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Graph-based Approximate Message Passing Iterations

Cédric Gerbelot*! and Raphaél Berthier'?

Laboratoire de Physique de I’'Ecole Normale Supérieure, Université PSL, CNRS, Paris,
France
2Inria - Département d’informatique de 'ENS, Université PSL, Paris, France

Abstract

Approximate-message passing (AMP) algorithms have become an important element of high-
dimensional statistical inference, mostly due to their adaptability and concentration properties,
the state evolution (SE) equations. This is demonstrated by the growing number of new itera-
tions proposed for increasingly complex problems, ranging from multi-layer inference to low-rank
matrix estimation with elaborate priors. In this paper, we address the following questions: is
there a structure underlying all AMP iterations that unifies them in a common framework ? Can
we use such a structure to give a modular proof of state evolution equations, adaptable to new
AMP iterations without reproducing each time the full argument ? We propose an answer to
both questions, showing that AMP instances can be generically indexed by an oriented graph.
This enables to give a unified interpretation of these iterations, independent from the problem
they solve, and a way of composing them arbitrarily. We then show that all AMP iterations
indexed by such a graph admit rigorous SE equations, extending the reach of previous proofs,
and proving a number of recent heuristic derivations of those equations. Our proof naturally
includes non-separable functions and we show how existing refinements, such as spatial coupling
or matrix-valued variables, can be combined with our framework.
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1 Introduction

Approximate Message Passing (AMP) algorithms are iterative equations solving inference problems
involving high-dimensional random variables with random interactions [ZK16]. For the
typical case in which AMP iterations were initially studied, the interactions involve an i.i.d. Gaus-
sian matrix. These algorithms are inspired from Bolthausen’s iterative solution of the celebrated
Thouless-Anderson-Palmer (TAP) equations of spin glass theory [MPV&7, [Bol14, [Bol19]. However,
they are usually derived as heuristic relaxations of the belief propagation equations [Peal4| on dense
factor graphs in a manner often encountered in the context of statistical physics of disordered sys-
tems. A central property of AMP iterations is that the distribution of their outputs can be tracked
rigorously in the high-dimensional limit by low-dimensional equations called state evolution (SE).
This property can be seen as similar to the concept of density evolution from coding theory [RU0S],
but in the case of dense factor graphs.

In recent years, the growing interest in high-dimensional inference and learning problems has
motivated the introduction of approximate-message passing algorithms as solutions to many in-
ference problems, and as analytical tools—thanks to the SE equations—to study the statistical
properties of learned estimators, notably starting with the LASSO [BMT11al DMMO09]. A
number of extensions were then proposed for inference problems of growing complexity: generalized
linear modelling and robust m-estimators [Ranlll DM16, [ZK16], low-rank matrix reconstruction
[RF12, [LKZ17], principal component analysis (PCA) [LKZ15], inference in deep multilayer
networks with random weights [MKMZ17], matrix-valued inference problems [AMB¥19] or matrix
recovery under generative priors , among others. Interestingly, AMP algorithms can be
composed with one another to solve inference problems obtained by combining factor graphs, as
demonstrated in [ALM™20], where each part of the factor graph represents an elaborate prior and
inference process. This demonstrates the adaptability of such iterations, even more so as the state
evolution equations are shown to hold, often heuristically, for these composite structures.

Contributions. As the diversity of inference problems and AMP iterations increases, it is im-
portant to identify a common structure underlying the known AMP algorithms. Such a partial
unification was done in [JMI3| BMN20]: symmetric and asymmetric AMP iterations are treated in
a common framework. However, these results do not apply to the more recent AMP iterations de-
signed for more complex problems presenting multilayered structures or ones obtained by combining
factor graphs.



In this paper, our first contribution is to show how AMP algorithms are naturally indexed
by a graph that determines its form. Seeing AMP algorithms as supported by this graph helps
understanding the iterations, especially the multi-layer ones, in a unified way. In this regard, we
hope that our framework will be used as a tool to generate new AMP iterations. Roughly speaking,
the graph underlying the AMP iteration represents the interaction of the high-dimensional variables
of the associated inference problem. However, this graph is not the factor graph representing the
inference problem that sometimes appears in the derivation of AMP equations, see [KMS™12] for
example. The factor graph is microscopic, in the sense that it disappears when taking the dense limit
leading to the AMP equations. On the contrary, the graph that we consider here is macroscopic:
it structures the AMP iteration itself. It is insensitive to the underlying inference problem that
has generated the AMP equation; for instance, it can be used in both Bayes optimal or non-Bayes
optimal scenarios.

