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Abstract
This paper investigates the rocking behavior of rigid bodies seismically protected
by means of lead rubber bearings and high damping rubber bearings, which are
the most popular kinds of elastomeric isolators in the market. The complex non-
linear force–displacement relationship displayed by such devices is predicted by
a phenomenological model based on a small set of parameters having a clear
mechanical meaning. The algebraic nature of the proposed hysteretic model
makes it suitable for a design procedure, using an energy-based approach, that
allows one to obtain the hystereticmodel parameters on the basis of themass and
the isolation period. Overturning spectra are evaluated and discussed to illustrate
the effect of the isolation devices on the rigid bodies’ rocking behavior. Further-
more, nonlinear time history analyses associated with six real earthquakes are
carried out on six ofMichelangelo’s sculptures, located in theGalleria dei Prigioni
at the Accademia Gallery of Florence, in order to examine their actual behavior
under real strong ground motions.

1 INTRODUCTION

Over the past years, new concepts and techniques have
been developed for protecting structures from earthquakes
and severe winds (Gutierrez Soto & Adeli, 2017; Naeim &
Kelly, 1999) on the basis of approaches exploiting passive
(Andersson et al., 2015; Lin et al., 2010), semi-active, and
active (Aldemir et al., 2012; Bitaraf et al., 2012; El-Khoury
& Adeli, 2013; Gutierrez Soto & Adeli, 2018, 2019) control.
Though conceived mainly for buildings and bridges

(Adeli & Kim, 2009; Ghaedi et al., 2017), such strategies
have been also applied to the protection of the artwork col-
lections against seismic events (Erdik et al., 2010).

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
© 2021 The Authors. Computer-Aided Civil and Infrastructure Engineering published by Wiley Periodicals LLC on behalf of Editor

Probably, the first research on the protection of museum
objects from earthquake damage is that of Agbabian et al.
(1990, 1991). The authors proposed to classify art objects
and their supports, according to their shape and seismic
behavior. Augusti et al. (1992) provided a few rules for
the safeguard of art objects, such as allowing the slid-
ing motion between the object and its support in order
to reduce the inertia forces, lowering the object’s center
of mass to increase its stability, and provide the object
with a base isolation system. From these studies, it appears
that freestanding objects such as statues and amphorae are
the most exposed elements. Indeed, when these objects
are subjected to an earthquake, they can rock and conse-
quently overturn.
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After these preliminary studies, several further analyses
have been conducted in the past decades on the rocking
response of rigid bodies (Aslam et al., 1978; Housner, 1963;
Ishiyama, 1982; Taniguchi, 2002; Yim et al., 1980; Zhang &
Makris, 2001; Zuccaro et al., 2017). Although this is a well-
known topic in the scientific literature, there have been
many recent and significant developments, such as the
derivation of closed-form solutions (Kounadis, 2015), the
investigation on the role of the friction coefficient (Gesu-
aldo et al., 2016; Gesualdo, Iannuzzo,Minutolo, &Monaco,
2018; Gesualdo, Iannuzzo, Monaco, & Penta, 2018), the
influence of heavy masses on the rocking behavior (Gesu-
aldo, Iannuzzo, & Monaco, 2018), the assessment of the
existing protocols for shake table testing of freestanding
objects (D’Angela et al., 2021), and the study of the seis-
mic response of storage racks (Malhotra, 2009). From the
experimental point of view, recent researches aim at deter-
mining the friction coefficients between the rigid body and
the base (Monaco et al., 2014) and the minimum horizon-
tal acceleration required to activate rocking (Berto et al.,
2021).
In the field of vibrations passive control, many papers

focused on the study of the seismic protection of rigid bod-
ies by means of a base isolation system modeled as a lin-
ear viscoelastic element (Caliò &Marletta, 2003; Contento
& Di Egidio, 2009; Di Egidio & Contento, 2009; Roussis
& Odysseos, 2014; Roussis et al., 2008). The use of mass-
damper dynamic absorbers (Di Egidio et al., 2019), as well
as rate-dependent or rate-independent hysteretic energy
dissipation devices (Makris&Aghagholizadeh, 2019), were
also studied. Other studies have been dedicated to active
(Di Egidio, Contento, Olivieri, & de Leo, 2020; Simoneschi
et al., 2018; Venanzi et al., 2018) and semi-active (Ceravolo
et al., 2016, 2017) control systems to prevent the rocking of
rigid bodies.
Contento and Di Egidio (2014) investigated the seismic

protection of freestanding rigid bodies placed on a multi-
floor with the base isolation modeled as a linear viscoelas-
tic element. Kavvadias et al. (2019) focused on the seismic
mitigation of a statue, modeled as a rigid body, placed on
the top floor of a two-story reinforced concrete frame build-
ing. The authors considered two cases of base isolation,
both with the friction pendulum sliding bearings as iso-
lation devices. In the former case, the base isolation was
applied to the building, whereas in the latter, the base iso-
lation was implemented on the base of the statue.
Sorace andTerenzi (2015) and Sorace et al. (2016) focused

on museums with floor isolation systems. The double-
friction pendulum isolators were used for the base-isolated
floor, whereas the museum contents were modeled with
a finite element approach. Siami et al. (2018) investigated
the effect of coupling two inerters to the isolation system
of Michelangelo’s Pietà Rondanini. The base isolation was

made by rubber bearings and friction slides and was real-
ized to protect the famous statue during a relocation in
another museum and to preserve it from earthquakes and
environmental vibrations. The isolation acts in both hori-
zontal and vertical directions. Furthermore, the dynamical
characteristics of typical statue-pedestal systems have been
studied by Wittich and Hutchinson (2016).
In the previous studies, much attention was given to the

friction pendulum sliding bearings, with a single or double
concave surface (Baggio et al., 2015, 2018; Berto et al., 2013;
Kavvadias et al., 2017; Roussis & Odysseos, 2017; Vassil-
iou & Makris, 2012), whereas the elastomeric isolators did
not receive the same attention, although it represents one
of the most popular isolation systems. For example, these
devices are used for the protection of some statues, such
as the Greek bronze statue of the Dancing Satyr, made in
the Hellenistic period and on display at the Dancing Satyr
Museum (Mazara del Vallo, Italy), and the Roman bronze
statue of the Emperor Germanico made in the 1st century
AD and exposed at the archaeological Museum Edilberto
Rosa (Amelia, Italy; Caliò & Marletta, 2004). Vestroni and
Cinto (2000) proposed to endow the statues with lami-
nated rubber bearings. The statue wasmodeled as a single-
degree-of-freedom system although the rocking behavior
was not explored.
Concerning the design of the base isolation systems, a

