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Marcouillé,1 A. Chancé,10 S. Licciardi,11 V. Malka,3, 12 F. Nguyen,11 and G. Dattoli11

1Synchrotron SOLEIL, L’Orme des Merisiers, Saint-Aubin, Gif-sur-Yvette 91192, France.
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The fourth generation of synchrotron radiation sources, commonly referred to as the Free Elec-
tron Laser (FEL), provides an intense source of brilliant X-ray beams enabling the investigation
of matter at the atomic scale with unprecedented time resolution. These sources require the use
of conventional linear accelerators providing high electron beam performance. The achievement of
chirped pulse amplification allowing lasers to be operated at the Terawatt range, opened the way for
the Laser Plasma Acceleration (LPA) technique where high energy electron bunches with high cur-
rent can be produced within a very short centimeter-scale distance. Such an advanced acceleration
concept is of great interest to be qualified by an FEL application for compact X-ray light sources.
We explore in this paper what the LPA specificities imply on the design of the undulator, part of the
gain medium. First, the LPA concept and state-of-art are presented showing the different operation
regimes and what electron beam parameters are likely to be achieved. The LPA scaling laws are
discussed afterward to better understand what laser or plasma parameters have to be adjusted in
order to improve electron beam quality. The FEL is secondly discussed starting with the sponta-
neous emission, followed by the different FEL configurations, the electron beam transport to the
undulator and finally the scaling laws and correction terms in the high gain case. Then, the different
types of compact undulators that can be implemented for an LPA based FEL application are ana-
lyzed. Finally, examples of relevant experiments are reported by describing the transport beamline,
presenting the spontaneous emission characteristics achieved so far and the future prospects.
PACS numbers: 41.60.Cr, 41.60.Ap, 41.75.Ht, 41.75.Jv, 41.85.p, 41.85.Ct, 41.85.Gy, 41.85.Lc

I. INTRODUCTION

he understanding of the concepts associated with
taneous and stimulated emission, during the first
of the last century [1], was a major scientific rev-

ion that led to the invention of the laser almost
decades later [2, 3]. The origin of the LASER [4]

ht Amplification by Stimulated Emission of Radia-
) traces back to the very beginning of XX-th cen-
[5–8], with the introduction of the concept of pho-

by Planck leading to Einstein’s prediction on energy
ancement by atom de-excitation [9] in the analysis of
black-body radiation and was later on recognized as
elementary component of the electromagnetic field

lf. This breakthrough opened the possibility of con-
ing optical devices capable, to a large extent, of con-
ling the power and associated photon beam quali-

aith@synchrotron-soleil.fr

ties produced. The MASER (Microwave Amplifica
by Stimulated Emission of Radiation), where an exc
NH3 molecule is introduced in a microwave cavity
onant at the frequency of the molecule transition,
first operated in the micro-waves [10] in 1954. The
tical maser” or LASER [4] requires the use of an o
Fabry-Perot type resonant cavity [1]. Lasers were t
successfully operated (Ruby [11, 12], He–Ne [13], G
[14] and others [15]). Limits in extending lasers tow
very short wavelengths were pointed out. Two major
concepts arose from the laser discovery in the seven
the free electron laser [16] and laser plasma accelera
[17]. Along with the laser technology, other source
coherent radiation, based on travelling wave tubes,
been developed. In this case, the emission mechanis
ensured by a beam of free electrons freely propagating
side a cavity. The electron beam interacts with the mo
of the cavity, gets modulated in energy and undergo
bunching process, in which it transfers energy to on
the cavity modes (if certain kinematic conditions are
isfied [18]). This phenomena led to the constructio
hed by Elsevier. This manuscript is made available under the CC BY NC user license
commons.org/licenses/by-nc/4.0/
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efficiency powerful devices like gyrotrons, Coherent
onance Maser, klystrons ... which are currently used
everal applications in the THz, microwave and mil-
tre region of the spectrum. With the advent of high
gy accelerators, another source of radiation known
he free electron laser emerged [16].
ree Electron Laser (FEL) devices belong to the fam-
f coherent radiation devices [19], whose fundamen-
echanism is the electron beam density bunching in-

ed by an appropriate energy modulation [20–22]. In
FELs, in particular, the energy modulation is realized
ugh an undulator, creating a periodic magnetic field
providing a transverse component of the electron

ion and the consequent coupling to a co-propagating
tromagnetic wave. The FEL transforms the kinetic
gy of an electron beam into electromagnetic radia-
with laser-like properties. The FEL mechanism does
rely on the stimulated emission by atomic or molec-
ensembles where the population inversion is realized

. No quantum energy gap therefore limits the tune-
ity of the device, which emits in the electromagnetic
trum with continuity from microwaves to X-rays ac-
ing to the value of the period and strength of the
ulator field as well as to the energy of the electron
m. Several FELs have been implemented in the last
des in various laboratories with striking results in
amental and applied physics and have also offered

recedented opportunities to the user community [24].
eneral, FELs [25] are operated in oscillator, seeded
lification and in Self Amplified Spontaneous Emis-
(SASE) modes [26–31].

he choice of FEL configuration and radiation scheme
ased on the user requirements of the properties of the

pulses, such as radiation wavelength, peak power,
rization and average repetition rate. The temporal
cture of the pulse has to be matched to the charac-
stic timescales of physical processes under study. For
y imaging [32] and high intensity applications, the

tons should be delivered in ultra-short high intensity
es. On the other hand, the spectroscopic studies [33]
ire limited peak intensity so as to avoid non-linear
esses, but also a high repetition rate in order to col-
sufficient data in acceptable experimental periods.
EL offers to the users the unique possibility of
ring the radiation characteristics to the needs of the
ific application [34]. In fact, the FEL wavelength
e can be readily varied, as well as the output

dwidth [35], power, temporal structure [36–39], thus
wing a number of options including multi-frequency
ration [40–45], polarization control [46, 47], at-
cond pulse duration [48–50], and pump and probe
figurations with naturally synchronized beams.

he concept of laser electron acceleration [17] was con-
ed following the laser invention. Actual realisation of
concept benefited from laser developments, in partic-
the Chirped Pulse Amplification technique [51] that

bled very high peak powers. For electron accelera-

tion a high-power femtosecond laser pulse is focused
a gas target and resonantly drives a nonlinear pla
wave in which plasma electrons are trapped and ac
erated with high energy gain gradients of 100 GeV
[52, 53]. The beginning of the twenty first century
the advent of efficiently laser plasma accelerated elec
beams [54–58]. Nowadays, electron beams with m
GeV energies [59], femtosecond durations [60], hund
of pC charge [61], intermediate energy spread and
liradian divergence can be produced, even though
these performance are not yet achieved simultaneou
Many of the current experimental developments are
cused (or dedicated to) on overcoming this limitation
date the beams with the record electrons energies
GeV and to 0.2 mrad FWHM divergence were obta
using a 850 TW laser pulse guided in a laser-heated
illary discharge plasma [59]. The use of sharp den
transition has been exploited to demonstrate a reduc
of the injected electron beam’s energy spread thro
a phase space rotation in the plasma [62]. Recentl
was also demonstrated the possibility to use a lase
a first plasma stage to drive wakefields injecting and
celerating an electron beam, to be injected in a sec
plasma stage, where another electron beam would be
jected and accelerated [63]. This compact configura
could couple the benefits of laser driven plasma acc
ators and electron beam driven plasma accelerators
at a high energy efficiency [65], without the need of a
conventional accelerator to generate an electron beam
a beam-driven plasma stage.

The physical schemes of beam-driven (PWFA)
laser-driven (LPA) plasma accelerators have much
common [66–68]. Indeed, both laser and particle be
can drive plasma wakefields in the blowout regime (b
eficial for the quality), and for the accelerated wit
bunch, the nature of the driver makes no apparent
ference. For PWFA , a high current of energetic
ticles is not slowed down by plasma and does not
energy via diffraction as does the laser, leading to m
promising accelerator performance/efficiency defined
dephasing and driver depletion. However, the inhe
complexity of the specific involved technologies m
the LPA simpler to implement. For a PWFA driven
a conventional accelerator, the features of the avail
beam drivers (duration ≈0.1-1 ps, I≈1-10 kA, R >
µm) require lower plasma densities, thus implying
acceleration distances. As a result, witness and dr
beams quality become a subject to the degradation
beam-plasma interaction, e.g. hosing and streaming
stabilities, transverse overfocussing and dispersion,
Although such pure PWFA schemes still promise hi
beam quality/brightness and thus advantage in tr
port, but at the same time requiring GeV-class li
accelerators such schemes completely lose the poten
to arrive to a truly compact SR/FEL technology. S
concepts are still under active exploration at large ac
erator facilities, cf [69]. The hybrid LPA-PWFA, u
LPA to compactly generate both drive and witness be
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the beam-driven stage, concepts provide yet another
rnative, that is presently under development.
ombining these two technologies may open the path
Free Electron Laser driven by a Laser Plasma Accel-

or (LPA), which would be a major step towards the
st of compact, intense, and tuneable X-ray sources
73]. This dream is getting closer to reality, thanks to
progress on LPA performance and reliability.
he first step towards the LPA based FEL applica-
is the observation of undulator radiation which is

FEL spontaneous emission. Indeed, several measure-
ts, even at short wavelengths [74–82] and recently
n to 4 nm [82, 83] have been reported. However, the
lity of the photon spectra do not yet meet what is
ently achieved and utilised on synchrotron radiation
d facilities in terms of spectral bandwidth, intensity
stability.
s compared to conventional accelerators, LPAs do
erate in general a larger energy spread and divergence,

have to be mitigated at an early stage of the electron
sport in order to avoid emittance growth [84–86].

lective effects and coherent synchrotron radiation can
play a role [87]. The energy spread can be a real is-

since it can limit the possible energy modulation and
ching required for an efficient FEL. Solutions such as
gy sorting in a chicane [88] or transverse gradient un-
tors [89], which had been proposed during the early

times [90], are considered. Another method one
ht consider to reduce the energy spread, is by using a
density plasma dechirper [91–93]), however this tech-
e would add an additional plasma complexity as well
n increase in the distance between the electron beam
ce and the first focusing elements, making the trans-
of the highly divergent electron beam more difficult.
LPA ultra-short electron bunches require also short

ulator systems, for the photon beam not to overtake
electron beam distribution due to the slippage effect.
ent high performance LPA electron beam enabled to
onstrate a two orders of magnitude LPA based am-
cation at 27 nm at SIOM [94].
he path towards an LPA based FEL facility consists
everal steps such as the achievement of reliable elec-

beam performance at the source and at the undula-
entrance, the design and daily operation of an electron
ipulation line, and the generation of narrow band-

th stable undulator radiation after the electron beam
sport. In such a context, the choice of the undulator
t enable the overall length to be kept rather small. To
d generating an additional challenge to the FEL suc-
, only state of the art frontier undulator technology
ld be considered. Short period high field undulators

thus investigated, focusing in particular on cryogenic
anent magnet based devices and superconducting

ems. In addition, the combined solution of gain am-
ing medium and energy spread handling offered by

transverse gradient undulator is of particular interest.
e shall explore here what are the undulator choices
esign an LPA-based FEL and what performance can

be anticipated from the point of view of the undul
design [95]. We shall first review the LPA concepts
realizations, present the FEL theory discuss the issue
sociated with the use of an LPA beam and the strate
open to mitigate them. We shall then review the poss
undulator technologies to be employed. In particular
shall investigate how to push towards higher magn
fields with shorter undulator periods, while keeping a
flection parameter value slightly larger than 1, in o
to produce harmonics. Cryogenic and superconduc
undulators are examined in detail. In addition, dep
ing on the strategy chosen for handling the initial l
energy spread, transverse gradient undulators are of
ticular interest. We shall then finish with some exam
of LPA based FEL set-ups.

II. LASER PLASMA ACCELERATION

A. Laser Plasma Acceleration process

Since the first proposals in the late 1970s [17
great interest has been continuously attracted to
plasma and laser-plasma acceleration. Figure 1 rep
a particle-in-cell simulation (performed with the c
Smilei [96]) of a basic LPA set up: a high inten
laser is injected into an underdense plasma, with d
tion and waist size of the order of the plasma wavelen
Electrons of the plasma are pushed away from the l
trajectory by its radiation pressure, and re-attracted
wards their initial position by the plasma ions, alm
immobile in the timescales of interest. A relativ
electrostatic plasma wave is excited, and electrons
self-injected at the end of the electron bubble and ac
erated, following the laser pulse. In LPA, accelera
is produced by laser-driven electrostatic plasma wa
and, in contrast to RF cavities, the amplitudes of
generated micrometer-scale plasma fields are not lim
by the DC breakdown. This allows plasma accelera
to operate thousand times higher gradients than the
ventional accelerators, and thus produce extremely c
pact sources of bright and energetic electrons [53, 97
2004, the generation of hundreds of MeV, hundreds o
electron beams with quasi-monoenergetic spectra an
few milliradian divergence were reported [98–100]. T
LPA demonstrated its potential to become a new kin
compact electron source with beam quality suitable
the applications in the synchrotron radiation source

Further experimental and theoretical studies of L
helped to identify the phenomena, which define the c
acteristics of the accelerated beams. In the modern L
schemes, the accelerating structure is a non-linear pla
wave following the laser pulse (called bubble or blow
region [59, 100–102]) (see Fig 1). The quality of the
duced beams mainly depends on how they get inje
into this structure. In the first experiments [98–1
the injection was triggered by the plasma wave de
mations resulting from the laser relativistic self-focu
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. 1. Principle of LPA: a short, intense laser pulse (envelope of its electric field in the red-yellow colorbar) propagates i
erdense plasma in the positive x direction. In the wake of the laser, a relativistic plasma wave is excited (Blue-white color
ma electron density). In the wake of the laser, an electron bubble is formed (Purple line: corresponding longitudinal ele
on the propagation axis). The negative electric field at the end of the electron bubble can accelerate an electron bea

propagation direction of the laser, creating a moving accelerating cavity for electrons. An electron beam is injected at
of the bubble through self-injection.

, 104], and now this mechanism is known as self-
ction [105, 106]. More injection schemes have been
onstrated later, including the optical injection using
uxiliary laser [107–109], the ionization injection us-
the high-Z and low-Z gas mixtures [110–113], down-
p injection, where the plasma wave is locally slowed
n in a density gradient [114–118], and the shock (or
sity-transition) injection triggered at the sharp tran-
ns of plasma density[62, 119–122].

the experimental conditions, different injection tech-
es can be independently realized or can also be com-
d to achieve the desired beam parameters. For ex-
le, self-injection is the simplest to produce, and only
ires a relatively high plasma density, and hence can
sed in the experiments with the capillary discharge,
re the driving laser is guided. This injection tech-
e has demonstrated the highest multi-GeV LPA elec-
energies to date [59, 123]. Localized injection tech-
es, such as optical and shock injections, provide a
er control of beam characteristics, i.e. divergence,
n energy and energy spread [109]. At the same
e, such techniques add complexity to the experimen-
setup, narrowing the choice of the targets to gas jets

or gas cells, thus limiting the maximal plasma den
and consequently the accelerating gradients. Using
high-Z and low-Z gas-mixtures in either of these sche
adds the ionization injection, thus increasing the t
accelerated charge, improving source stability [121]
beit with a higher energy spread. Presently, signifi
efforts are also made to separate the injection and ac
eration stages in LPA, in order to establish a robust
trol of source performance [113, 124, 125]. In the nea
ture such multi-stage LPA techniques promise to ach
higher energy acceleration whilst preserving beam q
ity. Shot-to-shot repeatability in each experiment is
an important issue to design a reliable LPA-based F
[126].

B. Laser plasma acceleration performance

To give a qualitative picture of the beam para
ters obtained since the self-injection results of 2004
100, 141], Fig. 2 reports, with no presumption of c
pleteness, the beam charge, energy, energy spread
divergence documented in some articles in the literat
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. 2. Beam charge (top left), energy (top right), energy spread (bottom left) and divergence (bottom right) reported in
riments obtained through different injection techniques. (•) Self-Injection [98–100, 123, 124, 127? –132], (?) Colli
e Injection [108, 109, 133], (�) Ionization Injection [61, 110–113, 134, 135], (:) Downramp Injection [115, 117, 136,
ensity Transition (/Shock) Injection [119, 120, 138, 139], (u) Downramp/Shock + Ionization Injection [121, 140].

depicted points come from representative works
re various techniques of electron injection have been
onstrated: self-injection [59, 98–100, 123, 124, 127–

], optical injection / colliding pulse injection [108, 109,
], ionization injection [61, 110–113, 134, 135], density
nramp injection [115, 117, 136, 137], density transi-
/shock injection [119, 120, 138, 139], density down-
p or shock assisted ionization injection [121, 140].
definitions of the electron beam parameters might
tly vary with authors and measurement methods.
, only parameters averaged over those of similar shots

e considered, where possible. The reported parame-
in the literature in general address most likely the
le-beam parameters or those of the electrons in a
trum peak, rather than the slice parameters, of in-
st for the FEL application.

should be noted that, while the state-of-the-art
beam characteristics (i.e. multi-GeV energies, hun-

s pC charge, sub-percent energy spread and sub-
iradian divergence) have already been experimentally
onstrated, their simultaneous reproduction and sta-

operation remains extremely challenging. Practically,
choice of the LPA setup with proper injection method
ndamental for a given application, as it should not
generate the beams of desired quality, but should

be reproducible and robust in the operation.

C. LPA scaling laws

As mentioned above, LPA process exploits the fi
of the laser-driven plasma waves. The phase velo
of these waves, and of the associated accelerating
is determined by the laser group velocity. In a tenu
plasma, this velocity is close to the speed of light, vph
In LPA, a laser pulse acts on plasma mainly via the
deromotive force, Fp = −mec

2∇〈|al|2〉 / (2γ), where
the laser vector potential normalized to mec/e, γ is
electron Lorentz factor, and 〈〉 denotes averaging
one laser period. This nonlinear force drives charges
wards the areas with the lower field amplitudes. For
moderate field amplitudes laser can generate the elec
density fluctuations δne ∼ a2

0np, where np is the elec
plasma density, and a0 is the peak value of the norm
ized laser vector potential. From this follows, that
a0 < 1, plasma waves remain linear, i.e. δne � np, w
the higher fields, a0 > 1, can lead to the electron b
out from the wave nodes, and formation of the so-ca
bubbles.

a. Linear regime. The accelerating field gener
by a linear wave with the density modulation am
tude δne has the amplitude Ez = mecωpδne/enp, w
ωp =

√
4πrec2np is the plasma frequency, and re is

classical electron radius. To describe the plasma w
excitation in details, one may consider a set of Max
equations for the vector and scalar potentials a an
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ma,
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(7)

por-
ming the Lorenz gauge:

(∂2
t − c2∇2)a = −4πrec2je ,

(∂2
t − c2∇2)φ = 4πrec2(ni − ne) , (1a)

∂tφ+ c∇ · a = 0 ,

pled with the equations for the cold non-relativistic
tron fluid (ions can be assumed immobile),

∂tne + ∇ · (neve) = 0 , (1b)
∂tpe + (ve · ∇)pe = ∂ta + c∇φ− ve ×∇× a .

re ni is the ion density, and φ is the electrostatic
ntial normalized to mec

2/e, j is the current density
alized as J/ec, and the momentum of the electron
pe is normalized to mec.
hen following the laser pulse, the plasma perturba-

s and the laser pulse itself change slowly compared to
laser field oscillations, and to the plasma collective
onse. It is then convenient to introduce the phase
dinate ξ = ct− z, which follows the driver beam and
rite Eqs. (1) in terms of (t, ξ). With that, one can
me ∂t � c−1∂ξ, and drop all dependencies on the
wer” variable t, thus considering all values to be the
tions of only ξ. This is known as the quasi-static

roximation.
nother useful approximation is to assume that the
and slow ξ-dependencies in Eqs. (1) can be linearly
upled, i.e. that each function can be presented as a
, a = af + as, where ∂ξaf � ∂ξas. This is known as
ponderomotive formalism, and it allows to distinguish
slow dynamics associated with the plasma response.
ost cases one may attribute all fast varying fields

he laser, af = al, and its action on this time scale
ears as the cycle-averaged ponderomotive force.
he slow components of Eqs. (1) can be used to de-
be the excitation of the wakefield by a laser. It is also
enient to replace the 3-component vector potential
y the scalar pseudo-potential ψ = φ − az, and the
sverse components a⊥. The resulting equations for
potentials read:

∇2
⊥as,⊥ = 4πre js,⊥ ,

∇2
⊥ψs = 4πre(ns − np − js,z) ,
∇2
⊥φs = 4πre(ns − np) , (2a)
∂ξψs +∇⊥as,⊥ = 0 .

re the subscript ”e” has been dropped as only elec-
density and motion is considered. Application of the

ussed approximations to equations of electron motion
ss straightforward, and requires additional approxi-
ions which are not discuss here. For the sake of com-
eness, one can provide only the final expressions:

∂ξps⊥ = ∂ξas⊥ + (γs/(1 + ψs)− 1)∇⊥ψs +
+∇⊥φs − 1/(1 + ψs)∇⊥〈a2

l 〉/2 , (2b)
∂ξrs = ps⊥/(1 + ψs) ,
ps z = γs − 1− ψs ,

where γs is electrons Lorentz factor and rs is the ra
coordinate. A rigorous and complete derivation of t
equations can be found in [142].

In the linear case, all values associated with the w
can be considered to be small (a, δne/np, ψ, j, p, e
Retaining only the first-order terms, Eqs. (2) can be
plified leading to the equation for the wakefield poten

∂2
ξψ + k2

p ψ = k2
p〈|al|2〉/2 ,

where kp = ωp/c is the wavenumber of the relativ
plasma wave. Equation (3) has a well-known solutio

ψ = kp/2
∫ ξ

−∞
〈|al(ξ′)|2〉 sin[kp(ξ − ξ′)]dξ′ .

In Eq. (4), one can see that the laser profile is
voluted with the plasma wave. For a short pulse,
allows for the resonance, when the laser duratio
close to the plasma period. In the case of a G
sian pulse profile with FWHM duration τl, this
onance condition can be written more accurately
τl = 2ω−1

p

√
2 log 2 ' 2.35/ωp, and the generated w

fields read:
Ez = ηa2

0mcωp/4e cos[kp(ξ − ξl)] exp(−2r2/w2
0) ,

Er = ηa2
0mc

2r/ew2
0 sin[kp(ξ − ξl)] exp(−2r2/w2

0)
where a0 is the laser field amplitude, w0 is the be
waist, r is the distance to the laser axis, and coeffic
η =

√
2π/ exp(1) ' 1.52.

In the end of 1980’s, the chirped-pulse amplifica
made the ultra-short high-power laser pulses avail
[51], and has stimulated the interest to this resonant
ear wakefield regime [143, 144]. In this early conc
the acceleration is limited mainly by the laser diffract
and by the dephasing of electrons with the accelera
field. The energy gained by the electrons, in a case w
the laser freely diffracts (no guiding), as derived in [1
reads:

We [MeV] ' 580(np/nc)1/2P [TW] ,

where P is the laser power,
nc = 1.1× 1021/λ0[µm] cm−3 is a plasma den
critical for the laser wavelength λ0. The accelera
distance in Eq. (6), is provided by the laser Rayl
length LR = πw2

0/λ0 (for a Gaussian beam), whic
typically short. The final energy gained by an elec
is simply proportional to the field Eq. (5), and there
increases as the square root of the plasma density.

In a situation, when laser is guided and does
diffract, the acceleration is defined by the electrons
phasing from the wakefield. This dephasing (or de
ing), is determined by the laser group velocity in plas
which is sub-luminal, vg/c ≈ 1− np/2nc. The total
ergy gain of electrons is limited by (see [66]):

We [GeV] ' I[W/cm2]/np[cm−3] ,

and one may see, that in this case, it is inversely pro
tional to the plasma density.



