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An optimal partition problem for the

localization of eigenfunctions

Guy David∗ and Hassan Pourmohammad

October 25, 2021

Abstract

We study the minimizers of a functional on the set of partitions
of a domain Ω ⊂ R

n into N subsets Wj of locally finite perimeter in

Ω, whose main term is
∑N

j=1

´

Ω∩∂Wj
a(x)∂Hn−1(x). Here the positive

bounded function a may for instance be related to the Landscape
function of some Schrödinger operator. We prove the existence of
minimizers through the equivalence with a weak formulation, and the
local Ahlfors regularity and uniform rectifiability of the boundaries
Ω ∩ ∂Wj .
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1 Introduction

The main theme of this paper is the elementary existence and regu-
larity theory for partitions of a domain Ω that minimize a functional
whose main term is the integral of a given function a on the total
boundary of the partition; see (1.3).

Its initial motivation comes from the localization of eigenfunctions
for Shrödinger operators L = −∆+V on a domain Ω ⊂ R

n, in relation
to the so-called landscape function introduced in [FM]. The landscape
function (some times also called torsion function) is the solution w of
Lw = 1 on Ω, with the Dirichlet condition w = 0 on R

n \ Ω, and
the main point of [FM] is that w often controls the eigenfunctions of
L, both in the sense that there is a pointwise inequality of the type
u(x) ≤ Cλw(x) when Lu = λu, but also because in many practical
cases w is localized in certain regions of Ω, and the eigenfunctions u,
with not too high eigenvalues, also turn out to be localized in the same
regions.

It seems interesting to find algorithms that, given w, find a col-
lection of regions where w is localized and hence it is hoped that the
eigenfunctions live too. Of course it is tempting do this by minimiz-
ing a functional. Most often, in practical calculations, various forms
of watershed algorithms have been used. The clear advantage of such
methods is that they are often very fast, but one can argue that in
some cases the description of valleys for −w is perhaps not optimal.

The issue was taken in [DFJM], where a minimizing process was
proposed involving the search for optimal free boundaries, as in the
Alt-Caffarelli-Friedman problem [ACF], and its regularity studied.
This gave interesting practical results too, but the functional was not
much used for the localization of eigenfunctions since then, because
the computations tend to be very long. Here we intend to use a dif-
ferent scheme that uses almost minimal partitions, i.e., relies on a
functional whose main term measures a weighted version of the total
area of the interfaces. This is simpler and more direct (and probably
can be computed much faster) than the free boundary problem, but
for some reason the authors of [DFJM] were distracted and focused
on free boundaries, and forgot about their initial attempt with surface
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measure. The two approaches have common features, such as the use
of many phases (many subdomains in our partitions) and an auxiliary
term (here called G).

The choice of a and G in relation with the localization of waves
will be discussed more in Section 2, but let us now describe the strong
form of the (slightly more general) functionals that we intend to study
in this paper. We are given a domain Ω ⊂ R

n, and an integer N ≥ 1
(a bound for the number of pieces that we want). We want to use a
functional F (defined soon) to decompose Ω into disjoint subregions
Wi, 1 ≤ i ≤ N . Our set of acceptable competitors will be the class
F = F(Ω) of N -tuples W = (W1,W2, . . .WN ), where the Wi, 1 ≤ i ≤
N , are Borel subsets of Ω such that

(1.1) Ω =

N⋃

i=1

Wi and Wi ∩Wj = ∅ for i 6= j.

That is, we consider partitions of Ω into N Borel subsets, but we allow
some of them to be empty. [We will systematically use bold letters
to denote N -tuples.] Then we want to minimize on F the functional
J = Js defined by

(1.2) Js(W) = Fs(W) +G(W),

where the main term Fs involves the total weighted surface measure of
the interfaces, and G can be seen as a more stable bulk integral whose
main goal may be to prevent the minimization by trivial solutions.
For the definition of Fs, we give ourselves a positive function a on Ω,
and set

(1.3) Fs(W) =

N∑

i=1

ˆ

Ω∩∂Wi

a(x)∂Hn−1(x),

where Hn−1 denotes the Hausdorff measure of co-dimension 1 (think
about surface measure) and ∂Wi is (usual) boundary of Wi. We could
also set

(1.4) ∂(W) = Ω ∩
N⋃

i=1

∂Wi

and use

(1.5) F̃s(W) =

ˆ

∂(W)
a(x)∂Hn−1(x);
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as we shall see near Corollary 5.2, this is roughly equivalent.
Concerning the bulk part G(W), we shall explain in Section 2

why some term like this is needed to avoid too trivial solutions, but
the main properties that we need for our existence and regularity
results are that that the variations of G are smaller than the expected
variations of Fs. We will settle on the following Hölder regularity in
terms of the Wj (in the L1 norm): we will assume that there exists an
exponent α ∈ (n−1

n
, 1] and a constant C ≥ 0 such that

(1.6)
∣∣H(W) −H(W′)

∣∣ ≤ C
∑

i=1

∣∣Wi△W ′
i

∣∣α,

where W = (W1, . . .WN ) and W′ = (W ′
1, . . . W

′
N ), we denote by

A△B the symmetric difference (A \ B) ∪ (B \ A), and |A| stands for
the Lebesgue measure of the set A.

The main point of (1.6) is even weaker than this: we want to make
sure that when W and W′ are the same except on some ball of radius
r, then |H(W)−H(W′)| ≤ Crβ for some β > n−1, so that minimizers
for Js are what we shall call quasi- or almost minimizers for Fs alone,
which is enough for our regularity results.

The strong functionals Js and J̃s are simple to define, but it is well
known that existence results are then hard to establish directly, and
that for this it is better to use weak functionals, where the partitions
are defined in terms of sets of finite perimeter (Caccioppoli sets), and
the functional uses BV (bounded variation) norms. So we shall in-
troduce a related weak functional Jw, prove existence results for Jw
(see Section 3), and later on prove that this functional is equivalent
to our initial strong functionals, in the sense that modulo a little bit
of cleaning for the minimizers of Jw, the weak and strong function-
als have the same minimizers. We shall do this in Section 5, after
we prove the basic (but very useful) Ahlfors regularity results for the
boundary associated to minimizers of Jw (see Section 4).

After this, we will be allowed to use the equivalence of the weak and
strong functionals and discuss their regularity equivalently in either
setting.

Returning to the existence result (Theorem 3.1 in Section 3), we
will get it under the assumptions that Ω is bounded, a is continuous
and positive on Ω, and the bulk term G is bounded and continuous
for the L1-distance of sets (see (3.4)).

Then the main estimate is probably the local Ahlfors regularity
of the boundaries of minimizing partitions. Think about the strong
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functional to simplify the discussion, but the properties are proved first
for the minimizers of Jw. We will only prove local estimates in Ω (so
as to get more flexibility if needed and not worry about the regularity
of Ω or uniform estimates on a), and assume the Hölder continuity of
the bulk term G (as in (1.6); see the main assumption (3.4)), and local
lower and upper bounds on a; see (4.7). Then we will get good local
Ahlfors regularity bounds (4.8) on the total (reduced) boundary (the
union of the (reduced) boundaries of the Wi), that depend only on the
parameters at hand, but not the number N of pieces. See Theorem
4.2. We shall also prove Ahlfors regularity bounds on the individual
boundaries of the Wi, but so far with bounds that depend on N ; see
Theorem 4.4.

The equivalence of weak and strong functionals will be proved in
Section 5, after we describe how to clean a minimizer W ∈ Fw to
replace the Wi with equivalent open sets, whose boundaries ∂Wi are
contained, modulo an Hn−1-negligible set, in the corresponding re-
duced boundaries ∂∗Wi.

Section 6 contains the next expected step, where we prove that the
clean boundary ∂(W) of a minimizer W is locally uniformly rectifi-
able, and even satisfies S. Semmes’ Condition B; the same is even true
for the individual boundaries ∂W ♯

i of the (equivalent open) pieces, but
with an estimate that depends on N . See Theorem 6.1. With a little
more work, we show that the W ♯

i have a nice shape, in the sense that

some local isoperimetric inequality is satisfied in W ♯
i . See Theorem

6.2, and the discussion that follows on the fact that this means a local
John estimate (on the existence of thick curves that allow to escape

from a point of W ♯
i .

In Section 7 we check that if in addition a is assumed to be (locally)
Hölder continuous, the clean boundary ∂(W) of a minimizer is a local
almost minimal set, as in [Al] and [Ta]. This allows one to use the
difficult regularity results obtained for such sets, and in particular, in
dimension n = 3, the beautiful local description of the W ♯

i and ∂(W)
of [Ta], where ∂(W) is shown to be C1+ε-equivalent to one of the three
minimal cones that show up in soap films.

We conclude the paper in Section 8 with a short list of open ques-
tions.

This paper is not the first one where functionals like Fs and Fw are
studied; for instance, they were used in [DS2] (but with only two pieces
Wi), with similar uniform rectifiability results, to find big pieces of
uniformly rectifiable sets inside sets that satisfy a topological condition

5



and a conflicting upper bound on Hausdorff measure. And in [Le],
functionals like Fw were studied, but more subtle because the price
of the interface between Wi and Wj comes from functions ai,j(x) that
depend on the pair (i, j). In this more complicated case the local
regularity results on the individual ∂Wi are still unknown, even when
N = 4.

The authors want to thank Gian Paolo Leonardi for interesting
discussions on [Le] and the related problem of infiltration.

2 More on the localization of waves

In this section we justify the idea of using a functional like Js above
to decompose a domain Ω into regions where the eigenfunctions of
Shrödinger operators operator L = −∆+V will tend to be supported.
We use the fact that these eigenfunctions are dominated by the land-
scape function w, i.e., the solution w of Lw = 1 on Ω, with the Dirich-
let condition w = 0 on the boundary (see [ADFJM1, ADFJM2]), and
thus try to decompose Ω into nice regions Wi where w is large, or
equivalently that look like valleys for the effective potential 1

w
. The

paper [DFJM] contains a description of one of the ways, apparently
indirect, to find such a decomposition with the help of the free bound-
ary problem. Here we propose a more classical and simpler approach,
where we try to obtain that the boundaries ∂Wi are both rather short
and tend to pass through the places where w is small by forcing the
decomposition to minimize a functional Js whose main term Fs is of
the form Fs(W) =

∑N
i=1

´

Ω∩∂Wi
a(x)dHn−1(x) (as in (1.3)), where a

is a continuous functions that is small when w is small. For instance,
we could take a(x) = δ + w(w), but we did not test options numeri-
cally and other choices could perform better. The reason for adding
a small constant δ > 0 is that w is positive on Ω, but vanishes on the
boundary because of its definition with a Dirichlet boundary condi-
tion. We usually do not want the region near ∂Ω to play a special role
in the computations, so it seems reasonable not to look for trouble
by allowing a to be too small (we will see that our regularity esti-
mates may deteriorate where a is too small). On the other hand, the
standard regularity results for elliptic operators say that w is Hölder-
continuous, and requiring a to be Hölder continuous will be enough
for us, so we do not need to do special efforts here.