The second contribution of this paper is to use the graph framework to show that all graph-
based AMP iterations admit a rigorous SE description. This generalizes the previous works of
[BM11al JM13| BMN20] on SE to more complex iterations. Using our result, writing and proving
the state evolution equations is reduced to the identification of a specific structure in the AMP
iteration, instead of heuristically deriving or reproducing the rigorous proof entirely for problems
of increasing complexity. In particular, it gives a theoretical grounding for the analysis of AMP on
recent multi-layer structures [MKMZI7, IAMBT19, IALM™20]. Related to [MKMZ17], this paper
proves that AMP algorithms are a rigorously grounded approach to understanding multi-layer neural
networks, albeit only when the weights are random and when we perform inference with an AMP
algorithm. Still, in a context where theory struggles to explain the behavior of multi-layered neural
networks, it is interesting to see that this particular case can be rigorously studied, even for deep
architectures.

We illustrate the flexibility of our framework by applying it to diverse inference problems men-
tioned above, notably multilayer generalized linear estimation problems and low-rank matrix recov-
ery with deep generative priors. We also show how our results can be extended to handle matrix-
valued variables and combined with the spatial coupling framework introduced in [KMS™12} [JMT3].

Related work. There is a rich literature of proofs of state evolution equations, notably starting
with Bolthausen’s iterative scheme [Boll4l [Bol19] based on Gaussian conditioning. The technique
was then adapted and extended to the case of a more generic AMP iteration related to the LASSO
problem in [BMl11a], where it is mentioned that Gaussian conditioning methods also appear in
[Don06] to tackle fundamental random convex geometry problems. The analysis was then extended
to matrix-valued variables with block-separable non-linearities in [JM13] and for vector-valued vari-
ables with non-separable non-linearities in [BMN20], which also show that symmetric AMP and
asymmetric AMP can be treated in the same framework. Our proof is partly based on the same
iterative Gaussian conditioning method but is additionally combined with an embedding specific to
the graph framework. To the best of our knowledge, the latter part of the proof is novel.

Another line of work—called VAMP (vector approximate message passing) algorithms—handles
rotationnally invariant matrices [RSF19] with generic spectrum. This family of VAMP iterations is
obtained using a Gaussian parametrization of expectation propagation [Minl3,[(OWJ05], a variational
inference algorithm based on iterative moment-matching between a chosen form of probability
distribution (e.g., Gaussian nodes on a factor graph) and a target distribution observed through
empirical data. These iterations also verify SE equations proven with a similar conditioning method
[Tak17, [RSEF19], handling a different kind of randomness than i.i.d. Gaussian matrices. The SE



proof for VAMP iterations was then extended to multilayer inference problems and their matrix-
valued counterparts in [FRSI8, [PSAR™20]. In these works, the conditioning method is applied in a
sequential manner to each layer of the problem, making it specific to multilayer inference problems.
On the contrary, our proof method is not restricted to sequential multilayer estimation as mentioned
in the contributions, and does not rely on iterating through the graph. However, our proof does not
apply to all rotationnally invariant matrices. We handle mostly Gaussian or GOE matrices, with
extensions to correlated Gaussian matrices, products of Gaussian matrices and spatially coupled
Gaussian matrices. This is discussed in greater detail in Sections [l and Ml

Outline of the paper. The paper is organised as follows: we start by presenting the indexation
of AMP iterations by an oriented graph in Section [2l Several conceptual examples are provided.
We present the state evolution equations on any graph-supported AMP iteration in Section 3] along
with its proof, which constitutes the main technical contribution of this paper. We then move to
applications to inference problems in Section Ml and conclude on related open problems in Section [l
All proofs of auxiliary results are deferred to the Appendix.

Notations. We adopt similar notations to those of [BMN20]. Differences are mainly due to the
matrix variables framework.

