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CLASSICAL AND MICROLOCAL ANALYSIS OF THE X-RAY
TRANSFORM ON ANOSOV MANIFOLDS

SEBASTIEN GOUEZEL AND THIBAULT LEFEUVRE

ABSTRACT. We complete the microlocal study of the geodesic X-ray transform on Rie-
mannian manifolds with Anosov geodesic flow initiated by Guillarmou in [Guil7] and
pursued by Guillarmou and the second author in [GL18]. We prove new stability esti-
mates and clarify some properties of the operator II,,, — the generalized X-ray transform.
These estimates rely on a refined version of the Livsic theorem for Anosov flows, especially
on a new quantitative finite time Livsic theorem.

1. INTRODUCTION

Let M be a smooth closed (n + 1)-dimensional manifold endowed with a vector field
X generating a complete flow (¢;);er. We assume that the flow (p;);er is transitive and
Anosov in the sense that there exists a continuous flow-invariant splitting

T,(M) =RX(z) @ E,(z) ® Eq(z), (1.1)

where E,(z) (resp. E,(z)) is the stable (resp. unstable) vector space at © € M, and a
smooth Riemannian metric g such that

|d<pt(x) : /U‘sot(x) S Ce_At‘ULm Vt > O,U € ES('I) (1 2)
‘d@t(x) 'U‘cpt(:c) < Ce_klt”ﬂm, Vi < 0,ve EU(SC), .

/2 The dimension

for some uniform constants C, A > 0. The norm, here, is | - |, == g.(+,")
of Es (resp. E,) is denoted by ng (resp. n,). As a consequence, n + 1 = 1+ n, + n,
(where the 1 stands for the neutral direction, that is the direction of the flow). The case
we will have in mind will be that of a geodesic flow on the unit tangent bundle of a smooth

Riemannian manifold (M, g) with negative sectional curvature.

1.1. X-ray transform on M. We denote by G the set of closed orbits of the flow and for
f € C%M), its X-ray transform I f is defined by:
()

G5y If(7) = (6, f) = le) [ rem

where x € v, {() is the length of ~.
The Livsic theorem characterizes the kernel of the X-ray transform for a hyperbolic flow:
the latter is reduced to the coboundaries, which are the functions of the form f = Xu,

where u is a function defined on M whose regularity is prescribed by that of f. This
1
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result was initially proved by Livsic [Liv72| in Holder regularity: if f € C“(M) is such
that If = 0, then there exists u € C*(M), differentiable in the flow direction, such
that f = Xwu and wu is unique up to an additive constant. There is also a version of the
Livsic theorem in smooth regularity due to De la Llave-Marco-Moriyon [dILMMS86]. Much
more recently, Guillarmou [Guil7, Corollary 2.8| proved a version of the Livsic theorem in
Sobolev regularity which implies the theorem of [dILMMS86].

It is also rather natural to expect other versions of the Livsic theorem to hold. For
instance, if we modify the condition I'f = 0 by If > 0, is it true that f > Xu, for some
well-chosen function u (positive Livsic theorem)? And if ||1f||¢o = sup. g [1f(7)] < €, can
one write f = Xu + h, where some norm of A is controlled by a power of ¢ (approximate
Livsic theorem)? Eventually, what can be said if 7 f(y) = 0 for all closed orbits ~y of length
< L (finite Livsic theorem)?

The positive Livsic theorem for Anosov flows was proved by Lopes-Thieullen [LT05] with
an explicit control of a Holder norm of the coboundary Xu in terms of a norm of f.

Theorem 1.1 (Lopes-Thieullen). Let 0 < o < 1. There ezist 0 < 5 < o, C > 0 such that:
for all functions f € C*(M), there exist u € CP(M), differentiable in the flow-direction
with Xu € CP(M) and h € CP(M), such that f = Xu + h + m(f), with h > 0 and
m(f) =inf,eg I f(7). Moreover, || Xulcs < C| fllce.

In this article, we prove a finite approximate version of the Livsic theorem, as follows.

Theorem 1.2. Let 0 < a < 1. There exist 0 < § < « and 7,C > 0 with the following
property. Let € > 0. Consider a function f € C*(M) with ||f|lcemy < 1 such that
\If(y)| < & for all v with ((y) < e~Y2. Then there exist u € CP(M) differentiable in
the flow-direction with Xu € C?(M) and h € CP(M), such that f = Xu + h. Moreover,
lulles < C and [|h]lcs < Ce™.

We note that a rather similar result had already been obtained by S. Katok [Kat90] in
the particular case of a contact Anosov flow on a 3-manifold.

The assumptions of Theorem 1.2 hold in particular if ||1f|lee = sup,cg [[f(7)] < e
Under the assumptions of the theorem (only mentioning the closed orbits of length at most
£71/2), the decomposition f = Xu + h also gives a global control on ||If||s~, of the form

[l < Ce. (13)

Indeed, if one integrates f = Xu+ h along a closed orbit of any length, the contribution of
Xwu vanishes and one is left with a bound ||h||co < Ce™. The bound (1.3) holds in particular
if 1f(y) =0 for all  with ¢(y) < e~'/2. This statement illustrates quantitatively the fact
that the quantities [ f(+) for different v are far from being independent.

Remark 1.3. In Theorem 1.2, the constants 5, C, 7 depend on the Anosov flow under consid-
eration, but in a locally uniform way: given an Anosov flow, one can find such parameters
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that work for any flow in a neighborhood of the initial flow. The local uniformity can
be checked either directly from the proof, or using a (Holder-continuous) orbit-conjugacy
between the initial flow and the perturbed one.

Remark 1.4. Tt could be interesting to extend the positive and the finite approximate Livsic

n+1

5 but we were unable to do so.

theorems to other regularities like H® spaces for s >

1.2. X-ray transform for the geodesic flow. If (M, g) is a smooth closed Riemannian
manifold, we set M = SM, the unit tangent bundle, and denote by X the geodesic vector
field on SM. We will always assume that the geodesic flow is Anosov on SM and we say
that (M, g) is an Anosov Riemannian manifold. It is a well-known fact that a negatively-
curved manifold has Anosov geodesic flow. We will denote by C the set of free homotopy
classes on M: they are in one-to-one correspondence with the set of conjugacy classes of
w1 (M,e). If (M, g) is Anosov, we know by [Kli74| that given a free homotopy class ¢ € C,
there exists a unique closed geodesic v € G belonging to the free homotopy class ¢. In
other words, G and C are in one-to-one correspondence. As a consequence, we will rather
see the X-ray transform as a map 19 : C°(SM) — ¢>°(C) and we will drop the index g if
the context is clear.

If feC®M,IT*M) is a symmetric tensor, then by §2, we can see f as a function
i f € C®°(SM), where 7’ f(z,v) == f.(v,...,v). The X-ray transform I, of f is simply
defined by I,,f = I ox} f. In other words, it consists in integrating the tensor f along
closed geodesics by plugging m-times the speed vector in f.

The natural operator of derivation of symmetric tensors is D := o o V, where V is the
Levi-Civita connection and o is the operator of symmetrization of tensors (see §2). Any
smooth tensor f € C®(M,®TT*M) can be uniquely decomposed as f = Dp + h, where
p € C®(M,R%F'T*M) and h € C=(M,@%T*M) is a solenoidal tensor i.e., a tensor such
that D*h = 0, where D* is the formal adjoint of D. We say that Dp is the potential part
of the tensor f. We will see that I,,(Dp) = 0. In other words, the potential tensors are
always in the kernel of the X-ray transform. We will say that I,, is solenoidal injective or
in short s-injective if injective when restricted to

(M, @GT*M) = C*(M,®¢T*M) Nker(D")

sol

Note that we will often add an index sol to a functional space on tensors to denote the fact
that we are considering the intersection with ker D*.

