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Abstract

Contact problems with Coulomb friction in linear elasticity are notoriously difficult and
their mathematical analysis is still largely incomplete. In this paper, a model problem with
heterogeneous friction coefficient is considered in two-dimensional elasticity. For this model
problem, an existence and uniqueness result is proved, relying heavily on harmonic analysis.
A complete and rigorous homogenization analysis can be performed in the case of a highly
oscillating friction coeflicient, being the first result in that direction. The Coulomb law
is found to hold in the limit, and an explicit formula is provided to calculate the effective
friction coefficient. This effective friction coefficient is found to differ from the spatial average,
showing an influence of the coupling between friction and elasticity on the homogenized limit.

1 Introduction

The problem of finding an equilibrium displacement in a linear elastic body in frictionless contact
with a given rigid obstacle (the so-called Signorini problem) was solved in 1964 by Fichera.
This breakthrough has stimulated the development of the theory of variational inequalities in
connection with the study of the so-called obstacle problems.

The question of complementing Fichera’s analysis with dry friction was natural and was
raised shortly after by Duvaut & Lions in 1969. Denoting by u = uyn+ u; and t = t,n + t; the
boundary displacement and the surface traction, and their splitting into normal and tangential
parts (here n denotes the outward unit normal), this amounts to consider a boundary condition
in which the Signorini contact condition:

(here g is a given function representing the initial gap with the obstacle), is complemented with
the Coulomb law of dry friction, whose formal pointwise formulation can be synthetically written
as:

v, ty - (V— ) — fto(|¥] — Ju]) > 0. (1)

Here, f > 0 is the given friction coefficient and the dot refers to a time-derivative which turns
the equilibrium problem into a (rate-independent) evolution problem. The analysis of the corre-
sponding problem faced huge mathematical difficulties, so that still very little is known nowadays
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about this problem despite its considerable practical importance (an account of the available
results of its mathematical analysis is to be found in [I]).

The problem simplifies in the situation where a steady motion of the obstacle is prescribed,
in which case the Coulomb law () of dry friction reduces to the linear condition:

t, = ftaT, (2)

where 7 is a given unit tangential vector (the normalized relative tangential velocity). The
corresponding elastostatic contact problem was first studied in [3] in the case of a homogeneous
friction coefficient. In the case of a bounded body, it was proved that there always exists a
nonempty range [0, f[ so that the problem admits a unique solution for all f € [0, f.[. An exam-
ple of multiple solution was displayed, showing the possibility of a bifurcation with respect to the
friction coefficient taken as a control parameter. In the case where the body is a two-dimensional
homogeneous isotropic half-space with homogeneous friction coefficient, the situation was proved
simpler as a unique solution exists whatever the value of the friction coefficient is.

Hence, this background drove us naturally towards the geometry of the two-dimensional
elastic half-space to investigate the homogenization of dry friction, that is, to study asymptoti-
cally highly oscillating heterogeneous friction coefficients. Three natural questions arise in this
context.

1. Is the heterogeneous problem well-posed, that is, does it admit a unique solution?

2. Is the steady friction law (2)) stable by homogenization, that is, does it hold true in the
limit with the heterogeneous friction coefficient f () replaced with some constant effective
friction coefficient fog?

3. If yes, what is the constant effective friction coefficient?

In this paper, we bring a complete and rigorous answer to these three questions in the case of
the simplest geometry, that is, that of a moving rigid indentor of finite width at the surface
of the two-dimensional isotropic elastic half-space. In particular, we prove that the frictional
contact problem in the case of a highly oscillating periodic friction coefficient f () has a unique
solution, and that a constant effective friction coefficient feg appears in the limit, given by the
formula:

for = 2 an ovcton (525 7).

where v is the Poisson ratio and () stands for the spatial average. Hence, the effective fric-
tion coeflicient depends on the elastic moduli and is different from the spatial average of the
microscopic friction coefficient, except in the limit case of incompressibility (v — 1/2).

The geometry of the problem to which this paper is restricted (a moving rigid indentor of
finite width at the surface of the two-dimensional isotropic elastic half-space) truly encompasses
all the couplings between unilateral contact, dry friction and elasticity. Therefore, we expect
that this result has a wide range of validity for steady sliding frictional contact problems in
two-dimensional isotropic homogeneous linear elasticity. As an important difficulty in homog-
enization is often to identify the limit problem, we believe that it is the merit of the special
geometry which is studied in this paper, to lead to the identification of the good candidate.

The structure of the paper is the following. Section 2lis devoted to the statement of our main
results in the case of heterogeneous friction and a rigid flat indentor (Section [2.2]), of homogeneous
friction and arbitrary indentor (Section [Z3]), and of heterogeneous friction and arbitrary indentor



(existence results, Section 24]) or convex indentor (uniqueness, regularity, and homogenization
results, Section [2Z0]). Proofs of the results of Sections are presented respectively in
Sections B.IH3.4] Finally, Appendices A—D contain some classical results concerning respectively
the Hilbert transform, the spaces H'/2 and H~'/2, the Poisson integral, and pseudomonotone
variational inequalities.

2 Position of problem and statement of results

2.1 The formal problem

We consider an isotropic homogeneous linearly elastic two-dimensional half-space defined by
y < 0 (y is the space variable along the direction perpendicular to the boundary). The Poisson
ratio is denoted by v € |—1,1/2[ and the force unit is chosen so that the Young modulus £ = 1.
We denote by x the space variable along the boundary, by t(x) the surface traction distribution
on the boundary and the (outward) normal and tangential components will be addressed as t,(x)
and t¢(z) (hence t, =t, and t; = t;). The half-space is assumed to be free of body forces. Use
of Fourier transform with respect to x provides explicit knowledge of the fundamental solution
u of the classical Neumann problem in linear elasticity (with no condition at infinity). It is
obtained up to an affine function involving four arbitrary constants. Two of these constants
(corresponding to an overall rotation and a component of stress at infinity) can be fixed by
adding the following condition at infinity:

a(z,y) = O(log(x2 + y2)), as z2 + y? — oo,

where 1 denotes the displacement field. In that case, the stress field goes to zero at infinity. How-
ever, the displacement is generally infinite at infinity and there is no mean to fix the remaining
two constants which correspond to an arbitrary translation. Setting:

u 1—2v
R d = —— 4

the boundary displacement u(z,0) resulting from a prescribed surface traction distribution t(x)
with compact support, is given (see, for example, [2, theorem 1] for a detailed proof) by:

U, = —— pv— *Ty — Y1y,
T T .
in R,
, 1 1
up = —=pv=*ty + vty
T T

where pv1/z denotes the distributional derivative of log|z| and * is the convolution product
with respect to x. The acronym ‘pv’ stands for ‘(Cauchy) principal value’ and the mapping:

1 1
t— ——pv—*t
T Xz

is known as the Hilbert transforml]. In the case where ¢ is a function, it is an example of what
is sometimes called a ‘singular integral’ or a ‘Cauchy principal value integral’.

'the multiplicative constant 1/ is there to ensure that the Hilbert transform is an isometry of L?(R), whose
inverse mapping is minus itself.



The above expression of (uy, ut) in terms of (¢,,¢) is nothing but the Neumann-to-Dirichlet
operator of the isotropic homogeneous elastic bidimensional half-space. Each component of
the boundary displacement is obtained up to an arbitrary additive constant, which is to be
interpreted as an overall rigid translation.

We consider a rigid indentor which moves along the boundary of the half-space, at a constant
velocity w > 0 (see figure [Il). The geometry of the indentor is described by a given function
g :]—1,1[ = R, so that the indentor fills the area defined by: y > g(x) ((z,y) € ]—-1,1] x R).
Set:

9

T

The steady sliding frictional contact problem was introduced and studied in [3]. In a frame
moving with the indentor, it is formally that of finding t(z),u(z) : |-1, 1] — R? such that:

1 , .
o — —pv—kiy — Yty = Uy, in |—1,1],
Tz

1 1
o — —pv—xty+yty = ul, in |—1,1[,
T T

uy < g, th <0, (un —g) tn =0, in |—1,1[,

o t=—ftn, in ]—1,1],
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where P > 0 is the given amplitude of the total normal force exerted from the moving indentor,
f > 0is a given friction coefficient. The above convolution products are meant in terms of
the extension by zero of t,, t; to the whole real line. Note that if g is changed into g 4+ C,
where C' denotes an arbitrary constant, then we get a solution for the new problem by just
changing u, into u, + C in the solution. This means that the penetration of the indentor into
the half-space is undefined and this is due to the fact that the displacement field is infinite at
infinity. The problem can be parametrized by the total normal force P only, and not by the
height of the moving obstacle, because it is undetermined. This fact is intimately connected
with the fact that the stress field in the half-space is not square integrable: the elastic energy of
the solution is infinite and this is the reason why the problem has to be brought to the boundary
by use of the fundamental solution of the Neumann problem for the half-space and singular
integrals. Focusing on the normal components, this formal problem reduces to that of finding

Figure 1: Geometry of the problem.



tn, Uy : ]—1,1[ — R such that:

o u, <g, t, <0, (un — g) tn =0, in |—1,1[,

. /11 ty(z)dx = —P.

Finally, we set f = vf and drop the index ‘n’. Given two functions f,g:]—1,1[ = R and P > 0,
the formal problem to be studied is now that of finding ¢,u : |—1,1[ — R such that:

1 1
o — —pv—xt+ft=1, in |-1,1[,
X

e u<yg, t<0, (u—g)t=0, in]-1,1[,

where, again, the convolution product is meant in terms of the extension of ¢ to the whole real
line, by zero.

In the case where f is a constant, it was proved in [3] that this formal problem can be put
under the form of a monotone variational inequality and that the Lions-Stampacchia theorem
yields a unique solution (¢,u) € H1/2(=1,1) x H'/?(—1,1) for any given shape g € H/?(—1,1)
of the moving indentor and any positive total normal force P > 0.

In this paper, we are essentially concerned with the case of a heterogeneous friction coefficient,
that is, the case where f : ]—1,1] — R is a given function of z. The situation turns out to be
considerably more involved in this case, as the monotonicity property of the underlying linear
operator is generally lost.

As seen in the sequel, insight can be gained by studying first the particular case where the
indentor is a rigid flat punch, that is, the case where g = 0. The reason is that it can be proved
that any solution of the unilateral problem achieves active contact everywhere. The problem
therefore reduces to a linear problem associated with the so-called Carleman (singular integral)
equation. In the case where the given function f is Lipschitz-continuous on |—1, 1], some classical
analysis of the Carleman equation is available (see for example [7), section 4-4]), based on Marcel
Riesz’s LP-theory of the Hilbert transform in connection with the study of a class of holomorphic
functions in the upper complex half-plane. As the natural case of application of our analysis is
the situation where f is a piecewise constant friction coefficient, we are driven to look for an
extension of the classical theory of Carleman equation to the case where f is piecewise Lipschitz-
continuous, that is, to the case where f is allowed to have jumps. Interestingly enough, in that
extended framework, uniqueness of solution is generally lost for the linear Carleman equation
with generic appearance of a finite-dimensional kernel. However, uniqueness is recovered for the
unilateral problem, thanks to the inequality requirement. In addition, the link made by Marcel
Riesz’s LP-theory of the Hilbert transform between the Carleman equation and some class of
holomorphic functions in the upper complex half-plane makes it easy to pass to the homogenized
limit of highly oscillating friction coefficients, when the indentor is a rigid flat punch.

In the case of an indentor of arbitrary shape g € H/ 2(—1,1) and heterogeneous friction
coefficient f € BV(—1,1), the contact problem is reduced to a variational inequality. The un-
derlying linear operator is monotone in the case where f is a non-decreasing function, but not



in general. In the general case, the variational inequality is proved to be pseudomonotone in
the sense of Brézis [5], yielding the existence of a solution to the contact problem. To obtain
the uniqueness of solution and the homogenization analysis, the analysis is further restricted to
the particular case of an indentor of arbitrary convexr shape with Lipschitz-continuous friction
coefficient. In this case, the analysis can be refined, yieding uniqueness of solution and homoge-
nized limit, so that the analysis for the rigid flat punch is fully generalized. We believe that our
analysis may be extended, possibly with major technical adaptations, to the case of nonconvex
indentors with piecewise Lipschitz-continuous friction coefficients.

2.2 Statement of results in the case of the rigid flat punch
Proposition 1 Let P > 0 and f : |-1,1] — R be a given piecewise Lipschitz-continuous
function. There exists a unique (t,u) € Ups1LP(—1,1) x Ups 1 WIP(=1,1) such that:
1 1 / . /
e — —pv—xt+ ft=u, in 7'(]-1,1]),
T

o u <0, t <0, ut =0, a.e. in |—1,1],
1

. /t(x)dx:—P.
-1

The displacement u is actually always 0 on |—1,1[ (active contact everywhere). In the particular
case where f is the piecewise constant function:

n
F@) =" fixgm oy w(@),
i=1
where the f; and —1 = o < 21 < - < xp, = 1 are given real constants and Xjqp denotes the
characteristic function, then the unique solution t is explicitly given by:
pH;lz—ll |z — x|

I @)L+ a)h (L g) e

, where oy = %arctan fi- (3)

t(x) =

In the case where f is a constant, formula () reduces to the classical solution:
P
/1 + f2(1 + z)l/2e (] — g)l/2-o
In the case where f is piecewise constant, the explicit solution seems to be new. The disconti-
nuities of f introduce contributions of type |x — x;|* =%+ in t(x), so that the normal contact
force t(z) goes to infinity at every increasing discontinuity (f(xz;+) > f(z;—)) and goes to zero
at every decreasing discontinuity (f(z;+) < f(x;—)) (see figure [2).

In the case of a highly oscillating periodic piecewise constant friction coefficient, the contact
force has therefore very large oscillations, as it goes to zero and to infinity on each period. It is
therefore very natural to investigate the question whether an effective constant friction coefficient
can be calculated. From the point of view of homogenization theory, this amounts to consider a
2 /n-periodic friction coefficient f,(x) designed by repetition of a (suitably rescaled with respect
to ) given period f; and investigate whether the corresponding normal contact force t,, admits
a limit in a suitable sense, as n goes to infinity. A full answer is provided for the flat indentor
by the following theorem.

t(x) =




Figure 2: Normal contact force under a moving flat punch with piecewise constant friction
coefficient.

Theorem 2 Let p:]—1,1[ — R be a given piecewise Lipschitz-continuous function and extend
it to R by 2-periodicity. Let fy, : |—1,1[ — R be the 2/n-periodic piecewise Lipschitz-continuous
function defined on ]—1,1[ by:

fn(z) := p(nx),

and let t,, € Up>1LP(—1,1) be the unique nonpositive solution of total mass —P of the equation:
1 1 o
——pv—*kty+ fntp, =0, in 2'(]-1,1]),
Tx
provided by Proposition [l Let also feg be the constant:
feft := tan{arctan f1),

where (-) denotes the average, that is, (h) := (1/2) f_ll hdxz, and let teg be the unique solution
of the problem associated with the constant feg:

P
tefi(x) := — ,
’ /1t f2(1+ 2)l/2Hoen (1 — g)1/2—cen

Then, the sequences (t,) and (fnt,) converge weakly in LP(—1,1), respectively towards teg and
fefitet, for all p € ]1,(1/2 + B)71[, where:

where Qe 1= %arctan Soft-

fi=

== arctan!|| f1 |

1
re(-11) < g
In particular, the total tangential contact force — fil fntndx converges towards fogP.

As seen in Section [3], the proofs of Proposition [[land Theorem Pl relies heavily on M. Riesz’s
LP-theory of the Hilbert transform, and the link it induces between the Hilbert transform and
a class of holomorphic functions in the upper complex half-plane. A sketch of the main results
of that theory are gathered in Appendix A of this paper for easy reference.



2.3 Statement of results in the case of homogeneous friction and indentor of
arbitrary shape

In this section, the friction coefficient f is supposed to be an arbitrary real constant f € R
(homogeneous friction). In the case of an indentor with arbitrary shape g € H 1/ 2(~1,1), the
existence and uniqueness of solution (t,u) € H~Y/2(—1,1) x H'/2(—1,1) to the contact problem
was proved in [4]. We outline here the structure of the proof for the sake of completeness, before
stating new results on the LP regularity of the unique solution, based on a Lewy-Stampacchia
inequality. In particular, it will be proved that if the shape of the indentor is Lipschitz-continuous
g € W1°°(—1,1), the unique solution (t,u) € H~Y/?(—1,1) x H/?(—1,1) to the contact problem
has actually the regularity (¢,u) € Up=1LP(—1,1) X Uy WHP(—1,1).

As was seen in the study of the flat obstacle, the integrable function to : |—1, 1] — R defined

to(x) == ! , with o= %arctanf (a € ]—1/2,1/2[)7

mVIH P +2)2 (1 - )

satisfies:

1 1 1
— —pv—xtyg+ ftg =0, in |—1,1], and / to(x)dz =1, (4)
T T -1
(a proof of the above facts is contained in Proposition 2] below). It suggests the following shift
on unknown in the contact problem:

i(x) = t(z) + Pto(a),

so that £ must now have zero integral over |1, 1[. Accordingly, we introduce the following closed
subspace of H~1/2(—1,1):

H; = {fe H Y2 (=1,1) | (5,1) :0},

where 1 denotes the constant function taking value 1 all over |—1,1[. The dual space of Hj
is readily seen to be the quotient space Hy := H'/?(—1,1)/R. An arbitrary £ € H{ defines
a distribution in H~Y2(R) with support in [—1,1] (a sketch of the basic definitions and facts
about the spaces H/2 and H~1/2 can be found in Appendix B). Its Fourier transform is a C'*
function which vanishes at 0. Using the classical expressions of the Fourier transform of log |x|
and sgn(z) (the sign function) recalled in Proposition B9 in Appendix C, this fact entails that
the convolution products:
t x log |z, t x sgn(x),

are distributions in H'/2(R) whose restrictions to the interval |—1, 1] are therefore in H/2(—1,1).
In addition, the bilinear form defined by:

t1,t2 — —<t1 *log|ﬂ:|,t2>,
is symmetric and is also positive definite on H{j. It therefore defines a scalar product on the

space H(, and this scalar product induces a norm that is equivalent to that of H -1/ 2(-1,1)
(see |2, theorem 3] or lemma [0 in Appendix C). The bilinear form:

tl, to — <t1 * sgn(x), t2>,
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can easily be seen to be continuous and skew-symmetric on Hg. All in all, we have proved that
the bilinear form:

t1,t9 — —% <t1 * log ’$‘7t2> + g <t1 * sgn(m),t2>,

is continuous and coercive on Hg. For an arbitrary £ € Hf, the formula:
1 1= Y . /
——pv—xt+ ft=1, in 7'(]-1,1]),
T X

defines a unique equivalence class @& = Af in Hy, and the operator A : H} — Hy is continuous.
Reciprocally, for all % € Hy, the linear problem Af = @ admits a unique solution ¢ € H, thanks
to the Lax-Milgram theorem. Therefore, the operator A : Hj — Hy is an isomorphism, and the
bilinear form:

Gy, g > (A7 Mg, ),

is continuous and coercive on Hjy, thanks to the open mapping theorem. Incidentally, the
restriction of A~ to Wh%°(—1,1)/R takes values in U,~1LP(—1,1) and is explicitly given by:

(A1) (z) = {i(;) + to(z) {pv% * [(1 + x)%Jm(l - x)%_a&/(x)/\/ I+ fz] }a (5)

where the integral of the above function over |—1, 1] vanishes, thanks to formula () (for a proof,
see [7, section 4-4]) or [2] theorem 13]).

