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Abstract

The aim of this paper is to provide a new estimator of parameters for LARCH(c0) processes,
and thus also for LARCH(p) or GLARCH(p, q) processes. This estimator results from minimising
a contrast leading to a least squares estimator for the absolute values of the process. Strong
consistency and asymptotic normality are shown, and convergence occurs at the rate y/n as
well in short or long memory cases. Numerical experiments confirm the theoretical results and
show that this new estimator significantly outperforms the smoothed quasi-maximum likelihood

estimators or weighted least squares estimators commonly used for such processes.
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1 Introduction

Linear AutoRegressive Conditional Heteroskedastic (LARCH) processes were introduced by Robin-
son (1991) to model the long-range dependence of volatility and leverage. They are studied for their
stationarity and dependence properties in Robinson and Zaffaroni (1997), Giraitis et al. (2000),
Berkes and Horvath (2003), and Giraitis et al. (2004). A LARCH(oo) process (Xi)iez is defined
by:

oo
Xt =& (ao + Zaj Xt_j> for any t € Z,
j=1

where (&t)icz is a white noise. In what follows, we will consider a parametric class of such
LARCH(00) processes, i.e. aj = a;(f) for any j € N with § € R, where the functions a;(-)
are assumed to be known but the true parameter #* is unknown. This paper is devoted to study-
ing the asymptotic properties of a new estimator of #* (rather than a component of 6*, such as
the location parameter, as was done in Beran, 2006) for LARCH(oo) processes when a trajectory
(X1,...,X,) is observed (see more details in section [2).

LARCH(o0) processes, which conditionally represent heteroskedastic weak white noise, offer new
perspectives for modeling financial data. This model has the advantage over GARCH formulations
that volatility can be arbitrarily close to 0, which is nevertheless the case for certain financial series
(see, for example, the example on CAC40 index returns discussed in section . The square of a
LARCH(o0) process can also exhibit the long memory property (see below), which is impossible

for a stationary ARCH(oo) process (see more theoretical details in Giraitis et al., 2009, and the



same illustrative example in section .

For numerous affine causal processes, such as ARMA, GARCH, ARMA-GARCH, AR(), or
ARCH(c0) processes, the Gaussian quasi-maximum likelihood (QML) provides a very accurate
estimator (see further details in Bardet and Wintenberger, 2009). Even though a LARCH(c0) pro-
cess or its special cases LARCH(p) or GLARCH(p, q) (see their definitions in and (7)) are also
causal affine time series, such a contrast cannot be used to estimate the parameter 6*. Indeed, the
conditional variance of X; cannot be bounded near 0, and this does not allow asymptotic results
for such contrasts (see more details on this point in Beran and Schiitzner, 2009, Truquet, 2014,
and in particular in Francq and Zakolan, 2010). Beran and Schiitzner (2009) and Truquet (2014)
propose an interesting alternative estimator based on a family of smooth approximations of the
QML estimate, and they establish the consistency and asymptotic normality of the estimator of 6*
in cases of short or long memory. Francq and Zakoian (2010) preferred to construct weighted least
squares estimators, for which they also show consistency and asymptotic normality. Note that they

also extend their results to AR(p)-LARCH(q) processes as well as to Truquet.

We propose a new estimator obtained by minimizing a least-squares contrast of the absolute values
of (X;) (see its precise definition in (12)), section[3). Under assumptions that are not too restrictive,
especially considering short- and long-term memory, strong consistency and asymptotic normality
are established for this estimator. Moreover, only a fourth-order white noise moment is required
for asymptotic normality (order 4 in Truquet, 2014, and 5 in Beran and Schiitzner, 2009, for the
smoothed QML estimator, no order condition in Francq and Zakoian, 2010, for the weighted LS
estimator when an appropriate weight family is chosen). A convergence rate y/n for this new es-
timator is proved for LARCH(co) processes with short memory as well as for the smoothed QML
estimator (Truquet, 2014) and for the weighted LS estimator (Francq and Zakoian, 2010), but with
different asymptotic covariance matrices. This rate of convergence y/n is also established for the
LARCH(o0) process with long memory, while for the smoothed QMLE in Beran and Schiitzner
(2009) only a rate n® with 0 < 3 < 1/2 is obtained. Note that such a rate of convergence is also
obtained with QMLE for generalized quadratic ARCH processes in Grublyte et al. (2017).

Monte Carlo experiments confirm the asymptotic behavior of the estimator even for trajectories
with not very large lengths. The performances of this new estimator are then compared with those
obtained with the regularized QMLE (for which the choice of the regularization parameter is a real
problem) and with those obtained with the weighted least squares estimator of Francq and Zakoian
(2010). The results of these comparisons undoubtedly show the much faster convergence of this

new estimator, especially compared to the smoothed QMLE.

The following section [2| is devoted to the definition and stationarity conditions of the considered
LARCH(o0) processes. The main results concerning the definition and the asymptotic behavior
of the new estimator are given in section [3] Numerical experiments are proposed in section [4| and

proofs are established in section



2 LARCH(o0) processes

For ¢ € N* and u = (u;)1<;<¢ € RY, denote ||lul| = y/u? + -+ -+ u2 the usual Euclidian norm. More

. k
generally, for k € N*, if u = (uiy,...i,)1<iy .in<e € R”, denote [|uf| = \/Zgn,.“,ikse Uf,.ip- Denote

¥
also || Z]|, = (IE[HZHP])I/I’ for p > 1 where Z is a random vector. For any m € N*, any ¢ € N* and
Y :0 €0 CR — (h) € R such as ¢ € C™(O), the space of m-times continuously differentiable

functions on ©, denote for 1 < k < m:

00 (0) = (-0(0))

1<i<t
ak
k L k _
and  9f() = (9,0, 00) = T vO) L,

Here we study a LARCH(oo) process introduced in Robinson (1991) and also studied in Giraitis
et al. (2000), Giraitis et al. (2004), Beran and Schiitzner (2009), Francq and Zakoian (2010) or

Truquet (2014). For r > 2, we will consider the following assumption:

Assumption A(r):

o (&)icz is a sequence of symmetric centered independent random variables with continuous

distribution such as ||£o|[1 = 1 and |||, < oo;

e For any j € N, § € R® — a;(f) € R are known continuous functions and without loss of

generality we will assume ag(f) > 0 for any 6 € R’

We will define a LARCH(c0) process (Xi)iez using Assumption A(r) with » > 2. Before this,
define:

02) = {0 R, ||ol3 Y- ak(0) < 1}. (1)
j=1

Then, under Assumption A(r) with r > 2, for 6* € © where © is a compact subset of O(2), we
define a LARCH(o0) process (X¢)iez by:

X =& (ag(G*) + Zaj(ﬁ*) Xt_j> for any t € Z. (2)
j=1

Under these conditions, Giraitis et al. (2004) have proved the stationarity of (X;) and the existence

of || Xoll2. From now on we will assume that 6* is unknown

Remark 2.1. The case ag(f) = 0 implies Xy = 0 a.s. for any t € Z, see Giraitis et al. (2000).
This explains why, we assume ag(6) > 0 for any 6 € RY in Assumption A(r).

Remark 2.2. Note that in Assumption A(r) we assume ||&pll1 = 1 and not ||&]l2 = 1 as is usually
done. This is explained by the expression of the estimator we will consider. However, the difference
between these two normalization options is only a new parametrization, because with & = &/||%oll2

for any t € Z and using the linearity of its expression, could also be written as

Xy =& (ah(0)+D_ a(0) Xoy)  where [€hllo = 1 and }(6°) = |6l a;(6%) for any j € N. (3)
j=1



In the case of Gaussian white noise, for example, we have ||&o||3 = 0’? = m/2 when ||&|1 = 1.

In the sequel, under Assumption A(r) with r > 4, we will also consider || Xy||4 and for this we define
o [e.9]

O(1) = {0 € R, &0l D al(0) + 6 l15l3 D a3(0) < 1}. (4)
j=1 j=1

Remark 2.3. Unless we consider a particular distribution for the noise, for example and typically
the Gaussian N (0, (y/7/2)?), the moments || oll2 < |[&olla are unknown and can take any value
greater than or equal to 1 according to this distribution. So the sets O(2) and O(4) are indeed
unknown if we consider only the hypothesis of a symmetric noise (§) with a moment of order 4 and
satisfying IE[|§0H = 1. Note, however, that it is exactly the same when estimating the parameters
of a GARCH(p,q) or ARCH(oco) process by quasi-mazimum likelihood, e.q. when we define the
stationarity set from the Lyapunov exponents depending on the noise distribution, or when we
consider a condition of ||&o||a for asymptotic normality. Numerically (see section[f), one will use
domains of minimisation in 0 much larger than ©(2) or ©(4), for example 0 < a1, az < 1 for a
LARCH(2) process, but the condition of belonging to ©(2) will be able to be checked a posteriori from
the value taken by the estimator. The fact that this condition is not verified when applying a long-
memory LARCH(oo) model to financial data led us to choose another more complex long-memory
LARCH(oc0) model.

Three interesting special cases of LARCH(o0) processes can be mentioned:
1. A first special case of LARCH(oc0) processes are the LARCH(p) processes defined by:
P
X;=§&o04 with o =ag+ Zai Xi_ i, foranytelZ (5)
i=1
Therefore, a LARCH(p) process is a LARCH(oc0) process defined in (2) with a;(6) = a for

0<k<pand@= t(ao, ai,. .. ,ap) € (0,00) x RP. For such a process, the sets O(2) defined
in (1)) and ©(4) defined in (4]) become respectively:

P
@p(2) = {0 = t(aﬂuala cee 7ap) € (07 OO) X RP’ H£0”% Zajz < 1}

j=1
p p

and ©,(4) = {O:t(ao,al,...,ap) € (0,00) x RP, ||go|yﬁza§+6”go||§Za§<1}.(6)
j=1 J=1

2. A natural extension of the LARCH(p) processes under consideration are GLARCH(p, ¢) pro-
cesses, which follow the same procedure as the well-known transition from ARCH processes
to GARCH processes. A GLARCH(p, q) process is defined by

P q
Xy =&oy with oy =c¢o+ Zci X+ Zdj or—j, foranyteZ. (7)
i=1 j=1
To study such a process, one defines the polynomials P(x) = 1 — ?:1 djz’ and Q(z) =

co+ >0, ¢;z’. Then the previous iteration equation (7)) is equivalent to P(B)o = Q(B) X

where B is the usual backward operator. In the following we assume that P and ) are



coprime polynomials for § = 6*.