It is conjectured that I, is s-injective for all Anosov Riemannian manifolds, in any
dimension and without any assumption on the curvature. Under the additional assump-
tion that the sectional curvatures are non-positive, the Pestov energy identity allows to
show injectivity (see |GK80] and [CS98| for the original proofs). Without any assump-
tion on the curvature, this is still true for surfaces by [PSU14] and [Guil7|. In higher
dimensions, it holds for m = 0,1 (see [DS03]) but remains an open question for higher
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order tensors without any assumption on the curvature. However, it is already known that
(M, @TT*M) Nker(I,,) is finite-dimensional.
We will prove the following stability estimate on I,,,:

Theorem 1.5. Assume I, is s-injective. Then, for all "*1 < s < r, there exists 0 =
O(s,7) > 0 and C = C(s,r) > 0 such that: if f € Sol(]\4 QET*M) is a solenoidal
e < Cll I f G-

symmetric m-tensor such that || f|| g < 1, then || f]|

Actually, if I,, is not known to be injective, one still has the previous estimate by taking
f solenoidal and orthogonal to the kernel of I,,,. Combining this estimate with Theorem
1.2 (and more specifically (1.3)), we immediately obtain:

Theorem 1.6. For all "+1 < s <, there exists C, 8 > 0 such that for any L > 0 large
enough: if f € H. (M, ®§“T*M) is a solenoidal symmetric m-tensor such that || f||gr < 1
and L, f(y) =0 for all closed geodesics v € C such that {(y) < L, then ||f||lgs < CL™".

The X-ray transform [,,, may appear in different contexts. In particular, I is well-known
to be the differential of the marked length spectrum and it was studied in [GL.18] to prove
its rigidity, thus partially answering the conjecture of Burns-Katok [BK&5].

Acknowledgements: We thank Colin Guillarmou for fruitful discussions. TL acknowl-
edges partial support from ERC funding COG IPFLOW.

2. ON SYMMETRIC TENSORS

We describe elementary properties of symmetric tensors on Riemannian manifolds.
2.1. Definitions and first properties.

2.1.1. Symmetric tensors in Euclidean space. Let E be a Euclidean (n + 1)-dimensional
vector space endowed with a metric g and let (ey, ..., €,41) be an orthonormal basis. We say
that a tensor f € @™ E* is symmetric if f(vi,...vm) = f(vrq), s Vrm)), forall vy, ..., v, € B
and 7 € G,,, the group of permutations of order m. We denote by ®@¢'T™ E' the vector space
of symmetric m-tensors on E. There is a natural projection o : " E* — Q¥ E* given by

oV ® ... Qv Zv ® ... ® Ul m)»

TEGm

for all v}, ...,v}, € E*. The metric g induces a scalar product (-,-) on ®™E* by declaring
the basis (ej, ® ... ® €] )i<i,,..im<nt1 to be orthonormal which yields

(U} ® . @y, vf ® @) = [ [ o7, )),
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1'is the dual metric, that is the natural metric on E* which makes the musical

where ¢~
isomorphism f : F — E* an isometry. Since o is self-adjoint with respect to this metric,
it is an orthogonal projection. Let (g;j)1<ij<nt+1 denote the metric g in the coordinates
(21, ..., Tpy1). Then the metric can be expressed as

n+1

<f7 h) = Z fi1~~imhi1mim7

01 5eeyim=1

where hi1-im = Z;‘L:..l.,jmzl git.gtmimhy o We define the trace Tr, : QTP E* — ®F *E*

of a symmetric tensor by
n+1

Try(f) = fleiei ... ).
i=1

In coordinates, Try(f)(v2, ..., ) = Tr(g  f(+, -, V2, ..., vy)). Its adjoint with respect to the
scalar products is the map I : @ *E* — @ E* given by I(u) = (g @ u).

Symmetric tensors can also be seen as homogeneous polynomials on the unit sphere
of the Euclidean space. We denote by Sg the n-dimensional unit sphere on (FE,g) and
by dS the Riemannian measure on the sphere induced by the metric gls,. We define
Tm & (2,0) — (x,®™v) for v € E; it induces a canonical morphism 7}, : QT E* — C>(Sg)
given by 7 f(v) = f(v,...,v). Its formal adjoint is (7, f, h)r2s,.a5) = (fs Tmah)emrenr,
where f € @TT*M,h € C(Sg). In coordinates,

n+1

(ﬂ-m*h')'ll'lm = 7-(-777»*}1(01.1? ] 8i77l) = Z g’iljl“‘gimjm / h(v)vjl"'vjmds (2]‘)
J1serdm=1 Se
Also remark that (2.1) can be rewritten intrinsically as
Yy, ..,y € E, TP (U1, ey Upy) = / h(v)g(v,u1)...g(v, wp,)dv (2.2)
Sg

The map 7,7, is an isomorphism we will study in the next paragraph. Also note that
i (of) = mi f (since all the antisymmetric parts of the tensor f vanish by plugging m
times the same vector v).

We denote by je the multiplication by &, that is j¢ : f — £® f, and by %, the contraction,

that is i¢ : f — w(€% -, ...,-). The adjoint of 7¢ on symmetric tensors with respect to the
L*-scalar product is ojg, that is
Vfe®yTE, he®FE", (0jef, h) = ([, ich)

The space ®> E* can thus be decomposed as the direct sum

®UE* = ran <0j5\®?71E*) L ker (ig ®7S,LE*)

We denote by Tiers, the projection onto the right space, parallel to the left space. We will
need the following
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Lemma 2.1. For all f,h € QT E",
Cn,m/ anf(v)ﬁfnh(v)ng(v) - <7Tkeri§7rm*7'r:n7rkeri5fa h>>
< 7v>:0

where

— " s n—1+2m ((n+2m>/2>
C"’m_/o o (e =V G 1T 2m) )

and dS¢ is the canonical measure induced on the n — 1 dimensional sphere Sgp¢ = Sg N
{(§,v) =0}

Proof. We can write h = o0jchy + hy where h; € ®?_1E*, ho € ker (i§|®r§zT;M). Note that
o (0gehy)(v) = 7, (Jeha)(v) = (€, v)7),_1hi(v) and this vanishes on {({,v) = 0} (and the
same holds for f). In other words, m;h = 7} Tieri, o0 {(§,v) = 0}. We are thus left to
check that for f,h € ker iy,

C’n,m/<7v>_ o f(v)mr h(v)dSe(v) = /SE o fu)ms h(v)dS(v)

We will use the coordinates v' = (v, p) € Sg¢ x [0, 7] on S which allow to decompose v’ =
sin(p)v + cos(9)&¥/]€]. Then the measure on Sp disintegrates as dS = sin™ *(p)dpdSe(v).
Also remark that 77, f (v + cos(¢)&%/|¢]) = 7, f(v). Then, if Cp,p = [ sin" 7 (p)de,

we obtain:

/<> o f(0), h(v)dSe(v)

Cot [ sin ) /@v> 7 F(0) i h(0)dSe(v)

/ / 7t F(sin()v + cos(2)EH/|€])
< 7 h(sin(i)o + cos(9)E/1€]) sin™ () dpdSe(v)
—cn / (W) h()AS ()

O

2.1.2. Spherical harmonics. Let Als, = divs, Vs, be the Laplacian on the unit sphere Sg
induced by the metric g|s, and A be the usual Laplacian on E induced by g. Let

+o0
*(Sp) = P
m=0

be the spectral break up in spherical harmonics, where Q,, = ker(Als, +m(m +n — 1))
are the eigenspaces of the Laplacian. We denote by FE,, the vector space of trace-free
symmetric m-tensors, where the trace is, as before, taken over the first two coordinates.
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Lemma 2.2. 7}, : E,, — Q,, is an isomorphism and 7.7} |5, = AmnlE,, , for some
constant A, , 7 0.

