackle large time-shift, with a “smoothing/regularizing” effect.
Large ( is also required if there is noise on the data. A smaller ¢
will help preserve small features present in the signal. In terms
of computational cost, the overhead associated with the com-
putation of the Wiener filter is negligible, and the AWI strategy
can be easily implemented.

IE

The separation of the phase and envelope information of the
signal relies on the use of the analytical function defined as
follows. For a given time signal d(t), the analytical signal d(t)

is defined as _

d(t) = d(t) + iH[d(t)], (16)
where H is the Hilbert function which can be defined in the
time domain as
T
1y /
T

—00

ar)

) =P [ S

dr, (17)
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Cycle-skipping and FWI misfit functions 5

where P stands for the Cauchy principal value. Practically,
we do not use the time formulation of the Hilbert function, but
rather a frequency domain formulation that gives us the analyt-
ical signal in a three-step approach (Marple, 1999):

» Compute the Fourier transform of d(¢) using an FFT
» Change the negative frequency to zeros
* Compute the inverse Fourier transform

This directly gives us access to the analytical signal and, by
extension, to the Hilbert transform by taking its imaginary part

H[d(t)] = Z]d(t)]. (18)

The analytical signal allows to separate the signal as the
combinaison of the instantaneous phase ¢(¢) and the instan-

taneous envelope F(t):
d(t) = E(t)e*® (19)

Thus, the intantaneous enveloppe E(t) can be simply defined

as. _ _
— JRUWE + Tl 00,

We can define a new distance-measurement function using in-
stantaneous envelope as

T

1
FIE<dcal7 dobs) =35 |Ecal (t) - ObS( )‘ dt
2
0

ey

where F.,; and E,;s are instantaneous envelopes of the calcu-
lated and observed data respectively. Following Bozdag et al.
(2011), the adjoint source is defined as:

aF‘IE' o (Ecal(t) - Eobs)dcal (t)
adcal N Ecal(t) +e€
22
(Bl B dea)) e
E.u (t) + € ’
with € a water level defined as
&= (m?x Eqps(t))C. (23)

Contrary to AWI, in the following experiments, ( is fixed and
taken at ¢ = 10~ for IE. We have verified that the results with
IE are not sensitive to this choice.

The instantaneous envelope misfit formulation is straight-
forward to implement thanks to the algorithm from Marple
(1999). No tuning parameter is required, and the computation
cost overhead is negligible.

NIM

Donno et al. (2013) consider the least-squares difference be-
tween the cumulative distributions @5 and (4. For a given
time signal d(t), its normalized cumulative distribution Q(t) is
defined by

(24)
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The NIM misfit function thus relies on the distance measure-
ment

1 T
Fnrm (dcah dobs) = 5 /0 |Qcal(T) — Qobs (T)|2dT7 (25)

where Q.q;(t) and Qops(t) are the cumulative distributions as-
sociated with d.q;(t) and dgps(t) respectively.
The corresponding adjoint source is
2dcai(t)

T
T ( /t (Quat(7) — Qupe(7))dr
0 ca

T
- /0 le(r)(czcaxr)—Qobsm)df).

OFNIM
8dcal

(26)

The NIM implementation is straightforward and does not re-
quire any tuning parameters.

KROT

In the frame of the KROT approach, we consider the data as a
function of both time and receiver position, such that we denote
the calculated and observed data as deq;(z,,t) and dops (2, t)
respectively.

The KROT is based on a particular instance of optimal trans-
port distance, namely the 1-Wasserstein distance. It can be ap-
plied to non-positive data, provided mass conservation is satis-
fied i.e.

T T
/ / dcal(xr,t)dmdt:/ / dops (r, t)da,dt . (27)
x, J0 z,.JO

For a given shot in seismic data, this corresponds to the sum-
mation over each trace of the mean value in time of the trace.
We consider this mean value is equal to O (this is the zero-
frequency noise, which is usually removed from the data prior
to inversion). Therefore the mass conservation assumption is

satisfied for seismic data.
On this basis, the KROT distance can be written as

Frrot(dcal, dobs) = max
@€Lipy

(28)

where Lip, is the set of 1-Lipschitz functions for the ¢; dis-

tance

Lip; = {p(zr, 1), lp(xr,t) —p(ar, )] < |z, — 27| + [t =]} .
(29)
The adjoint source is then given by
OFkror  _
— = b)), 30
9d. P(r,t) (30)
where
?(x,,t) = arg max/ / (Tr,t) (deai (@, t) — dops (21, t)) dadt .
p€E€Lipy

€19
Compared with previous misfit functions, the final misfit is ob-
tained here by summation over shot gather, and not a sum-
mation over source/receiver couples (not a trace-by-trace ap-
proach).

T
/ / QO((ITT,t) (dcal(zrvt)_dobs (*Trut))ditv‘dt ’
zr JO
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From the above equations, we see that the computation of a0
the KROT misfit function and its corresponding adjoint source 41
requires solving a constrained maximization problem per shot s
gather. Details on how to solve this problem are given in Métiviersss
etal. (2016c). The proximal splitting algorithm ADMM is used 444
(Combettes and Pesquet, 2011) and the resulting algorithm has 445
complexity in O(N log N), where N = N,. x N, with N,. the s
number of receivers and /V; the number of time samples. Com- 47
pared with the previous misfit functions, the computational cost s
overhead is non-negligible. Tuning parameters will be asso- a4
ciated with a prior scaling of the data to make its maximum 4so
amplitude close to 1, and the number of iterations required to s
solve the constrained maximization problem. 452

453

GSOT °

455
Let (t;,d(t;), i=1,...,N) be the discrete graph of the time 4ss
function d(t). This discrete graph is a point cloud containing ss7
N points. The GSOT distance measurement is formulated as  4ss
459

F dcaydos = io 32 460
asor(deat; dob Ugél(I}V)ZC( (32)

where c¢;; is the L? distance between the points of the discrete
graph of d.,; and ds, namely

461
Cij = |ti = t517 + 0?|dear(ti) — dops(t)]?,  (33) a2
463

and S(N) is the ensemble of permutations of (1...N). The
function Fizgor corresponds to the 2-Wasserstein distance be-
tween the discrete graph of the calculated trace d.,;(t) and the
observed trace dops(t).

The scaling parameter 7 in eq. 33 controls the convexity of
the misfit function fgsor with respect to time-shifts. In prac-
tice, we define it as

464
465
466
467
468
469

T 470

- 4
n= 7. (34) 4

where 7 is a user-defined parameter corresponding to the maxi- **
mum expected time-shift between observed and calculated data
in the initial model, and A is the maximum amplitude discrep-
ancy between observed and calculated data.

