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AN INTERACTING NEURONAL NETWORK WITH INHIBITION:
THEORETICAL ANALYSIS AND PERFECT SIMULATION

BRANDA GONCALVES

ABSTRACT. We study a purely inhibitory neural network model where neurons are represented by
their state of inhibition. The study we present here is partially based on the work of Cottrell [3] and
Fricker et al. [5]. The spiking rate of a neuron depends only on its state of inhibition. When a neuron
spikes, its state is replaced by a random new state, independently of anything else and the inhibition
state of the other neurons increase by a positive value. Using the Perron-Frobenius theorem, we
show the existence of a Lyapunov function for the process. Furthermore, we prove a local Doeblin
condition which implies the existence of an invariant measure for the process. Finally, we extend our
model to the case where the neurons are indexed by Z. We construct a perfect simulation algorithm
to show the recurrence of the process under certain conditions. To do this, we rely on the classical
contour technique used in the study of contact processes, and assuming that the spiking rate lies on
the interval [8,,3*], we show that there is a critical threshold for the ratio § =
the process is ergodic.

Keywords: spiking rate, interacting neurons, perfect simulation algorithm, classical contour tech-
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nique.

1. INTRODUCTION

For the operation of a neural network, neurons excite and or inhibit each other. Here, we study a
model of a purely inhibitory neural network where neurons are represented by their inhibitory state.
The study we present is partially based on the work of Cottrell [3]. Her model consists of considering
N interacting neurons described their state of inhibition. In her work, a neuron spikes when its state
touches the value 0. When a neuron spikes, the state of inhibition of the other neurons increase by a
non-negative deterministic constant 6. The spiking neuron immediately receives a random inhibition
independent of anything else. In Cottrell’s work the state of inhibition is just the waiting time until
the next spike.

In the present work we generalize Cottrell’s model in several natural ways. Actually, in Cottrell’s
model, the next spiking time in the neural net is deterministic and we will lift this assumption. A
random spiking time is more realistic than deterministic one since stochasticity is present all over in
the brain functioning. Secondly, to allow formal general models we allow the state of inhibition to
decrease at a general rate in between the successive spikes of the network while in Cottrell’s work the
drift of flow is equal to —1.

In the first part of this paper, we consider systems of IV interacting neurons, in which any neuron can

spike at any time. The spiking neuron takes a new random state of inhibition, and the others increase

their inhibitory state by a deterministic quantity that we will call the inhibition weight, which depends

on the distance between the spiking neuron and the ”receiving” neuron, so that a neuron located far

away of the spiking neuron is not impacted by the spike. The model thus presented obviously extends
1
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Cottrell [3] and Fricker et al. [5] in two ways: the spiking time is no more deterministic but it is
random; the dynamic of the process is no more constant.

Firstly, we show the existence of a Lyapunov function that allows us to formulate a sufficient condition
of non-evanescence of the process in the sense of Meyn and Tweedie [10], i.e. a condition ensuring
that the process does not escape at infinity. To do so, we introduce a reproduction matrix H and we
suppose the spectral radius of H is lower than 1. The eigenvector associated with the spectral radius
of H allows us to find a Lyapunov function for the process.

Secondly, we study the recurrence of the process relying on Doeblin conditions which we establish for
the embedded chain sampled at the jump times. We show the existence of an invariant probability
measure for the process. We do this in the case the distribution of the new states has an absolutely
continuous density and the jump rate is bounded.

In a second part, we consider the case where we have an infinite number of neurons indexed by 7Z
(see Comets et al. [2], Galves and Locherbach [6] and Galves et al.[7]). In the work of Ferrari et al.
[4], considering an infinite system of interacting point processes with memory of variable length, the
authors investigated the conditions for the existence of a phase transition using the classical contour
technique, based on the classical work of Griffeath [9] on a contact process. Following the idea of
Ferrari et al. [4] and Griffeath [9], we construct a perfect simulation algorithm that allows us to show
the recurrence of the process. Assuming that the spiking rate takes values in the interval [3,, 5], we

show that there is a critical threshold for the ratio § = [3*‘%,8 over which the process is ergodic.

This paper is organized as follows. In section 2 we describe the model and study the law of the first
jump time of the process. The Foster-Lyapunov and Doeblin conditions are discussed to find non-
evanescence criteria and to show the existence of the invariant probability measure of the process in
section 3 which is our first main result. Finally, in Section 4, we present a perfect simulation algorithm
and we simulate the law of the state of inhibition of a given neuron in its invariant regime.

2. THE MODEL

2.1. Description of the model. In our paper, let us consider we have N neurons that are related to
each other. For alli e {1,--- N}, XZ’N describes the state of inhibition of neuron ¢ at time ¢t. When
the neuron i € {1,---, N} spikes,

e The current state of inhibition of neuron i is replaced by a new value Y? independently of
anything else with distribution F".
e The state of inhibition of any neuron j # 4 is increased by a positive value W;_,; at time ¢.

In between successive jumps of the system, each neuron i follows the deterministic dynamic

Jbi = —q (aﬁ/) , xh =2,

with «; (") continuous on [0, 00), positive on (0,00) and non-negative on [0, 00) and z = (z*,---2™V).