This also shows that, up to rescaling by the constant A, ,,, 7, : E,, — $2,, is an isometry.
One could be more accurate and actually show that the maps

7'(':1 . ®?E* — @LZG2]Qm_2k’ Tm EBE;Z/(E] Qm_gk — ®g}E* (23)

are isomorphisms, where [m /2] stands for the integer part of m/2. This follows from the
(unique) decomposition of a symmetric tensor into a trace-free part and a remainder (which
lies in the image of the adjoint of Tr). More precisely, by iterating this process, one can
decompose u as u = Zgi/oz] I*(uy,), where I : @4E* — ®@%?E* is the adjoint of Tr with
respect to the scalar products and u;, € ®g”_2kE*,Tr(uk) = 0 and 7% I*(up) € Qo
Then (2.3) is an immediate consequence of the previous lemma. The map 7,7 acts by
scalar multiplication on each component I*(u;) (but with a different constant though, so
Tm«T., 1 not a multiple of the identity). Since we will only need the fact that 7,7, is an
isomorphism, we do not provide further details.

2.1.3. Symmetric tensors on a Riemannian manifold. Decomposition in solenoidal and po-
tential tensors. We now consider the Riemannian manifold (M, g) and denote by du the
Liouville measure on the unit tangent bundle SM. All the previous definitions naturally ex-

tend to the vector bundle TM — M. For f,h € C®(M,%T*M), we define the L?-scalar
product

By = /M (Fan habad vol(z),

where (-, -), is the scalar product on T, M introduced in the previous paragraph and d vol
is the Riemannian measure induced by g. The map 7}, : C°(M,Q@TT*M) — C>(SM)
is the canonical morphism given by = f(x,v) = f.(v,...,v), whose formal adjoint with
respect to the two L2-inner products (on L?(SM,du) and L*(QZTT*M,dvol)) is T, i.e.,
(T s B L2(sardpy = (s Tmah) L2 (@At dvol)

If V denotes the Levi-Civita connection, we set D == ooV : C®(M,Q¢T*M) —
C>*(M, ®?+1T*M ), the symmetrized covariant derivative. Its formal adjoint with respect
to the L2-scalar product is D* = — Tr(V) where the trace is taken with respect to the two
first indices, like in 2.1.1. One has the following relation between the geodesic vector field
X on SM and the operator D:

Lemma 2.3. X7, =m, D

The operator D can be seen as a differential operator of order 1. Its principal symbol is
given by o(D)(z,&)f — 0(£® f) = ojef (see [Sha94, Theorem 3.3.2]).

Lemma 2.4. D is elliptic. It is injective on tensors of odd order, and its kernel is reduced
to Ro(g®™/?) on even tensors.
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When m is even, we will denote by K,, = ¢,,o(¢g®"™/?), with ¢,, > 0, a unitary vector in
the kernel of D.

Proof. We fix (x,&) € T*M. For a tensor u € QT M, using the fact that the antisym-
metric part of £ ® u vanishes in the integral:
(o(Dyu,o(D) = [ (6P mw)dsulo) = [P [ (€/1€l,0)ma0)d5.(0) > 0.
Sz S%

unless v = 0. Since ®7"T* M is finite dimensional, the map

(u, &/1€]) = (o (D)(x, §/[E)u, o (D)(x, E/1E])w),

defined on the compact set {u € @TTM, |u[* = 1} x S™ is bounded and attains its lower
bound C? > 0 (which is independent of x). Thus ||o(z,&)| > C|¢|, so the operator is
uniformly elliptic and can be inverted (on the left) modulo a compact remainder: there
exists pseudodifferential operators @), R of respective order —1, —oco such that QD = 1+ R.

As to the injectivity of D: if Df = 0 for some tensor f € D'(M,QTT*M), then f is
smooth and 7, Df = X7 f = 0. By ergodicity of the geodesic flow, 7, f = ¢ € () is
constant. If m is odd, then =}, f(x,v) = —7}, f(x,—v) so f = 0. If m is even, then, by
§2.1.2, f = I"*(Ups) where U2 € QYE* ~ R so f = do(g®™/?). O

By classical elliptic theory, the ellipticity of D implies that
H*(M,®3T*M) = D(H**' (M, @ ~"T*M)) & ker D*| g+ (a, 007019, (2.4)

and the decomposition still holds in the smooth category and in the C*®-topology for
k € Nya € (0,1). This is the content of the following theorem:

Theorem 2.5 (Tensor decomposition). Let s € R and f € H*(M,&¥T*M). Then, there
exists a unique pair of symmetric tensors (p, h) € H**Y (M, @2~ T*M) x H*(M,%T*M)
such that f = Dp+ h and D*h = 0. Moreover, if m =21+ 1 is odd, (p, K5) = 0.

Tensorial distributions. The spaces H®*(M,@%T*M) that have been mentioned so far
are the L2-based Sobolev spaces of order s € R. They can be defined in coordinates
(each coordinate of the tensor has to be in H _(R)) or more intrinsically by setting
H(M,@3T*M) = (1 + D*D)~*/2L*(M, ®%T*M). These two definitions are equivalent
by [Shu01, Proposition 7.3], following the properties of the operator 1+ D* D (it is elliptic,
invertible, positive). In the same fashion, the spaces LP(M,®TT*M), for p > 1 can be
defined in coordinates. Note that the maps

T HY(M, @FT*M) — H*(SM), T, : H*(SM) — H*(M, Q2T M).

are bounded for all s € R (and they are bounded on LP-spaces for p > 1). The operator
Tms acts by duality on distributions, namely:

T : CT(SM) = C™°(M,@YT* M), (Tmufi, fo) = (f1, 70 f2)
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where (-, -) denotes the distributional pairing.

The projection on solenoidal tensors. When m is even, we denote by Ik, = (K, ) K,
the orthogonal projection on RK,,. We define A,, := D*D + e(m)Ily, , where e(m) = 1
for m even, £(m) = 0 for m odd. The operator A,, is an elliptic differential operator of
order 2 which is invertible: as a consequence, its inverse is also pseudodifferential of order
—2 (see [Shu01, Theorem 8.2|). We can thus define the operator

Tker o+ =1 — DATD*, (2.5)

One can check that this is exactly the L?-orthogonal projection on solenoidal tensors, it is
a pseudodifferential operator of order 0 (as a composition of pseudodifferential operators).

