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Abstract

The aim of this paper is to construct accurate absorbing boundary conditions (ABCs) for the
two-dimensional peridynamics equation of motion which describes nonlocal phenomena arising in
continuum mechanics based on integrodifferential equations. To this end, a full discretization of
the system is used based on a Crank-Nicolson scheme in time and an asymptotically compatible
scheme in space. Recursive relations for the Green’s functions are then derived and numerically
used to evaluate the nonlocal ABCs. In particular, these absorbing boundary conditions solve the
corner reflection problem with high precision. The stability of the complete fully discretized scheme
is stated and numerical examples are finally reported to demonstrate the validity of the resulting
ABCs.

Keywords: Two-dimensional peridynamics equation of motion; integrodifferential operator;
absorbing boundary condition; corner reflection; discrete Green’s function; asymptotically
compatible discretization
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1. Introduction

A wide variety of nonlocal models has emerged over the last past years in many areas of physics
and engineering [9]. In particular, the recent nonlocal peridynamic theory, introduced by Silling
[9, 31], has been developed to reformulate the classical local equations of continuum mechanics
to deal with material fracture problems [15, 21, 26, 27, 38|, deformations [31], damage, cracking
and wave propagation of peridynamics in unbounded media [36, 37]. Since analytical solutions are
usually not available for general peridynamics models [25, 36], numerical simulations are strongly
needed to investigate the behavior of the solutions [7, 22, 23, 24]. In the present paper, we consider
the two-dimensional peridynamics equation of motion (with constant density) set in an unbounded
medium which consists in searching for the unknown displacement field u solution to

ug(z,y,t) = Lsu(x,y,t) + f(z,y), (x,y) €R2  te(0,T],

u(a:,y,()) :QZ)O(xvy)v (m,y) €R27 (1)
u(x,y,0) = ¢'(z,y), (x,y) € R?,

lim\x|2+\y|2%+oo u(x, Y, t) =0, te (O, T],

where ¢¥! are two given initial data, f is the body force and the maximal time of computation is
T. The nonlocal operator L5 appearing in (1) is given by [9, 11]

Lsu(z,y,t) = / Yo(z', ¢ ) (u(z + 2’y + ¢ t) — u(z,y,t))da'dy, (2)
RZ

where the interaction kernel function s has the following properties
e 75 is a radial function according to r’' = \/(2)2 + (v/)%: ys5(z',y') = 75 (r");
e 5 is positive: v5(r') > 0;
e 75 has a finite horizon 4, i.e. v5(r') =0, for ' > § > 0.

For the one-dimensional case [9], the integrodifferential operator Ls generalizes the fractional Lapla-
cian (—92)*/2, with 1 < s < 2. Generally speaking, nonlocal PDEs [8, 9] describe long-range
interactions in a given system through the kernel function ~s.

The method of absorbing/artificial boundary conditions (ABCs) (also sometimes called trans-
parent or non-reflecting boundary conditions) is used in the present paper to reformulate the un-
bounded problem (1) into an initial boundary-value problem set in a square finite computational
domain such that the waves striking the fictitious boundary could be efficiently annihilated. Since a
few decades, many contributions (see e.g. [1, 3, 6, 13, 14, 16, 17, 18, 33]) were devoted to the design
and implementation of accurate ABCs for integer order local PDEs, and in particular for wave-like
equations. In the case of nonlocal PDEs, much less works on ABCs are available in the literature.
In [12], the authors propose an ABC for the one-dimensional nonlocal wave equation. For the case
of one-dimensional nonlocal Schrédinger equations, we refer to [28, 39] for the boundary treatment
and numerical analysis of ABCs. DtN-based boundary operators are developed in [40, 41] for one-
dimensional nonlocal heat equations. The absorbing layers/PML approach is investigated for the
one-dimensional heat and Schrédinger equations involving fractional operators in [5, 20]. A general
PML approach is introduced in [2] for fractional PDEs, and completed with techniques in [4] which
are more specifically devoted to the fractional Laplacian. Some efficient local in-time ABCs are
proposed for the one-dimensional peridynamics case in [32, 35]. However, these algorithms meet
difficulties when dealing with the corner problem for two- and three-dimensional domains. For
two-dimensional nonlocal PDEs, ABCs are constructed in [10] but without stability analysis. In



general, much less works dedicated to ABCs for two-dimensional spatially nonlocal and fractional
PDE models are available. A crucial difficulty when dealing with these nonlocal problems is to
compute the Green’s functions accurately [34]. In the present work, we solve this problem by using
techniques developed in [19, 29, 30], where the Green’s functions for both the semi-discretized heat
and Schrédinger equations in a two-dimensional domain are computed accurately. The correspond-
ing boundary conditions solve the problem of corner reflection for the two-dimensional peridynamics
model with high precision.

The aim of the present paper is (i) to construct ABCs for a fully-discretized version of (1),
(ii) to develop a stability analysis of the resulting scheme and (iii) to confirm the accuracy of
the approach through numerical examples. To this end, a Crank-Nicolson time discretization and
a spatial asymptotically compatible scheme are applied to (1) to obtain a full discretization in
Subsection 2.1. Then, the exact ABC for the fully discretized version of (1) is extracted in Subsection
2.2. In addition, an efficient recursive algorithm is proposed in Subsection 2.3 to compute with
high accuracy the discrete Green’s functions which are involved in the construction of the ABCs in
Subsection 2.4. In Section 3, the stability analysis of the scheme with ABCs is developed. Numerical
examples are reported in Section 4 to confirm the effectiveness of the ABCs. Finally, we end by a
conclusion in Section 5.

2. Absorbing boundary conditions for the fully discretized peridynamics

To construct the accurate absorbing boundary conditions for the two-dimensional peridynamics
system (1), we first derive its fully discretized version in Subsection 2.1. Next, the corresponding
ABCs are proposed in Subsections 2.2 and 2.3, before providing the full scheme in Subsection 2.4.