Let B, (;L”) be a continuous positive and decreasing rate function on [0,00). We have taken 3, to be
decreasing so that the larger x} is, the lower its probability of spiking and the smaller z} is, the higher

its probability of spiking.

We are thus led to consider the piecewise deterministic Markov process (PDMP) XN = (th’N, e 7XtN’N) €
RY. For i € {1,---, N}, the dynamic of XZ’N is given by:
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(1) dxiN = —a; (X)) at + / / (v — XP) g,y (v MY (dt, dr, dy’
; (xi2)a+ || P s, (g M ()

o Y i
—i—ZW]_”/O /0 1{T§/3j(XiL )}M (dt,dr,dy ),

J#i

where M is a random Poisson measure with intensity dtdrF*(dy) and for all i, the M?* are all inde-
pendent. This model extends that of Goncalves et al. [8] in the multidimensional case.

Remark 1. For alli € {1,--- N}, XZ’N can be interpreted as the inhibition state of the neuron i at
time t and W;_,; as the inhibition weight of the neuron j on the neuron i. When W;_,; < 0, we say that
the neuron i is excitatory for the neuron j and when W;_,; > 0, we say that the neuron i is inhibitory
for the neuron j. In our paper we are interested in the case where neuron i is inhibitory for neuron j
i.e., Wi%j Z 0.

Remark 2. The formula (1) is well-posed in the sense that there is non explosion of the process .
Since B,(X5N) < B,(0) for all i we deduce that fot B:(XN)ds < co whence the non explosion, that is,
almost surely, the process has only a finite number of jumps within each finite time interval.

The infinitesimal generator associated with this model is given by:

N ;) N oo o .
2) GNV(:U):—Zai(xl)axiV(x)—FZﬁi(x’)/o Fidy)V (@ + ey — ezt + 3 eWiy)

i=1 J#i

— V(@)

where V is a smooth function and e is the i — th unit vector.

In other words, at each jump of the process, a single neuron spikes. If it is neuron 7 then its state is
replaced by Y and all other neurons receive the inhibition weight W;_,; > 0 for any j # .
2.2. First jump time. Let N} be the counting process of successive jumps of neuron i, that is,

t
NtZ = / / / l{rgﬁi(xs(y‘))}Mz(dS,d’l“, dyl)
0 JRy JRy

and S% the first jump time of neuron i, so we have
Si =inf{t > 0|N] =1} and P(S} >t)=e" Jo Bilai@)ds
Let S; be the first jump time of the first neuron to jump, that is, S; = min; Si. For all t > 0,

N N
(3) P(S1 > t) = P(min S} > t) = [[P(S} > t) = [J e~ Jo Ailerteds,
=1 =1

Moreover, if ¢+ < min; to(x?) where
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is the time for the neuron i hit 0 starting from z*, we can write by making a change of variables that
is no longer valid after touching 0, that

N
P(S; > t) = [[ e e -Telaith],

i=1

with [;(2%) := [ ~;(y)dy and 7,(2%) = B;(z") /i (2?).
Assumption 1. T;(0) = —oco for all1 <i < N.
Proposition 1. 1. Suppose Assumption 1 holds. Then S1 < oo almost surely.
2. Suppose Assumption 1 does not hold.
- If to(2%) < oo and ;(0) = 0 then Sy < oo almost surely if and only if 3;(0) > 0 for all i.
- If to(2%) = oo then P(S; = 00) > 0 i.e. with a positive probability the first jump time is
infinite.

Proof. Let N be fixed and suppose Assumption 1 holds.

If to(2%) = co and letting ¢ tend to co in (3) we have
B(S1 = 00) = [[ e TG Tslebe @] = T ¢~ Fse)-T4(0)]
i=1 =1

since z¢_(z") = 0. Then P(S; = 00) = 0 that is S; < oo almost surely.
If to(2?) < co and letting ¢ 1 min; to(x%) in (3), we obtain

N
P(S1 > minto(s")) = lim o PS> 1) = [[e =T =0
1 min; to i1

implying that S; < oo almost surely.

Suppose Assumption 1 does not hold. If a;(0) = 0 (this means that the flow of the process brings us
to 0 at most ) the time for the neuron 7 hit 0 starting from z? is finite i.e to(2?) < oo then it is obvious
(by definition of to(x%)) to see that it is enough that 3;(0) > 0 to have S; < oo almost surely.

If Assumption 1 does not hold and #o(z%) = co then by making ¢t — oo in (3) we have P(S; = 00) > 0
that is S; = oo with a positive probability.
|

We finish this section with a simulation of the process starting from some fixed initial configuration
(x}, -+ ,2)"). For this, we assume that for all i the jump rate j3;(x?) is bounded and lower bounded,
that is, 3;(2%) € [8,, 8] for all 2* > 0, where 0 < 8, < 8% < c0.

The following variables will be used to write our simulation algorithm.

T is the time vector

L is the label associated with T. It will be {sure} or {uncertain}

P = (P',---, PN) is the vector of states of the N neurons at a fixed instant
I is the vector which represents the number of the neuron which spikes.

Algorithm
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(1) We set T1 ~ exp(B*N)
PE

- Ly = {uncertain} with probability gf .