The adjoint source of the misfit function fggor[m] is com-
puted from af SSOT ysing the adjoint-state strategy. It is proven
in Métivier et al (2019) the following equality: denoting o* the
minimizer in eq. 32, we have

473

474

475

476

477

478

479

480

F .
Fgsor _ 9 (dcal B gbs> 7 35)
acal 482
where ::z
dgbs( ) - dobs( * (i )) . (36)

485
In this sense, the GSOT approach can be viewed as a gener- 4ss
alization of the L? distance: the adjoint source is equal to the 4
difference between calculated and observed data at time sam- 4ss
ples connected by the optimal assignment o*. As the KROT 4
approach, the solution of the problem 32 provides the informa- 4so
tion to compute both the misfit function and the adjoint source. 41

The numerical algorithm used to solve the linear assignment 42
problem 32 is the auction algorithm (Bertsekas and Castanon, s

1989). For problems involving less than 1000 points, the auc-
tion algorithm is very efficient. In seismic exploration, Nyquist
sampling yields traces containing a number of points within
this order of magnitude. Consequently, Métivier et al. (2019)
have designed an efficient numerical strategy, yielding lower
computational overhead than the KROT approach. On 3D field
data application, we observe 15 to 20% computation time in-
crease for gradient computation on the lowest frequency bands
compared with classical L? . This computational cost overhead
decreases when the frequency band increases as the total com-
plexity of the GSOT problem is O(w?), while the complexity
of the wave propagation solver is in O(w*). For more details,
the reader can refer to Métivier et al. (2019).

Compared with previous approaches, the computational cost
overhead is comparable with AWI, IE, and NIM while being
lower than KROT. In terms of implementation, as for KROT,
the solution of the assignment problem requires specific solvers,
which makes the GSOT implementation less trivial than for
AWIL, IE, or NIM. In terms of tuning parameters, the more im-
portant parameter is the parameter 7, which controls the con-
vexity of GSOT misfit function with respect to time-shifts.

A SIMPLE CONVEXITY ANALYSIS BASED ON
TIME-SHIFTED RICKER WAVELETS

We start by investigating the convexity of the proposed misfit
functions with respect to time-shifts. We fix a reference signal
composed of one Ricker wavelet in the center, seen as the ob-
served data. The calculated data is the same Ricker wavelet,
shifted in time with a time-shift going from —1.5sto 1.5s. We
compute the distance between the reference signal and the cal-
culated signal using the five selected misfit functions, depend-
ing on the input time-shift. Results are presented in Figure 1.

The results obtained here with alternative misfit functions
might not reflect the performance of the algorithms with total
accuracy, both in terms of computational efficiency and inver-
sion results. Algorithms might not have been implemented in
the most optimal way or in the way the original authors in-
tended. Subtle choices of tuning parameters might improve the
inversion results in some cases. However, the primary purpose
of this comparison is to seek to understand how the data is in-
terpreted within each of these strategies and how this affects
the inversion results in each case. We intend to provide the
reader with sufficient material to infer the main properties and
philosophy behind the compared methods.

Let us first analyze the results obtained with L? waveform
misfit, the reference for FWI. As expected, L? misfit displays a
narrow basin of attraction, with local minima and a flat part for
time-shift superior to 0.4 s. The local minimum appears when
the time-shift is larger than 0.12 s, which corresponds to half
the Ricker wavelet period. This validates that the L? misfit
function presents low robustness for shifted-patterns, leading
to cycle-skipping when signals are shifted by more than half
a period. In such cases, L? misfit function does not guarantee
convergence toward the global minimum.

We can now compare the selected alternative misfit functions
to the L? misfit. From the obtained results, we can define two
groups. The first one contains GSOT, AWI, and NIM, charac-
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terized by a large basin of attraction. The second group con-
tains IE and KROT, characterized by a “slightly” larger basin of
attraction than L? , but not as wide as the first group members.

Understanding why the first group members exhibit the con-
vexity property is essential. Starting with GSOT, if the input
parameters 7 is correctly set to the maximum expected time-
shift of 1.5 s, the convexity to shifted-patterns is expected as
there is a direct link between the 7 parameters and the width of
the basin of attraction as shown in Métivier et al. (2019).

The same convexity property is observed with AWI. With
o set to 1.5 s, the results are satisfying with a large basin of
attraction. Similarly as the 7 parameter from GSOT, o directly
controls the convexity to shifted-patterns. Note that we use
¢ = 107° in this analysis as we predict signal with machine
precision.

Finally, to understand the robustness of the NIM approach,
we display in Figure 2 the quantities @Q,ps and Q.q; (for three
time-shifts, —1.5 s, —0.1 s and in-phase). This makes visible
the drastic modification of the signal shape induced by NIM.
The NIM cost function boils down to be the area under the
curve delimited by Qops — Qcqi- We see clearly that this area
increases with time-shifts, illustrating the convexity to shifted
patterns observed with NIM.

Moving to the second group, to understand why the IE misfit
only slightly increases the width of the valley of attraction com-
pared with L? , we display in Figure 3 the quantities E,;, and
FE.q;. Here we can observe the increase of temporal support of
the signal induced by the envelope. This “broader” temporal
support of the instantaneous envelope directly translates into
the increase of the width of the valley of attraction as IE relies
on a L? norm between E,;; and E,,;.

Finally, we present in Figure 4 the function () solution of
the maximization problem defined in eq. 31, which defines the
KROT distance, together with the residuals dops(t) — deai(t).
We can observe that when Ricker wavelets start to overlap at
—0.3 s, we obtain a convexity that classical L? cannot achieve.

This can be understood by looking at the function B(t) [dops (t) — dear®®

The area below the curve defined by this function corresponds
to the KROT misfit function. This area remains constant as
long as the two signals do not overlap and monotonically de-
crease as soon as the two signals overlap, reaching 0 at 0 time-
shift.

On a second test, presented in Figure 5, we introduce a sec-
ond Ricker wavelet that remains in phase. This test aims at
validating the robustness to cycle-skipping when multiple ar-
rivals are considered. From the results obtained, we observe
that all misfit functions behave similarly as on the previous test
except for AWI. In this case, the shape of the misfit function
seems affected by oscillations near O time-shift, reducing the
effective convexity to the one of classical L? formulation. This
seems to be related to one of the potential issues of deconvo-
lution based misfit function: the sensitivity to cross-talks be-
tween multiple events. To analyze this sensitivity of AWI to
multi-arrivals, we display the Wiener filters together with the
penalty function and the combination of both (Figure 6). In
test B (where one wavelet is always in-phase), the Wiener filter
presents a strong peak at 0 time-lag due to the in-phase arrivals.

z H
=] -
> (a) H
S osf i 1
£
8
[
©
2
2
IS
g -
9 10
g /
o L2
kst AWI
N 8
= IE
£ NIM
S KROT
z GSOT

15
Shift (s)

Figure 1: Comparison of several misfit functions in a simple
1D case for one shifted arrival. The arrival is set to be a Ricker
wavelet with a central frequency of 4 Hz. (a) represents the
signal used for the test (with only one arrival at the center). The
fixed reference signal is displayed in continuous black. The
shifted signal is displayed in dotted black (here for +1.5 s). (b)
represents the normalized misfit function values with respect to
the time-shift (from —1.5 s to 1.5 s).