If we just minimize Fs, something stupid happens: the minimal
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partition is just the trivial one where for instance W1 = Ω and all
the other Wi are empty, so that all the interior boundaries ∂Wi ∩ Ω
are empty. This disturbed the authors of [DFJM] for some time, until
they realized that it is easy to add another piece of functional G(W)
that prevents this, by favouring partitions W for which the Wi have
roughly equal volumes. So for instance, we could take

(2.1) H(W) =

N∑

j=1

h(|Wi|),

where h is a nice function that tends to be convex. This is what was
added (for instance) to the free boundary part of the functional in
[DFJM]. We could also use the function w itself to replace the volumes
|Wi| in (2.1) with some weighted integrals like

´

Wi
q(w(x))dx, for some

carefully chosen function q. We shall not try to optimize such choices
here; let us just observe that it is easy to ensure that they satisfy our
mild estimates on G.

Generally speaking, we did not do experiments and we shall not
try to optimize the various choices in the definition of Js, but let us
observe that a nice possibility is to also allow a special region W0 in
the partition, that we could call the black region, and where in fact
w is quite small and we expect the eigenfunctions to be small too.
This region could be treated differently than the other ones, typically
by replacing the contribution

´

Ω∩∂W0
a(x)dHn−1(x) with a smaller one

like δHn−1(Ω∩∂W0) (we still want the boundary to be nice, so we put
a little bit of surface measure in the functional anyway, but maybe this
is not even needed because Ω∩∂W0 will contribute indirectly because
it is covered by the other ∂Wj).

We refer the reader to Section 2 of [DFJM] for a more detailed
description of our motivations in regard to the localization problem,
and the role of G(W).

3 The weak functional Jw

We now introduce the weak form of our functionals Fw and Jw. We
consider a fixed bounded domain Ω ⊂ R

n, and call P(Ω) the set
of Borel subsets W ⊂ Ω that have a finite perimeter in Ω. This
means that the Borel function 1W (the characteristic function of W )
lies in BV (Ω), i.e., has bounded variation in Ω. Or in other words,
the vector-valued distribution ∇1W is a finite measure (in Ω; we do
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not look at what happens on ∂Ω). We can write this measure as
∇1W = vdµW , where v is a Borel vector valued function and µW is a
finite positive Borel measure on Ω, often denoted by |D1W | and called
the total variation measure of the (distribution) derivative D1W .

For any open set U ⊂ Ω, we shall denote by

(3.1) Per(W,U) = µW (U) =

ˆ

U

|D1W |

the perimeter of W in Ω. For this and other information on BV
functions and Caccioppoli sets, we refer to [AFP] or [Gi].

Since this will not cost us much, we shall also work with the set
Ploc(Ω) of Borel sets W ⊂ Ω such that the restriction of W to any
open set U ⊂⊂ Ω (i.e., whose closure in R

n is a compact subset of Ω)
lies in P(U). Those are also the sets W such that ∇1W is a locally
finite measure on Ω; we can keep the same notation for µW and its
description, even though µW is no longer a finite measure.

Let N ≥ 1 be given. Denote by Fw the class N -tuples W =
(W1, . . . ,WN ), where each Wi, 1 ≤ i ≤ N , is a set of locally finite
perimeter in Ω, and in addition

(3.2) 1W =
N∑

i=1

1Wi
.

We write the fact that the Wi form a partition of Ω this way, to
insist on the fact that now we shall identify two subsets of Ω that differ
only by a set of measure 0. That is, Fw is in fact an equivalence class
modulo negligible sets. Our functionals Fw and Jw will be defined on
Fw, which means in particular that Jw(W) = Jw(W

′) when W = W′

modulo sets of Lebesgue measure 0; this was not the case for Js and
Fs.

We are now ready to define our functionals Fw and Jw on Fw.
Let a : Ω → (0,+∞) be a positive function on Ω. For W ∈ Fw, we
systematically set W = (W1, . . . ,WN ), and use the positive (locally
finite) measure µWi

= |D1Wi
| as above. Then set

(3.3) Fw(W) =
N∑

i=1

ˆ

Ω
a(x)dµWi

(x)

for W ∈ Fw; notice that Fw(W) may be infinite, but it is well defined.
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As for G, for this section we shall simply assume that it is defined
on Fw and continuous for the L1 distance. That is, set

(3.4) dist (W,W′) =
N∑

i=1

∣∣Wi△W ′
i

∣∣

where W = (W1, . . . WN ), W′ = (W ′
1, . . . W

′
N ), and we let

(3.5) Wi△W ′
i = (Wi \W

′
i ) ∪ (W ′

i \Wi);

we only require that for W ∈ Fw,

(3.6) lim
k→+∞

G(Wk) = G(W)

when {Wk} is a sequence in Fw such that limk→+∞ dist (Wk,W) = 0.
Finally we set as expected

(3.7) Jw(W) = Fw(W) +G(W) for W ∈ Fw(Ω).

Theorem 3.1. Let Ω, a, G, and Jw be as above. Assume that Ω
is bounded, that a is continuous and a(x) > 0 on Ω, and that G is
bounded on Fw and continuous for the distance of (3.4). Then we can
find W0 ∈ Fw(Ω) such that

(3.8) Jw(W0) ≤ Jw(W) for W ∈ Fw(Ω).

This will be a standard application of the compactness properties
of BV functions. We need the continuity of a here (or at least its lower
semi-continuity) because we want Fw to be be lower semi-continuous.

Let Ω, a, G, and Jw be as in the statement, and setm = infW∈Fw Jw(W);
notice thatm ≤ Jw(W00) = G(W00) < +∞, whereW00 = (Ω, ∅, . . . , ∅)
and because Fw(W00) = 0. Let {Wk} be a minimizing sequence in
Fw. We assumed that G is bounded because we do not want any use-
less complication; since Ω is bounded, this would easily follow if we
required G to be uniformly continuous for the distance of (3.4), for
instance. Because of this, we can findM such that −M ≤ G(W) ≤ M
for W ∈ Fw, and now for k large,
(3.9)
Fw(Wk) ≤ Jw(Wk)+M ≤ m+1+M ≤ Jw(W00)+1+M ≤ 2M +1,

where W00 = (Ω, ∅, . . . ∅) is the trivial competitor with no bound-
aries. Thus we have a control on the boundaries. Write Wk =
(W1,k, . . . ,WN,k).
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For each ball B ⊂ Ω such that 2B ⊂ Ω, the continuity of a gives a
constant δB > 0 such that

(3.10) a(x) ≥ δB for x ∈ B.

Then for k large,

(3.11)

N∑

i=1

Per(Wi,k;B) ≤
(
inf
B

a
)−1

N∑

i=1

ˆ

B

a(x)dµWi,k
(x)

≤ δ−1
B Fw(Wk) ≤ δ−1

B (2M + 1).

This means the functions 1Wi,k
are a bounded family in BV (B). These

functions are also all bounded by 1 pointwise, and by a standard con-
sequence of the Poincaré inequality, they form a relatively compact
set in L1(B) (for the norm). Because of this, we can extract a subse-
quence, that we still denote by {Wk}, such that for every ball B as
above, functions 1Wi,k

converge to a limit gi in L1(B). In addition, we
can even find a subsequence that converges pointwise, the limit gi does
not depend on B, it is the characteristic function of some Wi ⊂ Ω,
and also

∑
i 1Wi

= 1Ω almost everywhere.
Next we use the lower semi-continuity of the BV norm, which says

that for each ball B as above and each i, Per(Wi;B) ≤ lim infk→+∞Per(Wi,k;B).
In particular, Wi ∈ Ploc(Ω) and hence W ∈ Fw. But also, since a is
continuous (lower semi-continuous would have been enough here), we
also get that

(3.12)

ˆ

B

a(x)dµWi
(x) ≤ lim inf

k→+∞

ˆ

B

a(x)dµWi,k
(x).

This is also true, for the same reason, when we replace B by any open
set which is compactly contained in Ω, and, by taking an increasing
sequence of open sets that exhausts Ω, with B replaced by Ω.

We still need to prove that W is a minimizer, i.e., that Jw(W) ≤
m. But we already know from (3.12) that Fw(W) ≤ lim infk→+∞ Fw(Wk),
and since Ω is bounded, the fact that Wi,k converges in L1(K) to Wi

for each compact set K and each index i implies that dist (Wk,W )
tends to 0 and, by assumption, G(W) = limk→+∞G(Wk). We sum
the two estimates and get that Jw(W) ≤ lim infk→+∞ Fw(Wk) ≤ m,
as needed.
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4 The reduced boundary is Ahlfors reg-

ular

In this section, we introduce the reduced boundaries associated to an
acceptable partition W = (W1, . . . ,WN ) ∈ Fw, and prove Ahlfors
regularity results for them when W minimizes Jw. We start with the
definition and basic properties of the reduced boundaries.

Each Wi is a set of locally finite perimeter in Ω, so it has a reduced
boundary, that we shall denote by ∂∗Wi or simply ∂∗

i , and which is a
rectifiable subset of Ω (we still don’t look at what happens on ∂Ω).
We refer to [AFP, Gi] for general information on reduced boundaries,
but let us recall the most important features. First of all, the total
variation measure µWi

= |D1Wi
| is given by

(4.1) µWi
= Hn−1

|∂∗

i
,

where Hn−1
|∂∗

i
denotes the restriction to ∂∗

i of the Hausdorff measure.

More precisely, we know that for Hn−1-almost every x ∈ ∂∗
i , ∂

∗
i has

an approximate tangent plane Pi(x) at x, and there is a (measurable)
way to choose a unit normal vector ni(x) (in fact, pointing inwards)
so that

(4.2) ∇1Wi
= ni(x)H

n−1
|∂∗

i
= ni(x)µWi

,

where the gradient is in fact a vector valued distribution; we happily
mix gradients and differentials here.