An equivalence class @ € Hy = H'/?(—1,1)/R will be said nonpositive (notation @ < 0) if
one function at least in the equivalence class is nonpositive. Hence, stating that © € Hy =
H'2(—1,1)/R is nonpositive is equivalent to state that at least one function in the equivalence
class is bounded by above, which is equivalent to state that all the functions in the equivalence
class are bounded by aboved.

Picking an arbitrary g € H'/2(—1,1), it defines a unique equivalence class in H'/?(—1,1)/R
(which is to be thought of as the function g up to an arbitrary additive constant) which will be
denoted by g € Hy. For g € Hy and P € [0, +oc], the following subsets:

Ko:={aeHy | a-§<0},
Kj:={teHj | t— Pty <0},

are obviously non-empty, convex and closed in Hy and H{j, respectively. Finally, for P > 0, the
functional defined by:

min ﬂ<—Pt0 , U — g>, if 4 € Ko,
u—geEU—g

o) = u—g<0
400, otherwise,

is proper, lower semicontinuous and convex on Hy (see [4, lemma 4]). It is the Legendre-Fenchel
conjugate of:

P (t) = <§,t> + I (—t) = { <§”5>’ if —teKg,

400, otherwise,

2we recall that H'/?(—1,1) contains unbounded functions such as u(z) = log | log |z/2||.



With this notation, the contact problem can be put under the form of any one of the three
following equivalent problems.

Problem (i). Find @ € Hy and ¢ € H{ such that:

1 1 -
o« ——pv—xt+ ft=1, in |-1,1[,
T xr

. e Ky, ek, min °<£—Pt0,u—g>:0.
u—geuU—
uggSOg

Problem (ii). Find @ € Hy and € H{ such that:
o Vie Hj, (Ati—1)+¢*(—t)— " (1) > 0.
o 0= At,

Problem (iii). Find @ € Hy and ¢ € H such that:
Vi € Hy, (A7 0,0 — a) + (i) — (@) > 0.
o« t=A14,

Problem (iii) is the primal weak formulation under the form of a so-called variational inequal-
ity and problem (ii) is the variational inequality corresponding to the dual weak formulation.
Unique solvability of problem (ii) is a direct consequence of the Lions-Stampacchia theorem.
Hence, each of these three equivalent problems has the same unique solution (1,%) € Kg x K;
(see [] for a detailed proof). Note that neither the operator A, nor A~! is symmetric (except
in the frictionless case f = 0), so that these variational inequalities are not associated with the
minimization problem of an underlying energy.

Starting from an arbitrary g € HY 2(—1,1), the above analysis consists in introducing first
the corresponding equivalence class § € Hy = HY/ 2(—1,1)/R and building then a unique solution
@ € Hy = H'/?(—1,1)/R. Since one prefers to work with functions instead of equivalence classes,
provided that P > 0, it is always possible to define the function of H'/ 2(-1,1):

U — g = arg min<—Pt0 , U — g>.
u—geu—g
u—g<0

It corresponds to the unique function v — g in the equivalence class 4 — §, whose supremum is
0. Finally, given g € H1/2(—1, 1), f € R and P > 0, we conclude that the following problem &
has a unique solution.

Problem £. Find u € HY/?(~1,1) and # € H~/?(—1,1) such that:
1 1 = -
o — —pv—xt+ft=1, in |—1,1[,
Tz
e t—Pty<0, u—g<0o0, (t—Pty, u—g) =0,
e (t,1)=0.

Remark. The solution of problem &£ obviously satisfies ess sup(u — g) = 0.

Exact explicit solutions for the above steady sliding frictional contact problem are known in
the particular cases:

10



e g = 0 (moving rigid flat punch), the solution being given by u(x) = 0, # = 0, that is,
t(x) = —Pto(fﬁ),

o g = x*/r (moving rigid parabola with radius of curvature r/(4(1 — v?)) at apex), an
extensive derivation of the explicit solution is to be found in [3]. It shows in particular
that the coincidence set or contact zone (the set of those x € |—1, 1] such that u(x) = g(x))
depends on the friction coefficient f, in general.

These exact explicit solutions seem to have been first discovered by Galin in USSR just after
World War II.

Let us also mention that a catalogue of the universal singularities that can be displayed by
the solution of the above steady sliding frictional contact problem is to be found in [4].

In this paper, we first add the proof of some new facts about the unique solution of prob-
lem 2. All these facts are based on the following property for the operator A~!. This property
is sometimes called T-monotonicity by some authors [8, p. 231]. It enables to adapt some
techniques developed by Stampacchia for the obstacle problem to problem £2.

Theorem 3 Let u € H/?(—1,1). Then the function u*(z) := max{u(x),0} is in H'/?(=1,1)
and we have:
<A_1& , u+> >0,

where the equality is achieved if and only if u™ is constant.
The detailed proof of Theorem [3lis postponed to section

Definition 4 A pair (u,t) € HY/?(—=1,1) x H~Y?(=1,1) which satisfies all the requirements of
problem P, except possibly for the requirement (t — Pto,u — g) = 0 is called a subsolution of
problem Z.

Corollary 5 Let (u,t) be the solution of problem & and (v,7) be an arbitrary subsolution.
Then:

v < u.

Proof. Let z(z) := max{u(z),v(x)}, so that z € H'/?(=1,1) (because w € H'/? = w* € H'/?).
As z—u=(v—u)", (u,t) is the solution of problem & and z < g, we have:
(t — Pto,(v —u)*) = (f — Pto,z —u) > 0.
Given an arbitrary subsolution (v,7), 7 — Pty < 0 yields (7 — Ptg, (v — u)T) < 0. Gathering, we
have:
(A Yo —a), wv—uw)=F~-1, (v-—u)T) <0,

which implies that (v — u)+ is a constant, thanks to Theorem Bl If that constant were positive,
then v — u would be a positive constant, which must be ruled out as we have both v < g and

ess sup(u — g) = 0. Therefore, (v — u)" = 0 which is nothing but the claim. O

Definition 6 Let (u,t) be the unique solution of problem &2. The contact zone €p or coinci-
dence set is the closure in |—1,1[ of the complement in |—1,1] of the support of u — g.

11



Corollary 7 The contact zone €p is a nondecreasing function of P:
O< P < Py = Cgpl CCKPQ.

Proof. Let (u;,;) be the solution of problem & with total force P; (i = 1,2). Then, (u1,#;) is
a subsolution of problem & with total force P». Corollary B yields u; < us < g, which entails
the claim. ]

We now focus on the particular case where the obstacle is Lipschitz-continuous: g € Wh*°(—1,1) C
H'/2(—1,1). As the Hilbert transform is an isomorphism of LP(R), for all p € |1, 00|, and t, €
LP(=1,1), for all 1 < p < (1/2 + |a|) ™", formula (F) shows that, in this case, A~1§ € LP(—1,1),
for all 1 < p < (1/2 + |a|) !, where a = (arctan f)/7.

Theorem 8 Assuming that g € Wh°(—1,1) ¢ HY?(—1,1), the solution (u,t) of problem &
satisfies the Lewy-Stampacchia inequality:

min{PtO,A*g} <1< Pt,.

Proof. We only have to prove the first inequality. As Pty and A~'§ are both integrable
functions, their pointwise minimum is well defined. The closed convex subset of Hj:

{tem; | t<—min{Pt,A"'5}}, (6)

is non-empty, as it contains —A~!1§. Therefore, as A : H} — Hy is continuous and coercive, the
variational inequality in problem (ii) above still has a unique solution when ¢ is replaced by —u
and Pt by —min{Pty, A~1§} (that is, K is replaced by (G)), thanks to the Lions-Stampacchia
theorem. Hence, the contact problem (problem (i), (ii) or (iii) above) obtained by replacing ¢
by —4 and Ptg by —min{Ptq, A~'§} has a unique solution which is denoted by (—o, —A~1%).
It satisfies in particular —v < —u and:

— A% < —min{Pty, A7} (7)

We denote by u — v the unique function in the equivalence class 1 — ¢ whose supremum is 0. By
construction of the nonpositive function u — v, we have:

(A1 — min{Pto, A}, v—u) =0. (8)
Note that we also have:
—g < —u, and — A7'g < —min{Pty, A71g},

which shows that (—g, —A~1§) is a subsolution of the contact problem solved by —v. Therefore,
Corollary [ yields:
—g < —v, = u<wv<g.

But, this entails that we can use v as a test function in the variational inequality that defines w:
<A_1&—Pt0, v—u> = <A_11‘2—Pt0, v—g>— <A_1&—Pt0, u—g> >0,

which entails:
(A7Ya = Pto+ (Pto— A719)", v —u) >0,
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that is:
<A71i2 — min{Pty, A1}, v — u> > 0.

Taking the difference of this last inequality with identity (8]), we obtain:
<A_1(i2 —0), u—v> <0,

which shows that u — v is a constant function, as A~!: Hy — H{ is coercive. As this constant
function has 0 supremum, it vanishes identically. So, we have proved that v = u. But then, the
claimed inequality is given by inequality (). O

Corollary 9 Let P > 0 and g € WH°(—1,1). Then, the solution (u,t) of problem & fulfils
actually the additional reqularity: © € LP(—1,1), u € WYP(=1,1), for all p such that 1 < p <
(1/2 + |a|) ™!, with a = (arctan f) /.

Proof. We have ty € LP(—1,1), for all p such that 1 < p < (1/2+|al)™'. As g € Whoo(—=1,1),
formula () shows that A=1§ € LP(—1,1) (we recall that the Hilbert transform maps continuously
L%(R) onto itself, for all ¢ € |1, 00[, by Theorem B2 of Appendix A). By Theorem [8] this is also
true of £, and by the first equation in problem &, this is true of u'. U

Corollary 10 Let P > 0 and g € W1°(—1,1) be convex. Then, the contact zone €p coincides
with the support of t =t — Pty in |—1,1[ and is connected, that is, it is an interval. Denoting
by a < b € [—1,1] the bounds of that interval, we have:

e u<g, g <u <0, on |—1,al,
e u<g, 0<u <dg, on ]b,1[.
In particular, uw € WH*°(—1,1) and | Loo(=1,1) = 19l oo (=11 -

Proof. If ¥p = |—1,1], then there is nothing to prove. Otherwise, there exists xy such that
u(zg) < g(xo). As u is continuous by the previous corollary, let ]c, d[ be the largest open interval
containing xo (g € ]¢,d] C |—1,1]) in which u < g. We are going to prove that we cannot have
—1 < ¢ < d < 1, which is sufficient to prove that the contact zone %p is connected. So, let
us suppose —1 < ¢ < d < 1. By the continuity of u given by the preceding corollary, we have
u(c) — g(c) = u(d) — g(d) = 0. Furthermore, t = — Pty must vanish on ]c, d|, so that, by using
Theorem B2l in Appendix A:

Va € e, d], u'(ac):l/Ct(—s)ds—l—l 1ﬂds.

TJ.1s—x TJa s—=x

As t <0, u is decreasing on |c,d| and therefore u — g is concave on J¢,d[. But u — ¢ is also
nonpositive and vanishes at ¢ and d. Therefore, it must vanish identically on |, d[, yielding the
expected contradiction. Besides, note that the contradiction is reached under the sole hypothesis
that there exist —1 < ¢ < d < 1 such that ¢,d € suppt and t = 0 on |¢,d[. Hence, both the
contact zone and the support of ¢ are intervals. Let a < b € [—1, 1] be the bounds of the support
of t. We have u = g on |a, b[. Also, v’ is negative and decreasing on |—1, a[, which entails u < g

n |—1,al. As v/(c—) > ¢'(c—), we must have ¢’ < v/ < 0 on |—1,a[. By the same argument,
u<gand0<u <g onlb 1. Asu =g on Ja,b[, we get |[u'| ro(—1,1) = lIg' | Loo(=1,1)- O
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2.4 Existence of solutions in the case of heterogeneous friction and indentor
of arbitrary shape

We now turn to the problem of generalizing the existence and uniqueness results for the case of
homogeneous friction, to the case of heterogeneous friction. The following two difficulties arise.

e As, in applications, heterogeneous friction coefficients are going to be piecewise constant,
our framework should encompass discontinuous friction coefficients. The restriction of a
distribution t € H1/2(—1,1) to ]0,1[ does not define a distribution on ]—1, 1[, in general.
Hence, there are some t € H~Y 2(—1,1) for which we cannot define the product ft and
the functional framework must therefore be redesigned in this case. Note, however, that
as t must be nonpositive, it belongs to the Banach space of Radon measures .# ([—1,1]).
Any t € H-Y2n.#([-1,1]) is a Radon measure without any atom, and a function f €
BV (]—1,1]) has a countable set of discontinuities. Therefore, the product ft is a well-
defined Radon measure in that case. Hence, we are driven to look for ¢ in H~'/2n
A (]—1,1]), and one must therefore leave the framework of Hilbert spaces.

o In the case where f € BV([—1,1]) and t € H; N .#([—1,1]), it will be seen in the sequel
that the identity:

1 1 .
——pv—*t+ ft=1, in |-1,1],
m x

defines uniquely @ = Af in Hy + C°([-1,1]) N BV([-1,1]) € Ho + C°([~1,1]). However,
it will be seen that the operator A is not strictly monotone (or even monotone) in general.
This could be anticipated from the analysis of the flat punch case, as Proposition 22l shows
that, in the case of a piecewise constant f, the kernel of A can contain a finite-dimensional
space.

However, we will prove that A : Hi N . ([-1,1]) — Ho + C°([~1,1]) is pseudomonotone in
the sense of Brézis. As a consequence, the contact problem always admits a solution under the
only hypotheses that f € BV([—1,1]) and g € H'/?(—1,1). In addition, in the particular case
where the function f : [-1,1] — R is non-decreasing, the operator A is strictly monotone and
the solution is therefore unique.

To formulate the contact problem under the form of a variational inequality, we first extend
the definition of ¢ty to less regular friction coefficient. Interestingly enough, the proof of the
following proposition (postponed to Section [33]) relies on the same technique that yielded the
homogenization of friction in the case of the flat indentor.

Proposition 11 Let f € L*(—1,1), estended by zero on R\ |-1,1[. We denote by 7 :=
—% pV% xarctan f, the Hilbert transform of the function arctan f. Let ty be the function defined

by:
(z)
e
to(z) = ,
o) V1 —22\/1+ f2(x)
and extended by zero on R\ |—1,1[. Then, ty € Up>1LP(—1,1), it is obviously positive on |—1,1],
has total mass f_ll todx =1 and solves the homogeneous Carleman equation:

forxe|-1,1],

1 1 ,
——pv—xtyg+ ftg =0, a.e. in |]—1,1].
Tx
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Note that the above proposition provides incidentally a solution of the contact problem for
the moving flat punch with arbitrary friction coefficient f € L>°(—1,1).

Let B1, Bs be Banach spaces that are both continuously embedded in some Hausdorff topo-
logical vector space. Then, By 4+ Bs and By N By are both Banach spaces for the natural norms:

= inf b b
Izl By + B, blesi%e&,{” 1B, + Ib2lB, },
b1+bo=x

HxHBlﬂB2:::InaX{HxHBl’HxHB2}'

In addition, we have (B; + B2)* = B N Bj. Hence, the Banach space Hj N .#([—1,1]) is the
dual of the Banach space Hy + C%([-1,1]).

We are given P > 0 and g € H/?(—1,1) + BV([—1,1]). The set:
Ky={te Hy | t— Pty <0}, (9)

is a nonempty (0 € K¢), convex, closed subset of HiN.# ([—1,1]) (where Hg := {t € H~Y2(=1,1)|({,1) =
0}). We will associate with g, a unique g € Hy + BV([—1,1]) as in Section 23], and write u < ¢
to mean, as there, that one (and therefore all) function u — g in the equivalence class @ — g
is bounded by above. The reason for allowing g € H'/?(—1,1) + BV([—1,1]) is that this new
setting encompasses indentors that may have steps. This is interesting from the point of view
of mechanics. From the point of view of mathematics, there is no additional difficulty as any
function in BV(]—1,1]) is the uniform limit of a sequence of step functions and is therefore
integrable with respect to any Radon measure. In addition, the linear functional t — [ gt is
continuous on Hj N .Z([—1,1]), so that the notation ¢ — (¢, g) can be used unambiguously.

Any t € H Y20 .#([-1,1]) is a Radon measure without any atom, and the same is true of
ft. Hence, we can write unambiguously [ ft, for any = € [—1,1] and the function z — [ ft
is a continuous function on [—1,1] with bounded variation. Also, log || * ¢ is in HY2(—1,1).
Therefore, given ¢ € H} N .4 ([—1,1]), the identity:

1 1 - -
——pv—x*l+ fl=1, in 2'(]-1,1]),
T

defines uniquely @ = At in Ho + (C°([-1,1]) N BV([-1,1])) C Hp + C°([-1,1]).
With this notation, we can now easily generalize problems (i) and (ii) of Section 23 to the
case where f € BV ([-1,1)).