Qops and Qcal
T

(@) —au
Qe -1.5s
— Qe -0.1's
— — Q.q in phase

0.5

3 3.5 4 45 5 5.5
Time (s)

Figure 2: (a) quantities Q,ps and ., for three time-shifts
(—1.5s1in green, —0.1 s in blue and “in phase” in dashed red).
(b) the area under the curve for Qps — Qo for the three time-
shifts.

Egs and Eqy

Eoys

E. -05s
E.-02s
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)
4 4.5 5 5.5
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Figure 3: E,ps and E,,; for three time-shifts (—0.5 s, —0.2 s
and in phase).
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0.5 ———de 035 |7
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-0.5 L

Misfit

0.5

Time (s)

Figure 4: Detail for 3(t) from KROT. (a) the setup with dps (in
black) and d..,; for two time-shifts (—0.3 sinred and —0.15 s in
blue). (b) shape of L? and KROT misfit function with respect
to time-shifts, red and blue cross represent the positions of the
two time-shifts selected. (c) and (d) respectively display ®(¢)
and d,ps — dq; for the two time-shifts of —0.3 s and —0.15 s.
(e) the area under the curve for B(t)(dops — deqr) quantity for
the two time-shifts. This last quantity is used to get the misfit
function value after time integration.
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Figure 5: Same as Figure 1 but with two Ricker wavelets with
one shifted (left) and one in phase (right).

Because of finite frequency effect, it is not a Dirac delta func-
tion but a bandpass Dirac delta function. The oscillations of the
bandpass delta function combine in a destructive/constructive
manner when the two time-shift peaks (one for each Ricker
wavelet) get closer to each other. These interferences are at the
origin of the local minima observed.

FWI TESTS ON TWO CANONICAL EXAMPLES

This section attempts to assess the pros and cons of the se-
lected alternative misfit functions on two schematic FWI tests,
focusing on a different aspect of the information contained in a
dataset. The first test focuses only on transmission with a cross-
hole acquisition. The second test focuses mainly on reflection
information. These two tests can be seen as a way of assessing
if the proposed misfit function can improve the FWI robust-
ness (cycle-skipping in transmission in the first test) while pre-
serving the ability to correctly interpret reflection information
(reflector positioning and imaging in the second test)

Both tests are performed in 2D using our 2D/3D time-domain
acoustic modeling and inversion code in inverse crime settings
(observed and calculated data are computed on the same grid,
without noise introduced in the data). Besides, we use a con-
stant density model and invert only for the P-wave velocity
model. In both cases, the [-BFGS algorithm is used to mini-
mize the misfit function, with FWI stopping criterion being a
line search failure. The source wavelet is a Ricker wavelet with
a central frequency f.y = 3 Hz. The gradient is smoothed us-
ing a Gaussian filter with horizontal and vertical correlation
lengths equal to 0.3 times the local wavelength

vp(x, z)

Aoe(x,2) =0.3————=.
( ) fref

(37

FWI Test 1: transmission configuration
Case study presentation

This first case study focuses on transmitted energy. The ex-
act model is defined as a square of 1000 m sides with homo-
geneous Vp = 1300 m/s containing a spherical inclusion of
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Figure 6: AWTI analysis with two setups: test A and test B.
(a) test A both wavelets shift, (b) test B only the left wavelet
is shifted, the right one being always in phase (similarly to

Figure 5). (c) shape of AWI misfit function with respect to :0

time-shift in both cases. The Wiener filters presented under are
shown for a time-shift of —0.5 s (black cross on the misfit). (d)
Wiener filters (w(t)) and the Gaussian penalty function P(t).
(e) the Wiener filters multiplied by the penalty function.
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Figure 7: FWI Test 1: (a) true model, (b) initial model 1 with
Vp = 1300 m/s , (¢) initial model 2 with Vp = 1700 m/s and
(d) initial model 3 with Vp = 1900 m/s .

0.2 0.8

100 m radius in the center with Vp = 1700 m/s (Figure 7).
The acquisition mimics a crosshole setting, with 96 sources
on the left side of the model and 256 receivers on the right
side. The spacing is 10 m between sources and 3.8 m be-
tween receivers. The boundaries are all set to absorbing layers
(Bérenger, 1994) to avoid reflections and only focus on trans-
mitted events. The relatively strong contrast between the back-
ground and the anomaly generates an identifiable diffraction
pattern in the data. In this experiment, no preconditioning is
applied to the gradient. The lower and upper Vp bound con-
straints are respectively set to 1000 and 2500 m/s .

We introduce three starting homogeneous models (Figure 7).
The first is at the true model background velocity (1300 m/s ).
The second is at Vp = 1700 m/s , setting a challenging FWI
problem as the starting model is as fast as the inclusion. The
third case is even more challenging, with a starting homoge-
neous Vp model at 1900 m/s .

FWI results are presented in Figure 8 with reconstructed
Vp at the final iteration. Figure 9 presents traces for a single
source-receiver couple representing the shortest path through
the spherical inclusion (straight horizontal path at 500 m depth).
Traces are extracted from data generated in the true model, ini-
tial model, and final reconstructed model for all misfit func-
tions.

Results from initial model 1

We start the analysis with the “reference” initial model. As
shown in Figure 9, this model does not generate cycle-skipping
(arrivals in the true model are less than half a period away
from the arrivals in the initial model). The objective is to re-
trieve the high-velocity spherical inclusion in the center of the
model. As expected, the L? misfit function produces a correct
result: the inclusion is retrieved correctly, and the final data are
in phase with the true data. The vertical resolution is higher
than the horizontal resolution as expected from the cross-hole
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configuration. This has a lateral smoothing effect on the re-
constructed anomaly, which explains why its peak amplitude
(around 1500 m/s ) is lower than the amplitude of the true
anomaly. The five selected misfit functions produce equiva-
lently good results in this configuration. In all cases, the spher-
ical anomaly is reconstructed with a similar resolution, and the
data fit is equivalent. In terms of parameter settings, we choose
here 7 = 0.2 s for GSOT and ¢ = 0.2 s for AWI, a choice
motivated by the absence of cycle-skipping. For AWI, we use
¢ = 1072 in this transmission test (for all three models) to
maximize the kinematic effects of AWI that work better when
( is relatively high, which acts as a regularization effect.