- Ly = {sure} with probability %
(2) We initialize the vector P with the values (z,--- ,x))

(3) We choose I; = k with probability 4
- If Ly = {sure},
Pk ~ FF
() pi i (pi
A ‘TTl( )+ Wi
-If Ly = {uncertain} we accept the jump with probability

_ Bulah, (PY) - 8,
6*7ﬂ* ’

and we apply'(a).
-Else PJ + ijl(Pj), Vjie{l,---,N}.
(4) We update the vector P and start the procedure again from (1).

We stop the procedure after a fixed finite number n of iterations.

We plot in the following figure a typical trajectory of XZ N with N = 2 neurons.

A simulation with N = 2 neurons A simulation with N = 2 neurons

State or nnioition
State or innioition

10 15 0.0 o
Times Times

In both figures N = 2 neurons and n = 50 iterations. a(x) = x, B(x) = 3+ 1(x < 2). In the figure on
the left, W;_,; = ¢/N for all j # i and in the figure of right, W;_,; = 1/2 for all j # 1.

3. FOSTER-LYAPUNOV AND DOEBLIN CONDITIONS

In this section, we want to find conditions of non-evanescence of the process and show the existence
of an invariant probability measure of the process.
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3.1. Foster-Lyapunov condition. We suppose that -, := f3,/a; is bounded and we define W the
matrix of inhibition weight by W;; :== W;_;, i # j and Wy; = 0.

It is further assumed that the matrix W is irreducible in the sense that there exists an integer p > 0
such that WP > 0. We introduce the reproduction matrix

oo
Hyy = Wimllles 75, Hi = Il [ 9 F )
0

which is also irreducible.
Suppose that

p(H) <1

where p(H) is the largest eigenvalue of H that is the spectral radius of H. Then (Perron Frobenius)
there exists a left eigenvector x associated to this eigenvalue p, that is, for all 4,

ZﬁjHji = PK;.
J

On the other hand, put m; = K;|v;|lc and et V(z) = > m;at.

Finally, let V : RY — R such that V(z) = Ef\il m;z* and we recall that the infinitesimal generator is
given by:

N oo
GNV (x Z e axz (@) + > Bi(a) / Fidy')[V(z+ e’y —e'a’ + > e/ Wiyy)
i=1 0 i
—V(2)]
So by replacing V' by its expression in the infinitesimal generator GNV (x) we have:
N
GNV Za, m; / dF(y") (Wi_>j —|—a:j)mj +yim,; — ijmj]
J=Lj#i Jj=1
=—Zaz mZ+ZB z/ Y P (dy') + Y Wisym;) Zﬁz )z'm;
i i=1

Then, since —f;(z%)z* <0,
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GNV(2) < =Y ag(aymi + 3 By(a')(m; / TRy + Y Wi gmy)

i i j#i

= — Zai(xi) m; — ’yz(l‘z) m;c;Hy; + chHjimj

== ai(@’) | mi —v,(a') [kiHi + Y kiHji
i J#i

= = ail@) (Ihilloors — vslat)ors)
== @@l (1 S p) :

17ill oo

Definition 1. We call the process non evanescent if there exists a compact K such that for all x, P,—
almost surely, limsup, 15 (X;) = 1.

Proposition 2. If p < 1, then the process is non-evanescent.

Proof. V(z) defined in GNV (z) above is a norm-like function and GNV(x) < 0. The theorem (CDO0)
of Meyn and Tweedie [10] implies the result. I

Example 1. (Mean-field interaction) Suppose we have N neurons. We suppose also that v, = 7,
where 7y is bounded and F* = F, W;_; = 0 for all i. In this case the reproduction matriz is

Hij = 0Vllcos @ # 4, Hii = [|7[|cE(Y).

Suppose p(H) 1is the spectral radius of H. Then, p(H) = ||V|loo(BE(Y) + (N — 1)8) and its associated
eigenvector is k = (1,---,1). The condition p(H) < 1 is therefore equivalent to ||7v||ec(E(Y) + (N —
1)0) < 1. For 8 = ¢/N with € > 0 the condition p(H) < 1 becomes ||7]|co(E(Y) +¢) < 1.

Example 2. (Torus) Suppose we have N > 3 neurons such that each neuron interacts with its two
nearest neighbors (its left and right neighbors). Neuron 1 interacts with neuron 2 and neuron N .
Neuron N interacts with neuron N — 1 and neuron 1, so we have a torus.

We suppose for all i, we have v; = v, bounded and F' = F. W;_,; = 0 for all j € {i +1,i— 1} and
Wioi=014fj#{i+1,9—1}. In this case the reproduction matriz is

Ol cifi# g jefi+li—1}
[MEY) , ifi=j.

If p(H) is the spectral radius of H then p(H) = ||7]leo(E(Y) + 20) and its associated eigenvector is
k= (1,---,1). The condition p(H) < 1 is equivalent to ||v|lec(E(Y) + 20) < 1.