7

b.
pow
muc
non
call
a sn
way
It tu
ity o
mec
wak
pres
exp

It
tud
is n
In m
bub
than
tran
as i
prop
tive
mat
and
ized
whe

and
to a

O
desc
desc
regi
ble
Alth
on
ing
(she
of t
ima
call
[102
bub

whe
is la
tran
elec
wak
long

A sy
also

and
se is
are

rces
d is
ion,
s of
pro-
hich
esti-
ber

ad:
(11)

and
wer

sid-
pa-

aser
ivis-
d it
de-

imit
near
ront
the

ally,

(12)

ion.
the

The
oup
tion
ated

(13)

aser

ling

(14)

s on
ified
e of
re-

tisfy
ans-
ela-
oge-
gth
Bubble regime. Further development of the high-
er lasers has demonstrated the ultrashort pulses with
h higher intensities, a0 � 1, thus enabling a purely
linear regime of laser plasma interaction. In this, so-
ed bubble or blow-out regime, the laser pulse acts as
owplow for the plasma electrons, expelling them side-
s and leaving the bare ion cavity in the wake [146].
rns out that such interaction provides a better qual-
f the accelerated beam, and more importantly a few

hanisms of injection of the plasma electrons into the
e. This makes such accelerators self-consistent, and
ently the blow-out LPA is a mainline regime in the
erimental studies and for applications.

was shown that in the bubble regime, the longi-
inal resonance between plasma and the laser pulse
o longer sensitive to the pulse profile or amplitude.
ost practically interesting cases, to maintain stable

ble, it is enough for the laser pulse to be shorter,
the bubble itself, τl < ω−1

p . On the other hand, the
sverse laser size (radius) becomes very important,

t now determines the bubble structure and the laser
agation dynamics. The balance of the ponderomo-
and electrostatic forces in the bubble leads to the

ching condition kpw0 ≈
√
a0, which was formulated

validated numerically in [147] (for a circularly polar-
laser). This matching was further validated in [148],

re a more refined coefficient was provided as:

kpw0 ' 2√a0 , (8)

it was shown that indeed this condition corresponds
n ”optimal” interaction (linearly polarized laser).
ne obstacle on the way to develop a self-consistent
ription of the blown out plasma is to accurately
ribe the electron motion. In this highly nonlinear
me, electron trajectories are crossing behind the bub-
and the fluid description Eqs. (1b) is no longer valid.
ough it is possible to have a kinetic model based

the linearization of electrons motion [142], describ-
analytically the currents near the bubble boundaries
ath) in the general case is challenging. Descriptions
he nonlinear wake are typically based on the approx-
te theoretical models complemented phenomenologi-
y, and with the help of the particle-in-cell simulations
, 147, 149]. Regardless of its exact shape, within the
ble it is possible to find the longitudinal wakefield as:

Ez = meω
2
p/2e (ξ − ξc) , (9)

re ξc is the phase coordinate where the bubble radius
rgest (in spherical case the center of ion cavity). The
sverse force acting on the particles in the bubble is
tromagnetic, and in contrast to the one in the linear
e, it is always focussing and does not depend on the
itudinal position:

Fr = meω
2
pr/2 . (10)

stematic review on the derivation of the regimes can
be found in [150].

In contrast to conventional linacs, where injection
acceleration are separated and the accelerating pha
maintained precisely, the features of today’s LPA
much less controllable. Performance of the LPA sou
is determined by the laser propagation in plasma, an
affected by the laser self-focussing, diffraction, deplet
dispersion, pulse compression etc. The characteristic
LPA electrons injected via the plasma wave-breaking
cess can be approached from the similarity theory, w
is valid under a number of assumptions [147]. The
mates of the maximum electron energy and the num
of accelerated electrons following from this model re

We ≈ 0.65mec
2(cτ/λ0)

√
P/Pr ,

Ne ≈ 1.8/(k0re)
√
P/Pr ,

where λ0 is the laser wavelength,
Pr = m2

e c
5/e2 ' 8.7 GW is a unit relativistic po

(constants are in Gaussian units).
An alternative phenomenological approach was con

ered in [148]. It is based on the optimal choice of
rameters including the aforementioned transverse l
matching Eq. (8), the power required for the relat
tic self-guiding P & Pc = 17ω2

0/ω
2
p GW (cf [104]), an

accounts for the laser depletion, and electron-wake
phasing. Laser depletion length is a fundamental l
of the LPA performance, and it results from a nonli
processes of laser absorption and diffraction at the f
of the pulse. The semi-phenomenological estimate of
depletion length, given in [151] and validated numeric
reads:

Ldepl ≈ ω2
0/ω

2
p cτl ,

where τl is the full width at half maximum pulse durat
The second factor is the dephasing of electrons in
wake, due to the the laser slow-down in plasma.
wake’s phase velocity is determined by the laser gr
velocity, vlas/c ' 1− ω2

p/2ω2
0 , and by the laser deple

rate (so-called etching). In [148] dephasing is estim
as:

Ldeph ≈ 2ω2
0/3ω2

p R ,

where the radius of the bubble is around half of the l
waist R ' w0/2.

Under the all-optimal conditions, the obtained sca
of electron energy and number is:

We ≈ mec
2(nc/np)2/3(P/Pr)1/3 ,

Ne ≈ 0.53/(k0re)
√
P/Pr .

Note, that the energy scaling in Eqs. (14) depend
the plasma density, and this can be further simpl
depending on the laser guiding strategy. In the cas
a pre-created plasma channel [66], no self-guiding is
quired and the plasma density should be chosen to sa
the requirements for the blow-out intensity a0 > 2, tr
verse matching kpw0 ' 2√a0, and to avoid strong r
tivistic self-focussing P ∼ Pc. Otherwise, in an hom
neous plasma, laser guiding beyond the Rayleigh len
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ires relativistic self-guiding, thus adding a constraint
Pc. For more details on the underlying optimal con-

ons see [148].
he provided scalings cover a wide range of laser and
ma parameters. For the laser energies extending from
J obtained in the table-top lasers to 100 J achieved
he large systems, the values of typical acceleration
ths vary from a few millimeters to tens of centime-
, resulting in the electron energies from a few MeVs
eVs. Practically, for each particular case the choice

he optimal laser optics and gas-target parameters in-
es the detailed PIC modeling. An example of one
numerical experiment will be presented in the fol-

ng section.
esides the mean particles energy, another critical
meter for the undulator radiation is the electron

m brightness, which is translated to the brightness
he synchrotron radiation source. Most generally,
m brightness is defined by the density of electrons in
6D phase-space (r ,p). For the conventional beams,
brightness is characterized by their longitudinal and
sverse emittance (the phase-space integral), which
typically conserved in beam transport. In LPA, the
of the accelerated beam is very small (few microm-
s), while its longitudinal and transverse momenta
ads can be very high (∆p‖,⊥ � 1). Therefore, while
intrinsic beam emittance can be rather low [152–

], it may change during beam extraction and along
ransport [84, 85, 155].
ince the focussing force Eq. (10) does not depend on
electrons longitudinal position in the plasma bub-
(phase), the transverse momenta spread is preserved
ing the LPA process. Emittance degradation due to
beam extraction and drift can be minimised by care-

tailoring the plasma density profile at the plasma
[156], and beam further focussing using the com-

t magnetic [78, 157] or plasma-based [158–160] de-
s. Discarding the emittance degradation processes,
scaling may be defined from the spread of electron
sverse momenta acquired during the injection. The
imum transverse momentum of an electron in the
ble is related to its excursion and its energy as,
ax = kprmax

√
γ/2. For a beam injected with a

us Rb and γe ∼ 1, this leads to the scaling of the
imum value ∆p⊥ ∼ 0.1Rb[µm]

√
np[1018cm−3]. The

m radius varies depending on the injection process,
for example, in the case of ionization injection, Rb

efined by the radius of the cylinder where laser field
asses the ionization threshold.
hen considering the spread of the longitudinal mo-
ta, one must account for the dependency of accel-
ing field Eq. (9) on electron position with respect
he center of the bubble. For a finite-duration LPA
m this leads to the correlations (chirp) in the (z, pz)
se-space, and hence a large total energy spread. In
e cases it is possible to tailor the plasma density pro-
to compensate for the chirp [62], or to carefully tune
quantity of the injected charge in order flatten accel-

erating field structure with electrons space-charge fi
(beam-loading) [61]. For now, it is not yet clear w
will be the best way to maintain the low energy sp
in the real-life LPA applications, and this is a subjec
active.

D. Numerical description of laser plasma
acceleration

Numerical modeling provides a detailed insight into
complex nonlinear kinetic phenomena of injection
acceleration in LPA. Since the 1960-1970s, the Part
in-Cell (PIC) method has become a mainline approac
simulate the plasma kinetics [161, 162], and present
includes a large variety of numerical techniques to m
laser-plasma interactions [163].

In PIC codes, the plasma particle species are descr
by ensembles of macro-particles. Each macro-par
represents a large number of real particles (electrons,
tons, ions) and is advanced in time using the so-ca
pusher algorithms (e.g. [164, 165]). Thus, the ma
particle motion describes the evolution of the pla
distribution function in a continuous phase space. E
tric and magnetic fields are sampled on a nume
grid, and are advanced in time using Maxwell’s eq
tions via the algorithms called Maxwell solvers. T
cally, Maxwell solvers implement Finite Difference T
Domain (FDTD) integration methods [166, 167].
macro-particle phase spaces and fields numerical
are interfaced via interpolation techniques, either c
sical [163] or specially adapted to explicitly preserve
charge continuity [168].

When modelling propagation of a laser pulse
a significant distance, the numerical accuracy beco
very important and should include self-consistently th
dimensional effects [169]. Practically full 3D simula
may result in a prohibitive cost in terms of computati
resources. On the other hand, a naturally high leve
cylindrical symmetry in LPA allows to significantly
celerate such simulations by using the azimuthal Fou
decomposition of the electromagnetic fields and cur
density (defined on a r − z grid). It was shown t
retaining enough azimuthal modes one can obtain
dictions with a 3D-like accuracy [170], and this appro
is now known as quasi-cylindric modeling geometry.

Another way to make a large LPA simulation more
cessible is to consider it in a Lorentz-boosted refer
frame. In a frame which co-propagates with the l
pulse, the lengths and the frequencies of laser and pla
approach each other, and in many cases the nume
cost of a simulations can be greatly reduced [171]. S
simulations contain streaming plasma, and turn ou
be very sensitive to the numerical dispersion produ
in FDTD Maxwell solvers, which artificially slows d
electromagnetic waves. In the laboratory frame si
lations, numerical dispersion affects the electron in
tion in LPA, and also allows for the numerical Cheren
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. 3. (a) Evolution of laser normalized field amplitude a0 = eAmax/mec (blues curve), and electron spectrum dNe/
colors) along the propagation. (b, c, d) Electron density in the phase space (δz, δWe) (red colors), and distribution o
lerating force Fz = −eEz/mecωp (blue curve) at three particular positions.

ation (NCR) [172], which significantly increases the
lerated beam emittance. In many cases these ef-
s can be reduced by modifications of the numerical
rential operators [173, 174]. In a Lorentz-boosted
e, the NCR growth in relativistic streaming plasma

ery fast, and such simulations require the numerical-
ersion-free solvers, e.g. one of the pseudo-spectral an-
ical time-domain (PSATD) solvers [175–177], or the
dispersionless rhombi-in-plane solver [178].

et us now consider a numerical LPA experiment re-
ting it to be fully cylindrically symmetric, so that it
be resolved with the quasi-cylindrical geometry us-
only first two azimuthal modes. Laser and plasma
meters are equivalent to the ones in [179]: a linearly
rized Gaussian laser pulse with a0 = 4.3, wavelength

= 2πc/ω0 = 0.8 µm and 25 fs FWHM duration is
sed to the waist of w0 = 30 µm into the pre-ionized
orm plasma with np = 8.62×1017 cm−3, which starts

a linear 0.5 mm ramp. Note, that these particular
meters do not match exactly the condition Eq. (8),
are chosen so that the interplay of laser self-focusing
diffraction leads to its self-guiding over a long dis-
e. We have run the corresponding numerical sim-
ions in the laboratory and in the Lorentz-boosted
rence frames. For the former we have used the quasi-
ndrical FDTD PIC code CALDER-CIRC [170] with
anti-Cherenkov stencil [180], and for the latter we

e used a quasi-cylindrical PSATD code FBPIC [177]

with the boost Lorentz factor of γboost = 8. The
merical mesh in the simulations has the longitudinal
radial cell-sizes ∆z = 0.125 c/ω0 and ∆r = 1.5 c
and plasma is modelled as electron and proton spe
presented by 100 macro-particles per cell per species

Figure 3.a plots the evolution of electron energy s
trum dNe/dWe (red colors) and the laser normalized
amplitude eAmax/mec (blue curve) along the propaga
of 14 mm. As one can observe, after ∼ 1 mm prop
tion laser self-focuses and triggers intense electron in
tion which proceeds for ∼ 2 mm. Injection results
total charge of the bunch of 0.8 nC, and it seizes a
laser reaches its peak amplitude of eAmax/mec =
After the injection, electron beam is accelerated in
co-propagating linear field of the bubble Eq. (9), w
remains stable thanks to the laser guiding. From
electron spectral evolution in Fig. 3.a, one can see
eventually the energy growth deviates from the li
law, and the acceleration rate starts to decrease. T
is due to dephasing described by Eq. (13), that li
the overall acceleration length by Ld = 20 mm.
this interaction parameters, the LPA beam charge
maximum energy provided by Eqs. (11) are 3.3 nC
0.8 GeV, respectively, while Eqs. (14) provide the m
accurate estimates of 1 nC and 3.2 GeV.

Looking into the electrons spectral profile in Fig.
one may note, that the initially broad spectrum gradu
narrows with propagation, reaches its thinnest poin
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.5 mm, and then starts to broaden again. In Figs. 3.b-
ne can see the electrons longitudinal phase distribu-
(δz, δWe) at three specific moments: right after the

ction (b), at the point of narrowest spectrum (c), and
r when beam approaches dephasing. It is clear, that
ution of the total energy spread observed in Fig. 3.a
lated to electrons rotation in the longitudinal phase.
s dynamics is due to the linear dependency of the
lerating force shown by the blue curves in Figs. 3.b-
ne may consider this dynamics as a way to tune the
for the best beam quality. In this example, one may

sider extracting the beam at ∼ 6.5 mm to obtain the
n energy of 1 GeV and the minimal energy spread
% (FWHM). It is also clear that the local, “slice”

gy spread is much lower that its projected value and
f the order of ∼ 1 %.
he energy and charge characteristics described by
FDTD laboratory frame and PSATD boosted frame
lations are almost identical. On the other hand,
transverse or angular bunch features described by
models turn out to differ significantly. The PSATD
el estimates the projected emittances of the bunch
in the bubble as σx = 40 nm and σy = 100 nm
xis is along laser polarization), while the FDTD
e gives the much higher values σx = 0.6 µm and
= 1.2 µm. This discrepancy is explained by the
aining numerical Cherenkov radiation, which is still
ent in the FDTD code and leads to the emittance
th. Practically, even the larger emittance estimates
rather low if compared to the values measured in
experiments. This is the result of the physical emit-
e growth which occurs when the beam leaves the
ma. While in plasma the beams transverse quality
reserved by the strong focusing plasma fields, at the
action its emittance grows rapidly and thus should
reated with specialized beam optics [85].
he presented numerical analysis gives a rather quali-
ve description of LPA and is not aimed to provide the
chmark parameters for the application design. To
ribe an experimental case, a more detailed model-
would require inclusion of the realistic non-Gaussian
r profiles, gas ionization and higher-order asymme-
s. Such an account would significantly affect the fi-
beam parameters [181]. The recent development of
anced diagnostics for the complete spatio-temporal
acterization of ultra-intense femtosecond laser pulses
] will likely enable a more precise simulation of the
ial experimental conditions in the coming years. Nev-
eless, simulations with more experimentally accurate
r profiles will likely need increased spatial resolution
will thus demand more computational resources.

III. FREE ELECTRON LASER

view of designing an LPA based FEL, the FEL pro-
is described here, paying particular attention to the

cept, FEL scaling laws, and electron beam transport

to the undulator.

A. Undulator radiation : the FEL spontaneou
emission

The theoretical foundations of synchrotron radiat
the electromagnetic radiation emitted by acceler
charged particles, have been established at the en
the nineteenth century [183, 184] and developed fur
[185–191]. After the measurement of particle energy
[192], synchrotron radiation was first observed in the
ible range [193]. Radiation emitted by relativistic e
trons performing transverse oscillations was first con
ered in 1947 [194]. The electromagnetic field created
a relativistic particle in a periodic permanent magn
field (such as produced by undulators) [195, 196] was
culated and observed [197, 198].

A single relativistic electron of given energy E trav
ing a planar undulator that generates a sinusoidal m
netic field in one plane of period λu [199–208] :

~Bu = Bu cos
(

2π
λu
z

)
~y

emits radiation at each half period in the forward
rection. The radiation adds constructively resulting
peaked spectrum around the resonant wavelength λr
it has harmonics n expressed as :

λr = λu
2nγ2

(
1 + K2

u

2 + γ2θ2
)

where γ = E/mc2 is the Lorentz factor, θ the ang
observation and Ku the undulator deflection param
defined as:

Ku = eBuλu
2πmc

Bu being the peak value of the on-axis magnetic field
e, m and c respectively the electron charge, the elec
mass and the speed of light. The radiation is tuneabl
changing either the magnetic field or the electron ene
The deflection parameter Ku determines the radia
characteristics captured by the window of observatio

The radiation is well collimated, being emitted
narrow cone of aperture ∼ Ku/γ in the plane of the e
tron oscillations and ∼ 1/γ in the plane without osc
tions (case of a planar undulator). The on-axis und
tor radiation is polarized, following the plane where
electrons are wiggling due to the Lorentz force, i.e.
a planar undulator generating a vertical sinusoidal fi
the polarization is in the horizontal plane.

An elliptically polarized undulator can generate a m
netic field in both the vertical and horizontal planes, w
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ase difference between the two. The resonant wave-
th is the same as in Eq. (32) with K2

u = K2
ux +K2

uy.
he case of a helical undulator with identical deflec-
parameter in both planes, the resonant wavelength
mes λr = λu

2nγ2 (1 +K2
u + γ2θ2).

1. Homogeneous linewidth

n electron passing through an undulator with Nu pe-
s produces a wavetrain with equal number of oscil-
ns. The electric field of the light wave is written

t) =
{
E0 exp(iωrt) if− T/2 < t < T/2
0 Otherwise

(18)

the time duration of the wave T = Nuλr/c. Due
ts finite length, this wavetrain is not monochromatic
spans over a range of frequencies. This range can
etermined by applying the Fourier transformation to
electric field:

(ω) = E0√
2π

∫ T/2

−T/2
ei∆ωtdt with ∆ω = ωr − ω

Thus : E(ω) = 2E0√
2π

sin ∆ωT/2
∆ω

he spectral intensity S(ν) is proportional to |E(ω)|2:

S(ν) ∝
( sin ν/2

ν/2

)2
(19)

ν = 2πNu
ωr − ω
ωr

he undulator relative homogeneous bandwidth can
pproximately estimated as the spectral distance be-

en the two dark fringes on the first harmonic and is
ressed as:

[
∆λ
λ

]

n

=
[

∆ω
ω

]

n

≈ 1
Nu

(20)

re n index stands for the natural line width. For an
ulator with 100 periods, the first harmonic natural
width is 1%. A real electron beam widens the undu-
r bandwidth due to the multi-electron contribution
ittance and energy spread) and reduces the radiated
nsity.

2. Natural beam size and divergence

To examine the natural divergence of the radiat
Eq. (16) can be written in the form of:

λ− λr
λr

= λuθ
2

2λr

Setting Eq. (21) equal to the natural linewidth in R
(≈ 1

2Nu ), one gets the natural divergence RMS of
photon beam in one plane σ′n:

σ′n =
√
λr
Lu

where Lu is the undulator length. The photon b
natural divergence is 316 µrad for a resonant wavelen
of 200 nm and an undulator length of 2 m.

The photon beam emittance εnν emitted by a si
electron is often considered to be equal to the diffrac
limit [207]:

εnν = σ′nσn = λr
4π

Substituting the natural divergence in Eq. (23),
natural beam size RMS is found to be:

σn = 1
4π
√
λLu

The photon beam natural size is ∼50 µm for a r
nance wavelength of 200 nm and an undulator lengt
2 m. Other expressions of the natural divergence
beam size can be found in [209–212].

3. In-homogeneous broadening

The multi-electron contribution, due to the emitta
and energy spread, widens the undulator linewidth.
energy spread σε widens the line symmetrically. By
riving Eq. (16) at θ = 0, one gets:

dλ = − λ

2γ2 (1 +K2
u/2)(2dγ

γ
)

Thus
[∆λ
λ

]
σε

= 2dγ
γ

= 2σε

For energy spread of 0.2% RMS, the contribution
the bandwidth is ∼0.94% FWHM close to the nat
linewidth of the 100 period undulator case.

The divergence σ′x,z causes a red shift of the reson
wavelength and widens the bandwidth asymmetrical
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λ = λu
2γ2 (1 +K2

u/2) + λu
2 θ2

he deviation of the radiation wavelength with respect
he on-axis case (θ = 0) is:

λ− λres = ∆λ = λγ2θ2/(1 +K2
u/2)

refore:

[∆λ
λ

]
σ′x,y

=
γ2σ′2x,y

1 +K2
u/2

(26)

0.2 mrad RMS divergence contribution on the band-
th is ∼1.2% FWHM for an energy of 200 MeV and
of 2, slightly bigger than the natural line width of a
period undulator.
or short period undulators with small gaps, the field
ation in the vertical axis broadens the bandwidth es-
ally when the vertical beam size is quite large. For
small deviations in the vertical position, the undu-

r field can be expressed as Bu ∝ cosh(kuz) ≈ 1+ k2
uz

2

2
eriving Eq. (16) on-axis (θ = 0), one gets:

∆λ
λ

= K2
u

(1 +K2
u/2)

dKu

Ku

dKu
Ku

= dBu
Bu

= k2
uy

2

2 where ku = 2π
λu

, hence:

[∆λ
λ

]
σy

=
2π2K2

uσ
2
y

λ2
u(1 +K2

u/2) (27)

vertical beam size of 0.2 mm RMS contribution on
bandwidth is ∼1.8% FWHM for a Ku = 2 and λu =
m.

he homogeneous broadening (or natural linewidth)
ssociated with the difference of time flight between
trons and photons inside the undulator. Introduc-
the so-called inhomogeneous broadening induced by
-ideal beam qualities denoted by

[∆ω
ω

]
i
, the ratio µi,

ed inhomogeneous broadening parameter, can be ex-
sed as:

µi =
[

∆ω
ω

]−1

n

[
∆ω
ω

]

i

(28)

his quantity measures the effect of beam qualities on
spontaneous emission line, and as discussed later on
FEL performance. The line-width including these
s is thus expressed as:

[
∆ω
ω

]
=
√

1 + µ2
ε + µ2

y + µ2
y′

[
∆ω
ω

]

n

(29)

where µε is the broadening ratio of the energy spr
µy and µy′ are the broadening ratio of the beam
and divergence, respectively. The detrimental effec
twofold, determining the broadening and also the p
reduction. The understanding between homogeneous
inhomogeneous line broadening interplay can be follo
using the procedure outlined in [213, 214]. The inte
representation of the homogeneous spontaneous emis
line, described in Eq. (19), is:

S(ν) = Re

∫ 1

0
(1− t)e−iνtdt

which allows for a straightforward convolution wit
Gaussian distribution, for example.

In the case of energy spread, one obtains:

S(ν, µε) = Re

∫ 1

0
(1− t)e−iνt− 1

2 (πµεt)2
dt

with µε = 4σεNu. Eq. (31) is displayed in Fig
for different values of the energy spread inhomogen
parameter. When µε increases, the spontaneous emis
profile S(ν, µε)) broadens and the peak decreases.
evident that the condition µε < 1 (σε < 1

4Nu ) ens
that these effects are not significant.