We define 6 = (co,cl,...,dl,...,dq)/ € (0,00) x RPT and the coefficients ax(f) decrease
exponentially decrease to 0 when & — oo (as it is usually known for ARMA(p, q) processes
since the roots of P lie outside the unit circle).

For GLARCH(p, q) process, the assumption for obtaining a stationary 2nd-order solution of
is 0 € ©,4(2), with

q p
Opq(2) = {0€ (0,00) x (~1,1)7, 3 a2+ [l§oll2 D e < 1. (8)
i=1 j=1

The calculation of ©(4) for such GLARCH(p, q) processes is not quite straightforward. In
Giraitis et al. (2004) ©(4) is simplified for GLARCH(1,1) and it is established that:

2
O11(4) = {0 = "(co,c1, 1) € (0,00) x B2, o]l - d4+6\|§0”2 e <

3. Another case we will study is that of LARCH(c0) with long memory, i.e. such that there are
d(f) € (0,1/2) and Ly(-) a slowly varying function such that:

aj(0) = Ly(5) 491 for j € N*. (9)

This case was considered in particular in Robinson and Zaffaroni (1997) and Beran and
Schiitzner (2009). In this paper, a parametric estimation procedure was studied for the case
where a;(0) = cj%! for j € N* and 0 = (ag, c,d) (see further details below). Note that in
such a case Y22, |a;(6)] = oo but 3272, a3(0) < oo.

Remark 2.4. For this third type of example we focused on the long memory property and for that
the parameter d(0) (or simply the parameter d in Beran and Schiitzner’s example) is necessarily
in (0,1/2). However, nothing prevents to extend the definition of the process to d(0) € (—o0,1/2)
or to a compact set included in (—oo,1/2) when the estimator is applied. We would then lose the

exclusive long memory character but we would gain in generality.

3 A new estimator of LARCH parameters

3.1 Definition and consistency of the estimator

We consider here a special case of M-estimators for estimating 6* from an observed trajectory
(X1,...,X,) of a stationary solution of . For this purpose, let the following contrast function
® for z € RN and # € R’ be defined by

O(z,6) = (|:c1\ — |ao(6 +Zaj x]+1|> (10)

Remark 3.1. The choice of this contrast function ® follows from the fact that under a classi-
cal identifiability assumption (see Assumption 1d(©) below), 0* is the unique minimum in © of
E[®((X_k)k>0,0)] under the normalization condition ||&l|l1 =1 (see the proof of Proposition
Part 3.).



Other contrast functions satisfy this property, such as ®4(x,0) = (3:% - (%(9)4—2}?‘;1 aj (9)$j+1)2)2
under the usual normalization condition ||&o|l2 = 1. Such M-estimators defined from ®4 require
moments of order § to preserve their asymptotic normality, while for ® a moment of order 4 is suf-
ficient. Note that weighted quadratic contrast ®pz derived from ®4 (see its definition in ) was
defined in Francq and Zakoian (2010) and allows, with appropriate weights, to obtain the asymp-
totic normality without a moment condition (except r > 1). However, Monte Carlo experiments
show that the convergence rate of the estimator defined by ® is faster than that of the estimator
defined by ®4 or Ppy.

Note, however, that contrast functions such as
Oy (x,0) = ( )+ ZO’J )Tj+1 ) or ®i(x,0) = ‘ )+ Za] )Tj41 ’

are not such that E[@((X_k)kzg, 0)] has a unique minimum in 8% on the set ©. For example, quick

calculations show that:

E[@s((X-)i20.0)] = (I€0]3 — 1) E[(a0(0") + D a;(6)X ;)]

j—l
* = * 2
[ +Za] X_j) —(ao(9 )+Zaj(9 )X_;) },
j=1
which in general does mot have a minimum at 6*.

Remark 3.2. Unlike, in particular, the papers by Francq and Zakoian (2010) or Truquet (2014),
the case of an AR(p")-LARCH(p) process or, more generally, an AR(p')-LARCH(c0) process is not
treated here. Based on the ® contrast chosen, it would also have been possible to extend the study
to AR(p')-LARCH() processes by considering the ® contrast such that:

' (z,0") (‘3?1 Zbk 371+k’ ’ ao(8) + iajw) ‘xj—&-l - pzlbk 33j+1+k‘>27
j=1 k=1

where 0/ = t(bl, . .,bp/,tH). The convergence and asymptotic normality proofs for LARCH(o0)-
processes proposed in the rest of the manuscript could then be extended to AR(p')-LARCH(o)

processes, but this would make them even more technical and difficult to follow.

Now we define the process (X )icz by:

~ X; fort>1
o N Tort= (1)

0 fort<0

From now on, let us consider © as a compact subset of ©(2), implying that (X;);ez is a stationary

ergodic process satisfying || Xo||2 < co. Then define the following estimator:

c9n = Ar%renel)n - Zq) Xt k)k>079) (12)

In the sequel, we add an assumption about the derivatives of functions § € © — ax(0) for k € N

(we use the convention 8% ax(-) = a(-)). So for i € N define:



Assumption C;(0): For any k € N, the functions a;, € C'(©) and there exist C;, > 0 and
d < 1/2 satisfying

sup { ]Z_% |03,ax(@)]|} < Cak®! for any k€ N (13)

As already mentioned in Beran and Schiitzner (2009), to prove the consistency and asymptotic

normality of §n, it is necessary to take the derivatives in 6 of § € © — Mjy(t) for t € Z, where
My(t) = ao(6) + Y ax(0) Xi—y, fort € Z and § € ©. (14)
k=1

Note that the convergence of this infinite sum in the IL?(£2)-norm is done using a Volterra decomposi-
tion, as in Giraitis et al. (2000) or Giraitis et al. (2004). However, the existence of Mpy(t)derivatives
could be problematic, since the sequence (ax(6)) is not summable in the case of a long memory.

We therefore consider the assumption:
Assumption (S): For every t € Z, (My(t))gpeco is a separable stochastic process on ©.

Note that this assumption is not really restrictive, since a stochastic process can always be re-
placed by a separable version (see Remark 1 in Beran and Schiitzner, 2009). Moreover, as proved
in Proposition 2 of Beran and Schiitzner (2009), Assumption (S) combined with Assumption Cy(©)
(resp. C5(©)), where O is a compact set of the ©(2) C R, implies that 6§ € © + My(t) is almost
surely is differentiable once (resp. twice).

We add a classical identification condition:

Assumption Id(©): If §, 6 € O,

(ai(0) = a;(0) for all i e N) = (0 =90). (15)

Then we obtain the following conditions for the consistency of the two estimators:

Proposition 3.1. Under Assumption A(2), if 6* € © is an unknown parameter, where © is a compact
subset of ©(2) C R defined in (), consider (X;);cz as a stationary solution of (2) and (X7, ..., X,)
an observed trajectory of (X;). Assume also Assumption Cy(©), (S) and Id(©). Then 6,, <% *

n—oo

where §n is defined in .
Proposition can be specified for the special cases considered earlier, starting with the LARCH(p)

processes.

Corollary 3.1. Under Assumption A(2), with p > 1, let (X;) be a LARCH(p) process, solution of

P
Xy =&or with o =aj+ Z a; X—;, foranyteZ, (16)
i=1
where 6* = 1"(a(*j, aj,... ,a;‘,) € ©, a compact subset of ©,(2) defined in @ Let (X1,...,X,) be an
observed trajectory of (X;). Then é\n = t(/dgn) ,’dgn), .. ,’dz()n)) 23 9* where é\n is defined in

n—o0
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Note that since the functions ay, considered in the Corollary [3.1] are constant functions, the Assump-
tions Id(©), Cp(©) and (S) are satisfied. The same is true if we consider the case of GLARCH(p, q)

processes:

Corollary 3.2. Under Assumption A(2), with p > 1, ¢ > 1, let (X;) be a GLARCH(p, q) process,

solution of

P q
Xy =&o, with o, =c5+ Zcf Xi—i + Zd}" or—j, foranyteZ, (17)
i=1 j=1

b p’
be an observed trajectory of (X;). Then 6, = t(Eén), . ,Egb),ggn), .. .,cign)) 2% 9* where 6, is
n—oo
defined in .
The consistency of 0,, for long memory LARCH(o0) can also be derived from Proposition

where 6* = t(cﬁ, G dy d;) € ©, a compact subset of O, ,(2) defined in . Let (X1,...,X,)

Corollary 3.3. Assume A(2) where the sequence (ay(6))ren satisfies (9)), let 6% € © where © is a
compact subset of ©(2) defined in (I)). Let (X1,...,X,) be an observed trajectory of (X¢), which
is a stationary long memory LARCH(c0) solution of (2). Then, under Assumptions Cy(©), 1d(©)
and (S), 6, =% 6* where 6, is defined in (112)).

n—oo
Corollary 3.4 (Example of long memory LARCH(o0) studied in Beran and Schiitzner,
2009). Suppose that (& )icz is a sequence of symmetric centered independent random variables,
such as [|&fl1 = 1 and ||&]]2 < co. Consider 8 = ‘(ag,c,d) and the sequence (a;j(f))jen with
ap(8) = ap and a;(0) = cj? ! for j > 1. Define

[e.e]

0= {t(ao,c, d) € [am, an] x [—ear, en] x [0, dar], iy 1&oll3 D> K22 < 1}, (18)
k=1
where 0 < a, < apr < 00, 0 < dpy < 1/2 and 0 < ¢pyr < 0o. Let (Xq,...,X,) be an observed
trajectory of (X;)sez which is a stationary long-memory LARCH (00) solution of (2]) with parameter
0* € ©. Then under Assumption (S), 0, =% 6* where 6, is defined in (12).

n—o0

Remark 3.3. The condition ||&]l2 < oo required in Proposition and Corollaries
and can be compared with the conditions required in other works dealing with parametric
estimation of LARCH processes. In Theorem 4.2. of Francq and Zakoian (2010), 6* is estimated
using a weighted LS estimator (see its definition in ) and the consistency of this LS estimator
is established under the condition ||&o|ls < 0o, except for appropriate weights for which ||&|l1 < oo
is sufficient. In Theorem 4 of Beran and Schiitzner (2009), 0* is estimated using a smoothed QML
estimator (see its definition in (24)) and the condition ||&||ls < oo is required for L' consistency
of this QML estimator. Finally, in Truquet (2014), the strong consistency of a smoothed QML
estimator for LARCH(p) processes is obtained under the condition ||&p||s < oo with s > 0.