Results from initial model 2

As can be observed in Figure 9, the second initial model gener-
ates clear cycle-skipping in the data. In this case, we expect the
L? misfit function to fail in reconstructing the anomaly. Indeed,
the L? fails to converge and reaches the boundary set for the in-
version. The final synthetic trace does not match the observed
trace. It is interesting to observe that four of the five selected
misfit functions succeed in reconstructing the background and
the anomaly and produce final synthetic traces in phase with
the observed trace in this already quite challenging test. The
only alternative misfit function that fails is KROT, which could
be expected from the previous section (weak increase of ro-
bustness to cycle-skipping). AWI, IE, NIM and GSOT show
that the increase in convexity procured by these formulations
is enough here to make convergence achievable. The data-fit
obtained with these methods is good in this case. In terms of
tuning parameters, 7 and o are increased to 0.35 s for GSOT
and AWI, according to the time-shift between the reference and
the initial traces in the initial model.

Results from initial model 3

Finally, the initial model 3 generates an even more substantial
cycle-skipping effect than model 2 (Figure 9). L? and KROT
still fail to converge to the correct model, as it was already the
case starting from model 2.

IE starts to exhibit diagonal cycle-skipping artifacts associ-
ated with the longest source/receiver paths in this more chal-
lenging setting. This is expected from the time-shift convex-
ity analysis performed before: IE robustness to cycle-skipping
is limited. AWT also starts to exhibit artifacts close from the
acquisition, while central anomaly is correctly reconstructed
(with ¢ = 0.6 s). NIM and GSOT (with 7 increased to 0.6 s)
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achieve a relatively satisfactory reconstruction of the background’*

and anomaly, similar to the results obtained from the previous
background models.

FWI Test 2: reflection configuration
Case study presentation

This second case study focuses on reflected energy. We con-
sider two different true models, composed of a homogeneous
background at 1500 m/s and a velocity layer 100 m thick at
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300 m depth (Figure 10). In the first case, the velocity of the
layer is set to 1600 m/s , while in the second case, the velocity
of the layer is set to 1400 m/s . The starting model is homoge-
neous at the correct background velocity of 1500 m.s~! (Fig-
ure 10). The surface acquisition comprises 96 sources and 512
receivers located close to the surface at 42 m depth. The spac-
ing is 20 m between sources and 3.8 m between receivers. We
implement PML absorbing conditions on the bottom and lateral
sides of the medium to mimic a medium of infinite extension in
these directions and a free surface condition on the top of the
model. A simple linear in-depth preconditioner is also applied
to compensate for geometrical spreading effects and accelerate
the convergence. The lower and upper Vp boundaries for the
inversion are respectively set to 1200 m/s and 1800 m/s .

This test analyzes how the reflected data is interpreted by
FWI depending on the choice of misfit function. The difference
between the two exact models is only the sign of the velocity
change at the layer level: in one case, velocity increases; in the
second case, it decreases. This induces a change of polarity of
the reflected wave, as clearly visible in Figure 11. We want to
identify how the different misfit functions are sensitive to this
change of polarity.

Results analysis

The reconstructed models are presented in Figure 12. Traces
from the observed and synthetic data in the initial and final
models for zero offset couple (source and receiver at the same
position) located in the middle of the acquisition are presented
in Figure 13. For visualization purposes, we cropped over the
reflection after the first arrival.

The L2 results are coherent with the expectation, with a cor-
rect reconstruction of the layer in both cases. The L? norm is
sensitive to amplitude variation and polarity and is expected to
interpret reflected events correctly. As the background velocity
is known, there is no cycle-skipping in the initial model for the
two target models. The data fit in both cases is perfect.

Together with L? misfit function, results obtained with IE,
KROT, and GSOT are equivalently correct. This is expected
from KROT and GSOT, which should behave similarly as L2
when cycle-skipping does not occur. GSOT relieson 7 = 0.2 s
in this experiment. This is somehow more surprising from IE,
as one could think that the polarity of reflected events might
be lost in the envelope extraction process. However, this is not
true in this case but might be due to the inverse crime settings
we are using. There is indeed a subtle change in the envelope of
the observed data between model 1 (positive layer) and model
2 (negative layer) (Figure 14), which is enough to guide the
inversion in the right direction. However, this is probably pos-
sible only because the first arrival is correctly predicted. Small
inaccuracies in predicting the first arrival might be enough to
impede a correct reconstruction using IE.

The results obtained with NIM are less satisfactory. In par-
ticular, the reconstruction of the negative layer is altered by
strong positive artifacts beneath the layer. In the opposite case,
negative artifacts also pollute the reconstruction of the positive
layer, although the strength of these artifacts seems weaker.
Analyzing the data fit shows that NIM has difficulties repro-
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waves is pointed with black arrows.
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ducing the reflection pattern in both cases (Figure 13). Spuri-
ous oscillations appear, which can be associated with the pos-
itive artifacts observed on the model reconstruction. This lack
of sensitivity to the polarity is somehow expected. From NIM
formulation, @Q,ps should be more or less the same indepen-
dently of model 1 or model 2 being used. This is illustrated
in Figure 14, where Q. (t) is presented for both models (pos-
itive and negative layers). We can observe that the difference
between the two true models leads to a very marginal modifica-
tion of Qs compared to Q,;. This is likely the explanation of
the difficulties faced by NIM in interpreting the reflected waves
correctly.

Finally, the results obtained with AWI are incorrect for both
the negative and positive Vp anomaly. From observing the
data, we can see that the direct waves exhibit a clear dominance
in amplitude over the reflected events. Therefore, we expect
the Wiener filter to be dominated by the direct waves and only
show a small imprint of the reflected waves that are of small
amplitude (= 1% of peak amplitude). This is illustrated by the
Wiener filter shown in Figure 15 for both positive and negative
layer models. They indeed present a main event around 0 lag,
corresponding to the in-phase direct wave. Around 0.3 s, the
imprint of reflected events is very weak but still visible in the
Wiener filters. This motivates us to use a large 0 = 1 s to max-
imize the information coming from the small reflected waves,
together with a small ¢ = 107°. However, these settings do
not make it possible to obtain satisfactory results with AWL
To have a deeper understanding of why AWI fails to recon-
struct a proper Vp model in this case, we perform a sensitivity
analysis of the misfit function with respect to the value of Vp
in the layer. We compute the AWI misfit value (and L? mis-
fit value for reference) between dps and deq;(Vp). Here dops
corresponds to a shot gather in the center of the acquisition gen-
erated in the true model. d..;(Vp) corresponds to data gener-
ated in different models similar to the true model, with as only
varying parameter the layer velocity (ranging from +100 m/s
around the layer velocity of the true model). The results of this
analysis are presented in Figure 16. The L? results are coherent
with the expectation: the misfit function is convex with respect
to the variation of the layer velocity and presents a minimum
when the velocity of the layer used to generated d..;(Vp) is
similar to the one of the true model used to generate d,ps, SO
respectively 1400 and 1600 m/s . For AWI, we observed that
the minimum is not aligned with the correct velocity (1440 m/s
in the first case, 1610 m/s in the second). This exhibits the
loss of sensitivity of AWI in this case, explaining the failure
of convergence of the FWI. Only reducing the o below 0.04 s
would make AWI behaves more like L? and converge to a result
similar to the one of NIM. We do not think such a parameter-
ization is interesting as it prevents the advantages introduced
by AWI, which is improved convexity, and still introduces ar-
tifacts in the reconstructed model and computational overhead
compared to L? .