3.2. Doeblin condition. Let Sy < S; < --- < S, < --- be the instants of successive jumps of the N
neurons. It is obvious that the embedded chain Z,, := Xg, is a Markov chain. Let I,, be the index of
the neuron which jumps at time S,,.
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Proposition 3. Suppose that the assumptions of proposition 1 hold. Then, (Z,,I,) is a Markov chain
and its transition Q(x,dy) is given by:

(4) P(Znedy In=jlZn1=21n1=1i)= /O dse=Jo AL TL AN g (37 (7))

8 /FJ (du)é(zi(ﬂﬁl)Jerah--- AL @I )W, a T (@I ) AW e 7$§V(1N)+WjﬂN)(dy)'
Theorem 4. Suppose for all1 < ¢ < N, ay; € Cl and there exists a compact set K C|0,00[N such
that for all x € K, for all 1 <i < N, B,(z* + 22;11 W,_;) > 0. Moreover we suppose that F'(dy) is
absolutely continuous and ||B;]|cc < 00 for all i. Then there exist d € (0,1) and a probability measure
v on (RY,B(IRY)), such that

() QN (x,dy) > dlx (z)v(dy)
where Q is the transition operator of embedded chain Z, = Xs, and QY is its N—th iterate.

To prove the above result we fix any deterministic sequence s; < --- < sy. In the sequel we shall work
on the event S1 = s1,--- , Sy =sny,[1 =1,--- , Iy = N and Y7 = y1,--- , Yy = yn. This means that
the jumps are ordered such that neuron 1 jumps before neuron 2 and etc. Let y = (y',--- ,y"V) where
y* is the new state of inhibition of neuron 4 after the spike.

Let t, = sp — sp_1 for all 1 < k < N the inter jump times of the N neurons which implies that
S =1t + -+ .

Conditionally on this event, let ¥, be the vector of states of the process at time sy. We can define

U, as a function of the states yy,--- ,yn such that ¥, : RY — R is given by:
Tt () = {wf]f 00Ul 1<k <N
Y yifk=N
where for all [ # k,
(6) U5 () = 2 (u) + Wio
and z*(u) means the solution of the deterministic dynamic &* = —a;(z%), 2% = w.

Remark 3. In the definition of ‘I’];N (y), we note that it depends only on y*. Therefore we have for all
i %, |
ovy,
Oyl

Proposition 5. For alll < k < N let ay, be a globally Lipschitz function. For ally € Rf, there exists
an open neighborhood B of y such that Wy, : B — U, (B) is a local diffeomorphism.

Proof. Let Jy, (y) be the Jacobian matrix of Wy (y). Using the remark 3 we have :

0w, (v) v, () 1
o .. 2 axp(;]yvl(y) 0 ... 0
. . 0
det(Jy, () = det : : = det
0
v () ou () 0 ... o 2w

Oyl e oyN oyN
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We obtain det(Jy, () # 0 if and only if [, ‘”*N(y) £ 0 that i Tt s
obvious to see that h ;’N( ¥ _ 1.

Forall 1 <j < N —1, we have:

™ Py Hexp< [ (e (e Z(y)))ds>¢o.

It means that |det(Jy, (y))| # 0 then U, (y) is a local diffeomorphism.

Localizing, we may therefore conclude that for each y there exists B such that U, : B — ¥g, (B) is

a diffeomorphism. i

Proof of theorem 4. Let € > 0 fixed. We will work on the event
E={S1<¢e-,S41—-Sn<e,Vn<N:(I,---,In)=(1,--- ,N)}.

In particular, on E, the index I, of the n—th neuron is equal to n for all n € {1,--- , N}.

Knowing that the first jump takes place at time S; = s1, the probability that the index I; of the first
jump is equal to 1 is given by:

_ 1 (o1
B(I = 1181 = 51) = P(S] < $1,9j £ 1) = pren@)__
Zj:l ﬂj(xh(frj))
We want to compute, P(Iy = 1,--- , Iy = N|S; = $1,5 = $3,--+, Sy = sn). To obtain a compact

formula, using formula (6) we define

Ui o copPR TR il <k <j—1

tr41

gk gk s ...
¢ (2%, Y%, 51,000 5n) = {%’J ot (zh), fj<k<N

giving the states of neuron £ at time .S; depending on whether neuron k jumped before or after time
S;.
Let
k

(E;C = l’fj ((bjfl(xkﬂ yk7 S1y 0y SN)
be the state of neuron k before the j —th jump. We know that as long as neuron k has not yet jumped,
it receives each time a quantity W;_, Vj # k from the other neurons that jumped before it. So
knowing all the jump times where other neurons jumped, we have:

P(ly =1, In = N|S1 = 51,5 = s2,-- , SNy = sn) =

By(z3, (21)) I8 1
Zilﬂz(fé (x )) RY 1 Hl Z(Zk 1ﬂk( k=1

For any Borel subset B of RY we have

P(Y edy

Q¥ (z,B) > Py(Zy € B, E) =/ dty---din [ FdyY)-- FN(dy™)
[0,6]N RN

N
_ [5N k
< (T] Bilak))e o™ Zo Tty p (v, ().
k=1
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Remark that on the event E, 2§ < zF + 25;11 W, k. Recall B, is decreasing function and let p, =

inf;,{ B, (z* + Zf;ll W) s € K} the lower-bound on K of B, (2" + 25;11 Wisk)-

Using the fact that ||5;|lcc < oo for all ¢, let ¢ = (ngl py,)e~NIBilleNe  Then we have

