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Dedicated to Marius Tucsnak with friendship

Abstract

In this work, we develop a unified strategy which allows to derive observability results for waves
in an annulus when the observation is done on the external boundary and under various boundary
conditions at the internal boundary. Our approach is based on the fact that the observability of
a linear abstract conservative system is equivalent to a suitable resolvent estimate. We develop a
full machinery to derive suitable resolvent estimates under some weak assumptions on the boundary
condition on the internal sphere, which are shown to be close to sharp. In fact, our strategy allows
to exclude the existence of trapped rays close to the internal sphere when the boundary conditions
satisfy a suitable assumption. As an application, we apply our results to several wave models.

1 Introduction

The goal of this article is to provide a robust strategy to address the observability of the wave equation
in a bounded domain with various boundary conditions. In particular, we would like to exhibit sufficient
conditions on the boundary conditions which guarantee the observability of the equation.

In order to describe our strategy and to avoid difficulties linked with the geometry, we consider the
case of an annulus of R?, i.e. A(Rg, R1) = B(R1)\ B(Rp), where 0 < Ry < Ry and B(R) denotes the
open ball of R? with center at the origin and radius R > 0, which is observed through the whole external
boundary S(R;) (S(R) denotes the sphere of R? of radius R).

We will assume that the boundary conditions, at the external boundary S(R;), are homogeneous
Dirichlet boundary conditions, since this does not create any specific difficulty as the observation is done
there.

Our goal is to give a functional setting allowing different types of boundary conditions on the internal
boundary S(Ry), including in particular those given below, and to obtain observability results at once
for all those cases.

1.1 Examples

Let us mention below several examples of interest on which our method will apply. We emphasize that, in
each case, the domain in which the wave equation takes place is the annulus A(Rg, R1) = B(R1)\ B(Ro),
where 0 < Rg < Ry, and that the observation is performed on the external boundary S(Ry).
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Fourier Boundary Conditions. Let a > 0 and consider the wave equation with Fourier boundary
conditions on S(Rp):

atty(tvw) - Ay(t7 Z‘) = 07 in (Oa T) X A(ROa R1)7
y(t,l’) = 07 on (07T) X S(Rl)? (1 1)
Oy(t,x) + ay(t,x) =0, on (0,7) x S(Ry), ’
(y(o")vaty(o")) = (yo’yl)’ in A(R()le)v

where 0, denotes the normal derivative in the outward direction, i.e. 9, = —d, on S(Ryp), and 9, = 0,

on S(Rl)

The question of observability for (1.1]) through the boundary S(R;) we shall address asks the existence
of a time T' > 0 and a constant C' > 0 such that for all (y°,y') € H'(A(Ro, R1)) x L*(A(Ro, Ry)) with
y® =0 on S(R;), the solution y of (1.1)) satisfies

0o ,1
||(y 'Y )||H1(A(R0,R1))XLQ(A(RO,RQ) < C”avy”L2(07T§L2(S(R1)))‘ (12)

For system (1.1)), the observability inequality (1.2) is known to hold for T large enough, namely
T > 2y/R? — RZ, and to be false for T' < 2y/R? — R3 (see [3]).

Note that, in this example and in the following ones, the observation is always done through the
external boundary S(R;), where the boundary condition is the homogeneous Dirichlet condition, meaning
that we observe 9,y in L*(0,T; L?(S(Ry))).

Waves on the boundary. Likewise, we shall consider the case in which a wave equation also takes
place on the internal boundary S(Ry), also known as dynamic Wentzell boundary conditions. Namely,
for &« > 0 and 8 > 0, we consider the equation

atty(t7z) - Ay(t,x) = 07 in (OvT) x A(ROa Rl)a

y(t,z) =0, on (0,7) x S(Ry),

z(t, x) = y(t, z), on (0,T) x S(Ryp), (1.3)
Opy(t,x) + adyz(t,x) — BAg(ry)Z = 0, on (0,T) x S(Ry), '
(y(oﬁ)aaty(oa)) = (yovyl)a in A ROaRl)v

(2(0,),0:2(0,-)) = (29, 21), on S(Rp).

Here, the operator Ag(g,) simply coincides with Jpg/ R2.

The relevant observability inequality for through S(R;) then asks the existence of a time 7' > 0
and a constant C' > 0 such that for all (y°,y', 20, 2') € H'(A(Ry, R1)) x L*(A(Ro, Ry)) x H*(S(Ryp)) x
L?(S(Ry)) with y0|S(RO) = 2% and y0|S(Rl) = 0, the solution (y, z) of satisfies

o,.,1 _0 _1
1°, 9", 2% 2 )||H1(A(R07R1))><L2(A(R07R1))><H1(S(Ro))XLQ(S(RO)) < CllOvyllL2 0,102 (s (1)) - (1.4)

Up to our knowlegde, the results we will obtain on the observability properties of (1.3) are new (see
Section . We refer to [5, I3] for controllability results on closely related models.

Fractional Laplacian on the boundary. We will also study the case in which the internal boundary
condition is given through a non-local boundary condition expressed in terms of powers of the Laplacian
on the sphere, given for s € (0, 1] as follows:

Ony(t,x) — Ay(t,z) =0, in (0,7) x A(Rop, R1),

y(t,z) =0, on (0,7) x S(Ry), (1.5)
6uy<t7x) + (_AS(RO))sy(t’ z) =0, on (OvT) X S(RO)’ )
(y(oa ')aaty(oa )) = (yo,yl)v in A(R07 Rl))

Note in particular that, for s = 1/2, using the classical interpretation of the square root of the Laplace
operator (see e.g. [8]) (—Ag( RO))l/ 2 corresponds to the Dirichlet to Neumann map for the Laplacian in
the ball B(0, Ry), see also Remark for more details.

We shall then investigate the existence of a time T" > 0 and a constant C > 0 such that for all
(v, y') € HY(A(Ry, R1)) x L*(A(Ro, R1)) with 4° = 0 on S(R1), the corresponding solution of
satisfies:

||(y0’yl)||H1(A(R0,R1))XLQ(A(RO,Rl)) < CllovyllLz0,m502(s(R1))- (1.6)

We are not aware of any result on that system in the literature.



A simplified fluid structure model. One might also consider non-local operators given as follows:

Ony(t,x) — Ay(t,z) = 0, in (0,T) x A(Ro, R1),
y(t,x) =0, on (0,7) x S(Ry),
Oy(t,x) =$'(t) - 7, on (0,7) x S(Ry), (1.7)
() + s(t) = — / Dyt ) 7 do, in (0,7),
(Ro)

S(Ro
(y(oa ')78ty(03 )78(0)78/(0)) = (y07y1780781)7 in A(ROaRl) X RQ X Rga

where 7/ is the outward normal to A(Ry, R1). This models a fluid-structure interaction problem, see [9],
for which y is the velocity potential of the fluid, and the function s corresponds to the displacement of
an oscillator located in the ball B(0, Ry).

Here, the relevant observability inequality reads as follows: there exist a time 7" > 0 and a constant
C > 0 such that for all (y°,yt, s°, s1) € HY(A(Ro, R1)) x L*(A(Rop, R1)) x R? x R? with y° = 0 on S(Ry),
the corresponding solution of satisfies:

0,1 .0 .1
1°y s, s )HH1(A(Ro,Rl))><L2(A(RO,R1))><]R2><]R2 < OOyl 20,1522 (5 (R1)))- (1.8)

We refer to [19, 20, 1] for observability results on that model. In particular, it has been proved
in [I1] that this model is observable in any time 7' > 2 \/R? — RZ, and is not observable in any time

T < 2+v/R? — R3.

1.2 Related results

There are many works on the observability of wave type equations, mainly triggered by the fact that
this is dual to the controllability of such systems, see e.g. [I7] [16], and of course we cannot give here a
complete account of the theory, but only a rapid overview.

Among the several methods employed for the study of observability for the wave systems, the first
one was probably the multiplier technique, due to [14] and popularized by [16], which was used to study
wave equations with homogeneous Dirichlet boundary conditions in many situations, proving in particular
observability in sufficiently large time when the observation set is a part of the boundary in the shadow of
a light point, i.e. there exists 7o € R? such that the observation set contains {z € 9, (z — z¢) - v > 0}.
Such condition is usually called the multiplier condition or the I'-condition of Lions. Note that this
condition is satisfied in our setting, since the boundary S(R;) is in the shadow from the light point
xo = 0. Still, the multiplier condition is quite restrictive on the boundary conditions required at the
sphere S(Ry), and it does not allow to keep track precisely of what happens on the illuminated boundary
S(Rp). In particular, it is not clear at all how it can be applied with the generality we are considering
here.

For instance, when considering observability issues for the wave equation with Neumann boundary
conditions on the internal sphere S(Rp), i.e. (1.1) when « = 0, the classical multiplier approach, which
consists in multiplying the equation by x - Vy + y/2 and doing integration by parts, fails to prove
(L.2). Indeed, these computations would yield to

T

;/OT/Q (|0wy(t, 2)|* + |Vy(t, 2)?) dtdz + /Qaty(.’x) (x Vy(-,z) + % y(-,x)) da

0
1 r 2 2 1 T 2

+ 5 |z v| (|0y(t, 2)]* = |Vry(t,)]?) dodt = - z - v|0yy(t, r)|*dodt,
2 Jo Js(ro) 2Jo Jsy)

where V. denotes the tangential derivative on S(Ry), i.e. V,y = Vy — (Vy - v)v. It turns out that this
will not allow to conclude (1.2) since the third term in the left hand side

T T
/ / @ v| (By(t,2)|? — [Vt 2)[) dadt:Ro/ / (10w (t, 2 — |V,y(t,2)|?) dodt
0 JS(Ro) 0 JS(Ro)

(1.9)
is not signed. We refer to the textbook [I6, Chapitre III Section 1] for more details on this case when
considering the multiplier technique.



Another approach was then developed based on the analysis of the propagation of singularities and
on microlocal analysis, yielding to the works [2, [3, 6], and giving a sharp geometric condition for the
observation and control of waves, now known under the name of geometric control condition, and asserting
that all the rays of geometric optics meet the boundary at a non-diffractive point. However, here again,
the analysis close to the part of the boundary on which the control does not act strongly depends on
the boundary conditions at hand, and the literature is mainly developed only in the case of Dirichlet or
Neumann boundary conditions. In particular, one should exclude the possibility of getting rays captured
within the internal sphere S(Rp), i.e. solutions whose energy is localized in a neighborhood of S(Rp),
see also [10].

The goal of our work is then to develop an approach which presents a detailed analysis of the
phenomena appearing on the internal boundary. In order to do so with sufficient generality so that our
results apply to all the models presented above, we will write the boundary condition on the internal
sphere as some specific instances of microlocal operators.

1.3 Main results

To address observability issues for all the models presented above, our strategy relies on the fact that all
the above examples can be written under an abstract form as

Y'(t) = AY (), t >0, Y(0) =YY", (1.10)

where A is a skew-adjoint operator defined on a Hilbert space H with domain Z(A), and each one of
the corresponding observability inequalities reads as follows: There exist a constant C' > 0 and a time
T > 0 such that for all Y € 2(A), the solution Y of (1.10] satisfies

IY°llz < CIBY |l 2oy » (1.11)

where BY will correspond to d,y|s(r,), and U = L*(S(Ry)).

In all the above cases, as we will justify later, the observation operator B is admissible (in the sense of
[21, Section 4.3]) and satisfies B € £L(Z(A), L?(S(R1))). Note that the standard notation for observation
operators is C, while B is rather used in general for control operators, see for instance [21I]. Here, we will
keep the notation B for the observation operator and C' will denote generic constants in the following.

We shall then use a classical result (see for instance [7, [18]) which states that, under this setting, the
observability inequality is equivalent to the following resolvent estimate, also known as the Hautus
test:

Theorem 1.1 ([7,[I8]). Let A be an unbounded skew-adjoint operator on a Hilbert space H with domain
PD(A), and B € L(Z(A),U) be an admissible observation operator (in the sense of [21), Section 4.5]) for
the group (e!);cr.

Then there exist a time T > 0 and a constant C' > 0 such that the observability inequality
holds for all solutions Y of with initial datum in D(A) if and only if there exist M > 0 and m > 0
such that

IV1Z < M2 (A= iw)Y |, +m? | BY|?, (1.12)

for allw € R, and for allY € 2(A).

Moreover, when (1.12)) holds, the abstract system (1.10) is observable in the sense of (L.11) for any
time T > M.

In fact, our main results below give sufficient conditions on the boundary conditions to ensure that
the resolvent estimate holds.