By definition of ∂∗
i , we have a nice asymptotic description of Wi,

as being close to a half space bounded by P (x), and more precisely

(4.3) lim
r→0

r−n
∣∣{y ∈ Wi ∩B(x, r) ; 〈y − x, n(x)〉 ≥ 0

}∣∣

= lim
r→0

r−n
∣∣{y ∈ B(x, r) \Wi ; 〈y − x, n(x)〉 ≤ 0

}∣∣ = 0,

so that in particular Wi and its complement both have Lebesgue den-
sity 1/2 at x. This information will be useful when we merge two sets
Wi locally, and need to compute the effect on the ∂∗

i .
The ∂∗

i are our analogues of the ∂Wi for the strong functional, and
their union

(4.4) ∂∗ = ∂∗(W) =
⋃

i∈I

∂∗
i
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will be the first important object of study. Before we state our first
Ahlfors regularity result, let us say a bit more on the structure of ∂∗

and the ∂∗
i .

Lemma 4.1. Let W ∈ Fw be given. For Hn−1-almost every x ∈ ∂∗,
x lies in exactly two of the sets ∂∗

i , 1 ≤ i ≤ N . Consequently, the
functional Fw of (3.3) is also given by

(4.5) Fw(W) = 2

ˆ

∂∗

a(x)dHn−1(x).

Indeed, it is classical (see [Gi]) that the reduced boundary ∂∗
i co-

incides, modulo a set of vanishing Hn−1-measure, with the measure-
theoretic boundary of Wi (in Ω), which can defined for instance as

the set ∂♯
i of points of Ω where both Wi and its complement have a

positive upper Lebesgue density; the main ingredient for this is the
fact that if x ∈ ∂♯

i , the Poincaré inequality implies that the lower den-
sity of µWi

at x is positive. Now if x ∈ ∂∗
i , then the definition says

that the density of Wi at x is precisely 1/2, which means that we can

find j 6= i such that x ∈ ∂♯
j , hence, H

n−1-almost surely, x ∈ ∂∗
j . The

density at x of both sets Wi and Wj is 1/2 (by (4.3)), and so x does

not lie in any other ∂♯
k or ∂∗

k . So almost every x ∈ ∂∗ lies in exactly
two sets ∂∗

i , and now (4.5) is the same as (3.3).
We now state our main Ahlfors regularity estimate.

Theorem 4.2. Let Ω, a, G, and Jw be as above. Assume that Ω is
bounded, and that G is Hölder continuous on Fw for some exponent
α ∈ (n−1

n
, 1] (and for the distance of (3.4)), which means that there

exists Cα ≥ 0 such that

(4.6)
∣∣H(W) −H(W′)

∣∣ ≤ Cα dist (W,W′)α for W,W′ ∈ Fw,

as in (1.6). Also let Ω′ ⊂ Ω be open, and assume that we can find
δ > 0 such that

(4.7) δ ≤ a(x) ≤ 1 for x ∈ Ω′.

Finally suppose that W ∈ Fw(Ω) minimizes Jw in the class Fw(Ω).
Then there is a constant Car ≥ 1, which depends only on n, δ, α, and
Cα, such that for x ∈ Ω′ ∩ ∂∗ and 0 < min(1, dist (x, ∂Ω′)),

(4.8) C−1
ar r

n−1 ≤ Hn−1(∂∗ ∩B(x, r)) ≤ Carr
n−1.
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We are mostly interested in Ω′ = Ω, but we want to allow the case
when a only satisfies (4.7) locally. The assumption that a(x) ≤ 1 is
essentially a renormalization (we could also let a tend to +∞ in some
places near ∂Ω, but then we could apply the theorem to a slightly
different functional). Similarly, we take r ≤ 1 to be able to compare
the two pieces of the functional that have different homogeneities and
get a constant that does not depend on r (or W as long as it is a
minimizer). We do not need a to be continuous here (but then the
existence may fail).

We shall see later that (4.8) is important, first because it is the pil-
lar of the comparison between the strong and weak functional, but also
because its proof is the main initial ingredient for our other regularity
results. Later in this section, we will prove a local Ahlfors regularity
estimate for the ∂∗

i individually, (and even later look for more precise
regularity results for the ∂∗

i ), but the constants will depend on N .
The proof below follows the same path as classical results in sim-

ilar settings; see for instance [DS2, Le]. We will see that somewhat
weaker minimality properties of W (of almost- or quasi-minimality)
are enough for the conclusion, which is why we will try now to single
out the main features of the proof.

We intend to test the minimality ofW by constructing competitors
X ∈ Fw(Ω), which coincide with W outside of a given ball B such
that B ⊂ Ω′, and which will be obtained by pouring some sets B∩Wi

into other sets Wℓ. Set I = {1, 2, . . . , N}; this will be more convenient
because we often want to cut I into subsets. Then let B = B(x, r) ⊂
Ω′ be given, and also choose a proper subset I0 of I and, for each
i ∈ I0, a target index ℓ(i) ∈ I1 := I \ I0. We want to pour each
Wi ∩ B, i ∈ I0, into the target piece Wℓ(i), and more precisely we
define a new competitor X = (X1, . . . ,XN ) by

(4.9) Xi = Wi \B for i ∈ I0

and

(4.10) Xℓ = Wℓ ∪
( ⋃

i∈I0;ℓ=ℓ(i)

Xi ∩B
)

for ℓ ∈ I1.

Note that the Xj also form an almost-everywhere partition of Ω,
like the Wi, and X ∈ Fw because we only moved the sets B∩Wi from
one component to another one, and it is known that finite unions or
intersections of sets of finite perimeters have the same properties. We

13



will need to check what happens to the various pieces of the reduced
boundaries ∂∗

i .
We start with a description of the new total reduced boundary

∂∗(X) associated to X in B. We start with its restriction to (the
interior of) B. We are mostly interested in the case when x ∈ ∂∗

i ∩ ∂∗
j

disappears from ∂∗, i.e., no longer lies in any ∂∗Xk, and this happens
(modulo a Hn−1-negligible set of exceptions) when i ∈ I0 and j = ℓ(i),
or symmetrically when j ∈ I0 and i = ℓ(j), or when both i and j lie
in I0, and ℓ(i) = ℓ(j). No point of ∂∗(X) =

⋃
k∈I ∂

∗Xk appears in B,
so, modulo a set of vanishing Hn−1-measure,
(4.11)

∂∗(X∩B) ⊂ ∂∗∩B\

(( ⋃

i∈I0

∂∗
i ∩∂

∗
ℓ(i)

)
∪
( ⋃

(i,j)∈I2
0
;j 6=i and ℓ(i)=ℓ(j)

∂∗
i ∩∂

∗
j

))
.

The other inclusion also holds (modulo a negligible set), but we don’t
need it so we leave its proof.

On Ω \B, the two sets ∂∗ = ∂∗(W) and ∂∗(X) coincide (because
we did not change anything in this open set), so we are left with the
set ∂∗(X) ∩ ∂B to analyse. For this it will be easier to assume that
the following additional condition on B is satisfied: for each i ∈ I,

(4.12) Hn−1-almost every point x ∈ Wi ∩ ∂B(x, r)

is a Lebesgue density point for Wi (in Ω).

For this property, we assume that we have chosen a representative Wi

for each Wi, so that
∑

i 1Wi
= 1Ω; then (4.12) makes sense. The set of

radii r > 0 for which (4.12) holds may depend on our representative,
but anyway, for each choice of representatives Wi and each choice of
x, the set of r ∈ (0, dist (x, ∂Ω)) for which (4.12) fails is negligible,
by Fubini and because almost every point of Wi is a Lebesgue density
point for Wi.

Return to ∂∗ and ∂∗(X). Let r be such that (4.12) holds. By
assumption, Hn−1(∂∗ ∩ ∂B) = 0 (because the points of ∂∗

i are points
of density 1/2 for Wi, not Lebesgue points), but of course our cutting
procedure may introduce new boundaries for the Xi on ∂B. In fact,
for x ∈ ∂B such that x ∈ Wi and x is a density point of Wi, this
happens if and only if i ∈ I0, and then x ∈ ∂∗(Xi) ∩ ∂∗(Xℓ(i)). That
is, modulo a Hn−1-negligible set,

(4.13) ∂∗ ∩ ∂B = ∅ and ∂∗(X ∩ ∂B) =
⋃

i∈I0

Wi ∩ ∂B,

14



and more precisely

(4.14) ∂∗(Xi) ∩ ∂B = Wi ∩ ∂B for i ∈ I0

and

(4.15) ∂∗(Xℓ) ∩ ∂B =
⋃

i∈I0;ℓ(i)=ℓ

Wi ∩ ∂B for ℓ ∈ I1.

We shall return to this when we compare Fw(W) and Fw(X), but
let us first deal with the G-terms and compare G(W) with G(X).
Observe that since W and X coincide on the complement of B, (3.4)
yields
(4.16)

dist (W,X) =
N∑

i=1

∣∣Wi△Xi

∣∣ ≤
N∑

i=1

(
|Wi∩B|+|Xi∩B|

)
≤ 2|B| ≤ Crn,

and by (4.3)

(4.17) |G(X)−G(W)| ≤ Cα dist (W,X)α ≤ CαCαr
αn.

Since W is assumed to be a minimizer,

(4.18) Fw(W) = Jw(W) −G(W) ≤ Jw(X)−G(W)

= Fw(X) +G(X) −G(W) ≤ Fw(X) + CαCαr
αn.

Let us interpret this as a local almost minimality property.

Definition 4.3. Let γ > 0 and the constant Cγ ≥ 0 be given. We say
that W ∈ Fw(Ω) is a local almost minimizer for Jw, associated to the
gauge function h(r) = Cγr

n−1, when for each ball B = B(x, r) ⊂ Ω,
with r ≤ 1, and each X ∈ Fw(Ω) that coincides with X outside of B,

(4.19) Fw(W) ≤ Fw(X) + Cγr
γrn−1.

We picked α > n−1
n

precisely to make sure that γ = αn − (n −
1) > 0, so we just establishes in (4.18) that W is a local almost
minimizer for Jw, associated to the gauge function h(r) = Cγr

n−1,
with Cγ = CαCα. This is the only minimizing property that we need
for Theorem 4.2 (and we shall no longer need G).