(8) Q (. B) > ¢ / dty-din | FMdyt) - FY(dy™)1p(Ts, (1),
[0,e]N RN

Following the arguments of Benalm et al. [1], for any t* < Neg, there exists a ball B,.(t*) of radius r, of
center t* and an open set I C RY such that we can find for all sy € B,(t*), an open set W, C RV :

A Wey = 1
Y= Vsy(y)

SN *

is a diffeomorphism (see Benaim et al. [1], Lemma 6.2). In the above formula, 0, ~ denotes the
restriction of W, to Wy, . This allows us to apply the theorem of a change of variables in the inequality

(8).

o (xg (\I/g . (y))) is upper bounded since «; is a global Lipschitz function. Then, for all 1 < j <
N — 1 we obtain:
ol
OyI

(y) < exp(N = j)el|ejlloo-

Then, Yy € Wg,,c/| det(Jq,SN(y))\*l > ¢’ > 0 and the inequality (8) becomes :

QY(xz,B) > C/ dtl"'dtN/Fl(dyl)"'FN(dyN)lB(‘I’sN(y))
[0,e]V B
> ¢ /Br(t*)dtl...dtN /WgNdele(\I/sN(y)ﬂdet(J\i,SN(y))|
> (Bt / 15(z)de = d1p(z)w(l)

1

where d = ¢ A\(B,(t*)) with A(B,(t*)) the Lebesgue measure of the ball B,.(t*) and v(I) the uniform
measure of I.

Corollary 6. If for all k < N, B, is strictly lower-bounded and bounded, then the process is recurrent.

Remark 4. When 3, is strictly lower-bounded and bounded, we can notice that the lower bound
obtained in theorem 4 holds on the whole state space Ry, that is, without 1. This allows us to have
the global lower bound Q™ (x,dy) > dv(dy) and thus the uniform ergodicity of the process.

4. PERFECT SIMULATION

In this section, we consider a framework with an infinity of neurons indexed by Z. We want to build
a perfect simulation algorithm to show in another way the recurrence of our process under certain
conditions. Let V. _,; = {j : W;_,; # 0} and V,_, = {j : W;_,; # 0} be the incoming and out-coming
neighborhoods of the neuron i (see Comets et al. [2] and Galves and Locherbach [6]).

We consider the case where each neuron has a finite number of neighbors.
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We assume that for all i the jump rate 3;(x?) is bounded, that is, 8,(z) € [B,, "] for all ' > 0, where
0< B, <fB" <oo.

The following variables will be used to write the perfect simulation algorithm:

- T is the time vector

- P is the matrix of states where each row of this matrix represents the different states of the
N neurons at a fixed instant

- [ is the vector which represents the index of the neuron which spikes.

We fix a neuron ¢ € Z and in what follows we are interested in finding the state of ¢ at time 0 in the
stationary regime, that is, assuming that the process starts from —oo. To do so we explore the past in
order to determine all sets of indices and times which affect the value of neuron i at time 0. The set
of all such couples (j,s) will be called the clan of ancestors of neuron i (see Galves and Loécherbach
[6], Galves et al. [7]). The clan of ancestors is a process that evolves in time by successive jumps. We
start with C§ = {i} and in the following we will define the updates of this process at the time of the
jumps. More precisely we do the following:

- We simulate , VI € 7Z, Ntl’s and Ntl’p two Poisson processes with respective intensities 3, and
8" — B,. The jump times of Ntl’S and Ntl P are respectively T* and TP for the neuron I after
n jumps.

- Let i € Z be fixed and Ty = inf{T7*, T9? > 0: j eV _,;, Ti"* > 0} where V_,; is the incoming
neighborhood of i.
If Ty =TY°, we set Cf, = {i} and I = j.
-IE Ty =TYP, we set Cl = {4, j} and we set I; = j.
-If Ty = T7°, we set Cf, = 0 and we stop the algorithm. In this case we set Iy = .

- Suppose T}, is the n — th jump time of C”j“n' Then,
Tny1 = inf{T95 TP > T, : € Ch, j€V_y, T >Ty,, ke Ch }.
-If Ty, = TY:° we set I,41 = j and then C’%"H =Cf.

m

-If T,p1 = T%P we set I,,41 = j and then C%HH =C4 U{j}
- If T41 = T} we set Iq = k and then Cf, | = Cf, \ {k} where k € CF, .

We stop the procedure at time T%;,, = inf{t : C} = 0}. To ensure that the algorithm stops it will be

necessary to find a criterion so that Tsitop < oo. This will be done in Theorem 8 below. The above
algorithm is called the backward procedure.
In the following we will write a forward procedure of the process in case where each neuron has a finite
number of neighbors.
For this we define:

Niop=inf{n >0:C} =0}, C'=U

stop

where N, is the number of steps of the backward procedure, C is the union of all clans of ancestors
up to Ni;,, and Deet(Cy) is the set of neurons not belonging to the clan of ancestor of neuron i but

having an interaction with at least one neuron in the ancestor clan of neuron .

i
Nitop

n=0

Cr} and Oet(C}) = {j ¢ CF : 3k € O, j — k}

top

In this algorithm, we will rely on the a priori realizations of the processes Ni** and N;*.