-15 -10 -5 0 5 10 15
0.0

0.1

0.2

0.3

0.4

0.5

î

SHΝ
,Μ

ΕL

ΜΕ=1.5
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ΜΕ=0.5

ΜΕ=0

FIG. 4. Spontaneous emission profile vs. the inhomogen
broadening parameter µε.

The usefulness of the inhomogeneous parameters st
from the fact that they are global. In other words t
combine beam and undulator parameters and yie
quick idea of how they influence the spontaneous emis
spectrum. Analogous quantities hold for the broade
induced by the emittance.

B. Harmonics

The radiation emitted by an individual electron a
up constructively from one period to another at the
onant frequency and its harmonics. In the on-axis
rection where θ = 0, only odd harmonics are obser
For |θ| > 0, even harmonics are present but with a
intensity compared to the odd ones. A closer insigh
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harmonics behaviour, considering the angle of the
tron and the electric field generated for three cases is
trated in Fig. 5.

• For Ku < 1: the electrons maximum excursion an-
gle is within the emitted synchrotron radiation cone
∼ 1/γ, so all of the emitted radiation is seen by the
observer and is thus a continuous sinusoidal electric
field (see Fig. 5-a). Using Fourier transformation,
the electric field in the time domain is converted
into the frequency domain and then the pure si-
nusoidal field is simply a single, odd, (n = 1) har-
monic.

• ForKu > 1, the angular excursion is larger than the
cone angle and the observer only sees the electric
field briefly as the electron wiggles through this ra-
diation emission angle. The electric field peaks are
equally spaced in time but of alternating polarity
(see Fig. 5-b) thus the spectrum only contains odd
harmonics.

• In the case where the observer is viewing the ra-
diation from off-axis, he still sees only the electric
field when the electron is within the cone angle of
his observation angle, however since he is no longer
on-axis, the electric field alternating pulses are not
equally spaced in time with an asymmetry in the
amplitude (see Fig. 5-c). Hence even harmonics
start to be visible on the spectrum.

. 5. Schematic view of the electron angle (blue) and the
ric field produced (red) reaching the observer bounded
he (orange) lines. (a) Ku <1, (b) Ku > 1, (c) observation
xis.

igure 6 shows the angular flux distribution of undula-
radiation in the visible light measured at ACO optical
tron [24]. The off-axis radiation is red shifted due to
term γ2θ2 in (16).
ig. 7 presents the computed undulator radiation, us-
the SRW code [203], of the 1st, 5th and 11th harmon-
or a single electron (a, b, c) and a multi-electron beam
e, f). The formalism of inhomogeneous parameters

FIG. 6. ACO optical klystron spontaneous emission for
ferent undulator gaps for a 536 MeV electron beam.

FIG. 7. Undulator radiation computation using a single
tron (red) and a multi-electron beam (blue) at the first (a
fifth (b, e) and eleventh (c, f) harmonic. Observation win
placed at 50 m from the undulator center with 1 mm x 1
dimensions. Electron beam parameters: I = 500 A, E =
MeV, σε = 0.2% RMS, σ′x,y = 0.2 mrad, σx,y = 0.2 m
Undulator parameters: Nu = 100, Bu = 1.2 T, λu = 18
Ku = 2.

holds for higher order harmonics too. The beam qua
effect is more significant and its impact is proporti
to the order of the harmonic. The relative bandwidt
increased by a factor of 1.3, 6.3 and 14 from the si
electron emission to the multi-electron one at the
monics 1, 5 and 11, respectively.

C. FEL configurations

FEL Oscillators, operating typically in the IR dow
VUV, offer significant advantages with respect to t
atomic counterparts in terms of laser pulse characteri
and power. They present a very high degree of cohere
both in transverse, due to the optical resonator, an
the longitudinal, close to the Fourier limit, due to
multi-passes. This configuration was used for the
FELs: 3.4 µm in 1977 at Stanford [215], visible in 198
the ACO storage ring [216], and 9−11 µm at Los Ala
with nine orders of magnitude of power growth [217].
efficiency and output power were further improved wi
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red undulator [218–220] where the peak field is varied
g the electron propagation direction to compensate
the electron beam energy loss. The UV and VUV
e was reached on various electron storage ring-based
oscillators [35, 221–233]. The wavelength limit is

by the gain value compared to the mirror losses [234,
] submitted to damaging irradiation [236]. Coherent

onic generation was also achieved in the UV and
V using a Nd–Yag laser since the early FEL times
–243].
he first demonstration of SASE FEL lasing was first
eved at long wavelength during the mid eighties [244–
], then in the infra-red [247–255]. Thanks to the
ress in photoinjector and linear accelerator perfor-
ce, the beginning of the twenty-first century saw the

ent of the saturated SASE in the visible and UV
and 385 nm) in 2000 at Argonne National Lab-

ory (USA) [256, 257] on the Low-Energy Undula-
Test Line (LEUTL) and in the VUV on Tesla Test
ility (Germany) presently called FLASH [258, 259].
GW level (close to 1 µJ energy) was reached in the
105 nm spectral range [260]. These results compared
urably with the shortest wavelength achieved using
oscillators, marking a turning point in the choice of

type of FEL accelerator driver and undulator con-
ration. The next decade saw the advent of FELs
he X-ray domain on SCSS Test Accelerator (Japan)
− 40 nm) [261, 262], FLASH (4.1 nm) [263], LCLS
nford, USA) at 0.15 nm [264], SACLA (Japan) in

1 down to 0.08 nm [265], PAL FEL (Korea) [266],
ssFEL (Switzerland) [267] and European XFEL (Ger-
y) [268], with new projects being under development.
E-based FELs (usually referred to as fourth genera-
synchrotron radiation sources) can cover the range
extreme ultraviolet up to hard X-rays, a spectral

on where no mirrors are available to confine the opti-
field inside a resonator. They are regarded as a state
he art tool for probing matter under a variety of con-
ons with atomic resolution and ultrashort timescales
].
ASE, resulting from radiation with uncorrelated elec-

bunchlets, typically presents spiky temporal distri-
ions and thus limited longitudinal coherence. Apart

single spike operation in the low charge and short
ch regime [270–272] or chirped electron bunch asso-
ed with an undulator taper [273], the longitudinal
erence of a single pass FEL can be significantly im-
ed by seeding with an external laser spectrally tuned

he undulator fundamental radiation, where intensity
tuations are reduced and saturation is reached ear-

Non-linear harmonics can also be efficiently gen-
ed [274–276] in different configurations such as the
h Gain Harmonic Generation layout [277–280]. High
r harmonics generated in a gas can also be used as a
[281–284]. Such a scheme can be put into a cascade

further wavelength reduction.
eeded single pass FEL facilities are under operation
users : FERMI@ELETTRA in the 100 − 4 nm

region [285–287] and Dalian FEL (Dalian, China)
50 − 150 nm [288]. Seeding with the FEL itself [
290] is of particular interest for the X-ray domain
improving the spectral purity [291–293]. Two succes
electron-seed interactions in the Echo Enabled Harm
Generation [294] (EEHG) scheme enables efficient
frequency conversion [295–300].

D. High gain FEL scaling formulae

The FEL theory, started to be formulated during
second half of the 1970’s. It was initially developed
low gain devices, operating in the oscillator config
tion. Different formalisms were employed, such as
Boltzmann-Vlasov equation [301], single particle pict
employing the pendulum equation [302] and the Ha
tonian picture [303]. Starting from the early eighti
different point of view had been elaborated. The s
tion of the coupled Lorentz-Maxwell equations ope
the possibility of understanding the so-called high
regime [20, 28, 29, 304–310], which paved the way
FEL operation without optical cavities and later to
realization of the fourth generation of synchrotron r
ation.

The physical mechanism underlying the behavior
high gain FEL is based on the delivery and amplifica
of radiation from an electron beam moving in an
dulator magnet. The properties of the radiation re
those characterizing the beam qualities, the accelera
and transport systems, and the undulator field distr
tion. An appropriate description of the entire system
be obtained by embedding these parameters to sele
set of relevant quantities representative of the laser
formance. This is achieved by inclusion of them in
ple formulae (validated through analytical and nume
methods) which are able to provide a quick estimat
the dynamics and of pivotal quantities like the sat
tion intensity, growth rate and of the relevant inter
with the contributions due to inhomogeneous broa
ing, diffraction and so on.

The use of scaling relations for FEL devices has q
a long story. They were initially established [311]
the case of the oscillator, extended to the high
regime [312, 313] without the inclusion of diffraction
fects, the crucial step in this direction was accomplis
in [314]. The model was then completed in [315] ad
the logistic saturation equation, non-linear harmonic
eration, pulse propagation contributions [316] and
cluded in the PARSIFEL code [317], providing a q
design of an FEL device be it an oscillator or a SASE
vice. The usefulness of the scaling formulae stems f
the possibility of evaluating the FEL performance wi
minimum computational effort.
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1. High gain FEL growth

or a single electron of given energy E, the resonance
dition for the wavelength of the emitted on-axis radi-
n, in a planar undulator, is

λr = λu
2γ2

(
1 + K2

u

2

)
(32)

imiting oneself to the 1D FEL dynamics, it is well
wn that the so called pendulum equation is capable
odeling the FEL dynamics from small signal to satu-

on. The small signal regime encompasses the first
of the FEL evolution, including the exponential

th, is well described by the FEL integral equation
ined from the linearization of the pendulum equa-
[318]. The FEL dynamics, from small signal to non

ar regime, is describe by the Colson pendulum equa-
s [319]:

2 ζ =| a | cos(ζ + φ), | a | =
(

1
γ

)2
Ku√

2
Lg√
3ρ
fbes

= − 2√
3
〈e−iζ〉, a = | a | eiφ, es = eEs

mec2

(33)

re 〈〉 denotes the average on the initial electron-phase
dinate distribution, ζ = (ku+ks)z(t)−ωt is the elec-
- phase coordinate, a the dimensionless field Colson’s
litude, Es the wave electric field, φ the field phase
:

d

dz̃
a(z̃) = i

3
√

3

∫ z̃

0
z̃′e−iṽz̃

′
a(z̃ − z̃′)dz̃′ (34)

re z̃ = z
Lg

,

Lg = λu

4π
√

3ρ
(35)

e gain length and ṽ = 1
2
√

3ρ
ωr−ω
ωr

the detuning pa-
eter.
he associated physical meaning is transparent: the
trons are captured in a pendulum-like bucket whose
ht increases with the increasing of the field ampli-

e, in turn determined by the electron-field interaction.
relevant dynamics is better understood in the phase
e plot displayed in Fig. 8.
he pivotal quantity of the discussion is ρ, a quantity
n referred to as the Pierce parameter given by:

ρ = 1
γ

[
2π J
IA

(λuKufb(ξ))
]1/3

(36)

re fb(ξ) is the gain Bessel factor correction (valid
linearly polarized undulators) and defined as fb(ξ) =

FIG. 8. Phase and associated dynamical regions. Dashed
defines the separatrix between small and strong signal reg
E. Di Palma courtesy.

J0(ξ) − J1(ξ), ξ = K2
u

4
(
1 + K2

u

2
)−1 and J is the elec

beam current density. The Pierce parameter regul
the power growth along z and is linked to the small si
gain coefficient g0 by

ρ = (πg0) 1
3

(4πNu) .

Replacing the explicit value of the Alfven current I
1.7.104A, one gets the Pierce parameter in the prac
form as:

ρ = 8.36.10−3

γ

[
J [A/m2](λu[m]Kufb(ξ))2

]](1/3)

The current density is finally expressed as the R
bunch peak current divided by transverse beam cross
tion. The peak current is in turn expressed in prac
units as:

I[A] = Qb[C]
στ [s]

√
2π

where Qb is the bunch charge and στ is the RMS bu
duration. Finally J is given by:

J

[
A

m2

]
= Qb[C]
στ [s]σx[m]σy[m](2π)3/2

where σ(x,y) are the RMS transverse beam dimensio

From the mathematical point of view, Eq. (34
a Volterra integro-differential equation, with a mem
kernel, which takes into account the wave-electron b
interaction at any previous position inside the undula
The low gain condition a(z̃ − z̃′) ' a(z̃) allows for a
rect integration of Eq. (34), which under this assump
reads:

{
∂z̃a(z̃) = g1(z̃)a(z̃)
g1(z̃) = iπg0

∫ z̃
0 dz̃

′ ∫ z̃′
0 e−iφ̃z

′′
dz′′
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g1(z̃) being the complex gain function in the low
regime.

quations of the type (34), even though called the FEL
gral equation, are paradigmatic for the unsaturated
avior of all the free electron radiation devices (gy-
ons,. . . ) as mentioned in the introductory section.
solution of Eq. (34) can be obtained using different
niques. A perturbative technique is useful if one is
rested in understanding the deviation from the small

regime. Regarding the maximum gain, the higher
ections yield:

(z)= I(z̃)− I(0)
I(0) ' 1

π

(
z̃√
3

)
3

[
0.85 + 0.19

π

(
z̃√
3

)3
+

+ 4.23.10−3

π2

(
z̃√
3

)6
]

(42)

re I(z̃) = field - Intensity.
he FEL small signal gain coefficient can be expressed
erms of the Pierce parameter as ρ = (πg0)1/3

4πNu with
= z

λu
, and thus:

g0 = 1
π

( z̃√
3

)3
(43)

ddition, one can derive from Eq. (42) the maximum
ll signal gain as a sum of successive powers of g0 [320].
eneral solution technique is that of transforming Eq.
into an ordinary differential equation of third order

monly known as the cubic equation. The procedure,
rted in [214], consists in noting that, after the change

ariable τ − τ ′ = σ, Eq. (34) can be written as:

eiṽz̃
d

dz̃
a(z̃) = i

3
√

3

∫ z̃

0
(z̃ − σ)eiṽσa(σ)dσ. (44)

sing the following:

z̃

0
(z̃ − σ)eiṽσa(σ)dσ =

∫ z̃

0
dz̃′
∫ z̃′

0
eivz̃

′′
a(z̃′′)dz̃′′

keeping two successive derivatives of both sides of
(44), one finds:

(
∂3
z̃ + 2iṽ∂2

z̃ − ṽ2∂z̃
)
a(z̃) = i

3
√

3
a(z̃) (45)

se initial conditions should be carefully chosen. If the
al grows from an initial seed, they write:

a|z̃=0 = 0, ∂z̃a|z̃=0 = 0, ∂2
z̃a|z̃=0 = 0 (46)

e field grows from a bunched beam one gets:

a|z̃=0 = 0, ∂z̃a|z̃=0 = b, ∂2
z̃a|z̃=0 = 0 (47)

where b is the first order bunching coefficient. Assum
the set of initial conditions of Eq. (46), the field gro
is specified by the Fang-Torre formula [319].

a(z̃) = a0

3
(
ν̃√
3 + p+ q

)e− 2
3 iν̃z̃

{(
− ν̃√

3
+ p+ q

)

· e−
i√
3

(p+q)z̃ + 2
(

2 ν̃√
3

+ p+ q

)
· e

i

2
√

3
(p+q) z̃

·
[
cosh

(
1
2 (p− q) z̃

)
+ i

ν̃

(p− q) sinh
(

1
2 (p− q) z̃

)]

with



p =

[
1
2

(
r +
√
d
)] 1

3
, q =

[
1
2

(
r −
√
d
)] 1

3

r =
[
1− 2

3
√

3 ν̃
3
]
, d =

[
1− 4

3
√

3 ν̃
3
]

The previous equation is useful to understand the t
sition from low to high gain regime. Being the laser
tensity linked to the square modulus of the dimension
amplitude a(z), one can define the function

G(z̃, ν̃) = |a(z̃)|2 − |a(0)|2

|a(0)|2
= ∆λ

λ
≈ ρ

yielding the gain ”measured” at different positions in
the undulator as reported in Fig. 9. The gain functio
Fig. 9-a is the typical asymmetric curve, characteri
the low gain regime. The gain asymmetry is lost w
the field growth progresses along the undulator as sh
in Fig. 9-b,c. For normalization reasons the detunin
the figure is

ν = 4π
√

3Nuρν̃.

It is clear that with increasing gain, the peak of
function (50) is shifted towards zero detuning (ν̃ =
Thus if one is interested in the ”very” high regim
reduced form of Eq. (45) enables the evaluation of
square modulus of the field (hence the associated po
density) in a fairly straightforward way, namely

P (z) = P0
9

[
3 + 2 cosh

(
z

Lg

)
+ 4 cos

(√
3

2
z

Lg

)
·

cosh
(

z

2Lg

)]

with P0 being the power associated with the in
seed.

The relevant value can be specified in terms of in
field noise, as specified below. The small signal gro
is characterized, by two phases:



17

FIG
dula
Nu
shot
sity

1

2

Thi
ated
as t
regi
mos
inte
nen
curv
tial
whi
the
elec
sect

ead.
ared
ower
line)
rts :
, Ku

sy.

e of
sion
Fig.
the

d in
the
not

ents
hing

de-
line

ated
ents

(54)

(55)

tion
the
. 9. Gain ”measured” at different position inside the un-
tor in the case of an FEL operating with ρ = 10−3. (a)
= 54, (b) Nu = 116, (c) Nu = 251. The coloured snap
s, yield an idea of how the interplay between FEL inten-
growth and electrons phase space distribution.

. The lethargy region, where the field intensity grows
quadratically.

. The exponential region in which the power vs. z
goes like

P (z) = P0
9 e

z
Lg . (53)

s last identity clarifies the role of Lg, which is associ-
with intensity growth rate and is usually recognized

he gain length. The characteristic length of lethargy
on, in which the field organizes its coherence, is al-
t one gain length. In Fig. 22, a complete view to the
nsity growth is presented, where the lethargy, expo-
tial and saturation regions are specified. The dotted
e yields the comparison with the purely exponen-
(see Eq. (53)) and the complete solution (Eq. (52))
ch includes the lethargy region. The figure reports
energy spread induced by the FEL interaction on the
tron beam, which will be touched on in the next sub-
ion.

z=10 Lg

z=20 Lg

z=3.2 Lg

FEL bucket

z=12 Lg

-0.01

0.01

-0.01

0.01

-0.01

-0.01

0.01

-0.01

FIG. 10. Power growth evolution and induced energy spr
Upper curves: 1D Prometeo simulation (solid line) comp
with the analytical solution of Eq. (53) (dashed line). L
curves: induced energy spread multiplied by 10 (solid
compared with the analytical formula (dashed line). Inse
phase space. Parameters of simulation: ρ = 2.64× 10−3

= 2.133, λu =0.028 m, Lg = 0.5 m. E. Di Palma courte

Fig. 10 should be complemented with the chang
the bunching factor, which determines the FEL emis
process itself and drives its evolution, presented in
11, where the power and the bunching coefficient of
first harmonic are reported. The example, reporte
Fig. 11, refers to an FEL seeded operation, therefore
bunching at the beginning of the interaction still did
occur. The already mentioned lethargy region, repres
the interaction length necessary to induce a bunc
capable of triggering the exponential regime.
The full solution of Eq. (48) with the inclusion of the
tuning parameter allows for the derivation of the gain
shape, which for large gain values can be approxim
with a Gaussian (namely for small signal gain coeffici
g0, calculated through Eq. (43), larger than 10)

G(ν̃) ∝ e
−

[
ν̃− 1

(2π)

]2

2 ( 2
π2 )2

.

Accordingly one finds for its RMS relative width

δν̃ = 2
π2 →

δω

ω
' 4
√

3
π2 ρ.

The inclusion of the saturation phase in the evolu
model is easily achieved with the assumption that
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. 11. Power and square modulus of the bunching coeffi-
t vs. the longitudinal coordinate z. Parameters of Prom-
simulation: ρ = 2.64× 10−3, Ku = 2.133, λu =0.028 m
planar undulator.

er growth satisfies a Ginzburg-Landau type equation,
ely

P

dz
= A′

A

(
1− P

Ps

)
P, Ps =

√
2 ρPE (56)

ch assumes that the saturated power Ps is a fraction
he electron beam power PE = γ mec

2Î. The effi-
cy of the SASE FEL is therefore fixed by the Pierce
meter, as a consequence of Eq. (55).

thermore:

(z) = 1
9

[
3 + 2 cosh

(
z

Lg

)
+ 4 cos

(√
3

2
z

Lg

)
·

cosh
(

z

2Lg

)]
(57)

solution of Eq. (56) writes

P (z) = P0
A (z)

1 + P0
Ps

[A (z)− 1]
. (58)

correctness has been accurately checked in the past
the agreement with numerical and experimental

lts has always been shown to be good. In Figs.

10-11 the curve Eq. (57) is used to reproduce the w
curve, from lethargy to saturation.

The saturation length, namely the length of the un
lator necessary to reach the saturation is obtained
solving the equation

P0
A (Ls)

1 + P0
Ps

[A (Ls)− 1]
=
√

2ρPE

which yields

Ls ' 1.066Lg ln
(

9Ps
P0

)
.

or in more practical terms

Ls ' 20Lg.

the growth of the power due to the fast growing
only is P = P0

9 e
4π
√

3 z
λu , the number of undulator per

to reach saturation is Ns ' 1
ρ , therefore P ' 3.15 ·10

On the other side a quicker evaluation follows from
fact that Ls = Nsλu = λu

ρ ' 4π
√

3Lg.

For the laser signal growing from noise, the follow
equivalent seed power can be used:

Pn = cρ2E

λ

where E is the electron beam energy. The satura
length is one of the pivotal design elements of FEL
vices. Any effect which contributes to an increase of
value must be carefully evaluated.

E. High gain regime: Diffraction and beam qua
effects

The performance of SASE FELs is limited by
those contributions which may dilute the bunch
Among these are the inhomogeneous broadening and
effect of the diffraction. Two major models have b
developed, to include these effects within an analy
(or semi-analytical) context [313–315].

In the previous section it has been shown that the
uration length is approximately 20 gain lengths, the c
bined effects of energy spread, emittances and diffrac
are all contributions diluting the gain, hence increa
the gain length and saturation length. The problem
including the beam quality effect within the framew
of a 1D model is easily done by by modifying the FEL
tegral equation as it follows in the simple case of a ro
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D.