Since (D) (z,§) = 0je, we know by §2.1.1 that given (z,§) € T*M, the space QT M
breaks up as the direct sum

SYT;M = ran (o(D) (@, &)l gp-7ar ) @ ker (o(D")(w, ) |opzar)

= ran <o‘j§|®gﬁ1T;M) ¢ ker (i§|®?T;M)

We recall that mye, i 18 the projection on ker (z'g ®7s”T$M) parallel to ran (ajg ®7§71T*M>.

Lemma 2.6. The principal symbol of Tyer p» @5 Oy, e = Tker i¢ -

Proof. First, observe that:
DA'D*DAID* = DAY A, — e(m)llg,, ) A, D*
= DAID* — e(m) DA Mg, A D

The second operator is smoothing so at the principal symbol level

_ 2 _
T(DARID*)? = Opazips = 9DARID*
which implies that o, -1p. Is a projection. Moreover, opa-1p. = OpOx-10ps = 0JeOp-1ig,
so it is the projection onto ranoje with kernel kerie. Since e pr = 1 — DAZID* the
result is immediate. ]

3. ON LIVSIC-TYPE THEOREMS

We will denote by d: M x M — R the Riemannian distance on M inherited from the
Riemannian metric g. The a-Hélder norm of f is defined by:

1fllen = sup |f@)| +  sup LD TG _yep gy
reM z,yeEM, xH#Yy d(SL’, y)

In a series of inequalities, we will sometimes write A < B to denote the fact that there
exists a universal constant C' > 0 such that A < C'- B. Note that a constant C' > 0 may
still appear from time to time and, as usual, it may change from one line to another.
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3.1. Properties of Anosov flows. We refer to the exhaustive [KH95] and the forthcom-
ing book [HF] for an introduction to hyperbolic dynamics.

3.1.1. Stable and unstable manifolds. The global stable and unstable manifolds W*(z), W"(x)
are defined by:
W) = (& € M, d(gu(x), 91(2)) —esso0 0}
W(z) = {2' € M, d(p(x), p1(2")) -0 0}
For ¢ > 0 small enough, we define the local stable and unstable manifolds W#(x) C
We(x), W(x) C W*(x) by:

W2(x) = {a" € W*(x),Vt = 0,d(pi(2), pu(2')) < e}
Wi () = {2" € W*(2),Vt = 0,d(p-i(2), p-1(27)) < €}

For all € > 0 small enough, there exists t; > 0 such that:
Vo € M, Vi > to, (W2 () C W2(pi(2)), oo (W2 (2)) C Wi pa(x)  (31)

And:
T,Wi(z) = Es(x), T,W!(z) = Ey(x)

3.1.2. Classical properties. The main tool we will use to construct suitable periodic orbits is
the following classical shadowing property of Anosov flows. Part of the proof can be found
in [KH95, Corollary 18.1.8] and [HF, Theorem 5.3.2]. The last bound is a consequence of
hyperbolicity and can be found in [HF, Proposition 6.2.4|. For the sake of simplicity, we
will write 4 = [xy] if v is an orbit segment with endpoints z and y.

Theorem 3.1. There exist g > 0, 8 > 0 and C' > 0 with the following property. Consider
e < g9, and a finite or infinite sequence of orbit segments y; = |x;y;] of length T; greater
than 1 such that for any n, d(yn, xn1) < . Then there exists a genuine orbit v and times
7; such that vy restricted to [r;, 7;+T;] shadows ~y; up to Ce. More precisely, for allt € [0,T}],
one has

d(y(7; + 1), 7i(t)) < Cee fmintTizt), (3.2)

Moreover, |1,41 — (1, + T;)| < Ce. Finally, if the sequence of orbit segments ~y; is periodic,
then the orbit v is periodic.

Remark 3.2. In this theorem, we could also allow the first orbit segment ~; to be infinite
on the left, and the last orbit segment «; to be infinite on the right. In this case, (3.2)
should be replaced by its obvious reformulation: assuming that +; is defined on (—oo, 0]
and v; on [0,400), we would get for some 7,;; within Ce of 7,41, and all t > 0

d(y(Tir1 — 1), 7i(—1)) < Cee™ (3.3)

and
d(y(1; +1),7,(t)) < Cee™.
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In particular, if o is an orbit segment [ry] with d(y,z) < £¢, then applying the above
theorem to ~; = = for all i € Z, one gets a periodic orbit that shadows vy: this is the
Anosov closing lemma. We will also use thoroughly the version with two orbit segments
that are repeated to get a periodic orbit.

3.1.3. Cowver by parallelepipeds. We will now fix €y small enough so that the previous propo-
sitions are guaranteed. For ¢ < gy, we define the set W.(x) = UyeW;(x) W2 (z). We
can cover the manifold M by a finite union of flowboxes U; = U545 9:(2;), where
Y =W (x;) and x; € M.

We denote by m; : U; — X; the projection by the flow on the transverse section and we
define t; : U; — R such that 7;(x) = ¢y, (2) for & € U;. We will need the following lemma:

Lemma 3.3. 7, t; are Holder-continuous.

Proof. This is actually a general fact related to the Holder regularity of the foliation and
the smoothness of the flow.

For the sake of simplicity, we drop the index ¢ in this proof. Let us first prove the
Holder continuity for x close to ¥ and 2’ close to . We fix p € ¥ and choose smooth local
coordinates v : B(p,n) — R"™ = R x R™ x R™ around p (and centered at 0) so that
di,(X) = 0y,. This choice guarantees that in a neighborhood of 0, the flow is transverse
to the hyperplane {0} x R™*™  We still denote by X, its image ¢(%,) C R"", which
is a submanifold of Holder regularity (the index 7 indicates that we consider the same
objects intersected with the ball B(x,n)). Moreover, there exists a Holder-continuous
homeomorphism ® : S — %,, where S C {0} x R"*™ (since %, is a submanifold of M
with Holder regularity). We consider ¢ : (=8,0) x S = (54 (S) =: V D %, defined by
&(t, z) = (0, ), which is a smooth diffeomorphism. Remark that t satisfies for (0, z) € S,
(t(2),2) = ¢~ H(®(2)). So it is Holder-continuous on S. Then z — (0, 2) = ¢y:)(0, 2) is
Hélder-continuous on S too.

We denote by mg : V. — S the projection and by tg : V' — S the time such that
T5(x) = Pig(z) (). These two maps are smooth by the implicit function theorem since the
flow is transverse to S. Moreover, we have: 7(z) = 7|g (ms(x)) so 7 is Holder-continuous.
And t(z) = tg(z) + t|s(ms(x)) so t is Holder-continuous too. Note that by compactness
of 3, this procedure can be done with only a finite number of charts, thus ensuring the
uniformity of the constants. Thus, m;,t; are Holder-continuous in a neighborhood of .
Now, in order to obtain the continuity on the whole cube U, one can repeat the same
argument i.e., write the projection as the composition of a first projection on a smooth
small section S defined in a neighborhood of ¥ with the actual projection on 3. This
provides the sought result.

OJ
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3.2. Proof of the approximate Livsic theorem. We now deal with the proof of Theo-
rem 1.2.

3.2.1. A key lemma. The following lemma states that we can find a sufficiently dense and
yet separated orbit in the manifold M. The separation can only hold transversally to the
flow direction, and is defined as follows. Recall that We(z) = U, cpu () WZ(2). Then we
say that a set S is e-transversally separated if, for any x € S, we have S NW.(x) = {x}.