Problem (i'). Find @ € Hy+ C°([-1,1]) N BV([-1,1]) and t € H} N.#(|—1,1]) such that:
D DR
o ——pv—xkt+ ft=1, in 2'(]-1,1]),
s X

. ’&S.&a fSPtO7 mn;l °<£_Pt07u_g>:0
u—geu—g
u—g<0

Problem (ii’). Find @ € Hy+ C°([—-1,1]) " BV([-1,1]) and € K{ such that:
. Vie K§, (At t— 1) > (g,t —t).

. 0= Al
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Proposition 12 Problems (i') and (ii') are equivalent in the sense that any solution of prob-
lem (i') is a solution of problem (ii'), and reciprocally.

Proof. First, consider a solution (,%) of problem (i'). By the second condition of problem (i’),
there exists u € @ such that (f — Pty , u —g) = 0 and u — g < 0. By the first condition, there
exists C' € R such that:

—% log |2 %7 + %sgn(m) c(f)=u+C i =11,
so that, for all f € K-
<Af,f—f>—<g,f—f> = <f—Pt0, u—g>—<f—Pt0, u—g> >0,
that is, 4,  solves problem (ii’).

Reciprocally, consider a solution (,%) of problem (ii’). Pick an arbitrary u € @. We have,
for all £ € K:

<f—Pt0, u—g>—<f—Pt0, u—g> = <Af,f—f>—<g,f—f> > 0. (10)
Let us show that u — g is (essentially) bounded by above. If it were not, then the sets:
K, = {x €[-1,1] | u(z)—g(z) > n},
would all have a positive measure, and the sequence (f,) in K¢ defined by:

P
tn = Pty — WXKW
n

(where X, is the characteristic function of K,,) would be such that lim,, o (f, — Pty , u—g) =
—oo which would contradict (I0]). Hence, u — g is (essentially) bounded by above, which shows
that @ < §. Therefore, by (I0), for all f € K:

U;Iél§§6§<£_ Pty u—g> = <t~— Pty, u—g —]itllg[(u —g)> < <f— Pty,u—g —ﬁlllﬁ[(u —g)>.

Once again, one can easily construct a sequence (fn) in K such that hmn_,+oo( n— Pty , u—
g —sup(u — g)) = 0, which shows that the value of the minimum is 0 and therefore that (i,t)
solves problem (i’). O

Proposition 13 The linear operator A : Hi N.#([-1,1]) — Hy + C°([—1,1]) is bounded.

Proof. We have:

148 4 4 co < || (=1/m)(l0g |2] 2)| L < M ([t gore + 1L, ) < 2M [tl] s, g

H/2

for some real constant M depending only on || f||z~ and, in particular, independent of ¢ (here
the Fourier transform of the logarithm provided by Proposition [39 in Appendix C was used to
obtain the second inequality). O
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Theorem 14 In the case of an arbitrary function f € BV ([—1,1]), the bounded linear operator
A HE N H#([-1,1]) — Hg+ C°([—1,1]) is pseudomonotone in the sense of Brézis (see Defi-
nition [{3), with the space H N 4 ([—1,1]) endowed with weak-* topology and Hy + C°([—1,1])
endowed with the weak topology. In addition, in the particular case where the function f is
nondecreasing, the bounded linear operator A : Hi N .4 ([—1,1]) — Ho + C°([~1,1]) is strictly
monotone (see Definition [{3).

The proof of theorem [I4] is postponed to section 3.3l

Corollary 15 In the case of an arbitrary function f € BV ([—1,1]), problem (ii') always has a
solution. In the particular case where f is nondecreasing, this solution is unique.

Proof. The set K is a closed convex subset of HjN.#Z (]—1,1]) that contains 0. In addition, the
set {—Pto}+ K contains only nonpositive measures of total mass — P and is therefore a subset of
the closed ball of radius P in .#([—1,1]). Hence, a sequence in K whose HjN.Z ([—1,1])-norm
goes to infinity has also its H 1/ 2(—1,1)-norm going to infinity. Hence, we have:

At + (g —=(loglalxtt) + (g,1)
im ————=—*" = lim = 400,
le]=+-c0 £l le] =400 £l
teK teK
where || - || is the norm of Hy N .#([—1,1]) (here, the second term in (At,¢) has been removed
since it is bounded). The claim is now a direct consequence of Corollary @6l in Appendix D and
Theorem [T4l O

2.5 Regularity, uniqueness and homogenization in the case of heterogeneous
friction and convex indentor

In this section, we are restricted to the case where the shape of the indentor g € W1°(—1,1) is
Lipschitz-continuous and convez. The heterogeneous friction coefficient f :]—1,1[ — R, will be
supposed Lipschitz-continuous. There is no doubt that the whole analysis could be generalized
to the case of a piecewise Lipschitz-continuous friction coefficient, as in the case of the moving flat
punch, but we will restrict ourselves to the case of a Lipschitz-continous friction coefficient, for
the sake of simplicity. In this restricted case, we are going to be able to generalize all the results
already proved in the case of the moving flat punch with piecewise Lipschitz-continuous friction
coefficient: existence and uniqueness of a solution (¢,u) € Ups1LP(—1,1) x Ups1WHP(=1,1) to
the contact problem and homogenization analysis with the same value of the effective friction
coefficient in the homogenized limit. This generalization has an important added value as, in the
case of the general convex indentor, contrary to the case of the flat punch, the contact zone is a
true unknown of the problem and is different a priori for each oscillating friction coefficient f,.
The fact that we obtain the same value for the effective friction coefficient in the homogenized
limit shows that there is no influence of unilateral contact on homogenized friction.

In this section, f denotes a Lipschitz-continuous function on |]—1, 1], extended as usual by
zero to the whole real line. We also consider a function f, which is identically equal to f on
]—1,1[, and chosen to be compactly supported in R and Lipschitz-continuous on R (which f is
not, in general). We denote by 7 = —%pv% x arctan f and T := —%pv% s arctan f the Hilbert
transforms of arctan f and arctan f, respectively, and we keep the notation:

(@)

T — 221+ f2(z)

to(x) : for x € |—1,1],
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which, we recall, is a solution of the homogeneous Carleman equation in Uy~ LP(—1,1) and has
total mass 1.

We shall now prove that the original contact problem (problem &, below) which was seen in
previous section to have a default of monotonicity, is equivalent to an auxiliary contact problem
(problem &, below) associated with a monotone operator. These two problems are defined as
follows.

Problem Z,. Find (f,u) € Up=1LP(—1,1) X Ups1WHP(—1,1) such that:

1 - -
o — —pv—xt+ fi=1, in 2'(]-1,1]),
X

—_

o u—g<o0, t— Pty <0, (u— g)(t — Pto) =0, a.e. in |—1,1],
1~

. / tdx = 0.
-1

Problem Z,. Find (£,v) € Up=1LP(—1,1) x Up=1WHP(—=1,1) such that:

e T 1 1 - - , . ,
. m<—;pv;*t+ft) =, in 7'(]-1,1]),
T e T ~
— —=ds < t(x) — Pt <
b ’U(,I) 1 \/@ s <0, (x) O(x) <0,

(v(m) —/_ml %ds) (f(x) - Po(@)) =0, ae. in ]-1,1[,

1 ~
° / tdx = 0.
-1

Proposition 16 We assume that P > 0, f € WL (=1,1) and g € WH°(-1,1) is convez.
Then, problem £, and problem &, are equivalent in the following sense.

o If (f,u) € Ups1LP(—1,1) X Ups1WP(=1,1) denotes an arbitrary solution of problem 2,
then, setting:

T gle=T z (u/ —g’)e_%
= ds— s — d
o) = [ s xeﬁ?‘il[/_l VR

the pair (t,v) € Up=1LP(—1,1) X Ups1WHP(=1,1) yields a solution of problem .

o If (,v) € Up=1LP(—1,1) X Ups1WHP(—1,1) denotes an arbitrary solution of problem 2,
then, setting:

u(z) == | Ve \/irf2ds— sup (—g(m)—l—/ v’e?\/1+f2ds),
-1 z€]-1,1] -1

the pair (t,u) € Up>1LP(—1,1) X Ups1WP(—1,1) yields a solution of problem 2.

In addition, if (t,u) € Ups1LP(—1,
lem Z,, then there exist a,b € [—1,

) X Up=1WHP(=1,1) denotes an arbitrary solution of prob-

1
1] such that supp(t — Pty) = [a,b] and:
e u<g, g <u <0, on |—1,al,
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e u=g, on |a,b[,
e u<yg, 0<u <¢, on |b,1].
In particular, ||| go(—1,1) = 19l Lo (=1,1)-

Proof. Let (f,u) € Up=1LP(—1,1) x Up=1WHP(=1,1) be an arbitrary solution of problem Z,.
The pair (£,v) obviously fulfils all the statements of problem &, except maybe:

v gle T 3
— d t — Pt =0. 11
(v - [ Z=as) (@) - Pro(o) (1)
Noting that the proof of Corollary [ uses only the fact that (,u) belongs to Ups1LP(—1,1) x
Up>1W1’p (—1,1) and not that the friction coefficient f is constant, we can apply its conclusion.
In particular, v’ € L>(—1,1), supp (f — Pty) is an interval and its bounds a,b € [—1,1] are such
that ' — ¢ > 0 on |—1,a[, ' — ¢ = 0 on Ja,b[ and v’ — ¢" < 0 on ]b,1[. This entails that the
function:

z gle—’r

VR
is non-decreasing on |—1, a[, is constant on |a, b[ and is non-increasing on |b, 1][. As its supremum
is zero, by construction, this function actually vanishes on ]a,b[. This is sufficient to say that
identity () holds and that the pair (#,v) solves problem Z,.

Reciprocally, let (£,v) € Ups1LP(—1,1) X Ups1WHP(=1,1) be an arbitrary solution of prob-
lem Z,. We have v/ = v'e"\/1+f> € Up>1LP(—1,1). The pair (f,u) obviously fulfils all the
statements of problem &, except maybe:

(u(z) = g(@)) (fx) = Pro()) = 0. (12)

To prove this, we are going to prove that the set of those x € |—1, 1] such that v(z) = ¢(x) :=
r /o—T

/ 7€ ds is an interval. Consider xy € ]—1,1[ such that v(xzg) — p(z9) < 0 and let ]a,b]
-1

V142

be the largest interval containing zo (g € Ja,b] C |—1,1[) in which this continuous function is
negative. As t — Ptq vanishes on |a, b[, we have, using Theorem [32] of Appendix A:

Vz € la,b[, ul(x):l/“wdﬁl/blwd&

T J_1 r—s T xr—Ss

v(x)

which entails that u' is decreasing on ]a, b[, so that v'—¢’ is also decreasing on |a, b (as g is convex).
If -1 < aand b < 1, we would have, on the one hand (v —¢)(a) =0 = (v —¢)(b). On the other
hand, if (v’ — ¢’)(a+) > 0, then the function v' — ¢’ would be positive on a right neighbourhood
la,a + €[ of a, which is impossible since v — ¢ < 0, so we must have (¢’ — ¢')(a+) < 0. Similarly
(u' = ¢')(b—) > 0. But, this implies that u’ — ¢’ vanishes identically on ]a,b[ and the same must
be therefore true of v’ — ¢/, which yields a contradiction. Hence, either a = —1 or b = 1, which
implies that (v — )~1({0}) is an interval. As previously, the function  — Pty vanishes outside
this interval and the function v’ — ¢ is decreasing outside this interval. Since u’ — ¢’ = 0 on this
interval, the constant value taken by u — ¢g on that interval is also its maximum, which is zero
by construction. Finally, we have proved identity (I2). O

The motivation for defining problem &, lies in the fact that the underlying linear operator
enjoys the same good properties as those of the underlying linear operator of the case of ho-
mogeneous friction (which the underlying linear operator of problem &, does not enjoy, as was
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seen in the preceding section). These good properties are summarized in the following theorem,
whose proof is postponed to section [3.41

Theorem 17 Let f € WY°(=1,1). Then, for all t € H} := {t € H~'/2(=1,1)|(,1) = 0}, the
identity:

e—T

V1+f2
defines a unique © = Af in Hy == HY?(—1,1)/R. The mapping A : Hg — Hy is continuous
and coercive, so that it is actually an isomorphism. Its inverse mapping A~' : Hy — Hg is also
continuous, coercive, and enjoys, in addition, the T-monotonicity property:

1 1 . -
(——pv—*t—i—ft):v', in |—1,1],
T X

Yo e HY?(—-1,1), (A™Y,vT) >0,
where the equality is achieved if and only if v is constant.

The proof of theorem [T is postponed to section B4l We are now going to state its conse-
quences, which are roughly, that the contact problem with heterogeneous friction and convex
indentor behaves like the contact problem with homogeneous friction.

Corollary 18 Let f € WY be an arbitrary Lipschitz-continuous friction coefficient, g €
W1ee(—1,1) a convex indentor shape and P > 0. Then, there exists a unique (t,v) € Up>1LP(—1,1)x
Up=1WHP(=1,1) that solves problem 2.

Proof. As A : H; — Hj is continuous and coercive, thanks to Theorem [I7, the Lions-
Stampacchia Theorem yields a unique pair (f,v) € H™Y/?(=1,1) x HY/?(—1,1) satisfying all
the statements of problem &, (with f_ll tdx = 0 replaced by (£,1) = 0). In addition, by the

same reasoning as in the proof of Theorem [§ the T-monotonicity of A~! entails the Lewy-
Stampacchia inequality:

min{Pto,fll /_1 gde T/ /115? ds} <t < Ptg. (13)

Note that A~! [*, ¢’e™" /\/1+12 ds denotes the unique solution ¢ € H{ of the equation:

-7 -

e ( 1 1 t—l—ft) ge
——pv— % =
1tf2 iz NN

that is, of the non-homogeneous Carleman equation with Lipschitz coefficient:

in 7'(]—-1,1]),

1 1
——pv—x*xt+ ft=4g, in 2'(]—1,1]).
X

It is given by:

) = 290 o) {pi «VI=2e g @)1+ 7 }

where ¢ is the function defined in Proposition [7 (for a proof, see [7), section 4-4] or [2, theorem
13]). As e 7@®)g/(x) € L>®(—1,1), the Hilbert transform in the above formula is in L?, for
all p € ]1,400[ by Theorem in Appendix A. As tg € Up>1LP(—1,1), the same is true of
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t = A1 [fl gde 7 /\/i+f2ds. Going back to the Lewy-Stampacchia inequality (I3), we can
conclude t € Ups1LP(—1,1). As the same conclusion applies to:

1 1 . .
v = ——pv—xt+ ft),
x

™

the proof is complete. O

Note that the T-monotonicity property of the operator A~! yields incidentally that the
contact zone €p (which is an interval as the indentor is assumed to be convex) is a non-decreasing
function of P, as in Corollary [1

We are now able to generalize the homogenization result (Theorem [2)) already obtained for the
particular case of the flat indentor to the case of an arbitrary convex Lipschitz-continuous (g €
W1*(—~1,1)) indentor. The following theorem requires that the oscillating friction coefficient
fn is Lipschitz-continuous.

Theorem 19 Let P > 0 and g € W1°(—1,1) be convex. We are given a periodp € WH>°(—1,1),
such that p(—1) = p(1) which is extended by 2-periodicity to the whole line. Let f, :]—1,1] = R
be the 2/n-periodic piecewise Lipschitz-continuous function defined on |—1,1] by:

fn(z) := p(nx),
and let t, € Up>1LP(—1,1) be the unique solution of the contact problem (either problem &, or
problem &, ) provided by Corollary I8 Let also feg be the constant:

fett := tan{arctan f1),

where (-) denotes the average, that is, (h) := (1/2) fil hdx, and let teg be the unique solution
of the contact problem associated with the constant feg.
Then, the sequences (t,) and (fnt,) converge weakly-* in .#([—1,1]), respectively towards

ter and fegtog. In particular, the total tangential contact force — f_ll fn(tn — Pt2) dz converges
towards fegP.

The proof of Theorem [T is postponed to section [3.4l Note that the type of convergence
which is proved for the sequences (£,,) and (f,f,) is slightly weaker than the convergence that
was proved in the case where the indentor is a rigid flat punch: weak-* convergence in .# ([—1, 1])
instead of weak convergence in LP(—1,1) with p in a range of values larger than 1.

3 Proofs of the stated results

3.1 Proof of the results for the case of the rigid flat punch

First, we give a proof of the fact that, in the case of the flat punch, any solution of the contact
problem achieves active contact everywhere.

Proposition 20 Let P > 0 and f : ]-1,1[ — R be a given piecewise Lipschitz-continuous
function. Let (t,u) € Ups1LP(—1,1) x Up=1WHP(=1,1) be such that:

1 1
o — —pv—xt+ ft=1, in 2'(]—1,1]),
T X

e u<0, t <0, ut =0, a.e. in |—1,1],

1
. / tdz = —P < 0.
1
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Then, u vanishes identically on ]—1,1].

Proof. Assume that there exists zy € |—1,1[ such that u(xg) < 0. As wu is continuous, we
can consider the largest interval containing xo (ro € ]a,b[ C |—1,1[) such that u is negative
on Ja,b[. As u cannot be negative all over |—1, 1] because otherwise ¢ would vanish identically,
contradicting fil t(x)dx = —P < 0, only the three following cases can happen:

1. a=—1and —1 < b < 1, in which case u(b) =0,
2. b=1and —1 < a < 1, in which case u(a) =0,
3. —1<a<b<1,in which case u(a) = u(b) = 0.

In any case, ¢ must vanish on |a, b[, so that using Theorem 32 in Appendix A:

Vx € la,bl, u'(m):l/at(—s)ds%—l/lﬂds.