2.1. Time and space discretizations of the two-dimensional peridynamics system

The Asymptotic Compatibility (AC) discretization scheme derived in [12] is used to approximate
the integrodifferential operator L5 given by (2). The square computational domain [—x s,z ] X
[—2 7, x;] is discretized by using (2J+1) x (2J41) grid points (z;,y¢) = (jh,¢h), —=J < j,£ < J, for
the uniform spatial meshsize h := x;/J > 0. The piecewise multilinear basis function ¢;¢(x,y) is
introduced such that ¢; (@, yr) = (5ﬂ’k, where we define the Kronecker symbol 5;?7’;”, for (k,m) € Z*
given, such that: 5;7” = 0 for (j,¢) # (k,m) and 55’47” = 1, otherwise. Then, by considering an
integer K > 0, the AC discretization of L; is given by: for (j,¢) € Z?

Lsu(xj,ye) ~
K

(3)

> bt (W@ ks Yerm) + Ty Yemmn) + (T Yo ) + (25—, Yoom) — dulz;, y0)),
k,m=0

where the real-valued coefficients by, ,, are such that

k+m 5 2 g2
b= B ) / /Bﬂ0 Orm 2,y (V22 4) - dady, (k) # (0,0),
(k’m) = (0’0)7

B7(0,0) being the first quadrant of the disc centered at the origin with radius §. It is clear that
bk,m = bm,k-

For a sequence u = {u"}7, such that ) 2 |u™|* < oo, the operators S* are defined by:
S*tu = {u”jEl o2, setting u~! = 0. The average operators ET and difference quotient operators

DF with uniform time step 7 are given by E* = (S* + I)/2 and DF = +(S* — I)/7, respectively.

n|2
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Figure 1: Labelling of the interior and exterior layers nodes (J =4 and K = 2).

The following symbols are used: STu” = (S*u)", E*u" = (E*u)" and Dfu" = (DFfu)". Let us
introduce the coefficients:

akm = Okl jmls  (kym) #(0,0),  ago=— > bk,m- (4)
—K<k,m<K,(k,m)#(0,0)

Based on the Crank-Nicolson (CN) time scheme at time ¢, = n7 and the AC spatial discretization
(3), we obtain the fully discretized peridynamics system (called CNAC) approximating (1)(for

f=0)

K
D;Dfu}y=E E Lopuly:= > armBE EYu gy, forj e, (5)
km=—K

where u;-f[ denotes the numerical approximation of u(z;,ys, ty).

2.2. Construction of the absorbing boundary conditions for the fully discretized peridynamics

We propose to derive the exact absorbing boundary conditions for general compactly supported
initial data ¢° and ¢'. For convenience, we introduce the notation R, (m, n) to denote a rectangular
box in Z? such that Rp(m,n) = {(p,q) : |[p — m| < L,|¢ —n| < L}. The finite rectangular
computational domain can be chosen as R ;(0,0), with size (2J 4 1) x (2J +1) (blue square domain
in Figure 1 for the specific case J = 4 and K = 2), such that uf, is located at (7,€), with 7 =
—J,...J and £ = —J, ..., J. Therefore, the white interior points correspond to R;_x(0,0), the
yellow interior layer points to R ;(0,0)/R ;- (0,0) and and finally the gray exterior layer points to

4



Rj+k(0,0)/R5(0,0). Let us denote by mod(a, b) the modulo function which provides the remainder
of the division of a by b. Then, we define the symbol v(k), 1 <k <4K(2J+1— K), to denote the
location of the k-th interior layer node (yellow node in Figure 1) such that

e For 1 <k<(2J+1)K:
1. If mod(k,2J + 1) # 0:

k — mod(k, 2. + 1
y(k):(—J+ m‘;J(H * ),—J+mod(k,2J+1)—1>
2. If mod(k,2J +1) = 0:
k —mod(k,2J + 1)
y(k;)z(—J+ S —1,J)

o For 2J+ DK +1<k< (2J+ 1)K + (2J +1 — 2K)2K:
Set: ky =k — (2J + 1)K — 1

1. If mod(ky,2K) # 0:
(a) If mod(k1,2K) < K:

B k —mod(k,2K)
v(k) = (= T+ K+ i =T+ mod(k, 2K) ~ 1)
(b) If mod(ky, 2K) > K + 1:
vk = (T K+ km;‘;é’“’2K),J— (2K — mod(k,2K)) +1)

2. If mod(k1,2K) = 0:

k‘l — mod(k1,4K) 1 J)

V(k):(—J+K+ i

e For (2J+ 1)K + (2J +1—-4K)2K +1 <k < J?— (J —2K)%
Set k1 =k — (2J + 1)K — (2J +1—2K)2K
1. If mod(k1,2J +1) # 0:

k1 —mod(k1,2J + 1)
2J +1

I/(k):(J—K+1+ ,—J+mod(k:1,2J+1)—1)

2. If mod(k1,2J +1) = 0:

kl — mod(kl, 2J + 1)
)= (7-K+1 ~1,7)
v(k) T 27 +1
The location of the m-th exterior layer node (black node in Figure 1) is labelled by the symbol
p(m) in the same way. The number of interior layer nodes is equal to (2J +1)? — (2J +1—2K)? =
4K (2J 41— K). We use By to denote the set consisting of the locations of interior layer nodes,
namely,

B = {v(k): 1<k <4K(2J +1 - K)},



with cardinal |Bpy| = 4K (2J + 1 — K). We also define: Bgy, = {p(k) : 1 <k <4K(2J+1+ K)},
with |Bpxt| = 4K (2J + 1+ K). The notation (Ifu])" := [uﬁ(l), S Uy t\)]T is used for the interior
layer vector such that uﬁ(k) is located at the point v(k) in Bry (with M7 the transpose of any

n

complex-valued matrix M). Similarly, the exterior layer vector is (E[u])"™ := [uu(l), Uy BExt\)]T'

We define the Z-transform of a given complex-valued sequence (f™),en by

[e.9]

f(z) = Zf”z_".

k=0

For a sequence of M x M matrices (A,)nen and for a sequence of vectors (vy,)neny € CM, the
associated Z-transforms are:

o
= ZAnz_" and  V(z ZV” -
n=0
In addition, the convolution * of two sequences {g"}, and {f"},, is such that
(f*g)" Z g
while for two sequences of matrices {A"},, and {B"},, of size M x M we have:
(AxB)" Z AR

Finally, we introduce the function

2= 1\2  [z41\2
PInt(Z7$,y) = ( T > - ( 2 ) Alnt(xvy)) (6)
with (setting i = /—1)
K
Ami(z,y) = Z ak’me_ikme_imy.
km=—K

From the assumption on the compact support of ¢, the discrete initial data uj ¢ 1s zero outside
the selected computational domain, including its interior layer (i.e. compactly supported in the
domain consisting of the white points in Figure 1). In this setting, we can extract the ABCs to
complete the CNAC discrete system (5), restricted to indices (j,¢) € Bry. To this end, a relation
between the unknowns wj ) (1 <7 < |Bgx|) in the exterior layer (black dots in Figure 1) and the
values u' ) (1 < j < |Byt|) in the interior layer (yellow nodes) in the computational domain is
derived in Theorem 1. This relation plays the role of an ABC.