3.2 Asymptotic normality of the estimator

Under Assumption A(4), if 6* € é, the interior of © where © is a compact subset of ©(4), and
under Assumption (S) and C3(0), define, if they exist, the following matrices:

PT = E [8.9M9* (0) tagMg* (0):| = 69a0(9*) tagao(e*) + Ug( Z agak(e*) tagak(e*)
k=1
a2 (0%) O'g
1 - 02 2o az(0%)

and T% = E[(Mg*(O))QagMg*(o)xtaeMg*(O)] (20)

with 0% = E[X{] =

(19)

Then the asymptotic normality of @\n can be established:

o

Theorem 3.1. Under Assumption A(4), if 6* € O, is an unknown parameter, where © is a compact
subset of ©(4) C RY, which is defined in (), consider (X;)ez as a stationary LARCH(co) solution
of and (X1,...,X,) an observed trajectory of (X;). Assume that Assumption (S) is satisfied
as well as Assumption Cp2(©) and Id(©). Then, if the matrices I'f and I'} defined in and
are positive definite,

Vi (O, —07) 5 /\/(0, (02 — 1) (1) '3 (1) ) (21)

n—oo

Remark 3.4. The expression of I's is not easy to simplify even in the simplest cases. This is
not really a problem since, as usual, one can use the Slutsky Lemma, after defining the following

estimators of Jg, I'l and I'j by

n t—1 t—1
fl = % tz_; (89a0(§n) + ; 8gak(§n) Xt—k) t(89a0(§n) + ; 89ak(§n) thk)7
R 1 n N t—1 R 9 R t—1 R
[y = - ; (ao(Hn) + ;ak(en) Xt—k:) (39a0(9n) + ;%ak(%) Xt—k> X
t—1
xt (agag(én) +3 " Opar(0n) Xt_k)
k=1

Note that the consistency of 6\? was proved in Francq and Zakoian (2010). The matrix fl and fg

are also consistent estimators of I'; and I'} (see the proof in section @, and therefore

Vi (32— 1)@ (@) T (@) P (0, - 07) S N(0, 1). (22)

n—oo

Such a central limit theorem , satisfied by é\n allows the computation of asymptotic confidence

intervals or test thresholds on 6.

The special case of GLARCH(p, ¢) processes can be considered under simplified assumptions:
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Corollary 3.5. Assume the conditions of Corollary [3.2] and also assume H§0H4 < oo Let © be

a compact set included in ©,4(4) and §* = t(co,...,cp,d d*) € @ Then, with 0, =

(Eg”), .. Eén), d n), e ,&E”)), the central limit theorems and hold.
In the case of LARCH(p) processes, which are particular cases of GLARCH(p, ¢) processes, we can

go further into the details of the conditions for asymptotic normality:

Corollary 3.6. Assume the conditions of Corollary and suppose also ||£p|l4 < 0o, © defined by

p p
0 ={"a,a1,....a) € [a,] x B? with [&oll§ > at +6Glf Ya2<r},  (23)
i=1 j=1

o o~
where 0 < a <@and0 <r < 1, and 6* =*(af, af,... ;ap) € ©. Then, with 6,, = ( ((]n), aln ),...,ZL\](D")),
the central limit theorems and hold.

As an example of computation of the asymptotic covariance, if we consider the case of a LARCH(1)

process, we obtain:
1 0 2 2 92 2
= (10) g mo Bro% 2emek )
0 ox 2apa10%  ajoy + E[X{]

ap? + o% 2a0a1 )
Y

This implies

() T3 () = (

2aia; Z%( + EL);(O}
1
where 0% = a}? ag (1 — aga*z) »
E[X3] = af'El§] (1+50¢a?) (1 - 0Zai®) (1 — E[&3]at?)

The asymptotic normality of the estimator Hn can also be obtained in the case of long-memory
LARCH(o0):

Corollary 3.7. Assume the conditions of Corollary and further assume that ||£p|j4 < o0, © is a

o]
compact set included in ©(4) C R and #* € ©. Then, under Assumption Crax(¢,2)(©). and if T']
and I'} are positive definite matrices, the central limit theorems ) and (| . ) hold.

Corollary 3.8 (Example of long memory LARCH(o0) studied in Beran and Schiitzner,
2009). Under the assumptions of Corollary and if ¢*||&o |1 D000, JA462% |6 lI3 D00, 52 <,
then the central limit theorems and hold.

Remark 3.5. To our knowledge, the only result for estimating the memory parameter d in the
case of LARCH(o0) processes with long memory was obtained in Beran and Schitzner (2009) using
the smoothed QML estimator. However, the expression of this estimator uses only a small part of
the sample (X1,...,X,), namely the last nP observations, where < 1 — 2d, while d is unknown
to account for the long memory of the process. This leads to a convergence rate of nP/2 for this
truncated QML estimator, which is far less interesting than the convergence rate of \/n obtained
with 67,1 Monte Carlo experiments (see Section will also show that 1/9\n performs numerically better

than these other estimators in terms of convergence rate, especially when compared to estimators
based on QML.
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4 Numerical experiments

4.1 Monte Carlo experiments

In this section, we report the results of Monte Carlo experiments conducted with different LARCH

processes. More specifically, we considered:
e Three different LARCH processes:

1. A LARCH(2) process, with parameters ap = 5, a; = —0.2 and as = 0.4;
2. A GLARCH(1, 1) process, with parameters cp = 2, ¢; = 0.3 and d; = —0.6;

3. A long memory LARCH(o0) process, with 6 = (ag,c,d) and ag(f) = ap and ag(0) =
ck®™1. We choose ag = 1, ¢ = 0.2 and d = 0.1, 0.2, 0.3 and 0.4, using the same
example studied in Beran and Schiitzner (2009) for its numerical illustrations. To define
numerically the trajectory of such processes, whose theoretical definition involves an
infinite sum, a truncation of this infinite sum has been used by taking a sum of one
million terms in the computation of Mjy(t), which also requires the generation of one

million additional realizations of the white noise.

e Several trajectory lengths: n = 200, 500, 1000, 2000 and 5000 for LARCH(2) and GLARCH(1, 1)
processes, and n = 1000, 2500, 5000 and 10000 for the LARCH(o0) process (as in Beran and
Schiitzner, 2009);

e Two distributions for & such as E[|&]|] = 1: a Gaussian N (0,7/2) distribution denoted N

and a normalized Student ¢(6) distribution with 6 freedom degrees.

e Choice of © for minimisation and calculation of §n: as already mentioned in the Remark
the set ©(2) depends on the distribution of the noise, and an ”extended” condition
will be used in the minimisation algorithm. Hence, for the LARCH(2) process this means
0 < ag, ay <1, for the GLARCH(1,1) process it will be 0 < ¢, d; < 1 and for the long
memory LARCH(o0) process, ¢ < 1 and 0 < d < 0.5. After computing the estimator,
and using the empirical variance of the residuals Et as an estimator of ||&||3, the condition
6, € ©(2) can be checked from the equation 35% > af(@\n) < 1, which means for example
that &5% AC2-2 c?) < 1 for the long memory LARCH(c0) process, where ( is the Riemann
zeta function.

For each choice of process, length n and noise distribution, 1000 replications of independent trajec-
tories of the LARCH process are generated, except for the long memory LARCH(co) where only
300 replications are used due to the computational time of the estimator. Note that in this case,
an algorithm based on the Fast Fourier Transform (FFT) has been developed in Nielsen and Noél
(2021, section 2.2), which could have been used to speed up the computations significantly, or if we

had applied the estimators to series larger than 10%.

Two other estimators are to be compared with 9\”:
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1. Following Beran and Schiitzner (2009) and Truquet (2014), the first is the smooth approxi-
mation of the QMLE, which for h > 0 is given by

Oonmr(h) : Ar%renén % }% +log (h+ (My(1))?). (24)
=1

The a priori choice of h or data-driven h is not a straightforward task, although Truquet has
provided some guidance in Truquet (2014). Therefore, we will present the results obtained
for 2 different values of h that give the best performances. In the case of the considered
LARCH(o0) process with long memory, Beran and Schiitzner (2009) proposed a modified

version of 5@ mr(h) and we will use their results.

2. Following Francq and Zakolan (2010), the second is the weighted least squares estimator
defined by:

n

Opy = Ar%renén % ZTt (Xf — (Me(t))Q)Q, (25)
t=1

where the weights (7;) are obtained for LARCH( ) or GLARCH(p, ¢) using an empirical rule
—4
proposed in Ling (2007): 7, = (max G Z | Xl Tyx, z|>C)> , where C' is computed as

the 90% quantile of the absolute values (|X 1\ .,|Xn|). In case of long memory LARCH(c0),
we replace p by ¢t — 1 in the definition of 7.