Lemma 3.4. Consider a transitive Anosov flow on a compact manifold. There exist
Bs, Ba > 0 such that the following holds. Let ¢ > 0 be small enough. There exists a
periodic orbit O(xy) = (¢ixo)o<i<r with T < e=Y2 such that this orbit is % -transversally
separated and (pixo)o<i<T—1 1S ePa_dense. If k > 0 is some fived constant, then one can
also require that there exists a piece of O(xg) of length < C(k) which is k-dense in the
manifold.

Proof. We could give a combinatorial construction in terms of Markov partitions and care-
fully chosen sequences of symbols in the symbolic dynamics representation of the flow.
However, controlling rigorously the boundary effects on separation is delicate. Instead, we
give a geometric construction solely based on the shadowing theorem. It is easy to ob-
tain an e”¢-dense orbit by concatenating orbit segments thanks to the shadowing Theorem.
However, separation is harder to enforce. In this proof, we introduce several constants, but
none of them will depend on ¢.

Let us fix two periodic points p; and py with different orbits O(p;) and O(ps) of respective
lengths ¢; and /5. By the shadowing theorem and transitivity, there exists an orbit v_ which
is asymptotic to O(p;) in negative time and to O(ps) in positive time. Also, there exists
an orbit v, which is asymptotic to O(p2) in negative time and to O(p;) in positive time.
On v, fix a point zp, and py > 0 small enough so that y_ U v, meets W, (20) only at
29, and O(p1) and O(py) are at distance > 3py of zg. Denote by Cy the constant C' in
the shadowing theorem 3.1. Reducing p, if necessary, we can assume py, < €y where ¢ is
given by Theorem 3.1. Let us also fix a large constant C;, on which our construction will
depend.

We truncate v_ in positive time, stopping it at a fixed time where it is within distance
po/(2Ch) of pa, to get an orbit 7”. Let t_ be the largest time in (—oo, —2C' |loge|] where
~' (t) is within distance ¢ of p;. As the orbit 4/ converges exponentially quickly in negative
time to O(p;) by hyperbolicity, one has d(v(¢),O(p1)) < € for t < —2C,|loge|, if C} is
large enough. Hence, one needs to wait at most ¢; before being e-close to p;. This shows
that the time ¢_ satisfies t_ = —2C|loge| + O(1).

In the same way, we truncate 7, in negative time at a fixed time for which it is within
distance po/(2Cy) of po, obtaining an orbit v, . We denote by t; the smallest time in
2C4|log e, +00) with d(v) (t), p2) < e. It satisfies ty = 2C[loge| + O(1).



X-RAY TRANSFORM ON ANOSOV MANIFOLDS 13

As the flow is transitive, it has a dense orbit. Therefore, for any x,y, there exists an
orbit 7, , starting from a point within distance py/(2Cp) of x, ending at a point within
distance po/(2Cp) of y, and with length € [1,T,] where Tj is fixed and independent of x
and y.

To any z, we associate an orbit as follows. Start with 7’ , then follow v, ., Oy log o0 thED
follow the orbit of = between times —C1loge| and Ciloge|, then follow Yo, .. . 1zp, then
follow /.. In this sequence, the distance between an endpoint of a piece and the starting
point of the next one is always less than py/Cy. Hence, Theorem 3.1 applies and yields an
infinite orbit +/, that follows the above pieces of orbits up to po. If C; is large enough, (3.2)
implies that z is within distance at most € of 7.. The inequality (3.3) shows that 7" (¢_)
and the corresponding point x_ on 7/, are within distance e=%~. If C} is large enough, this
is bounded by ¢ since t_ = —2C |loge|+O(1). Therefore, d(z_, p;) < 2¢. In the same way,
the point z, on ~7 matching v/ (¢;) is within distance ¢ of ¥/ (¢;), and therefore within
distance 2¢ of p;. Let us truncate «, between x_ and x,, to get an orbit segment ~, of
length 6C1|loge| + O(1), starting and ending within 2¢ of py, and passing within ¢ of .

Let 84 = 1/(3dim(M)). We define a sequence of points of M as follows. Let z; be an
arbitrary point for which the C(k)-beginning of its orbit is k/2-dense, to guarantee in the
end that the last condition of the lemma is satisfied. If 7,, is not £”¢/2-dense, we choose
another point z, which is not in the %2 /2-neighborhood of 7,,. Then ,, U~,, contain both
x1 and zy in their e-neighborhood, and therefore in their ¢ /2-neighborhood. If v,, U7,
is still not £%¢/2-dense, then we add a third piece of orbit 7,,, and so on. By compactness,
this process stops after finitely many steps, giving a finite sequence z1, ..., zy.

As all v,, start and end with p; up to 2e, we can glue the sequence

"a’yxzvfyxl”yxzw"?7$N’75(31""

thanks to Theorem 3.1. We get a periodic orbit v which shadows them up to 2Cye. We
claim this orbit satisfies the requirements of the lemma. We should check its length, its
density, and its separation.

Let us start with the length. The points z; are separated by at least £°¢/3. The balls
of radius £% /6 are disjoint, and each has a volume > cefedmM) — ¢21/3 We get that the
number N of points x; is bounded by Ce~1/3. As each piece 7,, has length at most C|loge],
it follows that the total length of 7 is bounded by Clloge|e=1/3 < e71/2,

Let us check the density. By construction, the union of the =, is £%/2-dense. As v
approximates each vy, within 2Cye, it follows that ~y is 2Che + P4 /2 dense, and therefore
ePi-dense. In the statement of the lemma, we require the slightly stronger statement that
if one removes a length 1 piece at the end of the orbit it remains °-dense. Such a length 1
piece in ,, consists of points that are within 2¢ of O(p;). They are approximated within
%4 by the start and end of all the other ,,.



14 SEBASTIEN GOUEZEL AND THIBAULT LEFEUVRE

Finally, let us check the more delicate separation, which has motivated the finer details
of the construction as we will see now. Let §, be suitably large. We want to show that any
two points x, y of v within distance % are on the same local flow line. Since the expansion
of the flow is at most exponential, for any ¢ < 20C |loge|, we have d(¢x, py) < € if S
is large enough. In the piece of v of length 10C]|log¢| starting at z, there is an interval
[t1, 2] of length 4Ci|loge| + O(1) during which ¢,z is within distance at most py/2 of
O(p1), corresponding to the junction between the orbits ~,, and v,,,, where i is such that
x belongs to the shadow of ~,, ,. For t € [ty, 5], one also has d(ypy, O(p1)) < po as the
orbits follow each other up to €. Note that in each v; the consecutive time spent close to
O(py) is bounded by 2C' |loge| as we have forced a passage close to ps (and therefore far
away from O(p;))) after this time in the construction. It follows that also for y the time
interval [ty, %] has to correspond to a junction between two orbits Yz, and 7, ;. Consider
the smallest times ¢ and t" after the junctions for which ¢, (z) and ¢y (y) are 2pg-close to zp.
Since the orbit 7/ meets W3, (29) at the single point z, these times have to correspond to
each other, i.e., the orbits are synchronized up to an error O(e). To conclude, it remains to
show that ¢ = j. Suppose by contradiction ¢ < j for instance. The orbit of x follows ~,, up
to 2Cpe, the orbit of y follows v, up to 2Cye, and the orbits of z and y are within ¢ of each
other. We deduce that 7,, and ,, follow each other up to (4Cy + 1)e. Since x; is within
¢ of 7,,, it follows that x; is at within (4Cj + 2)e of v,,. This is a contradiction with the
construction, as we could have added the point z; only it was not in the e*-neighborhood
of v,,, and & > (4Cj + 2)e if ¢ is small enough. O

3.2.2. Construction of the approximate coboundary. Let us now prove Theorem 1.2. The
result is obvious if € is bounded away from 0, by taking v = 0 and h = f. Hence, we can
assume that € is small enough to apply Lemma 3.4, with k = 5. On the orbit O(x() given
by this lemma, we define a function @ by @(pxo) fo (psro)ds. Note that it may not be
continuous at zy. As a consequence, we will rather denote by O(xg) the set (p1x0)o<t<r-1
(which satisfies the required properties of density and transversality) in order to avoid
problems of discontinuity.