TJ_1s—x Tty s—x

In case 1, the above identity implies that «’ is negative on |—1,b[, which contradicts v < 0. In
case 2, it implies that v’ is positive on ]a, 1[, which also contradicts u < 0. In case 3, it implies
that «/ must be non-increasing all over |a, b, so that u must be concave on ]a,b[. As it is also
nonpositive and u(a) = wu(b) = 0, it must vanish identically which also yields contradiction.
Finally, there is no g € |—1, 1] such that u(zg) < 0. O

The next proposition provides a solution of constant sign for the homogeneous Carleman
equation. This solution is classical in the case where f is Lipschitz-continuous (see, for example,
[, section 4-4]). The proof is extended here to the case where f is piecewise Lipschitz-continuous
and a Green’s formula is established in addition. This will turn out to be crucial for the
homogenization analysis.

Proposition 21 Let f : |—1,1] — R be a piecewise Lipschitz-continuous function that we extend
by zero on R\|—1,1[. We denote by T := —% pv% xarctan f, the Hilbert transform of the function
arctan f. Let tg be the function defined by:

(@)

fo(@) := ™1 — 221+ f2(x)

and extended by zero on R\ |—1,1[. Then, tg € Ups1LP(—1,1), is obviously positive on |—1,1],
has total mass fil todx = 1, and its Hilbert transform is given by:

forxe|-1,1[,

fer .
— , i |—1,1],
1 1 . V1 —22y/1+ f2 ] |
—— pv— *x1pg =
7T T
_sen(@)e nR\]-1,1[.

Va2 —1

In particular, to solves the homogeneous Carleman equation:

1 1 .
——pv—x*tyg+ ftg =0, in ]—1,1].
T

22



In addition, tg can be represented by use of the Green’s formula:

- 1 1 . _ . o
Vo O, [ tol@)ple,0)de = o [ R o et Py

g8 i) o @ri)) 9P
\s(e e )ay(x,y)dxdy, (14)

where IIT denotes the open upper Euclidean plane, IIT its closure and ¢= are the holomorphic
complex functions defined on II by:

ds.

" o1t dm/2 + arctan f(s)
¢ (x+ly)'_7r/_1 s — (z + 1y)

Finally, the following identity holds true:

1 1 t (S) 1 + ; — .
+ l __0e) — (T (xtiy) _ o7 (z+iy)
V(z,y) e I, 77/_15—(:6+iy)d5 27T(e e )

Proof. The strategy of proof to solve the Carleman equation is as follows. We know that if
#(z) is a holomorphic function on ITt admitting the trace ¢(x + i0) = p(x) + if(x) on O™,
then e®(*) is holomorphic on IIT with trace e”®) cos§(x) + ie”®) sinf(x). If, in addition, this
trace belongs to LP(R), then e”(*) cos@(z) will be the Hilbert transform of e”(*) sinf(z) (see
Appendix A). Looking for a solution of the Carleman equation of the form ¢ = e(®) gin 0(x), we
are led to solve f = —H[t]/t = —1/tan @, obtaining formally the equation tanf(x) = —1/f(x)
for some unknown function 6, with support in [—1,1]. In order to make this argument rigorous,
we set:

¢ (2) =

which by use of Theorem [33] in Appendix A satisfies:

)

1/1 +7/2 + arctan f(s) ds

TJ_1 S—z

1Fx
1tz

. + N
for a.a. x € R, ylg&r ¢~ (z + 1y) = log ‘

+7(z) + i<:|:g)q171[(:c) + arctan f(:c))

where x)_1 1] is the characteristic function of |1, 1] whose Hilbert transform is readily calculated
as (1/m)log|(1 — z)/(1 + x)|, using Theorem [32] in Appendix A. Hence, the function:

is holomorphic in II™ and satisfies:

. ‘ 1F2 e(@) . 1Fx e”(@)
for a.a. 1,1 1 + = \/ —1+
ora.a. z € =11, y*l}(r]lﬁ’w (z+iy) =5 f(x) T+z 1+ f2(x) Ve VI+ ()
and:
) 1Fax
_ ; + — T(z) _
for a.a. z € R\ [-1,1], y1_1>1(1)1+¢ (z +iy) }1:&3: € L.

We are now going to check that this trace ¢*(z + i0) belongs to LP(R) for some p € |1, +oo.

First, note that:
1 /! arct
vz e R\ 1,1, ﬂ@:_/‘ﬁzﬂﬂ9@7
m™J_1 S—x
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so that 7is C™ on R\ [~1,1] and 7(x) = O(1/z) as |x| — co. This entails that [1)*(x +i0)[P is
integrable on a neighbourhood of infinity for all p > 1. As f is piecewise Lipschitz-continuous
with support in [—1, 1], the function arctan f is the sum of a Lipschitz-continuous function on R
and a piecewise constant function. This entails that its Hilbert transform 7 is continuous on R
except possibly at a finite number of points x; (namely the discontinuity points of f in [—1,1])
where 7 has the singularity:

arctan f(z;—) — arctan f(z;+)
7r

T(z) ~ log |z — =], as r — . (15)

All in all, the function /[(1F z)/(1 £ z)[e"®) is continuous on R except possibly at a finite
number of points where it may have a power singularity which belongs to LP for some p > 1.
Hence, ¥* is holomorphic on IIT and ¢ (x +i0) € LP(R) for some p > 1. In addition, ¢* goes
to zero at infinity and the same is therefore true of *. Hence, Corollary in Appendix A
yields:

1 1
——pv— * SPF(z + i0) = RY® (z + i0), on R.
Tox
Setting:
. l1xz| @
T (z) ;== £3y*t 0) = ‘ - ’
(x) Sy~ (x 4 40) T2 Vit 770 X)-1,1((@)
we get:
1 1
— —pv—xtt 4 ftt = F1, in ]-1,1, (16)
T X

so that to := (t7 +¢7)/(2m) solves the homogeneous Carleman equation on |—1,1[. The last
identity of the Proposition is now a direct consequence of the application of Theorem B3] in
Appendix A to the holomorphic functions 1 and ™.

We now turn to the proof of the representation of ¢y by means of the Green’s formula. The
functions h* defined on IIt by:

1 1
hE(z,y) = ;/1ti(s) logy/(x — $)% + y2 ds,

are clearly harmonic on IIT (as log /22 + y? is) and, by Theorem B3] of Appendix A, we have:

1 /1 t*(s)ds oh* Oh™*
viatiy)=_ s (@ tiy) 5 (@y) +i oy (z,9),
on IT*. By this and Green’s formula:
_ 1 g
Vo € C°(IT), —(2,0) p(z,0)dz = —/ Vit Ve dzdy,
_1 Oy o+

we finally get formula (I4]).
Finally, the only thing which remains to prove is the identity:

1
/ to(x)de = 1.
—1
Set: )

I:= / arctan f(z)dz,

-1
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and: ) .
() i=2¢? ) — 2+ 141,

so that ¢* is holomorphic in II* and:

- 1Fx e(@)
. + N )—i) —
for a.a. z € ]—1,1], yl—1>%l+¢ (x +iy) = Foz Ttz IT TG ( z) x+1+4+1,
for a.a. z € R\ [—1,1] lim ¢F(z +iy) =z '1:':33 U Iy
P y—0+ 1tz
As:
=1- 1
‘1:&:5 e (1/2%), as |z| = +o0,

we have 9= (z +i0) € LP(R) for some p > 1. Using once more Corollary B5in appendix A (since
Y* is bounded at infinity), we have:

—lpv1 SUE(x +90) = Ry (2 + 40), on R.

As the restriction of @i(x +140) to a neighbourhood of = = 0 is actually in WP for some p > 1
(thanks to the estimate (IH)), both members of the above identity are continuous functions on
a neighbourhood of x = 0, so that we can consider this identity at = 0. The right-hand side
at x = 0 reduces to £1 + I and the left-hand side reduces to:

111 7@
i—/ T 141,
T

1z /14 f2(z

so that: LA .
—/ tF@)de =141 = / to(z)dzr = 1.
-1 -1

s

O

In the case where f is Lipschitz-continuous, all the solutions in Ups1LP(—1,1) of the homo-

geneous Carleman equation are proportional to ¢y (see [7 section 4-4]). In the case where f

is piecewise Lipschitz-continuous, these solutions form a finite-dimensional linear space whose

dimension may be larger than one. This fact was already observed in [2], theorem 14]. The result
and the proof is adapted here to the notation of this paper for the sake of completeness.

Proposition 22 Let f : |—1,1[ — R be a piecewise Lipschitz-continuous function. Let n € N
be the total number of those discontinuity points x; € |—1,1] of f such that:

fl@i=) > f(zit).
Then, all the solutions t € Up>1LP(—1,1) of the homogeneous Carleman equation:
1 1
Sipve st ft=0,  in]-1,1],
Tox
(where the convolution is meant in terms of the extension of t by zero on R), are given by:

Ci to(
t(z) = Colo(z +Z olz ;

T —x;
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where the function ty was defined in Proposition [Z1] and the C;’s are arbitrary real constants. In

addition, we have:
b to(x)
Vie{l,...,n}, / 0
i€ n} e

dx = 0.

Proof. As already noted in the proof of Proposition 21], the Hilbert transform 7 of arctan f
admits the estimate:

arctan f(z;—) — arctan f(z;+)
s

T(z) ~ log |z — z4], as r — xj,

at every discontinuity point z; of arctan f. Therefore, if x; is a discontinuity point such that
f(zi—) > f(x;+), then the function to(z)/(x — x;) belongs to Ups1LP(—1,1). Let x; be such a
discontinuity point. In view of Proposition 21}, we have:

1 1
fto=—pv— *tg, a.e. in |—1,1[,
T

from which we get, using Theorem [32] in Appendix A:

— 1 t 1 /1t
foraa 2 €] @) tale) = T (g 2 @) - - e
™ r T —X; mTJ_1T— X
that is:
1 1 t t 1 Lt
e . iy L —— / 0(@) dz, a.e. in |—1,1[.
T x T—x; T — T; m(r —x;) Jo1x—

By Theorem B2 in Appendix A, the left-hand side of this identity is in Ups1LP(—1,1) and, in
particular, is integrable. Therefore:

/1 to(z) dz = 0,

-1 — T

and the function to(z)/(x — x;) solves the homogeneous Carleman equation.

There remains only to prove that any solution in Upsq1LP(—1,1) of the homogeneous Carle-
man equation is a linear combination of ¢y and the ty/(x — x;) (for i € {1,...n}). Introducing
the holomorphic functions on IIT defined by:

¢(Z) = dS, ¢(Z) = e¢(Z) - 1’

T J_1 s—z

1 /1 /2 + arctan f(s)

and mimicking the proof of Proposition 211 (or simply applying formula (I6]) after changing f
into — f), we obtain:

1 1 { ’14—36
——pvV—x
T

—7(z) 1+ ()
e T e
_ = f(z)4 1, e in ]-1,1].
I—x[/1+ f2(x) X] 1’1[(x)} /@) l1—x 1—1—]02(915)+ a.c. In | [
(17)
But, by Theorem B2 in Appendix A, for g € Up~1LP(—1, 1) extended by zero outside |—1, 1] and

c € R, we have:

bt {@- @)} =@ {pvi e}~ [ ga

26



Applying this inductively with the choices ¢ = 1, x; together with formula (7)), we get:

11 (VI —22e @I, (z — z;) _
_Em?*{ 1+ f2(x) X]MK@}_
@) VT =22 @I ( — ;) +Quin(z), e in ]=1,1[, (18)

1+ f3(x)

where (),4+1 denotes a real polynomial of degree n + 1. Now, consider an arbitrary solution
t € Ups1LP(—1,1) of the homogeneous Carleman equation:

H[t]+ ft =0, a.e. in |—1,1[, (19)

where we have used the notation: 1 1
H[t] = ——pv— *t.
T

Noting that:
o VI o - )

5 @)

X)-1,1((%) € L™ (=1,1),
formula (I9) entails that:
HIHE| + HIf1] =0,  ae nR.
Making use of the Poincaré-Bertrand-Tricomi theorem (Corollary 4] in Appendix A), we get:
HI M — Lt — H[H[ ] +Hf L] =0,
which, in view of formula (I8]), yields:
FUH[E + Quir H[t] — 1t — H[Qns1t] =0, a.e. in |—1,1].
Therefore, formula (I9) yields:

1+ )1t = Quir Ht] = H[Quirt],  ae. in |—1,1[,
that is:

(14 (@) l(x) t(x) = ! /1 t(s) Qn1(2) = Qni(5) ds, a.e. in |—1,1].

T J_1 T —S

But the right-hand side of this identity is a polynomial P of degree at most n. Hence, we have
proved:

P 7(x)
tz) = (z)e . ae in |-1,1],
I (x —x) V1 — 221+ f2(z)
which is necessarily a linear combination of to(x) and the to(x)/(x — x;). O

Proof of Proposition Il By Proposition 20, any solution of the contact problem is such that
u=0on |—1,1[, so that ¢ must actually solve a homogeneous Carleman equation. Denoting by
7 the Hilbert transform of arctan f (extended by zero outside |—1,1[), defining:

(@)

fo() := ™1 — 221+ f2(x)

for x € |-1,1[,
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and denoting by x; those discontinuity points of f in |—1,1[ such that f(z;—) > f(z;+), we get:

to(z)
T —x;

t(.%') =-P to(.%') + i Cz

for some real constants C; € R, thanks to Propositions 2] and Splitting arctan f as the
sum of a Lipschitz-continuous function on |—1,1[ and a piecewise constant function, we have
the following estimate for 7 at x;:

arctan f(z;—) — arctan f(z;+)
s

(x) ~

which entails, on the one hand, that ¢y is bounded on a neighbourhood of x;, and on the other
hand, that ty(x)/(z —z;) goes to —oo on x;— and to +o0o on x;+. Therefore, the condition ¢t < 0
entails that all the constants C; above must vanish and ¢t = —Pt. In the particular case where
f is a piecewise constant function, then the Hilbert transform 7(z) is explicitly obtained from
Theorem [B2] in Appendix A, yielding the claimed explicit formula for ¢. O

log |z — z4], as v — x;,

The next lemma is a minor and usual reformulation of the Riemann-Lebesgue lemma.

Lemma 23 Let p € L*°(—1,1) be a given bounded function on |—1,1[ that is extended to R by
2-periodicity. Let f, :]—1,1] — R be the 2/n-periodic function defined on |—1,1[ by:

fn(@) = p(nz).

Then, the sequence (fy) converges in L*°(—1,1) weak-* towards the constant function (p) :=

% ﬁl p(z)dz.

Proof. As | fullzee(=1,1) = lIPllpee(=1,1), the sequence (fy) is obviously bounded in L*°(-1,1)
and we can extract a subsequence (still denoted by (f,)) that converges in L>°(—1,1) weak-*
towards some limit f. It is readily checked that, for all a,b € [—1,1]:

tim [ fu@)az = Co0 [ e =0 ),

n=—oo 2 -1

Therefore, for any piecewise constant function ¢ : |—1,1[ — R, we have:

1 1
Jim B c(x) fr(z)dz = (p) /4 c(x) dx.
But, as the piecewise constant functions are dense in L', f must be the constant function (p).
As any converging subsequence has the same limit, the whole sequence (f,,) must converge in
L>(—1,1) weak-* towards the constant function (p). O

The next technical lemma contains a LP-estimate which is crucial for the proof of the ho-
mogenization result.

Lemma 24 Let (f,) be a sequence of piecewise Lipschitz-continuous functions that is bounded
in L*°(—1,1). We denote by T, the Hilbert transform of arctan f,, and by (t,) the sequence of
functions in Up1LP(—1,1) defined by:

o (@)

71— 221+ f2(x)

tn(z) := forxze]-1,1],

28



which is a positive function of total mass 1, thanks to Proposition[21. We set:
1 1

B = - arctan(sgp”anLoo(iLl)) <3
Then, the sequence (t,) is bounded in LP(—1,1), for all p € |1,(1/2+ B)7[.
Proof. Fix p € |1,(1/2 + 8)~!] arbitrarily. Note that p < 2 and 28p < 1. Our goal is to find a
majorant of:

1 ean(fL')
[1 7(1 — 2 dx.

We apply Holder inequality:

_ps_ (s—1)/s
! 6an($) 1 dz 1/s 1 esp—lT”(x)
/_1 T s (/_1 1- m2)(p55+1)/2> T (20)

with the choice of an arbitrary s in the interval:

c } 1 1 [
S Y
Note that all the s in that interval are larger than 1 and that the interval is non-empty, thanks
to the condition 1 < p < (1/2 + 8)~!. Such a choice for s ensures that:

ps—s—+1

0<
2

<1,

so that the first integral in the right-hand side of the inequality is finite. It also ensures that:

ps
= 1/(28)].
¢:=_—7 €lp,1/(26)[

Finally, inequality (20]) shows that the sequence (t,) is bounded in LP(—1,1), provided that the
integral

1 ean(x)

—dx,

11— zx2

is bounded by above by some constant independent of n.
Define:

fn(z) := tan(q arctan f,(z)),
so that f, is piecewise Lipschitz continuous and the sequence (f,,) is bounded in L*®(—1,1),

thanks to the condition ¢ < 1/(23). Denoting by 7, := ¢7,, the Hilbert transform of arctan f,,
Proposition [21] ensures:

1 T (z)
/ ¢ — dr =1,
a1l —a?y /14 f2(x)
1 ean(r) q 1 72
_— <m\/ 1+ || fillpee,
) m =T Hf HL

and therefore the claimed estimate. O

which yields:
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Proof of Theorem 2l We are given p : |—1,1][ — R a piecewise Lipschitz-continuous function
on |—1, 1] that is extended to the whole real line by 2-periodicity. The function f, is defined on
]-1,1] by:

fn(z) := p(nx),
and extended by zero outside |—1, 1, so that it is supported in [—1, 1] and its restriction to that
interval is 2/n-periodic. Let ¢, € Ups1LP(—1, 1) be the unique nonpositive solution of total mass
— P of the equation:

1 1
— —pv—sktp+ frty =0, in |-1,1[, (21)
T

provided by Proposition [II
We set:

) 1
= ;arctaanlHLoo(fl,l) < 2’

1
18 = ; a,I'CtaannHLoo(le)

and pick an arbitrary p € |1,(1/2 + 8)~![. By Proposition 21l and lemma 24} the sequence ()
is bounded in LP(—1,1). As (f,) is bounded in L*°(—1,1), the sequence (f,t,) is also bounded
in LP(—1,1).