typical procedure is the selection from the seismic design
spectra of a target period for the isolated structure lead-
ing to an admissible base shear or peak response (Ahmad
et al., 2020; Eltahawy et al., 2018). On the other hand, in the
case of a freestanding statue, the main objective of the iso-
lation system is to prevent overturning and rocking. There-
fore, the performance of an isolation system can be esti-
mated by means of the overturning spectra, which depicts
the amplitude of an impulsive excitation leading to the
body overturning versus its circular frequency. It has been
shown by Ther and Kollár (2018) that overturning induced
by seismic events can be accurately predicted under an
impulsive excitation with proper duration and peak accel-
eration. Notably, the variation of the maximum rocking
angle with respect to a geometrical property of the block
under seismic excitation can be displayed by the rocking
maps (Di Egidio, Contento, de Leo, & Gardoni, 2020). The
seismic risk assessment of a rigid body endowed with an
isolation system can be also estimated by computing the
fragility functions for a given engineering demand param-
eter (Jaimes & Candia, 2020; Thiers-Moggia & Málaga-
Chuquitaype, 2019).
This paper focuses on the rocking behavior of rigid bod-

ies and seismic protection of statues standing on an iso-
lation base made by: (a) lead rubber bearings (LRBs) and
(b) high damping rubber bearings (HDRBs), which are
themain categories of elastomeric isolators. The hysteretic
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response of the isolation system is modeled by means of
an accurate uniaxial phenomenological model belonging
to a class formulated by Vaiana et al. (2018), thus greatly
improving the accuracy of the dynamic response of this
highly nonlinear coupled system. The parameters of the
proposed hysteretic model have a mechanical meaning
clearer than those characterizing the differential model
used in some of the above-mentioned works (Makris &
Aghagholizadeh, 2019; Roussis & Odysseos, 2017; Vassil-
iou & Makris, 2012; Vestroni & Cinto, 2000). In addi-
tion, we propose a new design process using an energy-
based approach regarding the above-mentioned hysteretic
model. Especially, we exploit the hysteretic model’s alge-
braic nature to derive a formula that computes the energy
dissipated per cycle by a closed-form expression. This can
be particularly useful from a technical point of view. The
design procedure consists of evaluating the small number
of models parameters by a constrained optimization prob-
lem, equating the energies dissipated by a linear viscous
system and an elastomeric isolator. In this way, the model
parameters have been established on the basis of specific
and clear criteria, in contrast to themajority of further hys-
teretic models, mostly the Bouc–Wen one, in which they
are directly provided without justifying their values and
the procedure used to obtain them.
In the analyses, we consider two collapse conditions

that could occur, namely, overturning of the rigid body
and the failure of isolation devices when the horizontal
displacement reaches the admissible displacement of the
elastomeric isolator. The last condition sheds light on an
important issue: If we decide to isolate a rocking object, it
could collapse from the failure of the isolation device if the
value of the impulse-to-rigid body angular frequency ratio
is conveniently high.
The paper is organized as follows. The system under

investigation, namely, the base-isolated rigid body is pre-
sented in Section 2, outlining its geometrical properties,
its kinematics, the equations of motion, and the formu-
lation of the collisions. The main characteristics of two
kinds of elastomeric isolators, namely, the LRBs and the
HDRBs, are briefly presented in Section 3 with particular
emphasis on the description of their hysteretic behavior.
In Section 4, the general class of hysteretic models formu-
lated by Vaiana et al. (2018) and the uniaxial phenomeno-
logical model able to reproduce the behavior of the elas-
tomeric bearings (Vaiana et al., 2019a) is summarized. In
Section 5, we present the design procedure able to pre-
dict themechanical characteristics of the isolators using an
energy-based approach. In Section 6, the performances of
the elastomeric bearings-based isolation under impulsive
excitation are assessed with the aid of overturning spectra.
Finally, the results obtained from the analyses applied to
the six of Michelangelo’s sculptures located in the Galleria

dei Prigioni at theAccademiaGallery of Florence subjected
to six different earthquakes are shown and discussed. The
conclusions of the research are drawn in Section 7.

2 MODEL SETTING

The systemhere studied is composed of a rigid body simply
supported on an isolation base. The following assumptions
have been made: The rigid body is symmetric with respect
to the vertical axis and has uniform density; accordingly,
the center of mass is on the vertical axis of symmetry. Fur-
thermore, as usual in the specialized literature, a 2Dmodel
has been assumed. The sliding motion is prevented (Dim-
itrakopoulos & Paraskeva, 2015; Linde et al., 2020; Petrone
et al., 2017) either by assuming that the kinetic friction
between the rigid body and the isolation base is sufficiently
high or supposing that there are some constraints able to
prevent the relative horizontal displacement between the
rigid body and the isolation base. This model has already
been explored in the scientific literature (e.g., see Vassiliou
& Makris, 2012).
The rigid body has mass𝑚 and polar inertia about rota-

tion axis through its center of mass 𝐼cm. Denoting as O
and O′, the centers of rotation, that is, the two bottom
corners of the rigid body, the horizontal and vertical dis-
tances between O [O′] and the center of mass are 𝑏 and
ℎ, respectively (see Figure 1). Consequently, the radial dis-
tance between the center of rotation and the center ofmass
is equal to 𝑅 =

√
𝑏2 + ℎ2, and the polar inertia about the

rotation axis through one of the two centers of rotation is
𝐼𝑂 = 𝐼cm + 𝑚 𝑅2.When the rigid body is at rest, the radial
distance 𝑅 forms an angle 𝛼 = tan−1(𝑏∕ℎ) with the verti-
cal axis, this is a measure of the body slenderness.
The isolation base hasmass𝑚𝑏 and it is connected to the

support through elastomeric isolators. The isolators’ verti-
cal stiffness was considered far greater than the horizontal
one. Consequently, rotation and curvilinear translation of
the base are neglected.

2.1 Kinematics and equations of motion

Based on the previous assumptions, the system has two
degrees of freedom: one relative to the rocking motion
of the rigid body, and the other corresponds to the rela-
tive translation motion of the isolation base. Nevertheless,
depending on the behavior of the system, the two degrees
of freedom are not both activated. Notably, there are two
phases of motion: (a) full-contact motion in which the
rigid body is in contact with the isolation base; (b) rock-
ing motion in which the rigid body rocks around one of
the two centers of rotation while the isolation base moves
horizontally.
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F IGURE 1 Geometrical properties of the seismically
base-isolated rigid body

The Lagrangian parameters that describe the two above-
mentioned kinds of motions are the relative displacement
between the isolation base and the ground 𝑢(𝑡) and tilt-
ing of the rigid body 𝜃(𝑡). According to Newton’s notation,
their first and second derivatives with respect to the time
are denoted as �̇�(𝑡), �̇�(𝑡) and �̈�(𝑡), �̈�(𝑡), respectively.
The horizontal component of the base acceleration act-

ing on the fixed support is denoted as �̈�𝑔(𝑡). Unless oth-
erwise specified, the dependence on time will be omitted
hereafter.
An 𝑥𝑦 coordinate system has been defined to estab-

lish the positive directions of displacements, velocities, and
accelerations (see Figure 1). The positive direction of 𝑥 due
right and that of 𝑦 is upward; finally, we assume that clock-
wise rotations around the reference frame’s origin turn
have a positive magnitude.
The equations of motion change according to the kind

of motion that the rigid body undergoes. Consequently, in
the next subsections, we outline the starting condition as
well as the equations of motion for each phase.