Lemma 3.5. There exist 31,C > 0 independent of & such that ||i|ce o)) < C-

Proof. We first study the Holder regularity of @, namely we want to control |t(x)—u(y)| by
Cd(z,y)" for some well-chosen exponent 31, when d(z,y) < g (where & is the scale under
which the shadowing theorem 3.1 holds). If z and y are on the same local flow line, then
the result is obvious since f is bounded by 1, so we are left to prove that u is transversally
CPr. Consider = i,z € O(x0) and y = @41+ € W, (z). By transversal separation of
O(xp), these points satisfy d(x,y) > . We can close the segment [zy] i.e., we can find a
periodic point p such that d(p,x) < Cd(x,y) with period t, =t + 7, where |7| < Cd(x,y)
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which shadows the segment. Then:

ay) — i(z)| < / F(ps)ds — / " Flow)ds| +
~( g

J

tp
/ f(psp)ds
0
(11

The first term (I) is bounded by Cd(z,y)” for some 3; > 0 depending on the dynamics,
whereas the second term (II) is bounded — by assumption — by et,,. But et, S et ST S
e'/2 < d(x,y)/?5. We thus obtain the sought result with 3, :== min (3}, 1/283).

We now prove that @ is bounded for the C%-norm. We know that there exists a segment
of the orbit O(zy) — call it S — of length < C' which is o-dense in M. In particular,
for any x € O(xy), there exists xg € S with d(z,zg) < £¢, and therefore |a(x) — (zg)| <
Cd(z,z5)" < Cagl thanks to the Holder control of the previous paragraph. Using the
same argument with zo, we get as u(xg) =0

ja(x)] = la(z) — alzo)| < falr) —alzs)| + |u(rs) — a((zo)s)| + |a(xo) — a((x0)s)|-

The first and last term are bounded by Cegl, and the middle one is bounded by C' as §
has a bounded length and || f||co < 1. O

For each i, we extend the function @ (defined on O(zy)) to a Hélder function u; on 3,
by the formula u;(x) = sup @(y) — ||@l| s o) d(#, ¥)**, where the supremum is taken over
all y € O(zp). With this formula, it is classical that the extension is Holder continuous,
with [lullce s, < l@]les 0@y We then push the function u; by the flow in order to
define it on U; by setting for x € X, o € U: wi(ppxr) = ui(x) + fot f(psx)ds. Note
that by Lemma 3.3, the extension is still Holder with the same regularity. We now set
wi=>  ub;and h = f— Xu= -3 u; X6, The functions X0; are uniformly bounded in
C, independently of ¢ so the functions u; X6; are in C”* with a Holder norm independent
of € > 0 and thus ||h||cs < C.

Lemma 3.6. ||h|gs,2 < eP3/2

Proof. We claim that h vanishes on O(zy): indeed, on U; N O(zy) one has u; = @ and thus
h=—-u),X0,=—-uX)> 0; =—uX1=0. Since O(xy) is e’¢-dense and ||h]|cs < C, we
get that || co < CePPa = CePs| where 33 = 3134 By interpolation, we eventually obtain
that ||h||051/2 < 563/2. [

Proof of Theorem 1.2. The previous lemma provides the sought estimate on the remainder
h. This completes the proof of Theorem 1.2. O

4. GENERALIZED GEODESIC X-RAY TRANSFORM

From now on, we will rather use the dual decomposition of the cotangent space T*M =

E; ® E* @ E*, where Ei(E, ® E,) = 0,E*(E, ®RX) = 0, EX(E, ®RX) = 0. If AT
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denotes the inverse transpose of a linear operator A, then the dual estimates to (1.2) are:

Ao " (@) - Elpua) < Ce ML, VE> 0,6 € B(2)

dor(2) + €l gy < Ce Mg, VE< 0,6 € Ex(2), (4.1)

where | - |, is now g~!, the dual metric to g (which makes the musical isomorphism b :
TM — T*M an isometry). For the sake of simplicity, we now assume that X generates a
contact Anosov flow; the results of this paragraph will be applied to the case of an Anosov
geodesic flow. It would actually be sufficient to assume that the flow is Anosov, preserves a
smooth measure and that it is mixing for this measure. Note that a contact Anosov flow is
exponentially mixing by [Liv04]. We will denote by p the normalized volume form induced
by the contact 1-form. In the case of a geodesic flow, p is nothing but the Liouville volume
form. By L*(M), we will always refer to the space L?(M,du). The orthogonal projection
on the constant function is denoted by 1 ® 1.

4.1. Resolvent of the flow at 0. By [FS11|, we know that the resolvents Ry(\) =
(X £ A)7' . HE — Hi (initially defined for R(\) > 0) admit a meromorphic extension
to the half-space {R(\) > —cs} — where H? are anisotropic Sobolev spaces — and thus
Ri(\) : C®°(M) — D'(M) admit a meromorphic extension to the whole complex plane.
For R(\) > 0, Ry(\) : L*(M) — L?(M) are bounded and the expression R, ()) is given
by

+oo
RN =X+N"'= / e Me T dt, (4.2)
0

where e X f(z) = f(o_i(x)) for f € C®°(M),x € M.

In a neighborhood of 0, we can thus write the Laurent expansions

R,(\) = R{ + % + O(N), R_(\) =R, — L?l + O(N), (4.3)

where Ry : HS — H%, Ry : H® — H® are bounded. Since H® C H5 C H™*%, we obtain
that Ry : H® — H~* are bounded and thus (R)* : H* — H~* is bounded too. Moreover,
it is easy to check that formally (RJ)* = —R, (i.e., the operators coincide on C*°(M)), in
the sense that for all fi, fo € C*°(M), (Ry f1, f2) r2(m) = (f1, =Ry f2) 12(my- Since C(M)
is dense in H*(M), we obtain that (R§)* = —R, on H*(M), in the sense that for all

fi, fo € H¥ (M), (Ry f1, f2) L2om) = (f1s —R(J)rf2>L2(M)-
Also remark that, as operators C*°(M) — D'(M), one has:

XRfi=RiX=1-1®1, XR =R;X=1-1®1 (4.4)
For the sake of simplicity, we will write Ry := Rj. We introduce the operator

II = Ro + RS, (45)
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the sum of the two holomorphic parts of the resolvent. An easy computation, using (4.3),
proves that II(1) = 0 and the image II(C*°(M)) is orthogonal to the constants. We recall
the

Theorem 4.1. [Guil7, Theorem 1.1| For all s > 0, the operator 11 : H¥(M) — H*(M)
is bounded, selfadjoint and satisfies:

(1)¥f e H¥ (M), XILf =0,

(2)Vf e H(M) such that X f € H5(M), IX f = 0.
If f € H¥ (M) with (f,1)r2 = 0, then f € ker Il if and only if there exists a solution
u € H*(M) to the cohomological equation Xu = f, and u is unique modulo constants.