Remark 4.1. The estimator @\n can also be defined as a nonlinear least squares estimator for the

ao(0) + 372, a;(9) Xt_jD1<t<n' As it was already done by Francq and

Zakoian (2010) (see the estimator defined in (25)) ), a weighted version of 0, could also be considered:

regression (| X¢|)1<t<n on (

T = g &> (101~ o0 +Z% %)
where wy = W((thk)lgkgtfl) > 0, defining a sequence of selected weights. Inspired by their work,
it seems that using weights of the form w; = (max( , C > Xl Ix,_ ZI>C) 2 would allow,

in particular, remove the condition v = 4 from the assumptions of asymptotic normality of 571 by
requiring only r = 1 for 5}{’ To improve the convergence rate of the §m taking into account Remark
4.2 of Francq and Zakoian (2010), one might think that w, = (Mg* (t))_2 would be the ideal sequence

of weights, but infeasible in practice.

Remark 4.2. The estimator é\n 1s obtained with parameters defined under the normalization con-
dition ||€ol|1 = 1, while the estimators 5QML(h) or Oy are basically defined under the normaliza-
tion condition ||&ll2 = 1. After remark 2.3, a suitable renormalization of the parameters of the
LARCH process allows the transition from one condition to the other. So, for reference, consider
the LARCH(p) equation with parameter 6 = *(ag,...,a,) under condition ||&|l1 = 1, 0, is an
estimator of 0, but gQML(h) or Opy are estimators of 0/||&l|2. Therefore, a comparison of the
accuracies of the estimators is possible by considering 0, 1€o0ll2 5QML(h) and ||&ol|2 Opy. If the law
of &o is unknown, the comparison with the estimator o¢ defined in 18 still possible.
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é\n é\FZ é\QML(Z) é\QML(l)

o law | n ag a1 as ag al as ag ay as ag ay as

N 200 0.326 | 0.047 | 0.064 || 0.423 | 0.092 | 0.100 || 1.015 | 0.136 | 0.123 || 1.832 | 0.248 | 0.168
500 || 0.210 | 0.029 | 0.043 || 0.268 | 0.059 | 0.065 || 0.446 | 0.070 | 0.086 || 1.119 | 0.145 | 0.121
1000 || 0.145 | 0.021 | 0.030 || 0.188 | 0.044 | 0.047 || 0.382 | 0.060 | 0.082 | 0.582 | 0.075 | 0.084
2000 || 0.101 | 0.014 | 0.021 || 0.130 | 0.030 | 0.033 || 0.265 | 0.047 | 0.059 || 0.453 | 0.053 | 0.080
5000 || 0.065 | 0.009 | 0.013 || 0.083 | 0.019 | 0.021 || 0.205 | 0.031 | 0.048 || 0.326 | 0.037 | 0.061

t(6) 200 || 0.433 | 0.061 | 0.091 || 0.624 | 0.130 | 0.133 || 2.111 | 0.268 | 0.205 || 1.916 | 0.258 | 0.186
500 || 0.272 | 0.040 | 0.061 || 0.390 | 0.091 | 0.094 || 1.699 | 0.214 | 0.186 || 1.569 | 0.209 | 0.167
1000 || 0.224 | 0.029 | 0.051 || 0.275 | 0.067 | 0.071 || 1.361 | 0.170 | 0.191 || 1.270 | 0.166 | 0.155
2000 || 0.124 | 0.021 | 0.031 || 0.196 | 0.048 | 0.051 || 1.334 | 0.149 | 0.175 || 1.535 | 0.147 | 0.151
5000 || 0.077 | 0.014 | 0.021 || 0.127 | 0.031 | 0.033 || 1.230 | 0.136 | 0.211 || 1.533 | 0.147 | 0.188

Table 1: Square roots of the MSE computed for each estimator of parameters ag = 5, a; = —0.2

and ag = 0.4 of a LARCH(2) process computed from 1000 independent replications.

The results are presented in tables and

Conclusions of the Monte Carlo experiments:

Looking at the decay of the square root of the MSE of the 0, components towards 0 as n
increases from 200 to 5000 (or from 1000 to 10000), we see that this decay is approximately
1/4/n, which corresponds to the theoretical convergence rate established in Theorem This
is true for a LARCH(2) process as well as for a GLARCH(1,1) or a LARCH(o0) process with
long memory, regardless of whether we consider a white noise with a Gaussian or Student
distribution ¢(6).

In general, the square root of the MSE of é\n converges to 0 twice as fast as that of gFZ
when the white noise follows a Gaussian or Student ¢(6) distribution, for the three processes
considered. We note that §FZ gives convincing results in the case of a LARCH(o0) process
with long memory, while this was not shown in Francq and Zakoian (2010), although they are
far outperformed by those of gn However, the numerical results for the convergence of the
MSE of 5FZ towards 0 become much worse when the white noise distribution of the LARCH

processes is a Student ¢(6) distribution.

Finally, 5QML gives satisfactory performances comparable to those of é\n only in one case,
namely for the LARCH(1,1) process with Gaussian white noise, and this after choosing
an optimal regularisation parameter. It should be noted, however, that the choice of this
parameter can easily be made in the context of Monte Carlo experiments, but this would

otherwise require a data-driven procedure that does not currently exist. For the estimation
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A

& law | n

€o

C1

by

€o

C1

by

€0

€1

by

€o

C1

by

N 200
500
1000
2000
5000

0.172
0.108
0.071
0.052
0.033

0.044
0.028
0.019
0.013
0.008

0.096
0.057
0.039
0.028
0.017

0.238
0.158
0.113
0.087
0.065

0.094
0.068
0.050
0.040
0.030

0.135
0.081
0.055
0.039
0.025

0.179
0.102
0.066
0.045
0.028

0.045
0.031
0.018
0.012
0.007

0.099
0.055
0.034
0.023
0.014

0.190
0.114
0.081
0.050
0.027

0.052
0.040
0.029
0.019
0.006

0.105
0.061
0.048
0.024
0.012

t(6) | 200
500
1000
2000
5000

0.233
0.142
0.091
0.064
0.039

0.061
0.042
0.029
0.020
0.013

0.145
0.081
0.051
0.033
0.022

0.367
0.196
0.147
0.096
0.071

0.113
0.077
0.063
0.043
0.029

0.232
0.116
0.082
0.052
0.037

0.335
0.255
0.207
0.153
0.116

0.085
0.072
0.064
0.059
0.036

0.191
0.156
0.125
0.097
0.095

0.349
0.275
0.261
0.214
0.184

0.094
0.095
0.096
0.092
0.073

0.181
0.156
0.144
0.119
0.119

Table 2: Square roots of the MSE computed for each estimator of parameters cg = 2, ¢; = 0.3 and
dy = —0.6 of a GLARCH(1, 1) process computed from 1000 independent replications.

0, Orz C/Z\QML
d n ag c d ag c d d
d=0.1]1000 | 0.035 | 0.024 | 0.089 || 0.092 | 0.054 | 0.160 || 0.357
2500 || 0.020 | 0.015 | 0.048 || 0.089 | 0.059 | 0.119 || 0.292
5000 | 0.016 | 0.010 | 0.036 || 0.040 | 0.031 | 0.084 || 0.217
10000 || 0.013 | 0.010 | 0.021 || 0.033 | 0.029 | 0.053 || 0.198
d=0.2 | 1000 | 0.041 | 0.023 | 0.060 || 0.103 | 0.059 | 0.147 || 1.449
2500 | 0.028 | 0.017 | 0.043 || 0.052 | 0.033 | 0.088 || 0.733
5000 | 0.016 | 0.010 | 0.024 || 0.033 | 0.027 | 0.050 || 0.559
10000 || 0.014 | 0.008 | 0.017 || 0.032 | 0.024 | 0.045 || 0.257
d=0.3 1000 | 0.060 | 0.024 | 0.053 || 0.119 | 0.054 | 0.110 -
2500 | 0.045 | 0.017 | 0.037 || 0.091 | 0.035 | 0.087 -
5000 | 0.026 | 0.011 | 0.022 || 0.057 | 0.029 | 0.050 -
10000 || 0.016 | 0.008 | 0.017 || 0.039 | 0.024 | 0.042 -
d=0.4 11000 | 0.100 | 0.025 | 0.047 || 0.189 | 0.051 | 0.081 -
2500 | 0.071 | 0.017 | 0.030 || 0.158 | 0.041 | 0.074 -
5000 | 0.041 | 0.011 | 0.018 || 0.122 | 0.032 | 0.057 -
10000 || 0.034 | 0.009 | 0.015 || 0.067 | 0.024 | 0.036 -

Table 3: Square roots of the MSE computed for estimators 5,1 and §FZ of parameters ag = 1,
¢=0.2and d =0.1, 0.2, 0.3 and 0.4 of the LARCH(o0) process computed from 300 independent
replications, and for &\QML(h) already computed in Beran and Schiitzner (2009) for d = 0.1 and

0.2.
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of the long memory parameter d in the case of a LARCH(co) process, the QML estimator
proposed in Beran and Schiitzner (2009) has truly disastrous performances compared to those

obtained with §FZ and in particular those of én

4.2 Application on the returns of a financial index

Let us look at the financial returns of an index called the CAC40, which is the French equivalent of
the FTSE100, with 40 companies instead of 100. These are the closing values between 15 November
2002 and 15 November 2022, i.e. 20 years and n = 5122 data. The correlogram plot shows a weak
white-noise type behaviour, which is also consistent with a conditionally heteroscedastic process.

Firstly, we can see that these returns have values extremely close to 0 (70 are in absolute terms less

Ret CACK
[
|

2005 2010 2015 2020

Year

Figure 1: Financial returns of CAC40 index, between November 15, 2002 and November 15, 2022

than 1% of the standard deviation) and even twice exactly 0, which would be very unlikely with a
GARCH process often used to model this data, for which the conditional variance is always greater
than a positive constant.