2.2 Full-contact

In the full-contact phase, the rigid body has one degree
of freedom described by the Lagrangian parameter u.
This phase occurs when both initial conditions in

terms of angular displacement and velocity are null
(𝜃0 = 0 and �̇�0 = 0) and when the starting condition of the
rocking phase is unsatisfied. The latter will be detailed in
the next section.
The equation of motion that describes the full-contact

phase can be obtained by applying Newton’s second law of
linear motion and balancing all forces acting on the body
in the horizontal direction (see Figure 2a)

(𝑚 + 𝑚𝑏)
(
�̈�𝑔 + �̈�

)
+ 𝑛𝑑𝑓 = 0 (1)

where 𝑛𝑑 denotes the number of elastomeric isolators, and
𝑓 represents the elastomeric device restoring force.
The full-contact phase stops when the rocking phase

starts.

2.3 Rocking

Both Lagrangian parameters, namely, 𝑢 and 𝜃, are acti-
vated in the rocking phase. Since the rigid body is sym-
metric, it is possible to take into account the change of the
sign in 𝜃, that is, when the body changes the center of rota-
tion, by means of the signum function sgn(⋅). Accordingly,
the starting condition, as well as the equations of motion,
are valid when rigid body rocks either around the left or
around the right corner.
The rocking phase can start when the overturning

moment due to the inertial forces is greater than the resist-
ing moment due to the gravity acceleration g, namely,|�̈�𝑔 + �̈�| > 𝑔 𝑏∕ℎ, or for 𝜃0 ≠ 0, and/or �̇�0 ≠ 0.
The equations of motion can be obtained by applying

Newton’s second law of both linear and angular motion
and balancing all horizontal forces andmoments acting on
the body (see Figure 2b):

𝑚
(
�̈�𝑔 + �̈� + �̈�𝜃

)
+ 𝑚𝑏

(
�̈�𝑔 + �̈�

)
+ 𝑛𝑑𝑓 = 0 (2a)

𝐼𝑂�̈� + 𝑚
(
�̈�𝑔 + �̈�

)
𝑅 cos (sgn (𝜃) 𝛼 − 𝜃)

= −𝑚 𝑔 𝑅 sin (sgn (𝜃) 𝛼 − 𝜃) (2b)

where �̈�𝜃 is the second derivative with respect to the time
of the horizontal displacement 𝑢𝜃 of the center of mass of
the rigid body with respect to the isolation base.
The rocking phase ends when the angular velocity van-

ishes after a collision, that is, |�̇�| = 0.

2.4 Collisions

When the angular displacement 𝜃 approaches zero, the
rigid body collides with the isolation base, with a sudden
change in its motion. For inelastic collisions, the kinetic
energy of the system and the body velocity decrease.
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F IGURE 2 Instances of the motion that can occur: (a) full-contact, (b) rocking

Being the statue a slender body, we assume that after the
collision, the body can only re-uplift by changing the center
of rotation, that is, there is no bouncing of the body on the
corner in contact (Caliò & Marletta, 2003).
To obtain the initial condition immediately after the col-

lision, the law of conservation of linear [angular] momen-
tum is used. In fact, although the kinetic energy decreases,
the linear [angular] momentum remains unchanged. The
subscript (⋅)𝑖 will denote the pre-collision quantities,
whereas the subscript (⋅)𝑓 will identify the post-collision
quantities.
Conservation of angular momentum on bottom corner

𝑂 gives

𝐼𝑂 �̇�𝑖 − 2𝑚𝑏𝑅 sin (𝛼) �̇�𝑖 + 𝑚𝑅 cos (𝛼) �̇�𝑖 = 𝐼𝑂�̇�𝑓 + 𝑚𝑅 cos (𝛼) �̇�𝑓

(3)
and the conservation of linearmomentumof the entire sys-
tem along the horizontal direction gives:

(𝑚 + 𝑚𝑏) �̇�𝑖 + 𝑚 �̇�𝜃𝑖 = (𝑚 + 𝑚𝑏) �̇�𝑓 + 𝑚 �̇�𝜃𝑓 (4)

Taking the derivative of 𝑢𝜃 with respect to the time and
replacing it in Equation (4), we obtain

(𝑚 + 𝑚𝑏) �̇�𝑖 + 𝑚𝑅 cos (𝛼) �̇�𝑖 = (𝑚 + 𝑚𝑏) �̇�𝑓 + 𝑚𝑅 cos (𝛼) �̇�𝑓

(5)

In conclusion, the angular and linear velocities after the
collision can be obtained by solving Equations (3) and (5)

for the variables �̇�𝑓 and �̇�𝑓 . Accordingly

�̇�𝑓 =

(
1 +

2𝑏2𝑚

ℎ2𝑚�̃� − 𝐼𝑂

)
�̇�𝑖 (6)

and

�̇�𝑓 = �̇�𝑖 −
2 𝑏2 ℎ𝑚 �̃�

ℎ2 𝑚 �̃� − 𝐼𝑂
�̇�𝑖 (7)

where �̃� = 𝑚∕(𝑚 + 𝑚𝑏).
Provided that the rocking phase ceases after a collision,

Equations (6) and (7) are written as follows:

�̇�𝑓 = 0 (8a)

�̇�𝑓 = �̇�𝑖 + �̃� 𝑅 cos (𝛼) �̇�𝑖 (8b)

in which the Equation (8b) trivially follows from Equa-
tion (5) with �̇�𝑓 = 0.

3 ELASTOMERIC ISOLATORS

Elastomeric isolators are one of the most popular types of
isolation devices used for seismic protection. They have a
circular or square cross-section and are made of alternat-
ing layers of rubber and thin steel plates that are bonded
together by a specificmanufacturing process. The reinforc-
ing elements prevent the lateral expansion of the elastomer
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due to the axial compressive load, whereas the elastomer
material provides energy dissipation and flexibility.
The main categories of elastomeric bearings for seismic

isolation applications are the low damping rubber bear-
ings, HDRBs, and LRBs (Losanno, Hadad, & Serino, 2019;
Losanno, Spizzuoco, & Calabrese, 2019; Losanno et al.,
2020; Naeim & Kelly, 1999). The formers are typically used
in coupling with other kinds of isolators (e.g., flat slid-
ers, steel yielding devices, and viscous dampers) due to
their limited damping capacity. Consequently, in this sec-
tion, we analyze the differences only between HDRBs and
LRBs, with a particular emphasis on the force-transverse
displacement (𝑓 − 𝑢) relationship.

3.1 LRBs

The LRBs are generally characterized by one lead cylin-
der inserted in a vertical hole into the rubber bearings. The
lead cylinder increases the horizontal stiffness in order to
limit the horizontal displacements produced by the non-
seismic horizontal loads, as well as the energy dissipation
capacity. Therefore, the initial tangent stiffness of these
devices is approximately 10 times the post-elastic tangent
stiffness, and the equivalent viscous damping factor can
reach a value up to 𝜉 = 15 − 35% (Naeim & Kelly, 1999).
Several dynamic tests conducted on these kinds of devices
show that at strains approaching 200%, there is no stiff-
ening behavior so that the force–displacement hysteretic
loop is bounded between two parallel straight lines (Tyler
& Robinson, 1984; see Figure 3a).