Theorem 1. Under the above setting, the ABC' for the discretized peridynamics equation (5) is

|Blnt|

unGy = S (Cip * )™y for 1< j < B, (7)
k=1



forn € N. Here, the sequence of matrices {C"},, of size |Bpxt| X [But| is given through the relation:
C(z) = B(Z>A*1(z)? where B, = fiy—vyy for 1< < Bexl, 1 < k < |Bul, and A}, =
Fioy—viyr for 1< Gy k < | Buug|, with

; 95.0(2)
fie(z) = = , 8
3(7) go,0(2) ®)
and
. 1 2T 2w 1 timie
B =z [ [ e e e dady, )
™ Jo Jo
In addition, the notation |(m,n)| represents (|m/|, |n|).
To prove Theorem 1, we first need to state the following Lemma.
Lemma 1. The functions ]‘/’;-7@(,2), for (j,0) € Z2, satisfy the following equation
K 0,0
z—1\2~ z+1\2 -~ 5]75
N — . it 10
( - ) fj,((z) ( 2 ) Z ak,mfj+k,€+m(z) + 9070(2) ( )

km=—K
Proof of Lemma 1. Let 5,/ € Z. A simple calculation based on (8)-(9) leads to

K

R 1 2 p27 L I
Y akmfiskerm(z) = —5—— / / Pint (2, T, Y) Amne (2, y)e V¥ dady
kym——K Y " Ar2go0(2) Jo  Jo ™ !

4 1 27 27 . L 1N 2
= 0| — —5 —Jw—lfyd d ( ) -~ )
(2 +1)%Go,0(2) ( 42 /0 /0 € rdy +{———) Yie

~ e |5 B - 8]

which provides (10). W
Let us now prove the following result based on Lemma 1.

Lemma 2. Let us set Nt =1T. We assume that the kernel functions {f]%}neN satisfy (8)-(9), for
(7,€) € Z2. We consider |Bry| given sequences {vﬁ(k)}neN, for 1 < k < |Btl|, such that Ug(k) =0,
Uzlz(k) =0 and vy, =0, withn > N + 1. If we define

‘Blnt‘

uiy = Z (F.0—v(r) * Vo))" for (4, €) € Z* /R j_k(0,0), (11)
P

then, for any (j,¢) € Z?/R ;(0,0), we have
D;D:UZZ = E_E+L67hu:;-l’e, (12)

with u?}e =0 and ujl-! =0.

Proof of Lemma 2. It is clear that U, )(2) exists for 1 <k < [Byy|. From (11), we obtain

=

Intl

Uj(2) = FG0y—vie) (2) 0y (2), for (4,0) € Z*/R 1—k(0,0). (13)
1

e
Il



For (j,0) € Z2/R;(0,0), we have: (j,¢) — v(k) # (0,0), with 1 < k < |Bin|, and 6°° —0

(7,0)—v (k)
Thus, from (10) and (13), the function @;¢(2) satisfies

|BInt| 1

(2;1)2%%@:2( - )f(m (i) (2)Bu i) (2)

k=1

‘Blnt‘

<Z+1)2[ Z Z apafi0)- oz )@U(k)(z)}

k=1 —K<p,q<K

24 1\2 [Brns| .
:< 2 ) [ D g ) (f<j,e>—u<k>—<p,q>(Z)@u(m(Z))]
—K<p,g<K k=1
2
B <Z ; 1) Y Wl -pa(?),

—K<pg<K
which leads to (12) after inversion by the Z-transform. Finally, we obtain

|Blnt |

ijf Z/(k_o

and
|BInt|
e = Y (FGo—viyVom) + FGo—uiyVom) = 0
k=1
from (13). W

From Lemma 2, we deduce that the function u},, defined by (11), for (j,€) € 72 /R ;(0,0),
satisfies the governing fully discretized peridynamics on the exterior domain. Thus, an expression
of the ABC given by (11) can be obtained at the boundary if one can compute {’Uf(k)}n, for 1 <
k < |Bint|. This question is considered in the following Lemma.

Lemma 3. Let us assume that 2 < |ao, 0’—1/4 with agp given by (4). For |Bmi| given sequences
{ug(j)}n, such that ug( = =0, u vG) = =0 and u? )= =0, forn > N + 1, one can find |Bint| sequences
{vﬁ(k)}n, with 1 < k < |Bmg|, satisfying

v(j

|Blnt|

whigy = D Foti=viy * o) 1< < [Biwi]. (14)
k=1

Furthermore, we have

Yo upl® < oo (15)
(4,£)€Z? /R 5(0,0)
where
|BInt|
ufe= > (FG.o-vir) * Vue)"s
k=1

for (j,0) € Z2/R ;(0,0).