(70)
now
ε =

(71)

(72)

:

(73)
m with identical transverse emittance

a

z̃
= i

3
√

3

∫ z̃

0
z̃′

e
−iν̃z̃′− 1

2

(
µ̃εz̃

2
√

3

)2

(1− iµ̃σ z̃′)(1− iµ̃σ′ z̃′)
a(z̃ − z̃′)dz̃′,

ε = 2σε
ρ
, µ̃σ′ = d

2π
√

3ρ
λu
βT

,

σ = 4π2
√

3ρ(1 + α2
T )

(
σ

λu

)2
, d ≡ 4πε

λ
,

(63)

ith ε the electron beam emittance, σε the electron
m relative energy spread, σ =

√
βT ε the electron

m transverse section, βT , γT , αT , the electron beam
ss parameters. The coefficients µ̃σ′ , µ̃σ account re-
tively for the angular and transverse part of the elec-
beam transverse distribution. The 3D effects asso-

ed with the wave diffraction are included by writing
small signal FEL equation in more general terms,

ch results in an extension of the paraxial equation as
cated below

i

2∇
2
Ta+ da

dz̃
=

= i

3
√

3
f

∫ z̃

0
τ ′

e
−iν̃z̃′− 1

2

(
µ̃εz̃

2
√

3

)2

(1− iµ̃σ z̃′)(1− iµ̃σ′ z̃′)
a(z̃ − z̃′)dz̃′,

(64)

re f accounts for the transverse longitudinal distribu-
of the beam current and ∇2

T is the transverse Lapla-
, defined as

∇2
T =∂2

ξ + ∂2
η , D= λLg

2πσ2 . (65)

re ξ = x
σ and η = y

σ . An analytical solution of Eq.
or Eq. (64) equations are rather difficult and once
ined are written in terms of combinations of special
tions [321] and turn out to not be transparent or
ul from the physical point of view.

rom the above equation, a set of key-parameters
ch can capture the effect of the gain reduction have
rged. Semi-analytical and/or analytical solutions
e then be parameterized in terms of these parame-
[314, 315].
he starting point of this analysis is the understanding
their macroscopic effect is that of increasing the sat-
ion length, in turn proportional to the gain length,

ch in the case of an actual device is a function depen-
t on energy spread and emittance, denoting by L(3d)

g

non-ideal gain length, using notations in [314], one
es:

Lg

L
(3d)
g

= 1
1 + η(ηd, ηε, ηγ) (66)

where

ηd = D

2 , ηε = 2√
3
µ̃σ′ , ηγ = 1

2
√

3
µ

The function η is parameterized as follows:

η = a1η
a2
d + a3η

a4
ε + a5η

a6
γ + a7η

a8
ε η

a9
γ + a10η

a11
d ηaγ

+ a13η
a14
d ηa15

ε + a16η
a17
d ηa18

ε ηa19
γ

with

a1 = 0.45 a2 = 0.57 a3 = 0.55 a4 = 1.6 a5 = 3
a6 = 2 a7 = 0.35 a8 = 2.9 a9 = 2.4 a10 = 51

a11 = 0.95 a12 = 3 a13 = 5.4 a14 = 0.7 a15 = 1.9
a16 = 1140 a17 = 2.2 a18 = 2.9 a19 = 3.2

The saturation power obtained from simulatio
given by:

Ps = 1.6ρ
(

Lg

L
(3d)
g

)
PE

The evalution of the saturation length follows
same procedure exploited at the end of the prev
subsection with the exception that instead of the
power P0, the initial noise Pn of Eq. (62) is used.

The procedure envisaged in [315] uses a slightly di
ent approach. It assumes that, even in the presenc
gain dilution, the evolution is still ruled by Eq. (58)
modifying the Pierce parameter as:

ρD = F (µD)ρ, F (µD) = (1 + µD)− 1
3 , µDη =

√
3

2

The gain length as (note that the µ̃ parameters are
defined in terms of the modified Pierce parameter, µ̃
2 σε
ρD

and similarly for the others):

Lg,1 = χLg,1, χ = F−1
3 , F3 = F1

F2
ecµ

2
ε ,

F1 =
1 + 2a

(
µ̃2
σ + µ̃2

σ′
)

+ 2b (µ̃σ + µ̃σ′)
(1 + µ̃2

σ) (1 + µ̃2
σ′)

,

F2 = 1 + dF1µ̃
2
ε,

a = 0.159, b = −0.066, c = −0.034, d = 0.185
√

3
2 .

The saturated power is replaced by:

Ps =
√

2ρ
(1 + µD) 2

3
PE .

Regarding the saturation length one eventually finds

LS ' 4π
√

3χLg.
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accordingly evident that, comparing (73) with the
s in [314], one infers:

χ = 1 + η. (74)

predictions of the two approaches have been bench-
ked against numerical codes and experiments.

egarding the energy spread a condition to be satisfied
void gain problems is just given by σε < ρ/2 which
mes Eq. (75).
he space charge is a further physical mechanism
osing the effect of bunching, therefore contributing
he gain reduction and thus to the increase of the
ration length. The relevant contributions to the

dynamics have been considered at the beginning
he FEL theory by Shih and Yariv [322, 323] and
essively by other authors [324–329]. In more recent
ies [330, 331] they have been embedded in a more

eral treatment and the combined contribution with
other limiting factors has been accomplished by the
of an appropriate extension of the η/µ parameters.

ough the effect produced on the FEL gain by the
e-charge de-bunching is not, strictly speaking, an in-
ogeneous broadening, it has been observed that it
uces a gain line broadening and a peak reduction

ilar to that induced by the energy spread [331]. The
meter useful to quantify the relevant gain deteriorat-

effect has been shown to be

µ̃Q = 1
ρ

(
Ωpλu

2c

)
, Ω2

p = e2Ne

ε0meγ3 (75)

re Ne is the electron number volumetric density and
ch can be cast in the more physically transparent form

Q = 1
γρ

(
α
Ef
Ee

λ

4πε
Ṅeλ

2
u

cβT

) 1
2

, Ṅe = Ne√
2πστ

,

f = ~ω, Ee = meγc
2

(76)

re α is the fine structure constant.
increase of the gain length can be derived from an

ropriate fit of the numerical data. It results in a sim-
function of µ̃Q according to the following identity:

LG(µ̃Q) = Lg exp
(
µ̃2
Q

18 − 1.15 · 10−4µ̃5
Q

)
(77)

evident that non-negligible effects occur in an FEL
en by extremely challenging electron beams such as
e in [332], where Ee ' 15 GeV , Ef ' 12.4 keV ,
= 0.04 m, βT = 8 m and Î > 5 kA. The use of
above values, along with the assumption that λ

4πε ≈
he associate values of µ̃Q are of the order of 3 and
associated effect may produce an increase of the gain
th larger than 50% (for further comments see [331]).
he SASE FEL radiation from a planar undulator
nearly polarized in the plane of the electron wiggle

motion. The transverse coherence is ensured by th
called phase and gain guiding. The natural diffractio
counter-acted by this effect and there is no gain dilu
due to diffraction, provided that Lg < β/2.

In fact, although many transverse modes are excite
the beginning of the undulator, by the end of the ex
nential growth only the highest growth rate mode (
erally the fundamental mode TEM00) dominates.
garding the longiutudinal coherence, it should be n
that it is regulated by three pivotal parameters, nam
by the coherence length Lc, defined as:

Lc = λ

4π
√

3ρ

The number of associated slices can be expresse
terms of the longitudinal electron bunch length Lb:

M = Lb
2πLc

Each slice yielding an independent laser spike [
333]. Finally, the number of photons per pulse can
estimated by:

nph = Ps
~ω

σph

σph being the time duration of the photon pulse.

F. FEL non-linear harmonics generation

Ultra-relativistic electrons moving in a magnetic
dulator emit radiation with a spectrum characterized
a series of narrow peaks around the frequency

ωr = 2 γ2

1 + K2
u

2

ωu, ωu = cku

and higher harmonics ωn = nωr.
It has also been underscored that, in linearly polar
undulators, along with the fundamental harmonic n
higher harmonics of odd order are radiated on-axis.
analogous emission pattern can be envisaged for the
ing process, which is ruled by a bunching process, w
determines not only the lasing at the fundamental
monics, but also coherent radiation at the fundamen
The bunching mechanism underlying the FEL proce
a complex interplay between density modulation and
terioration of the beam energy spread, induced by
field-electron interaction.
The FEL induced energy spread is, in some sense, a k
of self regulatory feedback leading the system to sat
tion. The evolution along the undulator axis of the
gain FEL induced energy spread can be parameter
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z) ' 3C

√
A(z)

1 + 9B(A(z)− 1) ,

= 1
2

√
ρP0
PE

, B ' 1.24
9

P0
Ps
, σi '

C√
B
' 1.6ρ.

1
4

K2
u

1 +K2
u/2

(81)

orrespondence with the end of the exponential growth
on, the induced energy spread (σi,F ) is simply pro-
ional to the Pierce parameter (the extension to 3D
ts is simply achieved by replacing ρ with ρD as in
(81)).

ng with the effect of beam degradation, another on-
g mechanism is that of the higher order bunching.
ough this is a somewhat näıve picture, since the two
ts cannot be so easily disentangled, one understands
together with energy distortion the longitudinal elec-
phase space is modulated with a higher harmonic

ent, the mechanism which allows for the coherent
ssion at higher order harmonics.

pendulum equation including the coupling with
er harmonics in a linearly polarized undulator is re-
ed below [318]:

2

2 ζ =
∞∑

n=0
| an | cos(ψn), ψn = nζ + φn,

an = − 2√
3
〈e−inζ〉, an = | an | eiφn ,

n | =
(

1
γ

)2
Ku√

2
Lg√
3ρ
fb,nes,n, es,n = eEs,n

mec2

(82)

here n is the harmonic number, an the dimension-
amplitude, φn the field amplitude phase, Es,n the
onic electric field and

= ρ

(
fb,n
fb,1

) 2
3

,

,n = fb,n(ξ) = (−1)
n−1

2

(
Jn−1

2
(nξ)− Jn+1

2
(nξ)

) (83)

ith n = 1 representing the order of the fundamental
onic and fb,n(ξ) the odd on-axis harmonic Bessel

pling factor. The integration of Eq. (82) yields
evolution of the fundamental harmonic and that of
er order odd harmonics n = 3, 5, as shown in Fig 12.

should be noted that ([275]:
he linear part of the higher harmonic growth power

aves like that of the fundamental. The small signal
me is indeed ruled by an integral equation almost
ilar to that of the fundamental and characterized by

FIG. 12. Laser power P1 (in Watt) vs. longitudinal c
dinate z. Non-linearly coherent generated harmonics (
Continuous line is the Perseo simulation, the dotted lin
the semi-analytical formulas (Eqs. (59) and (87)). Para
ters of simulation: ρ = 2.64 × 10−3, Ku = 2.133, λu =0
m.

a gain length

L∗g,n = λu

4π
√

3ρ∗n
, ρ∗n = 3

√
nρn

and by a growth (including lethargy)

Λn(z) = P0,nAn(z)

with P0,n being the power of the fundamental harmo
b) When the power of the first harmonic becomes s
ciently large the n-th order bunching coefficient

bn = 〈einζ〉.
exhibits a non-linear increase which determines a
stantive enhancement of the higher harmonic power e
sion (see Fig. 13) and the non-linear coherent growt
the n-th harmonic is triggered.

The bunching coefficients depend on the powe
the fundamental harmonic, their evaluation in ana
cal terms is be reported in [275]. Putting everything
gether, one can write the evolution of the n-th harm
power as:

Pn(z) = Λn(z) + Πn(z), n = 3, 5, 7, . . .

Πn(z) = Π0,n
e
nz
Lg

1 + Π0,n
Πs,n

(
e
nz
Lg − 1

) ,

Π0,n = cn

(
P0

9ρPE

)n
Πs,n, c3 = 8, c5 = 116,

Πs,n = 1√
n

(
fb,n
nfb,1

)2
Ps
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. 13. Square modulus of Bunching coefficients vs. the
itudinal coordinate expressed in meters. Parameters of
lation: ρ = 2.64× 10−3, Ku = 2.133, λu =0.028 m.

re cn are coefficients derived from numerical com-
ation and Πs,n is the saturated power of the n-th

onic.

he number of photons emitted at the nth harmonics
λ/n can be obtained from Eqs. (87)

nph,n '
Πs,n

n~ω
σph,n = χnnph (88)

χn = 1
n
√
n

(
fb,n
nfb

)2
σph,n
σph

re σph,n is the time duration of the harmonic photon
e. The parameter χn represents the harmonic con-
ion efficiency (which for the third harmonic is around
). The non-linear higher harmonic generation is a
roduct of the FEL mechanism itself. It is a conse-

nce of the higher order bunching occurring when the
l of the fundamental harmonics is substantively large.
ccurs both in oscillator and SASE devices.
everal physical considerations on Eq. (87) can be
n. First, they account for the growth of the FEL
er at a given frequency and of the induced higher
onic power in a linearly polarized undulator. Sec-

, although bunching may occur at even harmonics,
er transfer to harmonics is ensured only if an effec-
coupling does exist which makes ρn>1 6= 0 (in the
of a helical undulator there is no on-axis coupling

igher harmonics therefore ρn>1 = 0). Third, being
bunching generated at even and odd harmonics it is
ible to define the so-called undulator segmented op-
ion, consisting of e.g. two undulators, the first with
od λu and the second with period such that

λu

(
1 + K2

2
2

)
= λu

n

(
1 + K2

1
2

)
(89)

where K1,2 denotes the strengths of the first and sec
undulator respectively. In such a device the field gr
along the first undulator along with the bunching c
ficient, when the beam is extracted from the first
inserted in the second, the acquired bunching coeffic
allows the seedless growth at the wavelength λ/n.

IV. ELECTRON BEAM MATCHING TO TH
UNDULATOR

A. Electron beam brightness

In this subsection, we touch on the electron b
brightness B, a figure of merit of central importanc
the theory of beam transport. From the physical p
of view B is understood as the charge density with
spect to the six-dimensional phase-space and is an
variant under beam transport, if magnet non-linear
and intra-beam collective effects do not cause phase sp
distortions. The electron beam is the source of the F
radiation and its brightness is the imprinting of tha
the laser. A large beam brightness ensures, in princ
an adequately good FEL performances in terms of p
ton flux density per unit phase space, provided tha
dilution occur during the transport of the e-beam in
the undulator. In SI units (C/m3J), B writes:

B = Q

εn,xεn,yεn,z

where Q is the beam charge, εn,η, η = x, y denote
normalized transverse emittances, while εn,z is the
gitudinal emittance normalized to the beam energy

εn,x = γεx, εn,y = γεy

εn,z = γεz, εz = mec
2σεσz

with σε(= ∆E/(γmec
2)) and ∆E being the fractional

uniform energy spread, respectively. The absence of
subscript n denotes the phase space area when the b
has been set to the energy γmec

2. It is assumed here
no collective or non-linear contributions have degra
the beam qualities during the acceleration process.
cordingly, the brightness at the undulator entrance is
same as the output of the accelerating cell.

Using eqs. (90-91) , the brightness can expressed

B = 1.22× 1013 Q

γ3εxεyσzσε

Recalling the peak current I and density current J
pressions,

I = Qc√
2πσz

, J = I

2πσxσy
, σT =

√
βT εT
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100)
assuming equal transverse beam size and emittance,
βy = βT , the beam brightness B is:

B ' 6.4× 105 βT
γ3εT

J

σε
(94)

FEL Pierce parameter is then expressed in terms of
s:

' 9.7× 10−5 (λu[m]KufB(Ku))
2
3

(
σεB

εT
βT

) 1
3

(95)

hich simply states that the Pierce parameter in-
ses as B1/3. If we invert Eq. (95), using the en-
spread inhomogeneous parameter (µ̃ε = 2σερ ) and

electron-radiation phase space matching condition
≈ λ

4π ), we can express the brightness as:

B ' 0.5× 1011 βT
µ̃ελ

(LgKufB)−2 (96)

re, the emittance dependence is replaced by imposing
phase space matching condition. Eq. (96) displays
expected feature that operating at shorter wave-
ths requires a beam with increasingly larger bright-
.
inally, solving Eq. (96) for the gain length, one finds:

Lg = R√
B

with R = 2.24× 105

Kufb

√
βT
µ̃ελ

(97)

hich states that, for fixed R, Lg goes as the inverse
he square root of the brightness.
s already noted B is an invariant in linear transport
ems, the relevant control is therefore crucial for the
ess of the FEL operation itself. The following section
evoted to a general outline of the criteria underlying
design of electron beam transport lines in FEL dedi-
d undulators.

B. Electron beam transport along the FEL

he electron motion in a linearly polarized undulator
ng the y direction) consists of two components: the
part, induced in the z-x plane, by the on-axis field
ending on the longitudinal coordinate only) and the
part (the y-betatron motion) associated with the off
part, depending also on the transverse coordinates.
fast motion is characterized by a short wavelength,
is essentially the undulator period, the second by a

ificantly larger period.
he natural focusing of the undulator is a consequence
he higher order multi-polar magnetic field contribu-
s, causing a restoring force along y which at the low-
rder are specified by the harmonic oscillator equation

y′′ = − 1
β2
n

y, βn = γλu
πKu

(98)

where βn is the natural Twiss beta value of the undula
An electron beam having the same Twiss beta at
undulator entrance is automatically matched, at leas
the vertical plane. Since a flat field distribution alon

FIG. 14. Undulator with a parabolically-shaped pole fa

is assumed, one expects that along this direction a d
motion occurs, with a consequent defocusing and
reduction due to the lack of overlap between laser
optical beam.

The problem can be solved by including additiona
cusing. Examples of tools exploited to constrain b
transverse sizes are those reported in Figs. 14-15. In

FIG. 15. FODO sketch: Focusing and defocusing quadrup
placed in between the undulator segments.

first, the undulator is made focusing in radial and ver
directions, by suitably shaping the magnets. Regar
the other solution, focusing and defocusing quadrup
are inserted between the undulator segments. The
effect is that of transporting an approximately ro
electron-beam, overlapping the laser beam along
whole undulator length. Before going further it is w
stressing that the necessity of overlapping electrons
photon beams, imposes further conditions on the e
tron transport conditions. We give a preliminary ide
the interplay occurring between laser and electron b
matching using a fairly simple example. We assume
the undulator is focusing in both transverse direct
and that the natural undulator focusing is sufficien
confine the beam inside the undulator. If we keep a ro
diffraction limited beam with emittance defined by
(96)), we obtain, according to the definition of the n
ral beta focusing given in Eq. (98):

σn '
√

λ

4πβn = 1
2π

√
γλuλ

Ku

In the absence of an optical cavity, the laser waist ca
assumed to be provided by the electron transverse
allowing the Rayleigh length ZR to be estimated as

ZR ' π
σ2
T

λ
= γλu

4πKu
(
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110)
or future convenience one writes

ZR,n ' qLg, q =
√

3 γρ
Ku

, (101)

he condition in Eq. (99) represents a geometrical
lapping, which does not take into account the effect
adiation focusing, notwithstanding the parameter q
lays some features worth commenting upon.
> 1, the field section is not spreading appreciably
g the undulator and the assumption that q ' 1 is

sistent with the characteristics of short wavelength
ices, one gets

ρ ' Ku√
3γ

(102)

hich for a beam with an energy of 5 GeV and Ku ' 1
ds ρ ' 10−4.

assumption that the beam section is linked to the
ulator matching parameter does not represent an op-
al choice. We relax the condition of diffraction limited
m and write:

σT = √rTσn, rT = βT
βn

(103)

here the ”natural” beam section writes
√
βnε and βT

e value of the beam Twiss parameter, to be chosen
r an appropriate study (minimization of saturation
th, maximization of the saturated power. . . ). With
assumption, the current density can be written as
I

2πrσ2
n

.
rder to maximize the Pierce parameter it is necessary
eep r < 1 and therefore βT < βn, which means that
dditional focusing is necessary to transport the elec-
beam to guarantee a successful FEL operation.

arding the Rayleigh length one finds

ZR ' qrTLs < ZR,n (104)

hich demands an additional focusing for the radiation
to preserve the overlapping with the electron beam
g the whole undulator. It is evident that βT can-
be reduced indefinitely without taking into account
other affects due to diffraction and to inhomogeneous
dening parameters.
he previous considerations suggest that it is necessary
educe βn in order to get a smaller transverse beam
ion and so a larger current density. It is therefore
ssary to superimpose an additional focusing ensuring
ffective parameter β < βn.
igure 15 shows the typical FODO – focusing
drupole, drift section defocusing quadrupole, drift –
is quite a reasonable solution for strong focusing of
undulator, namely if the betatron period is compa-
e with the length of the undulator section, consisting
u periods: Nu ' γ/(πKu). The unit cell consists

of half a focusing quadrupole, a drift section, a full
focusing quadrupole, a drift section, and half a fo
ing quadrupole. The cells are understood to be repe
along the whole undulator section. The transport ma
for a single cell is

MFODO =


 1− L2

2f2 2L
(

1 + L
2f

)

− L
2f2

(
1− L

2f

)
1− L2

2f2


 (

The stability of the line is ensured if f > L/2 and
resulting identity for the Twiss β parameter:

βFODO = 1
2

4f + L√
1−

(
L
2f

)2
(

In case of short wavelength operations, an additi
FODO structure should be superimposed along the
dulator.

Without further entering the details of an ac
FODO for SASE FEL operations, a criterion for
choice of a more convenient operating β is briefly
cussed. The most convenient value of β can be obtai
for example, by minimizing the gain length or by m
mizing the output power.

The ”optimization” procedure is, in principle, strai
forward. One notes that the Pierce parameter can
parametrized in terms of the beta Twiss as:

ρ(β) = ρ(βn)
(
βn
β

) 1
3

(

Inclusion of diffraction corrections modifies ρ as:

ρD(β) = ρ(β) [1 + µD(β)]−
1
3 , µD(β) = λλu

(4πσT )2ρ
(

thus finally getting the ”global” dependence in te
of beta:

ρD(β) = ρ(βn)r−1/3

[
1 + µD(βn)r 1

3

] 1
3

(

which can be inserted in the definition of the inho
geous broadening effects to optimize to minimiza Lg o
the derivation of the output power to determine an o
mum value. Figure 16 shows the FEL power as a func
of β for γ ' 2× 103, λu = 2 cm and ρ ' 1.57× 10−3

A different way to estimate the optimum β valu
provided by the following considerations. The inho
geneous broadening associated with the emittance
a twofold origin. The first is due to the magnetic
dependence on the transverse dimensions and there
linked to the transverse beam section. The other on
due to the beam divergence and is given by

δω

ω
' λuε

λβ
(1 + α2) ' ρ = λu

4π
√

3Lg
(
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. 16. FEL power as a function of the undulator matching
lue.

re α is the Twiss coefficient defined by α2 = γβ − 1.
thermore, by introducing the radiation emittance εr,
finds

εr = λ

4π , β '
√

3εr
ε

Lg
1 + α2 < βn (111)

esenting a fairly good compromise between focusing
radiation and not in disagreement with the value
ined with analysis.

V. UNDULATOR SPECIFICATIONS AND
CONSTRAINTS

he characteristics and performance of every undula-
are constrained by the requirements of the particular
lication that they are specifically designed for. The
ulator interacts directly with the electron beam and
cause significant unwanted detrimental effects to the
tron beam if due care is not taken by the undulator
gner. In single pass FELs, including those driven by
, the physical and magnetic constraints for the un-
tors are quite different to those of storage rings and
can lead to some different and interesting design op-
s. This subsection will discuss these differences in
e detail.

A. Undulator minimum gap

he undulator gap is a parameter of noticeable impor-
e, since it allows the tuning of the on axis magnetic
, whatever magnet technology is foreseen. Within
framework the definition of the minimum gap plays

le of paramount importance. The physical conditions
efine the minimum gap are associated with the effect
it produces on the beam itself. A comparison be-

en the undulator constraints on storage ring and FEL
ported in Table I.

In storage ring dedicated to third generation S
chrotron Radiation sources, a small gap determines m
conditions concurring to the reduction of the beam
time (as e. g. the local beta reduction and thus a
crease of the Touscheck beam life time). While in si
pass driving FEL, the wake fields associated with
charged beam surface interaction induce a deteriora
of the beam qualities, with a consequent dilution of
laser performance.