We denote scalars with lowercase letters, vectors with bold lowercase letters and matrices with
bold uppercase ones. Inner products are denoted by brackets (., .), and the canonical inner products
are chosen for vectors and matrices, i.e., (x,y) = x'y, (X,Y)="Tr (XTY). The associated norms
are respectively denoted ||.||2 and ||.||r for the Frobenius norm.

For two random variables X and Y, and a o-algebra &, we use X|g 2 ¥ to mean that for any
integrable function ¢ and any G-measurable bounded random variable Z, E [¢(X)Z] = E [¢(Y)Z].

For two sequences of random variables X,,,Y,, we write X, é Y,, when their difference converges
in probability to 0, i.e., X,, — Y, .

We use Iy to denote the N x N identity matrix, and Oy« the N X N matrix with zero entries.
We use 01in(Q) and 0yq2(Q) = ||Q|lop to denote the minimum and maximum singular values of
a given matrix Q. For two matrices Q and P with the same number of rows, we denote their
horizontal concatenation with [P|Q]. The orthogonal projector onto the range of a given matrix M
is denoted P, and let Pf/l =1-Pwm.

Let S; denote the space of positive semi-definite matrices of size ¢ X ¢q. For any matrix K € S;
and a random matrix Z € RV*9 we write Z ~ N (0, k ® Iy) if Z is a matrix with jointly Gaussian
entries such that for any 1 < 4,7 < ¢, E[Z%(Z/)"] = k; Iy, where Z¢,Z7 denote the i-th and j-th
columns of Z. The i-th line of the matrix Z is denoted Z;.

If f:RNX9 5 RNX4 is an function and i € {1,... N}, we write f; : RNV*? — R? the component
of f generating the i-th line of its image, i.e., if X € RVX4,

f1(X)
f(X) = : € RVx4,

fn(X)

We write g)é the ¢ x ¢ Jacobian containing the derivatives of f; with respect to (w.r.t.) the i-th




line X; € R%:

TSI SR
) il 1q
88}]2 = : : € RI*9, (1)
' O(£i(X))q O(fi(X))q
0X1 e 8Xz‘q

2 Graph-based AMP iterations

We start by defining the class of graphs indexing AMP iterations.

Definition 1 (graph notions). A finite directed graph—also simply called graph in the following—
is a pair G = (V, E') where V is a finite set, called the vertex set, and is a subset of V x V,
called the edge set. This definition of graphs uses directed edges and allows loops.

A graph G = (V, E) is said to be symmetric if for all vyw € E, (v,w) € ﬁ if and only if
(w,v) €

The degree degv of a node v € V is the number of edges of which it is the end-node. In
symmetric graphs, it is also the number of edges of which v is the starting-node.

Graph notations. Given a symmetric graph G = (V, E), the following notations are useful. We
sometimes write v — w to mean that € = (v,w) is an edge of the graph. We say that v is the

starting-node of @ and w the end-node of €. We denote ‘€ = (w,v) € the symmetric edge
of . If € is a loop, then ‘e = ¢. We write @ — ¢ as a shorthand to say that the end-node of
2B i . 2 e B PR v e
€ € FE is the starting-node of ¢’ € E. Note that for any ¢ € E, ¢ — €.

Iteration. We now fix a symmetric finite directed graph G = (V, ﬁ) We associate an AMP
iteration supported by the graph G as follows.

e The variables xt? of the AMP iteration are indexed by the iteration number ¢ € N and the
oriented edges of the graph = E

xt? € R

ng € R

e All variables associated to edges €@ = (v,w) with end-node w € V have a same dimension
nyw € Ny, ie., x% € R™, We define N = z(v we B the sum of the dimensions of all

variables.

e Matrices of the AMP iteration are also indexed by the edges of the graph. If € = (v,w) € ﬁ,

A5 € R"™*" . These matrices must satisfy the symmetry condition A, ,) = A(Tw’v). In

particular, this implies that matrices A, ,y € R™*" associated to loops (v,v) € £ must be
symmetric.
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e Non-linearities of the AMP iteration are also indexed by the edges of the graph (and possibly
by the iteration number ). Ift > 0 and € = (v,w) € ﬁ, ffv’w) ((x%,)?,:?,_)?) is a function
of all the variables of the edges whose end-node is the starting-node v of ¢, as denoted by
the condition €’ — €. It is a function from (R )48 to R™.