3.2 HDRBs

The HDRBs allow one to reach an equivalent viscous
damping factor of 𝜉 = 10 − 20% at a shear strain of
𝛾 = 100%. The shape of the HDRB’s force–displacement
relationship depends on the value of the applied shear
strain. Notably, the shear modulus at low levels of shear
strain (𝛾 < 100%) can be five times greater than the one at
shear strain levels of 𝛾 ≈ 100 − 150% (Constantinou et al.,
2007). For relatively small values of shear strain, namely,
𝛾 ≤ 100 − 150%, the hysteretic loop is bounded between
two parallel straight lines. As the shear strain increases
(𝛾 > 100 − 150%), a stiffening behavior is shown (Fujita
et al., 1990), and consequently the HDBR’s hysteretic loop
is bounded between two parallel curves (see Figure 3b).

4 HYSTERETICMODEL

To reproduce the complex nonlinear behavior typical of
most seismic isolators, it is important to use an accurate

F IGURE 3 Typical hysteretic loops displayed by the main
categories of elastomeric bearings for seismic isolation applications:
(a) lead rubber bearings (LRBs); (b) high damping rubber bearings
(HDRBs)

model. To this end, the Bouc–Wenmodel (Bouc, 1971;Wen,
1976) is the most popular hysteretic model and is used to
simulate several types of hysteretic phenomena (Ikhouane
et al., 2007; Ismail et al., 2009). This model is of differen-
tial nature, that is, the equation that allows one to evalu-
ate the output state variable is a nonlinear ordinary differ-
ential equation. Unfortunately, this differential equation
could need some iterative techniques for each time step of
the nonlinear time history analysis by increasing the com-
putational costs. To overcome the limits of the differential
models, we use a computationally efficient model belong-
ing to a class developed by Vaiana et al. (2018). This model
is of algebraic nature so that it is possible to evaluate the
output variable in closed form. Consequently, the compu-
tation time for geometrically and mechanically nonlinear
dynamics analyses can be reduced. Moreover, this model
can be used in a design procedure using an energy-based
approach (described in Section 5) since it is possible to eval-
uate the dissipated energy analytically.
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F IGURE 4 Hysteresis loop bounded by two straight parallel
lines (a) or curves (b)

4.1 Assumptions of the class of
hysteretic models

First of all, the class of hysteretic models is able to repro-
duce a symmetric loop bounded between two parallel
straight lines (Figure 4a) or curves (Figure 4b). Addition-
ally, it assumes that the general loop is defined by four sep-
arate curves:

∙ the upper and the lower limiting curves, denoted as 𝑐𝑢
and 𝑐𝑙, respectively, and represented by the blue color in
Figure 4;

∙ the loading and unloading limiting curves, denoted
as 𝑐+ and 𝑐−, respectively, and represented in red in
Figure 4.

As shown in Figure 4, the model assumes that the dis-
tance between the upper and the lower limiting curves is
constant and equal to 2 𝑓, in which 𝑓 [−𝑓] represents the
point of intersection between the upper [lower] limiting
curve with the axis of ordinate. This assumption implies
that the distance between the starting and the ending point
on the upper [lower] limiting curves 𝑐𝑢 [𝑐𝑙], denoted as 𝑢𝑖

and 𝑢𝑗 , respectively, is assumed to be constant and equal to
2 𝑢0 (see Figure 4). Accordingly, utilizing the superscript
+ [−] to denote the generic loading [unloading] curve, one
obtains 𝑢+

𝑖
= 𝑢+

𝑗
− 2 𝑢0 [𝑢−

𝑖
= 𝑢−

𝑗
+ 2 𝑢0]. Note that if the

restoring force is equal for positive and negative excita-
tions, the displacements 𝑢+

𝑗
[𝑢+

𝑖
] and 𝑢−

𝑗
[𝑢−

𝑖
] can be the

same in absolute value.
Consequently, in the generic loading case, that is to say,

when the horizontal velocity is positive (�̇� > 0), the gener-
alized force 𝑓 is computed as

𝑓
(
𝑢, 𝑢+

𝑗

)
=

⎧⎪⎨⎪⎩
𝑐+
(
𝑢, 𝑢+

𝑗

)
if 𝑢 ∈

[
𝑢+
𝑗
− 2𝑢0, 𝑢

+
𝑗

]
𝑐𝑢 (𝑢) if 𝑢 ∈

[
𝑢+
𝑗
,∞

) (9)

Conversely, for a generic unloading case (�̇� < 0), the
generalized force 𝑓 can be computed in the following way

𝑓
(
𝑢, 𝑢−

𝑗

)
=

⎧⎪⎨⎪⎩
𝑐−
(
𝑢, 𝑢−

𝑗

)
if 𝑢 ∈

[
𝑢−
𝑗
, 𝑢−

𝑗
+ 2𝑢0

]
𝑐𝑙 (𝑢) if 𝑢 ∈

(
−∞, 𝑢−

𝑗

] (10)

4.2 Elastomeric bearings formulation

The model described in Vaiana et al. (2019a) to simulate
the behavior of the LRBs and HDRBs has been adopted
in this paper. Consequently, the reader is asked to refer
to the above-mentioned reference for a more comprehen-
sive description and further details. The expressions of the
upper (lower) and the loading (unloading) limiting curves
for elastomeric isolators are

𝑐𝑢 = 𝛽1𝑢
3 + 𝛽2 𝑢5 + 𝑘𝑏 𝑢 + 𝑓 (11a)

𝑐𝑙 = 𝛽1𝑢
3 + 𝛽2 𝑢5 + 𝑘𝑏 𝑢 − 𝑓 (11b)

and

𝑐+ = 𝛽1 𝑢3 + 𝛽2 𝑢
5 + 𝑘𝑏 𝑢 + 𝑓

+ (𝑘𝑎 − 𝑘𝑏)
⎛⎜⎜⎝
(
1+𝑢−𝑢+

𝑗
+2𝑢0

)(1−𝜆)

1−𝜆
−

(1+2𝑢0)
(1−𝜆)

1−𝜆

⎞⎟⎟⎠
(12a)

𝑐− = 𝛽1 𝑢3 + 𝛽2 𝑢
5 + 𝑘𝑏 𝑢 − 𝑓

+ (𝑘𝑎 − 𝑘𝑏)
⎛⎜⎜⎝
(
1−𝑢+𝑢−

𝑗
+2𝑢0

)(1−𝜆)

𝜆−1
−

(1+2𝑢0)
(1−𝜆)

𝜆−1

⎞⎟⎟⎠
(12b)

where 𝑢 represents the longitudinal displacement and 𝑘𝑎,
𝑘𝑏, 𝜆, 𝛽1, and 𝛽2 are the model parameters. In particular,
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𝑘𝑎 is the tangent stiffness of curve 𝑐+ [𝑐−], at 𝑢 = 𝑢+
𝑖