Proof of Lemma 3. Let us note that uj ; =0, forn > N+1and1<j < |Biut|- Thus, ,,(;y(2)

is analytic for z # 0 and 1 < j < |Bpy|. To get (14), we only need to solve an equivalent version,

namely,
| B Int |

av(] Z fV I/(k )(Z), 1< ] < |BInt|- (16)

vk (2)

, (16) can be written as

go,0(2)
|BInt|
au(] Z 9u(5)— (k)go 07 1<;< |Blnt‘- (17)
Recalling now that I[u] = (ﬂ,,(l), % ,ay(|81m|))T and I[v] = (i)\y(l),‘ . ,@\V(|Blm|))T, then (17) can

be rewritten in the form of I[u] = AI[v], where A is the |Bnt| X |Bint| matrix such that &j7k(z) =
§|,,(j),l,(k)‘(z)/g\0jé because g, (j)—v(k) = Gu(k)—v(j)- In addition, for large values of ||, we have

N 1 2 2 B o
B =gz || ke ey
2

1 7 1 m
[e%s) 1 7_2 2 27 (2 - — 4+ Z(2 + 7)Alnt(x7y)> .
S W et
it 3 o Jo

2 mi2 m+1
o (1 — T2A1nt(l‘, y)/4>

9 29t o 1 L 2 2
- T / / eV dndy + 0(T5) = B+ 0(5), (18)
47222 |y Jo (1 — 72 A (z, y)/4) :

where e o
™ ™ OO 2A - S
Vit = 47r2 / / T I t(x y)) —1]$—1€yd$dy — 7260 0 + O( )

Thus, we derive that: A = ]I+(’)(T)+(’)(z_1), where I is the |Byt| X |Bint| identity matrix. Therefore,
for large values of |z| and small values of |7|, we have: I[u] ~ II[¢], and conclude that (17) has a
unique sequence solution I[v], which leads to (16).

In addition, we have

27 27 ) . y 1 27 2 y
~ o — —ijz—i _ —i —ijx
gje(2) = o) / / Pt (2> 2, y)e T drdy = = 747r / Pt (2@, y)e V(e 77 dy

2 27r pI y o 2 27r pI y .
— nt 71 Yy 71]md dy = — nt 71 Yy 71]1‘d du.
ij 47r2 / / ¢ vy jf 472 / / 00y € vy

Let us assume that 72 < |ago|~!/4. Then, from |z| > 4, we have

(z—1)2 (2+1)2 (z| =12 (2] +1)? 9 25 47
— Amne| > — 2 = = — .
! 2 1 nt| > 2 ’ao,ol > -2 9 ’ao,O\ > B |a0,0’

By (9), it is clear that g ,(2) is analytic for |z| > 4 by (18). Therefore, for |z| > 4, one has

27 21 82 82 -1 C
-~ — pInt flﬂy 71]:vd d ‘ l (pInt)‘ <
195(2)] = ‘] 472 / / 0xdy c * y) Jl (x ,y)efg}%ﬂAy Oxdy | — jb



Similarly, we have: [go¢(2)| < C/f. As a consequence, for the computational domain R ;(0,0) with
fixed size 2J + 1 (as stated in Section 2.2), with (j,£) € Z?/R;(0,0) and |z| > 4, one gets

|BInt| C|BI t‘
[0l = | Z §(j,é)—u(k)5u(k)(§0,0)_1| < T il.l]|’ for [j] > J.

We also have: | ¢| < C|Buw|[¢ % J|7%, for [¢] > J, and [i ¢ < pEl, for [¢] > J and [j] > J.

For N fixed and n < N, the above two inequalities imply that

1 ~ C’|BInt| —1 C’|BInt|4 .
e ‘/ y0(2)2"dz ]_ 2" dz| < for [j] > J.
P 2m f ey 71 =TI |2 j=4 il =1
C| B |4Y
’U/]’A S Wt‘7 for |£| > J,
C’|E”Int|4 .
nl< AR (19)
Pl = TNl = ]

By using (19), we obtain

) 1771 e SO 1771 S SN 1771 kS SO (1

(4:)€Z? /R 4(0,0) |€\>J lil<J 1< J)1>J |€\>J lil>7
< ClBu*(16)" > Z =gy T OBl 16)Y > Z
|J|<J@ J+1 le|<J j= J+1
+C| B |*( Z Z —p < toe
j=J+1 4= J+1

|
Based on Lemmas 2 and 3, we can now prove Theorem 1.

Proof of Theorem 1. From Lemma 3, there exist |Byy| sequences {vﬁ(k)}n, with 1 < &k < |Bint|,
such that (14) holds for the |Br,| interior layer values {uﬁ(j)}n, with 1 < j < |Bint|. Now, {u},}n can
be defined from the sequences {vl’}(k)}n by (11), with (4,¢) € Z?/R;(0,0). Therefore, the sequences
{U’Z(j)}” satisfy (12), for 1 < j < |Bgxt|, by Lemma 2. Thus, we prove that (11) and (14) provide
the boundary condition, namely

‘Blnt‘
Uiy = D Bty * o)™ 1 <5 < |Brsal,
-
iy = D (fiu-v) ¥ Vo))" 1< €< (B,
k=1
since f7y = fI'_y = f";, = f"; _,- Now, by eliminating u(z) after applying the Z-transform to (20),
we directly obtaln
‘Blnt‘
UZ(J) - Z ((Cj7k*uy(k))n’ 1< ] < |BEXt|7
k=1

~

where C(z) = B(2)A~(z) such that (A")jk = Sl -y With 1 < j,k < |Bryl, and (B");x =

f‘y(j v(k)| with 1 S .7 S |BExt|7 1 S k S ‘BInt|' |

10



Since fJZZ = fﬁfe = fﬁj,é = ffjﬁg, we only need to compute f]%, with 0 < 5,6 < K + 2J.
The term C(z) is determined in Subsection 2.3 by the sequences {f7;}, through the relation:

~

C(z) = B(2)A™!(2). Furthermore, since

_ G-I (%)

2 , and Az e
9070(2) Lk( )

Bjs(2)

the matrices A and B can be modified as I@]k(z) = Glu(j)—v(k) (2) and ,&]k(z) = G(j)—v(k)|(?) to

obtain C from C = BA~!. Hence, computing the functions gj.0(z) instead of ﬁg(z) is sufficient.
2.3. Computation of the function {g},}n and Green’s function {C"},

To derive the ABC (7), we have just seen that we only need to compute the sequences {g}1 otns
for 0 < ¢ <j <2J+ K, with {g},}, the inverse Z-transform of g ,(z). By Lemma 1, the function
Gje(2), for (j,€) € 72, satisfies

(2 ; 1)2§j,e(z) = (z 5 1>2[ 2 ak’vmgj"“_m(z)} +oe

2
—K<km<K
leading to
D D}gly=E EYLng},+ 67y, (21)
950 =0,95,=0. (22)

Let us define Ai’mg?’e = 9} kttm — 9j—k p4m- LThen, the following result holds.