Next we compare Fw(W) and Fw(X), and for this the only feature
of Fw that we need is the fact that δ ≤ a(x) ≤ 1 in Ω′, which contains
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B and hence the symmetric difference between ∂∗(W) and ∂∗(X).
That is,

Fw(X)− Fw(W) = 2

ˆ

∂∗(X)\∂∗(W)
a(x)dHn−1(x)− 2

ˆ

∂∗(W)\∂∗(X)
a(x)dHn−1(x)

≤ 2Hn−1(∂∗(X) \ ∂∗(W)) − 2δHn−1(∂∗(W) \ ∂∗(X))(4.20)

and by (4.19) (we keep the notation γ = αn−(n−1) and Cγ = CαCα),

2δHn−1(∂∗(W) \ ∂∗(X)) ≤ 2Hn−1(∂∗(X) \ ∂∗(W)) + Fw(W) − Fw(X)

≤ 2Hn−1(∂∗(X) \ ∂∗(W)) + Cγr
γrn−1(4.21)

or, with C ′
γ = (2δ)−1Cγ ,

(4.22) Hn−1(∂∗(W)\∂∗(X)) ≤ δ−1Hn−1(∂∗(X)\∂∗(W))+C ′
γr

γrn−1.

This is a form of quasiminimality of W for the Hausdorff measure,
and we shall not need more than this for the proof of Theorem 4.2 (or
Theorem 4.4 later). What we will do is pick various choices of balls
B, sets I0 ⊂ I, and mappings ℓ : I0 → I1 = I \ I0, and compute the
two sides of (4.22) to get valuable information.

For the proof of the upper bound in (4.8), we decide to pour all of B
into W1, say. That is, we take I1 = {1}, I0 = I \ I1, and take ℓ(i) = 1
for i ∈ I0. We get a competitor X such that ∂∗(X) ∩ B(x, r) = ∅
(because in B(x, r) ⊂ X1, so there is no boundary there), and of course
∂∗(X)∩∂B(x, r) ⊂ ∂B(x, r) trivially. Then Hn−1(∂∗(W)∩B(x, r)) ≤
Hn−1(∂∗(W) \ ∂∗(X)) ≤ Cδ−1rn−1 by (4.22), as needed.

For the lower bound in (4.8), we start with a ball B0 = B(x, r0) ⊂
Ω′, we suppose that r0 ≤ r00, where the small constant r00 will be
chosen soon, and that

(4.23) Hn−1(∂∗ ∩B0) < εrn−1
0

for some small enough ε (to be chosen soon), and we want to show by
induction that for k ≥ 1, if we set rk = 2−kr0 and Bk = B(x, rk), we
also have

(4.24) Hn−1(∂∗ ∩Bk) < skεrnk

with we shall choose s = 2−γ ∈ (0, 1). Then we will produce a contra-
diction.
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We start with r0, and choose ρ ∈ (9r010 , r0) such that the security
condition (4.12) holds for ρ. This is easy to do because (4.12) holds
for almost every ρ. Set D = B(x, ρ), take a second copy D′ of D, and
glue the two copies along ∂D to get a topological sphere D̃ = D ∪D′.
We do this so that we can apply Poincaré’s inequality to D̂ without
worrying about boundaries.

Next pick a proper subset I0 of I, and set W =
⋃

i∈I0
D ∩ Wi.

Notice that W is a set of finite perimeter, in D as well as in D̂, and
the union Ŵ of W and its copy W ′ ⊂ D′ is also of finite perimeter.
Notice that ∂∗W ∩D ⊂ ∂∗, we have a similar inclusion for ∂∗W ′∩D′,
and on ∂D we have no contribution from ∂∗Ŵ , because by (4.12)
almost every point of ∂D is a point of density 1 or 0 for W (in Ω),

hence also for Ŵ (for D̂, which we see locally as a tube around ∂D′,

maybe with a slightly different metric). Thus Ŵ has no perimeter on
∂D, and

(4.25) Hn−1(∂∗D̂) = 2Hn−1(∂∗D) ≤ 2Hn−1(∂∗ ∩B0) ≤ 2εrn−1
0 .

The Poincaré inequality in D̂ (proved exactly as in a ball or a sphere)
yields

(4.26) min(|W |, |D \W |) =
1

2
min(|Ŵ |, |B̂ \ Ŵ |)

≤ CPer(Ŵ ; B̂)
n

n−1 = CHn−1(∂∗D̂)
n

n−1 ≤ Cε
n

n−1 rn0

by (4.25). We choose I0 so that |W | ≤ 1
2 |B| (otherwise, pick the

complement I \ I0), but |W | is as close to 1
2 |D| as possible. Then the

minimum in (4.26) is |W |, and we get that

(4.27) |W | ≤ Cε
n

n−1 rn0 ≤ Cε
n

n−1 |D|.

Recall that |W | =
∑

i∈I0
|Wi ∩ D|; if ε is small enough, (4.27) says

that there is no Wi such that 1
10 |D| ≤ |Wi ∩ D| ≤ 9

10 |D|, and hence
(choosing I0 as above) all the numbers |D|−1|Wi ∩D| are very small,
except exactly one, which is very close to 1. Let us assume that
the large one corresponds to i = 1, and now (4.26) or (4.27) (with
I0 = I \ {1}) means that

(4.28) |D \W1| =
∑

i>1

|Wi ∩D| ≤ Cε
n

n−1 rn0 .
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We claim that we can choose a new radius r, with r1 < r < ρ, such
that (4.12) holds for r and

(4.29)

Hn−1(∂B(x, r) \W1) ≤ (ρ− r1)
−1

ˆ

r1<r<ρ

ˆ

∂B(x,r)\W1

dHn−1dr

= C(ρ−r1)
−1

∣∣(B(x, ρ)\B(x, r1))\W1

∣∣∣ ≤ Cr−1
0 |D−W1| ≤ Cε

n
n−1 rn−1

0

where the first inequality is possible by Chebyshev, the second one is
a baby version of the co-area formula where we replace a bulk integral
by an integral on spheres, and then we use (4.28). The additional
property (4.12) does not disturb, because it holds for almost all r.

We use B = B(x, r) to apply the construction of a competitor
X ∈ Fw described above, with I0 = I \ {1}. That is, all the small
components are poured into W1. Notice that with this choice, ∂∗(X)∩
B is empty (because now only X1 meets B), and so

(4.30) Hn−1(∂∗(X) \ ∂∗(W)) ≤ Hn−1(∂∗(X) ∩ ∂B)

≤ Hn−1(∂B \W1) ≤ C(skε)
n

n−1 rn−1
k

by (4.14) and (4.15). Then by (4.22)

(4.31)

Hn−1(∂∗ ∩B(x, r1)) ≤ Hn−1(∂∗ ∩B) ≤ Hn−1(∂∗(W) \ ∂∗(X))

≤ CHn−1(∂∗(X) \ ∂∗(W)) + C ′
γr

γ
0r

n−1
0 ≤ Cε

n
n−1 rn−1

0 +C ′
γr

γ
0r

n−1
0 .

That is, r1 satisfies (4.23) with ε replaced by ε1 = Cε
n

n−1 + C ′
γr

γ
0 .

We are now ready to prove (4.24) by induction. First choose ε so

small that Cε
1

n−1 ≤ 1
4 . When n = 1, we don’t need to do a choice; in

fact we could choose r so that the two points of ∂B lie in W1, and then
the term Cε

n
n−1 does not even exist; hence the strange power. Now

choose r00 so small that C ′
γr

γ
00 ≤

1
4ε. With these choices done, assume

that (4.24) holds for k (this is the case when k = 0) and prove it for
k+1. By induction assumption, and the same argument as above but
starting from rk and Bk, we get that rk+1 satisfies (4.23), with

(4.32) εk+1 = C(skε)
n

n−1 + C ′
γr

γ
k ≤ Cε

1

n−1 skε+ C ′
γ2

−kγrγ0

≤
1

4
skε+

1

4
2−kγε ≤ sk+1ε
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because we took s = 2−γ ≥ 2−1. Thus (4.24) holds for all k ≥ 0, and
in particular

(4.33) lim
ρ→+∞

ρ1−nHn−1(∂∗ ∩B(x, ρ)) = 0.

We claim that this is impossible for x ∈ ∂∗. Indeed for x ∈ ∂∗
i , (4.3)

says that for ρ small enough, we can find two balls B1, B2 ⊂ B(x, ρ), of
radius ρ/4, such that if mi,j denotes the average of 1Wi

on Bj, j = 1, 2,
mi,1 is as close to 1 as we want and mi,2 is as close to 0 as we want.
But by Poincaré’s inequality |mi,1 − mi,2| ≤ Cρ1−nµWi

(B(x, ρ)), so
Hn−1(∂∗ ∩B(x, ρ)) ≥ µWi

(B(x, ρ)) ≥ C−1ρn−1, in contradiction with
(4.33).

We may now summarize: we took B(x, r) as in the assumptions of
the theorem, assumed that (4.23) holds, and got a contradiction if ε
and r00 are chosen small enough. So (4.23) fails, and (4.8) holds for
r ≤ r00. We can easily extend this to r00 < r ≤ 1, say, simply by using
the result for r00 and multiplying the constant Car by r1−n

00 (but the
true invariant statement is rather to assume that r ≤ r00 and get the
first constant ε). This completes the proof of Theorem 4.2.

Theorem 4.2 is not always precise enough, because we also wish
to know that every Wi is individually nice. The following statement
gives some initial information about this.

Theorem 4.4. Let Ω, a, G, and Jw be as in Theorem 4.2. There
exists a constant CN , which depends only on n, δ, α, Cα, but also the
number of components Wi, such that if Ω′ ⊂ Ω is open, if

(4.34) δ ≤ a(x) ≤ 1 for x ∈ Ω′,

and if W ∈ Fw(Ω) minimizes Jw in the class Fw(Ω), then for 1 ≤ i ≤
N , x ∈ Ω′ ∩ ∂∗Wi and 0 < min(1, dist (x, ∂Ω′)),

(4.35) C−1
N rn−1 ≤ Hn−1(∂∗Wi ∩B(x, r)).

So none of the ∂∗
i can be too small locally. We did not need to

write the upper bound, because ∂∗ is larger.

Remark 4.5. Unfortunately our estimate depends on N . The au-
thor’s bet is that the same result also holds with a constant CN that
does not depend on N , but were not able to prove this. Similarly, there
should be an automatic regulation of the number of pieces, in the sense
that if Ω has a reasonable shape (so that a Poincaré inequality holds
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in Ω), and δ ≤ a(x) ≤ 1 in the whole Ω, and W ∈ Fw(Ω) minimizes
Jw in the class Fw(Ω), the number of pieces Wi such that |Wi| > 0
should be bounded by a constant N0 that depends only on n, δ, α, Cα,
and geometric constants related to Ω. A proof of this would need to be
more clever than the proof below, and bound the number of components
that really interact with a given one that we want to erase.