As the bunch travels through the undulator, the e
trons induce image currents in the adjacent surface w
then create electromagnetic fields, which act back on
bunch itself, and so changing the bunch characteri
via energy exchange. Since the image currents are t
elling through the surface adjacent to the bunch, this
face is typically selected to be a high conductivity m
such as copper or aluminium to reduce the wakefield
teraction. This metal surface can be the vacuum ch
ber itself, which sits inside the undulator magnet
or if the undulator itself is inside the machine vacu
a metal foil can be attached to the undulator pole p
surfaces to ensure the electron beam interacts with a
conductivity material, rather than poor conductors s
as steel poles or permanent magnet blocks. As m
be expected, the physical distance between the elec
bunch and this nearby surface affects the strength of
wakefield interaction. The closer the electrons travel
allel to this surface the stronger the interaction and
greater the impact on the bunch characteristics.
primary detrimental effect of the resistive wall wake
is an increase in the energy spread of the bunch l
ing to gain degradation in the FEL amplifier. The e
tron bunches in a FEL have very large peak current,
extremely short electron bunches. Both quantities
tribute to enhancing the strength of the wakefield
criterion to fix the minimum gap is that of specif
the maximum tolerable reduction of the beam lifet
in SR or the maximum acceptable wakefield induced
ergy spread in single pass FEL. In both cases the siz
the minimum tolerable gap can be recommended to
around 3 to 4 mm. For example, the Diamond sto

TABLE I. Constraints on undulators for storage rings
single pass FELs and typical values for some of these pa
eters.
Constraint Storage Ring FEL
Vert. Aperture Limit Lifetime Wakefie
Vert. Aperture (mm) ∼4-5 ∼3-5
Horiz. Aperture Limit Injection Wakefie
Horiz. Aperture (mm) ∼50 ∼10
Vacuum (mbar) 10−9 –10−10 10−7 –1
Higher order fields Sensitive Relax
Phase error Sensitive Relax
Trajectory straightness Relaxed Sensit
Synchrotron radiation heatload Yes No
Radiation damage concern Yes Yes
Total Magnetic Length (m) 2 –5 30 –1
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currently operates in-vacuum undulators with a min-
m vertical gap of 5 mm and the proposed Diamond-II
ice upgrade will then allow a minimum vertical gap

mm [334]. Similarly, the NSLS-II storage ring has
designed to operate with a minimum in-vacuum un-

tor gap of 5 mm [335]. Since modern storage rings
rate using top-up injection they can tolerate stored
m lifetimes as low as only a few hours. However,

are careful not to lower the lifetime too much as this
eases the radiation levels and the frequency of injec-
which can impact on user beam quality temporarily.
LCLS-I FEL undulator section has a vertical gap
mm, and the same for LCLS-II [336], and this has
calculated to induce an rms energy spread of 0.06

37].

B. Undulator horizontal aperture

nother issue which affects the allowed physical shape
e magnet is the minimum gap in the other transverse
e.
a storage ring, the minimum gap, discussed above,

lways in the vertical plane because the storage ring
lf is mounted in the horizontal plane. In this case
horizontal aperture within the undulator needs to be
er than the vertical primarily because of the electron
m injection process into the storage ring which causes
injected electrons to take an oscillatory trajectory in
horizontal plane, whilst they damp down. It is for
reason that vacuum chambers inside undulators are
tical or racetrack in cross-section, with the horizontal

rture generally being several times larger than the
ical aperture. For example, the undulator horizontal
rture for the APS [338] and SOLEIL [339] are 50 mm
46 mm respectively. Naturally, this means that the

ulator magnet itself cannot impinge on this horizontal
rture requirement and so they are generally built as
separate arrays, one above and one below the beam
. Recent on-axis injection schemes for low emittance
s can alleviate such a limitation.
a single pass FEL there is no such injection process

the considerations for the horizontal plane are iden-
l to those in the vertical. In other words, the aper-
in both planes is set by the resistive wall wakefield

raction, and so, in an LPA FEL, the aperture cross-
ion can be circular, allowing the undulator magnet to
inge in the horizontal plane to an extent not allowed

storage ring undulator. The undulator can even
surround the circular aperture if required, which is

ly desirable for some optimal helical undulator con-
rations. The undulator horizontal aperture for the
S-II FEL and European XFEL are 11.5 mm [336]
15 mm [340] respectively.

C. Undulator field quality

1. Undulator good field region

The required undulator field quality also depend
the application. In a storage ring the electron bu
continuously passes through each undulator whereas
single pass FEL the bunch only passes through once.
storage ring bunch is continuously sampling the magn
fields of the undulator and is therefore much more
sitive to error terms or higher order field terms wi
the magnet which can drive unwanted resonance effe
Undulators must be carefully simulated and shimmed
use in storage rings to ensure these unwanted effects
sufficiently small so as not to limit the storage ring per
mance [341, 342]. In an FEL these terms are of much
importance and magnetically the undulator tolera
to higher order terms can be relatively relaxed. Co
quently, considering the reduced horizontal aperture,
required good field region can be relatively small c
pared to a storage ring undulator and this would
mally translate into narrower magnet arrays, redu
the total forces and magnetic material requirements

The precision of the magnetic field and the abso
value of the undulator gap are quite crucial espec
for an LPA based FEL due to the broad energy of
electron beam. For example, a gap error of 50 µm
shift the resonant wavelength by around 2 nm.

2. Undulator phase error and trajectory

Another difference between the two types of l
source is that the storage ring undulators are util
to very high orders by the beamline users (often to
yond the 15th harmonic of the fundamental), whereas
FEL process itself inhibits useful exploitation beyond
third, or sometimes the fifth, order of the fundamen
Consequently, the phase error [205, 343] of the undula
which determines the output quality of the higher or
especially, is more relaxed in an FEL undulator. For
ample, the LCLS-I undulator has a phase error tolera
of 10◦ [337] where as the NSLS-II has a target p
error of only 2◦ [335]. Conversely, the FEL instab
process requires a continuous overlap between the e
ted radiation and the electron bunch travelling thro
the undulator, and so trajectory straightness through
undulator is critical in an FEL when compared to a s
age ring example [337].

3. Undulator length

The typical magnetic length of a storage ring un
lator is a few meters whereas in an FEL the magn
length can be many tens of meters. However, for
FEL, the complete undulator system is realised by br
ing it down into a number of physically independent
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tor modules which tend to be of similar length to
age ring examples (i.e. up to ∼5 m). This segmenta-
into discrete modules not only makes the assembly
handling of the undulators more practical but, more
ortantly, allows other essential accelerator elements
e installed readily along the full length of the FEL
ulator section, in the space between undulator mod-
. These accelerator elements include quadrupoles to
ntain optimal focussing of the electron beam and elec-
beam diagnostics, such as beam postion monitors, to
re the FEL operation can be set-up and maintained
atably.

4. Undulator protection against radiation damage

both types of light source facility, care is taken to
re the undulators are not damaged by ionizing radia-
from scattered electrons. Such damage, especially to
anent magnet based undulators, has been observed

oth types of facility [344–346], in the past and ma-
e protection systems, passive and active, are used to
ide protection of the magnets.
ne extra issue in a storage ring is that synchrotron
ation generated by the upstream dipole bending mag-
must be carefully managed as well to prevent un-
ted heating of vulnerable surfaces, especially in the
of in-vacuum magnets. Such heating within the un-
tor section is typically minimized through the careful
lementation of a photon collimator system which is
gned to intersect the synchrotron radiation before it
hes the undulator[334].
summary, although undulators for storage rings and

le pass FELs appear to be very similar, they do in
have different constraints placed upon them which

cts the absolute performance characteristics that they
achieve. Table I summarizes the various constraints

the two types of light source and gives typical values
parameters where possible. The different undulator
nologies that can be used for an LPA based FEL are
discussed.

I. CRYOGENIC PERMANENT MAGNET
UNDULATORS

A. Permanent magnet undulators

1. Halbach design of permanent magnet undulators

ermanent Magnet Undulators (PMUs) [347] are able
nction at room temperature and attain a large mag-

c field. PMUs are typically in-air devices with com-
bly large undulator gaps, which limits the on-axis
netic field. Most Pure PMUs use the Halbach geo-
ric design [348, 349], as displayed in Fig. 17a. The
ically magnetized magnets can be replaced with poles
he hybrid type, as shown in Fig. 17b, leading to an

enhanced peak field [350], as shown in in Fig. 18
which Radia software [351] is used to compute the fi

FIG. 17. Permanent magnet base undulator sketch :
Halbach geometry, (b) Hybrid undulator.

FIG. 18. Radia model comparing a pure permanent mag
a hybrid and a cryogenic permanent magnet undulator o
riod 18 mm at room (RT) and cryogenic (CT) tempera
Used magnets: NdFeB: Br = 1.3 T at RT, Br = 1.6 T at
Vanadium Permendur poles are used for the hybrid desig

2. A step towards short period high field undulators w
in-vacuum ones

Achieving short period undulators with sufficient m
netic field sets requirements for the magnetic mate
Shortening of the period requires reducing magnet
that results in a lower magnetic field. Increasing the m
netic remanence of a magnet is at the expense of its
ercivity (i.e. resistance against demagnetization). So
vacuum undulators [352–355], which avoid the beam
undulator gap limitation, were adopted to reach a s
gap with a sufficient magnetic field in placing the m
netic arrays in vacuum. The mechanical design has t
to be modified, for the carriage to handle the magn
forces due to larger fields. The carriage typically con
of a metallic base and a frame in which two external g
ers are fixed on it. A system of rods and flanges enable
connect the internal girders where the magnet arrays
installed to external girders fixed to the carriage, w
is designed to handle the magnetic forces. The carr
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quipped with motors for the movement of the gap
also sometimes for movement of the offset in order

djust vertically the magnetic axis of the undulator to
electron beam axis. Linear and rotating encoders are
ently used to read the absolute gap. In addition, a
um chamber and pumping system should be able to
ide a good vacuum. Usually, the in-vacuum undula-
are baked, so the magnet grade must cope with being

ted; tests with unbaked in-vacuum undulators showed
beam conditioning can improve rapidly the vacuum

]. The undulator vacuum chamber is connected to
standard chamber with specific RF tapers [357] for
erving a proper value of the impedance with or with-
water cooling. A liner (generally in Ni-Cu) is laid on
magnet arrays to evacuate the power deposition from
tream synchrotron radiation due to its high thermal
ductivity and to reduce the wakefield interaction due
mage current.

3. Magnet choice

ermanent magnets are characterized by their rema-
ce Br (strength of the magnetic field), coercivity Hc,
gy product BHmax (density of magnetic energy) and
ie temperature Tc (temperature at which the material
s its magnetism). Permanent magnets [358], used for
ulators combine Rare Earth (RE) ferromagnetic ele-
ts with incomplete f-shells and transition metals with
ells such as Iron, Nickel and Cobalt. The RE magnets
ent a crystalline structure with a very high magnetic
otropy (stable alignment of the atoms), enabling an

magnetization along one direction, and a high re-
nce along the other. High magnetic moments at the
ic level combined with the high anisotropy results
high magnetic field strength. Typical performance
mCo5 [359], Nd2Fe14B [360, 361], and Pr2Fe14B
nets are presented in Table II.
agnets resistance to demagnetisation [362, 363], and

t budget are an issue, in particular for in-vacuum un-
tors, for which intermediate grades ofNd2Fe14B (Br
.26 T; Hc =1900 kA/m) could be used. A choice
d2Fe14B with high coercivity avoids demagnetiza-
at Ultra-High-Vacuum (UHV) baking and radiation
age. A small inclusion of Dysprosium also allows

a larger coercivity. Typically, one should consider a
civity larger than 1000 kA/m to avoid demagnetiza-

LE II. Typical characteristics of permanent magnets (at
temperature) used for undulators.

gnet Br Hc Tc (BH)
T kA/m K kJ/m3

Co5 0.85 1400 720 150
2Co17 1.1 2200 825 230
2Fe14B 1.2 2300 585 370
Fe14B 1.2 1150 320 320

tion at room temperature and larger than 2000 kA
to prevent it at 120 ◦ C (393 K), i.e. in baking co
tions. Nevertheless, a magnet grade with a very l
coercivity hinders the magnets remanent field and
deteriorates the achieved magnetic field. So a bala
has to be done between these two parameters to en
the best performance possible for a given application

4. New short period permanent undulators

The success of in-vacuum undulators has motivated
community to explore a novel method to fabricate un
lator magnets with a very short period length, in
millimeter range. The usual permanent magnet b
undulator technology employs accurately shaped ma
blocks, mounted on the non-magnetic holders, to be
sembled and adjusted longitudinally on the rigid gird
For undulator periods below 1 cm, it becomes difficu
fabricate sufficiently accurate magnet blocks, poles
holders for ensuring the quality of the device. A
approach can consist of removing the magnet holde
introducing slots into the girder for the insertion of
magnets and poles. A more aggressive solution relie
the suppression of the magnet blocks themselves, in
veloping a plate-type undulator magnet made of Nd
B type magnetic material, thanks to an applied m
pole magnetization method with a direction perpen
ular to the plate surface, similarly to what is curre
used for magnetic tape recording method in recor
media [364, 365]. A 4 mm period length field has
being achieved so far, with a 0.4 T peak magnetic
at 1.6 mm gap [365] with reasonable filed quality.

B. Cryogenic Permanent Magnet Undulator

FIG. 19. (a) Remanent field and (b) coercivity measured
two magnets Pr2Fe14B (•) and Nd2Fe14B (N).
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he idea of cooling down RE2Fe14B magnets, which
eases the remanent field and coercivity, was proposed
], leading to the concept of cryogenic undulators.
s undulator technology is highly suitable with com-
t accelerator based light sources such as LPA based

[367]. The maintaning of a high magnetic field while
cing the undulator period enhances the FEL perfor-
ce by reducing the saturation length. In addition, it

ighly robust especially when the shot-to-shot fluctu-
ns of the electron beam is quite large.

1. Magnet behavior at cryogenic temperature

ypically, when the temperature of RE2Fe14B is de-
sed by a factor of two, the remanent field increases
0 % and the coercivity by more than 50 %. As the
ease of coercivity is larger than the one of remanent
, one can even take a magnet grade that is less re-
nt at room temperature but presents a higher rema-

t field. Measurements [366, 368–370] of the remanent
and coercivity for Nd2Fe14B and Pr2Fe14B versus

perature were performed, as shown in Fig. 19. For
dymium grades at low temperature (130-140 K), the
anent field starts to decrease due to the so-called Spin
orientation Transition (SRT) phenomenon [371–373],
ch exhibits a negative dependence of remanent fields
inst temperature due to a change in the preferred
ction of the magnetization with respect to the easy
of magnetization. In contrast for the Praseodymium
es, the remanent field continues to increase at low

peratures down to 77 K. These magnets can be cooled
n further to lower temperatures and attain a higher
anence [374, 375]. The coercivity of the two magnets
inues to increase with lower temperature [376]. For
magnetic design for a given spectral range, because
he field enhancement, a shorter period than for an
ivalent room temperature in-vacuum system can be
sidered, enabling to enhance the flux and the total
ber of periods.

2. Cryogenic permanent magnet undulator issues

ith respect to standard in-vacuum undulators,
e are several issues that appear in building Cryo-

ic Permanent Magnet Undulators (CPMUs) [377].
Us are usually assembled and tuned at room

perature. Then, they are cooled to low temper-
e and further magnetic measurements are performed.

PMU mechanical and thermal issues
rom a mechanical point of view, the inner compo-
ts inside the vacuum chamber should be modified so

liquid nitrogen can be introduced for cooling down
magnets at the targeted temperature. The operating
perature depends on the rare earth element that is
. Indeed, because of the SRT, Nb2Fe14B cannot be

directly operated at 77 K and thermal resistances h
to be implemented. A Pr2Fe14B based CPMU m
the cryogenic system simpler since the CPMU dire
operates at the liquid nitrogen temperature. The liq
nitrogen can directly circulate inside the inner girde

The thermal budget (i.e. heat load to be received
the undulator) has to be estimated before perform
the thermal design of the CPMU. The thermal beha
of the inner girder can then be deduced. The even
residual thermal gradient can be assimilated in a
approximation to a small taper. Between room
low temperature operation, the mechanical compon
are submitted to different thermo-mechanical chan
depending on the material thermal coefficients.
cooling down the system, the gap opens, becaus
the contraction of the supporting rods, and the pe
shortens, resulting from the inner girder contract
Such a phenomenon has to be anticipated during
CPMU assembly at room temperature. Then, the p
error has generally to be slightly re-adjusted at
temperature, for example, by rod shimming. Becaus
larger magnetic forces related to the strongest magn
field, an outer spring system can efficiently compen
for the deformation of support inner girders [378].
majority of the CPMUs are not baked, hence o
can exploit the advantage of a high remenant
grade. Usually, the liquid nitrogen performs a nat
cryo-pumping when the CPMU is cooled down, an
can be then suitable for operation. The situation
be different if the temperature rises. Special care sh
be taken on the cleanness of the individual compon
[356].

Issues with CPMU optimisation and measurement
A crucial step in the success of the realization

CPMU results from the measurement of the magn
field produced by the device at cryogenic temperat
It requires a specific measurement bench. While s
dard benches usually consist of a Hall probe system
the local field measurement and a bodyless coil (
stretched wire) for the measurement of the field integ
implemented on a stiff granite block enabling a pre
position of the sensors and a sufficient reproducibilit
the measurements, the CPMU Hall probe including
linear motion system has to be installed inside the
uum chamber. It thus implies the development of an
bedded measurement bench compatible with ultra-
vacuum, cryogenic environment and small available
ume.

Dedicated benches have been developed. The first
has been developed at SPring-8 [379] with a Hall pr
fixed at the extremity of a moving tube inside the
dulator prototype using bellows. Then, ESRF [380]
built a full cryogenic measurement bench, including
probe with its linear motion in the chamber and stretc
wire, with its motorized stages fixed on the extrem
of a specific vacuum chamber. The chamber is div
in two adjacent parts: the bigger containing the gir
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the magnetic assembly, and the smaller containing
linear guide rail and carriage for the Hall probe. The
EIL [381] bench is equipped with stretched wire mo-

zed stages fixed on the undulator carriage and the
l probe guide rail fixed on the floor through the lat-
flanges of the vacuum chamber. The SAFALI con-
, developed at SPring-8, consists in compensating the
r stiffness of the guide rail due to the absence of gran-
by an active feedback of the transverse position of
probe while moving inside the undulator. Two laser
ms that pass through two irises and illuminate Po-
n Sensitive Detectors (PSD) measure the horizontal
vertical positions of the probe and its angle with re-
t to the undulator axis. The longitudinal position of
probe is acquired by an interferometer [379, 382, 383].
he second version, the whole guide rail is displaced
ically and horizontally by motorized stages to com-
sate the measured variations of transverse position.
all probe bench for CPMU measurement was also

gned by HZB, taking up the feedback concept and
nding it to the angle active correction [384]. In ad-

on to the system of laser beams, irises and PSD, the
rferometer is a 3D one, returning information on the
other angles. The displacement is performed by six
o motors embedded on the moving carriage.

Cryogenic Permanent Magnet Undulator Prototypes

LE III. Characteristics of CPMU prototypes developed.

λu Nu Br Gap Bpeak

t mm T mm T
ing-8 15 40 1.56 5 0.92
S II 14.5 8 1.64 4.85 0.92
S II n◦2 16.8 8 1.4 5 1.12
EIL n◦1 20 4 1.58 10 0.57
EIL n◦2 18 4 1.58 10 0.5
EIL n◦3 15 5 1.55 10 0.43
n◦1 9 20 1.62 2.5 1.12
n◦2 9 11 2.5 1.28

iabBeam n◦1 7 42 1.87 1.11

everal CPMU prototypes were built at different loca-
s, as indicated in Table III.
Pring-8 [382] has built and optimized a 40 x 15 mm
od Nd2Fe14B based system, with RMS phase er-
of 3.3◦ and 3.2◦ at 300 K and 130 K respectively.
temperature control at 140 K was enabled thanks to
th heaters.
then became attractive to use Pr2Fe14B magnets
eing able to operate at lower temperature, thus with

rger magnetic field and coercivity. A first prototype
x 14.5 mm period NSLS [385], using Pr2Fe14B mag-
(NEOMAX 53CR) and Vanadium Permendur poles,
been measured in the Vertical Test Facility at liquid

nitrogen and He temperatures with a slight increas
the RMS phase error at lower temperature (3.1◦ at r
temperature and 3.5◦ at 77 K). A second system [
developed at NSLS-II, using a grade of Pr2Fe14B m
net that can be baked (NEOMAX CR47) led to a hi
field than the previously employed grade (at 80 K :
T for the CR47 and 1.22 T for the CR53).

Three CPMU prototypes were built at SOLEIL.
first one [369], a 4 x 20 mm period hybrid Nd2Fe
system shows a 11.5% increase of the magnetic field
tween room temperature and cryogenic temperatur
140 K the operation temperature. The second one (4
mm period) [387] and the third one (4 x 15 mm per
Pr2Fe14B hybrid type (NEOMAX CR53) [388] takes
vantage of the absence of SRT phenomena. The magn
field grows by 13 % between room temperature and c
genic temperature of 77 K.

A 20 x 9 mm period (Pr,Nd)2Fe14B (Vacu
schmelze Vacoflux50) cryogenic undulator [389] w
Co49Fe49V2 poles with saturation magnetization
2.35 T, built jointly by Helmholtz-Zentrum Berlin
Ludwig-Maximilian-University München (LMU), sh
a increase of the remanence by 20% and of the peak
at the fixed gap of 2.5 mm by 11% with partial sat
tion of the pole pieces from 300 K to 30 K. The sec
prototype with modified poles exhibits a larger field [
and it enabled to observe synchrotron radiation [391
ing the MAMI-B beam line with 855 MeV beam.
diaBeam Technologies has also developed a 42 x 7
period cryogenic prototype using Pr2Fe14B and V
dium Permendur poles (this design also considered
use of textured dysprosium poles) [392]. A remai
thermal gradient was observed [393].

4. Full-scale Cryogenic Permanent Magnet Undulato

The construction of full scale devices (see table IV
be installed on synchrotron light source beamlines
started at ESRF (France) [380, 394–396], with a
long full scale 18 mm period Nd2Fe14B magnet (N
REM 595t) hybrid CPMU. The peak field is incre
by 6% when cooled down from 273 K to 150 K at g
mm. The RMS phase error slightly increases from r
temperature (4.8◦) to 150 K (5.7◦), because of a re
ual longitudinal temperature gradient. It is the first
scale (2 m length) CPMU to be built and installed
operation with an electron beam and a liquid nitro
closed loop for cooling. A second CPMU has been b
and installed at ESRF with two additional Pr2Fe
based hybrid undulators being under construction. N
CPMUs [397] are now under development for the ES
upgrade.

At the Paul Scherrer Institute (Switzerland) [383,
399], a full scale 1.7 m long 14 mm period CPMU
ing Nd2Fe14B (Hitachi NMXS45SH) magnets and V
dium permendur poles, cooled with LN2, had been m
sured with SAFALI. The measured phase error of 1.1
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LE IV. Characteristics of full-scale developed CPMUs.

ation λu N Br Gap Bpeak status
t mm T mm T
n◦1 14 120 >1.5 3.8 1.186 installed
n◦2-5 17 planned
F n◦1 18 107 1.16 6 0.88 installed
F n◦2 18 107 1.37 6 0.99 installed
F n◦3 14 140 1.62 5 1 installed
F n◦4 18 construction
F n◦5 20 construction
F n◦6 18 construction
F n◦7-9 16 construction

mond n◦0 17.7 113 1.32 5 (4) 1.04 (1.263) installed
mond n◦1-3 17.6 113 1.62 4.6 construction
mond n◦4 16.7 125 1.62 4.6 construction
mond n◦5-6 15.6 128 1.62 4.6 planned
EIL n◦1 18 107 1.58 5.5 1.15 installed
EIL n◦2 18 107 1.57 5/5.5 1.12 installed
EIL n◦3 18 107 1.57 5/5.5 1.12 installed
EIL n◦4 15 200 1.57 3 construction
P 13.5 140 5 1 test

S 15 133 1.7 4 1.3 built
ing-8 15 93 1.48 3 1.64 built

n◦1 17 88 1.62 5.5 1.12 installed
n◦2 15 175 1.6 2 2.08 construction

F n◦1 20 80 1.53 6 1.07 test
F n◦2 20 80 6 0.91 test
F n◦3 construction

ilar to the one measured at room temperature, thanks
n in-situ correction method. With SLS-II upgrade,
planned to replace 4 in-vacuum U19 undulators by
U.