In order to express those conditions, due to the radial symmetry of the problems we are considering,
it is interesting to decompose Y using spherical harmonics, indexed by k € Z:

1 2 .
/ Y (r,0)e % d6.
0

Yk(r) = %



Then, as it will be made precise in Section [2| the resolvent condition ([1.12)) can be reduced to show
estimates on the function y; solution of

1 k2 _ .
w?yr + ~0:(rdryr) = Fyk = iwfie + for, in (Ro, R1),
1.13
ye(Ry) = 0, (1.13)
Ry0,yr(Ro) = p(w, k)yr(Ro) + gk,
where
p=pw, k) RxZ— R, (1.14)

is a kernel attached to the boundary conditions under considerations, and fi, € H YRy, R1) with
f17k(R1) =0, for € LZ(Ro,Rl) and g € C.

We will show in Section [2] that, in the examples listed in Section [I.I} the kernel p used within the
corresponding resolvent estimates can be given explicitly:

e For (w,k) € R x Z, p(w, k) = Roa for the wave equation (L.1)) with Fourier boundary conditions;

e For (w,k) € R x Z, p(w,k) = Ry (—aw2 + ﬂg—z) for the wave equation (|1.3) with waves on the
0
boundary;

e For (w, k) € R x Z, p(w, k) = Ry **|k|>* for the wave equation (I.5) with fractional Laplacian on
the boundary;

R 2
e For (w,k) e RxZ\{(£1,+£1),(£1,¥F1) }, p(w, k) = 7r2 Owl 1g|=1 for the simplified fluid structure
w2 —

model (L.7). (Note that, in this last example, p is singular when |k| = |w| = 1.)

We are now in position to state our main result :
Theorem 1.2. Assume that there exists M > 0 such that

[A1] p = p(w, k) is well-defined for (w,k) € R x Z satisfying w?R2 + k* > M? and w?>R% < k? with
values in R;

[A2] there exist e € (0,1), * >0, and § > 0 such that for all (w,k) € R x Z with w?*R3 + k? > M? and
|| r
o5 (i) * (1.15)

Ia(wv k)2 20 ((k2 - w2R(2)) - p(wa k)Q - p(w, k)) ) (116)
where I.(w, k) is defined as

we have

I.(w,k) = inf |p(w,k)+c\/k?* —w?R3|. (1.17)
c€[l—e,1]
Then there exists a constant C' > 0 such that for all (w,k) € R X Z and any solution yy, of
2 1 k2 ‘ ,
wyk + ;ar(""aryk) — 2k = iwf1k + for, in (Ro, R1),
1.18
yr(R1) =0, (1.18)
Ro0,yr(Ro) = p(w, k)yr(Ro) + gr, if w?R3 < k? with W?R2 + k% > M?,

with f1 € H'(Ro, R1) satisfying fi(R1) =0, faor € L*(Ro, R1) and gi € C, it holds

”aryk”m(Ro,Rl;rdr) + [K| ||yk/r||L2(Ro,R1;rdr) + |w] ||yk||L2(RD,R1;rdr)
< C (100 1kl g2y masrany * TR/ g, sy + 12 22y, e

+ 1okl myere + Orr(RD)I) - (119)




Furthermore, there exist constants C' > 0 and A > 0 such that

Ly2R2 yk2<r2 (10ryx (Ro)* + lyr(Ro)|?)

1,2 524525 02 <|87nyk(Ro)|2 + max {\/k2 + w?R2, W*RS — kz2} yk(Ro)|2)

Ww?RE>k?

T2 pz k202 (Ie(%k)rzllog( 5 )> 4 +maX{\k|4/37Il(w’k)z}llog( T >|y/~c(Ro)|2 (1.20)

2p2 1.2 [wlRg ) 7 |k|2/3 [wTRq
Ww?R2<k Ikl

<C (||8TflkaL2(RO,R1;rdr) + |k Hfl,k/r”Lz(Ro,Rl;rdr) + ||f27k||L2(R0,R1;rdr)
2
gkl r2<r + |aryk(R1)|) )

where, by analogy with (L17), I; = I1(w, k) is defined for (w,k) € R x Z with w*R3 < k? by

plw, k) + cy/k? — w2 R2

Condition ([1.16)) is a sufficient condition to get estimate (1.19)), and of course it can be relaxed into
a slightly more explicit formulation, proved in Appendix [A}

Ii(w,k) = inf

. 1.21
c€[0,1] ( )

Corollary 1.3. With the same notations as in Theorem all solutions yi of with fi, €
HY(Ro, Ry) satisfying fix(R1) = 0, far € L?*(Ro,R1) and gp € C satisfy the estimates and
if p satisfies [A1] and there exist v > 0, r > 0 and M > 0 such that for all (w,k) € R X Z
satisfying w?RE + k* > M? and (L.15)), p(w,k) satisfies

1
pw, k) < —/k? —w?R3 — % or p(w, k) = (=1 +7)y/k? — w?R3. (1.22)

In particular, if p(w, k) = 0 for all (w, k) € R X Z satisfying (1.15)), estimates (1.19) and (1.20) hold for
solutions of (1.18]).

The condition is very likely not optimal, but we believe that it is close to be, in the sense that
Corollary indicates that the resolvent estimate holds as soon as we can guarantee that p(w, k)
is far from —\/k? — w2R2 for all (w, k) € R x Z with w?R3 + k? large and w?R3 < k?.

In fact, we state below the following necessary conditions for (3.3)), proved in Section which
underlines that |p(w, k) + \/k? — w2 R3| should be sufficiently large fo to hold:

Theorem 1.4. Assume that there exists C > 0 such that for all (w,k) € R X Z satisfying , any
solution vy, of with fi € H'(Ro, R1) satisfying fix(R1) = 0, for € L*(Ro,R1) and g € C
satisfies the resolvent estimate .

Then, for all Cy > 0, there exists C > 0 such that for any sequence (wp, kn)nen of elements in R X Z
such that

lim (wpR§+ k) =00, lim [/ log ( [l ) =00 (1.23)
n— o0 n="0 n ’ n—o0 10g2/3(|kn|) |0Jn| RO ’
and
n €N, log on] Ro < Cy, (1.24)
we have , )
k
___m 2 _,,2p2
ey <C (p(wn, kyn) +1/k2 —w2R§ > . (1.25)

Remark 1.5. Although it is not completely obvious at first glance, tedious computations show that, as
expected, condition (1.16)) implies that the sufficient condition of Theorem is satisfied.

To finish the presentation of our main results, we also add the following comments.
Our approach does not produce a good estimate of the time needed for observability. Therefore,
in that sense, our approach gives worse results than the ones provided by multiplier techniques [16] or



microlocal techniques [2], B] [6] when available, which give explicit estimates on the time of observability
for the waves. We refer to Section [5.2] for additional comments.

Despite this fact, by producing a detailed analysis of resolvent estimates for a family of 1d equations,
Theorems and really emphasize that resolvent estimates could behave badly only when p(w, k)
can get close to —\!kZ — w2 R? for large |(w, k)|.

Interestingly, Theorems and and their proofs in Sections [3] and [4] also underline the strong
role of the quantity k? —w?RZ and show that different estimates can be obtained whether it is positive or
negative (recall for instance ) Note that this is what is expected when considering the boundary
term appearing when using the multiplier technique for the wave equation with Neumann
boundary conditions on the internal sphere S(Ry) (corresponding to oo = 0).

Let us finally mention the two following remarks:

e Our approach can also be developed on the d-dimensional case. This is, when the set € is of the
form B(R;1) \ B(Rp) where 0 < Ry < R; and B(R) is the d-dimensional ball of radius R. The
proofs are identical by introducing the spherical harmonics on the sphere of dimension d — 1.

e Since the observations are done on the whole set S(R;), the boundary conditions imposed there
are not really important, and we only need that the observation operator is suitably adapted
to the particular boundary conditions imposed on S(R;). For instance, if one considers Neu-
mann homogeneous boundary conditions on S(R;y), then the corresponding observation should be

[Yls(ry) lL2(0,7;m1 (s(Ry)) instead of (|0, yl|L2(o,7;22(5(Ry))-

1.4 Outline

In Section [2| we explain how observability results for the wave models , , , can be
deduced from Theorem Theorem Corollary [T.3] and Theorem Section [3] then focuses on the
proof of Theorem [I.2} Theorem [T.4] is then proved in Section [@ Section [5] provides further comments.
Finally, the proof of Corollary [L.3]is given in Appendix[A]

2 Observability and non-observability of several wave models

The goals of this section are to explain the functional setting allowing to recast each of the wave equations

1.1)), (1.3)), (1.5)), (1.7) into the abstract form (L.10]), prove then that the corresponding resolvent estimate
1.12)) reduces to the proof of estimates of the form (1.19)) for a suitable kernel function p, and deduce

from them some observability and non-observability results for each one of the wave models presented

in @I, @3), €5, €D

2.1 The wave equation ([1.1)) with Fourier boundary conditions

In this subsection, « is a fixed non-negative real number.

Abstract form. The wave equation (1.1) with Fourier boundary conditions takes the form (1.10) by

setting . " ) . ;
v (29) a-( % 1) o

where Ay is the Laplace operator defined on L?(Q) with domain 2(Ag) = {y € H*(A(Ro, R1)), 0,y +
ay =0on S(Ry), y=0o0n S(Ry) } by Aoy = —Ay, and A is defined on

H = {( zl ) 3 Wlth Y1 S Hl(A(R07R1))7y2 S L2(A(RO7R1)) and Y1 = 0 on S(Rl)}7
2

with domain

@(A) = {( z; ) , with Y1 € @(AQ), Yo € Hl(A(Ro,Rl)) and y2 = 0 on S(Rl)} .



One then easily checks that A is skew adjoint on H provided H is endowed with the scalar product

<<y1) , (g1)> :/ (Vy1 - Vi1 + y2 G2) dx—l—a/ y1 g1 do.
Y2/ \Y2)/ u  JA(Ro,R1) S(Ro)

We then define B as follows:

Y
B -9, . 2.2
(y2> yilsem) (2:2)
With this choice, we clearly have that B € £(Z2(A),U), with U = L?*(S(Ry)).

The fact that B is an admissible observation operator in the sense of [2I], Section 4.3] follows imme-
diately from classical multiplier arguments as in [I6], Section 1.4.1].

Resolvent estimate. In view of the above setting, the resolvent estimate (1.12)) reads as follows.
There exists a constant C' > 0 (corresponding to max{m, M} in (1.12))) such that if (y1,y2) solves

—iwyr +y2 = f1, in A(Ro, R1),
Ayy —iwys = fo, in A(Ro, R1),
y1 =y2 =0, in S(Ry),
Ory1 = ay, on S(Rp),

(2.3)

for some (f1, f2)" € H and w € R, then

/ (Va2 + |y2|2>dx+a/ i do
A(Ro,Rl) S(RO)

<c? (/ (VAP +1f2) dz +a / |f1|2d0>+02|5ry1QLZ(s(m))' (24)
A(Ro,R1 S(Ro)

Note that for (f1, f2)" € H, using the boundary condition f; = 0 on S(R;), Poincaré’s estimate gives

that
/ |f1\2dx<c/ |V f1]? da.
A(Ro,R1) A(Ro,R1)

Accordingly, the above resolvent estimate is equivalent to show the existence of a constant C' > 0
such that if y (corresponding to y;) solves

Wy + Ay =iwfi + fo, in A(Ry, Ry),
y=0, in S(Ry), (2.5)
oy = ay, on S(Rp),

for some (f1, f2)* € H and w € R, then

/ (V9P + [wlyl?) dz + o / Y2 do
A(Ro,R1) S(Ro)
<C? (/ (V1P + [ fo]?) dz + a/ its dU) +C?0nyl172(5(myy) - (2:6)
A(Ro,R1) S(Ro)

Writing the equations (2.5)) using the spherical harmonics decomposition, we immediately have that the
above resolvent estimate is equivalent to show that there exists a constant C' > 0 such that for all k& € Z,

if y solves
2

1 k . .
Wy + ;3r(?"5'ryk) — 2= iwfi g+ fo,k, in (Ro, Ry),

yr(R1) =0,
Oryx(Ro) = ayr(Ro),

(2.7)



for some (f1k, fo.r) € H'(Ro, R1) x L?(Ro, R1) with f1 1(R1) =0 and w € R, then

R 2
! k
[ (ol (5 ol ) ) v+ ol (o)

Ry

Ry k2
<c? (/ <|arf12 + P+ |f2|2> rdr+aR0|f1,k(Ro)|2> + OOy (R)P. (238)

Ro

The equation satisfied by y;, in (2.7)) thus corresponds to the equation ([1.13]) with the choice p(w, k) = Ry«
as claimed in Section [[.3

Application of Theorem Since we assumed « > 0, the function p is non-negative and thus the
condition is automatically satisfied. In particular, taking g5 = 0 in (L.13)), Theorem [I.2] implies
that there exists a constant C' > 0 such that for all (w,k) € R x Z and any solution y; of (2.7) with
f1,k € H'(Ro, Ry) satisfying f1 x(R1) = 0 and fo, € L*(Ro, R1),

10r Ykl £2(ro Rysrar) T 1R YR/ T L2 (o, Ry rary WY L2 (Ro, Ry

< C (100F1k o s imary * TR /7 g sty 152 2,y ) + ClOR(BD)] (29)

Poincaré estimates then easily implies the resolvent estimate (2.8)). Accordingly, as a corollary of Theorem
[[:2] and Corollary [I.3] we get the following result:

Theorem 2.1. Let « > 0. Then the wave equation (1.1)) with Fourier boundary conditions is observable
in some time T > 0, i.e. there exists a time T > 0 such that the observability inequality (1.2) is true for

solutions of (L.1)).