Algorithm (forward procedure)
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(1) We initialize the set of sites for which the decision to accept can be made by
S ={(Inm,Tin) € C' x Ry, C = 0}
For n = N{,,, we have P/» ~ F'_ Starting from n —n —1:
(2) If (In_1,Tp_1) € S' then P" 7" ~ Fln-1,
-Iffor j €V, ,-., we have j € Cf, _ then
PrZ—l = ijn—Tn,l (P';?L) + Wi, 1=
-If for j ¢ Vi, _,—., we have j € C%”il then

Pi_l = xgn,ﬁ:nn,l (P’;’YL)
B)Ifk:=1I,4€ am(c;n_l), we have
Pl = Il]“n—Tn_l (PL) + Wi
where there exists | such that k — 1 € Cf,
(4) If (In_1,Ty—1) € (C* x Ry) \ S then:
- We decide according to the probabilities
In_1 In_1
ﬁ(xTn—Tn,1 (P"h)) — B,
5* - ﬁ*

to accept the presence of a spike of neuron I,,_;.

1

We update
S S'U{(I;m,Tw) €C' xRy, Cp» C S’}
and go back to step 2.
- Else with the probabilities 1 —p we reject the presence of a spike of neuron I,,_; and Pé’fll =
In_1 In_1

xTnan,l(Pﬂ )- _

We consider all the elements of S* and we always start with the last element to get out of
the clan. The update of S allows us to start the procedure again.

We stop the procedure when all the elements of C’ are filled.

Remark 5. For any site (i,t) € Zx Ry, C} is a Markov jump process taking values in the finite subset
of Z (see Galves et al. [7]) and its infinitesimal generator is given by

atng(€) = STBLC N\ GY - 9O + X (8 - A€ U Gh — ¢(C)]

jec J€Dext(C)
where g is a test function.

Proposition 7. Let d; = min,; 3;(z7), d = max,; 8;(27) and b; = Zk_ﬁ(dk —dg). If bj < d; for
all j then T

stop 18 finite almost surely i.e. the process is subcritical.

Proof. We shall construct a process Z,, such that for all n, |C§1| < Z, and such that Z,, evolves as
o .. ez, % _ - . s ez, bi
follows: with probability DMy we have Z,, 11 = Z, — 1 and with probability S Gt
have Z,,41 = Z,, + 1.
|

we
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In this general case where a neuron has a finite number of neighbors (more than two neighbors) with
which it interacts, we can say no more than proposition 7. Thus, in the following, we put ourselves in
the case where each neuron 7 has exactly two neighbors so that the neuron ¢ interacts only with the
neurons ¢ + 1 and ¢ — 1. In other words, the incoming neighborhood of i is V. _,; = {i + 1,7 — 1}.

Algorithm (backward procedure)

(1) We simulate , V1 € Z, Ntl’S and Ntl P two Poisson processes with respective intensities 3, and
B* —B,. The jump times of Ntl * and Ntl P are respectively T>* and TP for the neuron [ after n
jumps. The jump times 7-* will be considered as times of sure jumps (counted by the process
Ntl’s) and the jump times TP will be considered as times of possible jumps (counted by the
process N;*)

(2) Let i € Z fix and Ty = inf{T}""* T/, TP*} Weset I; =i+ 1
SIETy = TV we set Ci, =iand we put I; =i+ 1.

ST =T, we set Ch = {i,i+1}. Weput I; =i+ 1
SIE Ty = T0%, we set Cf, = 0 and we stop the algorithm. We put I; = i.

(3) Suppose T, is the n—th jump time of Cﬁ}n. We have:
Tps1 = inf{T5* TP > T, : [j — Ch | <1, TH* > T, k€ C%, }.
- If Ty = T7P we set:
{If jeCs, Ch  =Ci
Itjé¢Cr,, Cr,,, =Cr, U{j}
- T, = T,’f;s we set:
{If keCh, Ch  =Ch\{k}
If k ¢ CF | C%nﬂ =C%

We update C} and start the procedure again. We stop the procedure at time T%,  where

. . stop
TYop = inf{t : Cf = 0}.

Indeed, the whole procedure makes sense only if 7%, < oo almost surely.

top
Remark 6. The forward procedure is the same as in the first case where each neuron has a finite
number of neighbors.

The following theorem gives conditions on the finitude of the extinction time.

Theorem 8. We set § = B*ﬁ%ﬁ There exists a critical value 0 < 0, < oo such that:

- if § > b, then the extinction time is finite almost surely that is, P(Vi, Tl < o0) =1
- if 0 < g, then the extinction time is infinite with a positive probability that is, P(Vi, ijp =
00) > 0.

Proof. We first show that T7,,, < 400 almost surely for sufficiently large . We observe that we can
upper bound |C}| (where |Cf| is the cardinal of C} ) by Z; almost surely for all t+ > 0 where Zy = 1
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and (Z;)¢>0 is a branching process. With a rate n(8* — §,) the transition from Z; is from n to n + 1
and with a rate nf, this transition is from n to n — 1.