There exists two other characterizations of the operator II that are more tractable and
which we detail in the next proposition. We set II) := 1(_o xj(—iX).

Proposition 4.2. For fy, fo € C*°(M) such that (f,1)2 = 0:
(1) (ILf1, f2) = 2715A|,\:0<fo1,f2>,
(2) <Hf17 f2> = f_;o<f1 © @, f2>dt
Proof. (1) For fi, f € C°°(M) such that [, fidu = 0, we have using Stone’s formula, for
0> 0:
(Iags f1, fo) — (ID=sf1, f2) = (Ap—sa+a)f1, [2)

1 A0

= o (R (=iA) = R_(iN)) f1, fo)dA
T Ja=s

Dividing by 2§ and passing to the limit § — 07, we obtain Oy | \—o(IL\ f1, f2) = %((Rar -
Ro) f1, f2) = o= (ILf1, fo).

(2) Thanks to the exponential decay of correlations (see [Liv04]), one can apply Lebesgue’s
dominated convergence theorem in the limit A — 07 in the following expression

(11f,, f2) = lim / NUF, 0y, fo)dt

and the result is then immediate. Note that a polynomial decay would have been sufficient.
OJ

The quantity (IIf, f) is sometimes referred to in the literature as the variance of the
flow. In particular, it enjoys the following positivity property:

Lemma 4.3. The operator 11 : H¥(M) — H~*(M) is positive in the sense of quadratic
forms, namely (ILf, fYr2 > 0 for all real-valued f € H5(M).

There are different ways of proving this lemma, related to the different characterizations
of the operator II. We only detail one of them which is in the dynamical spirit of this
article. Another way could be to use the first item of Proposition 4.2 and the fact that the
spectral measure II, is non-decreasing.
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Proof. By density, it is sufficient to prove the lemma for a real-valued f € C*°(M). We
will actually show that for A > 0:

(re =228 = v -2 ([ san) =0

The same arguments being valid for R_()\), we will deduce the result by taking the limit
A — 07, By Parry’ formula [Par88, Paragraph 3|, we know that:

1

= lim ———= ewauL Z(V) z z
(RO = i sy 3 e | RO @0

where 7 is a periodic orbit, z € ~, £(7) is the length of v and N(T) = >, <r el 7" s a
normalizing coefficient,

J" w0y det dpy ()| gy (2 |1=0

is the unstable Jacobian (or the geometric potential). Let us fix a closed orbit v and a
base point z € 7. We set f(t) := f(¢;2) which we see as a smooth function, ¢-periodic on
R (with ¢ == £(~)). Since R, (\) commutes with X, R, (\) acts as a Fourier multiplier on
functions defined on 4. As a consequence, if we decompose f )= >, ez €2 e
have:

R0 - | N (4 )ds

_ Z c e2z7rnt/€/ e—()\—2i7rn/€)sd8

nez
Cn()\ + 2Z7T7’L/€) e2i7rnt/€
A2 + 4d?n? /(2

n €Z

Then:

a1/ len2(N + 2imn/l) |cn)?
(BN flee = z/() +(A) Bt = Z A2+ 4m2n? /(2 Z A2 + 422 /0%

by oddness of the imaginary part of the sum. In particular:

¢ col? ¢ 2
: /0 R0 > 120 =2 (% /0 f(t)dt) (4.7)
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Inserting (4.7) into (4.6), then applying Jensen’s convexity inequality:

1 £(v)

1 u ’
R._(\ A7 lim ——— E Lol 2)d
BN 1) 2 700 N(T) e(»,)gTe (6(7) 0 o) t)

2

im | —— e’ —— z = — ,
N T—oo \ N(T) (et () Jo & A \Jsum :

where we used again Parry’s formula in the last equality. 0

4.2. The normal operator. We introduce
I, =mn. I+ 1® 1)1, (4.8)

Recall from §2.1.3 that given (z,£) € T*M, the space @1 M decomposes as the direct
sum

®ETrM = ran (O’D(l’, §)|®?71T;M) ® ker (op-(z, §)|®75T;M)

= ran (o’jé'|®7sﬂ71T;M> @ ker (i§|®7§lT;M)

The projection on the right space parallel to the left space is denoted by e, and
Op(Tkerig) = Tkerps + S by Lemma 2.6, where S € U~ and Op is any quantization
on M (see [ShuOl, Section 6.4] for instance). Here, U™ denotes the set of pseudodifferen-
tial operators of order m € R. Given P € U™ we will denote by o, its principal symbol.
The following structure theorem is crucial in the sequel. It can be seen as a more intrinsic
version of [SSU05, Theorem 2.1].

Theorem 4.4. 11,, is a pseudodifferential operator of order —1 with principal symbol
2m

On,m

O = 01+ (2,6) 1 €] e i T T i

with Cp = [ sin" 27 (@) dep.

Proof. The fact that I1,, is pseudodifferential was proved in [Guil7]. All is left to compute
is the principal symbol of II,,. According to the proof in [Guil7, Theorem 3.1|, we can
only consider the integral in time between (—¢,¢). Namely, given y € C°(R) a smooth
cutoff function around 0 whose support is contained in (—¢, ¢), one has:

I1,, = Wm*/ x(t)e Xdtrr,

—€
0

+oo
— T Ry / X (e X dtr, — 7, Ry / X (e ¥ dtrr,
0

“+oo
+ <1 - / X(t)dt) Tmsl®1 7

[e.e]
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On the right-hand side, the last term is obviously smoothing. Following the same compu-
tations as in [Guil7, Theorem 3.1|, one can prove that the second and the third terms are
also smoothing (this stems from an argument on the wavefront set of the kernel of these
operators, using the fact that there are no conjugate points in the manifold). Thus, the
pseudodifferential behaviour of the operator II,, is encapsulated by the first term whose
kernel has a support living in a neighborhood of the diagonal in M x M. In the following,
e > 0 is chosen small enough (less than the injectivity radius at the point z).

Let us consider a smooth section f; € C*(M,®%FT*M) defined in a neighborhood of
x € M and fy € ®T; M, then:

<0m (IOa g)fla f2>xo - }lllif(l) h'_le_is(xo)/h<Hm(eis(x)/hfl)a f2>xo

= lim h~ e S (Inx (eSO 7w o) roes.. as
h—0 0

where £ = dS(z) # 0. Here, it is assumed that Hess, S is non-degenerate. We obtain:

(am(a: 5 f1,f2 zo
— lim b~ L/n/i §MSOOI=S@)re f, ((t), 4(t))77, fo o, ) x (£)dtdy

h—0

= lim /! /Sl< / / e/MSG) S“”m’;,fl(v(t),V(t))ﬂi;,fz(xo,v)Sin"‘l(w)x(t)dtdw) du

h—0

where y is a cutoff function with support in (—¢,¢), v is the geodesic such that v(0) =
7,%(0) = v and we have decomposed v = cos(p)n+sin(p)u with n = £#/|¢] = dS(x)*/|dS(x)],
u € S"'. We apply the stationary phase lemma [Zwol2, Theorem 3.13| uniformly
in the u € S"! variable. For fixed u, the phase is ® : (¢,0) — S(y(t)) — S(z) so
9, ®(t, ) = dS(5(t)). More generally if ® : (t,v) — S(y(t)) — S(z) denotes the map
defined for any v € S", then