This second FWI test is a good illustration of the potential
limitation that an alternative misfit function mainly focused on
resolving time-shift could introduce. Here AWI and NIM have
difficulties providing satisfactory results when the main arrival
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is correctly predicted. The point to point approaches that clas-
sical L? procures is here the “reference”, making possible to
fit the small perturbation properly following the main arrivals.
AWTI and NIM being more kinematic oriented, it is not surpris-
ing that this setup is challenging for such formulations.

MARMOUSI CASE STUDY: TOWARD A MORE
REALISTIC CASE STUDY

Common framework

We design a synthetic case study using the Marmousi II P-wave
velocity model (Figure 17) (Martin et al., 2006) to continue
our analysis on a more realistic FWI configuration. We use a
fixed spread surface acquisition model with 128 sources and
169 receivers. The source spacing is 132 m, and the receiver
spacing is 100 m. The data is generated with a 4 Hz centered
Ricker wavelet high-pass filtered to remove energy below 2 Hz
(wavelet is visible in Figure 24). The recording time is set to
7 s. PML absorbing layers are used on the bottom and lateral
sides of the model to mimic a medium of infinite extension in
these directions, while a free surface condition is applied on
top.

In the first case, referred to as “inverse crime inversion”, we
model the data in the constant density acoustic approximation
and use the same grid for modeling and inversion to remain in
the inverse crime settings. The mesh spacing is 25 m in this
case.

In the second case, referred to as “more realistic inversion”,
we use the variable density Marmousi II model and a refined
10 m grid to generate the data. White noise bandpassed be-
tween 2 Hz and 10 Hz is added to the data to reach a signal to
noise ratio of 15%. The inversion is done on a 25 m grid, us-
ing a density model derived from the initial V» model through
Gardner’s law (Gardner et al., 1974) (Figure 18). A wavelet
estimation is done before inversion. Performing the inversion
in this more realistic framework, away from the usual inverse
crime settings, makes it possible to assess the effects of incor-
rect amplitude prediction on the different misfit functions and
better judge their usability toward field data applications.

The optimization is performed using the [-BFGS algorithm.
The regularization of the gradient is defined as 0.3 of the lo-
cal wavelength. Pseudo-hessian preconditioning is used (Choi
and Shin, 2008; Yang et al., 2018a). The lower and upper Vp
boundaries for the inversion are respectively set to 1000 m/s
and 5200 m/s . Inversion is performed without any frequency
continuation approaches or other multi-scale strategies for all
the misfit functions considered (including L? ).

Inverse crime inversion
Case study description

We rely here on two starting models. The first one, called
§500 (Figure 17 c), is derived from the true Vp model using a
Gaussian smoothing with a correlation length of 500 m. This
starting model preserves the long wavenumber content of the
true model. The second one is a linearly increasing vertical
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1D (Figure 17 d) model, ramping from 1500 m/s at seabed to
4500 m/s at depth. This initial model does not contain long-
wavelength structures inherited from the true model. The data-
fit obtained through this initial model (Figure 19 b) is affected
by cycle-skipping. In comparison, the data-fit obtained with
S500 is globally better (Figure 19 a), with more in-phase ar-
rivals (especially on O to 3 km offset diving waves).

Results starting from S500 initial model

Reconstructed Vp results for all the selected misfit functions
are presented in the left column of Figure 20. The associated
data-fit obtained after FWI are presented in Figure 21 (for a
common shot gather in the middle of the acquisition).

In this model, the L? results give, at first order, a good re-
construction of the Marmousi model. However, we can ob-
serve on the left part that the horizontal layers are not correctly
reconstructed and present an up-shift (0 < z < 3 km), asso-
ciated with a low-velocity anomaly on the shallow left part of
the model (around z = 1 and z = 0.8 km). This corresponds
to the part where strong reflections are generated. Because the
background velocity is incorrectly predicted in the early itera-
tions, the arrivals corresponding to these reflections are cycle-
skipped. As we illustrated earlier, L2 misfit function being un-
able to tackle cycle-skipping effects, FWI cannot update the
medium correctly to fit these arrivals.

AWI provides a clear improvement over classical L? : the
horizontal layers are correctly positioned on the left part. The
central part at depth (8 < =z < 13 km, (z > 2 km) is im-
proved compared to L? , with better contrast and more lateral
coherency in the layers structure. Moreover, the low-velocity
anomaly on the shallow left part of the model is removed. These
results are obtained with ¢ = 0.25 s and ¢ = 107°.

IE also improves the reconstructed model. The relatively
small improvement in cycle-skipping robustness introduced by
the envelope is enough to mitigate the artifacts on the left part
of the model (0 < = < 3 km) and flattens the layers compared
to the L? result. One drawback is the slight degradation in the
reconstruction of the central part at depth (9 < z < 13km, z >
2 km). Still, such a simple formulation is enough to improve
the FWI workflow over the classical L? in this case.

The case of NIM misfit is interesting. Here, we can see that it
fails to converge, producing an erroneous reconstructed model.
This illustrates the limitation of NIM when applied to more
realistic cases where the data contains multiple arrivals, multi-
ple phases, and potentially mixed phases. Integrating all these
pieces of information into a single observable (the cumulative
distribution) does not make it possible to reconstruct the sub-
surface velocity. As we can see in the data-fit, NIM can also
not fit the vast majority of the signal.

The KROT misfit function, as AWI and IE, can prevent the
appearance of the left side artifacts observed with the L? re-
construction (0 < x < 3 km). As for IE, the relatively small
improvement in terms of attraction valley width provided by
KROT is sufficient to improve the results significantly. Be-
sides, KROT can account for the lateral coherency of the data,
which might also help stabilize the inversion.

Finally, GSOT also produces a significant improvement over
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Figure 12: FWI Test 2: FWI layer benchmark results. Left column corresponds to a negative Vp anomaly while the right column to
positive Vp . The subfigures under respectively correspond to final reconstructed V» model obtained with FWI using L? (a,b), AWI
(c,d), IE (e,f), NIM (g,h), KROT (i,j) and GSOT (k.]).