2.2 The wave equation ([1.3) with waves on the boundary

In this subsection, o and [ are fixed positive numbers.

Abstract form. Let us consider the functional space

Y1

H = Zf ,y1 € Hi, ya € L*(A(Ro, R1)), 21 € H'(S(Ro)), 22 € L*(S(R0)), v1ls(ry) = 21 ¢ »

22

where

Hy = {y € H'(A(Ro, R1)), yls(r,) = 0},

endowed with the scalar product
Y1 71

Y2 , 3{2 = / (Vyyvgl—i-yga) dz+p / VS(RO)Zl'VS(RO)gldO"i'a/ Zg?gdd’,
1 1 A(Ro,Ry) S(Ro) S(Ro)
Z9 Z9 H

0
where Vg(g,) = R—Z is the gradient operator on the sphere S(Rg). One easily checks that H is a Hilbert

space.
We then set the operator

n Y2
A
A |2 ea4) cH- n €H,
21 Z2
B2 B As(royr — 20,1



with domain 2(A) corresponding to the set

U

Z? € H,Ay, € L*(A(Ro, R1)), y2 € H1, 21 € H*(S(Ry)), 22 € H'(S(Ro)); y2ls(ro) = 22

22

Note that for (y1,y2, 21, 22)" € Z(A), as y1 belongs to H'(A(Ry, R1)), Ay isin L?(A(Ry, R1)), and y; =
21 € H?(S(Ryp)), by elliptic regularity d,y; belongs to L?(S(Ry)), hence A is well-defined. Furthermore,
A is skew-adjoint.
Then, if we consider the unknown
y(t)
_ | %w(?)
&gz(t)
Problem ([1.3]) rewrites in the abstract form Y’ = AY’| that is in the form of ([1.10)).
We can then define B as follows:

Y1

Y2 | _
B o = duy1ls(r,)-

%)

With this choice, we clearly have that B € L(Z2(A),U), with U = L?(S(R;)), and again, B is an
admissible observation operator in the sense of |21l Section 4.3] from classical multiplier arguments (see
[16, Section I.4.1]).

Resolvent estimate. In our context, the resolvent estimate ([1.12)) reads as follows. There exists a
constant C' > 0 such that if (y1,y2, 21, 22)™" € Z(A) verifies

—wy1 + Y2 = f1 in A(Ro, Ry),

Ay —iwyz = f2 in A(Ro, R1),

—iwz1 + 22 = g1 on S(Ry), (2.10)
1 .

=Ag(ryyz1 — —Oyy1 —iwza = g2 on S(Ry),

« «

with (f1, f2,91,92)" € H and w € R, one has

/ (\Vy1\2+ ‘y2|2) dx+[3/ |VS(RO)21‘2dO'+Ot/ ‘ZQ|2dO—
A(Ro,R1) S(Ro) S(Ro)

< C? </ (IV A%+ | f[?) dgy+ﬁ/ IV s(roy91]2do +a/ 92|2d0>
A(Ro,R1) S(Ro) S(Ro)
+ 02/ |8l,y1|2d0.
S(R1)

Now, using that by definition of H, y; = 21 on S(Ry), system (2.10]) reduces to, with y € H; (corre-
sponding to y1),

{ Ay 4wy = fo+iwf in A(Ro, Ry), (2.11)

Ovy — BAs(ry)y — aw?y = ag2 + iwg1)  on S(Ry),
and the desired resolvent estimate is equivalent to the existence of a constant C' > 0 such that

/ (IVyP + [wPlyl?) dz + B / Vs iy + a / wPlyPdo
A(Ro,R1) S(Ro) S(Ro)

c? (/ (VAP + [ f2]?) dx+ﬁ/ Vs(royg1|°do +C¥/ 92|2d0>
A(Ro,R1) S(Ro) S(Ro)

+ 02/ |0, y|*do.
S(R1)

N

10



Decomposing our new problem on spherical harmonics leads to the following system, with f;, €
Hl(Ro,Rl) such that f17k(R1) =0, and fg,k S Lz(Ro,Rl)Z

1 k2 ) .
W’y + ;@(Taryk) — gk = fok + itwfik in (Ro, Ry),

y(R1) =0 , (2.12)
k .
Irye(Ro) = <6R2 - Oéw2> Yk (Ro) + ag2,k + iwg k),
0
that is equation (1.13]) with the choice

k2
p(w,k) = Ro <'BR2 - 0M2>
0

as claimed in Section Hence, our goal is to find a constant C' > 0 such that for all k£ € Z, all w € R,
each solution of ([2.12]) satisfies the estimate

o 2 k2 2 2 k2 2 2
/ Ol + (5 102 ) el ) rar + (85 4 aw?) ue(Ro)]
Ro r Ro

Ry k2 k2
<C? </ <|3rfl,k|2 + 72|f1,k|2 + |f2,k2> rdr + ﬁﬁ|91,k|2 + ag2,k|2> + C?0pyk(R1)|?. (2.13)
0

Ro
Application of Theorem The case 0 < o < . As an application of Theorem[I.2]and Corollary
we get the following positive result:

Theorem 2.2. Let o and B be positive constants with o < 3. Then the wave equation (1.3)) satisfies the
observability inequality (1.4)) in some time T > 0.

Proof. For (w,k) € R x Z with w?R3 < k% we have

1 B k? o}
w, k) = —(Bk* — aw? R? 2(1—), 2.14
bl k) = 7 D25 (1-5 (2.1
Therefore, for a < 3, for all (w, k) € R x Z with w?R2 4+ k? > M? and w?R2 < k2, p(w, k) > 0. Corollary
then applies and the resolvent estimates ([1.19)—(1.20) hold, which imply in particular the existence
of C' > 0 such that for all (w,k) € R x Z,

Ry k2
/ <3ryk|2 + <2 + w2> |yk|2> rdr
Ro r

Ry k2
<C? / <|arf1,k|2+rg|f1,k|2+|f2,k

Ro

k2
2) rdr + 5ﬁ|gl,k|2 + a92,k|2> + C*0,yr(R1)1?. (2.15)
0
It remains to check that the boundary estimates ((1.20)) indeed yields that the boundary term

2
<ﬁgg +aw2) i (Ro) 2 (2.16)

in the left hand-side of (2.13]) is bounded by the right hand-side of (2.13)), which is of course delicate

only for w? RZ + k? large enough.
For (w, k) € R x Z with w?R% < k?, due to (2.14),

21.4 2
4@xﬁ>hwxﬁ>ﬁk(L->.

On the other hand, for (w,k) € R x Z with w?R2 > k? and w?R% > 1, taking into account the
boundary condition on Ry of system (2.12]), we have

k2 ? ,
(95 ~ ) I (Ro)P < 20 (o) + 2lalgas -+ g )P
0

11



so that

k2

k2 ?
5 (53 — ) IR0 < CR(ROP + Clon + CHlgn

R

Accordingly, the estimate on the boundary terms at Ry in (1.20)) corresponding to the case w?R3 > k?
and w?RZ + k? > 2R3 (implying w? > 1) allows to estimate

k2 k2 2
<w2 <BR2 —aw2> —|—max{1/k2 + w?R3, Ww*R? —k2}> lye(Ro)|?
0
2 Bk’ 2
2p2 [ 2 2
> w’R; <a ey (1_aw2R%> +1—WTR(2) |y (Ro)|

2
> wQR(Q) inf {a?72( 1- é ) +1-72 |y;€(Ro)|2 > c*w2R3|yk(R0)|2,
7€[0,1] «

for some ¢, > 0.
The previous inequalities and the boundary estimates (1.20)) show that the boundary term (2.16) is
bounded by the right hand-side of (2.13) with a constant independent of (w, k). O

Remark 2.3. When a = 3, Theorem still applies and the above arguments immediately yield (2.15)).
However, the boundary estimates (1.20) fail to give estimate on (2.16]) by the right hand-side of (2.13)),
in particular in the range w?R3 ~ k2.

Application of Theorem The case 0 < 8 < a. As a consequence of Theorem [I.4] we show the
following result:

Theorem 2.4. Let « and (B be positive constants with o > . Then the wave equation (1.3) does not
satisfy the observability inequality (L1.4)) in any time T > 0.

Proof. We use Theorem and construct a sequence (wy, k,) € R x Z satisfying f and for
which cannot hold.

We set A = /Ry and v = «/S, which satisfies v > 1 from the assumption o > 8. With these
notations p writes p(w, k) = A(k? — yw?R3).

Then, for n € N, we set

_ L
- %

kn = n, Wnp

1 2
n? — A (\/1 +4dn?y(y — 1)A? — 1) .

This choice is done to guarantee that

Vn e N, p(wWny kn) + 1/ k2 —w2R2 = 0. (2.17)

It is also easy to check that

1 2 41
k2—22:7< 1+ dn2 —1A2—1) < T2
n wnRO 472142 \/ +4n ’7(7 ) y n’

hence that

: kn| \ _ 1
nl;rr;o log (|wn|Ro =3 log(y) > 0,

and lim

Accordingly, we easily get that the sequence (wy,, kn)nen satisfies ((1.23)—(1.24)), while the relation (2.17)
disproves estimate ([1.25[). This concludes the proof of Theorem [2.4 O]

12



2.3 The wave equation ([1.5) with a fractional Laplacian

In this subsection, s denotes a positive constant in (0, 1].

Abstract form. Let f € L?(S(Rp)). We denote f its k-th Fourier coefficient, that is

1 27‘{' .
fe=5=[ [f(O)e**ab,

:27T 0

which implies the expansion f(0) = >, ., fretko,
For s € (0,1], we define the usual fractional Laplace-Beltrami operator

(—As(ry))" : f € D(—As(ro))*) C L*(S(Ro)) — (—As(ry))*f € L*(S(Ro)),
by
P((—As(ry))°) = {f € L*(S(Ro)), > IKI**|fil? < OO},

keZ

and,

(=As(r))*)(0) = % DL

We then define

H= {(g;) , y1 € HY(A(Ro, R1)), yils(ry) € 2((—As(ro))™?), y1(R1) =0, y2 € LQ(A(ROaRID}v

which is an Hilbert space when equipped with the scalar product

(1) () = [n Tt mide + 20 RS 5 W (Ro n(Fol
Y2 Y2 )i o)

keZ

We also define
Y1 Y2
A €e92(A)CHw— € H,
(92) (4) (Am)

24y = { (1) € H. Ay € L2(ARa, 7). Do + (D) (isia) =0 on S(1)

Yols(ro) € 2((—As(re))*?)s y2 € H'(A(Ro, R1)), y2(R1) = 0}-

It is not difficult to check that the operator A is skew-adjoint on H. Therefore, if we consider the

unknown Y (t) = ( ay;t&)) , Problem (1.5)) rewrites in the abstract form Y’ = AY, that is in the form of
¢
(T.10).

The observation operator B can then be deduced on H by the same formula as in (2.2)), and again,
B e L(2(A),U), with U = L?(S(R1)), and B is an admissible observation operator in the sense of [21]
Section 4.3] due to classical multiplier arguments as in [16] Section I.4.1].

Resolvent estimate. In view of the above setting, the resolvent estimate (1.12) reads as follows.
There exists a constant C' > 0 such that if (y1,y2) solves

_Zwyl + Y2 = fla in A(R07R1)7
Ay —iwys = fo, in A(Ro, 1),

. 2.18
Y1 :y2:07 m S(Rl)a ( )

Oy = —(—As(ry))* W1ls(ro))s on S(Ro),

13



for some (f1, f2)™ € H and w € R, then

/ (V912 + al?) dz + 27RE2 3 [[2#]y (Ro)i ?
A(Ro,R1) keZ

<C? / (VAP + 2P de+ 27 R k[ fu(Ro)il® | + C? 101l 72(s(rry) - (219)
A(Ro,R1) kez
Eliminating y», and writing y for y; leads to the equivalent simplified system
Ay +w?y = fo +iwfi, in A(Ro, R1),

y=0, in S(Ry),
0y = —(=As(Rre))* (Wls(Ro)) on S(Ry),

for which we aim to prove the following equivalent estimate

[ P+ Pl de o+ 27 RE S (R
A(Ro.R1) keZ

<C? </A(R . (VAP +1f2)?) de+27 Ry > |k|25|f1(R0)k|2> +C? 10yl T2 sy - (2:20)
0,411 kEZ

As usual, we now decompose our problem on spherical harmonics. This leads to the following problem

1 k? . .
W’y + ;&«(Taryk) — 2k = Ja i +iw f1k in (Ro, Ry1),

we(fa) =0, (2.21)
O,u(Fo) = 5y (Ro).