[𝑢 = 𝑢−
𝑖
], 𝑘𝑏 is the tangent stiffness of curve 𝑐+ [𝑐−] at

𝑢 = 𝑢+
𝑗

[𝑢 = 𝑢−
𝑗
], and the dimensionless parameter 𝜆

defines the rate of change of the tangent stiffness from 𝑘𝑎

to 𝑘𝑏 for both curves 𝑐+ and 𝑐−. Finally, the parameters 𝛽1,
and 𝛽2 define the curvatures of the upper and lower lim-
iting curves. From a mathematical point of view, 𝑘𝑎 > 𝑘𝑏,
𝑘𝑎 > 0, 𝜆 > 0, 𝜆 ≠ 1 >, 𝑢0 > 0, and 𝛽1, 𝛽2 ∈ ℝ.
The internal model parameters 𝑢0 and 𝑓 can be evalu-

ated as follows:

𝑢0 =
1

2

⎡⎢⎢⎣
(

𝑘𝑎 − 𝑘𝑏

𝛿𝑘

) 1

𝜆

− 1
⎤⎥⎥⎦ (13)

𝑓 =
𝑘𝑎 − 𝑘𝑏

2

(
(1 + 2𝑢0)

(1−𝜆)
− 1

1 − 𝜆

)
(14)

in which 𝛿𝑘 is the difference between the two values
assumed by the tangent stiffness at 𝑢+

𝑗
[𝑢−

𝑗
] and it may be

set equal to 10−20 as explained in Vaiana et al. (2019a).

5 THE ENERGY-BASED DESIGN
PROCESS FOR THE DEFINITION OF THE
HYSTERETICMODEL PARAMETERS

The above-mentioned model parameters (𝑘𝑎, 𝑘𝑏, 𝜆, 𝛽1,
𝛽2) can be calibrated from experimental testing by an
inverse identification strategy as shown in Sessa et al.
(2020). However, this approach could be a hard task for
the designer since the experimental data of elastomeric
isolators are not available on the manufacturers’ catalogs.
Hence, the choice of the mechanical characteristics of
the elastomeric isolators, and consequently the isolator’s
type and size, could require some iterations in the design
process.
This section provides a design procedure able to pre-

dict the parameters of the algebraic hysteretic model
described in Section 4 that is strictly related to themechan-
ical characteristics of the elastomeric isolators. This pro-
cedure is based on equating the area of the hystere-
sis loop with the shape of an ellipse, which represents
the energy dissipated through the equivalent linear rate-
dependent hysteretic model and the area of the hystere-
sis loop displayed by an elastomeric isolator. In this way,
the hysteretic model parameters can be evaluated from
data easily available to the designer, namely, the iso-
lated system’s mass and period, the admissible displace-
ment of the elastomeric device, and the viscous damping
factor.

5.1 Evaluation of the energy dissipated
per cycle

The force–displacement relationship is an ellipsewhen the
damping is strictly viscous. The area of the ellipse repre-
sents the energy dissipated and it is computed as follows:

𝐸𝑣 = 2𝜋 𝑘ef f 𝑢
2
max 𝜉 (15)

where 𝑘ef f is the effective secant stiffness of the peak-to-
peak values in the hysteresis loop, 𝑢max is the maximum
displacement, and 𝜉 is the viscous damping factor.
The energy dissipated by the hysteresis loop in one cycle,

simulated through the algebraic hysteretic model, can be
evaluated in closed form, owing to the fact that each curve
of the hysteresis loop is defined by analytical expressions.
Indeed, the energy dissipated on the interval [−𝑢max , 𝑢max]
is the difference between the area below the top and the
bottom curve of the loop, that is:

𝐸ℎ = 𝐸𝑡
ℎ

− 𝐸𝑏
ℎ
=
⎛⎜⎜⎝

−𝑢max+2𝑢0

∫
−𝑢max

𝑐+ d𝑢 +

𝑢max

∫
−𝑢max+2𝑢0

𝑐𝑢 d𝑢
⎞⎟⎟⎠

−
⎛⎜⎜⎝

𝑢max−2𝑢0

∫
−𝑢max

𝑐𝑙 d𝑢 +

𝑢max

∫
𝑢max−2𝑢0

𝑐− d𝑢
⎞⎟⎟⎠ (16)

so that replacing Equations (11a,11b) and (12a,12b) in the
previous equation, one obtains

𝐸ℎ =
(1 + 2 𝑢0)

−𝜆

(𝜆 − 2) (𝜆 − 1)

[
2 (𝑘𝑎 − 𝑘𝑏) (1 + 2 𝑢0) (1 + 2 𝑢0 (𝜆 − 1))

− 2 (1 + 2 𝑢0)
𝜆 (

𝑘𝑎 − 𝑘𝑏 − 2𝑓 𝑢max (𝜆 − 2) (𝜆 − 1)
)]

(17)

We infer from Equation (17), that the dissipated energy
𝐸ℎ does not depend on the model parameters 𝛽1 and 𝛽2. In
fact, the hysteresis loop is symmetric, that is, it is charac-
terized by an odd function with respect to the origin of the
reference frame; consequently, the variation of curvature
of the limiting curves 𝑐𝑢 and 𝑐𝑙 does not affect the area of
the hysteresis loop.
The initial tangent stiffness𝑘𝑎 can be expressed as amul-

tiple of the post yield tangent stiffness 𝑘𝑏

𝑘𝑎 = 𝜂 𝑘𝑏 (18)

where 𝜂 is the initial-to-post yield tangent stiffness ratio
(Naeim & Kelly, 1999; Skinner et al., 1993). Naeim and
Kelly (1999) recommended 𝜂 ≈ 3 − 6 for the HDBRs and
𝜂 ≈ 10 − 21 for the LRBs.
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Replacing Equations (13), (14), and (18) in Equation (17),
we get

𝐸ℎ =
2

(𝜆 − 2) (𝜆 − 1)

⎧⎪⎨⎪⎩𝑘𝑏 (𝜂 − 1) (𝑢max (𝜆 − 2) − 1)

+𝜆

(
𝑘𝑏 (𝜂 − 1)

𝜆

) 1

𝜆
⎡⎢⎢⎣(𝜆 − 1)

(
𝑘𝑏 (𝜂 − 1)

𝜆

) 1

𝜆

− (𝜆 − 2) (𝑢max + 1)
⎤⎥⎥⎦
⎫⎪⎬⎪⎭ (19)

5.2 Evaluation of the hysteretic model
parameters

The algebraic hysteretic model’s area depends on just two
parameters, namely, 𝑘𝑏 and 𝜆, once the initial-to-post yield
tangent stiffness ratio 𝜂 and the admissible displacement of
the elastomeric isolator 𝑢max have been established. These
mechanical characteristics can be estimated by means of
a constrained optimization problem obtained by equat-
ing the energy dissipated by the hysteresis loop simulated
through the algebraic hysteretic model 𝐸ℎ and the equiva-
lent viscous one 𝐸𝑣.
In this way, the effective secant stiffness 𝑘ef f in Equa-

tion (15) can be evaluated from the properties of the seis-
mically base-isolated rigid body, that is,

𝑘ef f =

(
2𝜋

𝑇𝑏𝑖

)2

(𝑚 + 𝑚𝑏) (20)

in which 𝑇𝑏𝑖 and 𝑚 + 𝑚𝑏 are the isolation period and the
total mass, respectively.
Let us define the objective function to be optimized

𝜖 as the relative error between the energy dissipated by
the equivalent viscous model and the algebraic hysteretic
model,