Moreover, as already pointed out in Giraitis 4.e. (2004) with the S&P500 returns data since 1928,
we can observe a particular behaviour of the leverage estimate: it is negative for almost all lags
and follows a power-law type distribution (see Figure . A non-linear least squares approximation
gives the value of this power ~ —0.55. If we note h; the leverage, this would mean that hy ~ C 41
with d ~ 0.45 and C' < 0. Now, if the CAC40 returns follow the example of LARCH(o00) processes
with long memory (X;) studied in Beran and Schiitzner (2009), i.e. a;(0) = ¢4t for j > 1, then

we have:
Cov (X0, Xt) =0, hy = Cov(Xo,X?) ~Ct¥™1 and Cov (X3, X?) ~ %1

with 0 < d < 1/2, C < 0 and ¢ > 0 (see again Giraitis 4.e., 2004, or Robinson and Zaffaroni, 1997).
We check that this last asymptotic behaviour is well verified by plotting the correlogram of the
squares of the process, which is done in figure[3] Again we observe a power law type behaviour, and

a non-linear least squares estimation of this power gives the result ~ —0.09. However, if we use the
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Figure 2: Leverage estimate of the financial returns of CAC40 index, between November 15, 2002
and November 15, 2022

CORKZ

Figure 3: Correlogram of the squared financial returns of CAC40 index, between November 15,
2002 and November 15, 2022

value of d = 0.445 obtained numerically from h;, we find that 2d — 1 ~ —0.11, a value very close to
—0.09. There seems to be a good fit of a long memory LARCH(o0) model with these return data.
Fitting the returns of CAC40 index with two models of long memory LARCH/(oc0)

a. We first fitted these data with the long memory LARCH(oc0) process studied in Beran and
Schiitzner (2009), i.e., such that

ap(0) =ag and a;j(0) = cj¥ for j > 1.

For this model, we considered the estimator gn = t(ao,a @ used in the results of Table 3 and we
obtain
Go~0.010 , ¢~ —0.159 and d ~ 0.488.

This is quite consistent with the values of d previously obtained by nonlinear least squares. Note
that we also obtained §FZ = t(0.00?, —0.143, 0.497), a value quite close to that of §n, confirming
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the long memory property of this time series. Note also that using an estimate of the covari-
ance matrix of these estimators can be computed. And we obtained the following 95% confidence

intervals from 6,,:

ap € [0.00999, 0.0110], ce€ [—0.192, —0.125] and d € [0.433, 0.544].

However, we notice that > 72, a?(ﬁn) ~ (0.159)? ¢(1.024) ~ 1.068 > 1 and also > i CL?(HFZ) ~
(—0.143)2 ¢(1.006) > 1. Thus, whatever the distribution of the noise, the second order stationarity
— :d—1
= cJ

for j > 1 does not seem appropriate. This is also confirmed by the correlograms of the residuals
& =X, /(ap +¢ 23;11 j41X;_;) and their absolute values €| plotted in Figure Indeed, and it

is particularly clear with the correlogram of |§t|, (Et) could not appear almost as white noise (note

condition is not verified. The long memory model LARCH(oco0) process such as a;(0)

that Francq and Zakoian, 2010, also proposed a goodness-of-fit test based on (5?), but only for
AR(q)-LARCH(p) processes). Modelling these data with this model is therefore problematic.

ACF

02 04 06 08 10

0.0

Series Resi

Lag

ACF

00 02 04 06 08 1.0

Series abs(Resi)

Lag

Figure 4: Correlograms of residuals and absolute values of residuals for the returns of CAC40 index,
between November 15, 2002 and November 15, 2022, using a;(0) = cj@ 1 for j > 1

b. We now consider another model of a long memory LARCH(oo) process. We will thus suppose
that .
ag(f) =ap and a;(f) = cjd_l(l + j—) for j > 1,

with 0 = (ag, ¢, d, ) € (0,00) x R x (0,1/2) x R. Tt is clear that for ¢ = 0 we recover the previous

model. For this model, we computed on data the estimator 0, = t(ao,a CZE’) and obtained
ap ~ 0.010 , ¢~ —0.302, d=~0.346 and @ ~ —0.678.

In contrast to the previous model, now > 72, a?(gn) ~ (—0.302)% (¢(1.308) + (0.678)%((3.308) —

1.356 ¢ (2.308)) ~ 0.222 < 1, and the second order stationary condition is generally satisfied (except
when &2 > 4.5). And using (22)), an estimate of the covariance matrix of these estimators can

be computed, and the following 95% confidence intervals of the parameters are obtained:

ap € [0.0099, 0.0110], ce [-0.383, —0.221], d € [0.275,0.416] and ¢ € [-0.885, —0.472].
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Finally, to visualise the goodness-of-fit of this second long memory LARCH(00) model, the correl-

ograms of the residuals and the absolute values of the residuals are plotted in Figure

Series Resi Series abs(Resi)

ACF

02 04 06 08 10
ACF

00 02 04 06 08 10

0.0

Lag Lag

Figure 5: Correlograms of residuals and absolute values of residuals for the returns of CAC40 index,
between November 15, 2002 and November 15, 2022, using a;(0) = ¢! (1 + 67,) for j > 1

Conclusion: For these financial data, as observed by other authors, modelling by a long memory
LARCH(o0) process seems relevant. However, we point out that the model studied by Beran and
Schiitzner (2009), i.e. a;(0) = cj?1 for j > 1, is not appropriate for these data, while a model

with a slightly more complex behaviour with an additional parameter, i.e. a;(#) = ¢ g1 (1 + 67/)

for j > 1, provides a quite satisfactory fit.

5 Proofs

In the sequel, with Z;n:l - =0 for m < 0 by convention, for t € Z, we will many times consider
oo
My(t) == ao(0) + > a;(0) Xs—; and My(t )+ Z a;(0) X;_j. (26)

Lemma 5.1. Under the assumptions of Proposition and with d < 1/2 defined in , we obtain:

1. There exists C' > 0, such as for any t > 1 and 0 € ©O:

]E[(Mg(t))ﬂ < 0, E[(J\%(t))ﬂ <oo and E[(Mg(t) —J\%(t)ﬂ <Ol (27)

2. There exists C' > 0, such as for any t > 1 and 0 € O:

E{“(%Me(t)“?} < o0, E{\\agﬁe(t)m <oo and EU}@HMQ — B My(t)| } < 0421,
(28)

3. There exists C > 0, such as for any ¢ > 1,

E[sup (Mp(t) — z\%(t)ﬂ < T 21, (29)
0O
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Proof of Lemmal[5.1 1. Since (X;)tez is a weak white noise, it can be written directly that

B[ (Mp(1))°] = EIX3) > at0) < BIXF] 3 supai(0)
k=1 k=1

From Assumption Cy(0), supycg |ax(8)| < Cq k31 implying

Zsup az(h) < C? Z 22 < 00,
k=19€© k=1
since 2d — 2 < —1. And therefore E[(M@(t))Q} < 0.

Using the same reasoning,

}E[(]%(t)ﬂ —Ex2 Y d20) < E[(Mg(t))z} < .

Finally, E[ (My(t)~ o (1))”] = ELXZ) S, 02(6) < C2E[XF) 32, K02 abways from Assunption
C¢(©). But for f a positive decreasing function, it f(k) < f(no) + f;;l f(t)dt for any integer
numbers ng and n; such as 0 < ng < n; < co. Therefore, for any ¢ > 1,

S _ _ fe’e) _ _ _ 7 _
Zde—z < 42d-2 +/ 22023, < 4242 | 1 _2d-1 (2 - 2@) 2d-1
p - ¢ - 1-2d “\1-2d

Therefore, for any 8 € © and t > 1,

E[(Me(t) - 1\79(75))2] < C2E[X?] (i = ;Z) 201 < @21,

2. Using Assumptions (S) and Cy(0), 6 € © — JyMpy(t) exists a.s., and for any §# € © and t > 1,

o) t—1
0o My(t) = Opao(0) + > dpar(0)Xe— and  0pMp(t) = dpao(0) + > _ Ipar(0)X—p, a.s.  (30)
k=1 =1

Then E[(agMg(t))Q} = Z§:1 E[(ngMe(t))Q]. By replacing ax(6) by Jp,ax(0) that also satisfies
for j = 1,...,¢, we can use the same reasoning as in 1. for obtaining E[(@ngg(t)f] < 00.

And this can also be done for dpMy(t) and 9 Mg(t) — O My(t) and we obtain 298).

3. We use here ideas already present in Lemmas 1 and 2 of Beran and Schiitzner (2009). The
result will be easily generalized, but to facilitate the writing of the proof, we restrict ourselves to
the case where £ =2 and 6 = (61,62) € © C [0;,01] X [0,,02]. Denote Zy = My(t) — My(t). Using
Theorem 3.B of Parzen (1999), we can write that for any ¢ > 1 and (61, 602) € [0,,61] x [05, 03],

1 o1 2
2 2 2 2
Z(1,0) < §(Z(el,ez>+z(al,92)+ /9 Zs )+ (90: 2w 0)) dw)-
Z1
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By applying again this theorem, and after computations, we finally obtain for any (61, 62) € [0, 01] x
[QQa 92]7

+Z

2 2 2 2
4 Z(91792) = Z(QlaQZ) +Z T24 (01,02)

(Ql »52) ('91 7Q2)

02
2 2
* /9 (Z?QM@) + Z(Zgl,uz) - (8922@17“2)) - (692 Z(§17U2)) ) dug

Yo

o 2 2 2 2
+/0 <Z(u1,g2) + 200+ (00 200,)" + (90,204, 5,) )dul

v
“
0,
After taking expectations, we finally obtain that there exist positive real numbers Cy(©), C1(©),
(C5(0) and C12(0) depending only on © such as

1
1

2
/9 (2211 + 00 Ziur ) + (00 Ztr0))” + (0 Zr ) ”) e,
Z2

E[ Sup Z(201,92)] < CO(@) Sup E[Z(201,92)] +Cl(®) sup E[(8912(91,92))2]