Extracting a subsequence, if necessary, the sequence (t,) converges weakly in LP(—1,1)
towards some limit ¢ € LP(—1,1). We are going to prove that ¢ = t., where teg is defined
in the statement of Theorem 2l The proof will be based on the representation of ¢,, by means
of a Green’s formula as established in Proposition 2Tk

_ 1 P s N,
Vo O, [ )o@ 0de= -1 [ R o) 9 )

(et atin) _ gonarin)) 9P
\s(e e )By (z,y)dzdy, (22)

where:

oE(2) = ds, z=gx+iycIlt.

1 /1 +7/2 + arctan f,(s)
)1 s—z

The left-hand side of formula ([22]) converges towards (¢, ¢). In the right-hand side, the sequences
(¢ (x + iy)) converge pointwisely in IT+ towards ¢ (2 + iy) defined by:

ok (2) = 1 /1 +7/2 + arctan feg(s) ds,

T J_1 s—z

z=x+iy eI,

thanks to lemma 23 Furthermore, the restriction of ¢ (x +iy) to any compact subset K C II+
of the open half-plane II™ is bounded by a constant depending only on K. Therefore, we can
pass to the limit by dominated convergence in the right-hand side of formula ([22]), replacing
the index n by the index ‘eff’, provided that the support of ¢ is contained in IIT. We need to
extend the conclusion to the case where the support of ¢ can be any compact subset of IIT. So
let K C II* be an arbitrary compact subset of IIT. Take Y > 0 such that K C R x [0,Y]. By
Proposition 21], we have:

1
V(z,y) € I, l/ A ds — i(eﬁ(wﬂ'y) _ €¢Z($+iy))'
mJo1s— (x+1iy) 27
Picking an arbitrary yg > 0, we obtain:
1

2_Hg(e¢:f(x+iyo) _ e¢5($+iy0))‘
s

1 Yo T
S Wt
i 372 + y% " LP(R)

LP(R)

< ltall zogmy-
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But, Theorem B3] of Appendix A also yields that §R(e¢z (@+iy0) _ eén (z+i%0)) is the Hilbert trans-

form of %(eqﬁ:g (@+iyo) _ e#n (@+iy0))  As the Hilbert transform is linear continuous in LP(R), we

have:
Hdﬁ (z+iyo) _ o¢n (z+iyo)

LP(R) = CHt"HL”(R)’

for some real constant C' that depends on p, but not of yg and n. Using Lemma 24] we can
conclude that there exists a constant K > 0, independent of yp and n such that:

< K.

Heﬁﬁ (z+iyo) _ o¢n (z+iyo)
LP(R)

In particular, the sequence (e@t (@+1) _ efn (@)Y js bounded in LP(R x [0,Y]; C). Therefore, it
has a weakly convergent subsequence. But the above analysis shows that this weak limit must
be ePar(@+iy) _ pbog(atiy)

Now, we are able to pass to the limit in formula ([22)) to get, for all ¢ € C°(II+):

1 _ P + , - .\ O
__ olp(atiy) _ g (ztiy)) 9P
[ @) pla0yde =~ [ R(en A} S2 (g )

. %(6¢:H(x+iy) _ e¢e_ﬁr(a€+iy)) (;_(Z (x, y) dz dy,

= /_11 tesi(z) p(z,0) da.

All in all, we have proved that the sequence (t,) converges weakly in LP(—1,1) towards tcg.

As the Hilbert transform maps continuously LP(RR) onto itself, by Theorem [32lin Appendix A,
(1/m)pv 1/x * t,, converges weakly in LP(—1,1) towards (1/7)pv 1/x * ter = fomtess. Hence, the
sequence (fut,) converges weakly in LP(—1,1) towards the function fegtef. O

3.2 Proof of the results for the case of homogeneous friction

In the case of the analysis of the contact problem with homogeneous friction, the only result
whose proof was postponed here is Theorem Bl Given f € R and @ € Hy := H'/?(—1,1)/R, let
t = A~'4 be the unique distribution in Hf := {f € H=Y/?(=1,1) | (£,1) = 0} such that:
1 1 . -~ . ,
——pv—xt+ ft=1, in 2'(]-1,1]).
X

Then, the linear operator A~ : Hy — H{ is an isomorphism. Theorem [3 states that it has the
following T-momnotonicity property:

Yu e HY/?(—1,1), (A a,ut) >0,
(where u™(x) := max{u(z),0}) with equality if and only if u is a constant function on ]—1,1].

Lemma 25 Let u € HY/?(R) and C € R be arbitrary. Then, (u+ C)" — C* € HY%(R) and:
1
<pv5 s, (u+C)F = C+> >0,
where the equality is achieved if and only if (u+ C)T — Ct = 0.
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Proof. We recall that the space H'/2(R) can be defined as the space of those distributions u
such that:

‘ dxdy < oo.
Taking u € H/?(R) and C € R, we have:
(@) + )" = C*| <fu@),  and  |(u(@) +C)F = (uly) + C)F| < Jul@) - uy)l,

which shows that (u 4+ C)" — C+ € HY/?(R).
Next, we denote by ®,, the Poisson integral of u (see Proposition dIlin Appendix C) and we
define:

enle,y) = min{L, n/y}|(@u(z,y) + C)" = C*],

for (z,y) € I, so that ¢, € H'(II*) and the sequence (V,) converges strongly in L?(ITT)
towards the limit V(®,(z,y) + C)+ (we recall that ¢ € H' = ¢t € H' by Stampacchia’s
theorem [8, Theorem 1.56, p 79]). By Proposition AI], this entails:

1 d P
(pvrsit s wroyr—c) = [ (T L@, +0) + 2 L@, +0)" Javay,

Or Ox dy Oy

thanks to Stampacchia’s theorem. Hence, the duality product is nonnegative. It only vanishes
when (®, + C)7" is a constant, implying that (u + C)% is a constant. But, as (u+ C)" — C*t ¢
L?(R), this constant must be equal to CF. O

aax( +0) ]2 + [(%((I)u + C)+]2}dxdy,

Proof of Theorem [3 Pick u € H'/?(—1,1) and define f :== A~'4 € Hi. The distribution
t € H-'/2(=1,1) can be seen as an element of H~'/2(R) with support in [—1,1]. Its Fourier

transform £ is therefore a C™ function and, as (f,1) = 0, it satisfies £(0) = 0. Next, we define:

1 - ~
= —— log|z|*t+ isgn(:c) * .
m 2

By Proposition B9 in Appendix C, we obtain:

WO = Gm© - i1) "2 > e =y1e 5

where the ‘hat’ stands for the Fourier transform. As Lf is a C* function which satisfies:

oo Ji(¢))?

e V1T E

1?(0) =0, and d§ < o0,

we have:
+o0 . 9
[ li©r i+ e dg < o,
—o0
that is, @ € HY/2(R), by Proposition 37 in Appendix B.

We have: 11
——pv—xt+ ft=1, on R,
T X
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which is easily inverted by taking the Hilbert transform and use of Theorem B2]in Appendix A,
as: F L1 1

~/ + Lo~
1+f2u + 1+ f2 Vg Y
As @' =’ on ]—1,1[, there exists C' € R such that u = @+ C on |—1,1[. Hence, using this and
the previous identity, it is easily calculated that:

f:

(A7Ya, ut) = (I, (a+C)F = C),

= 1_{f2<12” (ﬂ+c)+_C+>+m<pvl/x*a/, (ﬂ+C)+—C+>, (23)

We are now going to prove that the first term in the right-hand side of identity (23]) vanishes.
In the particular case where w € CZ°(R), we have:

(v, (w+O)F =ty =(uw, (w+C)") =((w+C), w+C)")=0.

Taking a sequence (w,) in C°(R) converging strongly in H'/?(R) towards @, the sequence

w!)) converges strongly in H~/2(R) towards @’ and the sequence ((w, + C)" — C*) converges
n

strongly in HY?(R) towards ((i 4+ C)" — C*). Hence, we have proved:
<w,w+cﬁ>4ﬁ>:q

and therefore, by identity (23]):

1
A uty = ———(pvljexd , (a+C)t —C*
(AYa, ut) W(Hfg)@v/mu,(w ) )
and the claim is now a straightforward consequence of Lemma O

3.3 Proof of the existence result for heterogeneous friction and arbitrary
indentor

In the case where f is a piecewise Lipschitz-continuous function on [—1, 1] (extended by zero
on R\ [~1,1]) and denoting 7 := —% pvi x arctan f, the Hilbert transform of arctan f, it was
proved in Proposition 2] that the nonnegative function:

e (@)

B /1 — 221+ f2(z)

to(x) : for x € -1, 1],

and extended by zero on R\ |—1, 1], belongs to U,~1LP(—1,1), has total mass fil todzr =1 and
solves the homogeneous Carleman equation:

1 1 .
——pv—*tyg+ ftg =0, a.e. in |—1,1].
X

We are now going to prove that all these facts remain true when f is only supposed to be in
L>(-1,1).
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Proof of Proposition M1l Pick f € L*°(—1,1) and an approximation of identity p,(x) :=
n p(nz) based on some nonnegative even C'*° function p with compact support and total mass
1. Then, the sequence of functions (f,) defined by:

fal@) := (pn * ) (@) x)-1,1(2),

is a sequence of Lipschitz-continuous functions on |—1, 1[, which is bounded in L (=1, 1) (|| full e
Il f|lze=), and converges towards f in L*°(—1,1) weak-*. Set:
e ()
t2(z) := , for x € |—1,1],
extended by zero on R\ |—1, 1], where 7,, denotes the Hilbert transform of arctan f,,. By Propo-
sition 2T}, the function ¢ is in Up~1LP(—1,1) and has total mass 1. By Lemma 24} the sequence
(t9) is bounded in LP(—1,1), for all p € |1, (1/2 + 8)~![, where:

1 1
B = ;arctaanHLw(—Ll) S35

Hence, upon extracting a subsequence, the sequence (%) converges weakly in LP(—1,1), for all
p€]1,(1/2 + B)~1], towards some limit ¢ which has total mass 1. Writing the Green’s formula
provided by Proposition 2] for tY and going to the limit n — +oc along the lines of the proof
of Theorem [2] we get:

0o (TT+ b 1 T+ (x4 9
Vip € C(ITF), /_1'5(96)@(96,0) dz = g/msfe(ew W) S )

_ (et @tin) _ o et O
\s(e e ) 3y (z,y)dzdy,

where:

5 (2) = 1 /1 +7/2 + arctan f(s) ds.

T J_1 S—z

As §(e?" (@Fi0) _ ¢ (#4i0)) /(97) = F € Up>1LP(—1,1), this entails by Theorem 33 of Appendix A
that:

VzelIlt,

1 (1 i(s)ds e?(2) —¢d7(2)
T /_1 s—z 27 '
and that (e9” (@) — 07 (@) /(27) converges, as y — 0+, for almost all z, towards H[t](z) +
it(x). But, the pointwise limit of (e?” (@ T#) — ¢®~ (%)) /(27) can also be computed from the

definition of ¢*(z + iy) using again Theorem B3] of Appendix A. Its imaginary part is found to
be:
eT(@)
/L= 2?1+ f2(x)
and the restriction of its real part to ]—1,1[ is found to equal — fty. Therefore, t = to and it
solves the homogeneous Carleman equation. U

X)-1,1((x) = to(z),

We now turn to the proof of Theorem [[4l Assume that f € BV(]—1,1]). The Banach
space Hy N .#(]—1,1]) is the dual of the Banach space Hy + C°([—1,1]). Given an arbitrary
t € Hy N.#([—1,1]), we have defined @ = At by the identity:

1 1 . -
——pv—xt+ ft=1/, in 2'(]-1,1]).
T
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Aslog |z|+T is in HY/2(—1,1) and @ ~ [ ff is a continuous function with bounded variation, the
linear operator A maps Hg N.#([—1,1]) into Hy+ C°([-1,1])N BV ([~1,1]) C Ho+ C°([-1,1]).
It was shown in Proposition [3] that the linear operator A : Hi N.#([—1,1]) — Ho+ C°([-1,1])
is bounded.

The following lemma contains the result of a calculation which will prove in the sequel to be
cornerstone for the analysis of the monotonicity and pseudomonotonicity of the operator A.

Lemma 26 Let f € BV([—1,1]). For allt € Hf N.#([—1,1]), we have:

=3 [ ()

where the integral in the right-hand side stands for the integral of the continuous function ([*; t)?
(which vanishes at x = —1,1) with respect to the measure f'.

Proof. First note that in the case where f is a constant function, the duality product at stake
is zero. Therefore, in the general case, we have:

(67 ft) = (671 (F +m)t),

where m is an arbitrary constant. From now on, we take m > —inf|_; ;; f (we recall that any
function in BV ([—1,1]) is bounded), so that the function f + m is positive and bounded away
from 0. In that case, the function 1/(f +m) is in BV([—1,1]) and its derivative is the measure:

J('/
(f(@=) +m)(f(z+) +m)

We therefore have:
(s o= [ ().

1 z 2

-3 /1 f(z )1+mddﬂ:</ (f+m)t> ’

2

= 37a 1)+m) </ (f +m)t )
' " 2
%/][ o)+ m{(f(:er) ) ([ )

where the second identity has made use of the fact that the countable set of discontinuities of
f is negligible for the measure t as ¢t has no atom. The last identity has been obtained through
the integration by part formula for functions with bounded variation. The first term of the
right-hand side of the last identity equals:

2(f(1—1) ) (/11 ! t)z

and therefore tends to 0 as m grows to +o0o. In addition, the function:

" 2
T G+ m)l(f(:v+) +m) </_1(f - m”) :
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is uniformly bounded with respect to m as m goes to infinity and converges pointwisely towards:

()

By the dominated convergence theorem, we have:

/ - 2 . N2
S . (f(x—)+m{(f(m+)+m) </1(f+m)t) :/11 fl(/f) ’

which gives the announced identity. O

Corollary 27 We assume that the function f is nondecreasing. The bounded linear operator
A Hy N ([-1,1]) = Ho+ C°([—1,1]) is strictly monotone (see Definition [{2).

Proof. If f is nondecreasing, then the measure f’ is nonnegative. The previous lemma entails,
for all nonzero t € Hy N .#([—1,1]):

1 . 1
(At t) = —;<10g @]t t)+ (8, 7 ft) > —;<log\x1 w,1) >0,
where the last inequality relies, once again, on Lemma 40 of Appendix C. U

Proof of Theorem [14. Let (¢,) be a sequence in Hj N.# (|—1,1]) that converges weakly-* in
Hy N #(]—1,1]) towards a limit ¢, such that:

lim sup(Aty, t, —t) <O0.

n—-+o0o

From the definition of pseudomonotonicity in Appendix D, we have to prove:

Vr e HyNn.Z([-1,1)), (At,t —T) §lir_r>14i_nf<Atn,tn—T>.

Step 1. The sequence (At,) converges weakly in Hy + C°([—1,1]) towards At.
We pick an arbitrary 7 € HjN.Z (-1, 1]). We have to prove that lim,,_, 4 (At,, 7) = (At, 7).
But:

1 1 T
Aty ) = =~ (1oglal s tas7) + [ 7 [ st
(Atn,7) = = —(log o] s tw7) + [ 7 [ ]

The first term of the right-hand side is the H~1/2-scalar product of t,, and 7 (thanks to [2, The-
orem 3]. As (t,) converges weakly in H~'/2 towards ¢, it converges towards (—1/7)(log || *t, 7).
There remains only to prove that fil 7 [, ft, converges towards fil 7 [*, ft. As (t,) converges
weakly-* in .#([—1,1]) towards ¢, the sequence (¢,) is bounded in .#([—1,1]). Therefore, the
functions « — [*, ft,, are bounded uniformly with respect to n. Hence, it is sufficient to prove
that the sequence of functions = — [*; ft, converges pointwisely towards = — [*; ft, to obtain
the expected conclusion lim, 5o 1, 7 [%, ft, = [*, 7 [*, ft from the dominated convergence
theorem. So, let us prove that the sequence of functions x — [%; ft,, converges pointwisely
towards = — [*, ft. In the particular case where all the ¢,, and therefore ¢, are nonnegative
measures (forgetting for a while the condition f[—l,llt =0) and = € |—1,1] is fixed, given an
arbitrary € > 0, we can build a continuous function ¢. : [-1,1] — [0, 1], supported in [—1, z],

such that:
T 1 T
- t< [ pt<[
-1 -1 -1
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and a function 1. : [-1,1] — [0, 1] that takes the value 1 all over [—1, z], such that:

/mltgfllwgtg(ua)/it,

where the fact that the measure ¢ has no atom at x has been used. As:

1 T 1
Vn € N, / (Petn S / tn S / ,l/}&‘tna
—1 —1 —1

we obtain that the sequence of functions = — [%; ¢, converges pointwisely towards = — [* ¢.
Hence, provided that the sequence (¢,) is nonnegative, and f is a stepwise constant function, the
sequence of functions x — [, ft, converges pointwisely towards z — [*, ft. As any function
with bounded variation in [—1,1] is a uniform limit of a sequence of stepwise constant functions,
the conclusion extends to the case where (¢,) is nonnegative, and f € BV ([—1,1]). Finally, let
us drop the hypothesis that (¢,,) is nonnegative. An arbitrary measure ¢, is the difference of
its positive and negative parts: ¢, =t} —t. As t, has no atom, the same is true of ¢ and
t, . As the sequence (t,) is weakly-* convergent in .#([—1,1]), it is bounded in .#([—1,1]) and
therefore, so are the sequences (t) and (¢, ). Hence, extracting, if necessary, a subsequence,
the sequences () and (t,,) converge weakly-* in .# ([—1,1]) towards limits ¢, and ¢_ such that
t =t —t_. Now, applying the previous conclusion to the sequences (¢;) and (¢ ), we have
proved the desired conclusion that the sequence of functions z — [*, ft,, converges pointwisely
towards @ — [*, ft.
Step 2. Conclusion.