KROT NIM IE AWI

GSOT

Cycle-skipping and FWI misfit functions

Negative VP anomaly Positive VP anomaly

1 1.5 2 25 3 3.5 4
T

— — deq - initial
———— d,y - final

0.4

0.4

time (s) time (s)

15

3e-06

-3e-06

2e-08

-1e-08

2e-08

-1e-08

2e-08

-1e-08

2e-08

-1e-08

2e-08

-1e-08

2e-08

-1e-08

Figure 13: FWI Test 2: Extracted traces for a center shot at zero offset. Observed data are in solid black, synthetic data in the initial
model in dashed black, and final reconstructed synthetic data in solid red. The left column corresponds to a negative Vp anomaly
while the right column to positive Vp . (a,b) shows the complete traces. Each subfigures under are cropped on the magenta box to
emphasize the polarity reversal introduced by the layer. They correspond to traces calculated in the reconstructed Vp» model using
respectively L? (c,d), AWI (e,f), IE (g,h), NIM (i,j), KROT (k,]) and GSOT (m,n) misfits functions.
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Figure 14: FWI Test 2: Extracted traces for (a) dyps and dcq;,
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offset. Data associated to negative Vp anomaly are in solid
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Figure 17: (a) True Marmousi IT model. (b) 5250 initial model,
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Figure 19: Inverse crime inversion: CSG for field data over-
lapped by synthetic data in (a) S500 initial model, and (b) 1D
initial model. Field data in black and white, overlapped by red
to blue synthetic data with transparency. Red and white visible
mean out of phase, black and blue mean in phase.

the L2 result, with almost no artifacts on the reconstructed
model. We use 7 = 0.25 s, similarly to AWI parameterization.
This illustrates that GSOT, as AWI, while being able to sig-
nificantly enlarge the valley of attraction of the misfit function
on simple convexity cases, can also be used in a more realis-
tic framework that mixes transmitted and reflected energy with
relatively complex multi-arrival data.

Regarding the data-fit, excepted for NIM, all the misfit func-
tions can provide a good data-fit in this case.

Results starting from 1D initial model

Reconstructed models from the 1D initial model are presented
in the right column of Figure 20. The associated data-fit ob-
tained after FWI are presented in Figure 22.

Starting from this initial model, strong artifacts appear on the
L? results. We observe long-wavelength low-velocity anoma-
lies on both left and right parts of the models typical of cycle-
skipping induced artifacts. The data-fit analysis confirms this
observation: only early arrivals in the near offset are correctly
fitted. Diving waves arriving at larger offsets on the left (5 s
and —7.5 km offset) and right parts (4 s and 6 km offset) of the
gather are cycle-skipped.

Without any surprise, NIM cannot provide a meaningful es-
timate of the Vp model, as it is already the case starting from
the S500 initial model.

As the 1D initial model generates large time-shifts, and since
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both IE and KROT are only marginally improving cycle-skipping
robustness, it is not surprising to observe artifacts on the asso-
ciated reconstructed Vp models. IE results present strong ar-
tifacts, mainly on the left part of the model (0 < x < 7 km),
while the shallow right part (11 < < 16 km, x <= 2 km)
presents an improved reconstruction compared to L? . This is
confirmed by the data-fit, where all the arrivals on the right part
(offset between 1 and 8 km) are correctly predicted, whereas
data-fit on the left part (offset between —8 and 0 km) is degra-
dated compared to L? data-fit. Conversely, KROT provides
a more accurate reconstruction in the left part of the model.
The strong low-velocity anomalies observed in the left part
(0 < < 7 km) of the L? and IE reconstructions are reduced
and appear only in the deep part of the model (z > 2 km). This
is consistent with the data-fit, where we see that using KROT,
the long offset diving waves for negative offsets of the shot
gather are correctly fitted.

AWI manages to provide a clear improvement over classical
L2, mainly on the center part of the model (5 < x < 14 km),
while some artifacts on both sides of the reconstructed model
are still present. These parts are more difficult to reconstruct
as they are illuminated by waves traveling along the longest
paths of the medium, increasing cycle-skipping risk. We set
o = 0.6 s to try to capture as large as possible time-shifts. To
get the best results possible, we used ¢ = 1072 to obtain the
helping smoothing effect required to tackle large time-shifts in-
troduced by this initial model. The data-fit obtained with AWI
is good, with only some out-of-phase arrivals for late diving
waves (around —8 to —6 km offset).

Using GSOT, the reconstructed Vp model also presents a
clear improvement over classical L? . We use 7 = 0.6 s in
this case. At the first order, most of the artifacts are removed.
Still, some artifacts are present close to the edges (0 < = < 1
and 15 < z < 17 km), which is expected from the lack of
illumination in these parts. Some other artifacts are visible in
the center part of the structure at depth (10 < z < 12 km and
2 < z < 3.5 km). The data-fit appears to be good, with no out
of phase arrivals for all offsets.

Error reduction analysis

Besides this qualitative analysis of the results, we can provide
quantitative comparisons by analyzing the data error and model
error evolution along with iterations. We use here the following
relative L' model error definition

M true
100 Vb — P |
FE = — : : 38
(V) = G 2 (38)
where Vﬁ’“e is the true model, M the number of points in the

model and ¢ denotes one pixel of the grid used to describe the
models at the discrete level.

For the second experiment only (1D initial model), we present
the evolution of

* the convergence rate (misfit error with respect to the iter-

ations);

« the L? convergence rate (L? error with respect to the it-
erations);
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Figure 20: Inverse crime inversion: inverse crime FWI final reconstructed Vp model for Marmousi. Left column corresponds to
S500 initial model, right column to 1D initial model. The lines respectively correspond to the final reconstructed Vp» model using
L? (a,b), AWI (c,d), IE (e,f), NIM (g,h), KROT (i,j) and GSOT (k,]).
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Figure 21: Inverse crime inversion: Overlapped common shot gathers for synthetic data in the final reconstructed Vp model starting
from S500 initial model vs field data. Each subfigure corresponds to misfit function, with L? (a), AWI (b), IE (c), NIM (d), KROT

(e), and GSOT (f).
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* the model convergence rate (model error with respect to
the iterations);

* the model vs. data convergence rate (model error with
respect to the misfit error).

For model error, we truncate the model by 1 km on the left and
right sides and 625 m at depth to remove the model areas that
are not well illuminated.

For alternative misfit function definition, the L2-based con-
vergence rate is interesting as moving away from L? local min-
ima should be made visible by an increase of the L? error with
respect to the iterations. Also, the fourth item is interesting, as,
ideally, we look for a monotonic decrease of the model error
with respect to the misfit error. Besides, to improve the read-
ability, we have excluded from these figures the results corre-
sponding to NIM. The method does not produce reliable results
in both cases.