(601,02)€© (01,02)€© (01,02)€©
2 2 2
+C2(0) sup E[(892Z(91,92)) ]+012(®) sup E[(69192Z(91,92)) ] (31)
(61,602)€0 (61,602)€0

Now, using the previous point 1., we obtain that for any ¢ > 1:

M 2 ~ 2d—1
sup E Z2 = sup E Mt _ Mt < Ot .
PR (61,6 e [(M{g, 0,) — Mg, 0,))"]

From point 2., the same bound can be established as well for supy, 9,)co E[(@gl Z(91’02))2] and for
SUp(p, 6,)c0 E[(@gl Z(91’92))2]. From a straightforward extension to 83192Z(91792), implies that

there exists C' > 0:
t t 2 = ,2d—1
E[ sup (M, g, — My, ,))] <Ct*

(01,02)€©
O]
Proof of Proposition|3.1. For 8 € ©, denote:
I ~ 1 ¢ .
In(0) =~ > ((Xi—p)k>0,0) and I,,(0) := - > ((Xi—i)r0,0), (32)
t=1 t=1
where @ is defined in . The proof will be stepped in 3 points:
1. We prove here that supycg |In(0) — I1(0)| =3 0, with
n—oo
1(0) :=E[®((X_k)kz0,0)] for 6 € O. (33)

Indeed, from Doukhan and Wintenberger (2008), there exists a function H : RY — R such as for
any t € Z, Xy = H((&—j)j>0) and therefore (X;):cz is a second order ergodic stationary sequence
since 7 = 2. Then, for § € O, there exists Hg : RY — [0, 00) such that

O ((X-r)k>0,0) = @ (((H(k-1))j20) 500 0) = Ha ((€-5)j20),
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with also E H<I> ((X,k)kzo, 9) H < 00. Then using Theorem 36.4 in Billingsley (1995), (CI)((X,k)kZO, 9))

is an ergodic stationary sequence for any 6 € ©. As a consequence, for any 6 € O,

teZ

L(6) %% I(6).

n—oo

Moreover, since © is a compact set, using Theorem 2.2.1. in Straumann (2005), we deduce
that (@((Xt,k)kzo, 9))t€Z also follows a uniform ergodic theorem and we obtain supgcg ‘In(é?) —
10)] % o.

n—o0

2. We also have supgce |1n(6) — fn(H)‘ 2% 0. We have

n—oo

~ 1 <& ~
[1,(0) — I,(0)] < - Z 1P ((Xi—k)k0,0) — @((Xi—k)r>0,0)], (34)
t=1
and for any 6 € O,

[D((Xi1)r20.6) = O((Xiwhiz0,0)| = |1 = [Mp(®)])* = (14l = | My (0)])?]

< [My(t) = Mp(®)] (215] + [Mo ()| + | Mo (2)

with My(t) and Mg (t) defined in . Therefore, using Cauchy-Schwarz and Minkowski inequalities,
E bug | ((Xi—r)kz0,0) — & ((X;_p)r0,0) u
€

< E[Sgg{\Mg(t) - J\%(t)\} (2 Xi]+ sup {}Mg(t)\ + \J\%(t)\}ﬂ

< (B[ sup { (Mo(t) - Mg(t))2}])l/2 (202l + (E[Sgg \Mg(t)ﬂ)l/i (E[Sgg }Me(t)\z})l/z()m)

0co
Now, since © is a compact set included in ©(2), we have || X;||2 < co. Moreover, using Lemma [5.1]
point 3., for t = 1, we have E[sup(,e@ ‘Mg(l)‘Q] = E[supgee ’Mg(t)ﬂ <C.
With ‘Mg(ﬁ)’z <2 (My(t)— Mg(t))z +2 (Mg(t))z, this also implies that ]E[supee@ ’Mg(t)ﬂ <4C.
Therefore, there exists C > 0 such as for any ¢t > 1,

1/2

(21t + (B sup o)) + (B sue a0 ]) ™) < @)

Therefore, from , and Lemma point 3., we deduce that there exists C > 0 such as:

E[zug ’@((Xt_k)kzg,e) — @(()?t_k)kzo,e)\] < Ot for any t > 1.
€

Then, using this bound and since d < 1/2, there exists C' > 0 such as:

n 1 " n _ oo _
> ;E[zug |2 ((Xi—i)r0,0) — ((Xi—p)r0,0)|] < C Y 2 <C > #72 <00, (37)
=1 S t=1 t=1

E[|Z:]]

2 < oo implies

In Corollary 1 of Kounias and Weng (1969), it is established that Z
t=1

1 n
— ZZt L% 0 for a LY sequence of r.v. (Z;); and b, — oo. Therefore, with b, = t for
bn Pt n—oo n—o00
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t € N*, leads to

1 = v a.s.
— Y “sup | @((Xe—p)k=0,0) — @((Xi—p)k0,0)| =3 0,
n - 6eo

n—o0

and therefore to sup |1,,(6) — fn(ﬁ)‘ =% 0 from (34).
0O n—o0

3. The two previous points show us that supgcg ‘fn(Q) — 1(0)| =% 0 with I defined in (33).
n—oo
The proof is achieved if we establish that #* is the unique minimum of § € © — (). This is

induced by the following computations:
100) = E[®((X_p)r=0,9)]

= E[ (16l |ao(®) £3 70,00 X |~ Jaof) +i%’<9> X)) ]

j=1

- E[&%—1]E[(\ao<e*>+iaj<9*>xjl)z}
[(‘ao +Za] X_5| - |ag(9*)+§:aj(0*)XjD2},
j=1

using the assumption [|§y]|1 = 1 and because (X;) is a causal time series implying that &y inde-
pendent to O'{ k>1} The first term of the previous relationship does not depend on 6. The

second one vanishes when # = 6*. It is also non negative and it vanishes if

‘ao(e) —1—2@(9) X7j| = }a(] —i—ZaJ 9* 7]|
j=1

As we assumed that ag(-) is a positive function, using also Assumption Id(©), we deduce that § = 6*

is the only solution of the previous equality. As a consequence, #* is the unique minimizer of I(-) and

since supgcgo ’fn(ﬁ) —I(0)] =% 0and 0, =06, = Arg@mén I,(0), we deduce that 6, *% 6*. O
n—00 S

n—oo

Proof of Corollary[3.. In such a case, § = '(ag,...,a,) and therefore a;() = a; for any 0 <i <p
and a;(0) =0 for i« > p+ 1. Then, 6 € © — ax(0) are C* functions on © for any k € N. Moreover,
since supgcg |ax(0)| = 0 for k > p+1 as well as supgeg H@gj ar(0)|| = 0 for any 1 < j < p+1, therefore
is satisfied and Assumption Cp41(©) holds. Since Y7 supgeg |ar ()| < oo, Assumption (S)
is also satisfied. Finally, Assumption 1d(©) is obviously satisfied: a;(d) = a;(f) implies a; = a;,
which implies § = (aq, ..., ap) = 0 = “(ag, ..., ap) for any i € N. Then the strong consistency of
gn is established from Proposition O

Proof of Corollary[3.3. Denote § = (p,0g) € © where 0p = *(co,c1,...,¢5) € (0,00) x RP,
0o = '(di1,...,ds) € RI. Then o = Pe;l(B) Qoo (B)X. It is clear that 0p — Py, is an injective
function, and it is the same for p — PQ_P1 and 0g — Qg,. Finally it is also the same for 6 =
t(&p, QQ) — P(,_P1 X Qg , because Py, and )y, are not zero polynomial and because we assume
that the p + 1 components of fp are free of the ¢ components 6, i.e. there are no supposed
links between (c;)o<i<p and (d;)i1<j<q. Therefore, and Assumption 1d(©) are satisfied for
GLARCH(p, q) process.
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Moreover, as it is well known for GARCH(p,q) processes, since Z?Zl |dj] < pwith 0 < p <
1 from the expression of ©4(2), the roots z;(#) of the characteristic polynomial £(z) = 29 —
23:1 bj2777 satisfies supg max; |2;(0)] < 1: (ax(f))r decreases exponentially fast towards 0. Then
> re i Supgeo lak(0)] < oo and Assumption (S) is satisfied. Moreover, there exists ¢y > 0 such as
supgee |ak(0)| < co k=3/% for any k > 1. By considering the derivatives of equation , we also have
SUPgco ‘}ngak(H)H < ¢; k3/* with ¢; > 0 for any k,j > 1 and Assumption Cpi441(0) holds. [

Proof of Corollary[3.3. The assumptions of Corollary are exactly the same as those of Propo-
sition It remains for us to prove that could be satisfied under the condition @, i.e. there
exists d() € (0,1/2) and Lg(-) a slowly varying function such that a;(0) = Lg(j) ;%9 for j € N*.
Since # € © a compact set, there exists D € (0,1/2) such that d(f) < D for any § € ©. Moreover,
since Lg(-) is a slow varying function and § € © a compact subset of R, there exists Cy, > 0 such
that supgeg ’Lg(j)‘ < Cp jY/*=P/2 for any j € N*, with 1/4 — D/2 > 0. As a consequence,

zug ‘aj(9)| < Oy jH/AP2iD=1 < ¢0p jP/273/4 for any j € N*.
€

With d = D/2 + 1/4 < 1/2, Assumption C(0) is verified and Corollary |3.3|is established. O

Proof of Corollary[3.4f We have to prove that the assumptions of Corollary are satisfied in
this particular case of long memory LARCH(oc0) process.

First, we have § = *(ag,c,d) € © C R? and Assumption C3(0) has to be verified. It is clear that
ap : 0 — ck?1is a C*® function on ©, with @ defined in . For k > 3, easy computations imply
that:

ztelg H@gjak(G)H <y\/A;+7j xlogk x k=1 for 1< j<3.

Therefore, by considering for instance d = dy/2 + 1/2 € (das,1/2), it is clear that there exists
Cq > 0 such as is satisfied and Assumption C3(©) holds.