We can therefore define for any bounded test function f, the associated infinitesimal generator of
(Z¢)t>0 as follows :

Af(n) =n[(B" = B.) (f(n+1) = f(n)) + B, (f(n— 1) — f(n))].
Take f(n) =n, we obtain :

Af = fl(B" = B.) = B.] = f(B" = B,)1 = 9).

Then, for § > 1, we have Af(n) = —cf(n) where —c = (8 — 8,)(1 — §). Assuming x; = E(f(Z;)) and
using the 1t6 formula, we have:

t t
T = To +]E/ Af(Zs)d,s:xo—c/ xsds = xge L.
0 0

Therefore, when t — oo, we have z; — o = 1. Which implies that if § > 1, P(T%,, < o) >
P(lim; 0 Z: = 0) = 1 thus ensuring that 6. < 1.
We now show that for all § < §., T?

top = T00 with positive probability.

For this proof, we will use the classical graphical construction of C} (see Ferrari et al [4], Griffeath
[9]). We work within the space-time diagram Z x [0, oo[. For each i € Z, we consider N;** and N;**
two independent Poisson processes with respective intensities 3, and 8* — 3,. The jump times of Nti 8
and Nti P are respectively T and TP for the neuron i after n jumps.

For each i € Z, we draw graphical sequences as follows. First draw arrows pointing from (i — 1, T%P)
to (i, T9P) and from (i + 1,T%P) to (i,TP) for all n > 1, i € Z. Second, &’s at all (i,T2*), for all
n > 1, 1 € Z. We also suppose that time is going up which implies that we thus obtain a random graph
P. Let us say that there is a chain of vertical upward and horizontal directed edges in the random
graph that leads from (4,0) to (j,¢) ( with j € {i + 1,7 — 1}) without passing through a §. Notice that
C} is the set of the clan of ancestors of site (i,t), that is

C! ={j: there is a path from (i,0) to (j,t) for j =4+ 1}.

It is obvious to notice that Tsitop < oo if and only if C' = U;>0C} is a finite set. We will therefore
show that P(T7;,, < oo) = P(|C| < 00) < 1 for sufficiently small values of § using classical contour
techniques. (see Griffeath [9].)

For this, on |C!| < oo, we draw the contour of C? as follow.

Starting from (if%, 0). Let I" be a possible path of the graph P. T" consists of 4n alternating vertical and
horizontal edges for some n > 1 which we encode as a succession of direction vectors (D, -+, Day,).
Each of the D; can be one the seven triplets

dld, drd, dru, ulu, uru, urd, dlu,

where d,u,[l and r stand for down, up, left and right, respectively. Note that uld cannot occur in a
possible path I' because the direction of uld is counter-clockwise. We start at (i — %,0) and move
clockwise around the curve.

The two figures below show examples of possible paths for n = 3 and n = 4. Figure.1 shows a possible
path with n = 3 and in this case we have

I : wlu, ulu, urd, drd, drd, dlu.
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For n = 4, Figure.2 gives
T wlu, wlu, urd, drd, dru, urd, dld, dlu.

urd

A4
drd urd urd
<N
Y dd
<+ <N )
v
drd dru
ulu ulu Y
<N N
ulu ulu
Y did
N N
v
diu diu
Figure 1 Figure 2

Writing N (dld), N(drd),--- for the number of appearances of the different direction vectors, we have
that N(dlu) =1 (dlu is the last triplet of which appears exactly one single time) and

N(dru) = N(urd) — 1 <n/2, N(drd) + N(dru) + N(uru) + N(urd) = n.
(for more details, see Ferrari et al. [4].)
We first observe that the occurrence of either uru, urd, or drd can be upper bounded by §. This is

due the fact that the probability associated with uru or drd is ﬁ and that of urd is %. In the

same way, we observe that the occurrence of either dld, ulu or dlu can be upper bounded by 1. Indeed,
the associated probability with its directions is ﬁ. Therefore we obtain the following list of upper
bounds

ury occurs with probability at most §

urd occurs with probability at most ¢

drd occurs with probability at most §

dru occurs with probability at most 1

dld occurs with probability at most 1

ulu occurs with probability at most 1

dlu occurs with probability at most 1.

In the above list, we have upper bounded the probability associated with dru which is given by % =
by 1.
For a given contour having 4n edges, with n > 2, its probability is therefore upper bounded by

1
37

5N(drd)+N(uru)+N(urd) _ 5n—N(dru) < 5n/2
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Indeed, for each triplet we have 4 possible choices. The first entry of a given triplet is always fixed by
the previous triplet in the sequence, and for the first triplet D; the first entry is always .

Then, for n = 1, the probability of appearance of a contour of length 4 is equal to P(D; = urd) =
<
We also have, for n = 2, the probability of appearance of a contour of length 8 is equal to

P(D; = wlu, Dy = urd, D3 = drd) + P(Dy = ulu, Dy = uru, Ds = urd)+
P(D; = wru, Do = urd, D3 =dld) + P(Dy = urd, Dy = drd, D3 = dld) < 452,

Remark 7. In the above probabilities, we have not put the direction Dy = dlu because it is a certain
direction. It is common to all possible paths and its probability of occurrence is 1.