We have, by hypothesis, limsup,,_, | oo(At,, ¢, —t) < 0. Since (At,) converges weakly in
Hy + C°(]—1,1]) towards At, this entails that:

lim sup(At,,, t,) < (At,t).

n—-+o0o

But, by lemma [26]

Att—ll ttll’th
< n n>—_;<0g‘x’*na n>+§/1f /1n .

By dominated convergence, we have:

2 1

[ ([m) =L ([)

limsup—%<log || * tn,tn> < —%<log || * t,t>.

n—-+o0o

so that:

Hence, (t,) is a weakly convergent sequence in the Hilbert space H~'/2(—1,1) such that lim SUPp s 4 oo |[tnll r—1/2
|It]| 7-1/2. By the weak lower semicontinuity of the norm in a Hilbert space, this classically entails
that limy, 4 oo ||t || j-1/2 = ||t||y-1/2. Finally, we have proved that:

Vr e HyN.#([-1,1]), lim (At t, —71) = (At,t — 1),

n—-+o00o

which contains the expected conclusion. O
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3.4 Proof of the uniqueness, regularity, and homogenization results for het-
erogeneous friction and convex indentor

The first part of this section is devoted to the proof of Theorem [I7} that is, essentially to prove
that the linear mapping A : Hj — Hy defined by the identity:

-7

(&

V142

is continuous and coercive on Hg := {t € H~Y2(~1,1)|(t,1) = 0}. As we shall see, the
fundamental reason is, once again, the link made by Theorem B3] of Appendix A between the
Hilbert transform and a class of holomorphic functions on the complex upper half-plane.

1 1 = .
(——pv— *t—i—ft) =/, in |—-1,1],
Tox

Lemma 28 Let f: R — R be an arbitrary Lipschitz-continuous function with compact support.
We denote by T := —%pv% xarctan f the Hilbert transform of arctan f. Let ¢(z) and ¢ (z) be the
holomorphic complex functions defined on the complex upper half-plane IIT by:

l/oo arctan f(s)ds

T J o s—z

(z) = Y(z) == e?®) — 1,

Then, the functions ¢(x +iy) and Y(x + iy) converge as y — 0+, for almost all x € R, towards
the limits:

¢(x +i0) = 7(x) + i arctan f(z),

Pl o7(@)
_ 1] L f@e
1+f2(x)

#(a)
(x + i0) = [ <

1+f2(2)
In addition, ¢(x + i0),¢(x 4 i0) € LP(R;C), for all p € |1,+0o0[, and we have:
1 1 e’ —
—Zpv= % — — 1| + — =0, on R.
e e R e

T X
Finally, the function Re®@+%) > 0 is positive on 1T, is bounded away from zero and infinity:

301,05 € R, Y(z,y) eI,  0<Cp <RePEH) < Oy,

and:
Fet(+iy)

;< sup f.

+ f T

Proof. As arctan f € LP(R), for all p € |1, +o0[, Theorem [33] yields that existence of the almost
everywhere pointwise limit ¢(x 4 i0) € LP(R;C), for all p € |1, +oo[. Using:

1 !
T T
/1 + f2 Al + f2
we get the existence of the almost everywhere pointwise limit 1 (x + i0) and its value. As f is
Lipschitz-continuous with compact support, its Hilbert transform 7 is continuous on R. Since f

is compactly supported, 7(z) = O(1/x) and e™®) —1 = O(1/z), as |z| — 400, so that 7(z) and
e™(@) — 1 have integrable p-power in the neighbourhood of infinity, for all p € |1, +o0[. Finally,

cosarctan f = sinarctan f =
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we have proved that ¢(z +10),¢(z+10) € LP(R;C), for all p € |1, +o0[. As ¢ and v converge to
0 at infinity, Corollary [B5] shows that R (x + i0) is the Hilbert transform of S (x + i0), which
entails that —3¢(z + 40) is the Hilbert transform of R (x + 0).

Finally, we have:

oo (s —x)2 + 92 TJeoo (s—2)2 492~

(@ + iy) = %/OO (s — z) arctan f(s)ds n i /OO y arctan f(s)ds

so that, for all (z,y) € I

—g < arctan(inf f) < S¢(x + iy) < arctan(sup f) < g,

which entails that: '
Y(z,y) € IIT, Re?@ ) > .

Hence:

et (@t) (1 /OO y arctan f(s)ds
= tan

Red(atiy) T

v It
(x7 y) e ) T oo (S _ ﬂj)Q + y2

) € [inf f,sup f].

As f is Lipschitz-continuous and compactly supported, 7 is in W5P(R), for all p € ]1,00[, by
Theorem of Appendix A, which entails that ¢(x + iy) and e®@ ) are both continuous
functions on II+. The additional fact that o(x + iy) goes to zero at infinity on I+ yields the
fact that Re®@ %) is bounded away from zero and infinity. O

Lemma 29 Let p € ]2,+00] and 0 € L*°(R) such that ' € LP(R). Then, the linear mappings:
— H Y%(R)
= 0t

H'2(R) — HY?(R) H-2(R)
u = fOu t

are continuous.

Proof. The space H'/?(R) is endowed with the Sobolev-Slobodetskii norm:

s : ulw) — u(y)\’
HUHH1/2 = HUHL2 +/]R><R Ti—y dx dy.

For u € HY?(R), we have:
2 2 2
l6ull> < 101 el 7o

and:
/RxR<9(m)U(32 : z(y)U(y))de dy < Q/RX]R 0%(z) <%§<y))2dx dy +
- 2/1mu2(y) <%§(y))2dx dy.
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Fixing y € R, we have:

/0:0 (9(32 : z(y))de . /R\[ywm («9(32 : z(y))de N /yy+11 («9(32 : 2(?/))2(1%7
2
<8+ | y“(,xiy, [ 1) ax
2/p
< 8[0]. + / ([ weras)

< 8101} M ||9'

I%-

Finally, we have proved:

2 2 4p 2 2
16u][F1/2 < [19]16]17 + EHGIHLP} [ vy

which yields the claimed result for the first mapping. For the second mapping, we recall that
H~'2(R) is the dual space of H/2(R), and that we have:

(0t,u) = (t,0u),
by definition. O

The following corollary will be the cornerstone of the proof of Theorem [I7, but also of the
homogenization analysis.

Proposition 30 Let f € WH°(R) be a compactly supported Lipschitz-continuous function, and
n € HY%(R). Then,

e T 1 1 = _
\/@(_E pV; *T’I + fnl) € H 1/2(R)7

and we have the Green’s formula, for all ¢ € H*(IT1):

< = <1 e _fn) Pl O)> :/ [%ewuﬂy)%” 4+ ge-olorin 9Py PW -
, 1+ Ox

V1t 72 Oy 1 0x
) OP 0,70
i [_ge—qb(mﬂy) - 920 | pe—dletiy) =n 5 }8_:’ (24)

where: _
l/oo arctan f(s)ds

TJ 0o s—z

o(z) = , for z € I,

and ®,, denotes the Poisson integral of n (see Proposition [{1] in Appendiz C):

1 [o© d 1 1
_/ yn(s)ds _+_ Y 77:—arctanE in/,
o N P v A

*8

cI),](x7 y) =

and where the terms between [] in formula (24)) are the two components of the gradient of a
harmonic function in 11T . This entails the following formula valid for arbitrary ni,n, € H/? (R):

(Lt ; 7“-0@ doriy) OBy 0P

V1452 Oy 1 Ox
4 a¢ . OD, 10D
= Plztiy) M —p(x+iy) n 2
+{ Se o + Re —8y}—8y )
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Proof. Since f € Who(R) is a compactly supported Lipschitz-continuous function, 7 €
WLP(R), for all p € ]1,00[. This entails that the function:

-7

V72

satisfies 6 € L>®(R) and 6’ € LP(R), for all p € ]1,00[. Also, the definition of the spaces
H~Y2(R) and H'/?(R) in terms of the Fourier transform (Proposition [37in Appendix B) shows
that n € H'/2(R) = 1/ € H~'/2(R). Hence,

0=

T
V1+f2

is now an immediate consequence of Lemma
Pick n € Cg°(R) and consider the following holomorphic complex function

1 1 -
(——pv— xn + fn') € H_l/Q(IR{),
T x

~ 1 [ '(s)ds oy [(OP 0P
) = e dletiy) L _M\S)GS L —dlariy) (9 i}

e ig) = et [ I et () 4 i ) ),
where the last identity is established using the last definition of @, in formula 36). By Lemmal[28]
the function e~?@*%) is bounded on IIt, so that Proposition I@] in Appendix C entails that
¢ € L?(IIT; C). In addition, using Theorem B3] in Appendix A, 1)(x + iy) converges as y — 0+,
for almost all € R, but also in LP(R), for all p € |1, +o0[, towards:

~ e_T —

P(z+1i0) = m(f—i—z) (—%pvé *77/—1—1'77’).

Finally, the harmonic function h(z,y) := (1/7)log /22 + 32 ¥ (x4 40) is linked to ¥ by:

. oh oh
+ - _ i
V(x,y) e 11T, Y(x +iy) = D (z,y) + Z@y (x,y),

and satisfies the Green’s formula:

00 (TT+ _ % = - 4 -
Vo € C°(I1), / SY(z +40) (,0) dz /H+ (8:6 o + dy dy

—00

)dx dy.

This is readily seen to be the expected Green’s formula in the particular case n € CZ° (R) and
@ € C°(II). By Proposition @Il in Appendix C and the definition of H'/?(R) in terms of the
Fourier transform (Proposition 37 in Appendix B), we have:

2 1 2
v e HPPR), [Vl = v/ n'sm) < s

By the density of C2°(R) in H/?(R), Lemma 29 (to go to the limit on the boundary term) and
Lemma 28 (which yields that e~?@+1) is bounded on IIt and enables to go to the limit in the
integral over IIT), we obtain the Green’s formula for all n € H'/2(R) and ¢ € C°(II+). The
generalization to ¢ € H'(IT*) now follows from the density of C°(IT*) in H'(ITT).

Finally, take arbitrary n;,m2 € HY/?(R). As ®,, ¢ H'(II*), in general, but is only in

H'(R x ]0,Y]), for all Y > 0, by Proposition I, we define:
Son(xa y) = min{la n/y} q>772 (x> y)a
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so that ¢, € H'(IIT) and (V,) converges strongly in L*(IIT) towards V®,,. Using ¢, as a
test-function in the Green’s formula written for ®,, and going to the limit yields the final claim
of the proposition. O

Proof of Theorem [I7. We assume that f € W1>(—1,1), and we consider any compactly
supported extension f € W1°(R) of f.

Step 1. Lett € Hy := {t € HY2(—1,1) | (t,1) = 0}. Then there exists a unique v € H/?(R)
such that:

-7

e
V1452

We know that  * log |z| € H'/?(R) by using Propositions B9 and 37, so that we only have to
prove that there exists a unique o € H'/2(R) such that:

(~rpvprivii)=v. @
s X

e T 1 1 2 e T
—1)(—=pv==xt t=1 in 7'(R 25
(o) (ara )+ gmpt=r, mo® )
because v := ¥ — (1/7)f * log |x| would then satisfy the claim. The function e=7/y/1+72 — 1
is readily checked to be in H'(R) ¢ H'/2(R). For (u,t) € HY2(R) x H-'/2(R), we have
(u,pvl/x xt) = —(pvl/z * u,t). Hence, Lemma 28 for — f yields:

e T 1 1 1 = e 7 A\ 9

(b ) Uy ) =0 (26)
Asie H Y 2(—1,1) is a compactly supported distribution, the left-hand side of (Z5)) (which is
in H'/2(R), thanks to Lemma 29) can be written as a sum T + L where T' € H~'/?(R) with
compact support and L : R — R is a continuous integrable function such that L(x) = O(1/2?) at
infinity. Denoting by H the Heaviside function, H T is therefore in L120c- Setting v := H*(T+L),
the function ¥ is therefore in L2 . and fulfils identity (25). In addition, we have #(x) = O(1/x)
at —oo and 0(x) = Cx + O(1/x) at +oo0, where C is checked to equal the left-hand side of
identity (26]) and therefore vanishes. Hence, & € L?(R). By Proposition B7lin Appendix B, we see
that a function o € L?(R) such that &' € H~'/?(R) is actually in H'/2(R). Hence, o € H'/?(R),
and it is clearly the only solution of (25]) with this regularity. The proof of Step 1 is complete.
Step 2. The mapping A : Hi — Hy, which associates witht € Hf := {t € H-Y/?(=1,1) | {t,1) =
0} the unique © = Af in Hy := H'/?(—1,1)/R such that:

— -z i fE) =0, mg0-11),

s continuous and coercive.

The fact that there exists a unique v € H satisfying the above identity is a direct consequence
of step 1.

Consider arbitrary t1,ts € Hg. Their extension by zero to the real line are elements of
H~'/2(R) whose Fourier transforms are C* functions vanishing at 0. By the definition of the
spaces H'/2(R) and H'/2(R) in terms of the Fourier transform (Proposition [37in Appendix B),
this entails that the distributions 7; := (1/2)sgn * {; are in H/?(R). By Proposition B0, we
obtain:

= CHV‘I)mHL2(H+) HV(I)W2HL2(H+)’

(7 (Griea-ia). gomets)
— pPpV— % — — Sgn x
\/@ 7Tp1' 1 1 azg 2
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for some real constant C' independent of ;, since the function e~ 7@ %) is bounded on IIT by
Lemma Combining Proposition 1] and [0, we have:

. . 2 1 = 7112
I IV =~ oslel ) =

where 7 := (1/2)sgn * £ € H'/2(R), so that, we have proved that the bilinear form:

55H<6_T.(_1 ! g_fg> ! £>
— % — *
1,12 7 WPVx 1 1 ,2sgn 2

is continuous on H{. Hence, the formula:

R e™ /1 1 . .\ 1 -
Atq,t) = —pv—*t; — ft1], —sgnx*t
(At t2) </—1+f2<7rpx 1 fl) 5 58 2>
defines a continuous linear mapping A : Hi — Hy. Also, using again Lemma 28 and Proposi-
tion B0, we obtain:
- . — 2 112
3C >0, Vte Hy, (At f) > C Hv‘anm(m) = CHtHH—l/Q(—Ll)’

which shows that A : Hi — Hj is coercive, so that it is an isomorphism, by the Lax-Milgram
theorem.

Step 3. Let t € HY and the element v € H'/?(R) satisfying:

’ e

T 1 1 . 2
= ——pv—xt+ fi in 7'(R).
v \/1+f2( e +f)’ n 7 (R)
Then, we have the inversion formula:
i e’? 1 1 / r o/ . /
t—\/@(;pvg*v —|—fv), in 7'(R).

Pick an arbitrary £ € Hy. Assume in addition that ¢ € LP(—1,1) for some p € |1,00[. Set
v :=v — (1/7)log |z| * £, so that & € H'/?(R), # € LP(R) and:

i e’ 1 1 ) ~ e o,
- 1) (== pvs #i j R).
0 ( — ) ( —pvo i)+ f ==t in 7'(R)

Recalling that the function:

-7

e
V14+f2 B

is in L4(R), for all ¢ € |1, oo[, and using Lemma 28 and Corollary B4l of Appendix A, we obtain:

1 1 f e 7T ( 1 1 ~) < e T 1>t~
——pv— %9 = - — — .
7Tp T V1+f2? 7Tp T V1+f2

Combining:




we obtain the expected inversion formula for the particular case ¢ € LP(—1,1) = o' € LP(R).
Using the density of HjNLP(—1,1) into Hj and making use of Lemma 29 we obtain the general
case.

Step 4. The operator A~! has the T-monotonicity property.

The above inversion formula is all what is needed to prove the T-monotonicity property of
the operator A~! along the lines of the proof already given in the case of homogeneous friction
in section Take an arbitrary v € H'Y/?(=1,1). Set t = A~'9 € H} and ¥ as the unique
function in H'/2(R) such that:

-7 1 1 - 0

As v and v have the same derivative on |—1, 1[, there exists C' € R such that v = v + C on
]—1,1], so that:

7

A%,0* :< ¢
( o,0") Ny

where (v + C) - Ct € H1/2( ) (see Lemma P3]). Applying the Green’s formula (24) of
Proposition B0 upon replacing f by —f, n by v, ¢ by (®5 + C)™ — CT and mimicking the proof
of Lemma 23] we get:

<\/i7(1pvé*v —i—fv) , (?7+C)+—C+>

_ /H [Redter 56‘1;‘ L geblativ) a;; }8‘1 (2. +0)" +

+ [ Sed@tiy) 8;) + Re?(@+iw) 8;; }ay (CID— C)Jra

X

= H+€Re¢($+iy){{%(q)y+0)+}2+{5;( +C) ]2}207

where Proposition [l and Stampacchia’s theorem [8, Theorem 1.56, p 79] have been used. If
the equality is achieved, then (®; + C)™ must be a constant, implying that (v + C)7 is also
constant. ]

<1pvl>kv +fv> ,(U+C)+—C+>,

We now turn to the detailed proof of the homogenization result in the case of an arbitrary con-
vex indentor (Theorem [[J). We are given P > 0 and a conver indentor shape g € W1>(—1,1).
The microscopic friction coefficient f,, is built from a given period p € W1°°(—1,1), such that
p(—1) = p(1) which is extended by 2-periodicity to the whole line. The Lipschitz-continuous
function f,, is defined on ]—1, 1] by:

fn(z) == p(nx).
Picking an arbitrary function ¢ € CZ°(R;[0,1]) such that ¢(z) = 1, for all z € [-1,1], the
function f,,(z) := ¢(z) p(nx) is a compactly supported Lipschitz-continuous extension of f;, to

the whole line. Denoting by feg the constant:

feft := tan<arctan f1>,
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Lemma 23] yields that the sequence (f,,) converges weakly-* in L>°(—1,1) towards the constant
function feg and the sequence (f,) converges weakly-* in L°(R) towards fog ().