2s
Rg

with f1x € H'(Ro, R1), fix(R1) = 0, for € L*(Ro, Ry1), for which we aim to prove the existence of
C > 0 independent of k£ and w such that

R 2
! k
[ (10 (B ) il a2 o)
0

Ry
< 02 </ (|arf1,k:
Ro

In other words, we are back to the study of (1.13) with

k2
>+ — | fir
r

>+ |f2,k|2) rdr + |/€|28f1,k(R0)|2> + C?Oyn(Ry)|*. (2:22)

plw, k) = RE™* k],

Remark 2.5 (The case s = 1/2). The operator (fAS(RO))l/2 actually corresponds to a Dirichlet to
Neumann map for the Laplacian in B(0, Ry). Namely, if h € 9((—A5(R0))1/2), the solution y of

Ay =0 in B(0, Ry), withy=h on S(Ryp),
corresponding to h(0) =", hye™*?, is explicitly given by

|%|
y(r,0) = th (é(}) e®® in B(0, Ry),

keZ

so that 3ry|g(Ro) = (*AS(RD))l/Zh'
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Application of Theorem
Theorem 2.6. Let s € (0,1]. The wave equation (L.5) is observable in some time T > 0.

Proof. Since p(w,k) > 0 for all (w,k) € R x Z, we can apply Corollary and deduce the resolvent

estimates ((1.19) and (|1.20) for solutions of (2.21)).
Therefore, the only thing to check is that the strength of the boundary terms in (|1.20) indeed allows

to estimate |k|**|yx(Ro)|? by the right hand-side of (2.22). As before, this is delicate only when w? R% + k>
is large enough. Then, for w?R% > k?, we simply use that

|0vyi(Ro)* = Ry ™ |k|** |y (Ro) .
For w?R% < k2, we use that, since p(w, k) = Ry~ 2*|k|?* > 0,
I (w, k)? = I (w, k) = Ry~ |k|*.

According to the two above estimates, we obviously get the estimate on |k|?*|yx(Ro)|?> by the right

hand-side of (2.22)). O

2.4 The simplified fluid structure model ([1.7)

Abstract form. We consider the functional space
H = P21 s eC? s, €CPy € H'(A(Ro, R1)),y1ls(r,) = 0,42 € L*(A(Ro, Ry)) ¢

endowed with the scalar product

n 71

v2 ; y2 2/ (Vyr - Vo1 + y2§2) dz + s1 - 51 + S2 - S2,
51 51 A(Ro,R1)

S9 §2

H
which obviously is a Hilbert space.
We then set the operator

1

A: Zz € 9(A) C Hw— <y2,Ay1752,—</ ygudcr)—sl) € H,
1 S(Ro)

52
with domain Z(A) corresponding to the set

Y1

zj € H,Ayy € L*(A(Ro, R1)), y2 € H'(A(Ro, R1)), y2ls(r,) =0, Ouy1 = s2 - v on S(Ry)

52

Then, if we consider the unknown Y'(t) = (y(t), dwy(t), s(t), ' (t))*, problem (L.7)) rewrites in the
abstract form Y/ = AY, that is in the form of (1.10), A being a skew-adjoint operator on H.
Similarly as before, we define the operator

Y1
Y2 |

B st = uY1ls(Ry)-
52

With this choice, we clearly have that B € £(Z(A),U), with U = L?(S(R1)), and that B is an admissible
observation operator in the sense of |21, Section 4.3] according to classical multiplier arguments as in
[16, Section I.4.1].
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Resolvent estimate. In our context, the resolvent estimate (1.12)) reads as follows. There exists a
constant C' > 0 such that if (y1,ys, s1,52)" in Z(A) verifies

—itwyr +y2 = f1 in A(RO,R1),
Ay —iwyz = f2 in A(Ro, Ry),
—iw31 + 82 =0 on S RO)v (223)

(
—s1 — / yovdo | —iwsy =g on S(Rp),
S(Ro)

with (f1, f2,91,92)" in H and w in R, one has

[ TP Py o s <02 [ oo
A(Ro,R1) S(R1)

+C? (/A(R - (|Vfl|2 + |f2|2) dz + |g1]® + |92|2> .

We already noted that the condition d,y1 = s2-v on S(Ryp), when projected on the cylindrical harmonics,
immediately gives that 0,y1,r|s(r,) = 0 for all £ but —1 and 1. Conversely, it is not difficult to see that
if w € L2(S(Ry)) verifies wy = 0 for all k but —1 and 1, then there exists s € C? such that w = s - v.
Accordingly |s2] is of the order of the L?(S(Rp))-norm of d,y1|s(ry)-

Similarly, the term
/ yovdo
S(Ro)

is of the order of |y21(Ro)| + |y2,—1(Ro)|. From the third and fourth lines of (2.23), we can thus get

1] <lsof +1oa] i |w[ =1, |s1] < s2f + g2 + Clly2,—1(Ro)| + [y2.1(Ro)[)  if [w] < 1.
Eliminating all unknowns but y = y; in system (2.23)), we obtain the following reduced system
Ay +w?y = fo+iwfi in A(Ro, Ry),

(1—-w?) oy — w? (/ yud0>~V=(gl—iwgz)~V—iw (/ fluda>-1/ on S(Ryp).
S(Ro) S(Ro)

(2.24)
and the desired resolvent estimate is thus equivalent to the existence of a constant C' > 0 independent
of w such that

/ (IVyf? + [w2ly?) de + / 9,yPdo + [y (Ro) + ly—1 (Ro)
A(Ro,Rl) S

Ro)
< 02/ |0,y[?do + C? (/ (VAP + [ f2l?) dz + (91> + |g2|2> . (2.25)
S(R1) A(Ro,R1)

Decomposing our new problem on spherical harmonics leads to the following system, with f;; €
Hl(Ro, Rl) such that f17k(R1) = 0, and fg,k S L2(R0, Rl):

1 k? . .
W’y + ;@(Taryk) gV = fox Hiwfi g in (Ro, Ry),
yk(Rl) = Oa
Oryk(Ro) =0 if kin Z\ {-1,1},

) , 1, 1 . . (2.26)
(w® = 1) 0ry1(Ro) — ™ Row” y1(Ro) = 5('“*)92 -q)- S WZROfl,l(RO)a ifk=1,

1 . 1 . .
(w? = 1) 0ry—1(Ro) — ™ Row? y—_1(Ro) = 5(%092 - 1) - z) —miRofi1,—1(Ro), if k =—1,

that is system equation (1.13|) with the choice

2

w? —1

p(w, k) = mRo Ok=+1
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as claimed in Section [1.3] Hence, our goal is to find a constant C' > 0 such that for all w € R and all
k € Z, each solution of ([2.26] - ) satisfies the estimate

Ry k2
L7 (e (5 ) 1) e+t (0ram 0 + b))

Ro

Ry k2
< C? </ (|6rf1,k|2 + 72|f1,k|2 + |f2,k|2> rdr + |1 + |g2? | + C|0ryx(R1) . (2.27)

Ro

Application of Theorem In this section, we prove the following result:
Theorem 2.7. There exists a time T such that the equation (1.7) is observable in time T > 0.

Proof. For (w, k) € R x Z with w?R% + k? > 2(R% + 1), we necessarily have p(w, k) > 0 and that plw, k)

is bounded, since either |k| > 1 or |w| > +/ (2R2 +1)/Ro > 1. Using Corollary Theorem . applies.
Estimate (1.19)) immediately yields the estimates on the integrated terms, and it thus remains to check

that the estimates (1.20]) yields the accurate estimates on the boundary terms. This concerns only the
case |k| = 1. Thus, the only delicate case is when w is large, for which estimate (1.20]) immediately yields
the result. This concludes the proof of the resolvent estimate (2.27]). O

3 Proof of Theorem 1.2

Theorem relies on several strategies depending on the value of the resolvent parameter w € R and
the frequency parameter k € Z.

To study the equation , we first remove the metric from the Laplacian, which can be done by
the change of variable x = log(r), so that zj(z) = yr(r) and Fy (z) = r®f1 (1), For(z) = r?fox(r), for
which can be rewritten as follows:

02z — (K — w?e®)zp = iwh  + Fay, in (ag,ar).
zi(a1) =0, (3.1)
8;1:Zk(a0) = p(wa k)Zk(CLO) + 9k

where we have set ag = log(Rp), a1 = log(R;1) and where
i e Hl(ao, al), with Fl,k(al) =0, and IPYNS L2(a0,a1). (3.2)

The resolvent estimate we aim at proving, corresponding to (1.19)), then reads as follows:

1002kl L2 + Kl 28 22 ag ) + |l l120€7] 2

(a07a1) (a07u'1)

C (19054 4l 2 gy + -1 IF &l 2 ) + IF2 0 Dy + 95 Loz + 10es(@)]) . (33)
and, corresponding to (|1.20)),
Lwzrz 4 k2 (10w2k(ao)l + [zx(a0) )

102 R2 4 k2> 02 <|8 21(ag))? + max k:Q +w2R%, WRE — k2} |zk(ao)2)

w?R3>|k|?
+1\w|2R§+|k\2>M2 (Ig(w7k)2110 k] >> A |zk(a0)|2 (3.4)
e ST )2 w27

(K B )y Tnlao)l)

[wlRg )= |2/3

2 2 2
< C (100 Pk agran) + V2 IFLRI 200y 1262 ) F 1962 3k + D zi(an)]?)

We will now focus on the proof of the resolvent estimate (3.3)) for solutions of (3.1). In order to do
that, we will distinguish several cases:
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e The case of bounded frequency parameters w? R2 +k? < M?, see Section and Lemma which
can be handled using classical Carleman estimates.

e The case |w| >> |k|, see Section which we deal with using multiplier techniques.
e The case |w| < |k, see Section in which we use a factorization technique.

Actually, we will do a slightly more subtle analysis, that allows to consider |w| and |k| of the same order
in Section and in Section and to conclude the resolvent estimate (3.3) for any (w, k) € R x Z. To
be more precise, for (w, k) € R x Z, we introduce the function

H, x(z) = k* —w?e*”, x€R. (3.5)

and we denote by z{(w, k) its zero:
k
xh(w, k) =log <|> . (3.6)

|w

Since H,  is a decreasing function of x and H, x(zf(w,k)) = 0, it is positive for z < z{j(w, k) and
negative for z > z{j(w, k). We shall thus do as follows:

e When z € [max{ag, z{(w, k)},a1], corresponding to |w|e® > |k|, we use a multiplier method, see

Section and Corollary

e When z € [ag, min{aj(w, k), a1}], corresponding to |w|e® < |k|, we use a factorization argument to
get an estimate on z(ag), see Section and Lemmam

e And actually, when z§(w, k) > ao, we also apply the multiplier method in the whole interval (ag, a1)
to conclude the resolvent estimate (3.3]) more directly, see Theorem

Remark 3.1. Neglecting the boundary, the symbol of the operator appearing in the right hand-side of
equation (3.1)) is of the form p(z,w,k,&) = —€2 — k%2 + w?e®®, wherex € R, w € R, k € Z and £ € R,
where & is the dual variable of x € R, and the above mentioned cases can be clearly understood at this
level:

o When x > zj(w, k), that is |w|e® > |k|, the polynomial & — p(x,w, k,&) has two distinct real roots.
The equation is thus hyperbolic there.

o When x < zf(w, k), that is |wle® < |k, the polynomial & — p(z,w, k, &) has two distinct imaginary
roots. The equation is thus elliptic there.

It then appears clearly that our model is in fact closely related to the Friedlander model (see [12]) analyzed
in details with homogeneous Dirichlet boundary conditions, and indeed shares some of its features.

3.1 Bounded frequency parameters

The first estimate we give here is rather classical and focuses on the case where |w| + |k| is bounded. Tt
is based on the following result:

Lemma 3.2. Let M > 0. There ezists C such that for all ¢ € L>(ag,a1) with ||q||r~ < M and for all
z in H?(ag,a1) satisfying z(a1) = 0,

10020 120 ) + 12020 ) + 192(@0)] + 2(a0)] < C [|~022 4 2] oy o) + Cldaz(@n)]. (37)

aop,a1

In particular, for all M > 0, estimates (3.3)—(3.4), for = € H?(ag,a1) solution of (3.1), holds uniformly
in the ball

{(w,k) e R X Z, k> + |w|*R} < M*}.