It remains to prove Assumption Id(©). This one will be verified by considering the equality a;(0) =

d—1 _ = :d—

a;j(0) for any j € N where 0 = *(ag, ¢, d) and 0 = £(dg, & d). This implies ag = o and ¢ j cj

(I

for any j € N, leading to 6 = 6: Assumption 1d(©) is also satisfied.

Proof of Theorem[3d Let I,,() and I,,(6) be defined in (32). We follow a proof that is similar to
the one of Theorem 2 in Davis and Dunsmuir (1997).
Let v = /(0 — 6*) € R and define

Wa(v) = Y ((Xi-r)r0,0" +1n7%0) = ((Xip)i20,0") = n (In(0) — 1n(67))
t=1

and Wo(v) = Y @((Xi—i)rz0, 0" +n %) — &((Xi—p)iz0,0%) = n (I(0) — I.(67)).
t=1

Then we are going to prove first that minimizing I~n(0) with respect to § € © is equivalent to
minimize W, (v) with respect to v € RY, which is also equivalent to minimize W, (v) with respect to
v € R, Secondly, we will provide a limit theorem satisfied by W, (v) for any v € RY. Then we are
going to prove in 3. that (W,(+)), converges as a process of C(R’) (space of continuous functions on

RY) to a limit process W. Hence the sequence of minimum of Wi, i.e (3 )y with 3, = \/n(6, — 6%),
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will converge in distribution to the distribution of the minimum of W(-).

1. For any v € R® and n > 1, we have:

Wa(v) = Z (1% - \Mawu%@ﬂf — (1%:] - Mo <t>!)2

t=1
S (1] ~ | Ma-(t) - \}ﬁtv(?gMegn)(t))‘y - (1%~ M- 1))
t=1

n

= 3 (10 = [ ()] = =" a0 sem(ye(01))” = (1] = |- 0)])
t=1

2 < 1
- T a Z ‘th - ‘M‘?* D x sgn(Mp=(t)) x Ua@M <n) ) + " Z UaeM <n> ))2
t=1 t=1
= 2" W)+ 57 w) (38)

with @E") = aﬁ") 0 + (1 — oz( ))(0* +n~Y2v) where oz( " e € [0,1] is given from the Taylor-Lagrange

expansion.

Term JQ(n) (v): For any v € R, @En) 2% #* and then
n—oo
Op M) (t) — DgMp.y| == 0 for any t € N, (39)
0 n—00

since the functions 6 € © — Jya;(0) are supposed to be continuous functions for any i € N. Then

we obtain for any v € R%:

\Jé’” () — E[(*0 89 My (0))?] ‘ <

A
—
<
&
S
=
—
<
&
=
=
_

Now using Cesaro Lemma we obtain from ,

2% 0. (40)

n—oo

LS (o) - B[00 )
t=1

Moreover, we have seen that there exist a function H such as X; = H((§—;)j>0) for any t € Z, and
therefore (X;)¢cz is a second order ergodic stationary sequence. Then, for any v € RY, there exists
a function H, : RN — [0, 00) such as

("0 8y My- (1)) = Hy((€-5)520),

with also E[(tv Oy My~ (t))Q] < oo (see 1. of Lemma . Then using Theorem 36.4 in Billingsley
(1995), ((tv Oy My~ (t))Q)tGZ is an ergodic stationary sequence implying to:

% > ((tv B9 Mg (1)) — E[(*v 8y Mp- (0))] 500, (41)
t=1
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Finally, with and , we obtain for any v € RY,

T () L5 E[(fv9gMy-(0))°] = wTiv where T :=E|dpMp-(0) x '9gMp-(0)|,  (42)
2

n—oo

where I'f is as in ([19)).

Term Jl(n) (v): We also have

NE

K () = (1Mo (£) &] = | Mo+ (1)]) x sgn(Mo» (£)) x "v 8 My (1)

2
n

= (-

-
Il

1

Z €] — 1) M- (t) x 8p My~ (1)

a\w

n

25 (]~ 1) Mor(0) % VA (00 (1) — B (1))

t=1
— (K(”)( )—i—K(n)( ))

We have ((‘ft‘ — 1) My-(t) x Oy M- (t)) N that is a stationary ergodic martingale difference since
te
with the o-algebra F; = U{(Xt—k)k21}7

Emft‘ — 1) Mo«(t) x OpMo-(t) ‘}—t} =E[|&] - 1] E[Me*(t) X a.gM@*(t)} -0,

because (X}) is a causal process and & is independent of F; and EH&)H =1.
Now since I'; := E[(MQ*(O))QagMQ*(O) X tagMg*(O):| is supposed to be a finite definite positive
matrix (see also its expression in (20)),

MM—QM@ x%m*mﬂ:( [m@ x%m*m1<m
Then the central limit for stationary ergodic martingale difference, Theorem 18.3 of Billingsley

(1968) can be applied and we obtain for any v € R:

KM (w) £ K1 S N(0,4(02 —1)T3). (43)

n—oo

For any t € Z, by the definition of @En), we have /n @En) —60")=(1- aﬁ”)) v with aﬁ”) a random

variable of F; bounded in [0, 1]. Therefore, using a Taylor-Lagrange expansion, we also have

’\/ﬁtv (agMg*(t) — GgMgin) ’ =(1- vagzM (n) v < sup H@ggMg )H HvH2 for any t € Z,

where Ein) = Btn)Q* +(1- Bt )7 ") and ,Bt(n) € [0, 1]
We have E[(supeeg H8§2M9 H) ] [

ing than in 3. of Lemma E[supgee |92, My (0) — gQMQ(O)HZ} < oo when Assumption Cyy2(0)

0) HZ} . Using the same reason-

holds. As a consequence,

B[ (vt @0t 0 = 200 0)) ] < B gl to] x o <.
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Moreover, since @En) € Fi, we also have (9 Mpy+(t) — 89M§(n> (t)) € F; and from the previous bound,
t

E[| (& = 1) Mo~ (t) x v/ "v(96Mo- (t) — 96Dy ()
= E[||&] - 1]] x EH(MQ* (t) x v/ "0(9 Mo+ (1) = 06 My (1) H
E[||&] - 1]] x E[(Mg*(t))ﬂ x IE[( 0 (96 Mo (1) — 96 My (t))ﬂ < oo, (44)

Therefore (]§t| — 1) My« (t) x ntv(agMg* (t) — 89M§(n) (t))t is a stationary causal sequence, and
t
from , Theorem 36.4 in Billingsley (1995) implies that for any v € R,

o K3 (0) nil ]E[(|§t\ — 1) My~ (t) x v/n'v(9gMp-(t) — 09 My (t))} =0. (45)

Finally, for any v € R, since Jl(”)(v) =ty (Kf”) (v) + Kén) (v)), then Jl(”) (v) £, K, from (43])

n—oo
and , and with this implies,
Wa(v) = Wlio+' K, with Ki < N(0,4 (02 —1)T3). (46)
n—oo

2. Asymptotically, for any v € R?, from 1., we know that the law of W,,(v) is the same as the law
of:

n

WT/L(U) = —\/25 Z (‘é}‘ — 1) My~ (t) x by Og M+ (t) + % Z (tv Og M~ (t))2

t=1

and we deduce the same kind of result for the law of Wn(v), which is asymptotically equivalent to

the one of:
2 — ~ ~ 1 — —~
T D (€] = 1) Mye(t) x "0 9pMp-(t) + = > (v 9 My ().
n t=1 n t=1
Therefore we obtain:
—~ 2 U —~ —
Wilo) = i) =~ Z €] = 1)t (Mo (£) By Mo- (£) — Mo (1) Do M- 1))
=1
( > (95 0p M. — 091\75*%91\75*)) v (47)
=i+ L( 0 (48)

Term Lgn): Using the causality of (X;), i.e. & independent to o{X;_1, X;—2,...} for any t € Z,
we deduce that:

n

E{\/lﬁ > (6] = 1) fo (M- (t) 9 Mo- (t) — My-(t) 8y Mp- (t))} =0, (49)
t=1

since E[|&|] = 1. Moreover, we have for any ¢ > 1:

M+ (t) Og M~ (t) — M- (t) 8 M- (t) = My~ (t) (9p Mg (t) — DgMe-(t)) + 0p M- (t) (Mp= (£) — My~ (t)).
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Using 1. and 2. of Lemma [5.1} we have for any ¢ > 1:
E[(Mg-(t) — Mp-(£))°] < C#*1 and  E[||85Mp- (1) — 0p M- (t)||*] < C 121
As a consequence, using Cauchy-Schwarz and Minkowski inequalities,
|| Mo+ (t) Bp Mg+ (t) — M- (t) Op M+ (1), < ‘F(HMQ* 0)l|2 + [|9pMo- (0)[l2) /2. (50)

Therefore, there exists C' > 0 such as for any n > 1,

E[(\}ﬁ 3" ([&] — 1) to (Mo- (t) 9 M- (t) — M- () 8y My (t)))z}

t=1

1 2 r r 2
:ﬁ £=1 vl ZHMG* ) Og M- (t) — My~ (t) Og M- (t)|;

c 2
< Coz -1y of o

t=1

c " 2

<SR-l (1+ [ e de) < 0 ol ¥t

with ¢’ > 0 and for n large enough, using again the fact that for f a positive decreasing function

> oh f(E) ) + fl t)dt. Therefore, for any v € R,
1 «— — — 2
E[(% 3 (& — 1) o (M- (t) 9 M- (t) — My- (t) 99 M- (t))) ] — 0. (51)
t=1

Therefore, from and (51]), we deduce E[Lgn)] = 0 and Var (Lgn)) — 0. Using Bienaymé-

n—o0

Tchebytchev Inequality, this implies that for any v € R¢,

L Lo (52)

n—o0

Term Lgn): Using the same method, we also obtain that there exist C” > 0 such as for any
sef{l,...,n},

|89 Mg 185 Mg — Mg t9p M. ||, < C" 5712, (53)

Now with (b3)), we can use again the result established in part 2. of the proof of Proposition
based on the Corollary 1 of Kounias and Weng (1969) and obtain for any n € N*,
n 1 /.\_/ . n B
> = |00M;. 0p M. — 0p M. '9p Mg ||, < C" > s < o0
S
s=1 s=1

since d < 1/2. Therefore:

n

1

- > (06 M. 0p M. — 8p M. 0p M) = 0, (54)
s—1 n— o0
implying
Lgn) 2500 for any v € R, (55)

n—oo
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Finally from , and , we deduce that for any v € R,

[W(v) = Wa(v)] = 0.

n—oo
Using , this implies
Wa(v) = W(v):="Tjo+wK with K < N(0,4(cf —1)T}). (56)
n—oo

3. Now, using the same arguments than in the proof of Theorem 2 of Davis and Dunsmuir (1997),
we deduce that finite distributions (W, (v1), - , Wa(vg)) converge to (W (vy),--- , W(uvy,)) for any
(v1,--- ,vp) € (ROF. Moreover, always following the proof of Theorem 2 of Davis and Dunsmuir
(1997), (W, (v)), converges to (W (v)), as a process on the continuous function space C°(R).