The error reduction analysis is shown in Figure 23. First, we
observe that KROT and AWI present a relatively slow conver-
gence rate on the cost evolution, while IE and GSOT have a
faster convergence rate. L? convergence is in between. KROT
follows more or less the same as the L? misfit function. This is
somehow expected, as the valley of attraction of KROT is ex-
pected to be similar to the one of the L2 misfit function. Note,
however, that in the early iterations, KROT displays a small
increase of the L? error, which clearly states that the two mis-
fit functions follow a different minimization path. IE, AWI,
and GSOT display another trend: the L? error is increased in
the first iterations before being strongly decreased in a second
stage. The substantial decrease of the L? error appears the lat-
est for AWI (after 100 iterations) and the earliest for GSOT
(after 30 iterations). GSOT achieves the smallest L? misfit,
followed by AWI and KROT. The model convergence rate clas-
sifies the misfit functions into two groups: one that does not re-
duce model error compared to the starting point, with L2 , IE,
and KROT; and a second group that decreases the model error
with AWI and GSOT. In the second group, only GSOT provides
a constant decrease with respect to the iterations, while AWI
start to increases the model error until 100 iterations, followed
by a decrease. The final reduction of model error obtained with
KROT and IE are smaller than the one attained by the L?, still,
this does not explicitly compared to better interpretable results
overall. AWI and GSOT obtain the best reduction of model er-
ror. Finally, looking at the model vs. data convergence, only
GSOT provides a quasi-monotonic decrease. For all the others,
the model error starts by increasing with the reduction of the
misfit.

A more realistic inversion
Case study description

Similar to the previous inverse crime inversion, we perform
FWI starting from two different initial models. The first one
is derived from the true Marmousi model using a lighter Gaus-
sian smoothing, referred to as the S250 model with a correla-
tion length of 250 m (Figure 17 b). The second one is the S500
model already used in the inverse crime settings (Figure 17 c).

Costs evolution for 1D initial
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Figure 23: Inverse crime inversion: Costs evolution in the in-
verse crime Marmousi for 1D initial model. (a) evolution of
cost functions over iterations, (b) true L2 cost evolution over
iterations, (c) model error reduction over iterations and finaly
(d) model error vs. the data error reduction.
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Figure 24: Non inverse crime inversion: (a) comparison of the
true wavelet used to generate the observed data versus the in-
verted wavelet used for inversion in the more realistic inver-
sion. (b) Associated amplitude spectrum of the true wavelet
and the inverted wavelet.

We did not re-use the 1D initial model as it proves to be too
difficult for any alternative misfit functions to provide conver-
gence in this more realistic case. Not predicting the data to
machine precision generates a more challenging benchmark.

The wavelet used for FWI is obtained through a source esti-
mation in the initial model based on short offset (100 m) only
to decouple the influence of the initial V» model as much as
possible. The obtained inverted wavelet is presented in Fig-
ure 24. We can observe that the inverted wavelet is close to
the true wavelet, but some noticeable amplitude and waveform
differences are visible. These amplitude effects are induced by
the use of a “true” density model for the data generation com-
pared to Gardner’s one (Figure 18) used for wavelet estimation
and to the white noise added to the data.

The data-fits for these two initial models is presented in (a)
of Figures 26 and 27. As expected, the data-fit is better us-
ing 5250 initial model, while the data-fit generated with S500
initial model displays more out of phase arrivals.

We compare the results obtained using L% , AWI, IE, KROT,
and GSOT misfit functions. We do not include NIM results
here, as we have already shown how the method fails to pro-
duce meaningful results in the previous inverse crime settings.
A maximum of 500 FWTI iterations is performed for both initial
models.

Results starting from S§250 initial model

Starting from the $250 initial model (Figure 25 left column),
the main expected difference with the previous “inverse crime”
setup is an inaccurate amplitude prediction (which would be
the case if considering field data). Data-fit are presented in
Figure 27. Classical L? can provide an acceptable result. Good
reconstruction in the well-illuminated area is achieved, with no
visible artifacts in the center part and only a small low-velocity
artifact visible at x = 2 km z = 0.8 km and a high-velocity
artifact at x = 16 km z = 1 km. The data-fit obtained with L?
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is quite satisfying with most of the arrivals in phase.

This time, IE results are clearly degraded compared to the
classical L? one. The reconstructed Vp model is tainted with
high wavenumber oscillation and strong artifacts. This is an
indication that the IE approach is sensitive to a correct ampli-
tude prediction. This validates the interest of a more realistic
framework, making us able to detect this kind of limitation.
The data-fit presents many out-of-phase arrivals, coherent with
the small artifacts present everywhere in the reconstructed Vp

Again, AWI improves over the L? results. We use a rela-
tively small ¢ = 0.2 s here as the maximum time-shifts ex-
pected are relatively small with this good initial model. We
used ¢ = 1072 as noise requires a relatively large amount
of damping, moreover as illustrated before, a larger damping
value helps when facing challenging FWI setups. The deep
center part is improved with a more coherent deep-layer struc-
ture. The left (x = 2 km and z = 0.8 km) and right (z = 16 km
z = 1 km) side artifacts present in L? results are also partially
mitigated. Surprisingly, the data-fit obtained with AWI is poor
for large offset arrivals (from —8 km to —3 km and 3 to 8 km).
This degradation of the data-fit is slightly counter-intuitive and
does not correlate with the improvement of the reconstructed
Vp model observed.

Finally, KROT and GSOT reconstructed models both present
similar improvement compared to the L? one. We can observe
an increase in terms of high wavenumber content. Interest-
ingly, the deep center part (9 < =z < 13 km, z > 2 km),
which is the main target of interest of the Marmousi model (an
anticlinal structure) is more resolved using KROT and GSOT
compared to L2 . For GSOT, we use 7 = 0.2 s in this case.
The data-fit obtained with both methods is good, with almost
all arrivals in phase. Only some first arrivals between —4 to
—2 km offset are still not well explained. The GSOT data-fit
appears to be slightly better than the KROT one.

Results starting from S500 initial model

Starting from the S500 model, reconstructed Vp results are
presented in Figure 25 right column, while data-fit are pre-
sented in Figure 27.

Here, the classical L? fails to reconstruct a meaningful Vp
model. Many artifacts are present on the model that may come
in part from cycle-skipping. This would prevent any interpre-
tation of the reconstructed model. The data-fit present out-of-
phase arrivals, even if the majority would appear to be in-phase.
This again illustrates potential convergence toward a local min-
imum that makes possible to fit the data with non-meaningful
Vp updates.

With no surprise, IE fails to reconstruct a meaningful Vp
estimate. The reconstructed Vp model suffers from many arti-
facts. The data-fit is clearly degraded compared to L2 , which is
likely explained by the difficulty faced by IE in tackling wrong
amplitude predictions compared to classical L2 .