Proof. We first deal with the case ¢ = 0. For any s > 0 and z € H%(ag,a;) with z(a;) = 0, we set
w = e*Tz, and we consider the conjugate operator

Pow = e** 02 (e *"w) = (9, — 5)*w, (3.8)
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so that Pyw = 52022,
Setting
v:=(0p — s)w, (3.9)

we have

Pow := (05 — s)v. (3.10)

Noting that by (3.9) one has
[0]* = |0sw]? + s*|w]* — 5 8y (|w]?),

and integrating over (ag, a1), we get

s|w(a0)|2—|—/ (|5‘mw\2+sz\w|2)dx:/ lv|2dz + s|w(a1)[?. (3.11)

ao ao

From [(8, — s)v|? = [0,v|? + s%|v|* — 50, (|v]?), we get similarly

al ai
s\v(ao)\ersz/ |v|2dx</ | Psw|?da + s|v(ay)|?. (3.12)

ag ao
It stems from these estimates that

s*|w(ao)|* + slv(ao)l + s*|[wl|F2 (g ar) + 5* 105072 (ag.00) < NPT (09 a0) F s10(a1)* + 5°[w(ar)[*,
Since w = €**z, recalling z(a;) = 0, we have w(a;) = 0 and v(ay) = (0 — s)(€**2)(a1) = €**1 9, z(aq).
Similarly, w(ag) = z(ag)e®*®, and v(ag) = (9z2(ag) — sz(ag))e’*. Accordingly, recalling also that
Pow = €022, there exists a constant C' > 0 such that for all s > 1,

e (s°]z(a0)|* + 5102 2(a0)[?) + s* €™ 217 + 5%l 0p 2 72

(ag,al) (Go’al)

<2 (Heswagzuiz( +sera1|awz(a1)|2). (3.13)

aOval)

Now, since we assume ||q||p«~ < M, taking s > 2v/CM in (3.13)) we get
e (s%2(a0)|* + s1022(a0)*) + M€ 2122 (g ay) + 5°11€* 02122 (0,01

< 4C? (Hesm(—ﬁg + q)zHiQ( + 8625a1|6wz(a1)|2) . (3.14)

ao,a1)

Finally, taking lower and upper bounds for the weights e** and fixing s, we easily deduce Lemma[3.2] [

3.2 High-frequency estimate |w| >> |k|: the multiplier method

As we said previously, here, |w| >> |k| means that zj(w, k) defined in (3.6) is such that z{(w, k) < a;.
As we shall see, our arguments below will be used mainly on the interval [max{ao, z§(w, k)}, a1].

Lemma 3.3. For any xg € [ag,a1), for any (w,k) € R X Z, any solution zy, of equation (3.1) satisfies

ai

|02 21 (w0) |” + R (21 (20) Dz 21 (o)) +/ 1026 + (k2 + w?e*™) |2 ] da

Zo

= |0pz(a1)]* — R (/ (20221 + Z1) (iWFy g + Fo 1) dw) + Hy (o) 2 (o) *. (3.15)

[¢]

Remark 3.4. Note that, when considering Dirichlet boundary conditions zx(ag) = 0, Lemma applied
to xg = ag proves the resolvent estimate at once, provided we suitably estimate the terms involving F i,
and Fy i, which can of course be done (see for instance the proof of estimate afterwards, which
can be easily adapted to the case zx(ag) = 0). In fact, this is the usual multiplier method.
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Proof. Multiplying equation (3.1)) by (20.zx + Zx) and integrating on (zg, a;) easily leads to

ai

|02k (20) > — (K* — w?e®) |2k (20)|* + R (21 (20)Dp 21 (0)) —|—/ (10z2k* + (K* + w?e*™) |2?) dz

Zo

= ‘6952%(@1)‘2 — R (/ (233521C + Ek) (inLk + F27]§) da:)

0

since zx(a;) = 0. Of course, this coincides with the multiplier identity (3.15)). O
Remark 3.5. Another proof of Lemma[3.3 can be obtained by considering the quantity
Ei(z) = |0p25(2)? — (K* — w?e®) |2(2)|* + R (Zk(2) D21 (), (z € [ag,a1]),

and compute
d%Ek(OC) + 0oz (@) P + (K + w?e®) [z (2)* = R (20021 (2) + 2k (2)) (iwFy k(2) + Fok(x))) -

Of course, this approach yields the same identity as in (3.15)), but the above computation can be interpreted
as a version of the so-called lateral propagation of the energy in 1-space dimension for the resolvent
equation corresponding to the wave equation.

An immediate corollary of Lemma [3:3]is the following one:

Corollary 3.6. Let M > 2. There exists a constant C > 0 such that for any zy satisfying (3.1)
for (w,k) € R x Z with w?R% + k* > M? with zf(w,k) < a1 and (Fi g, Far) as in (3.2), for all
xo € [max{ag, z{(w, k)}, a1],

|02 25 (0) > + max{\/ k2 4 w2e2%0 2?0 — /<:2} |2k (20) |2

—|—/ [10221]* + (K + w?e®®) |2]?] da

o]

< OOy 21(a1)* + C/ (|0.Fy g |* + K2|Fy ik |? + | Fox|?) dz. (3.16)
Zo

In particular, if V>R + k* > M? and zj(w, k) < ag (i.e. W?R% > k?), taking zo = ao in the above
estimate yields the resolvent estimate

|8Izk(a0)|2 + max{\/k2 + wQRg,w2R(2J — kQ} |zk(a0)|2 + / [|8wzk|2 + (k2 + wzez”’) |zk|2] dz

0

ai
<C|axzk(a1)|2+c/ (|0-Fy g |* + K2 |Fy i |? + | Fo|?) da,  (3.17)
ao

that is estimates (3.3])—(3.4)).

Proof. We start from (3.15), and we notice that for zo > xj(w, k), Hy k(7o) = k? — w?e** < 0. Thus,
we deduce

ai

|02 21 (20) |* + R(Z1(20) D21 (w0)) + (W?€*™ — k?)| 2k (20)[* +/ (1024 ]* + (K + w?e*™) |2 ] dao

= |0z 21(a1)|? + 2R (/ (amzk + Z;) (iwF1 ;s + Fo ) dx) . (3.18)
o
Now, using zx(a1) = 0, we get
V2 £ w200z (w0) 2 = —20/F2 + wlePmoR (/ (02)% da:)
o
Wrmeras

ay
< 211022kl 12 (40,a1) L (ag.an) < / [10:2k)” + (K> + w?e®®) |z]?] dz, (3.19)
ag,a z

o]
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which immediately implies that

1
10225 (20)[* + R(Zx (20) 022 (w0)) + (w0 = k?) + 5 VB2 + w?e20) |z (o )|

+ / [10c2k|” + (K> + w?e®”) |z]*] d=

N

< [azr(a1)]” +2

ai -
/ <8wzk + Z;) (iwF1 s+ Fo ) dz|. (3.20)

[¢]

Then, from w?R2 + k% > 4, i.e. Vk2 + w2e2¥0 > 2, we obtain

1 1
2k (20) 0 21, (0)| < I(? 2k (o) [* + *Izk(wo)l 31022k (20)|* + VR + wewo |z (wo)

and

1 1
S0 (0) 2 + (w62 — ) + 3 V/RE + 2e50) ()

a
+ %/ 1 [10:2k)” + (K> + w?e®”) |z]*] dw
T

0

< [0z 2k (ar)]* + 2

/ <8z2k + Z;) (Z.WFL]C + Fg,k) dz|. (3.21)

0
‘We now write that

“ z ; _ ) _ )
/ (@,zk + 2k> (iwF1  + Fo ) do = Zg(a1)iwF k(a1) — Zk(20)iwF1 k(o) (3.22)

0

ai ) Wz
+ / <—zwzk8zF1,k + 0uZpFok + 5 u
x

0

Fip+ ZQ’CFQ,,C) da.

Using F1 r(a1) = 0, and the fact that, similarly as in (3.19),

al

|l F i (20) | </ (10 F1il? + B2 |Fy ) dav, (3.23)

[¢]

and that, for z¢ > x§(w, k), w?e?®° — k? > 0, the boundary terms in (3.22) can be estimated as follows:

|Zk(a1)iwFy g (a1) — Zk(z0)iwFy k(20)| < |wl|zk(20)|[F1,k(70)]
1

— max { VK2 + w2e2vo_2e?r0 — |2

16

N

2

2 w 2
z1(x +C Fip(x
(o) 4 e gy H4(00)

2 (20)|* + C|k||Fy g (w0)]?

< max { A /k2 + w2€2107w262xo _ k'2
16
1

g . max{* /k2 + w26210,w262“"° o ]{32

16

ay

@)+ C [ (0 Fu P + R4 do

Zo

N~ Y

On the other hand, we easily get

ay
/ <—zwzk8 F1k+8 ZkFQk“F F1k+ Fg k) dx
To

< ||wzk||L2(w0’a1) ||8$F1;k||L2(mo,a1) + ||wzkHL2(:p0,a1) |

(zo,a1)

+ (10228 2(2g,00) T 19280 L2(20.00)) 1F2.0 ]| L2 (2 ,01)

2 2
< (”812]6“[‘2(101(11) + ||wewzk||L2(mo,a1))

ool —

+ c/ (0o Fyif? + K 2) da. (3.24)
xo

21



Combining the last two estimates with (3.22]), we obtain

al E )
/ (8352;@ + ;) (szLk + F27k;) dx

0
1 1
< o max { VR +w2e0, 022 — k2] |z (@o)l? + 5 (10521l L o) + 190672k [ Faan.an))

ai
+o/ (0. Fol? + K2 Funl® + | Foxl?) de. (3.25)
o

for some C independent of (w, k). Plugging this last estimate in (3.21)), we obtain (3.16)).
The fact that the resolvent estimate (3.16]) yields the resolvent estimate (3.3)) when (w, k) satisfy
W?RZ2 + k% > 4 and xf(w, k) < ag easily follows. O

Another interesting straightforward corollary of the identity (3.15)) is the following one:

Corollary 3.7. Let M > 4. For any (w, k) € R x Z with w?R2 +k? > M? and w?R% < k2, any solution
z. of equation (3.1)) satisfies, for some C independent of k,

V k2 + w2e2a0 |z (ag)|> + / (10026 )” + (K> + w?e®7) |z]?] dz < C|0z2(a1)|

ay
ao

+ C/ (102 F1 k| + K2 Fui|? + | Foi]?) do + C(Ho,i(ao) — p(w, k)? = plw, k))|zk(a0)[*. (3.26)
ao

Indeed, this corollary is interesting since it implies that if we know how to estimate (H, x(ag) —
p(w, k)% — p(w, k))|zx(ag)|?> by the squares of the right hand side of (3.3]), we immediately derive the
resolvent estimate (3.3)). This is in fact the strategy we follow hereafter in Section

Proof. We start from the fact that, coming from (3.20) applied to xg = a¢ and using the fact that
Opzi(ag) = p(w, k)zi(ao), that for any (w, k) € R x Z, any solution zj, of equation (3.1)) satisfies

1
<P<w, B)? 4 plw, k) + (w76 — k%) + v/ + W> |2k (a0)
1 [*
+ 5/ [|3xzk|2 + (k:2 +w2621) |zk|2} dz

< [Ouzn(ar)* +2

aq =
/ <8mzk + Z;) (’ioJFl)k + Fz,k) dz|. (3.27)
ao

To bound the last term, we use again identity (3.22). Recalling z(a;) = 0, the pointwise estimate ({3.23))
applied to xg = ag, and using w? R% < k2, we get, for all a > 0, (with C, = 1/(4a)):

|Z(a1)iwFy g (a1) — Zx(ao)iwF1 k(ao)| < |wl|zk(ao)||F1,x(ao)]

2
w
< o824 (a0) 2+ Col e (a)
g
k @
<a%|zk(ao)\2+ca/ (18, F1 i + K|y i) do (3.28)
ag

Similarly as in (3.24]), we also get, for all & > 0, the existence of a constant C,, > 0 such that

at . Wz, K
/ (_'szkazFl,k N TkFl,k + ;F2,k) dz
aog

ai
<a (HaﬁvZkHiZ(ag,al) + ||wewzk|‘i2(ao,a1)) + Ca/ (102 F1kl? + K2 FLil? + | Foel?) da. (3.29)

ao
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Choosing o > 0 small enough in the above estimates, we get that there exists C' > 0 such that

aq = 1
/ (Ehzk + Z;) (inLk + Fg’k) dz| < 1 VvV k2 + w262“0\zk(a0)\2

0

2

1 al ayl
+3 / 10225 + (K + w?e®®) |2]?] dz + C/ (|0: F1 ik |? + K2 |Fy x| + | Fox|?) da.
ag

ao

Combined with (3.27)), we easily deduce (3.26)). O

3.3 High-frequency estimate |w| << |k|: a factorization argument

When z(w, k) > ag, i.e. when k? > w?RZ, the multiplier identity (3.15) does not allow to conclude
immediately since then H, x(ag) > 0.
In this section, we shall always assume that (w, k) € R x Z satisfy

k* > w?R%,  (equivalently, f(w, k) = ag), and  k? 4+ w?R% > M?, (3.30)

where M is the constant appearing in Theorem [I.2}
The main result of this section is the following:

Theorem 3.8. Assume that p = p(w, k) is as in (1.14]) and satisfies the condition (1.16)). Then there
exist C > 0 and A > 0 such that for all (w,k) € R x Z satisfying (3.30) and any solution z, of (3.1)
with Fy 1, € H'(ag,a1) satisfying F1 x(a1) =0, Foy € L*(ag,a1) and g € C,
(IE(W’ k)zlaogm(’;(w,k)fA|k|*2/3 + maX{|k|4/37 L (w7 k>2}1ao>m(’§(w,k)fA|k|*2/3) ‘zk(a0)|2
ay ay
+/‘Umm%wﬁ+&8ﬂpﬁym<c/ (|0xFyk|? + E*|Fy > 4 | Foi|?) da
ao ao

+ Clgrl* + Cl0z2k(a1)]?. (3.31)

Proof. Below, we design a factorization technique to get the resolvent estimate (3.31)), which consists in
writing the differential operator in (3.1)) under the form

02 — Hyp (%) = (00 — Xwk) (s + X k), (3.32)

where X, ;; will be assumed to be a non-negative function of x such that

d ) :
ek (@) = XG4 (2) = Hop(), € [ao,27], (3.33)
Xw,k(aj*> = X*v

where z* > ap and X* are real numbers to be chosen later.
Indeed, this will allow us to get an estimate on |z (ag)| according to the following lemma:

Lemma 3.9. Let us assume that that there exists ©* € (ag,a1] and X* > 0 such that the ODE
has a solution X, 1, on the interval [ag, x*| satisfying X, k(x) € [0, |k|] for all z € [ap, z*].