Remark 4.6. In [Le], G. Leonardi proves an analogue of Theorem
4.2 in the more general situation where Fw looks like

(4.36) Fw(W) = ai,j
∑

i,j∈I,i 6=j

Hn−1(∂∗
i ∩ ∂∗

j ),

where the coefficients ai,j are symmetric (ai,j = aj,i) and satisfy a
condition inspired of the triangle inequality that prevents thin layers
of some Wk to be incorporated between Wi and Wj so that the energy
of the interfaces diminishes. His proof is like the proof of Theorem
4.2, but with a beautiful extra argument of graph theory whose purpose
is to take into account the fact that when we pour Wi into Wℓ, some
of the old boundary ∂∗

i becomes a part of ∂∗
ℓ , so that in the functional

Fw(W) the corresponding multiplying coefficients ai,j are replaced by
aℓ,j. The same proof should also work with

(4.37) Fw(W) =
∑

i,j∈I,i 6=j

ˆ

∂∗

i ∩∂
∗

j

ai,jdH
n−1(x),

provided that the variable coefficients ai,j(x) are also Hölder continous.
We decided not to pursue this. As far as the authors know, it is not
known whether the natural variant of Theorem 4.4 in this context of
different coefficients holds, even with constant coefficients ai,j and only
N = 4.

The proof of Theorem 4.2 is easy (but the result is probably too
weak). We proceed as above, suppose that x ∈ ∂∗

i and r00 are such
that

(4.38) Hn−1(∂∗
i ∩B(x, r0) ≤ εrn−1

0 ,

just as in (4.23) but now we will allow ε and r00 to depend on N . We
choose ρ ∈ (9r010 , r0) as above, so that (4.12) holds for ρ, and now want
to apply the same argument as above, but where we just poor some
part of Wi alone into some other piece Wℓ. We consider DB(x, ρ), add
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a second copy D′ of D to D as above, to make a topological sphere D̂,
take W = D ∩Wi and glue a second copy W ′ to make a set of finite
perimeter Ŵ ⊂ D̂, and apply Poincaré’s inequality in D̂. We get, just
as for (4.25), that

(4.39) min(|W |, |D \W |) =
1

2
min(|Ŵ |, |B̂ \ Ŵ |)

≤ CPer(Ŵ ; B̂)
n

n−1 = CHn−1(∂∗
i D̂)

n
n−1 ≤ Cε

n
n−1 rn0 .

We start a discussion with the most likely case when |W | = |Wi∩D| ≤
1
2 |D|, which actually implies that |D|−1|Wi ∩ D| is very small. We
choose a new radius r, with r1 < r < ρ, such that (4.12) holds for r
and

(4.40)

ˆ

Wi∩∂B(x,r)
dHn−1 ≤ (ρ− r1)

−1

ˆ

r1<r<ρ

ˆ

Wi∩∂B(x,r)
dHn−1dr

= C(ρ−r1)
−1

∣∣(Wi∩B(x, ρ)\B(x, r1)
∣∣∣ ≤ Cr−1

0 |Wi∩D| ≤ Cε
n

n−1 rn−1
0

with the same justification as for (4.29). Recall from Lemma 4.1 that
modulo a Hn−1-negligible set, ∂∗

i is the union of the ∂∗
i ∩ ∂∗

j , j 6= i, so
we can choose j 6= i such that

(4.41) Hn−1(∂∗
i ∩ ∂∗

j ∩B(x, r)) ≥ N−1Hn−1(∂∗
i ∩B(x, r)),

and we decide to pour Wi∩B(x, r) into Wj. In the previous construc-
tion this amounts to taking I0 = {i} and ℓ(i) = j. Let X denote the
new competitor that we get; this time we do not add anyone to ∂∗ in
B = B(x, r), but we remove the whole set ∂∗

i ∩ ∂∗
j ∩ B(x, r), so we

save at least the right-hand side of (4.41) there. As before, we add the
new piece Wi ∩ ∂B to ∂∗

i and ∂∗
i , and we do not change ∂∗ on Ω \B.

Altogether, (4.14) and (4.15) now yield
(4.42)
Hn−1(∂∗(W) \ ∂∗(X)) ≥ Hn−1(∂∗

i ∩ ∂∗
j ∩B) ≥ N−1Hn−1(∂∗

i ∩B)

and

(4.43) Hn−1(∂∗(X) \ ∂∗(W)) ≤ Hn−1(∂∗(X) ∩ ∂B)

≤ Hn−1(∂B \W1) ≤ C(akε)
n

n−1 rn−1
k

by (4.14) and (4.15). Hence by (4.22)

(4.44)

Hn−1(∂∗
i ∩B(x, r1)) ≤ Hn−1(∂∗

i ∩B) ≤ NHn−1(∂∗(W) \ ∂∗(X))

≤ CNHn−1(∂∗(X)\∂∗(W))+C ′
γNrγ0r

n−1
0 ≤ CNε

n
n−1 rn−1

0 +C ′
γNrγ0r

n−1
0 .
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That is, r1 satisfies (4.38) with ε replaced by ε1 = Cε
n

n−1N +C ′
γr

γ
0N .

This should of course be compared to (4.31); we see that we only had
to multiply the right-hand side by N .

Before we can conclude as above, we still need to say what happens
when |W | = |Wi ∩ D| > 1

2 |D|, i.e. when Wi is the major part of D.
In this case we proceed exactly as in Theorem 4.2, i.e., choose r such
that (4.29) holds (with W1 replaced by Wi), pour all the other parts
Wj∩B, j 6= i, into Wi, and get (4.31), which is even better than (4.44)
by a factor N .

So we managed to prove (4.44), and now we can copy the induc-
tion argument and the rest of the proof of Theorem 4.2; Theorem 4.4
follows.

5 Clean representatives of weak mini-

mizers

In this section we take a minimizerW ∈ Fw(Ω) for the weak functional
Jw, for instance, and prove that we can clean it and get an equivalent
N -tuple W♯, where the W ♯

i are open. This will be used later to prove
that the weak and strong functionals are equivalent, and the argument
is rather standard in the business of weak functionals. We keep the
same notation as above concerning the reduced boundaries ∂∗

i = ∂∗Wi

and ∂ = ∪i∂
∗
i ⊂ Ω. Most of the discussion in this section does not use

the form of the functional, but only local Ahlfors regular estimates for
∂∗ like (4.8).

Proposition 5.1. Let W ∈ Fw(Ω) be such that for every compact set
K ⊂ Ω, there is a constant CK ≥ 1 such that for i ∈ I = {1, 2, . . . , N},
(5.1)
C−1
K rn−1 ≤ Hn−1(∂∗

i ∩B(x, r)) ≤ CKrn−1 for x ∈ ∂∗ ∩K and 0 < r ≤ 1.

Then

(5.2) Hn−1(Ω ∩ ∂∗
i \ ∂

∗
i ) = 0 for i ∈ I,

and we can find open sets W ♯
i , 1 ≤ i ≤ N , such that for i ∈ I,

(5.3) |Wi \W
♯
i | = |W ♯

i \Wi| = 0

and

(5.4) Ω ∩ ∂W ♯
i = Ω ∩W ♯

i \W
♯
i = ∂∗

i .
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If we only know (5.1) globally for ∂∗, we get still (5.3) and (5.4),
and instead of (5.2) we at least have

(5.5) Hn−1(Ω ∩ ∂∗ \ ∂∗) = 0.

Notice that the conclusion holds for minimizers of the weak func-
tional, or even when W lies in one of the classes of almost- and quasi-
minimizers alluded to in Definition 4.3 or near (4.22), since we then
have the conclusions of Theorem 4.2 or 4.4. Set

(5.6) ∂i = Ω ∩ ∂∗
i and ∂ = Ω ∩ ∂∗ = ∪i∈I∂i;

the main part of the proposition is (5.2) (or (5.5) if we only have (5.1)
for ∂∗), which we check now.

We prove (5.5); (5.2) would be the same (add an index i). It is
enough to check that Hn−1(B ∩ ∂ \ ∂∗) = 0 when B is a closed ball
such that 3B ⊂ Ω. Notice that then we can apply Theorem 4.2 on
B. Let ε > 0, and set µ = Hn−1

|2B∩∂∗
. Since by (4.8) µ is a Radon

measure, we can find a compact set K ⊂ ∂∗ such that µ(2B \K) ≤ ε.
Then let η > 0 be small, and for each x ∈ ∂ ∩ B \K, choose a small
ball B(x) = B(x, r(x)) such that 0 < r(x) < η/2 and B(x) ∩K = ∅.
Now use the standard 5-covering lemma of Vitali: there is an at most
countable set X ⊂ ∂ ∩B \K such that the balls B(x, r(x)/5), x ∈ X,
are disjoint, but the B(x) cover ∂ ∩ B \ K. Since ∂ = Ω ∩ ∂∗, each
B(x, r(x)/10 contains a point y ∈ ∂∗, and by (5.1) for ∂∗,
(5.7)
µ(B(x, r(x)/5)) ≥ µ(B(y, r(x)/10)) = Hn−1(∂∗∩B(y, r(x)/10)) ≥ C−1r(x)n−1.

Now

(5.8)
∑

x∈X

r(x)n−1 ≤ C
∑

x∈X

µ(B(x, r(x)/5)) ≤ Cµ(2B \K) ≤ Cε

because the balls B(x, r(x)/5) are disjoint and contained in 2B \K.
In terms of Hausdorff measure, this shows that Hn−1

η (∂∩B \K) ≤ Cε
(for the definition of Hn−1

η , see chapter 4 of [Ma]). Since η is as small
as we want, we get that Hn−1(∂∩B\K) ≤ Cε, and since ε is arbitrary,
Hn−1(∂ ∩B \K) = 0; (5.5) follows.

Now define the W ♯
i , i ∈ I, by

(5.9) W ♯
i =

{
x ∈ Ω \ ∂ ; |B(x, r) \Wi| = 0 for some r > 0

}
.
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These are clearly open sets, and we claim that

(5.10) Ω \ ∂ is the disjoint union of the W ♯
i , i ∈ I.