AWTI reconstructed model produces here an improvement
over L? or IE, with the central part and right part of the Mar-
mousi model more or less retrieved. However, significant arti-
facts are present in the left part of the model (1 < x < 6 km)
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Figure 25: Non inverse crime inversion: More realistic FWI final reconstructed V» model for Marmousi. Left column corresponds
to $250 initial model, right column to S500 initial model. The lines respectively correspond to the final reconstructed Vp model

using L2 (a,b), AWI (c,d), IE (e,f), KROT (g,h) and GSOT (ij).

associated with an erroneous reconstruction of the central part
at depth (9 < x < 13 km, z > 2 km). Here we increase o to
0.4 s, and keep ¢ = 1072, The data-fit is degraded with out
of phase arrivals for offsets between —8 to —3 km as well as
between 2 to 8 km.

KROT produces satisfactory results here. This is interest-
ing as KROT only marginally improves cycle-skipping robust-
ness. Here, it manages to perform well in this complexified
case. This is a good indication that the difficulties induced
in this more realistic inversion are not only cycle-skipping but
also amplitude mismatch (due to density) and noise. As KROT
introduces lateral coherency and has a regularizing effect on
noise, it is not surprising to observe a better behavior in this
case. The data-fit obtained with KROT is good with almost all
arrivals in phase, except for some transmitted waves from —3
to —1 km offset and some long offset arrivals around —8 to
—7 km.

Finally, GSOT provides a good reconstructed Vp model. The
central part (9 < z < 13 km, z > 2 km) is well recon-
structed. The layers show more lateral coherency compared
with KROT. Furthermore, left side artifacts are reduced com-
pared to KROT. Again and similarly to AWI, 7 is increased
to 0.4 s to account for the larger time-shifts introduced by the
degraded initial model. The data-fit is also good, with improve-
ment over the KROT for the long offset arrivals around —8 to
—7km.

1134

1135

1136

1137

1138

1139

1140

1141

1142

1143

1144

1145

1146

1147

1148

1149

1150

1151

1152

1153

1154

1155

1156

1157

1158

1159

1160

Error reduction analysis

A similar analysis for the different misfit functions is presented
for this inverse crime inversion of Marmousi. The model error
is calculated in a similar zone as in the previous experiment.

Starting from the S500 initial model (Figure 28), we observe
that KROT and AWI present again a relatively slow conver-
gence rate (AWI being the slower), while L? , IE and GSOT
have a faster convergence rate. The L? data-error is again in-
teresting, with GSOT and KROT performing the most substan-
tial reduction of L? data error (with an initial jump to pass a
L? local minimum for GSOT at the first iteration). While IE
increases the cost drastically for the first two iterations, it then
fails to reduce the data error. We can note that KROT is not fol-
lowing L? misfit function behavior anymore compared to the
inverse crime Marmousi case. Regarding AWI, we can observe
that it starts to increase the L2 data error until 20 iterations,
then rapidly reduce for 10 iterations, to finish with a constant
increase afterward. This time, the model error displays a strong
increase for L2 and IE misfit functions, which is coherent with
the artifacts present in the reconstructed Vp models. AWI is
also increasing the model error as it is also affected by arti-
facts, but less drastically than L? and IE, which is visible on
the reconstructed Vp model. KROT and GSOT manage to de-
crease the model error continuously. Looking at the model vs.
data convergence, only KROT and GSOT present monotonic
behavior, while L2 , IE, and AWT are increasing the model er-
TOr.
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Computational cost

The computational overhead induced by the alternative misfit
function selected in this review varies from +2 to +30% com-
pared to L? misfit. These values are coherent with the values
documented in the literature. The key feature here is that even
a +30% computational overhead is not a blocking feature and
is affordable with modern computing facilities. For us, the key
feature is the “physical” performance of the misfit function that
translates into an improvement of FWI robustness.

DISCUSSION

Among the five misfit functions compared here, namely NIM,
IE, AWI, KROT, GSOT, three of them show a significant im-
provement in convexity with respect to a time-shift: NIM, AWI,
and GSOT. However, when applied to a realistic case (Mar-
mousi), NIM fails to produce a meaningful Vp estimate. Con-
versely, for AWI, while difficulties are identified on schematic
examples, including multiple arrivals (a situation known to be
problematic for correlation and deconvolution approaches), sat-
isfactory results are obtained when applied to the Marmousi
case, both within and without the inverse crime settings. GSOT
also appears as an interesting strategy, providing satisfactory
results in all the tests performed here.

Interestingly, while IE and KROT show less robustness to
strong cycle-skipping, the small increase in the valley of at-
traction they provide is sufficient to enhance the velocity recon-
struction in the Marmousi test in inverse crime settings. How-
ever, IE fails when it comes to non-inverse crime settings, that
is when noise corrupts the data, and amplitude prediction can-
not be guaranteed anymore. On the contrary, KROT reveals
relatively robust to these settings, probably benefiting from its
ability to account for the lateral continuity of events in shot-
gather representation and for the robustness of optimal trans-
port based distances with respect to the presence of noise (En-
gquist et al., 2016).

From the experiment performed in this article, KROT, AWI,
and GSOT appear as an interesting alternative to the least-squares
distance from the perspective of field data application. In cases
where no strong cycle-skipping is expected, KROT should per-
form well, and this is supported by several field data applica-
tions already performed on exploration data (Messud and Se-
dova, 2019; Sedova et al., 2019; Carotti et al., 2020). The com-
putational cost of KROT is relatively higher than that of AWI
and GSOT; however, its ability to account for the lateral co-
herency of the data in shot-gather panels makes it an appealing
strategy. For 3D data cubes, cutting it into 2D slices and sum-
ming over the slices is a good compromise. To deal with larger
kinematics inaccuracy, AWI and GSOT should be preferred op-
tions. AWI has already been successfully applied to field data
(Warner and Guasch, 2015; Ravaut et al., 2017; Debens et al.,
2017; Roth et al., 2018; Guasch et al., 2019; Warner et al.,
2019). We, however, show here that it could suffer from some
limitations in the case of complex data containing multiple ar-
rivals. GSOT has been mostly applied to synthetic data by now
(He et al., 2019a; Provenzano et al., 2020). Nevertheless, field
data applications are ongoing (Pladys et al., 2020; Gérszczyk
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et al., 2020).

CONCLUSION

This article is dedicated to comparing misfit function reformu-
lation for FWI, which aims at mitigating cycle-skipping. The
first result drawn is that the link between cycle-skipping and the
non-convexity with respect to time-shifts of the least-squares
distance is evident from the different tests we provide. How-
ever, when no such cycle-skipping occurs (sufficiently accurate
initial model), least-squares FWI performs well, even for com-
plex data including multiple phases, mixed phases, noise, and
when amplitude prediction cannot be performed accurately (as
is the case for field data). Therefore, efficient reformulation of
the FWI misfit function should not rely only on a better con-
vexity to time-shifts to replace the least-squares norm advanta-
geously but should also exhibit robustness with respect to these
settings, which are always met on field data applications.
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