𝜖 =
|𝐸𝑣 − 𝐸ℎ||𝐸𝑣| (21)

The constrained optimization problem consists of mini-
mizing the function 𝜖 with respect to the variables 𝑘𝑏 and
𝜆 and in the presence of constraints on those variables.
Accordingly, the problem can be expressed in the follow-
ing form

min
𝑘𝑏∈ ℝ+∖{0}
𝜆∈ ℝ+∖{0,1}

𝜖(𝑘𝑏, 𝜆) subject to 𝑘𝑏 = 𝑘ef f −
𝑓

𝑢max
(22)

wherein the constraint 𝑘𝑏 = 𝑘ef f − 𝑓∕𝑢max is nonlinear
given the dependence of 𝑓 on the unknowns 𝑘𝑏 and 𝜆 (see
Equation 14).
The problem (22) has to be solved numerically. In this

study, we used the interior point technique (for a more
extensive description, see Waltz et al., 2006).
In order to provide the best estimate of the optimal solu-

tion, it is necessary to define the initial points 𝑘0
𝑏
and 𝜆0.

A general criterion for a correct choice of 𝑘0
𝑏
and 𝜆0 does

not exist. However, the extensive numerical tests that have
been carried out by the authors, starting with randomly
generated initial points, have proved that the values

𝑘0
𝑏
= 𝑘ef f and 𝜆0 =

log

(
𝑘ef f (𝜂−1)

𝛿𝑘

)
log(1+2 𝑢max)

(23)

provide a good lower local minimum objective function
value. The order ofmagnitude of the relevant value at solu-
tion is equal to 10−10.
The expression of 𝜆0 has been obtained by inverting

Equation (13) and setting 𝑘0
𝑏
= 𝑘ef f and 𝑢0 = 𝑢max .

6 NUMERICAL EXPERIMENTS

In this section, we show the results of some numerical
analyses performed on rigid bodies seismically isolated by
means of the two kinds of elastomeric isolators described
in Section 3. The strongly nonlinear force–displacement
relationship displayed by the elastomeric isolators has
been simulated through the algebraic hysteretic model
described in Section 4. The parameters of the hysteretic
model have been computed by the energy-based design
procedure described in Section 5. The analyses consider
two collapse conditions that could occur, namely, over-
turning of the rigid bodywhen tilt angle reaches 90 degrees|𝜃| = 𝜋∕2 (Di Egidio & Contento, 2009; Ishiyama, 1982),
and the failure of isolation devices when the horizontal
displacement reaches the admissible displacement of the
elastomeric isolator |𝑢| = 𝑢max .

6.1 Overturning spectra generated by
impulsive excitation

First of all, the overturning spectra (Di Egidio et al., 2019;
Vassiliou&Makris, 2012; Zhang&Makris, 2001) have been
evaluated in order to establish the performance of the two
kinds of elastomeric isolators in the protection of a rigid
body subjected to an impulsive excitation. These spectra
are obtained for rigid bodies having the geometrical and
dynamical properties presented in Table 1, where 𝛼,𝑚, and
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TABLE 1 Properties of the rigid body used for generating the
overturning spectra

𝜶 (deg) 𝒎 (kg) 𝒎𝒃 (kg) 𝝎𝒓 (rad s−1)
15 5 000 286.20 Var.

TABLE 2 Properties of the elastomeric isolators

𝝃 (%) 𝜼 (–)
𝒏𝒅 𝑻𝒃𝒊 (s) 𝒖𝐦𝐚𝐱 (m) LRB HDRB LRB HDRB
4 2 0.30 15 15 10 5

𝑚𝑏 are detailed in Section 2, whereas 𝜔𝑟 =
√

𝑚 𝑔 𝑅∕𝐼𝑂
is the fundamental angular rocking frequency of the rigid
body.
The system is subjected to an impulsive signal with a

shape of a full sine cycle �̈�𝑔 = 𝐴�̈�𝑔
sin(𝜔�̈�𝑔

𝑡) where 𝐴�̈�𝑔
is

the magnitude, supposed to be a variable, and 𝜔�̈�𝑔
is the

angular frequency, supposed to be equal to 2 𝜋∕0.5 rad s−1.
The evaluation of the algebraic model parameters for

simulating the elastomeric isolators’ hysteresis loops by
means of the design procedure defined in Section 5
requires the definition of the following properties: the
number of the elastomeric isolators, the isolation period,
the elastomeric device’s admissible displacement, the
equivalent viscous damping factor, and the initial-to-post
yield stiffness ratio. The selected values of properties for
generating the overturning spectra are given in Table 2.
The algebraic model parameters for three types of elas-

tomeric isolators, one LRB and two HDRBs, have been
obtained by the design procedure and are reported in
Table 3. Since the parameters 𝛽1 and 𝛽2 cannot be obtained
from the design process, we assigned a value that pro-
vides stiffening behavior at a relatively large value of shear
strain.
The overturning spectra in Figure 5 are shown by report-

ing on the abscissa the impulse-to-rigid body angular fre-
quency ratio 𝜔�̈�𝑔

∕𝜔𝑟, whereas there is the impulse mag-
nitude normalized with the static value of the minimum
overturning acceleration 𝐴�̈�𝑔

∕(𝑔 tan(𝛼)) on the ordinate
axis. Consequently, the filled contourmaps are obtained by
varying the impulse magnitude 𝐴�̈�𝑔

and the fundamental
angular rocking frequency 𝜔𝑟 of the rigid body supported
on: (a) no isolation system, (b) LRB, (c) HDRB1, and (d)
HDRB2 isolation systems.
Color maps depict the maximum absolute value of the

tilt angle |𝜃max| showing:
∙ the safe area—represented by the dark blue color—that
is, the area in which the rigid body does not rock;

∙ the overturning area—represented by the red color—
namely, the area where the rigid body overturns;

∙ the rocking area—represented by the colors between the
dark blue and red color—that is, the area in which the
rigid body rocks without overturning.

In addition, the spectra also consider the failure con-
dition of the elastomeric isolators, represented by the 45
degrees parallel lines hatch pattern, that is, the area in
which the elastomeric isolators fail due to the fact that the
maximum horizontal displacement of the system exceeds
the device’s admissible displacement.
The comparison of the above-mentioned spectra high-

lights the performance of the elastomeric isolators. In fact,
we can see that both kinds of base isolation increase the
safe area, increasing as well the static value of the mini-
mum overturning acceleration, in comparison to the spec-
trumof the non-isolated rigid bodies. However, we can also
see that if the value of the impulse-to-rigid body angular
frequency ratio𝜔�̈�𝑔

∕𝜔𝑟 is conveniently high,what typically
happens for big-size bodies or high frequencies pulses,
the collapse condition of the device will reduce the base-
isolated rigid body’s safe area in comparison to the non-
isolated rigid body one.
The comparison between the spectra of the LRB and

theHDRBs isolation systems shows significant differences.
The safe area of the LRB isolation system’s spectrum is
wider than the ones related to the twoHDRBs isolation sys-
tems. The increases of the minimum overturning acceler-
ation of the two HDRBs isolation systems’ spectra are less
than those characterizing the LRB isolation system. Fur-
thermore, the rocking area is prone to increase as the ratio
𝜔�̈�𝑔