OLEIL (France) [381, 388, 400–404] has built and
sured the first Pr2Fe14B (CR53) based full scale hy-
cryogenic undulator (2 m long, 18 mm period) cooled
n to 77K with LN2. The phase error at 5.5 mm gap
oom temperature of 2.8◦ RMS increases up to 9◦ at
, but has been corrected down to 3◦ by shimming

rods. It is the first Pr2Fe14B full scale cryogenic
ulator installed on a synchrotron radiation facility,
is in use on the Nanoscopium beamline as shown in
21. SOLEIL built three more cryo-ready devices

g a different Pr2Fe14B grade with an enhanced co-
vity (1912 kA/m): two 2 m long CPMU (U18) have

successfully built and optimized, one is used for the
INEL project [405–407] and one is again installed

he Nanoscopium beamline as shown in Fig. 21, and
m long U15 providing a high peak field of 1.65 T
7 K for 3 mm gap. Figure 20 presents a magnetic
surement using a Hall probe for the CPMU n◦1 for
ndulator gap of 5.5 mm. The field is enhanced by
10.6% from room to cryogenic temperature which is

sistent with the RADIA model simulations.
t DIAMOND (UK) [408], a 17.7 mm period full scale
Fe14B (Vacodym 776TP) based hybrid CPMU has
built by Danfysik [409]. As the temperature is de-

sed from 300 K to 157 K, the field is increased by

FIG. 20. Magnetic field measured along the undulator
with a Hall probe at both room temperature (red) and c
genic temperature (blue).

FIG. 21. The two CPMUs (U18 n◦1 and U18 n◦3) inst
at SOLEIL nanoscopium beamline.

7.03% at 4 mm gap while for 10 mm gap the incr
in field is 8.69%. At 157 K, the RMS phase erro
measured to be 3.5◦ at 4 mm gap. New (Pr,Nd)2Fe
CPMUs are presently under construction (three for D
MOND II) and three additional for DIAMOND upgr

Based on earlier prototypes, HZB (Germany) [4
412] have developed two full scale CPMUs of 8
17 mm and 15 mm period length, and gap size
5 mm and 2 mm, investigating two cooling conc
based on liquid nitrogen and single-staged cold he
respectively. (Pr,Nd)2Fe14B magnets (from Vacu
schmelze) treated with a grain boundary diffusion
cess for an enhanced stability, and Co-Fe poles were u
The gap size is measured using an optical micromete
phase error of 4.6 ◦ has been measured for CPMU17 [4
which is now installed at BESSY. CPMU15 is develo
for a plasma-driven FEL experiment in close coopera
with Hamburg University.

National Synchrotron Radiation Research Ce
(NSRRC) on TPS (Taiwan), in collaboration with N
max EngineeringCo [414–416] has built a 2 m long 15
period CPMU. It contains a force compensating sp
module to handle the strong magnetic forces, enab
the demonstration of a phase error lower than 2 ◦ in
4-10 mm gap range. A CPMU magnetic measurem
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ch has been developed and tested, with a carriage
optical components being redesigned to improve the
oducibility. Further devices are foreseen.
EP (Beijing, China) is building a 2 m long 13.5 mm

od CPMU using Pr2Fe14B [417, 418].
2 m long cryogenic undulator with 140 periods of

th 13.5 mm is to be built for the High Energy Photon
rce Test Facility (HEPS-TF) in Korea [419]. This
ulator consists of Pr2Fe14B magnets (NMX 68C) to
rate at 4 mm gap with a magnetic field of 1.3 T and
be cooled down to liquid nitrogen temperature (80
reaching a magnetic field of 1 T at a gap of 5 mm.
wo CPMU have been built and measured at Shanghai
chrotron Radiation Facility (SRRF, China) [420] in
r to equip the ring with three devices. A first one
x 200 mm period) uses Nd2Fe14B magnets (N48H
e), and reaches a peak field of 1.07 T at 6 mm gap at
genic temperature. The second one uses Pr2Fe14B
nets (P46H grade), and reaches a peak field of 0.91
ith a phase error of 4.4◦ at 6 mm gap at cryogenic
perature.

5. CPMU scaling

scaling of the CPMU field for different periods can
erformed. Fig. 22 displays the peak fields versus
of different period length undulators, computed with
IA software, using a newly introduced Pr2Fe14B

e with field remanence of 1.7 T. The magnetic field
be fitted with the equation:

Bpeak = a.exp[b. g
λu

+ c.( g
λu

)2] (112)

re g is the magnetic gap, and a, b, c are the fitting
cients, given in table V.

LE V. Width of magnets and poles for different periods,
ell as the coefficients of the fitting curves.

iod Magnet width Pole Width a b c
m 6.5 mm 1.25 mm 3.743 -4.053 0.69459
m 5 mm 1.25 mm 3.895 -4.022 0.52895
m 4 mm 1 mm 3.986 -4.087 0.67293
m 3.5 mm 0.75 mm 3.531 -3.647 0.40497

6. CPMU prospects

should be possible to increase further the magnetic
, then reduce the period, and enhance the number of
ods for a given CPMU length by combining a CPMU

high temperature superconducting coils [421]. For
ple, the field for a CPMU of period 15 undulator at

mm could be enhanced by 7% with coils at 77 K and
with coils at 40 K.

FIG. 22. (a) Peak field and (b) deflection parameter ve
the magnetic gap for different periods : 18 (�), 15 (�)
(•), 10 (◦) mm.

Another idea is to adapt the gap to the shape of
electron beam envelope, in the so-called adaptive gap
dulator concept [422]. It enables to satisfy the stay-c
and impedance constraints with segments of different
riods. The flux enhancement is typically of 10 %.

For variable polarisation, one could refer to the cro
undulator concept [423–425] with two separate segme
with a phase sifter in between. In the past, in-vacu
permanent magnet based Elliptically Polarised Und
tors (EPU) have been built, but without a full flex
ity [426, 427]. Nowadays, DELTA type EPU [428
in-vacuum APPLE II [429] undulators are under de
opment. A cryogenic option could be considered.

VII. SUPERCONDUCTING UNDULATOR

Superconducting technology is routinely applied to
development of high field strength magnets for app
tions such as Magnetic Resonance Imaging and par
physics accelerators and detectors. It is perhaps surp
ing then that short period superconducting undula
(SCUs) are still not a mainstream solution for accel
tor based light sources, with just a few examples b
in use today. The reason for this rather slow uptak
in large part due to the extremely successful applica
and ongoing improvements in permanent magnet un
lator technology rather than any specific shortcom
in superconducting technologies. Despite the undoub
success of permanent magnet systems, there is still a c
margin in performance advantage to be gained thro
the application of superconducting materials and it i
this reason that a number of groups around the w
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e been actively pursuing the detailed development of
t period, high field SCUs for light source applications
the past ten years or more [430]. This research and

elopment effort has led to the construction of a few
s which are now installed and in daily use on storage
light sources in Germany [431] and USA [432, 433].

se particular examples have exhibited very good op-
ional performance in terms of reliability, stability,
user experience and this has increased confidence
in the accelerator community such that national FEL

t source facilities, such as LCLS-II, have carefully as-
ed employing SCUs rather than permanent magnet
rnatives in their baseline configurations [434].
he specific advantages of SCUs over PMUs high-
ted by the LCLS-II team are; the higher magnetic
s allowing superior FEL performance or reduced
ulator length, the radiation hardness compared to
Us offering long lifetime and smaller magnet gaps,
anticipated reduction in resistive wakefields due to
cold bore, the much lower vacuum pressure due to
-pumping reducing gas scattering, the smaller foot-
t and simpler magnet field control compared with the
sive adjustable-gap PMU, and the easy re-orientation
vertical polarization, if desired. The project team es-
ated that the LCLS-II hard x-ray undulator could be
tened by up to 70 m using an SCU in place of the
line 145 m long PMU designed to operate at up to 5
in SASE mode[434].

. Superconducting undulator magnetic design

. 23. Schematic side view of a planar SCU showing how
SC wire is wound around two independent steel formers
enerate the periodic magnetic field.

he magnetic design of planar SCUs is very straight-
ard, with a similar approach being adopted by all

he research groups working in this area. The typical
ngement is shown in Fig 23. Two independent sets of
erconducting windings on steel formers are arranged

that the current flows transversely orthogonal to the
tron beam and so generates the periodic magnetic

required [435, 436]. The two sets of windings are
apart by a non-magnetic mechanical arrangement,

which is not shown in the figure. The former is m
of a high quality magnet steel and the superconduc
wire employed is either NbTi or Nb3Sn. The SCU
ically operates at close to 4 K. NbTi is more comm
used, even though Nb3Sn has far superior propertie
paper with even greater fields within reach, as it is m
easier to work with, in terms of winding, insulation,
stability. Nb3Sn has to be heat treated after windin
create the superconducting alloy and afterwards is ra
fragile. Nb3Sn also suffers from instability issues at
field levels required by SCUs (below 5T) as it is prim
ily targeted at far stronger magnetic field applicat
[437]. Research on the use of special grades of Nb
better suited to SCU applications has been carried
primarily at LBNL [438].

B. Superconducting undulator mechanical desi

Although the magnetic design of SCUs is straight
ward, the engineering challenges are severe and this is
area which has held back SCUs from widespread ad
tion so far. The mechanical tolerances are very tight
these must be maintained as the magnet is cooled d
from room temperature to ∼4 K. The gap separation
tween the two sets of windings is typically between
10 mm. The coils are at ∼4 K and any heat tran
from the electron beam to the coils, due to wakefield
synchrotron radiation, must be very low to prevent
magnet quenching. This is generally resolved through
insertion of a vacuum chamber isolating the beam f
the magnet arrays. This vacuum chamber is physic
and thermally separated from the magnet and coole
an intermediate temperature of ∼20 K, to intercept
absorb any emitted power from the electron beam
whatever physical process. A further issue is that
magnetic field quality is not just determined by the s
pole shape and location but is also strongly depend
upon the superconducting wire placement. The accu
placement of individual wires, to a tolerance of a few
of microns, is a painstaking process and difficult to m
tain over a length of more than a few tens of cm. For
reason, and also to achieve the required machining to
ances, the complete SCU magnet is sometimes mad
of shorter sections which couple together to form a lo
device [439]. Post-assembly magnet shimming, whic
a standard technique for permanent magnet undulat
is not easy to implement in an SCU. Many schemes h
been proposed but they add an extra layer of comp
ity which teams try to avoid if at all possible [440]
addition, the proposed schemes often require additi
windings or use valuable space within the magnet
and so also serve to lower the maximum possible p
field that the SCU can achieve. For these reasons sev
groups aim to construct SCUs that have excellent
quality on first assembly and so need no shimming
pability. This is only possible by working to very t
tolerances at all stages of manufacture and assembly
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been demonstrated to be a practical approach.

C. Examples of superconducting undulators

n example of an SCU installed in a storage ring is
SCU15 in the KIT synchrotron in Germany [441],
re SCU15 has been in operation with beam since the
inning of 2015. The SCU15 has a period length of 15
and 100 full periods. Since at the KIT synchrotron a
ical beam stay clear of 15 mm is needed during elec-
beam injection and energy ramping, and at the full

gy of 2.5 GeV a minimum gap of 7 mm is allowed,
beam vacuum chamber is adjustable, as the magnet
is closed, from 7 mm to 15 mm vacuum gap. The
netic peak field measured at the maximum coil cur-
of 150 A is 0.73 T. The undulator coils are wound
NbTi and are cooled using cryocoolers only, with

iquid cryogens being required. The use of cryocool-
which require only electricity and water to operate,

articularly convenient for facilities without the infras-
ture or expertise required for handling liquid helium.
ing one year of testing in the storage ring the SCU15
rated reliably without quenches in the normal oper-
g mode at 2.5 GeV. Two quenches were observed at
GeV due to poor orbit control when setting up a spe-
low-alpha operating mode. The undulator recovered
kly from the quenches and was ready for operation
in within 15 minutes.
he same storage ring has recently installed a second
, called SCU20 [442], with lessons learnt from SCU15
g applied to the design and manufacture of this sec-
device. The thin rectangular NbTi wire, having an
lated cross-section of 0.54 x 0.34 mm has been re-
ed by a thicker round wire with 0.76 mm insulated
eter, which is claimed to be more robust and with

erior electrical insulation [443]. Also, the cobalt-iron
e, previously used on SCU15 has been replaced by
w-carbon steel which, although it has inferior mag-
c performance, is easier to procure and machine. The
20 has a period length of 20 mm, a peak field of
T, and 74 full periods, giving it the same physical

th as SCU15. SCU20 has been operating with beam
ARA since January 2018 without any quenches.
nother example of an SCU installed and successfully
rating in a storage ring is SCU18-1 [444] in the Ad-
ced Photon Source in the USA, which built upon the
erience gained from the 30cm long SCU0 device which
their first SCU to be installed [445]. SCU18-1 has an
m period and a fixed magnet gap of 9.5 mm, achiev-
a peak field of 0.97 T. The magnetic length is 1.1
The magnet is wound using round NbTi wire with a

eter of only 0.6 mm. Nevertheless, the SCU com-
ably operates at a current of 450 A, well within the
imum current achieved of 520 A. The SCU18-1 has
in operation since May 2015, and a second identi-

example, replacing SCU0 in the storage ring, called
18-2 was installed in September 2016. A new me-

chanical arrangement that allows for the magnetic ga
be compensated during the final assembly and meas
ment process was implemented between the developm
of the two SCU18 devices. This resulted in the phase
ror of the second device being as low as 2◦ RMS, whe
the first device, which did not have this gap compensa
system, has a phase error of more than 5◦ RMS, w
is still impressive without the use of any shimming.

The same team have recently fabricated a helical S
for the APS by winding a pair of coils in a continuous
ral along a round former [446]. It should be noted
whilst such a magnet will generate circular polarizat
the helicity of the polarization is fixed by the coil ge
etry and cannot be changed by reversing the direc
of current in the coils, as is sometimes assumed. A
for this SCU the magnet bore diameter is relatively l
at 31 mm as, although narrow vertical gaps can be to
ated, a wide horizontal gap is required in the storage
for the reasons discussed earlier in this paper. A nar
bore helical SCU of very similar design has been fa
cated previously by Daresbury and Rutherford Appl
Laboratories in the UK for a different application [4
A summary of the principle SCUs that have successf
operated on storage ring light source facilities is give
Table VI.

TABLE VI. Parameters of storage ring SCUs which
been installed and operated successfully. Gap is the b
chamber vertical aperture.

Facility λu [mm] N Gap [mm] B
KIT synchrotron 14 100 8 0
KIT synchrotron 15 100.5 7 0
KIT synchrotron 20 74.5 7 1
APS 16 20.5 7.2 0
APS 18 59.5 7.2 0
APS 31.5 38.5 8 0

D. Prospects with superconducting undulator

There are no operating single pass FELs that ut
SCUs currently although they are being considered
by new facilities and the LCLS-II project implemen
an active R&D programme that resulted in prototy
being constructed based upon both NbTi and Nb
[434]. A UK collaboration, led by Daresbury Lab
tory, has recently been working on the developmen
SCUs specifically designed for FELs, by taking on bo
the different constraints that were discussed in Sec
V. This has led to the proposal that the internal
uum chamber between the two SCU coil arrays can
removed in the FEL case. The internal vacuum cham
enables a suitable UHV environment for adequate b
lifetime and also absorbs any stray synchrotron ra
tion and power deposited due to resistive wall wakefie
Since the vacuum levels are far more relaxed in a F
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any long wavelength, low power, stray synchrotron
ation can be absorbed with collimators, the only real
cern for the FEL is the management of the wakefields.

proposed that the impact on the electron beam is
imized by attaching a very thin copper foil to the

arrays, presenting a high conducting surface to the
tron beam, and that any power deposited is simply
rbed by the magnets directly at 4 K. In the stan-
SCU the internal vacuum chamber is not in direct

act with the magnets, and so the magnet arrays are
mally isolated from the chamber, which is typically
rated at around 20 K.

his simple change of removing the internal vac-
chamber transforms the SCU performance in an

lagous manner to the way that permanent magnet
ulators were transformed when in-vacuum permanent
net undulators were first developed. Significant engi-
ing efforts are required to make the internal vacuum
el have as little impact on the SCU magnet gap as
ible but even with wall thicknesses of ∼0.5 mm and

ilar thermal insulating spacing between this surface
the SCU coils and poles the magnet gap is increased
ypically ∼2.0 mm compared to the aperture needs of
electron beam itself, although one group has managed
educe the gap increase down to only 1.0 mm whilst
ntaining good thermal decoupling between the vessel
coils [443]. Reducing an undulator magnet gap from
mm to ∼5 mm simply by the removal of a vacuum

ber makes a tremendous difference to the achievable
k magnetic fields. The UK group state that an SCU
ed with a cryo-cooler system can comfortably con-
ously absorb 0.1 W per meter length of undulator
K [448]. They calculate that the power deposited
to resistive wall wakefields, which depends linearly
he bunch repetition rate, is below this value for low
tition rate FELs (<500 Hz) even with extreme com-
tions of bunch charge and length. Furthermore, the
undulator sections required by FELs, of order 100

will be more cost effectively cooled using a central-
cryoplant coupled to a cryogenic distribution system,
er than by a very large number of independent cry-

olers [446]. The cooling power of liquid helium refrig-
ors is very impressive and they would easily enable
ral Watts per meter at 4 K to be handled. This then
ld mean, with careful thermal design and implemen-

on, that SCUs without the internal vacuum chamber
-vacuum’ SCUs) are also compatible with the high
tition rate FELs (MHz bunch rates) if a centralized
plant is implemented[446]. It is worth noting that
age ring electron beams also typically deposit up to
w Watts per meter at 4 K so they are again com-
ble with this type of in-vacuum SCU if cooled by a
ral cryoplant infrastructure.

E. Superconducting undulator scaling

To compare the two types of SCU, one with the in
nal vacuum vessel and one with only a thin copper l
the UK group have modelled the peak magnetic fiel
the undulator as a function of electron beam aper
and period using Opera 3D for over sixty separately
timized cases. The magnetic modelling assumes comm
cially available rectangular cross-section NbTi super
ductor with a safety margin of 20 %, operating at 4
Each model has been individually optimized for the n
ber of discrete windings per layer and for the numbe
layers. For the case with the internal vacuum vessel
magnet pole gap is assumed to be 2 mm larger than
electron beam aperture (2 x 0.5 mm vacuum wall th
ness plus 2 x 0.5 mm thermal separation between th
K vessel and the 4 K magnet steel former and windi
and for the alternative case (in-vacuum SCU) the ma
pole gap is only 0.2 mm larger than the electron b
aperture (2 x 0.1 mm copper liner mounted directly
the pole surface). A summary of the modelling resul
given in Fig. 24. An empirical equation has been fi
to these modelling results [449] as follows:

Bu = (0.33 + 0.068λu − 1.05× 10−3λ2
u + 5.9× 10−6

× e−π(g/λu−0.5) (

where Bu is the peak field on-axis, and g is the ma
gap between the steel poles. The actual electron b
gap will be less than this depending upon whethe
in-vacuum or out of vacuum scheme is used.

VIII. TRANSVERSE GRADIENT
UNDULATORS

Transverse gradient undulators (TGUs) are consid
to be a promising solution for FELs which aim at utili
electron beams with a large energy spread such as be
generated by laser plasma accelerators.

The basic idea of TGUs is to make both the elec
energy γ and the undulator deflection parameter K
function of the transverse position, either x or y, an
match these such that:

λ = λu
2γ(x|y)

(
1 + K2

u(x|y)
2

)
= const. (

That is achieved by spectrally dispersing the beam
introducing a transverse undulator field amplitude gr
ent. By applying this concept to FELs with an adeq
choice of dispersion and field gradient, the effect of
energy spread on the FEL resonance condition can
minimized and the gain thereby be strongly increase

The original concept [90] aimed at relaxing the requ
ments on the electron beam quality for an effective F
amplification and thereby particularly improving the
formance of storage ring-driven low-gain FELs. It
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. 24. Results of detailed 3D magnet modelling of planar
s showing (a) peak field and (b) deflection parameter ver-

magnetic gap. Solid lines are in-vacuum SCU and dashed
are standard SCUs with (•) period 15 mm, (�) period
m, and (�) period 11 mm.

r also considered for optical klystrons in storage rings
has recently been re-considered for storage ring based
y FEL oscillators [450] and High-Gain-Harmonic-
eration (HGHG) X-ray FEL schemes [451].
he TGU concept has been adopted for LPA-driven
-gain FELs [89] and showed its potential to achieve
t gain lengths, high saturation power and a narrow
dwidth in the FEL using electron beams with a rela-
energy spread at the level of a few percent. There is a
e-off between the steepness of the transverse field gra-
t on the one hand and the increase of the transverse
m size due to the dispersion on the other hand: while
former generates an additional effective energy spread
finite-emittance electron beams, the latter leads to a
ced transverse coherence of the FEL radiation [452]
ell as a reduction in the brilliance and the gain [69].
imum dispersion values turn out to be in the range a
centimetres. In turn, transverse deflection parameter
ients αKu = dKu

dx of 50 m−1 to 300 m−1 are required.
he modified TGU-FEL theory proposed in [89, 452]
ased on simplifying assumptions regarding the TGU
lf. The question how higher order terms of the trans-
e field profile as well as higher-order dispersion terms
ealistic beam transport set-ups affect the FEL gain in
Us, an important issue (as first underscored in [453])
still is a matter of an onging debate [69, 454].

x

∆E/E0

(a)

x
∆E/E0

(b)

FIG. 25. Possible TGU realisations using specifically desi
pole shapes: (a) transverse taper, (b) convex (in this
circular) pole shape.

A. TGU design concepts

The typical conceptual view of a TGU is that
transversely tapered planar insertion device as depi
in Fig. 25 (a), in which the transverse field gradien
achieved by a linear transverse variation of the magn
gap. The transverse field profile of a transversely
pered undulator can be calculated analytically. This
culation yields a weakly exponential dependence of
field amplitude on the transverse coordinate [455, 4
Achievable transverse gradients for realistic short-pe
devices (λu ≤ 20 mm) are limited to the order of αK
100 m−1. Alternative analytically treatable x-depend
gap designs with curved, more precisely convex (e.g.
perbolic or circular) pole shapes were investigated [4
Convex pole shapes imply a faster than linear growt
the gap width and therefore larger transverse gradi
than achievable with a linear transverse taper. Moreo
by appropriately shaping the poles, in principle a tr
verse field profile can be achieved that is linear in a s
ciently wide range of the transverse coordinate. A pa
ularly simple TGU design with circular poles [456,
provides large transverse field gradients and a mo
ately large region with approximately linear transv
field shape.

A transverse variation of the magnetic gap is not
only possible way of realizing a TGU. Two alterna
approaches have been proposed recently. In fixed
APPLE-type undulators, where the Ku-value is adju
via longitudinal movements of the neighbouring ma
arrays, a transverse Ku-gradient is necessarily pre
[459]. A design concept for a superconducting APPLE
type TGU has recently been proposed [460]: Depen
on gap width and Ku-value, this Ku-gradient can b
the order of 50 m−1 to 150 m−1 for a permanent-ma
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LE-X undulator with 40 mm period length and up
80 m−1 for a superconducting APPLE-X undulator
26 mm period length.
further approach to realizing a TGU [461] utilizes

natural field amplitude gradient in the non-deflection
ction y which is present in planar undulators for y 6=
hat is achieved by both offsetting the beam from the
ulator’s symmetry axis and spectrally dispersing it in
y-direction, i.e. perpendicular to the deflection in the
ulator. The Ku-value in a planar undulator depends

as

Ku(y) = Ku,axis cosh(kuy), (115)

ch means that for a chosen beam axis y0 6= 0 the
radient is

αKu = Ku(y0)ku tanh(kuy0), (116)

or λu ∼ 20 mm this Ku-gradient takes values of a
10 m−1 to 100 m−1. The intriguing simplicity of
approach comes at the cost of a highly non-linear

endence of the field amplitude on the transverse co-
nate which limits the usable y-range and thereby the
gy acceptance of this type of TGU.
ll these TGU designs have in common that the trans-
e field gradient affects the beam dynamics inside the
ulator in a potentially undesirable way, if corrective
sures are not taken. In designs where the directions
ectral dispersion and oscillatory motion of the parti-
are parallel to each other, as is the case for tapered or
ex poles, a ponderomotive particle drift in the direc-
of the field amplitude gradient occurs. This effect
be suppressed by superimposing a weak correction
constant in z [457]. The required horizontal profile

he correction field depends on the horizontal profile
he TGUs main field. For the cylindrical TGU an ap-
imately parabolic correction field shape is required,

ch can be generated by long racetrack correction coils
ed inside the undulator coil formers [458].
the case of the approach utilizing the natural field

litude gradient in the y direction, the spectral dis-
ion and the oscillatory motion of the particles are
endicular to each other and the ponderomotive ef-
is absent. Instead of that, the particle trajectories

bent towards the undulator’s symmetry plane due to
natural focusing present in planar insertion devices
]. The compensation of this effect is achieved by ad-
onal focussing.