Then any solution zx of equation satisfies the following estimate: for all o > 0, there exists C
independent of (w, k) such that

ai

(Pl k) + Xop s (0))? 20 (a0)|? < / (10,282 + K224 7] da

ao

ay
+ﬂ@%@W+CMﬂ%MﬁW+CMF+C/(@JMP+ﬁmeHEM5M-CHQ

ao

Proof. Setting wy, = Oyzk + Xw 2k on the set (ag, z*), where zj solves (3.1), we get that

O — Xpp)wi = twkFy  + Fo i in (ag,x*
{( &)Wk L+ Fag (ag, *) (3.35)

wi(2) = Opzi (™) + Xo 5 (27) 21 (27) = Opzi(a™) + X 2 (2").
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Multiplying the equation by wj and integrating between ag and x*, we get

ao

1 z* z* '
3 (|wk(x*>|2 _ |wk(a0)‘2) _ / Xw,k|wk‘2 dr =R (/ (szl,k + Fg,k)@k dx) .
ag

Recalling that wg, = 9y2 + Xw 2k, Xw k is assumed to be non-negative and that wy(ao) = 9,21(a0) +
X, k(ao)zx(ao) = (p(w, k) + Xy x(ao))zk(ao) + gr, we easily deduce:

*

/ (iwFy g + Fo 1) (022 + Xk Zk) do

(0]

(p(w, k) + Xk (a0))?|2x(a0)* < C

+ C|0pzk(2*))? + C|X* |21 (z*)|* + Clgr]®.  (3.36)
Then, similarly as in the proofs of Corollary [3.6] and Corollary we estimate

*

x
/ (inLk + Fz,k)(amfk + Xw,kzk) dz = inLk(w*)Ek(m*) — inl’k(ao)Ek(ao)

ao
"

x
+ / (—iwazFl,kEk + FQ’kamEk + X 1P ptwzy, + FQ’ka,kEk) dx. (3.37)

ao
Since |w| < |k|/Ro, we have from (3.23)) that, for all « > 0, there exists C, > 0 such that
|iwFy k(a0)Zk(ao)| + liwFy k(z")Z (27)] < ClE| (|F1,k(a0)l |2k (a0)| + [ F1k(2")|2k(z7)])
ay

«
<Ca | (10uFukl* + B[P sl?) dz + LRI (120 (a0)* + 2x(27)]?)

ao

< Ca/ (|0:Fy k| + K| Fy i ?) do + %/ [10z2k|” + k*| 22 %] d. (3.38)
ao ao

Using then that

Xw.k| < k, and that |w| < |k|/Ro,

xr
/ (7iw6zF17k§k + Fg,kamfk + Xw,kFLkiwzk + FQ,kaJCEk) dx

ao

< OO F1 kL2 (ag,an) 115 2kl L2 a0.a0) + 1F2, 50 L2 (a0,01) 192K L2 (g a1)
+ CNIk| Fikll 2 ag.an) 115l 2kl 22(a0,01) + Ol F2kll L2 (a0,a0) 1E] 281 L2 (a0,a1)-
Thus, for all @ > 0, there exists C, > 0 such that

*

/ (—inIFLkEk + ngké)sz + Xw,kFl,kiwzk + FQ’ka’kzk) dx

0

2

Plugging this last estimate and ([3.38) in the identity (3.37)), we easily deduce (3.34) from the estimate
(13.36)). O

ai ai
< ca/ (10 F1 k)? + E2[FL k) + | Fog |2)dx+9/ [|0pzk)? + K?|21?] dz.  (3.39)

aop 0

Lemma indicates that, provided we get non-negative solutions X, j of on an interval of
the form [ag,x*], one can get an estimate on |p + Xy, x(ao0)||2x(ao)| from an estimate on |0, zx(z*)| +
| X || 2w,k (x*)|, other terms involving the source terms F j, Fz i and gg of , and a rather weak
dependence on zj in (ag, a1), quantified through a parameter o > 0 that can be made arbitrarily small.

Our goal now is to combine estimate with Corollary To do so, we aim to choose z* in
[25(w, k), a1] and | X*|? = 6%(w?e?*” — k?) for some positive constant @ independent of w and k. We see
that X* becomes larger as z* is chosen further from z§(w, k), and as a consequence the estimate becomes
better. However, we can prove the existence of X, j solving on [ag,x*] only for x* close enough
to z§(w, k). Hence a compromise has to be made.

More precisely, for #* = xf(w, k) +¢/|k|* with ¢ > 0 and a > 0, we have X* = 01/2c|k|* /2 for some
positive constant ¢. In the following, we make two specific choices, the first one being 2* = z{(w, k) and
X* =0 (that is ¢ = 0), and the second one z* = zf(w, k) 4+ 1/(2|k|*/3) and X* = 2|k|>/? (that is ¢ = 1/2,
6 =2, and o = 2/3). The solutions corresponding to these choices enjoy the following properties:
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Lemma 3.10. Let (w,k) € R x Z satisfying (3.30).
The solution Xo . i of

d
@Xo,b%k(x) = Xg,w,k(x) - Hng(l'), US [aoa za(w? k)]a (340)
XO,w,k(x*) = 07

is well-defined on [ag, x§(w, k)] and non-negative there.

Set 1

Then the solution X1 ., 1 of
iX (x) = X7, (z) — Hyx(z), =€ [ag,z}(w, k)]
dz 1,w,k - 1,w,k w,k ) 0,41 ) ) (342)

X1k (@} (w, k) = 2[k[*/2,

is well-defined on [ag, x5 (w, k)] and non-negative there.
Besides, we have the following estimates: For all € > 0, there exists A. > 0 independent of (w, k)
such that

Vo < xh(w, k) — Ack2/3, (1—e)\/Hox(z) € Xowr () < X1wr(z) < \/Hyr(z) < |kl (3.43)
For all A > 0, there exists 64 > 0 independent of (w, k) such that
Vo € [z5(w, k) — Alk| 75 23 (w, k)], Xiwn(@) — Xowr(z) = 64k (3.44)

Lemma [3.10] is one of the delicate points of our analysis, and its proof is postponed to Section [3.4]
Using then Lemma we can prove the resolvent estimates 7 for solutions z; of for (w, k)
satisfying .

Indeed, using Lemma [3.9) with Xo .« on [ag, Zj] with & = min{z}(w, k), a1} and X1,k on [ag, Z}]
with ] = min{z}(w, k), a1} and summing the two estimates, we obtain the following: for all a > 0,
there exists C' > 0 such that

((p(w, k) + Xo,w,1(a0))? + (p(w, k) + X1k(a0))*) |21 (a0)

s a/ [10u2n]? + K2|2il?] da + O 20 (23)|? + Clszi (27)? + Ol [z (a7)

ao

ai
Clg +C [ (0uFLP + IR + [Fasf) do. (3.5)
ao

We shall now bound from below the left hand-side of (3.45]):

Lemma 3.11. Let € > 0 and M > 1 and assume the condition (1.16)). Then there exist a constant
S0 > 0 and A. > 0 such that such that for all (w,k) € R x Z with k? + w?R2 > M? and k* > w?R2,
(equivalently, x{(w, k) = ao),

((p(w, k) + Xo,w.1(a0))? + (p(w, k) + X1 k(a0))?)
2 60(18(("}7 k)21a0<zg(w,k)fAE\k|_2/3 + max{\k|4/3, I ((.4), k)2}1a0216(w,k)7A5\k|_2/3
+Hw,k(a0) _p(wak)Q _p(ka))' (346)

Proof. First note that

(p(w, k) + X&w,k(ao))z + (p(w, k) + Xl,UJ,k(ao))Q
Xowr(ao) + X1n(a0)\’ X1wn(a0) = Xowr(ao)\?
:2<<p(w,/€)+ L = > +< = = ) ) (347)

2 2
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Now, let ¢ > 0 and M > 1 and assume condition . Using Lemma there exists A. > r (r is the
constant in (T.I5))) such that holds for all z < zf(w, k) — A.|k|72/3, and there exists §. > 0 such
that holds for z € [xf(w, k) — Ac|k|~%/3, x5 (w, k)]. Consequently, we shall discuss how ag compares
to x(w, k) — Ac|k|~2/3.
If ag < x(w, k) — A-|k|72/3, ie. if log(|k|/|w|Ro) > Ac|k|~%/3, using the condition and the
fact that
(1 —¢e)y/Hur(ao) < Xowi(ao) < X1wk(ao) < 1/ Hyk(ao),

hence that there exists ¢ € [1 — ¢, 1] such that

Xw Q "er a
0, ,k( 0)2 1 ak< O):cma

we easily deduce by bounding from below the first term of the right hand side of (3.47)) that

(p(w’ k) + XO,w,k(ao))2 + (p(w7 k) + Xl,w,k(aO))2 2 25(Hw,k(a0) - p(w, k)Q - p(w’ k))

If ag € [xf(w, k) — A|k|72/3, a8 (w, k)], ie. if log(|k|/|w|Ro) > Ac|k|=%/3, we simply use (3.44) and
the second term in the right hand side of (3.47)) to deduce that

(p(w, k) + Xowk(a0))® + (p(w, k) + X1.wr(a0))® > 26.|k|*/?.
On the other hand, since X, x(ao) € [0,/ Hy k(ao)], we easily have
(p(w, k) + Xowk(ao))® = L(w, k).

To end the proof of Lemma|3.11] it suffices to notice that there exists a constant C' > 0 such that for
all ag € [z§(w, k) — Ac|k|72/3, 23 (w, k)],

He 1 (a0) = plw, k)* = p(w, k) < Ho (x5 (w, k) = Aclk| /%) + 1 < ClR[Y*.
This last estimate can be easily checked by looking at the asymptotic as |k| — oo of

Ho (g, K) — Acl|72/%) = 12 — w22 2470 g2 (1 (m24b70) o A j403,

[ k] =00
We then easily conclude Lemma |3.11 O

We then show how Lemma and estimate (3.45) imply the resolvent estimate (3.3|) for solutions
zr, of (3.1) when (w, k) are as in ([3.30)).