Therefore, a very approximate upper bound on the total number of possible triplets (Dy,- -+, Day,) is
given by 42" = 16™. We get for all § < ﬁ,

, L6/E)3
P(Tiy,py < 00) <0 +40% + 3 (16)"6™2 =5+ 46 + (16v/5)

= 1—16v/6

We set ¢ 2 6 — ¢(0) = 3 + 462 + L Then, P(T},,, < 00) < ¢(0).
As § — 0, ¢(0) — 0 which implies that there exists J. such that ¢(6.) = 1. As a consequence,

P(T,, < 00) <1,V0 <8 < de.
We therefore conclude that §. exists and 0 < §. < 1.

4.1. Some simulations. We simulate the state X () in the stationary regime for a fixed neuron ¢ € Z
at time 0 and estimate its density. The main purpose of this simulation is to have an idea about the
theoretical distribution of X(7) in its stationary regime and whether this distribution is impacted by
the specification of F*.

We denote by D the set of neurons which belong to a clan of ancestors of neuron ¢ at a time ¢ or to its
neighborhood.

To do this, we apply the following algorithm:

(1) Initialize the family V _,; of non empty neighborhoods of the neuron ¢
(2) Initialize C§ = i the clan of ancestors of neuron i at time ¢ = 0.
(3) For all time ¢ > 0 we let C} the clan of ancestors of neuron i at time ¢

(4) While |C}| > 0 (where |C{| denotes the cardinality of C}) do
-Determine the next jump time t,.,+ > t in the clan of ancestors of neuron i at time t,¢.+
and in Oeue(clan), the correspondant neuron j and the nature of jump
- If neuron j € Cf and the jump is sure, then C; = Cj\ {i}
- If j € C? and the jump is possible Cfnm =C!
-If j € V(C}) (where V(C}) == UjeciV.—;) and the jump is sure, then Ci
-If j € V(C}) and the jump is possible C; = C{U{j}
- We update t < t,eqt

xt
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end While.

(5) We determine the chronological list of the different jump times from 0 to the last time which
makes the clan empty.
- For each of these jump times, we indicate the associated neuron and the nature of the
jump.
- If the jump is sure, we simulate a random state following a distribution F* at the neuron
associated with this jump time.

(6) We set m = oo. While m > 0 do
- Let m be the rank of the last possible jump time T, of D in the chronology of jump times.
Let k be the neuron associated with this jump.

(7) We determine the rank r of the last certain jump time 7;. > T, of k in the chronology of jump
times. The state of k is determined recursively from its state at time 7, to its state at time
T,, as follows:

-Forse{l,---,r —m—1} let x = state of k at time T,._441 .

- Let dt =T,_441 — T;—s and j the neuron associated with the jump time 7)._s. The state
of k at time T)_g is 2% 4, () + Wk * 1{sure jump of j at 7,_,} With W;_,x the inhibition weight
of j on k.

- We determine rather the occurence is effective or not of the jump of k at time T,,, thanks
to its state at time T}, 1. *

- If the jump is effective, we simulate a random state for k at time T, following a dis-
tribution F?*. Otherwise, we determine the state of k at time T, as zr, _7,, ,,(z) where
x = state of k at time T},,+1. Let m be the new rank of the last possible jump time of D and

repeat the procedure.
end While.

Remark 8. After this step, we know the exact nature of all jumps.

(8) Determine for neuron i its first safe jump time T,, where n is the rank of this time in the
chronology of jump times.

(9) The state of neuron 7 is determined recursively from its state at time T}, to Ty as follows:
- For s € {1,--- ,n — 1} let & = state of neuron ¢ at time T}, 541.
- Let dt =T,,—s41 — Tr—s and j the neuron associated with the jump time 7,,_,. The state
of neuron i at time Ty, is 2”3, () + Wi * Lisure jump of j at T,_,} With Wj_,; the inhibition
weight of j on 1.
Remark 9. The last value determined is the initial state of neuron i.
In the three following examples we consider o;(z) = x, () = 3 + L{z<9y, Wi; = 1. To verify if the
distribution of inhibition state depends on the distribution F?, we consider three different distributions
for F' that are £(1), £(10) and 0.55; +0.552. We simulate, with the algorithm described above N = 1000

values for the inhibition state . We then estimate non parametrically the distribution of the inhibition
state in these three cases of distribution F* and we compare them.

The stationary distribution of the process in the three following cases seems to be continuous. We do
not provide a proof here, this is outside the scope of this paper.

IThe jump occurs with a Bernoulli distribution with parameter (B 4, (x) — B/ (B* — B.)
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Density of X_0 (i) with F=Exp (1) Density of X_0 (i) with F=Exp (10)
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We can remark that the distribution of state of inhibition Xy (¢) in stationary regime is concentrated
in the interval (0,4) when F* = £(1) whereas this distribution is rather concentrated on the interval
(20000, 40000) when F* = £(10). This shows that these two distributions of state X(i) are different.

0.0 0.1 0.2 0.3 04 05 06

In this example, the distribution of the state of inhibition X((¢) in stationary regime seems to be
continuous although F* is discrete. We do not provide a proof here, this is outside the scope of this
paper. We observe two local extrema at 1 and 2 which are linked to the jumps because of the Dirac.
These extrema suggest that jumps are very frequent in this process.
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