Lemma 4. The sequences {g?e}n, for (j,0) € Z? and n > 2, satisfy the recursive relation

K K
T n—+2 x n—+2 x n+1 x n+1
n Z W, km3je T Ak,—mgjl )+ (Bn—1) Z kagm( kom0 T Ak,—mgj,z )
k,m=1 k,m=1

K K
+(Bn=2) Y karm(ALngfe + Af _ngje) + (0 =1) Y kapn (AL g0+ AL i)

k:,m:l k,m:l
K K K
+(3n—2) > karoAfogh,+ (n—1)>  karoAfoghy "t +n Y kagoAf ogtt?
k=1 k=1 k=1
K 16 16
+(3n —1) Z kak,oAi,Ogﬂrl = ﬁgﬁz - jgﬁﬂ' (23)

k=1

Proof of Lemma 4. For any (j,/) € Z?, we define iw(z) = (2 + 1)%g;4(2) and izj,w,m -

hjtkg—m = —Aiﬁmhj,g. Then one gets

11



k,m=1 =

27 27 A (1‘ ) o
2 -1 Int Y —ijr—ily
47r2 dz / / Lt 2) g (2, 2) = oz Je dxdy]
4(

. 1 2T 2w aAn o
_ Z / / I t z, y)] I—n%(z x y) 1]x—1€ydxdy)
'/T

16i(z 1), 1 [ 2” 1 8A1m(:c Y) y
. A (— NIl 1 —ijz—ily
e = -+ 2) oz )l Pdady)
_16i(z—1) /1

271' 27r
= Gx 1P 7T/ / ((1+ 2) 2 pr (2, ) 2 7A((1 4 2) 2o (2, 2,))dy )

16j(z - 1) o om 1 —ija—it C16j(z 1),
1 =18y Jod ) S\ ) ,
e 47T2/ / +2) 2 pme (2,2, 9))” zdy Gt i

which leads, with AY 950 = Gjk,e4m — §j—k,+m, t0

K K

Gie+2(z+1) Y kax m[ AY i — Ai,_mﬁj,e} —2(z+ 1)) karoAf ;0
k,m=1 k=1

C16j(2— 1),
(z+1)r2

dgj.e AGj—k,t—m dgj ke
1)2 § k m[ z It _ A Ji} 1) § kaggAf o IhL,
Z + ot Qaf k,m dz k,—m dz Z + o ag.o dz

After some manipulations, we obtain

K K
2 > karm(—AF 05— AL gl +4 Y karm(=AL 00 — AL 9
k,m=1 k,m=1

K K K
n+2 n+2 n+1
+2 Z kag,m(—A% ,;mY;.0 , —mYj0 ) —2 Z kag,0A% 0950 — 4 Z kago AR 0950
k,m=1 k=1 k=1

K K
~2 " karoALog i+ D kagm(n — D)(AL,,g7 " + AL .97
= k,m=1

K K
+3 Y k(AL g+ AL _ngfe) +3 D kagm(n+ (AL 00 + A 007

km=1 km=1
K K K
b3 a1+ DAL+ A gl 43 Rakoln — DAl 433 kakond o
kym=1 k=1 k=1
K K 165 164
+1 +2 +1
+3 ; kago(n+1)AF g7, + ; kago(n+ 2)A% 09~ = = —5 90— 79;1@ :

With some additional computations and simplifications, we prove (23). B

We denote by r; ¢ the relation (23) for the indices (7, £), and we set L = 2J+ K. We now present
the numerical algorithm to compute g;,, with (i,5) € Q1 = {(j,£) : 0 < £ < j < L}. Since the
indices have to be carefully checked, we report on Figure 2 the particular case J = 3, K = 2 and

12
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Figure 2: Indices for closing the discrete peridynamics system (21) (J =3, K =2 and L = 8).

L = 8 as an example for the reader. We use the (1+ L)(2+ L)/2 relations (21) with (4, j) € £; (the
light gray domain in Figure 2) to compute these sequences {g},}, with (i, ) € 1. To this end, based
on g'; = gj,, the sequences {g7}, for (j,¢) € Qo ={(j,¢) : { < j,-K < j<L+K,-K <{< -1}
(the red hatched domain in Figure 2) and (j,¢) € Q3 = {(j,¢) : ¢ < j,L+1<j < L+ K,0<
¢ < L+ K} (the white domain in Figure 2), are needed to close (21). Furthermore, the g7, for
f < 0, can be obtained by g;%g = g}ffg, and ggfg, for j < ¢, are deduced from g;fz = ng. Thus, the
{g7}n for (j,€) € Qa, can be obtained from {g7,}n, for (j,¢) € Q1 U Q3. Therefore, we only need
to find K (L + 1) + (K + 1)K /2 additional relations to close the (14 L)(2+ L)/2 relations (21), for
(4,4) € Q1, in order to solve {g},}n, for (i,7) € 1 U Q3. To this end, the K(L +1) + (K + 1)K/2
relations rj g, for (j,0) € U ={(j,0): L-K+1<j<LO0<{<LIU{(j,0):¢<jL-2K+1<
j<L—-K,L—K+1</¢<L} (the blue hatched domain in Figure 2), will be chosen to close the
(1+ L)(2+ L)/2 relations (21).

Now, we determine the discrete system for {ggl,z}n for (i,7) € Q1. After getting the value of
{g7}n for (j,£) € Q1, we obtain C" by B" = (Cx A)" = Y b CF - AnF = C"A® + 337 CkAnF,

or equivalently
n—1

Cc" = (En - Z (CkAn_k)(AO)_l.
k=0
The previous numerical algorithm is applied for solving 950 for n # 2. For the specific case n = 2,
we still need to compute g]zg, for 0 < ¢ <j <L+ K. To this end, gjzé is rewritten as

2 _ T / o 1 e~y g gy
W 4m? Joo S (1 — 12 A (2, ) /4) ’

and can be evaluated by a direct numerical quadrature.
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Remark 1. For the three-dimensional case, the previous derivations can be extended by considering

2 2 2 ’
1 i —ifun —i
9jtn(2 8773/ / / (Pt (2, 1,41, 21)) " e VTP Ay dy dzy,

with 1n2 L 1ne
z— z
pmt(2, 21,91, 21) = ( - ) - ( 5 ) Ame(z1,91,21),
where
K
Ami(21,91,21) = Z ak,m,pe_‘k“e_‘myle_‘qzl.
km,g=—K
Then, it can be proven that
K
0,0,0 .
D D+g]£,p Z akm,qE E* g]+kg+mp+q+5]£p, fO?” ],E,p €z,
km,g=—K

and the ABCs for the three-dimensional situation can be developed as in Subsection 2.2.