Let £, € Up>1LP(—1,1) be the unique solution of the contact problem (either problem %,
or problem 4) provided by Corollary I8l Let also g be the unique solution of the contact
problem associated with the constant feg. We also denote by 2 the function:

t9(x) == e on |—1,1]
T eIV R o

The function #2 has integral over |—1,1[ equal to 1 and solves the homogeneous Carleman
equation. The function —Pt? solves the contact problem with microscopic friction coefficient
fn in the case of the flat indentor g = 0. From the analysis in Section 23] we know that the
sequence (t2) converges weakly in LP(—1,1), for all p € |1,(1/2 + 8) [, where:

1 1
B = p arctaanluLoo(_l,l) < 2’ (27)
towards:
. eTeff(x)
teff(x) = ) on ]_1’ 1[ '

V1 — a2 /1+ f2(x)

In particular, as the embedding of LP(—1,1) (p € ]1,00() into H~%/?(—1,1) is compact, the
sequence (t9) converges strongly in H~1/2(—1,1) towards t%.
The function ¢, € Up>1LP(—1,1) is characterized by the following assertions:

1
. / tndz = 0 and fnSPtQL.
1

o There exists (uniquely) C,, € R such that:

/m e ( 1 1*f + ful, ’)d <C d
——pv— - s an
RV 7_rpVx n nln — 9 = G,

- T e 1 1 . -
<tn — Pt% , [1 N <—;pv; ¥ty + fotn — g'> ds — C’n> =0. (28)

The following lemma contains the technical estimate on which the proof of Theorem [19l is
going to rely.

Lemma 31 The sequence:

e ™ 1 1 . -

is bounded in LP(R), for all p € |1,(1/2 + B)~1[, where B is given by formula (2T).

neN\{0}

Proof.
Step 1. Setting:
’ 1 1 £ ;
Uy 1= _;PVE*tn%-fntm in ]—1,1[,
we have up[| oy 3y = 1|9/l oo (_ypy» for all n.
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As (tn,un) € Ups1LP(—1,1) X Ups1 WHP(—1,1) is the unique solution of problem 2, associ-
ated with friction coefficient f,,, the claim is given by Proposition [I6l

Step 2. We have:

I — Fn iy Xg—1,1] e X]-1,1] 1 e VI =zt Xy
" 1+ f2 N V1+ f2 ’
40

n

(where X]—1,1[ 8 the indicatriz function) which entails:

up,, in |—-1,1[,
1 1 . .
TRt b=l se@en 1 { vl—w?um_l,n] WR\[-11]
mr? —1 V14 f2 ’ T
Set:
T . fnUZX}—1,1[+ €™ X)-1,1] v 1 [G_T" Vl—l“QU;LX}—m[}
" 1+ f2 1 —22/1+ f2 V1+ f2 '
tn
As:

e V1 — 22 up, X)-11] X1
V1i+f3 77\/1—952\/1+f2

we obtain T, € L"(—1,1), for some r € |1, 2[, thanks to Theorem B2lin Appendix A. In addition:

/1 /1 fnuInX}fl 1[ /1 [GT" V1—a22u, X}Ll[:| [ 1 0]
T,dx = " dr — pv— xt, |dz,
1 1 142 V1+ f2 x

_/1 fnlerXf? / fn1+f211[d

Also, the Hilbert transform of T;, can be calculated, thanks to Corollary B4t

€ L®(~1,1), and 3Jre]L,2[, e L"(~1,1),

—lpvl*T _ %X]q,u_l 1 [ X1 } 1*[67" \/1—x2u’nx}171q
L ™W1—22/1+ 2 NESE '

(29)
This yields, in particular:

1 1
——pv—x* Ty + fuTn = ul,, a.e. in |—1,1[,
Tox
so that T}, — t,, solves the homogeneous Carleman equation. But, as f,, is Lipschitz-continuous,
all the solutions in Ups1LP(—1,1) of the homogeneous Carleman equation are proportional to

t) (see [T, section 4-4] or Proposition 22)). Since both T}, and %, have zero integral over |—1, 1],
we must have T}, = t,, and the claimed expression for #,, is therefore established.
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Finally, by Proposition 2I], the Hilbert transform of ¢ is

fneTn .

— , in |—1,1],

1 1 €™ X]-1,1] V1 —22/1+ f2 ] [
7T\/1—£C2\/1+f2 sgn(z)e™

a2 —1’
which, together with identity (29), is sufficient to obtain the claim in Step 2.
Step 3. We have:

inR\]-1,1],

Hg/HLw(fl,l) n ]_151[’

1 1 . -
_% pV; * tn + fntn < eTn($)
/ - . _
HgHLOO(—Ll) |:1+ m(‘x’+2ﬂﬂ):| WLR\] 171[7
where B := (1/7) arctan || f1 || g (1,1
The estimate in |—1, 1[ was already proved in Step 1. Let us first estimate the following
function for |z| > 1:

)

1 [e™V1—2%u, X]-1, 1 e~ ™) /1T — 524/ 1(s)
pv— * d
T V1+ f2 1 1+ f2 (x—s)

*Tn _ 2
<H9HLOO‘/ \/1+f2\/1 js)ds"

We have to estimate the integral in the right-hand side:

e~ (s) 1—sl+s e~ () 1—s ds
1+x

—1 1+ f2(s 1—1—390—3 —1 1+ f2(s l+sz—s

/ 1—s e ™) d

1V 1+s/1+ f2(s)’
where the two integrals appearing in the right-hand side have actually already been calculated
in the proof of Proposition 21k

e~ () 1-s1+s 1—2z
=(1 1—e ™) 1—
e 1+sx—sds ( —l—x)W( e ’1+x) 77( arctanfn() s)

1
= —sgn(z)m Va2 —1e ™ (x +/ arctan f, (s s).

1

Using this and Step 2, we obtain the claim in Step 3.

Step 4. Conclusion.
Set:

~Tn 1 1 - -
V.= ¢ = (——pv— *tn—i—fntn).
v 1+f2 Tz

The set suppf, is bounded uniformly with respect to n. To fix ideas, we can suppose:

vn e N\ {0},  suppf, C [-2,2].
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Note that: ) .
/ |tn(s)] ds < / (!fn(s) — PO(s)| + Pt%(s)) ds < 2P,
and also that: ,
/ | arctan fn(s)| ds < 478,
2

so that, for |z| > 3, we have:

e~ ™@) | 1 (g)ds
Val)| = n(s)
T 1 T—8
15 fEn(s)|ds 1 g2 s foc e
7 z-1 ’
2P 1 48

—  elzl-2
T |z —1
The function appearing in the right-hand side is independent of n and is in LP(—o0, —3) and in
LP(3,00), for all p > 1.
Hence, to obtain the conclusion of the Lemma, it is now sufficient to prove that the sequence

V,, is bounded in LP(—3,3), for all p € |1,(1/2+ B)~![. To do this, we invoke the estimate of
V., provided by Step 3:

—’T'n(x)
, e
Il -0 s
e (@) e (@)
19l e (1,0 75 {1+ 1
; 1+f2(z) Va?—1

By Lemma 24 in ]-3,3[ with f replaced by —f, the sequence (e~™//1+2) is bounded in
LP(=3,3), for all p € |1,(1/2 + B)~![. Now, there remains only to prove that the sequence:

eTn({L')fﬂ_'n({L')
30
<\/1+f,%(x)\/x2 — 1) (30)

is bounded both in LP(—3,—1) and L?(1,3), for all p € |1,(1/2 + 8)~!], to reach the conclusion
of the Lemma. We are going to prove it for LP(1,3), the other case being similar. Set:

n |—1,1[,
Vi ()] <

|| +27T,3):| in |-3,-1[U]L,3[.

= fn X]1,2]> VS = faXj—2,-1[

so that arctan f, — arctan f, = —arctanv® — arctanv® and 7, — 7, = —H[arctanv®] —
Hlarctan vP| (where H stands for the Hilbert transform). As the sequence arctan v is sup-
ported in [~2,—1] and is bounded in L'(—2,—1), the sequence H[arctanv?] is bounded in
C9([1,3]). Finally, we can write:

e (@)—Tn(z) e—Mlarctan VSD] (x)

N e i )\/Hu ovVB_a)@ 1)

where C,, denotes a bounded sequence in C°([1,3]). Invoking again Lemma 4] the sequence

e_H[arCtan”f@]/(\/HuS‘PQ\/(?)—:U)(x—1)) is bounded in LP(1,3), for all p € |1,(1/2+ B)7[.

for a.a. z €]1,3[,
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Hence we have proved that the sequence (B0) is bounded in LP(1,3), for all p € |1, (1/2 + 8)7![.
By the same argument, it is also bounded in LP(—3,—1). All in all, we have proved that the
sequence (V) is bounded in LP(—3,3), for all p € ]1,(1/2 + 8)7![, and the Lemma is proved. [

Proof of Theorem
Step 1. The sequence (t,) is bounded in 4 ([—1,1]) and in H='/?(=1,1). Therefore, upon ez-
tracting a subsequence, it converges towards some limit t in 4 ([—1,1]) weak-* and in H=/2(—1,1)
weak.

The integrable function %, — PtY is nonpositive and has total mass P. This entails that ¢,
belongs to the closed unit ball of radius 2P in .#([—1,1]). Also, as %, solves problem £, it
fulfils the variational inequality:

1 ~ 1 PO P
<—; log |z| * ,, + §sgn(:c)  (futn) , T — tn> > (g, t—1tn),
for all t € HE N .#([—1,1]) such that £ — Pt < 0. Taking = 0, we obtain:

1 - ~ - -
(= 0glel * & o) < loll o Wl + Wy Wbl g

where the second term in the right-hand side is bounded and the left-hand side can be identi-
fied with [£]I3;- 1,2, thanks to Lemma A0 in Appendix C. This inequality therefore shows that
ltnll r—1/2 is bounded.

Step 2. We have the following convergence:
677_—77, —Teff
V142 V12
weakly in LP(R), for all p € ]1,(1/2 + B) [, where B is given by formula (Z1).

From now on, we pick an arbitrary p € ]1,(1/2 + 8)7![. Given arbitrary t € LP(R) and
y > 0, we have:

1 1 . ~ 1 1 - ,
__pv_*tn+fntn - __pv_*t+fefft
i X s X

1y
7T£C2—|—y2

l/oo yt(s)ds

T Joo (x = 5)* +y°

[t e @) = Il Lo (®)-

P(R) LY(R)

Applying Theorem [B3](7) in Appendix A to the holomorphic function:

o(2) == 1 /OO Hs) ds, zel",

we obtain, for all y > O:

L (s=a)t(s) 0 1 1o fl°  ytls)
;/oo(s—:c)2+y2d8__7rpx (W/oo(s_x)2+y2d>’

so that, invoking Theorem [32](777) in Appendix A, we have:

Hgb(:c + iy)"Lp(R) < CHtHLP(R),
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for some universal constant C, independent of ¢, ¢ and y > 0. Applying Green’s formula to the
harmonic function h(z,y) := (1/7) log /22 + y2 ¥ t, we have, for all p € C°(IIF):

o0 1 Op ®© (z—s)t(s)ds O /00 yt(s)ds
t 0)de = —— — 4T — 4 —|dxd
/m () ¢(z,0) dz 7T/m ax(ﬂc,y)/m @211 +ay(x,y) I e L
where, for all Y > 0, the following estimates hold:
x —s)t(s)ds
T < OV |y
(x—5)%+y° LP(Rx]0,Y) (31)

< CY'YP|It] oy
LP(Rx]0,Y])

H/ x—s +y

for some constant C' independent of t and Y > 0. When
e~ n
V1+f2

such a Green’s formula is the one provided by Proposition

x I+ ox

t =

1 1 - ~
——pv— *tn + fntn ;
™ x

1+f2 ™ dy | O0x
0D 0Ps 10

_Gp—dn(atiy) Y2 —¢n(@+iy) OPin | 0P

—i—[ Se B + Re By }ay’

where 7j,, := (1/2) sgn(x) * t,, and:

bu(2) = 1 /OO arctan fp,(s) ds’

7T Joo s—z
1 [ in, d 1 -

Q5. (2,y) ::—/ M:—arctangitn.
B e ey R

Using Lemma BT and formula (3T]), this entails that the two sequences:

(%e—%(ww) 0%, | qp-onlativ) 3‘%) and (_ge on(otiv) O | gn —6u(a+iy) ‘9‘%)
Ox oy Ox oy )’

are bounded in LP(R x ]0,Y]), for all Y > 0, and therefore have a weak limit (upon extracting
subsequences) in LP(R x ]0,Y]). As (arctan f,) converges towards arctan feg in L°(R) weak-*,
(t,) converges towards t in . ([—1,1]) weak-* and H~/?(—1,1) weak, and:

1 [ arctan fn(s)ds

0Py, _1/1 yin(s)ds 8(1)77"(3:, - 1/1 (s —x)t,(s)ds

O (:C,y)—ﬂ_ . (x_8)2_|_y2’ 8y _71' 1 (x— ) +y2,

it is readily checked that the sequences (¢, (x + iy)), (0P, /0x) and (0P;,/0y) converge point-
wisely in It towards, respectively, der, 0P;;/0z and 0;/dy, where 7 := (1/2) sgn(z) * ¢ (this
is the same argument already used in the case of the flat indentor). Furthermore, these three
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sequences are bounded by a constant on each compact subset of II'". Using the dominated con-
vergence theorem, this implies that the weak limits in LP(R x |0, Y[) of the above two sequences
must equal:

<%e¢eff(x+¢y>%+d aseff(my)a‘b) and <_Se¢eg(m+z‘y>a‘bn+% m@:ﬂy)a‘b)
oz Oy 0 0y

This entails that the sequence:

e ™ 11 -

converges weakly in LP(R) towards:

neN\{0}

eiFeff

1 1 - a
——pv—xt+ fet ).
Tz
Step 3. We have t = teg and, in particular, the sequence (t,) converges towards teg in

A ([—1,1]) weak-*.
Step 2 and Lemma [24] entail that the sequence:

/r efn< 1 1 vy ,>d
——pv— * — S
1 /—1+f% 7Tp.%' n ntn g

converges pointwisely towards:

neN\{0}

( Lovlwis fgt )d

——pv_* - s

m p eff Y

and is bounded in WHP(—1,1), for all p € ]1,(1/2+ B)~L[. As W'P(-1,1) is continuously
embedded in CO®~=1/P([-1,1]), Ascoli’s theorem yields that the convergence is actually strong
in C%([~1,1]). Coming back to formula (28)), this entails that the sequence:

Cy P<Pt0 ~n’/ m(_lp\,l*t N — )>

converges towards a limit C, as the first term converges in .Z([—1, 1]) weak-* and the second
one converges strongly in C%([—1,1]). Recalling that ¢\ converges weakly in LP(—1,1) to t%, by
Theorem 2], we therefore have:

e (t,1)=0and t < Pt
T 6—’7'83

1V F

° <t—Pteﬂ‘,

1 1
(——pv— * 1+ fogt — ’)ds < Co,

x eiqteff

1 1
<——pv— k¥t + fotos — >ds — C’OO> =0.
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But, there is one and only one element of H~/2(—1, 1) satisfying all these conditions: f.g. Hence
t = tog and we have proved that the sequence (,,) converges towards feg in . ([—1,1]) weak-*
and in H~'/2(—=1,1) weak.

Step 4. The sequence (fut,) converges towards fogteg in . ([—1,1]) weak-*.
Let (£, un) € Ups1LP(—1,1) X Up=1W1P(—1,1) be the unique solution of problem &, asso-
ciated with friction coefficient f,,. By Proposition [I6] we have:
/ /
HunHLOO(fl,l) < Hg HLOO(fl,l)'
By Ascoli’s theorem, the sequence u, converges in C°([—1,1]) towards some limit % (upon
extracting a subsequence). We are going to prove that 4 = ueg. Of course, we have u < g. As:

1 1
[ (e = Py (@ = g) e = tim [ (Fa = P10 (u — g) d =0,

1 n— J_1

we have @ = g = uer on supp(fesr — Ptd;). Consider an arbitrary o € |—1, 1]\ supp(fess — PtOs)
(in the case where there exists some). We denote by (£,,v,) € Ups1LP(—1,1) X Ups 1 WHP(=1,1)
(resp. (fefr, vefr)) the unique solution of problem 4% associated with friction coefficient f,, (resp.

feft). Set:

wal@) 1= va(e) = [ Lids— su Lot rgem as),
e 1 V172 z€] If1[ 1 V1+f2

= ds— su / ds,
/ 1+fn 1:6] Il)l[ 1+fn )

1 1 )

$E 1 1[ V 1+fn

and weg by replacing all the ‘n’ by ‘eff’ in the above definition. By Proposition [I8], the function
wesr vanishes on supp(feg — Ptd;) and is negative on |—1, 1[\supp(fesr — Pt2;). Hence, west(z0) < 0.
By the analysis led in step 2 and step 3, the sequence (w;,) converges towards weg in C°([—1,1]).
Therefore:

1 1
(o n )

AN eN, In>0, Vn>0, Vz€xg—2n,x0+ 20, wp(z) < 0.
Hence, for all n > N, [z — 1,70 + n] N supp(t, — Pt%) = @, and, of course [z — 1, zo + 1] N
supp(ter — Pt%) = @. As, supp(fesr — Pt;) is connected, it lies either on the left, or the right of

[zo —n, zo + n] Let us assume that it hes on the right. Then, the same is true of supp(f, — Pt")
whenever n is large enough, by the weak-* convergence in .#([—1,1]) of (£, — Pt%). Then:

1 /1 -
U, e R, Vxe]-1,z9+17[, up(x) =U, — —/ log |z — s (tn(s) - Pt%(s)) ds,
T Jxo+n

where the sequence (U,,) must be bounded. We can therefore take the limit to obtain:

JU e R, Vxel-1,z¢+17], w(x) = U + ue (),
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and therefore:
U € R, Vaz < infsupp(fer — PtY), w(z) = U + ueg ().

As 4 and ueg are continuous and equal on supp(feg — Pt(e]ﬂ), we have U = 0. All in all, we have
proved 4 = Ueg.