Once these parameters (A?) P and ( f_>) >0 2R are given, we can choose an arbitrary initial
condition X—> € R™ for all oriented edges € € ﬁ of the graph. We define recursively the AMP
t >

0.9 cFE,

iterates ( t )t>0 2B by the iteration: for all

xtgl = A?m% — bt?mfgl , (2)
m%y = fo ((x%)222) (3)
where bt? is the so-called Onsager term
1 8f—>
b%—NTraxe ((X%) — ,_>€>) eR. (4)

The above partial derivative makes sense as ? — ? thus x« is a variable of f—> Note that in ({2]),
the Onsager term multiplies the vector m<_ indexed by the symmetric edge of @

Let us derive some simple particular cases of this framework, first to recover the classical asym-
metric and symmetric AMP iterations, and second to cover multi-layer AMP iterations.

Asymmetric AMP. The asymmetric AMP iteration appeared first in the literature to solve
the compressed sensing problem [DMMO09] and then more generally to tackle generalized linear
estimation, see, e.g., [Ranl11l, [SR14, [DM16]. It corresponds to a simple underlying graph composed
of two nodes and two symmetric directed edges between them.



In this case, the graph AMP equations (2)-(3]) give

t+1 _ t t t—1
X? = A?m? - b?me s

s = 1 (). 5
X = Apmi — tem,

me = f (x7) -
The corresponding state evolution (SE) property was proved in [BM11al for the separable case and
in [BMN20] in the non-separable case. Note that the time indices proposed here are different from
the ones appearing in these works. The time index convention adopted here generalizes better to

more elaborate graphs. We show how to recover the usual time indices in Appendix [Al

Symmetric AMP. The symmetric AMP iteration is central to our discussion as we show that all
graph AMP iterations can be reduced to this case (with matrix-valued iterates, as detailed below).
It is already known that the asymmetric case can be reduced to this case [JMI13]. The symmetric
AMP iteration appears, e.g., when solving the low-rank matrix recovery problem [RF12, [DM14],
or community detection in graphs [DAMI7]. It corresponds to the degenerate graph with only one
node and one loop.

(6)

Here, as there is a single edge ?, the indexes are superfluous and could be dropped. For these
equations, the SE property was proved in [JM13] for the separable case and in [BMN20] in the
non-separable case. Note that the results of [JM13] allow matrix-valued variables.

Multi-layer AMP. The multi-layer AMP iteration appears when considering inference problems
through a multi-layer random neural network, see [MKMZ17]. They correspond to a line graph
whose length [ is the number of layers.



t+1 to_ gt t—1
Xe_2> Ae—2>me—2> be_%mg s (7)

Note that the non-linearities now take several variables as inputs when there are several incoming
edges at a node.

Spiked matrix model under generative multi-layer priors. Of course, the structures de-
scribed above can be combined to tackle new AMP iterations. For instance, the paper [AMB™19]
studies the recovery of noisy symmetric rank-1 matrix when the spike comes from a known multi-
layer generative prior. The associated AMP iteration corresponds to the following graph, where the
loop corresponds to the spike recovery and the other edges correspond to multi-layer prior on the
spike.

, ry Ad
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In this case, the graph AMP equations ([2))-(3]) give

t+1 t t t—1
% —_—
X% = Aeo me—>0 b—)IIle_()) s

t+1 to gt o t—1
X = Azmz; be—l>mg1 ,
t et t t
mg; = fo, (X6—3=Xa> : (8)

;= 1 (x )

3 State evolution for graph-based AMP iterations

In this section, we start by presenting the most straightforward form of our result, and show
afterwards how several refinements can be added.

3.1 Main theorem

AMP algorithms admit a state evolution description under two major assumptions: that the interac-
tions matrices A are sufficiently random—in our case Gaussian or GOE—and that the dimensions
n = (ny)yey of all the variables converge to infinity with fixed ratios.