B. TGU realizations

lthough the concept of TGUs has been considered
nearly forty years, no such device has so far been ex-
mentally tested. Two prototypes or prototype series,
ectively, have been built and are currently awaiting a

TABLE VII. Comparison of TGU parameters for diffe
concepts and realizations.

type place status λu hg Ku

mm mm m
transv. tapered PMU SIOM/ built 20 1.15
transv. tapered PMU SINAP 1
transv. tapered SCU KIT simul. 20 7 2 1
cylindric SCU KIT built 10.5 2.4 1.07 1
APPLE-X PMU PSI built 40 3 1 1
APPLE-X SCU PAL simul. 26 9.5 1.97 1

0.8 380

FIG. 26. Photograph of the superconducting 40-period T
manufactured at KIT, Karlsruhe, Germany

detailed magnetic characterization and experimental
plication.

At the Shanghai Institutes of Optics and Fine Mech
ics (SIOM) and of Applied Physics (SINAP), Shang
China, four fixed-gap TGU modules with λu = 20
and 75 periods each have been constructed [453, 4
These TGUs are hybrid permanent magnet device
the linear transverse taper type with a canting ang
7.5 ◦, yielding a transverse gradient of αKu = 50 m
at a Ku-value of 1.15. These undulators are intende
be used in a TGU-FEL demonstration experiment at
LPA setup at the SIOM 200 TW laser facility [138, 4

The second device, shown in Fig. 26 is a supercond
ing cylindrical TGU manufactured at KIT, Karlsr
Germany [456, 464] and foreseen for a TGU demons
tion experiment at the JETI laser facility located at
Friedrich-Schiller-University Jena, Germany. This T
is a 40-period prototype with λu = 0.5 mm and a tr
verse gradient of αKu = 149.5m−1 at a K-value of 1
A quench test as well as a Hall-probe measuremen
the magnetic field at one longitudinal and seven tr
verse positions as a function of operation current h
been performed on this superconducting TGU, show
an excellent agreement with the theoretical expecta
[465]. The undulator has recently been installed in



38

own
und

E

In
ics i
sche
late
dire
tors
ple,
on-a
tion

whe
part
mag
vert
dev
hori
harm
at λ
men
pow
ciat

F
con
and
on-a

In t

U
pose
tend
and
spec
the
[214
adv
evid
tion
The
forw

a bi-
= 6

aw-
the

atic
ena
ions
rel-

ime,
ions
sing
the

mas
1017

pe-
aser
gth
am-
low
lity.
hich
ndi-
cryostat and a detailed magnetic characterization is
er preparation.

IX. EXOTIC UNDULATORS

xotic undulators could also be considered.

A. Bi-harmonic undulators

order to enhance generation of high order harmon-
n high gain FEL devices, non-conventional undulator
mes are considered in which the on-axis field oscil-
s either in both transverse directions or in the same
ction with different periods. These types of undula-
are called bi-harmonic [466–469]. As a first exam-
one considers the undulator configuration where the
xis field oscillates with different orthogonal polarisa-
s:

~Bu = (dBu sin(h kuz), Bu sin(kuz), 0) (117)

re h is an integer number and ku = 2π/λu. The
icular case with d = h = 3 ensures that the Ku

netic strengths associated with the horizontal and
ical electron motions are the same. In this particular
ice, the fundamental harmonic is polarised along the
zontal direction, while the third vertically polarised
onic is associated with the magnetic field oscillating
u/3. This harmonic can be considered as a funda-
tal one for this undulator component, with maximum
er compatible with the fundamental harmonic asso-
ed with the period λu, as shown in Figure 27.
or completeness, one also mentions the bi-harmonic
figuration with parallel rather than orthogonal Bu
Bh = dBu magnetic components, namely with the
xis magnetic field given by:

~Bu = (0, Bu sin(kuz) + dBu sin(h kuz), 0) (118)

his case, the resonant wavelength is given by :

λR = λu
2γ2

[
1 + K2

u

2

(
1 + d2

h2

)]
(119)

ndulators of the bi-harmonic type have been pro-
d and built in the past, they raised interest to ex-
to tunability of Synchrotron Radiation sources [470]
not yet explored for FEL operation. The relevant
tral properties have been studied in detail [471] and
associated FEL performances have been discussed in
, 471] under a variety of possible configuration. The
antages of these devices to enhance the radiation are
ent, in particular if they are exploited in the last sec-
s where the effect of bunching is more substantive.
main problems are associated with a not straight-
ard engineering structure and a field which is hard
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FIG. 27. Power growth of main and third harmonics for
harmonic undulator with d = h = 3, E = 1078MeV , λu
cm, Ku = 0.99, ρ = 1.258× 10−3.

to characterize using standard tools, however these dr
backs can be overcome by an appropriate design of
magnets, using e. g. quarter-foils configurations.

B. Plasma undulators

Plasmas can generate and sustain very high st
fields, and give rise to the strong collective phenom
such as plasma waves. The idea of plasma applicat
for manipulation and, in particularly, undulation of
ativistic electrons dates back to 1980-90s. At that t
a few concepts were proposed involving the oscillat
of electrons guided in the ion channels [472], or impo
the wiggling motion by coupling electron beams to
plasma waves [473]. In these schemes, the laser plas
produced in gas targets with the densities 1015 –
cm−3 were considered, which defines the undulator
riods of λu ∼ 102 − 103 µm, and for the to-date l
intensities (IL ∼ 1014 W/cm2), the undulator stren
could reach Ku ∼ 0.1− 1. Potentially, with such par
eters X-rays can be produced even using relatively
energy electron beams with limited collimation qua
On the other hand, a low number of oscillations, w
could be produced in the accessible experimental co
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s, and requirement of high laser energy and stability
hindered these developments for a long time.
recent years the concept of underdense plasma un-

tors have been revised for the state-of-the-art experi-
tal conditions. The plasma wave undulator has been
ied in coupling with LPA, and the possibility of keV

ton generation along a few tens of wiggler periods
λu ∼ 10 µm and Ku . 1 has been demonstrated
an advanced numerical approach [474]. Another

roach, derived from the ”channel” scheme, consists
pplying to electrons the wakefields of a laser pulse
cted off-axis into a plasma channel in such a way

the laser centroid oscillates transversely [475]. This
me can potentially provide few tens of λu ∼ 1 − 2
wiggler periods with the strength of Ku ∼ 1 and
oupled to LPA. Further numerical studies revealed
potential tunability of such sources in terms of wave-
th and polarization of the produced radiation [476].
alternative to the gas-based plasma schemes utilising
undulator based on the overdense plasma was pro-
d recently [477]. In this approach the laser driver
the LPA ionizes a series of nanowires arranged in

essboard fashion, which generates electrostatic fields
eviate the accelerated LPA electrons. Such a plasma
ulator can provide strengths of Ku ∼ 1, and its pe-
does not rely on plasma density, but is defined by

target design, and could be as small as λu ∼ 101−102

he main interest of plasma undulators is related
heir potential to produce strong undulating fields
sub-millimetric periods. In the present state these

mes remain mainly theoretical concepts, and in the
t term their experimental validations for the syn-
tron light production are required.

C. Microwave undulator

he idea of causing electrons to oscillate transversely,
the purpose of synchrotron radiation emission, by
g electromagnetic waves instead of static magnetic
s was first raised in 1968 [478]. These devices are

erally referred to as RF or microwave undulators be-
se the frequency of the electromagnetic wave that has

considered falls in this part of the spectrum as this is
re there is considerable expertise in suitable cavity or
eguide design and also sources of very high power RF
available. The transverse electric and magnetic fields
he wave contribute to the electron oscillation ampli-
e. A key advantage of the microwave undulator is that

short periods can be generated (i.e. 5 to 15 mm),
g high frequency RF, with reasonable Ku parameters
.5 to 1.0, whilst maintaining a relatively large aper-
for the electron beam (examples given below have

m apertures from 8 to 39 mm). This combination
hort period, large gap, reasonable Ku is not feasible

static magnetic field undulator. An additional po-
ial advantage is the ability to change the parameters

dynamically, shot to shot, and so alter the photon
put characteristics rapidly to suit the experiment. R
switching of polarization has been suggested as a
ful characteristic to lower signal to noise levels in s
experiments. The first demonstration of a microwave
dulator was in the mid eighties [479] when a device w
an equivalent period of 55 mm (2.9 GHz) and Ku par
eter of 0.24 was built and shown to generate light from
electron beam as expected. Following this demonstra
the idea seemed to lose favour, probably because con
tional undulators improved rapidly and because the
power RF systems required were either very expensiv
not available. However, in the past few years a num
of groups have taken up the idea again, especially in
light of advances in high frequency RF power sources
cavity and waveguide design expertise. A device with
equivalent period of 13.9 mm (11.4 GHz), aperture o
mm, and Ku parameter of 0.7 was built and successf
tested with beam in 2014 [480] followed by a deta
theoretical analysis of the radiation emission from
crowave undulators [481]. Other groups are now loo
at the design of optimised corrugated waveguide b
solutions using even higher frequencies [482, 483] of
GHz (5 mm period, Ku of 0.14) and 36 GHz (4.3 mm
riod, Ku of 0.5). Two options for the waveguide de
operating at 36 GHz assuming a challenging yet feas
input power of 50 MW have been generated. They b
achieve similar Ku parameter of 0.5 (equivalent Bu
of 1.25T) with one solution having a beam aperture
mm and the other 18 mm. Achieving equivalent para
ters in a state of the art static magnetic undulator at
same period would require a beam aperture of aroun
mm. This clearly demonstrates the future potential
advantage of the microwave undulator.

D. Optical undulator

Similar to the microwave undulator, an intense
tical laser can be used to achieve an undulator pe
several order-of-magnitude shorter than previously m
tioned [484–486]. This method can realize the X-ray F
with a multi-MeV electron bunch within a centim
long interaction length, making them suitable for L
based X-ray FEL emission. The drawback of such
dulator is the low magnetic field, which translates
lower value of the FEL Pierce parameter and thus a lo
power gain.

X. EXAMPLES OF THE USE OF
STATE-OF-THE-ART UNDULATORS FOR LP
BASED SPONTANEOUS EMISSION AND FE

The path towards LPA based FEL presents diffe
alternatives. The first direction consists in exploi
the present LPA performance and adapting the tr
port line towards the undulator to manipulate the e
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beam properties, to then adopt the different steps
n FEL experiment with a proper observation of the
ulator spontaneous emission, followed by the mea-
ment of FEL gain at rather large wavelength, and

a decrease towards shorter wavelengths. The sec-
approach consists in searching the LPA configuration
e to optimise it so that it directly fulfills the electron

m requirements for a straightforward FEL amplifi-
on. In this section are first reviewed the challenges
LPA based FELs, the observations of LPA based un-
tor radiation, the progress on test LPA based FEL

eriments with state-of-the-art performance, and the
pects with specifically designed LPA for the FEL ap-

ation, as developed in the frame of EuPRAXIA [487].
ourse, because of the small size of laser plasma accel-
ors, compact high field short period undulators are
sidered here.

A. Challenges of LPA based FELs

he advent of present X-ray FELs came along with
spectacular development of conventional accelerator
nology, aimed at future linear colliders. Typical ∼
beams exhibit 1 mm transverse size,1 µrad diver-

ce with 1 mm longitudinal size and 0.01 % energy
ad. In contrast, LPA still usually present larger di-
ence and energy spreads, that can lead to significant

ttance growth [84–86]. Collective effects and coher-
synchrotron radiation can also play a role [87]. The
ent LPA electron beam properties are not directly
ed for enabling FEL amplification, and electron beam
ipulation is likely to be required.

1. Handling of the divergence

he LPA process creates a beam with a divergence sig-
antly larger than that from conventional linear accel-
ors. The plasma medium by itself enables symmet-
l focusing with the plasma lens [158–160, 488]. In
ition, quadrupoles, as used in conventional accelera-
technology, can be employed. Because of the required
drupole strength, permanent magnet based ones are
n be preferred to electromagnetic ones. There have
ntly been several developments of high gradient vari-
strength permanent magnet quadrupoles [489–496].
two focussing approaches have been compared [497]

le conventional accelerator technology remains more
st, the option remains for them to be combined if
ired.

2. Handling of energy spread

lectron beam energy spread can be very critical for an
applications. A large energy spread and the associ-
inhomogeneous broadening counteracts the energy

modulation, thus washing out the bunching along the
dulator line. In order to be on the safe side, the Pi
parameter and the energy spread are required to sa
the condition in Eq. (75). LPA based electron beams
characterized by short bunches and large energy spr

Therefore, in contrast to what happens in ordinary
ear accelerators, a decompressor chicane is foresee
increase the bunch length and reduce the energy sp
even by a factor 10 [73, 88, 498]. Taking advantage of
introduced correlation between the energy and the p
tion, the slices can be focused in synchronization w
the optical wave advance, in the so-called superma
ing scheme [499]. The chicane scheme also enable
lengthen the electron bunch, to avoid the slippage
fects, namely the poor overlapping between electron
radiation inducing additional gain reduction. As m
tioned earlier, it was proposed in the early FEL stud
when energy spreads were of the order of 0.1 %, to u
TGU [90, 500]. The concept is to impose an electron
tics solution which introduces a transverse displacem
as a function of beam energy at the entrance to a T
[89, 455, 501] enabling to selectively fulfill the undul
resonance condition for all electrons at a particular T
gradient.

B. First observations of LPA based undulato
radiation

Laboratory λ ∆λ/λ λ
stability

nm % nm (%)
Institut Fur Optik [74] 740 7.4 ∼ 93 (12.5)

MPQ [75] 18 30 ∼1.5 (8)
LOA [77] 230-440 18 -

Strathclyde [76] 160 - 220 16 ∼23 (13)
COXINEL [79] 200-300 7 5 (2.6)

TABLE VIII. Undulator radiation measured from an
electron beam for a wavelength λ, a relative wavelength ∆

The feasibility of achieving spontaneous undulator
diation with an LPA source has been demonstrate
different laboratories. Table VIII summarizes som
the undulator radiation characteristics observed so
using an LPA source.

The measured radiation bandwidth is still quite w
with a rather poor wavelength stability. The undul
radiation quality achieved so far does not yet reach w
is currently achieved on storage ring accelerator b
light sources.

1. Institute fur Optik und Quantenelektronik

A high-intensity Titanium:Sapphire laser of 5 ×
W.cm−2 and pulse duration of 80 fs was used to prod
the relativistic electron beams [74]. The laser pulse
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sed by an off-axis parabolic mirror into a supersonic
um gas jet where it accelerated electrons to several
of MeV energy. The electrons propagated through an

ulator, producing synchrotron radiation, and into a
netic electron spectrometer. Radiation was collected
lens and analyzed in an optical spectrometer. The

tron spectrum peaked at 64 MeV with a width of 3.4
(FWHM), i.e. RMS energy spread of ∼2.3%, and

ained a charge of 28 pC. The normalized emittance
he beam was estimated to be εn ≈ 1.3π mm.mrad,
ved from beam optics simulations and the beam di-
ence measured from the beam size. The undulator
ation was measured using a spectrometer. The spec-
was peaked at 740 nm with a a bandwidth of 55 nm
contained 284,000 photons. Another peak was ob-

ed at a wavelength of 900 nm produced by a 58 MeV,
C and 5% energy spread in another shot.

2. Max-Planck-Institut fur Quantenoptik Germany

he beamline was customized to generate soft-X-
undulator radiation from an LPA electron beam

. Driven by the Atlas Titanium:Sapphire laser,
plasma-cell creates electron beams of up to 210 MeV
k energy. The beam was captured and focused us-
miniature permanent magnet quadrupole lenses. The
drupoles provided a field gradient of level 500 T/m
were adjustable in longitudinal position to tune the

tron transport to different beam energies. Focused
a miniature undulator (λu = 5 mm, 60 periods), the
electron beam generated spontaneous undulator ra-

ion, which was detected using a custom transmission-
ing-based photon spectrometer. The first harmonic
measured at 18 nm and the second harmonic at 9 nm.
a later extension of the experiment [502] a variable-

th plasma-cell target delivered electron energies in
ss of 400 MeV and generated undulator radiation ex-
ing into the water window at 4 nm wavelength (first
onic). Tuning the plasma target to provide differ-

electron energies and tuning the electron beam trans-
, the setup could show octave-spanning wavelength

ability in the range from 4 nm to 13 nm.

3. Laboratoire d’Optique Appliquée

t Laboratoire d’Optique Appliquée, the beamline is
gned for the generation of UV undulator radiation

LPA electron beams [77]. A Titanium:Sapphire
r delivering a linearly polarized pulse at 800 nm with
e than 1 J energy, about 30 fs duration was focused on
lium gas jet leading to an electron density of 5×1018
3. The generated relativistic electrons pass through

iplet of permanent magnet quadrupoles placed 15 cm
the source providing 15.4 T/m, -25 T/m and 15
gradients, followed by a 0.6 m long undulator of

od 18.2 mm and a deflection parameter of 1. The

photon beam transverse size was measured with a C
camera, which imaged a position corresponding to 60
after the end of the undulator and for an electron en
of 120 MeV energy. The vertical FWHM divergenc
the radiation is about 3 mrad.

4. Strathclyde University UK

An Advanced Laser-Plasma High-energy Acceler
towards X-rays (ALPHA-X) accelerator beam line
been commissioned [76]. A Titanium:Sapphire l
pulse centered at a wavelength of 800 nm with full-w
at half-maximum duration of 36 fs and peak inten
of 2 × 1018 W.cm−2 was focused to a 20 µm wais
the leading edge of a 2 mm diameter helium gas je
form a relativistic self-guided plasma channel. The e
tron beams produced were initially collimated usin
triplet of miniature permanent magnet quadrupole
fixed gradients of 500 T/m. A triplet of electromagn
quadrupoles then focused the beam through the un
lator with gradient ∼2.4 T/m. Undulator output r
ation was detected using a vacuum scanning monoc
mator and a CCD camera. The energy distribution m
sured had a mean central energy of 104 MeV, with a
relative energy spread, and contained a mean charg
1.1±0.8 pC. The mean spectral bandwidth of the r
ation was 69±11 nm corresponding to a relative b
width of 32±7%, decreasing to as low as 16%.

5. COXINEL, SOLEIL, LOA, PhLAM, France

COXINEL (Coherent X-ray source inferred from e
trons accelerated by laser) is aiming at demonstra
FEL amplification with the help of a dedicated trans
line to handle and manipulate the beam properties
the frame of the LUNEX5 project of advanced com
FEL demonstrator [72, 503, 504]. The key concept r
on an innovative electron beam longitudinal and tr
verse manipulation along the transport line towards
undulator. The line, designed and built at Synchro
SOLEIL [406], is installed at Laboratoire d’Optique
pliquée (LOA), where LPA development is carried
using a Ti:Sapphire laser system delivering 1.5 J, 3
FWHM pulses. The divergence is rapidly mitigate
cm away from the source) via strong focusing prov
by a triplet of permanent magnet quadrupoles. T
so-called QUAPEVA high gradient permanent ma
quadrupoles present a variable strength (via rota
cylindrical permanent magnets surrounding a cen
Halbach ring quadrupole [505]) and an adjustable m
netic center position (via translation tables) [157, 494
magnetic chicane then longitudinally stretches the be
sorts electrons in energy and selects the energy ra
of interest via a removable and adjustable slit moun
in the middle of the chicane [506]. A second se
quadrupoles matches the beam inside an undulator.
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tor radiation covers the UV range with a 180 MeV
tron beam and a U18 undulator (107 periods of 18.16
, variable gap between 4.55 - 30 mm, reaching 1.2
eak field at minimum gap) [370, 400, 402] and the
V domain at 400 MeV electrons with a U15 undulator)
, 401]. The electron beam can be monitored with cur-
transformers and cavity beam position monitors or

nserting scintillator screens along the line [507]. The
tron optics, a source to image optics, refocuses the
m inside the undulator thanks to the strong gradient
APEVA quadrupoles [87, 499, 508]. The LPA is oper-

in the robust ionisation injection regime [110] with
personic jet of He−N2 gas mixture, providing elec-
s with energies up to 250 MeV, 0.5 pC / MeV charge

sity, and few mrad divergence (1.2-5 mrad RMS). The
tron beam can be properly transported along the line
508–511], using a Beam Position Alignment Com-

sation strategy to mitigate alignment residual errors
electron beam pointing drifts, enabling to indepen-

tly adjust the position and the dispersion. The un-
tor radiation transverse distribution has been mea-
d using a CCD camera installed 3 m away [78] and
agreement with models. The total estimated num-

of photons per beam charge Nph is ≈ 3.107 pC−1.
large energy spread (typically 30 % RMS at the un-
tor position after filtering along the line) is reduced
few percent by introducing a slit to select a small

ion of the energy distribution [511]. A UV spec-
eter, equipped with two collimating mirrors, a 600
m grating and a CCD camera, installed 3 m from

undulator exit, images the spatio-spectral flux of the
uced radiation using a CaF2 lens that focuses the

ation into the spectrometer entrance slit [79]. The
sured radiation exhibits the typical moon shape pat-
(quadratic dependence of the resonant wavelength

us the observation angle), characteristic of undulator
ation [512–514]. The chromatic effects of the lens,
ever, introduce a distortion of the moon shape to a
e triangular one [79]. The radiation linewidth can be
rolled using the electron beam energy selection via
slit in the chicane [79, 508]. The achieved undulator
ation wavelength stability reaches 2.6 % [79].

6. Lux

he Lux laser-plasma accelerator [515], operated by
burg University and DESY, has the mission to com-
laser-plasma concepts with the state-of-the-art in

ern accelerator technology. It is driven by the
TW-class Angus Ti:Sapphire-based CPA laser sys-
. The whole laser is integrated into the accelerator
rols system to monitor and stabilize its performance.
accelerator supports day-long operation at 1 Hz rep-

ion rate with energies on the order of 400 MeV and
ch charges of several 10 pC. The large number of
ts provides exceptional statistics to correlate laser
electron parameters and enables tuning of the elec-

tron bunch properties.
The electron beam is captured and focused throu

miniature undulator (Beast II, Nu = 60, λu = 5 m
using an electromagnetic quadrupole doublet of up
150 T/m gradient. The generated radiation is dete
using a transmission-grating based spectrometer. F
experiments have shown undulator radiation tunabl
the range of 11 nm to 4 nm [516]. The generatio
spontaneous undulator radiation is mainly consider
benchmark for the quality of beam transport and d
nostics.