2.4. Numerical algorithm for the fully discretized peridynamics system with ABC

We give now the corresponding numerical algorithm for the reformulated fully discretized peri-
dynamics on a bounded computational domain R ;(0,0) with the accurate absorbing boundary
condition. Following Subsection 2.2, we adopt the Crank-Nicolson scheme (5) for the time inte-
gration in (1). Then, relation (7) is introduced to serve as ABC. To compute ujl.x, we use the
Runge-Kutta 4 (RK4) scheme applied to the equivalent form of (1): 4; = v, vy = Lsu, leading to

Fie= ?xv GM L h“y 2
F2 - Z+G1€h/2 ij = L&h(u‘?’g‘i_Fj{zh/Z), (24)
F3 = Z +G /2, Gie = L(;’h(u?’g—i—Fj%ehﬁ),

FJ4/ = UM + GMh’ G;{E = L‘svh(“?,f + Fﬁlh)’

by setting u?}z = ¢°(z,y¢) and URE = ¢'(zj,y¢). Then, one can solve ujy, for n > 2 and (j,0) €
R (0,0), by (5) and (7). Since (5) is a three layers scheme, we need the values of ujl-E to compute
ufy, for n > 2. Thus we can use (24) to compute uj1 , from u? ¢ in a large enough domain since the
initial data are compactly supported.

3. Properties of the kernel {C"},, and stability analysis

In this section, we start by proving some properties of the kernel {C"},, that are next used to
state the stability of the CNAC with ABC.

3.1. Properties of the kernel {C"},

From now on, we use z to denote the complex conjugate of z € C. We start with the following
Proposition.
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Proposition 1. For sequences {U,T,L(k)}n located at v(k) with, 1 < k < |Bint|, such that ug(k) =0
and ull/(k) =0, and for any positive integer N, the following inequality holds

=

-1

(]

(E+(<c «I[u))" — E~(C * I[u])”)TS<E+(I[u])” + E‘(I[u])”)
1

YooY amd BT (25)

(Jug) eB‘Int (kam) eBExt

I\/ﬁ

Here, S 1s defined by S; j = a,;)—
are defined by (4), for |k|,|m| < K.

vi), for 1 < < |Bpy| and 1 < j < [Bmi|. The coefficients aym

Proof of Proposition 1. By Lemma 3, for any vector sequence {UZ(k)}n located at v(k) such that
ug(k) =0 and ui(k) =0, with 1 < k < |Biyt|, there exist some sequences {vﬁ(k)}n located at v(k),
with 1 <k < |Bpyt| and n < N — 1, such that the following equality holds

K-1
(fo()=ve) * Vi)™ 1< J < | Biugl-
k=0
Thus, we can define
BInt
u?f = Z(f(],f)—l/(k) * Uy(k))n’ (]7 E) € ZQ/RJ(Oa 0)
k=1

Let us remark that: DfD- = (DS — D;)/7, (Et — E~)/r = (D} + D;)/2 and ETE~ = (Et +
E7)/2. Then, {u} }n, for (j,€) € 72 /R 5(0,0), satisfy the fully discrete peridynamics system (12)
(D+_ )JZ/T_D DTUJZ

T

= Y BT E wann= ) aem(ET B0 /2
(k;m)eR K (0,0) (k;m)ER K (0,0)

Multiplying the above equality by (D} + D;)
72 /R ;(0,0), we get

uj,, and summing up all the terms for (j,¢) €

> ((DF = D7) )(DF + D7 yugy /7

Z? /R ;(0,0)

= Y Y aen (BT B ) (DF + D)2

ZQ/RJ(O,O) (k,m)GRK (0,0)

= Y Y awn((EHE ) (BY Bl /7). (20)

72 /R ;(0,0) (k,m)ER K (0,0)
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By (15), the left hand side of (26) satisfies
ak,m —_ n
‘ Z Z 297 <(E+ + E7)uj. Ujtk, €+m> (EJF —FE )Uj,Z

72 /RJ (0,0) (k,m)E’RK (0,0)

C
<= XY el el + R P+ gl + 1
72 /R 5(0,0) (k,;m)ER k(0,0)
2 2
+|“J+k£+m’ +‘u]+kf+m|)
C —
DY D e e e [ e (T A O e (el
ZQ/RJ(O,O) (k,m)E’RK (0,0)
C|
Si’
.

(2K +1)? > (g7 2]+ gl + [y ' ?) < oo,
(1:0e{Z?/R ;- (0,0)}

which indicates that the series in (26) is absolutely convergent. Thus, we can exchange the sum-
mation order of the series expansion (26)

3 |(DF)uf, [ = |(D7 )uf,

2
-
ZQ/RJ(O»O)

= Z ak,m Z (BT + BT}y ppm) (BT — E7)ully/T
(kvm)ERK(O7O) ZQ/,R'J(OvO)

= Z ak’m Z <E+U?+k7e+mE+U§tg — E_U;L_,'_k,g_,'_mE_U?’K) /T
(kvm)ERK(Ovo) ZQ/RJ(Ozo)

+ Z ak,m Z (E7“?+k,e+mE+U?,e - E+U;‘L+k,e+mE7U?,z) /T
(kvm)ERK(OaO) ZQ/RJ(Oro)

= Y am Y (BB BB )/
(k,m)ER K (0,0) 72 /R ;(0,0)

+ Z ak,m( Z E_u?+k,z+mE+U?,z - Z E_u?+k,£+mE+U?,z) /T
(kvm)eRK (070) Z2/RJ(070) ZQ/RJ(_kv_m)

= Z Ake,m Z (E+U?+k,e+mE+U?,é - E_U?+k,z+mE_U?,e> /T
(k7m)ERK(O7O) ZQ/,R'J(OvO)

+ Z ak,m( Z E™u} g m BTG,
(k,m)ERK(O,O) RJ(_kv_m)/RJ(Ovo)

- 2. E _“?+k,e+mE+“?x) /T

RJ(Ovo)/RJ(_kv_m)
This leads to
3 (D) [? = [(D7 )ult|?