∕𝜔𝑟 increases when the rigid body is isolated by the
HDRB1 as well as HDRB2 isolation systems.
From Figure 5c,d, we can compare the two HDRBs

isolation systems. Figure 5c refers to an algebraic model in
which the parameters 𝛽1 and 𝛽2 are equal to 𝛽1 = 50 × 103

N m−3 and 𝛽1 = 50 × 103 N m−5, whereas in Figure 5d,
the parameters 𝛽1 and 𝛽2 have been doubled, that is, 𝛽1 =

100 × 103 N m−3 and 𝛽1 = 100 × 103 N m−5. This means
that in the latter case, the stiffening behavior provides a
restoring force of the device greater (in absolute value)
than the former case, under the same displacement. Fig-
ure 5d shows that raising of the parameters 𝛽1 and 𝛽2 has
the effect to reduce the safe area, given that the minimum
overturning acceleration decreases, and in addition, the
rocking area for high values of the ratio 𝜔�̈�𝑔

∕𝜔𝑟 increases.
As regards the failure of the devices, it can be seen

that for small values of the ratio 𝜔�̈�𝑔
∕𝜔𝑟, the HDRBs

devices reach displacements smaller than the LRB one.
In addition, such displacements are prone to decrease
with increasing values of 𝛽1 and 𝛽2. In order to estab-
lish a numerical quantification of the device failure
condition, we denote with 𝐴𝐿𝑅𝐵, 𝐴𝐻𝐷𝑅𝐵1

, and 𝐴𝐻𝐷𝑅𝐵2
,

the areas in which the LRB, HDRB1, and HDRB2
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TABLE 3 The algebraic model parameters obtained by the energy-based design procedure

𝒌𝒃 (N m−1) 𝝀 (–) 𝜷𝟏 (N m−3) 𝜷𝟐 (N m−5)
Lead rubber bearing (LRB) 1.15 × 104 109.37 0 0
High damping rubber bearing 1 (HDRB1) 1.14 × 104 46.70 50 × 103 50 × 103

High damping rubber bearing 2 (HDRB2) 1.14 × 104 46.70 100 × 103 100 × 103

F IGURE 5 The overturning spectra for rigid bodies: without base isolation (a), isolated by the LRB (b), HDRB1 (c), HDRB2 (d) isolation
systems defined in Table 3 and subjected to the full sine cycle. Dark blue color = safe area; red color = overturning area; further colors
indicate rocking area; 45 degrees parallel lines hatch pattern indicates collapse area for elastomeric bearing

devices fail, respectively. Therefore, the ratios between
the above-mentioned quantities are:𝐴𝐿𝑅𝐵∕𝐴𝐻𝐷𝑅𝐵1

≈ 1.05,
𝐴𝐿𝑅𝐵∕𝐴𝐻𝐷𝑅𝐵2

≈ 1.12, and 𝐴𝐻𝐷𝑅𝐵1
∕𝐴𝐻𝐷𝑅𝐵2

≈ 1.06. Con-
sequently, the HDRB’s collapse area tends to decrease as
the stiffening behavior increases, which happens if the 𝛽

parameters are increased. Notably, the HDRB1’s collapse
area decreases by approximately 6% when doubling the 𝛽

parameters.

6.2 Application to sculptures subjected
to seismic excitation

In this section, we examine the seismic response of six of
Michelangelo’s sculptures located in the Galleria dei Pri-
gioni at the Accademia Gallery of Florence.

The geometrical properties of such statues, listed in
Table 4, have been taken from Berto et al. (2012) who

TABLE 4 The geometrical properties (see Figure 1) of the
equivalent blocks of the six of Michelangelo’s sculptures located in
the Galleria dei Prigioni at the Accademia Gallery of Florence (Berto
et al., 2012)

𝒃 (m) 𝒉 (m) 𝒎 (kg)
San Matteo 0.30 1.36 3 287
Pietà da Palestrina 0.39 1.26 7 084
Prigione che si Sveglia 0.32 1.41 5 644
Prigione il Giovane 0.36 1.28 4 005
Prigione Barbuto 0.37 1.29 4 655
Prigione Atlante 0.45 1.39 7 691
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F IGURE 6 Rocking response of the Michelangelo’s sculptures located in the Galleria dei Prigioni at the Accademia Gallery of Florence
subjected to the horizontal ground acceleration recorded during the Northridge earthquake (1994)

performed the study of seismic assessment of art objects
in museums supposing that the statues were equivalent
to a prismatic block, named equivalent block. Although
the symmetric model was quite reasonable for most of
the statues, the above-mentioned authors concluded that
the equivalent block model overestimates the stability
capacity of the artifacts, compared to a more realistic
model accounting for the eccentricities of the center of
mass with respect to the centers of rotations (asymmetric
model).
The masses listed in Table 4 are obtained supposing that

the density of each statue was 2 650 kg m−3.
Nonlinear time-history analyses have been conducted

supposing that the mass of the isolated base 𝑚𝑏 is the
one shown in Table 1 and assuming the following seismic
inputs:

∙ the strike parallel direction of the horizontal ground
acceleration recorded at the Jensen Filter Plant station
during the Northridge earthquake of January 17, 1994;

∙ the 000 component of the horizontal ground accelera-
tion recorded at the Gilroy Array #1 station during the
Loma Prieta earthquake of October 18, 1989;

∙ the 180 component of the horizontal ground acceleration
recorded at the Geotech. Investig. Center station during
the San Salvador earthquake of October 10, 1986;

∙ the East-West component of the horizontal ground
acceleration recorded at the Gemona station during the
Friuli earthquake of September 15, 1976;

∙ the North-South component of the horizontal ground
acceleration recorded at the Mire station during the
Emila earthquake of May 5, 2012.

∙ the North-South component of the horizontal ground
acceleration recorded at the Domo station during the
Central Italy earthquake of October 6, 2016.

First of all, we investigated the rocking behavior of the
statues without the base isolation. Figure 6 displays the
rocking angle 𝜃 normalized with respect to the angle 𝛼

versus the time of each statue subjected to the Northridge
earthquake. All statues rock and two of these, namely, San
Matteo and Prigione che si Sveglia, overturn. The same con-
clusions are derived from the Central Italy earthquake.
All statues rock without overturning when they are sub-
jected to the Loma Prieta as well as the San Salvador earth-
quakes. Only SanMatteo overturns due to the Friuli earth-
quake, while the remaining sculptures rock. The Emilia
earthquake does not cause the overturning of the sculp-
tures, even though the SanMatteo and Prigione che si Sveg-
lia statues rock. For completeness, we show in Figure 7
the results obtained for the San Matteo statue subjected to
the above-mentioned seismic inputs. In any case, in addi-
tion to overturning, rocking is an unsatisfactory behavior
because of the possible damages that the collisions cause
with the pedestal (Di Sarno et al., 2015; Fragiadakis & Dia-
mantopoulos, 2020; Konstantinidis & Makris, 2009). Con-
sequently, all the statues need to be protected from seismic
excitations.
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F IGURE 7 Rocking response of the San Matteo statue located in the Galleria dei Prigioni at the Accademia Gallery of Florence subjected
to the: (a) Northridge, (b) Loma Prieta, (c) San Salvador, (d) Friuli, (e) Emilia, and (f) Central Italy seismic excitations