As a consequence, a maximum v = /n ((9\ —0*) of W, (v) converges in distribution to the maximum

of 'wI'f v+ v Ky, which is v := —% (ry)~ 'Ky & ./\f( , (0f—1)(T7)~ '3 (I“'l‘)71> and this implies

1) O

Proof of Remark[3.4). Using the notations of the proof of Theorem [3.1] we have:

n

Z&HMA t(‘)@MA (s) and fg = % Z (Mgn(s))Qagﬁgn(s) t@e]\%ﬂ(s).

s=1

Using the same computations than those required for establishing , we have for any 0 € O:
|89 Mp(s) x "OpMp(s) — A9 Mp(s) x tagj%(s)‘b <" g1/2,

And following , we obtain for any 6 € ©

% > (99 My(s) x '9pMp(s) — 0pMy(s) x ‘0pMy(s)) “ 0

n—o0

Using Theorem 2.2.1. in Straumann (2005), we deduce that:

n

sup l Z (89M9<S) X tagMg(S) — 89]’\\4/9(8) X tagj\\jg(s)) 2> 0
peo ' o—1 n—00
and this implies
1 & Y Y a.s.
‘ﬁ >~ (90Mg, (s) x '06Mj () = 9D (s) x 9D (5))| =% 0. (57)
s=1 n oo

Moreover, for any 6 € ©, since the process (9pMp(s) x t@gMg(s))s is a stationary causal sequence
such as E[||99Mp(0) x '09My(0)||] < oo, Theorem 36.4 in Billingsley (1995) implies :

1 < a.s
- > " 09 My-(s) x "0pMp-(s) “ T7.

n—o0

But for any s € {1,...,n}, 6 € © — 9ypMpy(s) is a continuous function and since 0, 2% o~
n—oo
n
Z OpMj (s) x '0pMy (s) == T (58)

n—oo



29

Using and (58), we deduce that r, % Iy

n—oo
Using the same reasoning as well as (50|, we also deduce that fg £5 rs. O
n—oo

Proof of Corollary[3.5, Using exactly the same arguments as in the proof of Corollary for
establishing that Assumption Cy(©) holds with ¢ = p+ ¢ + 1, Assumption Cy42(©) also holds.
Moreover, for any GLARCH(p, ¢) process, the matrix I'f and I'; are positive definite matrix. Indeed,
following the same reasoning as in the proof of Lemma 5 of Beran and Schiitzner (2009), we have
for any v € RPTat+!

v = E[(tv g My~ (0))2] > 0.

Assume that ‘v 9y Mpy+(0) = 0. By stationarity, this implies ‘v 9y Mg« (k) = 0 for any k € Z. Using
relation , we deduce that:

89M9* (0) = 39(00 +c X4+ + Cp thp) + 89 (dl Mg*(fl) —+ o+ dq Mg*(—q)).

Then:

ey My=(0) = 14 dy Oy Mg+ (—1) + - - - + dg Ocy My~ (—q)
(9de9*(0) = My(—j)+dy adeg*(—l)—|—---+dqade9*(—q) 1<53<q

Therefore, if ‘v 99 Mg+ (0) = 0, then (1, X_1,..., X_p, Mp+(—1),..., Mg-(—¢q)) v = 0. Such equation
has no solution since a linear relationship relies all these random variables to Mpy-(0) (or these
means that (X;) would be a GLARCH(p — 1,¢ — 1) process which is not possible since we have
assumed that Ppr and Qp; are coprime polynomials). Hence, b 99 My« (0) = 0 implies v = 0: T'} is

a positive definite matrix (and a similar reasoning leads to the same property satisfied by I'}). O

Proof of Corollary[3.6, As we had already written, in the case of a LARCH(p) process, we must
have © C ©,(4), which is defined in @ Therefore, choosing © as defined in guarantees that

it is a compact subset of ©,(4). Moreover, since a LARCH(p) process is a particular case of a
GLARCH(p, q) process, Corollary is satisfied under the conditions of Corollary O

Proof of Corollary[3.7 In the proof of Corollary [3.3] it was established that could be satisfied
under the condition (9), i.e. there exists d(d) € (0,1/2) and Ly(-) a slowly varying function such
that a;(0) = Ly(j) §jUO=1 for j € N*. The various assumptions required for the establishment of the
central limit theorem are also present in the assumptions of the Corollary . And condition
(9) is not in contradiction when Assumption Cyi2(©) holds. O

Proof of Corollary[3.8 In the proof of Corollary Assumption C3(©) holds. But for k& > 3,
we also obtain supycgo H@gjak(G)H < /A +7x log*k x k™ —1 for j = 4, 5. Then always with
d=dy/2+1/2, Assumption C5(©) holds.

Moreover, mutatis mutendis, we can use again the proof of Lemma 5 of Beran and Schiitzner (2009)
for proving that I'] and I'} are two positive definite matrix in this case of long memory LARCH(c0)

process. ]



30

Aknowledgments The author is very grateful to the referees and the editor for many relevant

suggestions, corrections and comments that helped to notably improve the paper.

Data Availability Statement

Data available from request from the author.

Used softwares are available on https://samm.univ-parisl.fr/Sofwares-Logiciels

References

[1] Bardet J.-M., Wintenberger O. 2009. Asymptotic normality of the quasi-maximum likelihood

estimator for multidimensional causal processes. Ann. Statist. 37: 2730-2759.

[2] Beran J. 2006. On location estimation for larch processes. Journal of Multivariate Analysis 97:
1766-1782.

[3] Beran J., Schiitzner M. 2009. On approximate pseudo-maximum likelihood estimation for
LARCH-processes. Bernoulli 15: 1057-1081.

[4] Berkes I., Horvath, L. 2003. Asymptotic results for long memory larch sequences. Annals of
Applied Probability 13: 641-668.

[5] Billingsley P. 1968. Convergence of Probability Measures. New York: John Wiley & Sons Inc.
[6] Billingsley P. 1995. Probability and Measure. New York: John Wiley & Sons Inc.

[7] Davis R., Dunsmuir W. 1997. Least absolute deviation estimation for regression with ARMA
errors. Journal of Theoretical Probability 10: 481-497.

[8] Doukhan P., Wintenberger O. 2008. Weakly dependent chains with infinite memory. Stochastic
Processes and Applications 118: 1997-2013.

[9] Francq C., Zakoian J.-M. 2010. Inconsistency of the mle and inference based on weighted ls for
larch models. Journal of Econometrics 159: 151-165.

[10] Giraitis L., Leipus R., Robinson P., Surgailis D. 2004. Larch, leverage and long memory.

Journal of Financial Econometrics 2: 177-210.

[11] Giraitis L., Robinson P., Surgailis D. 2000. A model for long memory conditional heteroscedas-
ticity. The Annals of Applied Probability 10: 1002 — 1024.

[12] Giraitis, L., Leipus, R., Surgailis, D. 2009. ARCH(o0) Models and Long Memory Properties.
In: Mikosch, T., KreiB, JP., Davis, R., Andersen, T. (eds) Handbook of Financial Time Series.
Springer, Berlin

[13] Grublyte G, Surgailis D, Skarnulis A. 2017. Quasi-MLE for quadratic ARCH model with long
memory. J. Time Ser. Anal. 38: 535-551.



31

[14] Kounias E., Weng T.-S. 1969. An inequality and almost sure convergence. Annals of Mathe-
matical Statistics 48: 1091-1093.

[15] Ling S. 2007. Self-weighted and local quasi-maximum likelihood estimators for arma-
garch /igarch models. Journal of Econometrics 140: 849-873.

[16] Nielsen M.O., Noél A.L. 2021. To infinity and beyond: Efficient computation of ARCH(c0)
models. J. Time Ser. Anal. 42: 338-354.

[17] Parzen E. 1999. Stochastic processes. Classics in Applied Mathematics, STAM.

[18] Robinson P. 1991. Testing for strong serial correlation and dynamic conditional heteroskedas-

ticity in multiple regression. Journal of Econometrics 47: 67-84.

[19] Robinson P., Zaffaroni P. 1997. Modelling nonlinearity and long memory in time series. Fields
Institute Communications 11: 161-170.

[20] Straumann D. 2005. Estimation in conditionally heteroscedastic time series models, volume

181 of Lecture Notes in Statistics. Springer-Verlag, Berlin.

[21] Truquet L. 2014. On a family of contrasts for parametric inference in degenerate arch models.
Econometric Theory 30: 1165-1206.



	Introduction
	LARCH() processes
	A new estimator of LARCH parameters
	Definition and consistency of the estimator
	Asymptotic normality of the estimator

	Numerical experiments
	Monte Carlo experiments
	Application on the returns of a financial index

	Proofs