Using Lemma we obtain that for all o > 0, there exists C independent of (w, k) satisfying (3.30)
such that

(IE(“)’ k)zlaogw’o*(w7k)—AE|k|_2/3 + max{|k|4/3, 5L (wa k)2}1a02w8(w7k)—A5|k|_2/3> |Zk(a0)|2
ay

+ (Hok(a0) = p(w, k)? = p(w, k))|zx(ao)* < a/ (100 2k]* + B2 |24]?] o + C|0w 2k (05) [

ao
ai
+ C|0pzi (D)) + ClE|Y? |21 (xD))? + Clgrl® + c/ (|0aF1 k|? + K2|Fy g + |[Fax|?) do. (3.48)
ao
We then use Corollary [3.7] to deduce
(1 @00 B Ly a0+ max {11, 12w, 1) g5 272 ) 128(00) 2
al ai
+/ (10020l + (K + w?e>®) |2 da < a/ 10020l + k|2 [] da + Cl9az ()

ao ao

ax
+ Cl0wzi (@) + ClE[Y? [z (@) + Clarl” + C/ (102 1 i |* + k2| FLg|® + [Fopl?) da. (3.49)
ag
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Now, using Corollary [3.6|at zg = Z§(w, k) and 2o = #}(w, k), and the fact that

W22z (wk) _ g2 _ g2 (ez(x;(w,k)—xg(w,k)) _ 1) ~ Y3,
|k|—o00

we have
Vk2 + w2e276(@:k) |9, 21, (T5 (w, k) [? + |02 21 (T} (w, k)[* + EY3 | 2 (2 (w, k)2

< C|0pzk(ar)* + C[ (|0.Fy k|* + K2 |Fy ik |* + | Fo|?) da.
7

Estimate (3.49) thus yields:
(Ie(w7 k)Qlaogr(’;(w,k)—A5|k|*2/3 + max{|k|4/3, L (w’ k)Q}1ao>r(’;(w,k)—A5|k|*2/3) |Zk(a’0)|2

a ay
+/ [10s2k)* + (K> + w?e®™) |z]?] dz < a/ [102k|* + k2|21 %] da

0 ao

ax
+ C|0pzi(a1)|* + Clgr|* + C/ (|0xFy g |* + K2 |Fy g |* + | Fox|?) dz. (3.50)
ag
Taking o > 0 small enough (independent of (w, k)), we conclude from (3.15) that

(Ia(w’ k)L ag <aop (i) — Ao || -2/2 + max{|k|*/?, I (w, k)2}1a021:(’;(w,k)7A5|k|*2/3) |2k (a0)|?

ay ay
+/ [10:2k|” + (K> + w?e®®) |z]?] dz < C/ (|0, Fy x> + K2 | Fyg|? + | Fox|?) da
ag

ao
+ Clgul* + C10z 2k (ar) .
which concludes the proof of Theorem O

Remark 3.12. The starting point of the proof of Theorem is the factorization of the differential

operator 02 — H,, () in the set where H, (x) = k? — w?e®* is positive.

Note that a natural factorization strategy would be to write
0% — H, p(x) = (8,3 — H%k(z)) (3,3 + H%k(:z:)) + remainder ,

but the remainder, which equals to fam( Hw,k(x)), is too singular close to the zero of Hy, j to be

handled as a remainder.
Our approach thus relies on the exact factorization of the operator (3.32), and avoids the difficulty of
handling such remainder terms.

3.4 Proof of Lemma [3.10]

With the notations of Lemma in this section we study the solutions Xy, of (3.40) and X; ,,  of
(13.42). In order to do it, we perform the change of variable and unknowns

t= kPP 5w, k) = @), fua(t) = K72 X wi(2), me{0,1}.
Then both fy 5 and f1 1 satisfy the ODE
fe=H(t) = f, (3.51)
where

2t
Hp:teR— |k|2/3 (1 —e |k2/3> 7

plus the initial condition

for(0) =0, fik (-;) =2. (3.52)
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Note that this equation is now independent of w, thus justifying the fact that we omit the dependence
in w and simply use the notation fo x, fi &

Cauchy-Lipschitz theorem implies that equations and uniquely define fo ; and fi 5 on
some maximal intervals denoted Iy ; and Iy .

Then, Lemma [3.10]is implied by the following result.

Lemma 3.13. There exists ko = 0 such that for all |k| > ko, the following statements are true:
The function for is well-defined and non-negative on [0,00). The function fi 1 is well-defined and
non-negative on [—%700), Furthermore,

e for all A > 0, there exists § 4 independent of k such that for all t € [0, 4],
fre(t) = for(t) = 0a.
o for all e > 0, there exists Ac > 0 independent of k such that for allt > A.,
(1= )VH(D) < foult) < fralt) < VH) < kI3,

We divide the proof of Lemma into several steps. We first concentrate on the function fo .

Lemma 3.14. The function fo is well-defined on [0,00), and verifies, for all t > 0,
0 < for(t) < V/Hi(?).

As a consequence, for s increasing on [0,00).

Proof. A direct computation shows that fo1(0) = f;,(0) = 0 and £, (0) > 0, so there exists 79,5 > 0
such that for all t € (0,79.%), fo,x(t) > 0. Denote

Tox =sup{n € Iy, N (0,00), ¥t € (0,m), for(t) >0},

such that 1o, < Tor < suplo k. Suppose To i € lok, then fo(To,x) = 0 which implies f67k(TO,k) =
Hi(Tox) > 0, leading to an immediate contradiction. Hence Ty, = suplpy, and f is positive on
Io N (0, OO)

Consider now go : t € Io — for(t)> — Hi(t). Using (3.51]), we easily obtain that for all ¢ in Iy,

0.k (t) + 2fo,(t)go.x(t) = —Hy(t) <0,
from which we infer that for all ¢ € Iy, N (0, 00), denoting Fyj, : t € I — fg fo.rx(s)ds,
go,r(t)e® o) < go 1 (0)e® For () =
hence f&k < Hj, on Iy N (0,00). This in turn implies sup Iy, = oo, which ends the proof. O

Lemma 3.15. There exist kg > 0 and a positive constant C' such that for |k| > ko,

e For all T € [2,|k|?/3],
fO,k(T) >1— OlOg(T)

> —_— 3.53
Hy(T) VT (3.53)
e For all T € [|k|?/3, exp(|k|?/?)],
foalD) | os(T) -
vV Hi(T) T
e For all T > |k|*/3,
o) o o exp(—T/ K23, (3.55)
Hy(T)
In particular, for T > |k[*/3, we have
T
S0k o G exp(—vT). (3.56)

VH(T)
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Proof. Let T > 2. For A € [0, T], we introduce fa the solution of f), , = Hx(A)— f3 ; on (4, 00) starting
from fa5(A) = 0. Easy comparison arguments show that fo x(T) > far(T). We then compute fa x(T):
| — o~2V/HA)(T-A)

fax(T) k( >1+6_2\/M(T—A)

Accordingly,

fou(T) S su Hi(A)1 - e_QM(T—A)
A€[0,T]

H,(T) ~ VHR(T) 1 4 e=2VH(A(T-4)

1 — o—24/k[2/3 | _ p=2/Hi(A)(T-A)
= su
Ae[OI:,)T] 1 — e—2T/|k|?/3 1+ e 2VH(A(T-4)

Let us first focus on the case 2 < T < |k|?/3. On one hand, we have, for some constants C' independent
of k, A and T and which may change from line to line, that,

_ ,—2A/|k|?/3 2(T—A)/|k|?2/3 _
L= AR e 2T A/ 1
1 c—2T/[kP2/3 1 e—2T /K273

5 2(T—A)/|K*? _ 4 T_ A
_ 2T/ kPP E _ il
>1-Ce —— > 1-C ( - ) .

On the other hand, assuming A > T'/2, we get, for some positive constants ¢ > 0 independent of k, A,
and T', which may change from line to line,

Hi(A) = [k[2/3 (1 - e—“‘A/‘k'm) > cA > T,

so that

1 — ¢~ 2VHe(A)(T-A)
c >1- 2 2VHAT=4) 5196y (—c\/T(T - A)) .
1+ e~ 2VHR(A)(T-A)
Let us now fix § = 2% where ¢ is the constant appearing in the exponential in the last estimate. Then

the choice A =T — B1In(T)/v/T satisfies A > T/2 provided that T is greater than some fix constant Tp
depending on g only. With that choice, we obtain on one hand,

L= 2VIE L log(T)
1 — e 2T/ =~ VT’
| — e=2VHAN(T-A) 9

>1- .
1+ e~ 2VH(A)(T-A) VT

Combining these last two estimates, and using that 7'+~ 1/(T+/T) is negligible in front of log(T)/(T/T)
as T goes to infinity, we easily obtain (3.53]).
For T satisfying T > |k|?/3, and T — A < |k|>/3, on one hand, we have

_ / _ / —A)/|k|?/3
—1 — e A/ = 4[1 — e—2T/IK[?/3 2T /IR — 1 >1- C’e—QT/IIf\Q/3 T/ —1
1 — e—2T/|k|?/3 1 — e—2T/IKI?/3 7 1 — e—27/|k[?/3

s (T — A 23 T T-A
> 1 _ 2T/ Ik*? > 1 _ 2T/ Ik L
>1—-Ce |k\2/3 >1—-Ce |k|2/3 T

and on the other hand,

On the other hand, for T > |k|?/3, and A > |k|?/3/2, Hy(A) > c|k|?/? for some ¢ independent of k, and

thus
1 — =2V Hr(A)(T-4)
>
1+ e~ 2VH(A(T-4)

1—2e 2VHAT=4) > 1 _9exp (—c|k|1/3(T - A)) .
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Therefore, for T satisfying T € [|k|?/3, exp(|k|?/3)], setting A = T — log T, which indeed satisfies A >
|k|2/3 /2 for k large enough, and T' — A < |k|?/3, we obtain

for(T) Coryzrr T log(T)
T(T) g (1 - Ce?E ‘k|72/3 T ) (1 — 2exp (—c|k;|1/3 log(T)>)

Cesz/‘kP/a T log(T) C

2i- G[273 T el
This last estimate easily implies (3.54)), since 7 +— 7exp(—7) is bounded on [1, 0], and 1/Tc‘k‘1/3 is
negligible in front of log(T")/T as T — oo for k large enough.
For T > |k|*/3, we can also choose A = T/2, so that
1 — e—24/[k[?/® Ny v 2/3
—c _ o—2A/|k[2/3 —_CeT/Ikl
o zrypers 2 VI—e 1 - Ce ’
while
1 — o~ 2VH(A)(T-A) oy T
>1—-2ex <fc ) .
1 1+ e—2VHe(A)(T-A4) P
These two estimates easily yield (3.55|) for k large enough. O

Remark 3.16. [t is not difficult to check that the proof of (3.53)) can be adapted to obtain the following
result: For all Cy > 0, there exist kg and C such that (3.53|) holds for all k with |k| = ko and T €
[2, Co|k|>/3]. This result will be useful later on.

Lemma 3.17. Let ko as in Lemma[3.15 Let € > 0. There exists A. > 0 such that, for all t > A, and
k| = ko, (1 — &)/ Hi(t) < for(t).
Proof. Lemma is a simple corollary of Lemma by noting that

_ Clog(T)\ _ . log(T)\ _ : _
dm (1= ) =1 (120 ) =1 (1 ew(-vD)) =1,

and using the estimates ([3.53) for T € [1,[k|?/?], (3.54) for T € [|k|*/3,|k|*/3] and (3.56) for T >
|k|4/3. O

We now study the function f j, starting with the following lemma.

Lemma 3.18. There exists kg € N such that, for all |k| > ko, [-1/2,0] C I, and

1
0 < tan <2> < f1.6(0) < 2.

Proof. We denote to = —3. First, as for all t € [ty,0], we have Hy(t) < 0, we have f{, < —f7, on
[to,O] ﬂILk, hence ka(t) < fl,k(to) =2forallte [tQ,O} N Il,k-
Now, since Hy, is increasing, we have f{ , > Hy (to) — 7, = —(|Hx(to)| + f7 ) in I, which implies

arctan (f”“> > —/Hx (o). (3.57)

|H (to)]

For each t € I, with ¢ > to, we integrate (3.57) in [to,t], and we get

frr(t) 2 _ _
arctan <|Hk(to)|> > arctan <Hk(7fo)|> V| Hp (t0)] (t — o)

Seeing that



we have, for all ¢t € [to,0] N I such that f1 ,(t) >0,

fi,u(t)
arctan(f1.x(t)) > arctan <|Hk<to>|>

> arct 2 Jie 2 (il f 2 1+
Z arctan | —F——— — 573 arcan — .
\/1"“;6‘% K2/ 2 1+ o5 2
1
VI s

lim | arctan - = arctan(2) —
[k| =00 1 1 2
VRREIEEE

we deduce that for all |k| sufficiently large, fix > tan (%) > 0 in [tg, 0] N 11 k.
We hence have obtained that tan ( ) fi.e <2 on [tg, 0] N I i, immediately implying that [tg, 0] N
I 1. = [to,0], which ends the proof. O

Since

Lemma 3.19. Under the assumptions of Lemma we have I ;N ]0,00) = [0,00), and for allt > 0,
for(t) < fik(t).

Proof. As both for and f1 satisfy (3.51), and fox(0) < f1,£(0), by Cauchy-Lipschitz theorem, we
clearly have fo 1 (t) < f1,5(t) for all t € I ;; N [0, 00). Then, for all ¢t € I1 i, t > 0, we have

FLe() = Hi(t) = fre(®)® < Hi(8) = for(t)* = f5.(0),
Since fo 1, is bounded by |k|?/3 for all ¢ > 0 by Lemma we deduce I ; N [0, 00) = [0, 00). O
Lemma 3.20. There exists ko € N such that for each |k| > ko, there exists T, € (0, 3] such that
o fi1 is strictly decreasing on [—1/2, 1),
o f1, is strictly increasing on (x, 00).