F IGURE 8 Full-contact spectra referring to the seismically
base-isolated rigid body with four LRBs whose admissible
displacement, viscous damping factor, and initial-to-post yield
stiffness ratio are listed in Table 5

TABLE 5 The properties considered to evaluate the algebraic
model parameters for the isolation of Michelangelo’s sculptures
with the LRBs

𝒏𝒅 𝑻𝒃𝒊 (s) 𝒖𝐦𝐚𝐱 (m) 𝝃 (%) 𝜼 (–)
4 3.7 0.30 15 10

Figure 8 shows the full-contact spectra regarding the
seismically base-isolated rigid body with four LRBs, whose
properties are listed in Table 5, and subjected to the six seis-
mic excitations. The spectra are referred to one value of the

TABLE 6 The algebraic model parameters obtained from the
LRBs’ properties listed in Table 5 by means of the energy-based
design procedure

𝒌𝒃 (N m−1) 𝝀 (–)
San Matteo 2.26 × 103 109.37
Pietà da Palestrina 4.67 × 103 109.37
Prigione che si Sveglia 3.76 × 103 109.37
Prigione il Giovane 2.72 × 103 109.37
Prigione Barbuto 3.13 × 103 109.37
Prigione Atlante 5.05 × 103 109.37

viscous damping factor 𝜉, namely, 15% and depict the evo-
lution of |𝑢max|with respect to the isolation period𝑇𝑏𝑖 . The
other properties of the LRBs, that is, the admissible dis-
placement, and the initial-to-post yield stiffness ratio are
reported in Table 2. We can see that lower values of the
horizontal displacement are reached by choosing a value of
the isolation period ranging from approximately 2.5 to 5.3
s. We chose 𝑇𝑏𝑖 = 3.7 s for further analyses (see Table 5).
The hysteretic model parameters have been obtained for

each statue according to the above detailed design proce-
dure and are reported in Table 6 where the parameters 𝛽1

and 𝛽2 have been omitted since they are null for the LRBs
isolation system. The numerical results show that both col-
lapse conditions, namely, the overturning of the statues
and failure of the devices, are never attained. Moreover, all
statues never rock and this avoids the possibility of dam-
age due to impacts. For brevity, in Figure 9, we reported
just the time-displacement relationships concerning the
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F IGURE 9 The displacement time histories of the seismically base-isolated rigid body with the LRBs isolation system, whose properties
are listed in Table 5, subjected to the: (a) Northridge, (b) Loma Prieta, (c) San Salvador, (d) Friuli, (e) Emilia, and (f) Central Italy seismic
excitations

TABLE 7 The properties considered to evaluate the algebraic
model parameters for the isolation of the Michelangelo’s sculptures
with the HDRBs

𝒏𝒅 𝑻𝒃𝒊 (s) 𝒖𝐦𝐚𝐱 (m) 𝝃 (%) 𝜼 (−)
4 3.7 0.35 15 5

TABLE 8 The algebraic model parameters obtained from the
HDRBs’ properties listed in Table 7 by means of the energy-based
design procedure

𝒌𝒃 (N m−1) 𝝀 (−) 𝜷𝟏 (N m−3) 𝜷𝟐 (N m−5)
San Matteo 2.25 × 103 40.16 1 × 104 1 × 104

Pietà da Palestrina 4.64 × 103 40.16 1 × 104 1 × 104

Prigione che si Sveglia 3.73 × 103 40.16 1 × 104 1 × 104

Prigione il Giovane 2.70 × 103 40.16 1 × 104 1 × 104

Prigione Barbuto 3.11 × 103 40.16 1 × 104 1 × 104

Prigione Atlante 5.02 × 103 40.16 1 × 104 1 × 104

six seismic excitations considered since the time-rocking
angle relationships are always null for every statue.
The same analyses have been carried out considering the

HDRBs devices as an isolation system. Table 7 presents the
devices’ properties providing the same results, in terms of
the time-rocking angle relationship, of the LRB isolation.
The related hysteretic model parameters obtained by the
design procedure are listed in Table 8. For the sake of sim-
plicity, we chose the same 𝛽1 and 𝛽2 parameters for all stat-
ues, although an ad hoc calibration for each statue would

be needed in order to have stiffening behavior at a rela-
tively large values of shear strain.

7 CONCLUSION

In this work, the performance of the elastomeric bearings-
base isolation in the protection of freestanding rigid bodies
has been studied in depth. Particular emphasis was ded-
icated to the protection of art objects and, in particular,
statues that require many stringent requirements for their
protection. The paper examines the rocking behaviorwhen
the base isolation is supported on the main kinds of elas-
tomeric isolators, that is, the LRBs and HDRBs. The com-
plex hysteretic behavior displayed by such devices has been
modeled by a uniaxial phenomenologicalmodel that offers
many advantages. The model’s validation and its accuracy
have been proven in several papers (Vaiana et al., 2018,
2019a, 2019b). Themodel is based on a small set of parame-
ters, directly associated with the mechanical properties of
the device’s hysteretic behavior to simulate. The model’s
algebraic nature and themechanicalmeaning of themodel
parameters made it possible to define a new design proce-
dure that allows one to obtain the hysteretic model param-
eters starting with some easily available properties, that is,
the mass and the period of the system to isolate, the num-
ber, admissible displacement, viscous damping factor, and
the initial-to-post yield tangent stiffness ratio of the elas-
tomeric isolator. This design process exploits an energetic
approach based on an equivalent viscous system.
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The extensive numerical applications carried out show
that the elastomeric bearings-base isolation increases
the safe area in the overturning spectrum, that is, the
area where the rigid body never rocks. The comparison
between the LRB’s overturning spectrum and the HDRB
one shows that the former provides a safe area greater than
the latter. Moreover, if the value of the impulse-to-rigid
body angular frequency ratio is conveniently high, which
typically happens for big-size bodies or high frequencies
pulses, the collapse condition of the device reduces the
base-isolated rigid body’s safe area in comparison to
the non-isolated rigid body one. Consequently, if we
decide to isolate a rocking object, it could collapse for the
failure of the isolation device. In addition, we compared
the collapse area for both the LRB and the two HDRBs
isolators.
The work presents also the results obtained with

reference to six of Michelangelo’s sculptures located in
the Galleria dei Prigioni at the Accademia Gallery of
Florence subjected to six earthquakes with pulse-like
behavior. The full-contact spectrum of the isolated system
under seismic excitations was computed to choose the
isolation period, admissible displacement, and equiva-
lent viscous damping of the devices. In this way, it has
been possible to apply the design procedure in order to
obtain the mechanical properties of the devices for each
statue.
Both the LRB and the HDRB satisfied the assumed ulti-

mate limit states, that is, no overturning, no breaking of
the devices, and no rocking. Especially, the HDRB devices
adopted to isolate the statues turned out to be less damped
and more deformable than the LRB.
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