Indeed, let x ∈ Ω \ ∂ be given; by definition we can find r > 0 such
that B = B(x, r) is contained in Ω and does not meet ∂∗. Since the
Wi cover Ω, we can find i such that |Wi∩B| > 0. Now if |B \Wi| > 0,
we get for instance that

´

x∈B

´

y∈B |1Wi(x)−1Wi(y)|dxdy ≥ |Wi∩B||B\

Wi| > 0, and by Poincaré’s inequality µWi
(B) =

´

B
|D1Wi

| > 0. But
µWi

(B) = Hn−1(∂∗
i ∩ B) by definition of µWi

(B) and (4.1), and this

contradicts the fact that B does not meet ∂∗
i ⊂ ∂∗. So x ∈ W ♯

i , and
(5.10) follows.

Next we check the equivalence (5.3). If x ∈ Wi, then almost always

(by (5.5)) x ∈ Ω \ ∂, hence (by (5.9)) it lies in some W ♯
j . But x is

almost always a Lebesgue density point for Wi, so j = i and x ∈ W ♯
i .

Conversely, if x ∈ W ♯
i , some whole ball B(x, r) is (almost) contained

in Wi; but almost always x is a point of density of all the Wj that
contain it, and this forces j = i. Hence x ∈ Wi (because Ω = ∪jWj).

We still need to check (5.4). Let x ∈ Ω ∩ ∂W ♯
i = W ♯

i \W
♯
i . Every

small ball B(x, r) meets W ♯
i , so |Wi ∩ B(x, r)| > 0 (because W ♯

i is

open). On the other hand, x /∈ W ♯
i hence |B(x, r) \ Wi| > 0 so, by

the same proof using the Poincaré inequality as before, B(x, r) meets

∂∗
i . So ∂W ♯

i ⊂ ∂i. Conversely, if x ∈ ∂i, every ball B(x, r) meets ∂∗
i .

If y is any point of B(x, r) ∩ ∂∗
i and D is a tiny ball centered at y,

then |Wi ∩ D| > 0 and |D ∩ Wi| > 0 by definition of ∂∗
i (see (4.3)).

Then also |W ♯
i ∩ D| > 0 and |D ∩ W ♯

i | > 0 by (5.3), and x ∈ ∂W ♯
i .

Proposition 5.1 follows.

The N -tuple W♯ does not exactly lie is our set F of strong par-
titions, because it is not a partition. But we can easily find a true
partition Ŵ ∈ F , with the property that for i ∈ I,

(5.11) W ♯
i ⊂ Ŵi ⊂ Ω ∩W ♯

i

and then, because Ω ∩ ∂W ♯
i ⊂ ∂ has no interior and by (5.4)

(5.12) Ω ∩ ∂Ŵi = Ω ∩ ∂W ♯
i = Ω ∩ ∂∗

i .

Now we can compute the strong functional. Of course G(Ŵ) is the
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same for Jw and Js, so we are left with

(5.13)

Fs(Ŵ) =

N∑

i=1

ˆ

Ω∩∂Ŵi

a(x)∂Hn−1(x) =

N∑

i=1

ˆ

Ω∩∂∗

i

a(x)∂Hn−1(x)

=
N∑

i=1

ˆ

Ω∩∂∗

i

a(x)∂Hn−1(x) = Fw(Ŵ),

by (3.3), (5.12), and (5.2). The authors are not sure that there may
be circumstances where one can obtain (5.1) globally for ∂∗ but not
separately for each ∂∗

i , but if this is the case we can also use a variant
of Fs, namely

(5.14) F ♯
s (W) = 2

ˆ

∂(W)
a(x)∂Hn−1(x),

where ∂(W) = Ω ∩ (∪i∂Wi) as above. For this one, even if we only
have (5.1) for ∂∗,

(5.15) F ♯
s (Ŵ) = 2

ˆ

∂∗

a(x)∂Hn−1(x) = Fw(Ŵ),

by (5.5) and (4.5).
We are now ready to say that the weak and strong functionals are

equivalent.

Corollary 5.2. Let Ω be a bounded domain, a a continuous positive
function on Ω, and G satisfy the Hölder condition (4.6). Then the
functional Jw of (3.7) has a minimizer on Fw, and the associated

cleaner partition Ŵ constructed above minimizes the functionals Js
and J ♯

s on F . In particular,

(5.16) inf
W∈F

Js(W) = inf
W∈F

J ♯
s(W) = inf

W∈Fw

Jw(W) = Jw(Ŵ).

Also, if W0 is a minimizer of Js(W) or J ♯
s(W) in F , then it is also

a minimizer of Jw in Fw.

Notice first that the assumptions of Theorem 3.1 are satisfied, so
Jw has a minimizer in Fw. In addition, the assumptions of Theorem
4.4 are also satisfied, except for the fact that a(x) ≤ 1 on Ω, which
is not needed for the local Ahlfors estimate (see the remarks below
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the statement of Theorem 4.2, or simply follow the proof), so the ∂∗
i

satisfy the assumptions of Proposition 5.1, and we can construct the
clean representatives W♯ and Ŵ with the properties (5.14) and (5.15).

Then J ♯
s(Ŵ) = Js(Ŵ) = J ♯

w(Ŵ).
Now it should be observed that for any W ∈ P such that Js(W) or

J ♯
s(W) is finite, the Wi have locally finite perimeters, and Jw(W) ≤

Js(W), J ♯
s(W). This is because for any set A such that Hn−1(A) <

+∞, A has a finite perimeter and ∂∗A ⊂ ∂A; then we can use the
definitions and (4.5). Hence infW∈F Js(W) and infW∈F J ♯

s(W) are at

least as large as infW∈Fw Jw(W) = Jw(Ŵ). The rest of the corollary
follows.

6 Uniform rectifiability and isoperime-

try

In this section we consider a minimizer W of the functional Fw on Ω,
and assume as in Theorems 4.2 and 4.4 that G is Hölder continuous,
as in (4.6), and that on the open set Ω′ ⊂ Ω, we have the bounds (4.7)
on a.

We continue the description of the free boundary. In fact, we
shall find it more convenient to use the equivalent open sets W

♯
i of

Proposition 5.1 (defined by (5.9)), and the closed boundaries

(6.1) ∂i = Ω ∩ ∂∗
i = Ω ∩ ∂W ♯

i and ∂ = Ω ∩ ∂∗ = ∪i∈I∂i;

of (5.6) (see (5.3)). Recall from (5.2) that Hn−1(Ω ∩ ∂∗
i \ ∂∗

i ) = 0, so
we are not adding any mass when we replace ∂∗

i with ∂i, but having
a closed set is nicer. Because of Corollary 5.2, we could also have
considered a minimizer of Js or J ♯

s in F , and cleaned it as we have
cleaned weak minimizers in Section 5.

Recall that Theorems 4.2 says that ∂ is a locally Ahlfors regular
set in Ω′, and Theorems 4.4 says that the individual ∂i are also locally
Ahlfors regular sets in Ω′, but with bounds that depend on the number
N of pieces too. Our next step is to prove that these sets satisfy S.
Semmes’ Condition B, and hence are locally uniformly rectifiable.

Theorem 6.1. Let Ω ⊂ R
n, W ∈ Fw(Ω), ∂, and Ω′ be as above.

There exists a constant C1 = C1(n, α,Cα, δ) ≥ 1 such that for x ∈
∂ ∩ Ω′ and 0 < r ≤ min(1, dist (x, ∂Ω′)), we can find two indices
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i, j ∈ I, with i 6= j, and points xi ∈ W ♯
i and xj ∈ W ♯

j , such that

(6.2) Bi = B(xi, C
−1
1 r) ⊂ W ♯

i ∩B(x, r)

and Bj = B(xj, C
−1
1 r) ⊂ W ♯

j ∩B(x, r).

Moreover, there exists a constant C2 = C2(n, α,Cα, δ,N) ≥ 1 such
that for x ∈ ∂i ∩ Ω′, with i ∈ I, and 0 < r ≤ min(1, dist (x, ∂Ω′)), we

can find xi ∈ W ♯
i such that

(6.3) B(xi, C
−1
2 r) ⊂ W ♯

i ∩B(x, r)

As before, it could be that (6.3) also holds with a constant C2

that does not depend on N , but we shall not prove this. Condition
B was introduced in [Se], and by now we have various proofs of the
fact that for locally Ahlfors regular sets, it implies the local uniform
rectifiability of ∂ (or of the individual ∂i, with a worse constant), and
even that ∂ or the ∂i contain “big pieces of Lipschitz graphs”. See
[DS] for all the information that the reader could want on uniform
rectifiability; here we shall only consider this as good news, and shall
not comment further.

The proof will follow the same line as in [DS2]. We start with the
result with the two balls. Notice that we need N ≥ 2 for (6.4) to hold,
but this is all right because if N = 1, Ω = W1 and ∂ is empty.

Let (x, r) be as in the statement; without loss of generality, we can
assume that |B(x, r/2) ∩ W1| ≥ |B(x, r/2) ∩ W2| ≥ |B(x, r/2) ∩ Wi|
for i > 2. Let us first show that

(6.4) |B(x, r/2) \W1| ≥ εrn

for some ε > 0 that depends on n, α, Cα, and δ. If not, pick ρ ∈
(r/4, r/2), as we chose r near (4.29), such that (4.12) holds for ρ and

(6.5) Hn−1(∂B(x, ρ) \W1) ≤ Cr−1|B(x, r/2) \W1| ≤ Cεrn−1.

Then try the competitor X such that X1 = W1 ∪ B(x, ρ) and Xi =
Wi \ B(x, ρ) for i > 1. That is, pour the Wi ∩ B(x, ρ) into W1. The
accounting is the same as near (4.30): we save ∂∗ ∩ B(x, ρ), but we
may add B(x, ρ) \W1 to ∂∗, and also add
(6.6)
|G(W)−G(X)| ≤ Cα dist (W,X)α = Cα2

α|Wi∩B(x, ρ)|α ≤ CCαε
αrnα
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by (4.8). The minimality of W yields

(6.7)

Hn−1(∂∗ ∩B(x, ρ))) ≤ Cδ−1Hn−1(∂B(x, ρ) \W1) + CCαδ
−1εαrnα

≤ Cδ−1εαrn−1

because α > n−1
n

. If ε is small enough, this contradicts Theorem 4.2,
so (6.4) holds.

We also need to know that W1 is not too small, i.e., that

(6.8) |B(x, r/2) ∩W ♯
1 | = |B(x, r/2) ∩W1| ≥ εrn,

where the first part comes from (5.3). If not, then for each i, |B(x, r/2)∩
Wi| ≤ εrn, and by Poincaré’s inequality on the double of B(x, r/2),
and as (4.26), we have that for for each i ∈ I,

(6.9) |B(x, r/2) ∩Wi| = min(|B(x, r/2) ∩Wi|, B(x, r/2) \Wi|)

≤ CPer(Wi, B(x, r/2))
n

n−1 ≤ CHn−1(∂∗
i ∩B(x, r/2))

n
n−1

and hence

(6.10) Hn−1(∂∗
i ∩B(x, r/2)) ≥ C−1|B(x, r/2) ∩Wi|

n−1

n

= C−1|B(x, r/2)∩Wi| |B(x, r/2)∩Wi|
− 1

n ≥ C−1|B(x, r/2)∩Wi|ε
− 1

n r−1.