2
T
Z2/RJ(O7O)
= Z Qk.m Z <E+U?+k7€+mE+U;€g - Eiu‘?_’_k’é_,'_mEiUZe) /’T (27)
(k,m)ERK(O,O) Z2/RJ(O,0)
S0y are (E*uz’mE_uZZ - E‘u’g’mEJ“u?,e). (28)

T
(4,£)EBins (k,m)EBpxe
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Let us now set Ak mUj g 7= Et U g phm E+uze. Then, the first term of (27) can be written as

I = Z ak,m Z <E+U?+k,é+mE+u?,€)/T

(k,m)eR K (0,0) 72 /R 7(0,0)
= D am Y (AkE:n ﬁ)EWﬁ/T (29)
(k,m)#(0,0) Z2/R ;(0,0)
2
- Z akT’m Z (AkE:nuﬁ) + Z ak;m Z (AkE;LrL ?Z>E+“§L+k,£+m
(k,m)#(0,0) 22 /R ;4(0,0) (k,m)#(0,0) Z2/R ;(0,0)
2
= Y Y (Afa) - X Y (AFa) B (30)
(k,m)#(0,0) Z2/R(0,0) (k,m)#(0,0) Z2|R 5 (—k,—m)

Thus, the term I7 can be written as the average of (29) and (30), i.e

I = Z akm[ Z (Ak mUy é) E+ Z (Ak ml e) E+u?’4 /(27)

(k,m)#(0,0) Z2/R;(0,0) 22/R ;(—k,—m)
+ n
=Y ww X (B e,
(k,m);ﬁ(o,ﬂ) ZZ/RJ(an)

The above equality is equivalent to

B= Y an| X (aFg) (- aF)

(k,m)#(0,0) Ry(=k,—m)/R;(0,0)
+ n n n
- Z ( AkEm ] é) E+uj+k,€+m - Z (Ak mUj, E) E+uj,£:| /(27-)
RJ(_kv_m)/RJ(Ovo) RJ(Ovo)/RJ(_kv_m)
=Y w0 (aFa) e,
(k)m)7£(070) ZQ/RJ(Ovo)

As a consequence, we have

It =— Z Ak,m Z (AkE:n ?z) /(27) (31)

(k>m)7£(070) RJ(fkffm)/RJ(O’O)

Q—jm—t
Sy Sl (Bhag, - BNl
T bl b k)

(]75) EBInt (kvm) EBExt

DI D DT MR (32)

() £(0,0) ~ 22/R;(00)

The term of the right hand side of (31) is equivalent to

ak,m Et n 2
- X gy (shw)
(k,m)#(0,0) Ry+k(0,0)/R;(0,0)
while the term (32) can be written as

- X gE S (M) - YRS (ah)

(m)£(0,0) ~ Ryix(0.0)/R;(0.0) (m)Z(0.0) ~ Z2/Ry(0,0)
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By the above three equality, we deduce

2
S agm B (B, - BRa) + (B, - B, |

T
(jvé) eBlnt (k;m) eBExt

_% > am D (Af,:n“?,e)Q

(k,m)#(0,0) Z2/R j+Kk(0,0)

T Z Z Af—j,m— E ukm<E+ukm_E+ ]Z)
(jvz)eBInt (kvm)eBExt
1

DI D I (5 )

(k,m)#(0,0) 22 /R s +k(0,0)

(jag)eBInt (k)m)eBExt

where we define

H":% )DRRUSTD S (N ?e) +% Yo D hmt BTl

(kvm)7£(070) ZQ/RJ+K(070) (jvf)elg[nt (kvm)GBExt
Finally, we can write (27) and (28) as

|(DF )u?,|* = (D7 )u™, |2
2 Z 75 75
72 /R4 (0.0) T

+,,n +..n — n — n
Z Z Ak—j,m—L (E uk,mE Ujp — E Uk7mE uj7£>
(j?K)GBInt (k,m)EBExt

. +,,n —,n — +,,n n n—1
> Y asm e E - B, B )~ H o H
T .
(]7£)EBInt (k7m)EBEXt

DD D (EW;;M - E_uzjm) <E+u;?7£ + E—u;{Z) — H™ + H"1.(33)
T (jvg)eBInt (kam)eBExt

Let us recall the notations: (I[u])"” = [u’l}(l),'-- ’uZ(\me\)]T’ (I = [ By ’vg(\ant\)]T and

(E[w])" = [wz(l),-u ’wZ(IBExtD]T’ By Theorem 1, we have (I[u])™ = (A*I[ ™ and (E[u])" =
(B % I[v])™, which implies that: (E[u])™ = (C*I[u])". Summing up (33) from n =1 to N — 1 yields

(DD P [(DF )y 2 = |(D; Yt 2
2 Z f =2 Z -
ZQ/RJ(O,O) n=1 ZQ/ J(070)
1 N—-1 N1
== D > wjme(BNu, = Brul ) (B uf, + ETup) + ) (—H" + H'T)
n=1 (ij)EBInt (kum)EBExt n=1
1 N—-1 -
= 2|3 (BH(Cx 1) — B (CxMu))") S(B* (Xu])" + B~ (Tu))") | - £V
n=1

18



Finally, one gets

N—-1 T
[ (E+ C % I[u])" E’(C*I[u])”) S(E+(I[u])"+E*(I[u})")}
n=1
—9 Z ’(D:r‘_)uj’g_”z —|—HN71 > HNfl,
22/R5(0.0)

which leads to (25). B
3.2. Stability analysis
We now prove the stability of the fully-discrete CNAC scheme with ABC.

Theorem 2. For N7 < T, the solution of the fully discrete CNAC scheme (5) with ABCs (7)
satisfies the stability inequality

Y P <o 3 P eri? 3 (Dbl
R 7(0,0) R 7(0,0) R 5(0,0)

Proof of Theorem 2. Repeating the same procedure as in the proof of Proposition 1 by multiplying
(12) by (DF + D7)u},, and summing up all the terms for (j,£) € R,(0,0), we have

2 D)u?,|?
9 Z ]€| ’( T) j,@’ (34)
R(0,0) !
= D> am Yy (E+U§L+k,f+mE+U?,z - Ei“}lk,umE*U?,e) /T (35)
(kzm)GRK (070) RJ(O»O)

+ - - +
g g ak,jm,g(E up B ul, — Eup  F u;g)

T
(j:Z)EBInt (kvm)EBExt

Let us consider the first term of (35) defined by

3= Z A Z (E+u?+k7@+mE+u?7€>/T.