C. Examples of LPA based FEL test experime
with present electron beam performance

The COXINEL line has been designed with base
reference parameters at source using a 6D Gaus
bunch without any correlation having a 1 π.mm.m
total normalized RMS emittance, a 1 mrad RMS di
gence, a 1% RMS relative energy spread with a 1
RMS bunch length, 34 pC charge and 4 kA peak cur
for electron beam energies ranging from 180 MeV to
MeV. The seeded configuration is adopted. For a SA
evaluation, the beam is transported from source to
age, which is at the undulator center, and the slice b
parameters are used to calculate the power achieved
different beamline characteristics. A maximum powe
70 MW is attainable with a magnification factor o
and chicane strength of 0.2 mm. Extensive simulat
were carried out [499], and included a number of F
sensitivity studies [517], using the production code G
ESIS [518] and the unaveraged spectral code CHIME
[519]. The chromatic matching enables the gain of on
der of magnitude growth on the FEL intensity comp
to a strong focusing of the electron beam [499]. Di
ent regimes can be considered, depending on the elec
beam parameters and the operating wavelength. In
seeded configuration, the chirp introduced in the chic
induces a red shift of the FEL radiation wavelength w
respect to the seed. It can lead to an interference fr
pattern, that can allow for a full temporal reconstruc
of the FEL pulse temporal amplitude and phase distr
tions [520]. An FEL test experiment is underway, and
main limitation so far comes from the measured elec
beam parameters that do not match the baseline o
Improvements of the LPA performance are in progre

The Lux beamline is currently being upgraded to
able the demonstration of FEL gain using LPA bea
The new beamline layout closely follows the decomp
sion concept as described in [521]. The beam wil
captured using a quadrupole doublet and stretched
decompression chicane, thereby reducing the slice en
spread. Undulator radiation is generated in a cryog
cally cooled [410] CPMU (Nu=130, λu = 15 mm,
1-3). The goal of this experiment is not to achieve sat
tion, but to show the onset of gain. Simulations indi
that a bunch charge of order 20 pC and a relative en
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ad of 1% at 300 MeV beam energy would be sufficient
a first experiment. Those parameters are close to the
ent performance of the Lux plasma accelerator.
he aim of the Lawrence Berkeley National Laboratory
experiment at Berkeley, USA, is to demonstrate a

able FEL in the UV down to soft X-ray range using an
source [522]. The 4 J laser is focused onto the target

J) with a pulse duration of 36 fs (FWHM) generating
tron beams of tunable energy between 100 MeV and
MeV. The electron beam is first handled by either a
let of quadrupoles or an active plasma lens, followed
a chicane, another set of quadrupoles and finally a

long undulator of period 18 mm with a deflection
meter varying between 0.89 - 1.26. The operating
will thus be around 55 nm - 400 nm. Transport

lations, using Elegant [523], and FEL simulations,
g GENESIS [518], show a gain of 104 and 103 at
wavelengths 420 nm and 55 nm, respectively [524,

]. Much effort has been expended on the electron
m opimization to produce high quality bunches to
sfy the FEL condition [526].
collaboration of KIT and the Friedrich-Schiller Uni-

ität (FSU) Jena aims at experimentally demonstrat-
investigating and advancing the concepts involved

ompact TGU-based LPA-driven FELs. That encom-
es developing and demonstrating an efficient beam
sport with a large momentum acceptance and TGU
ching as well as demonstrating the feasibility of a
-gradient, short period (superconducting) TGU and

erimentally proving the TGU concept with sponta-
us emission of undulator radiation. The demonstra-

experiments were originally designed for the LPA
alled at the JETI40 laser system at the FSU, assum-
an electron energy of 120 MeV, an average relative
gy spread of 4 % (including shot-to-shot variation)
an average initial beam divergence of 2.5 mrad, in-
ing pointing jitter. For the proof-of-principle experi-
t using spontaneous undulator radiation, a 40-period
erconducting TGU has been built (see Section VIII
ve), the commissioning and magnetic characteriza-
of which is currently ongoing. A linear dogleg chi-

e matching the LPA-generated electron bunches to
dynamical acceptance of the TGU was realized and
essfully experimentally tested [465, 527, 528]. The

eriment design is currently under revision and the
ponents of the setup are being upgraded for an up-
ing experimental campaign at the new laser system
I200. This campaign together with complementary

eriments will provide a basis for empirically founded
clusions on the expected FEL performance as well as
dvanced TGU designs.
he Shanghai Institutes of Optics and Fine Mechan-
SIOM) and of Applied Physics (SINAP), Shanghai,

na, in collaboration with the SLAC National Acceler-
Laboratory are setting up a TGU beam line at the

M 200 TW laser facility [462, 463]. The LPA installed
his laser facility provides an electron beam with ener-
tunable in the range 200–600 MeV with ∼ 1 % energy

spread and a relative shot to shot energy variance in
order of 5 %. Bunch charges up to 80 pC and an
tial beam divergence of 0.3 mrad are reported [138].
experimental setup is foreseen to consist of the per
nent magnet TGUs described above in Section VIII
a compact beam line using a single dipole for creating
required spectral dispersion of the beam. The beam
is designed for a central beam energy of 380 MeV,
responding to a resonant radiation wavelength of 30
GENESIS [518] simulations show that a significant F
gain within the 6 m TGU line can be expected with
setup.

D. Future prospects with optimised LPA for F
application

The path towards LPA based FEL in the X-ray
main requires an extensive optimisation of the elec
beam generation, of the transport line while selectin
compact undulator. Great efforts have been carried
in the frame of the EuPRAXIA collaboration [487].

1. Electron beam transport

The most promising LPA schemes in terms of elec
beam quality and subsequent efficient light produc
[487, 529] are the following ones.

Laser plasma injector and acceleration. T
scheme includes two plasma stages: the laser plasma
jector to produce electrons with beam energy of 150 M
and a laser plasma acceleration stage to have part
with the final energy of 5 GeV. In particular, the b
distribution under study and denoted hereafter as LP
is injected with the resonant multi-pulse ionization t
nique [530–532] and accelerated through a single stag
the quasi-linear regime [533, 534].

Radio frequency injector and laser plasma
celeration stage. In this scheme [535], a 500 MeV e
tron beam is injected through a conventional radio
quency (RF) section [536] into the plasma accelera
stage which in turn accelerates the electrons up to ei
a beam distribution with 1 GeV [537] energy, den
hereafter as RILPA1, or a beam distribution with 5
energy, denoted hereafter as RILPA5.

These beam distributions are analysed in terms of
main parameters driving the FEL performance. M
in detail, the electron distribution slice with the hig
current density [487] is identified and values of emitta
energy spread and peak current are calculated over
width of this slice in order to have reasonable per
mance predictions. For a quantitative comparison am
the beams before any undulator matching considerat
Table IX shows the parameter values at the plasma e
where εn,x(y), σx(y), Ipeak and σε are values of the
malized emittance in x(y), the RMS beam size in x
the peak current and the RMS energy spread calcul
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the specified length of the phase space longitudinal
pling `s, reasonably chosen on the basis of the elec-
RMS bunch length σz: it results in larger than the

ected SASE spike length, in each beam case. One can
that the current profile is not described with a Gaus-
distribution, in any of the electron beams presented
: the width of the beam current pulse is typically
ter than σz.

LE IX. Highest current density slice values of the relevant
meters at plasma exit.
Name E Ipeak σε εn,x εn,y σx σy `s
Unit [GeV] [kA] [%] [µm] [µm] [µm] [µm] [µm]

LPIA 4.98 2.93 0.11 0.53 0.59 0.87 0.92 0.11
ILPA5 5.41 2.85 0.05 0.38 0.32 1.06 0.98 1.3
ILPA1 1.09 1.88 0.92 0.4 0.41 2.2 2.2 1.2

he transfer line from the plasma exit stage, where the
ch leaves the strong focusing fields to drift into free
e, is designed [538, 539] such that each electron beam
operly matched to the undulator configurations to be
ussed in the following section. A sketch of the trans-
ine from the plasma stage to the undulator entrance
hown in Fig. 28. The transfer line can be divided
three sections: a capture section, a C-chicane, and

atching section.
he capture section is made of permanent magnet
drupoles and is designed to capture the electron beam
he plasma exit and to focus it. Most of the emittance
th occurs in this section. Careful optimisation must
be performed to minimize this emittance growth.

Integrated Current Transformer (ICT) is inserted be-
the capture section to measure the beam current.

he C-chicane is made of 4 rectangular dipoles and
esigned to separate the witness beam from the laser
m (laser plasma acceleration), or from the electron
e beam (plasma wakefield acceleration). A collima-
will be used for the laser or beam driver removal in
e cases. The chicane’s other main purpose is to pro-
the undulators from possible failures at the plasma
like too large misalignment errors or energy fluctua-
s (in which case the beam will then be dumped into
collimator). However, simulations are yet to be per-
ed to validate this concept.

inally, two doublets are used to match the beam to
undulator entrance. The two magnet pairs are sepa-
d by a distance greater than 2 meters to enable the
rtion of different diagnostics: a Beam Position Mon-
(BPM) to measure the beam position, an X-band

nsverse Deflecting Structure (TDS) to measure the
e structure [540] and a dipole to measure the energy
trum, when needed.
ne of the main features for the transport line is to
in the beam quality (and more specifically the emit-
e) [538]. Towards this aim, a python script has been
ten to match the beam to the undulator and to min-
e the emittance growth along the machine (to mini-
e the Montague function at the undulator entrance).

0 1 2 3 4 5 6 7

Beam Loss Monitor

Plasma
stage

Q1 Q2 Q3

Capture
section

Q4 Q5 Q6 Q7

Matching
section

Matching
section

D1 D2 D3 D4

C chicane

Collimator

TDS X band

ICT

X-ray
camera

BPM

Screen

FIG. 28. Layout of the high energy beam transfer line (in
permanent quadrupoles, in blue: electromagnet quadrup
in green: dipoles, in cyan: BPMs, in gray: ICT, in ye
screens.

The matching constraints at the entrance of the und
tor for the different schemes are given in Table X.
optimisation is firstly based on Particle Swarm Opt
sation (PSO) [541] to find initial conditions near a gl
minimum, secondly on conjugate gradient method [
to speed up the convergence near a minimum, and fin
with a tracking code, like TraceWin [543], elegant [
or ASTRA [544]. The variables are the quadrupole gr
ents and the position of the different elements. The
straints are the total length of the machine (8 m in
case), minimum and maximum gradients (500 T/m
permanent quadrupoles and 50 T/m for electroma
quadrupoles), the minimum distance between elem
(30 mm between permanent quadrupoles, and 300
between electromagnet quadrupoles of the same dou
to insert BPMs and correctors in between, 2 m betw
permanent quadrupoles and electromagnet quadrup
to insert a C-chicane in between, and 2.5 m between b
doublets to insert long diagnostics like the TDS
spectrometer). Finally, the beam transfer line is o
mized with the tracking code TraceWin [543] to m
the beam to the undulator entrance and to minimize
emittance growth. This optimization takes into acco
the entire beam distribution with no assumptions on
initial conditions.

TABLE X. Matching parameters at the entrance of the
dulator (undulator period: λu = 30 mm, module len
Lu = 2.1 m, distance between modules: 360 mm)

Scheme 〈βx,y〉 [m] βx [m] βy [m] αx αy
LPIA 5 3.07 7.45 -0.670 1.559
RILPA5 5 3.07 7.45 -0.670 1.559
RILPA1 4 2.69 5.35 -0.382 0.627

As an example, the evolution of the beam distribu
along the transport line is shown in Fig. 29 for the
A. The evolution of the slice properties along the lo
tudinal beam distribution are shown in Fig. 30. B
properties are well preserved along the transfer line.
parameters of the quadrupoles are summarized in
ble XI and the final beam characteristics are presen
in Table X. The associated results assume values for b
magnetic field and Ku deflection parameter that are
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e with the technologies presented in the previous Sec-
s: namely either a cryogenic permanent magnet un-
tor (CPMU) or a superconducting undulator (SCU),
ming any beam stay clear gap larger than 6 mm. For
ple, from recent CPMU parameterizations, a beam
clear gap of about 8 mm together with a period of
m allow the values shown in Table XI.

LE XI. Parameters of the focusing elements in the trans-
line to the undulator for the case LPIA.

Quadrupole Q1 Q2 Q3 Q4 Q5 Q6 Q7
Length [mm] 100 200
Gradient [T/m] -347 471 -297 1.18 22.7 -39.5 -25.4
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. 29. Beam beta function (a), normalized emittance
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of the core beam along the transport line for the case
A. Calculations were performed with the tracking code
eWin.
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ance of the undulator for the case LPIA. Calculations
performed with the tracking code ASTRA. The slice

th is 0.1 µm.

TABLE XII. Undulator configurations used for the FEL
vironment.

E [GeV] λR [nm] λu [mm] Ku Bu [T]
5 0.22 20 1.5 0.81
5 1.65 30 4.36 1.56
1 5.5 20 1.5 0.81
1 41 30 4.36 1.56

2. Undulator line characteristics

Each previously discussed beam distribution is
lyzed and matched to two different undulator config
tions [545, 546], in order to probe the beam phase sp
features with two different cooperation lengths: one
geting λR ' 0.2 nm with 5 GeV beam energy, and wi
present and near future undulator technology [449,
and the other such that Lc/σz ∼ 1% at E = 5 GeV
Lc/σz ∼ 10% at E = 1 GeV.

Table XII shows the features of the chosen undul
configurations. These parameters are within the capa
ities of both superconducting and cryogenic perman
magnet devices, with no need to shrink the undul
gap to 6 mm or less, so that the FEL dynamics in t
devices is less affected by wakefield effects. These eff
have been neglected in the following calculations. R
temperature undulators provide weaker Bu and Ku

ues with undulator gap larger than 6 mm, so they
not considered.

At both 1 GeV and 5 GeV energies, the natural fo
ing of the undulator is rather weak. In order to m
tain a small transverse size of the electron beam,
periodic magnetic cell has to include alternate grad
quadrupoles in between undulator modules.

The strategy to match the beams is based on m
imizing the difference between average Twiss β val
|〈βx〉 − 〈βy〉|, also featuring reasonable magnetic gr
ents, for both the short and the long λu configurati
The undulator period and strength clearly define
Twiss α and β parameter values that the electron be
should have at the undulator entrance, in order to
correctly matched.

3. FEL results

After proper transport of the beams through the
dulator entrance, the distribution slice with the low
(σε)/ρ ratio is identified as the best slice in terms of F
performance. Table XIII shows the main parameters
sociated to this slice, within a sampling interval `s a
the bunch, as previously defined and shown on the
row of Table IX, for each beam. In particular, 〈β〉 re
to a nominal average Twiss β value along the full un
lator section and 〈εn〉 is the normalized emittance, a
aged along the bunch. For every beam distribution,
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LE XIII. Best slice values of the relevant parameters at
ulator entrance and of the expected cooperation lengths,
e specified undulator configurations.

Name LPIA RILPA5 RILPA1
E [GeV] 4.96 5.41 1.09

Ipeak [kA] 2.63 2.74 1.75
σε [%] 0.052 0.052 0.103
〈εn〉 [µm] 0.58 0.34 0.44
〈β〉 [m] 5 5 4
LU2
c [nm] 20 14 140

LU3
c [nm] 61 42 430

slice has an emittance value smaller than 〈εn〉: for
ore conservative estimate, the average emittance is
sidered. Symmetry in x and y coordinates is assumed
both 〈β〉 and 〈εn〉.

E
 (G

eV
) 

ζ (µm) 

. 31. Energy, current and energy spread slice profiles as a
tion of the intrabunch ζ coordinate, for the case B beam
ibution at the undulator entrance.

ompared to the parameters presented in Table IX,
e values refer to a different phase space region, opti-
ed also taking energy spread into account. Moreover,
e charge effects induce a non-negligible coupling be-

en longitudinal and transverse planes, resulting in a
bunch decompression for each beam distribution.
able XIII also shows the cooperation length values
ected when matching the electron beams either to
short, LU2

c with λu = 2 cm, or to the long, LU3
c with

3 cm, undulator period configuration.
he SASE FEL performance is evaluated with the
SEO simulation code [548], that allows to perform
ll time-dependent simulation of the FEL dynamics
ng account of the given longitudinal current, energy
energy spread profiles and of their interplay along

bunch. The transverse plane dynamic effects are ac-
nted for via a 3D coupling factor derived from the
g-Xie relations [314]. Moreover, the time-dependent
lysis allows a reliable estimate of the FEL pulse du-

ration and spectral line width.
Figure 31 shows the longitudinal slice profiles of ene

current, energy spread and normalized emittance of
case RILPA5 beam distribution, as an example.

TABLE XIV. Short and long undulator period results o
time-dependent simulations with longitudinal dynamics
scription, obtained with PERSEO.

Name LPIA RILPA5 RILPA1
Short undulator period

saturation length [m] 126 38 28
linewidth [%] 0.18 0.23 0.25

pulse duration [fs] 0.4 2 2.4
photons per pulse [1010] 0.19 3.2 2.3

Long undulator period
saturation length [m] 26 20 16

linewidth [%] 0.3 0.3 0.54
pulse duration [fs] 0.71 2.2 7.8

photons per pulse [1010] 4.2 72 31

The results of the time-dependent simulations obta
accounting for the proper longitudinal dynamics of e
beam distribution are shown in Table XIV for the s
and the long undulator period configuration. Compa
the two cases LPIA and RILPA5, the different va
of the energy spread distributions explain the differe
in saturation length and in the number of photons
pulse. Larger undulator period and strength yield a
nificantly larger Pierce ρ parameter in each beam di
bution. The effective result is a significantly better F
performance in saturation length and photons per pu
but at the same time the resulting longer coopera
length affects the results in terms of spectral and tem
ral behavior. Within this configuration, cases LPIA
RILPA5 have comparable saturation lengths, but
different beam quality results in a different performa
in terms of photons per pulse, at saturation.

XI. CONCLUSION

We have underscored that high brightness is the b
quality of crucial interest to realize a successful F
Technologies based on ”ordinary” accelerating cav
have provided beams with extremely good quali
namely small six dimensional phase space and l
charge that have delivered high brightness X-ray be
with tailor-suited properties to explore nano-ultra
world. These light sources can be viewed as ”a gi
tic flash camera” allowing to peek inside matter as n
done [269]. The limit of new materials with large br
down threshold (say 1 GeV/m) are therefore the nat
candidate for a revolution bringing X-ray FEL to a m
reasonable dimension.

Albeit this material has not yet been discovered,
development of high power laser thanks to the chir
pulse amplification, recognized by a Nobel Prize in 2
[549], enabled the laser plasma acceleration to sig
cantly progress all around the world in terms of elec
beam characteristics. This mechanism offers the h
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reaching high electron energies within a small accel-
ion length with intrinsic focusing, and some hopes on
arising new concept are conveyed for future colliders.
ough significant improvements are necessary to get
PA FEL suited beam (in terms of energy, brightness,
tition rate and stability), it is worth to provide a first
ple of LPA produced light in order to define an op-

ional protocol. Still, not all the interesting features
being produced simultaneously and not yet in a very
lar basis, and different LPA configuration suit bet-
or improving one particular feature. Overall, some of
performance do not reach the ones currently achieved
p to date state-of-the-art conventional accelerators,
it appears reasonable to target the Free Electron

er application as being more within reach than the
ider one. One of the attracting features of the these
tron beam is for instance, the shot electron bunch
ation, that would lead to single spike FEL. With the

paradigm of LPA electron beam characteristics, we
e examined here what FEL gain configuration should
sed in terms of undulator choice, especially in view

he short bunches that should not make the slippage
inant.
fter recalling the process, performance and scaling
of LPA and FELs, issues on electron beam matching

he undulator, we have analyzed the recent develop-
t on undulator technology that could be of interest
he LPA based FEL application. Aiming at minimz-
also the gain section of the LPA based FEL, we have
d that, with respect to [95], the recent progresses

hort period high field undulators with cryogenic or
erconducting technology are well adapted in such a
, and analytic scaling have also being provided. In
ition, the developments of transverse gradient undu-
rs are also very attractive, for being able to insure
oper strategy to mitigate the relatively large energy
ad of LPA. In the last sections, the present expec-
ons of LPA based FEL results are reviewed, both for
ent test experiments using available electron beam
ormance, and with optimized ones as studied in the
e of the EuPRAXIA collaboration. A first very re-
demonstration of the LPA based FEL using high

lity electron beam [94], with a two orders of magni-
e amplification, is a major step towards the achieve-
t of these new single spike compact FELs. Further
ress will result from jointed effort of the LPA de-
pment for improved electron beam features and FEL
undulator design, including the transport manipula-
line to the undulator. It will pave the way of multi-

r, short pulses, broad bandwidth FELs of a new type.
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XII. LIST OF NOTATION

A. Physical constants:

me = 9.109382.10−31 kg
c = 2.99792458.108 m/s
e = 1.60217646.10−19 C
1 eV = 1.60217646.10−19 J
mec

2 = 0.5109989 MeV
Z0 (free space impedence) = µ0c = 376.73Ω
IA = 4π

Z0c
mec

3

e = 1.704509.104 A Alfvén curre
ε0 = 8.85418782.10−12 m−3kg−1s4A2

B. Undulator parameters:

λu: Undulator period
ku = 2π

λu
: Undulator wave number

Bu: Undulator magnetic peak field
Nu: Number of undulator periods
Lu = Nuλu: Undulator length
Ku = eBuλu

2πmec2 = 93.4λu[m]Bu[T ]: Deflection paramet
fb = J0(ζ) − J1(ζ): Linear undulator (J0,1 cylind
Bessel function)
ζ = 1

4
K2
u

1+K2/2

Bu = 2Br sin(π/M)
π/M [(1− exp (−2πh/λu)) exp (−πg/λ

Halbach configuration undulator peak field
M : Number of blocks per period
h: Magnet height
g: Undulator gap
Br: Remanent field
λr: Resonant wavelength
ωr: Resonant frequency
[∆ω]n: Natural linewidth
[∆ω]i: Inhomogeneous broadening

C. Electron beam parameters

E: Energy γ = E
mec2 : Relativistic factor

Φ(ε) = 1√
2πσε

exp
(
− ε2

2σ2
ε

)
: Relative energy distribut

σε = γ−γ0
γ0

: Energy spread
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[62] A. Döpp, C. Thaury, E. Guillaume, F. Massimo, A.
chitz, I. Andriyash, J.-P. Goddet, A. Tazfi, K. Ta Ph
and V. Malka, Phys. Rev. Lett. 121, 074802 (2018

[63] A. Martinez de la Ossa, R. Assmann, M. Bussm
S. Corde, J. Couperus Cabadağ, A. Debus, A. D
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M. Chiaramello, A. Grassi, M. Flé, G. Bouch
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S. Düsterer, B. Faatz, et al., Physical review letters 111,
114801 (2013).

] E. Allaria, C. Callegari, D. Cocco, W. M. Fawley,
M. Kiskinova, C. Masciovecchio, and F. Parmigiani,
New Journal of Physics 12, 075002 (2010).

] E. Allaria, R. Appio, L. Badano, W. Barletta, S. Bas-
sanese, S. Biedron, A. Borga, E. Busetto, D. Cas-
tronovo, P. Cinquegrana, et al., Nature Photonics 6,
699 (2012).

] E. Allaria, R. Appio, L. Badano, W. Barletta,
S. Bassanese, S. Biedron, A. Borga, E. Busetto,

D. Castronovo, P. Cinquegrana, S. Cleva, D. Co
M. Cornacchia, P. Craievich, I. Cudin, G. D’A
M. Dal Forno, M. Danailov, R. De Monte, G. De Ni
P. Delgiusto, A. Demidovich, S. Di Mitri, B. Divia
A. Fabris, R. Fabris, W. Fawley, M. Ferianis, E.
rari, S. Ferry, L. Froehlich, P. Furlan, G. Gaio, F.
metti, L. Giannessi, M. Giannini, R. Gobessi, R. Iva
E. Karantzoulis, M. Lonza, A. Lutman, B. Mah
M. Milloch, S. Milton, M. Musardo, I. Nikolov, S.
F. Parmigiani, G. Penco, M. Petronio, L. Piv
M. Predonzani, F. Rossi, L. Rumiz, A. Salom, C.
furi, C. Serpico, P. Sigalotti, S. Spampinati, C. S
zani, M. Svandrlik, C. Svetina, S. Tazzari, M. Tr
R. Umer, A. Vascotto, M. Veronese, R. Visintini, M
ccaria, D. Zangrando, and M. Zangrando, Nature P
tonics 6, 699 (2012).

[288] G. Wang, in 8th Int. Particle Acceler
Conf.(IPAC’17), Copenhagen, Denmark, 14â
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