As a consequence, f11(t) < /Hg(t) for allt >3

Proof. Directly from the equation we get that fj ,(t) <0 for all t € [~1/2,0]. For ¢t > 0, we define the
set

G={T>0: fi,(t)<0Vte[0,T]}.
Since f{7k(0) = —f1£(0)? < 0, one has that & is nonempty and 73 := sup & > 0. By definition we have
f1x(#) <0 for all ¢ in [0, 7). Therefore, for all ¢ € [0,7), f1,x(t) < f1,1(0) < 2 and then

Rt = Hi(t) — 4 (3.58)

for all ¢ < 7. Note that the right hand side of (3.58) vanishes exactly at

‘k|2/3 In(1 74 — 2
= — n —
Thok 2 |k[2/3 ) |k|—o0

In particular, 7, € [0, 3] and then 7 < 7 < 3 for all |k| large enough.

On the other hand, given any 7 > 0 such that f{ ,(7) = 0, we have f{',(7) = (Hx — f1,)'(7) =
Hj(7) > 0. Then, a very simple reductio ad absurdum shows that f11(t) > 0 on (7,00), which ends the
proof. O

Lemma 3.21. Let kg be fized as in previous Lemma, and A > 0. There exists §4 > 0 such that for all
|| = ko and allt € [0, A], f1,6(t) — for(t) = da.
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Proof. We observe that, for all t > 0 and all k > 1, Hy(t) < 2t. So, combining the results from Lemmas
and we obtain that for all ¢ € [0, A] and all |k| greater than kg,

for®) < frr() <24+ VHp(t) <24+ V21 <2+ V2 A

Setting, for all t € [0 A] ( ) = fi.e(t) — for(t), we easily check that g satisfies the equation gj (t) +
(f1.e(t) + fox(t)gr(t) = 0 on [0, A]l. According to the above estimate, we obtain

o0~ Joat) = 9100) @ (= [ (F(6) + us(s)) s ) > am (5 ) exp (— [ 10+ doats) ds> .

The results follows, with

&4:tan<;)exp<—A@L+2V§A».

Combining the results of Lemmas [3.14], [3.17}, [3.18] [3.19] [3.20] and [3.21], we obtain Lemma

4 A necessary condition for the resolvent estimate: Proof of
Theorem [1.4

Let (wn, kn)nen be a sequence of elements in R x Z satisfying ((1.23) and (1.24). For all n € N, we set

= |kn|?3log <|Wn|RO ) 5., = log o) iy, =min{z{ a1},

1 2~ A a; — ap
Toin = 3%+ 3800 Ton = mm@w 3 }’

+1 5 .
To » = Min
3 O 3 Ona

2
3
<

and we note that ap <22, , <z, <Zj, < ar with

~ % * % * % _
Lon = Loin =Loin ~T2p =Ty, — a0 = On-

Also note that, due to (T.24)), 6, is always of the order of A, /|k,|*/3.

We then set, for = € [ag, T§],
= exp ( / X0,0n ko ( dy> (4.1)

where X 4, k, is defined in (3.40), and

2k, (2) = 2, (@)nu(2) - where (@) =7 (j) : (4.2)

On_a’o

where n = n(s) is a smooth cut-off function taking value 1 for s < 1/3, vanishing for s > 2/3, and taking
values in [0, 1].
One then easily checks that 2y, , extended by 0 for x € [Zf ,, a1], satisfies (3.1) with
F2,kn - Qé)atnnargkn + axmnkn gkna

9k, = _(p(wna kn) + XO,an,kn (ao)),
2, =0 forx > 2%,

2k, = Zy, forx <, ,,

Our next goal is to check that the resolvent condition (3.3|) applied to zj, necessarily implies some
condition. In order to do so, it is convenient to recall from Lemma that, for n large enough, since

A, — 0o due to (1.23)), we have

N 1
Vz € [ao,xflyn], 3 Hy, i, (%) < Xow, k() < A/ Hey,, ko, (2). (4.3)
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We then check that \/Hey, k,(a0), \/Hw, k,(¥25,) and /Hy, k(%) are all of the same order.

Indeed,
H‘-’-’n;k’n (‘CC) = ki (1 — 6_2($(§,n,_$) ) .

In view of the choice of z*; ,, and the fact that Hy,
constant C' > 0 independent of n € N such that

is decreasing, it is thus clear that there exists a

n

C\/ wn,k ao \/Hwn kn 1‘ 1?1 S inf Hwnakn(aj)

[ao,@™ ;]

< swp \/mekn(x)g\/mekn(ao) (4.4)

[ao, @™y ]

and ) " (a0)
2 ¢ Honka\%0) <C 4.5
c < Thpe. : (4.5)
where we used (1.24) to guarantee that z7 ,, — ao is bounded uniformly in n € N.
Using the above estimate, we immediately have constants C' > 0 independent of n such that

B 1
ot 22an.01) > WZbllz2(aoar, ) > G 75

- 1
Haﬂfzan%?(ao,al) 2 ||8$an”2L2(ao,J;i21n) > 6 ‘kn| \% 5”7

C k1532 /5
Hamnnamzkn||%2(ao,a1) < ||8Inn||%°°(ao,a1)||a$zkn”%2(m12 T ) < |5 |2 [knl / ‘k | n7

C k16372 /C 1
Haﬂb’fl’nn'zanL?(ag,al) = ||81177n||L°° (ao,a1) ||Zk n||L2(z 2T ) WB lknlon”™/ |kn|\/g

In particular, the estimate (3.3) applied to z, yields, for all n € N,

[kl v/3

_ 3/2 kn, 1
LA <53/2| + |k;|59/2> + C( (Wn; ) + XO,w,L,k,,L (a0>)2 .

Moreover, since d, < (a1 — ag)/3,

.
Fnl Gl /o,

while, since 8, > Ay /|kn|?/3,
ol !
7

We then deduce that for all n € N,

kn, ip 15372 ky,
T < 0ot 1€ )+ Ko (00)”

Then, it is not difficult to check that since |kn| — 0o and A,, > log®(|kn|) by (L.23 (L:23), and 4, is of the
order of A, /(|k,|*?) due to ([:24), we get

e 53/ 5/2 An  gar
lim inf — | = liminf (5ne\kn\6n /c) > lim AN Z oo
n—oo \/a|k:n|e—|kn\5f/ /C n—00 n—oo \ |k |2/3

so that the last condition reduces to

[Fn

< C (p(Wns kn) + Xo.wn ko (a0))?

5
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for n large enough, thus showing that there exists ¢, € [0, 1] such that
[ |?
Hy, k, (ao)

The convergence ¢, — 1 immediately comes from (3.43]) and that A,, — oo as n — oo.
To be more precise on the rate at which ¢,, goes to 1, we specify that (wy, k,,) satisfies (1.24]). This

means o
|26, — ao| = log (|wn|nR0) < Cp.

We can thus use Lemma [3.15] and Remark [3.16] to get the existence of C' independent of n such that

- < log <|kn|2/3 log ( [ >) < Kownk
|| log®/? ( k] lwn| Ro o (a0)
" |wn| Ry

<C (p(wn,kn) + ¢cnr/Ho, &, (a0) )2. (4.6)

i.e. the bound

C kx|
1-— o o] log <|kn|2/3 log <|w | R0)> <c, <1 (4.7
|k | log <n> "

on ¢, = Xo,w, .k (@0)// He, i, (0)-

Then, due to (1.24)), there exists C > 0 such that for all n,

—|kn]| 1 <4/ H, < Clky|1 .
Siaton (2 ) <\ o) < o (e

Accordingly, the right hand-side of (4.6) can be bounded by

2
(p(wna kn) +cn Hwn,kn (ao) )

2
c 2 2/3 |kn|
< v/ H —_— . .

|wn| RO
We now simply remark that the left hand-side of (4.6] satisfies:

|k |? 1 |Ken|
H,, 1 (ao) e knl \
wn7k7'n 0 10 ( n )
&\ Jwn| Ro

Therefore, in the range (1.24)), the second term in (4.8) is negligible compared to the left hand-side of
(4.6). Accordingly, if (4.6 holds for ¢, satisfying (4.7, we necessarily have (1.25)). This concludes the
proof of Theorem

5 Comments

5.1 Summary of the main results

In this article, we develop a strategy allowing to study the observability of wave equations in an annulus,
when the observation is performed on the external boundary, for various boundary conditions on the
internal boundary given by specific instances of microlocal operators.

This is done by using the Hautus test for the observability of linear abstract equations of the form
Y’ = AY when A is a skew-adjoint operator to reduce the problem to the analysis of resolvent estimates
for a family of 1d second order equations depending on the time and spherical Fourier parameters w and
k, given by 7 in which the boundary operator at Ry is given in terms of some Fourier multiplier

p= p(OJ, k)
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Our results underline that nice resolvent estimates can be obtained when the symbol p(w, k) does not
get close from —\/k? — w?R3 when (Jw], |k|) = oo (see Theorem n and Corollary and that this
is in some sense sharp (see Theorem . Our approach also underlines that different estimates can be
obtained on the boundary depending on the sign of k* — w?R3, see (L.20).

5.2 Estimates on the time of observability

Although the approach we proposed here allows to deal with several models at once, we should underline
that the time of observability provided by this approach is not known or badly estimated. In fact, it
is known that if the resolvent estimate holds, then we can derive a time estimate guaranteeing
the observability inequality depending on the constants in , see [I8] and Theorem of
the form T > Mr, where M is the constant in . However, this estimate on the time required for
observability is, in general, far from optimal.

This remark suggests the development of approaches able to track down the time required for observ-
ability, maybe based on suitable weighted estimates in the spirit of Carleman estimates for the waves,
see e.g. [15], able to precisely track down the boundary conditions, similarly to what has been done
recently in the context of elliptic equations in [4] for instance.

Semiclassical approaches with detailed analysis of the boundary data could also be adapted to deal
with general boundary conditions given by a kernel p, similarly to what has been developed in [2 [3].
This would probably be the first step to deal with more general geometries as well, and we refer also to
the forthcoming work [10] for results in this direction.

5.3 More general kernels p

Our approach does not truly require the kernel p = p(w, k) in to be real valued, and the above
proofs can easily be adapted to deal with cases in which p is complex valued. This remark can be useful
to deal with wave models containing dissipative terms.

For instance, to our knowledge, the null-controllability of the damped wave equation with absorbing
boundary conditions on the sphere S(Rg) and a control function u € L2((0,T) x S(R;)) is still an open
problem:

Onz(t,x) — Az(t,z) = in (0,7) x A(Rop, R1),
z(t, ) = u(t, z), on (0,7) x S(Ry), (5.1)
Opz(t,x) + Oz(t,x) = on (0,T) x S(Ryp), ’
(2(0,+),8:2(0,-)) = (=°, Zl) in A(Ro, R1).
By duality, see e.g. [I7, 21], such property would be equivalent to the observability inequality
(1), Oy (T)) 11 (A(Ro, R x L2(A(Ro, R1)) < ClIOWYIs (R I 22(0,7) x5 (R1)) (5.2)
for all solutions y of

Ony(t,x) — Ay(t,x) = 0, in (0,T) x A(Ro, R1),
y( ) - O on (O7T) X S(Rl)? (5 3)
8l/y(t ‘T) + aty( ) ) 0 on (OvT) X S(RO)a '

t
((0,), 9y (0,-)) = (¥°, y"), in A(Ro, R1),

with (yo,yl) S HI(A(R(), Rl)) X Lz(A(Ro,Rl)) with yO‘S(Rl) =0.

It is then clear that resolvent estimates could be derived from our approach, with in this case,
p(w, k) = iRgw. However, we do not know if the resolvent estimates we would get this way would yield
in some time T'.

Note that for this model, the propagation of regularity and of semi-classical measures has been studied
and analyzed precisely in the literature, see [3, [I]. Despite of this, the usual compactness-uniqueness
arguments to establish observability inequality do not apply since the wave equation cannot be
solved backward in time, so that to our knowledge, the observability inequality for solutions of

(5.3) is open.

Acknowledgments. The authors are indebted to Belhassen Dehman and Enrique Zuazua for fruitful
discussions and interesting comments, and for pointing to our attention the related work [10].
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A Proof of Corollary

The condition (1.16]) clearly holds when p(w, k) > 0 (with § = (1 — ¢)? for instance), and we can thus
focus on the case p(w, k) < 0.
Now, the right hand-side of (T.16) is negative if |p(w, k)+1/2| > /k2? — w2R? + 1/4, and in particular

1
p(w,k)é—\/l@—sz%—&-i—i. (A1)

Now, since in the range (L.I5), w?R3 > k* and k?* — w?R} is of the order of 2r|k|*/3 at least, when
w?R2 + k? is large enough, the first condition in implies and thus obviously holds.

Finally, if p(w, k) < 0 and the second condition in holds, then, necessarily v < 1, and taking
e =7/2, I.(w, k)? > e2(k* — w?R3), while k? — w?R% — p(w, k)? — p(w, k) < (k? — w?R3) + 1/4. Since
in the range 7 W?R2 < k% and k% — w?R? is of the order of 2r|k|*/3 at least, it is clear that
holds when w? RZ + k? is large enough with § = £2/2.

if
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