We sum this over i ∈ I, and get that
(6.11)∑

i∈I

Hn−1(∂∗
i ∩B(x, r/2)) ≥ C−1ε−

1

n r−1|B(x, r/2)| ≥ C−1ε−
1

n rn−1.

By Lemma 4.1, almost every point of ∂∗ lies in exactly two sets ∂∗
i , so

(6.12) Hn−1(∂∗ ∩B(x, r/2)) ≥ C−1ε−
1

n rn−1,

which contradicts the upper bound in (4.8) if ε is small enough. So
(6.8) holds too.

Let τ > 0 be very small (even smaller than ε), to be chosen soon,
and set

(6.13) Z =
{
y ∈ B(x, r/2) ; dist (y, ∂) ≤ τr

}
;

we want to show that

(6.14) |Z| ≤ Cτrn,
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where C depends on n, α, Cα, and δ, and for this we choose a maximal
family {zk}, k ∈ S, of points of Z at mutual distances larger than 4τr.
Since the balls B(zk, 2τr) are disjoint, and each one contains a ball of
radius τr centered at a point of B(x, 3r/4), we see that the number
M = #S of balls is such that

M ≤ C
∑

k∈K

(τr)1−nHn−1(∂∗ ∩B(zk, 2τr))

≤ C(τr)1−nHn−1(∂∗ ∩
[
∪k B(zk, 2τr)

]
)

≤ C(τr)1−nHn−1(∂∗ ∩B(x, r)) ≤ C(τr)1−nrn−1 = Cτ1−n.(6.15)

by (4.8). On the other hand, by maximality of S, the balls B(zk, 5τrk)
cover Z, so |Z| ≤ CM(τr)n ≤ Cρrn, as announced in (6.14).

If τ is small compared to ε, (6.8) implies that B(x, r/2) ∩ W ♯
1 is

not contained in Z, so we can find x1 ∈ B(x, r/2) ∩ W1 such that

dist (x1, ∂
∗) > τr. Then B1 = B(x1, ρr) ⊂ W ♯

1 ∩ B(x, r) (see (5.4)).
Similarly,
(6.16)∑

i>1

|B(x, r/2) ∩W ♯
i | =

∑

i>1

|B(x, r/2) ∩Wi| = |B(x, r/2) \W1| ≥ εrn

by (6.4), so we can find x2 ∈ B(x, r/2) ∩
[
∪i>1 W

♯
i

]
that does not

lie in Z, and then B2 = B(x2, ρr) is contained in the set W ♯
i , i ≥ 2,

that contains x2. This completes the first part of the theorem, with
C1 = τ−1.

Now we prove the second part. Let x ∈ ∂i ∩Ω′ and r > 0 be as in
the statement. We first check that

(6.17) |B(x, r/2) ∩W ♯
i | = |B(x, r/2) ∩Wi| ≥ εrn,

where now ε > 0 is allowed to depend on N too. Indeed, if not we can
choose ρ ∈ (r/4, r/2) as before, such that (4.12) holds for ρ and

(6.18) Hn−1(∂B(x, ρ) ∩Wi) ≤ Cr−1|B(x, r/2) ∩Wi| ≤ Cεrn−1.

Then try the competitor X obtained by pouring Wi ∩ B(x, ρ) into
another component Wj such that Hn−1(∂∗

i ∩ ∂∗
j ∩ B(x, ρ)) is largest,

so that

Hn−1(∂∗
i ∩ ∂∗

j ∩B(x, ρ)) ≥
1

N

∑

ℓ 6=i

Hn−1(∂∗
i ∩ ∂∗

ℓ ∩B(x, ρ))

=
1

N
Hn−1(∂∗

i ∩B(x, ρ))(6.19)
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where we used again the fact that almost every point of ∂∗ lies in
exactly two sets ∂∗

j . Now the accounting is that we save Hn−1(∂∗
i ∩∂

∗
j ∩

B(x, ρ)) (see (4.11)), we pay for the additional boundary ∂B(x, ρ) ∩
W ∗

i , and also

|G(W) −G(X)| ≤ Cα dist (W,X)α

= Cα2
α|Wi ∩B(x, ρ)|α ≤ CCαε

αrnα(6.20)

The minimality of W yields

Hn−1(∂∗
i ∩B(x, ρ))) ≤ CNδ−1Hn−1(∂B(x, ρ) \W1) + Cδ−1Cαε

αrnα

≤ CNδ−1εαrn−1.(6.21)

If ε is small enough, this contradicts Theorem 4.4, so (6.17) holds. And
again this implies the existence of xi such that (6.3) holds, because

(6.17) says B(x, r/2)∩W ♯
i cannot be contained in the set Z of (6.13),

if τ is chosen small enough (now depending on N too). Theorem 6.1
follows.

We continue the description of the minimizer W by saying that
the open sets W ♯

i have a rather round shape locally. We already know
from Condition B that they are not too small, since if x ∈ ∂i ∩ Ω′

lies at distance r from ∂Ω′, we can find a ball of size C−1
2 min(1, r)

near x that is contained in Wi. Now we want to say that near x,
W ♯

i is also reasonably round, which we will express in terms of local

isoperimetric inequalities in W ♯
i . We shall use the notation of (3.1)

for local perimeters of sets.

Theorem 6.2. Let Ω ⊂ R
n, W ∈ Fw(Ω), ∂, and Ω′ be as above.

There exists constants v0 = v0(n, α,Cα, δ,N) > 0 and C3 = C1(n, α,Cα, δ,N) ≥

1 such that if i ∈ I and Z ⊂ W ♯
i is a set of finite perimeter such that

Z ⊂⊂ Ω′ and |Z| ≤ v0, then

(6.22) |Z| ≤ C3Per(Z;W ♯
i )

n
n−1 .

We cannot allow |Z| to be too large, because Z could be the whole

set W ♯
i , which is allowed to be large by the G-term of the functional..

Of course the usual isoperimetric inequality says that

(6.23) |Z| ≤ CPer(Z)
n

n−1 = CHn−1(∂∗Z)
n

n−1 ,

so if (6.22) fails, this implies that Per(Z;W ♯
i ) = Hn−1(∂∗Z ∩ W ♯

i ) is
very small compared to Hn−1(∂∗Z), or equivalently that most of ∂∗Z

lies on ∂W ♯
i (recall that ∂∗Z ⊂ W ♯

i because Z ⊂ W ♯
i ).
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So we assume that (6.22) fails, and construct a competitor X by
pouring Z into some other set Wj . As usual, we choose j so that

Hn−1(∂∗
i ∩ ∂∗

j ∩ ∂∗Z ∩ ∂W ♯
i ) ≥

1

N

∑

j 6=i

Hn−1(∂∗
i ∩ ∂∗

j ∩ ∂∗Z ∩ ∂W ♯
i )

≥
1

N
Hn−1(∂∗Z ∩ ∂W ♯

i )(6.24)

because (5.4) says that ∂∗Z ∩ ∂W ♯
i ⊂ Ω ∩ ∂W ♯

i ⊂ Ω ∩ ∂∗
i , (5.2) says

that almost every point of Ω∩∂∗
i lies on ∂∗

i , and Lemma 4.1 says that
almost every point of ∂∗

i lies on some other ∂∗
j .

When we pour Z into Wj, we erase ∂∗
i ∩ ∂∗

j ∩ ∂∗Z ∩ ∂W ♯
i from the

reduced boundary of both Wi and Wj (see the proof of (4.11)). We
also add the set ∂∗Z ∩Wi to the reduced boundaries of Wj and Wi,
and as usual

(6.25) |G(W) −G(X)| ≤ Cα dist (W,X)α = Cα2
α|Z|α

and the minimality of W yields
(6.26)

Hn−1(∂∗
i ∩ ∂∗

j ∩ ∂∗Z ∩ ∂W ♯
i ) ≤ Cδ−1Hn−1(∂∗Z ∩W ♯

i ) + Cδ−1Cα|Z|α

Recall that

(6.27) Hn−1(∂∗Z ∩W ♯
i ) = Per(Z;W ♯

i ) ≤ (C−1
3 |Z|)

n−1

n

because (6.22) fails, so

(6.28) Hn−1(∂∗
i ∩∂

∗
j ∩∂

∗Z∩∂W ♯
i ) ≤ Cδ−1(C−1

3 |Z|)
n−1

n +Cδ−1Cα|Z|α

In the other direction, recall that ∂∗Z ∩∂W ♯
i accounts for at least half

of ∂∗Z, so altogether by (6.23) and (6.24)
(6.29)

|Z|
n−1

n ≤ CHn−1(∂∗Z) ≤ CNδ−1(C−1
3 |Z|)

n−1

n + CNδ−1Cα|Z|α

We are allowed to take C3 so large, depending also onN and δ, that the
first term of the right-hand side gets eaten by the left-hand side. Also
α > n−1

n
, so the inequality fails if |Z| is too small. This contradiction

completes the proof of Theorem 6.2.
The conclusion of Theorem 6.2, the fact that each W ♯

i is a domain
of local isoperimetry, is really a regularity result. We claim that, to-
gether with the previous theorems 4.2 and 6.1 (local Ahlfors regularity
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and Condition B) for ∂i it implies that each W ♯
i is a local John do-

main. This means that every point of W ♯
i that is sufficiently close to

∂i (compared to the distance to the usual Ω′) can be connected to a
Condition B ball (like B(xi, C

−1
2 r) in (6.3)) by a thick path. The cor-

responding global result was shown in [DS2], Theorem 6.1; the context
is similar, but a little different because of the specific situation, but
the proof of [DS2] can most probably be adapted to the local situation
here (with estimates that may deteriorate when we look at open sets
Ω′ ⊂ Ω that tend to Ω), to justify the fact that we do not give details
here.