(k,m)ERK(0,0) RJ 0 0)

Then using some similar calculations as for I (see (28)), we can prove that

3 2
B=-G+2 Y a3 (AFul)

T km£00) Ry x(00)
by defining
Gl=5- D arm ) (AkE,m JZ) Z Y gt B
(k’m)7é(070) RJ*K((]:O) (.7 Z)GBInt (k m)GBExt

> Yo G jmeETU BT,

-
(4,£)EBrns (k;m)EBpxe
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We can rewrite (34) as

2 —\,,n |2
ui |® — |(DT)U',4|
2 § . - J (36)
R;(0,0)

(j?Z)EBInt (kym)EBExt

=D DD ak—jm—é( — ETu B uj + E_“Z,mEW?,@) -G+ G
(jvg)EBInt (k7m)€BEXt
1
=2 > D Wy (BY o~ B i) (B e+ By = Gn o G
(jvg)EBInt (k7m)EBEXt

Summing up (36) from n =0 to N — 1, we obtain

) 3 W_g 5 [ MF NZ Z Je|2;|< =y 2
n=1 R (0,0

R 1(0,0) R ;(0,0)

N-1
X > ¥ <EE)<E ot B)

n=1 (j7Z)EBInt (k7m)EBEXt

N-1
+Z( Gn+Gn—1)
n=1
1 +( _ 2\ T n n - n N-1
;[ (E (C*I[u])" — E~(C*1I[u]) ) S(E (Tu)" + £~ (Iu]) )} -G
n=1
< — % Z Z ak,j,m,g]EJru’,;”’m\z—% Z Z akfj,mff‘E—Fu?jl,E‘z

E Tnt (’C m)EBEXt (ij)GBInt (kzm)eBEXt

Z Yo G jmeETU BT,

-
(4,£)EBrng (k,;m)EBpxt

1
2
== Y > @ mdETu,, + BT

T
(]75) eBInt; (k7m) eBExt

Thus, for any 0 <n < N — 1, one finally gets

Yo DD < Y (D), P

RJ(0,0) RJ(Ovo)

which leads to

Z [ujiel* = Z ‘UJZ+TZ Dugel® <2 Z Jug o + 2 Z |TZ

2

RJ(O 0) RJ(O 0) RJ(OO Ry 00) n=0

<2 > |ud 42N > Zy Jud P <2 Y Wl P +20rN > (D),
Rs(0,0) R;(0,0) n=0 R4(0,0) R (0,0

<2 > P +2r D (D)l P
R.(0,0) R 7(0,0)
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By the RK4 scheme (24), (D )u? ; is bounded for small 7 (at least with third order of accuracy
for approximating 8tu?7z). Therefore, the term 3 % (o) |(Df )ug-)’[\Q in the above inequality is also
bounded when 7 is small, ending hence the proof of Theorem 2. H

4. Numerical example

We consider the nonlocal wave equation (1) with the interaction kernel function 75 given by

6
0<r:=+va?2+y2<y,

r)=—=
76( ) T‘7T53 Y
for three possible initial data

— 472 —4r2

r e
Ni(5), #5(x,y,0) = T00zy

R,y 0) = Do(5). H@y.0) = (@ +y)° Jo(3).

r r

where J,, is the Bessel’s function of order m. In addition, we fix qﬁjl- =0, for 5 = 1,2,3. The
computational domain is set as [—2,2]? and the final computational time is T = 5. The reference
solutions u™f are computed on the larger spatial domain [—16,16]? to avoid any boundary effect,
for the small discretization parameters h = 27 and 7 = 272, For § = 0.125 and § = 0.25, and for
the three initial data, we report in Table 1 the L°°-norm error eZC’IT defined by

h,7

eoo,T = X ”

max \uref(xj,yg,T) — Uy

—J<G<J
by refining h, and fixing 7 = 272 and for 7' = 5. In addition, Figure 3 shows the behaviour of the
numerical solution with initial data ¢ (and ¢} = 0) at different times for § = 0.25, h = 277 and
7 = 2712, We observe that the wave packet goes through the corners without any reflection back.

’ Initial data H ) h=2"1% h=2° h=2"° h=2"7 H cvg. rate

oY 0.125 || 1.31 x 1073 | 3.58 x 107% | 5.79 x 1075 | 1.21 x 10~° 2.29
Y 025 [ 3.74x107* | 744 x 107 | 1.20 x 107° | 2.17 x 10~© 2.39
9 0.125 || 7.15 x 107% [ 2.05 x 107% [ 3.38 x 107° | 6.96 x 10~ 2.26

0 —4 —4 —5 —6
9 0.25 | 6.67 x10~% | 1.36 x 10~% [ 2.51 x 1075 | 6.60 x 10 2.24

0 —4 —4 —5 —6
oY 0.125 [[ 9.95 x 107* | 3.27 x 10~% | 1.68 x 10™° | 3.37 x 10 2.24
oY 0.25 || 1.15 x 1073 | 247 x 107% [ 1.37 x 10~* | 1.77 x 1075 1.89

Table 1: Evolution of the error ei‘o’TT vs h for the three initial data qb?, j=1,2,3 (forr=2"" and T = 5).

5. Conclusion

The construction of ABCs is proposed for the two-dimensional peridynamics equation which is
fully discretized by the Crank-Nicolson scheme in time and an asymptotically compatible scheme
in space. A recursive algorithm is built for evaluating numerically the Green’s functions involved in
the expression of the ABCs for the fully discretized peridynamics. In addition, the stability of the
scheme is stated. Numerical examples confirm that the ABCs are accurate. In particular, we show
that that there is no spurious reflection at the corners of the square domain. Further works include
the error analysis as well as considering nonlinearities into the peridynamics equation.
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Figure 3: Snapshots of the numerical solution |u| at times t = 0,2,3,5 (6§ = 0.25, h =277, 7 = 2712),
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