The sequence (f,t,) being bounded in .#([—1,1]) converges in .#([—1,1]) weak-*, upon
extracting a subsequence, towards some limit te ([-1,1]). We are going to prove that
f= fefitesg. Going to the limit in the formula:

1 1 - -
PV tn + fatn = ul,, in 7'(]—1,1]),
we obtain:
TR 11 ) .
——pV— s teff + 1 = Ugg = ——DV— * teff + fefileffs in 7'(]-1,1]).
T oz T T

Hence, we have ¢ = fogleg as clements of 2'(]-1,1]). To obtain the equality as elements of
A ([—1,1]), we need to prove that the measure ¢ has no atom at —1 and 1. But this is ensured

by:
I fill oo 1,1y (B = PE)) < fr(fn — Pty) < = fillpoo(—1,1) (fn — PL}),

which yields:
£l oo =1,y (Fett — Ptg) <t — Pfegtly < = f1llpoe (1,1 (Ferr — Ptly),

in #([—1,1]), as (t2) and (f,t9) converge respectively towards t2; and festls in .#([—1,1])
weak-*, thanks to Theorem 2l All in all, we have proved that the sequence (f,t,) converges
towards fegteg in 4 ([—1,1]) weak-*. O

Appendix A: Marcel Riesz’s [P-theory of the Hilbert transform

The distributional derivative of the locally integrable function log |z| is denoted by pv 1/x (mean-
ing ‘principal value’). It satisfies:

1 : o(x)
(R - =1
Yo € Cc ( )7 <pV x’(P> si%lJr R\]-ee[ T 4

(C2° stands for the space of C*° compactly supported test-functions), where the limit exists
thanks to the differentiability of ¢ at 0. The distribution pv1/x is a tempered distribution
whose Fourier transform is given by:

Flpvl/z] = —'\/gsgn,

where sgn is the sign function and the following convention is used to define the Fourier transform
of any integrable function f:

FINE) == [ S an
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As the Fourier transform is an isometry of L%(R), the same applies to the so-called Hilbert
transform defined by the convolution product:

1 1
H[f] = —=pv=* [,
T
whose inverse is minus itself:
VfeLAR),  HH[] =]

Actually, these results classically extend to LP(R), provided that p € |1, +o0[. A proof of the
following two theorems of Marcel Riesz can be found for example in [6].

Theorem 32 (M. Riesz) Let p € |1,00[ and f € LP(R). Then:
(i) For almost all z € R,

Hf)() = —= lim 1) g

T =0+ JR\|z—e,x+e[ T — S
exists and is finite.

(i) The function H|f], defined almost everywhere in R by the above formula, is in LP(R).
(iii) The mapping H : LP — LP is linear continuous.
(iv) The following identity holds:
VfeL’R),  H[H[f]] =/,
which shows that H is an isomorphism of LP(R).
(v) The function H[f] coincides with the convolution product:

HIf] = v+ f,

and is accordingly named the Hilbert transform of f € LP(R) (p € |1, 400[).

The Hilbert transform is closely related to the study of some class of holomorphic functions
defined in the open upper-half plane:

ot = {z €eC; 3(z) > O},

as seen in the next theorem.

Theorem 33 (M. Riesz)

(i) Let p € |1,00[ and f € LP(R). Then, the function ® : 1T — C defined by:
1 [o° t

T )t —2

dt,
is holomorphic in IIT and satisfies:
o
JKeR, Vy>0, / |®(z +iy)[" dz < K. (32)
—00

In addition, ®(x + iy) converges, as y — 0+, in LP(R;C), but also for almost all x € R,
towards the limit:

O(x 4 1i0) = H[f](z) + if(x).
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(ii) Reciprocally, if ® is some holomorphic function in II" satisfying the condition:
D
JK eR, Vy>0, / |®(x +dy)|" dz < K,
—Oo

then, ®(x +iy) converges, as y — 0+, in LP(R;C), but also for almost all x € R, towards
some limit ®(z +10), which satisfies in addition:

R{®(z +i0)} = H[S{®(x +i0)}].
Using Theorem B3(i) and the following indentities:
R((HIUA] + i) (HUP +if2)) = HIAIHIE) = fi o,
S((MUA) +if) (U] +if2)) = HIAD fo + FuHIS),

we get the following corollary.

Corollary 34 (Poincaré-Bertrand-Tricomi) Let fi € LP*(R) and fo € LP2(R), with p1,p2 €
11, 00[ and pll + p% < 1. Then:

H|HIL) fo o+ i HI2)] = HIAIHI) = fo fo.

Corollary 35 Let ® : IIT — C be a holomorphic function such that ®(z + iy) converges, as
y — 0+, towards a limit ®(x 4 i0), for almost all x € R. Suppose that ®(xz + i0) € LP(R;C),
for some p € ]1,00[ and ® is bounded at infinity. Then:

R{®(x +1i0)} = H[I{(x +i0)}]

Proof. Let f := 3®(z +i0) € LP(R). Then, the function ®(2) := ®(z) — L [ Oot Z D dt is
holomorphic in II*. By Theorem B3(i), 3®(z + iy) converges, as y — 0+, towards 0, for almost
all z € R. This fact can be used to extend the harmonic function (z,y) — S®(z + iy) as
a harmonic function defined on the whole plane (by reflection). As this harmonic extension is
bounded at infinity, it is bounded and is therefore constant by the Liouville theorem for harmonic

functions. Hence, the holomorphic function ® must be constant on IIt. This constant must
equal R®(z 4 i0) € LP(R) and is therefore 0. Hence, ®(z) = 1 [ FBd ond the claim is now

oo t—=z

obtained from Theorem [B3[(i). O

Appendix B: the spaces H'/? and H~'/?

Let I be an arbitrary (bounded or unbounded) open interval in R.

Definition 36 The space:

HY2(I) = {u€L2 ’ /le pr—y )) dxdy<oo}

endowed with the norm:

Julls =l + [ (=Y gy

is a Hilbert space. The space C°(I) of C* functions with compact support in I is dense in
HY2. Its dual space is therefore a space of distributions in I. It is denoted by H_l/Q(I).
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It follows directly from the definition of H/? that the restriction to |c,d[ C ]a,b[ of some
u € HY?(Ja,b]) defines an element of HY?(Jc,d[). As a corollary, the extension by zero of
some t € H=12(]c,d|) defines an element of H~/2(]a, b[). However, the extension by zero of an
arbitrary element of H'/?(Je,d|) is not, in general, an element of H'/?(]a,b[). As a corollary, the
restriction to Je, d[ of some t € H~1/2(]a,b]) is not, in general, in H~/2(]c, d]).

In the particular case where I = R, the spaces H/2(R) and H~/2(R) can be equivalently
defined in terms of the Fourier transform.

Proposition 37 Denoting by 7' (R) the space of tempered distributions and by t = FIt] the
Fourier transform of an arbitrary tempered distribution t € #'(R), we have:

H'?R) = {ue 7 (R) | (1+ ") ae) € L*(R;C)},

HT'2(R) = {te #/(R) | (1+[¢P)7*i(€) € LAR;C)},

and the corresponding natural norms are equivalent to those of HY/?(R) and H~'?(R). In
particular, the Hilbert transform is an isomorphism of both HY/?(R) and H~'/?(R).

Theorem 38 (Sobolev embeddings) Assume that a and b are finite. Then:
Vpe[l,o0f,  HY*(a,b) C LP(a,b),

with continuous embedding. On the dual side:
Vpell, oo,  LP(a,b) C H Y?(a,b),

with continuous embeddings.

The space H'/?2(—1,1) contains unbounded functions such as log |log |=/2||, but not func-
tions with jumps such as the Heaviside function. As a corollary, a measure ¢t € .Z([-1,1]) N
H~1/2(—1,1) has no atoms.

Appendix C: Fourier transform and Poisson integral

The following convention is chosen to define the Fourier transform of any integrable function f:
1 o0 <
F = —/ x) e " dg.
1@ == [ @

Proposition 39 We denote by pvl/xz (‘principal value’) the distributional derivative of log |x|
and by fpl/|z| (‘finite part’) that of sgn(zx) log || (sgn is the sign function). Then, the Fourier
transforms of the following distributions are known explicitly.

1 2 1
f{log Va2 + 02} = =1/ g ekl fpm — V21w 6, ]:[% arctan(x/a)} = —iy/— ekl pVE,
i

Fliog o] = - gfp% — Var T4, Flsgn@)] = =i/ pvé,

where a > 0 is an arbitrary positive real constant, § the Dirac measure at 0 and I'gy :=
lim,, oo —logn + 3"} 1/k is the Euler-Mascheroni constant.
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As a consequence of the above Fourier transforms, we have the following lemma which was
already proved in [2]. Its proof is reproduced here for the convenience of the reader.

Lemma 40 For allt € H™'/?(—1,1) extended by zero on R, the convolution product log |x|xt is
a locally square integrable function, whose restriction to—1,1[ is in HY/?(=1,1). The symmetric
bilinear form:

t1,t9 — —<10g \x! * tl,t2>,

s a scalar product on the Hilbert space H_1/2(—1, 1) which induces a norm that is equivalent to
that of H=1/2.

Proof. By definition, H~'/2(—1,1) is the dual space of H'/?(—1,1) and can be identified with

the space of distributions ¢ on R with support contained in [—1, 1] whose Fourier transform #(&)

satisfies: o
> i)

oo VITIER

d¢ < oo. (33)
Let us define:
H .= {t € 7'(R) | suppt C [-1,1], and f(f)/\/m € LZ(R)},

where 2'(R) denotes the space of distributions on R. Let us check that H endowed with
its natural norm is a Hilbert space. Consider a Cauchy sequence (t,,) in H. Then, &,/ VIE]
converges strongly in L2(R) towards some limit g. Since g/[¢] is a tempered distribution, it
is the Fourier transform # of some tempered distribution ¢. Hence, g = £/+/[¢] is in L?(R) and
tn/ /€] converges strongly in L?(R) towards #/,/]¢]. By the Plancherel formula, this entails
that:

Vo € C°(R), with supppN[-1,1] = @, (t,p) =0,

so that suppt C [—1, 1], entailing that ¢ € H and that the sequence (t,) converges strongly in
H towards t. Hence, H is a Hilbert space. By the inequality:

L /" {OF (34)
\r+|5|2 G

we see that H is contained into H 1/ 2(~1,1). As any t € H is a compactly supported distribu-
tion, its Fourier transform £ is a C* function. This implies that we must have £(0) = 0 for all
t € H. But the definition of the Fourier transform also yields:

- 1

t(0) = Nir (t,1).

Hence,
Hc{te HV2(=1,1) | (t,1)=0}. (35)

Reciprocally, if t € H~'/2(—1,1) with (t,1) = 0, then  is a C™ function which vanishes at
0. As (B3) holds true, t clearly belongs to H. Hence, the reverse inclusion holds in ([35]). But
now, we have established that the two norms appearing in (34) endow H with a Hilbert space
structure. By the open mapping theorem, the two norms must be equivalent on H.
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Take an arbitrary ¢ in:
H={teH*-1,1) | (1) =0},

and define u := ¢ % log |z|. Then, by use of the Fourier transform of log |x| provided by Proposi-
tion B9, @(€) = —m(£)/]€, so that:

+00 +oo £(e)]2
[T eR R as = [ eI HE ds < o

Therefore u € H'/?(R) and its restriction to |—1,1[ is in H/?(—1,1). In addition:

400 { f
Vit € H,  —(loglz| % t1,ty) = ﬂ/ RIGLEI
—o0 €]
and the conclusion of the lemma is now established for the codimension 1 subspace H of

H-12(-1,1).

There remains to extend the conclusion to the whole space H_1/2(—1, 1). By the Sobolev
injections, H'/2(—1,1) is embedded into LP(—1,1), for all p € [1,00[. By duality, LP(—1,1)
is embedded into H~1/2(—1,1), for all p € ]1,00]. Therefore, the function 1/v/1 — 22 is in
H~/2(—=1,1). The derivative of 1/v/1 — 22 % log |z| is the function 1/v/1 — 22 % pvl/z which
vanishes identically over |—1, 1] by virtue of Proposition 2I] applied with f = 0. This gives:

' log|z|
11— 22

n ]—1,1[. Finally, all t € H='/2(—1,1) can be split into:

- (t, 1)

* log |z| = dz = —7 log 2,

1 — 22

{t, 1)

t=fr 2 wheref:=t— —' ¢ H,
1 — 2 1 — x?
and we have:
Vie HY?(-1,1), —(log |x| * t,t) = —(log |z| * £,£) + (log 2) (¢, 1),

so that this symmetric bilinear form is positive definite and the expected conclusion is now
reached. 0

Given an arbitrary v € LP(R), the function:

1 [o 1 1

O, (z,y) = —/ L(S)ds: - Y Su= —arctanf*u', (36)
T Jooo (x—8)2+ 92 ma? +y? s

is a well-defined harmonic function in IT*, called the Poisson integral of u. The following
proposition gives some of its properties in the case where u € Hl/z(R).

Proposition 41 Let u € Hl/z(R) be arbitrary. Then, its Poisson integral ®, is harmonic on
I+ = R x )0, +o0[, V®, € L*(II") and ®, € HY (R x ]0,Y]), for all Y > 0. Moreover, u
coincides with the trace of ®, on OIIT ~ R and the Hilbert transform of u' coincides with the
derivative 0P, /0y on the boundary, in the sense:

0P, dp 0D, Jp 1 1
1+ oy oy _E
Voe H(ITT), /H+< 9% + 3y ay)dxdy <7Tpvx>ku , gp(ﬂ:,O)>.

o8




Proof. First, note that, at fixed y > 0, the function = — y/(z? + y?) is in L}(R). Therefore,
its convolution product with the function u is well-defined and the function x — ®,(x,y) is in
L?(R). As the function (z,y) + y/(2? +y?) is harmonic in IT*, the same is true of the function
d,.

By Proposition B9, the Fourier transform <i>u(5 ,y) of @, with respect to the x-variable is
given by:
e~ Yl¢l

7 o) = e Yl ae),

which shows ®, € C°([0,Y], L2(R)) C L*(R x ]0,Y]), for all Y > 0. By:

0,
dy

. 2 2
—igue )| + |G| =2 ePlac) P
we obtain V&, € L?(II*) and:

+oo
1983y = [ €N A€ < Cllulldogey (37)
—o

for some real constant C, independent of u. Hence, we have proved that ®, € H'(R x ]0,Y])
and that its trace on OIIT ~ R is u. Taking a sequence (u,) in C°(R) that converges strongly
towards u in H'/2(R), the sequence (V®,,,) converges strongly towards V®, in L*(II1), thanks
to estimate (B7). But:

0P,

dy

which shows that ®,,, € C°°(ITT), and also that:

(&, y) = —e Yl jg)an (€),

Y m
V2T —
==~ up(§) pv1/z(¢),
which is nothing but:
d 1 1
0 “(2,0) = —=pv — * u

By Green’s formula, this gives:

S 0d,, 0p 0P, Bcp) <1 1, >
XTI+ n T *—— Jdxdy = ( —pv—
Vo e C°(II), /H+< o D 9y Oy z dy - pvx xu, , p(z,0)),

and, by taking the limit n — +o00 using the fact that the Hilbert transform maps continuously
H~'2(R) onto itself:

— 0P, 0p 0P, Oy 1 1, >
oo (TT+ ge o = {(Zpv=
Vo e C°(II), /H+< S D + 9y ay)dxdy <7Tpvx>ku , o(x,0) ).

The expected identity now follows from the density of C°(IT+) in H'(IT*). O
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Appendix D: pseudomonotone variational inequalities

The content of this appendix particularizes some more general results from [5], for easy reference
and the convenience of the reader.

Let E be a separable Banach space and E* be its (topological) dual space, the duality product
being denoted as usual by (-,-). In the sequel, A : E* — E denotes a bounded linear mapping.

Definition 42 The linear mapping A : E* — E is said monotone if:
Vo € E¥, (Az,z) >0,
and s said strictly monotone if:
Vax € E*\ {0}, (Az,z) > 0.

Definition 43 The bounded linear mapping A : E* — E is said pseudomonotone or pseu-
domonotone in the sense of Brézis, if all sequence (x,,) in E*, weakly-* convergent to x € E*
and such that:

lim sup(Azy,, x, — x) <0,

n—-+o0o

has the property:
Yy € E*, (Az,z — y) < liminf(Az,,z, —y)

n—-+o0o

As a particular case of Proposition 23 of [5], we have:

Proposition 44 If the bounded linear mapping A : E* — FE is monotone, then it is pseu-
domonotone.

The following theorem is a particular case of a more general result (corollary 29 of [5]) of
Brézis.

Theorem 45 Let K be a weak-* compact convex subset of E* such that 0 € K, A: E* — E be
a bounded linear pseudomonotone mapping, and ¢ : E* — RU {+00} a convezx, weakly-* lower
semicontinuous function such that ©(0) = 0. We assume:

Vo e E*\ K, (Az,x) + ¢(z) > 0.
Then, there exists u € K such that:
Vv € E¥, (Au,v —u) + ¢(v) — p(u) > 0.

If, in addition, A is strictly monotone, then u is unique.

Making use of the fact that the bounded closed convex subsets of E* are weak-* compact,
we have the obvious following corollary (which is not given in [5] where a similar statement for
reflexive Banach spaces is given instead).
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Corollary 46 Let K be a closed convex subset of E* that contains 0, A : E* — E be a bounded
linear pseudomonotone mapping, and ¢ : E* — RU{+00} a conver, weakly-* lower semicontin-
uous function such that (0) = 0. We assume:

(Az, z) + ¢(x)

1im = +4+00.
[l ]| g« —-+oo |z
reK

B+
Then, there exists u € K such that:

Vo € K, (Au,v —u) + p(v) — p(u) > 0.
If, in addition, A is strictly monotone, then u is unique.

Proof. Let K and ¢ be according the hypotheses of this corollary. There exists R > 0 such
that:
lz||gx > R and z € K = (Az,z) 4+ p(z) > 0.

We set:
K/:KHB*(O,R), ¢ =@+ Ik,

where B*(0, R) is the closed ball of radius R in E* and Ik is the function taking the value 0 all
over K and +o0o outside. Then, K’ and ¢’ satisfy the hypotheses of Theorem (45, so that there
exists u € K’ C K such that:

Vv € E*, (Au,v —u) + Ix(v) + p(v) — p(u) >0,

which yields the claim. O
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