0,®(t,v) -V = dr(dg,(z,v)- V), vV eV,

where V = kerdmg, with mg : SM — M the natural projection. Since (M, g) has no

conjugate points, dr(dp(z,v)) -V # 0 aslong ast # 0 and V € V\ {0}. And dS(%(0)) =

dS(cos(p)n + sin(p)u) = cos(p)|dS(x)| = 0 if and only if ¢ = 7/2. So the only critical
point of ® is (t = 0,¢ = 7/2). Let us also remark that

~ (HessyS(u,u) —|dS(x)]

e Gy
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is non-degenerate with determinant —[£|?, so the stationary phase lemma can be applied
and we get:

™ +e
/ / §IMSGO=SEN e 1 (1) 5(t))a folizo, v) sin()dedyp
0 —€

~hoo 27h|E] T, fi (2o, w)m, fa o, w).
Eventually, we obtain:
27
(Om (2, &) f1s f2) a0

& Jewy=oy
where dS¢ is the canonical measure induced on the n — 1-dimensional sphere S,M N
{{(§,v) = 0}. The sought result then follows from Lemma 2.1. O

T f1 (V)T f2(0) dSe (v),

4.3. Ellipticity, injectivity on solenoidal tensors.

Lemma 4.5. The operator 11,, is elliptic on solenoidal tensors, that is there exists pseu-
dodifferential operators QQ and R of respective order 1 and —oo such that:

QHm = Tker D* + R

Proof. We define

- 0, on ran(oj)

1.9 ={ ldmr s, on )
and q(z,&) = (1 — x(z,£))q(x, &) for some cutoff function x € C°(T*M) around the zero
section. By construction, Op(q)IL,, = Mxer p- — R’ with R € U=, Let v/ = op and define
a~ Y p2 7™ Then Op(a) is a microlocal inverse for 1 — R’ that is Op(a)(1 — R') € U=,
Since R'D = 0, we obtain that R' = R'myer p~ and thus

Op(a) Op(q) Hm = Op(a)(l - R,)ﬂ-kerD* = Tker D* + R>
=Q
where R is a smoothing operator. 0

From now on, we assume that the X-ray transform is injective on solenoidal tensors.

Lemma 4.6. If I, is solenoidal injective, then 11, is injective on H:

sol(M7 ®gnT*M)7 fOT
all s € R.

Proof. We fix s € R. We assume that I, f = 0 for some f € HZ,(M,Q%T*M). By
ellipticity of the operator, we get that f € CSS(M,R%T*M). And:

2
(L f £z = (I £ ) g + ( /S - fd,u)

M

2
=<(1+Am)_8H7T;f,7T;f>Hs+< /S w:;fdu) 0.

M
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Here, the Laplacian A,, is the one introduced in §2.1.3. The scalar product on H* is
(f,hygs = (1 4+ A2, (1 + A)*%h) 2. By Lemma 4.3, since (Il f, 7% f) > 0, we
obtain that [g, m fdu = 0. Moreover, (1 + Ap,)"*II is bounded and positive (hence
selfadjoint) on H* so there exists a square root R : H® — H?®, that is a bounded positive
operator satisfying (1 + A,,) *II = R*R, where R* is the adjoint on H*. Then:

((L+ Ap) =Ly, fom [ = 0= || Ry, £l

This yields (14 A,,)"*llx} f = 0so IIn}, f = 0. By Theorem 4.1, there exists u € C*(SM)
such that 7' f = Xu so f € ker I, Nker D*. By s-injectivity of the X-ray transform, we
get f=0. 0

A direct consequence of Lemma 4.6 and Theorem 4.5 is the

Theorem 4.7. If I,, is solenoidal injective, then there exists a pseudodifferential operator
Q' of order 1 such that: Q'Il,, = Tyer D+ -

Proof. The operator 11, is elliptic of order —1 on ker D*, thus Fredholm as an operator
HE (M, @0T*M) — HH (M, @mT*M) for all s € R. Tt is selfadjoint on H_,"*(M, @T* M),
thus Fredholm of index 0 (the index being independent of the Sobolev space considered,
see [Shu01, Theorem 8.1]), and injective, thus invertible on HZ (M, ®&T*M). We multiply
the equality QII,, = e p+ + R on the right by Q" = e pIL, "y po:
QHmQI = Q Hmﬂ-ker D* H;mlﬂ-ker D* — Qﬂ-ker D* — Q/ + RQ/
=1
As a consequence, () = Qe p+ + smoothing so it is a pseudodifferential operator of order
1. And Q/Hm = Tker D* - O
This yields the following stability estimate:

Lemma 4.8. For all s € R, there exists a constant C := C(s) > 0 such that:
Vi€ Hey(M,@gT" M), [|fllas < O[T f]

Hs+1

Eventually, we will need a last lemma, whose proof can be found in [Guil7|.

Lemma 4.9. lIr}, : H (M, ®3T*M) — H*(SM) is bounded, for any s > 0. By duality,
Tmsll : H*(SM) — H*(M,®TT*M) is bounded too, for any s > 0.

4.4. Stability estimates for the X-ray transform. We can now deduce from the pre-
vious work a stability estimate for the geodesic X-ray transform.

Theorem 4.10. For all "TH < s < r, there exists an exponent 0 = 0(s,r) > 0 and a
constant C' .= C(s,r) > such that:

Vf € Hiy(M, &g T M) with || flla- <1, [|f]

ol

ie < Clln f
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Proof. We fix such constants 2 < s < r and consider f € HZ (M,®%T*M) such that
| fllz- < 1. There exists an exponent 0 < a < 1 such that f € C*(M,TT*M). We write
75 f =+ [ flle = Xu+ h, where the decomposition is given by Theorem 1.1, with h > 0,
IBlles S N flloe + [[Tnfllee S 1 since |[fllca S 1 (8 is provided by the theorem applied

with a C*-function). Also remark that:

Il = / hdp = / (2 f + [ Il — Xtt) dp
M M (4.9)

_ / (5] + [ flle) dpt < o f e
SM

where the estimate | [, 7 f dp| < || f||e follows from Parry’s formula (4.6). We have:
[fllzrs S I f (2o, by Lemma 4.8
< ||, f | %ﬁ/g ||Hmf]|}{_ﬂl, by interpolation with 6’ = ﬁ
————
SIS llar <1
S Nl TT (s f 4 | flle) 070 + 1 f 1
N ||7Tm*Hh’ ys/3 T ||Imf||eoo, by Theorem 4.1
< Al y8/3 T H[meeoo’ by Lemma 4.9
& /215 110'/2 . :
S Al i ||h||Hé;3/3 + [ Lo f 1|5, by interpolation
TR Ty A . :
< I it Il + 1 by interpolation.
<||h||39 s
By using (4.9), we obtain || f||gs < |[Lnf||%, with 0 = ¢'/4. O

Remark 4.11. Actually, the proof also works by taking f € C" and || f|lcr < 1 (for some

€ (0,1)) but the new control one obtains is still in the form || f|gs < [|Lnf||0. It is
very likely that one can obtain a control in C* in the end by looking at the action of the
pseudodifferential operator I1,, on Holder-Zygmund spaces C* (see [Tay91]). One could
also possibly better the exponent 6 (and make it arbitrarily close to 1) by working in Besov
spaces but we did not investigate these details.
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