7 Almost minimal sets

In this section we say that if we add to the traditional assumption
that there exists δ > 0, that depends on a domain Ω′ ⊂ Ω, such that
δ ≤ a(x) ≤ 1 on Ω′, that a is also Hölder continuous on Ω′, then in
addition to the quasiminimality properties that we have been using so
far, we get that our free boundary ∂ = Ω ∩ ∂∗ = Ω ∩ ∪i∈I∂

∗Wi is an
almost minimal set, and enjoys more regularity properties. The point
of this paper is not to study these sets in general, so we shall content
ourselves with a verification of the almost minimality property, plus
two words about the additional properties that one can get.

Definition 7.1. Let Ω′ ⊂ R
n be an open set and E ⊂ Ω be closed

in Ω′. We say that E is an almost minimal set in Ω′, with the gauge
function h, when for each ball B = B(x, r) ⊂⊂ Ω′ and each Lipschitz
mapping ϕ : E → Ω′ such that

(7.1) ϕ(y) = y for y ∈ E \B(y, r)

and

(7.2) ϕ(y) ∈ B(x, r) for y ∈ E ∩B(x, r),

we have that

(7.3) Hn−1(E ∩B(x, r)) ≤ Hn−1(ϕ(E) ∩B(x, r)) + h(r)rn−1.

Usually we only require the gauge function h to be nondecreasing,
such that limr→0+ h(r) = 0, and often at least a Dini condition at the
origin; here we will content ourselves with h such that h(r) ≤ Crβ for
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some C ≥ 0 and β > 0. We tried to make the definition as simple as
possible; minor variants would exist. The notion is due to Almgren
[Al], and is not restricted to sets of co-dimension 1 as here.

We could have demanded the existence of a one-parameter family
of Lipschitz mappings ϕt, 0 ≤ t ≤ 1, that connect the identity ϕ0 to
ϕ1 = ϕ, but since we decided to take ϕ(y) = y outside of B(x, r), and
ϕ(y) ∈ B(x, r) for y ∈ E ∩B(x, r), the intermediate mapping defined
by ϕt(y) = tϕ(y) + (1− t)y does the job.

Proposition 7.2. Let Ω, Fω, and Jw = G+ Fw be as above, and let
W be a minimizer of F in Fω. Assume that Ω is bounded, that G
satisfies the Hölder condition (4.6) and that on the open set Ω′ ⊂ Ω,
we both have (4.34) and that

(7.4) |a(x)− a(y)| ≤ Cβ |x− y|β

for some β > 0 and some constant Cβ ≥ 0. Then ∂ = Ω ∩ ∂∗(W)
is an almost minimal set in Ω′, with the gauge h(r) = Crγ, where
γ = min(β, αn − n+ 1) and a constant that depends only on n, δ, α,
β, Cα, and Cβ.

Indeed, let W be as in the statement, set E = ∂ = Ω∩∂∗(W), and
let B = B(x, r) and ϕ be as in Definition 7.1. We want to construct
a competitor X, and as usual we keep X = W on Ω \B. We need to
attribute the various pieces of B \ ϕ(E) to pieces Wi.

Set F = ϕ(E), and denote by {Uj}, j ∈ J , the collection of con-

nected components of B \ F . Also set Ai = W ♯
i ∩ ∂B, i ∈ I; this is

an open subset of ∂B (because W ♯
i is open), but it may be empty.

If Ai is not empty, we denote by {Ai,k}, k ∈ K(i), the collection of
its connected components. For each pair (i, k), there is a component
Hj(i,k) such that, for every y ∈ Ai,k, all the points of B that lie close
enough to y belong to Hj(i,k). We want to take

(7.5) Xi = (Wi \B) ∪
⋃

i∈I

( ⋃

k∈K(i)

Hj(i,k)

)

for i ∈ I, and the main verification that we have to make is that the
Xi are disjoint, i.e., since the Hj(i,k) are contained in B, that for a
single component Hj, we cannot have j = j(i, k) and j = j(i′, k′)
unless i = i′.

So we give ourselves pairs (i, k) and (i′, k′), with i 6= i′. Thus Ai,k

and Ai′,k′ lie in different sets W ♯
i and W ♯

i′ , and since ∂ is the union of
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the boundaries of the W ♯
i , we get that

(7.6) E = ∂ separates Ai,k from Ai′,k′ in Ω.

It follows easily that

(7.7) E ∩B = ∂ separates Ai,k from Ai′,k′ in B

(otherwise there is a path in B \ E that connects a point of Ai,k to a
point of Ai′,k′ , and the same path contradicts (7.6).

Now extend the mapping ϕ to E ∪ (Ω \B) by taking ϕ(y) = y on
Ω \B; it is easy to see that the extension is still continuous (although
one may find examples where it is not Lipschitz), and we can extend
it to a continuous mapping on Ω, which is the identity on Ω \ B and
maps B into B. Finally, we can define a continuous deformation {ϕt}
by ϕt(y) = tϕ(y) + (1− t)y that interpolates. Notice that ϕt(B) ≤ B
and ϕt(y) = y on ∂B. We claim that because of this,

(7.8) F ∩B = ϕ1(E ∩B) separates Ai,k from Ai′,k′ in B.

See [Du], 7-XVII-4.3. But since our connected component Hj of B \F
would have access to both Ai,k and Ai′,k′ , we get a contradiction.

So the sets Xi are disjoint. They do not need to cover, but we can
put the part of B that is not covered in, say W1. By construction, the
total boundary ∂(X) = Ω∩∪iXi is contained in (∂ \B)∪F , and now
we can compare. As usual, since we only modify the sets in B, we get
that

(7.9) |G(W)−G(X)| ≤ Cα dist (W,X)α ≤ 2Cα|B(x, r)|α ≤ CCαr
nα

by (4.8). Observe that
(7.10)∣∣∣a(x)Hn−1(∂∗(W)∩B)−

ˆ

∂∗(W)∩B
a(y)dHn−1(y)

∣∣∣ ≤ Cβr
βHn−1(∂∗(W)∩B)

and similarly for X. Hence

(7.11) a(x)
[
Hn−1(∂∗(W) ∩B)−Hn−1(∂∗(X) ∩B)

]
≤ ∆1 +∆2,

with

(7.12) ∆1 =

ˆ

∂∗(W)∩B
a(y)dHn−1(y)−

ˆ

∂∗(X)∩B
a(y)dHn−1(y)

= Fw(W)− Fw(X) = Jw(W) − Jw(X)−G(W) +G(X)

≤ |G(W) −G(X)| ≤ CCαr
nα,
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and

(7.13) ∆2 = Cβr
β
[
Hn−1(∂∗(W) ∩B) +Hn−1(∂∗(X) ∩B)

]
.

Recall that Hn−1
|∂∗

= Hn−1
|∂ , while for X we have that Hn−1

|∂∗(X) ≤ Hn−1
|∂(X).

Then

(7.14) Hn−1(E ∩B(x, r))−Hn−1(ϕ(E) ∩B(x, r))

= Hn−1(∂(W) ∩B(x, r))−Hn−1(∂(X) ∩B(x, r))

≤ Hn−1(∂∗(W)∩B(x, r))−Hn−1(∂∗(X)∩B(x, r)) ≤ a(x)−1(∆1+∆2).

If Hn−1(E ∩ B(x, r)) ≤ Hn−1(ϕ(E) ∩ B(x, r)), (7.3) holds brutally.
Otherwise,

(7.15)

Hn−1(∂∗(X) ∩B) ≤ Hn−1(∂(X) ∩B) = Hn−1(ϕ(E) ∩B(x, r))

≤ Hn−1(E ∩B(x, r)) = Hn−1(∂∗(X) ∩B) ≤ Crn−1

by the easy part of Theorem 4.2, so ∆2 ≤ CCβr
βrn−1 and now (7.14)

yields

(7.16)

Hn−1(E ∩B(x, r)) ≤ Hn−1(ϕ(E) ∩B(x, r)) + a(x)−1(∆1 +∆2)

≤ Hn−1(ϕ(E) ∩B(x, r)) + Cδ−1(Cαr
nα + CCβr

βrn−1).

Recall that nα > n − 1 by assumption, so we get (7.3), with γ =
min(β, nα − n + 1) > 0. This completes the proof of Proposition
7.2.

There are not so many additional regularity properties that we
can prove with the help of Proposition 7.2. We could recover the
Ahlfors regularity and uniform rectifiability (with a different but more
complicated proof), but at least when n ≤ 3 we can say more, and get
a good local description of W.

When n = 2, the only singularities that ∂ = ∂(W) can have in
Ω are propeller singularities, where three C1+σ curves of ∂ meet at a
point x0 ∈ ∂ with 2π/3 angles. Then of course these curves bound

three different sets W♯
i . Probably a direct proof would be much faster.

When n = 3, we also have a good description of the 2-dimensional
almost minimal sets, which was obtained by J. Taylor [Ta]. Near each
of its points, ∂ is C1+σ-equivalent to a minimal cone, and there are
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exactly three types of minimal cones: the planes, the sets Y obtained
as an union of three half planes bounded by a line and that make
2π/3 angles along that line, and the T-sets that are obtained as images
by an isometry of the cone over the union of the edges of a regular
tetrahedron centered at the origin. In these cases too, W is locally
composed of 2, 3, or 4 sets Wi bounded by the faces of ∂.

It is amusing that in the case of [DFJM], no such behavior was
allowed; instead the functional managed to either have a smooth in-
terface, or have a small black region between the active Wi.

8 Further questions

Probably the most obvious question is whether the bounds of Theorem
4.4, and the ensuing bounds for the uniform rectifiability of the pieces
∂i = ∂W ♯

i , really need to depend on N . This is connected to the
question of self-regulation: even if we start from a large enough value
of N , do we get that if Ω has a nice shape and if (4.7) holds on the
whole Ω, the number of nontrivial components Wi (i.e., such that
|Wi| > 0) is bounded by a constant that depends only on n, α, Cα,
bounds for the diameter and regularity of Ω, and δ?

We did not pay attention to what happens near the boundary.
Probably, if we assume that (4.7) holds on the whole Ω and Ω has a
reasonable shape (Lipschitz should be more than enough), the results
of this paper stay true at the boundary. We decided to state the
results in a way that makes a discussion of what happens near the
boundary when a(x) is allowed to tend to 0 at a given rate near ∂Ω,
but we did not pursue this.

We do not expect much difference with the results of the present
paper with functions a(x) (integrands) that also depend nicely on the
direction of the tangent plane to the ∂∗Wi at x. But we wish to
remind the reader that in the case of “infiltration” (see [Le]), when
a(x) depends also on the pair of components Wi such that x ∈ ∂∗Wi,
the interesting question of whether the Ahlfors regularity property
holds in R

3 and with 4 components seems to be still open.
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