Assumptions. We make the following assumptions:

(A1) The matrices (A7)?eﬁ are random and independent, up to the symmetry condition A« =
AIE>. Moreover, if (v,w) € ﬁ is not a loop in G, i.e., v # w, then A, ,,) has independent
centered Gaussian entries with variance 1/N. If (v,v) € ﬁ is a loop in G, then A(,,) has
independent entries (up to the symmetry A = Az;,v))’ centered Gaussian with variance
2/N on the diagonal and variance 1/N off the diagonal.

(A2) For all v € V, n, — oo and n,/N converges to a well-defined limit 4, € [0,1]. We denote by
n — oo the limit under this scaling.

(A3) For all t € N and e ﬁ, the non-linearity ft? is pseudo-Lipschitz of finite order, uniformly
with respect to the problem dimensions n = (n,)yey (see Definition [ in Appendix [D).

(A4) For all @ € E, [x%]]2/v/N converges to a finite constant as n — occ.

(A5) For all € € E, the following limit exists and is finite:

nh—>n;<> N <f% ((X%/)?’:?’—)?) ’f? ((X?’)?’:?’—)?)>



(A6) Let (kw)zep be an array of bounded non-negative reals and Z- ~ N(0, k21, ) independent
random variables for all €. For all € € E, for any t € Ny, the following limit exists and is
finite:

0
Jim NE (2 (%) wene) o (Z2)2a2))]-
(A7) Consider any array of 2 x 2 positive definite matrices (S )z cp and the collection of random
Variables (Z—, Z_>) ~ N(0,8» ®1,,)) defined independently for each edge €. Then for any

@ € E and s,t > 0, the following limit exists and is finite:

nh_{glo NE [<f_> (( )?’ E”—)?) ’f_> ((Z_)’)—» _>’—>?>>} :
Remark on the assumptions. In the literature, the random matrices A, ,,) of AMP iterations
are often scaled with variances 1/n,,. To recover the desired scaling, it is sufficient to rescale the
non-linearity on which a given matrix acts with the corresponding aspect ratio d,,.

Definition 2 (State evolution iterates). The state evolution iterates are composed of one infinite-

dimensional array (ns_e’>r)r,3>0 of real values for each edge = ﬁ These arrays are generated as
follows. Define the first state evolution iterates

1
rY = lim 1% () g )l T

. s,T
Recursively, once (k2 )877,@7?6

ﬁ Z = x_> and (Z -, Z%) a centered Gaussian random vector of covariance (K2) o<t ® I, -
We then deﬁne new state evolution iterates

5 are defined for some t > 1, define independently for each =

1
gLt = /@S_;{l’tﬂ = lim NE (1% ((Z%)=r22) s T2 (Z%) 212 =2))]

€ n—00 e

for all sG{l,...,t},?eﬁ.

Theorem 1. Assume [[AT}(A7). Define, as above, independently for each € = (v,w) € E,
ZO? = Xo_e> and (Zl?, -, ZY) a centered Gaussian random vector of covariance (k3),s<t @ In,,.
Then for any sequence of uniformly (in n) pseudo-Lipschitz function ® : ROFDN 5 R,

) <(X8_e>)0<s<t7?eﬁ> ~ E [(I) ((Z%)ogsgt,?eﬁﬂ

3.2 Reduction of graph-based AMP iterations to the matrix-valued, non-separable
symmetric case

The core strategy in the proof of Theorem [Iis to reduce the graph AMP iteration (2)-[) into a
symmetric AMP iteration with matrix-valued iteration, i.e., an iteration of the form

Xt-l—l — AMt . Mt—l(bt)T e RNXq, (9)

M’ = ft(Xt) e RV, (10)
aft axq

b, = N 5%, 9Ji xt) € RIX | (11)

10



Here, A is a N x N GOE matrix, the iterates Xt, M? are N x ¢ matrices, and f* : RV*X? — RV*? are
non-separable non-linearities. A rigorous SE description for this iteration is established in Appendix
Bl it is an extension of the results of [JM13, [BMN20].

In this section, we show that the graph AMP iteration (2)-([) can be formulated as a symmetric
AMP iteration (@)-(II) with matrix iterates. In Appendix[B.2] this reduction is used to show that
Theorem [I] follows from its equivalent on symmetric iterations.

Let ¢ = \B\, @1,...,¢€; be the loops of G and ?H—la ?H—la ..., €m, €m be the other edges of
the graph. Define

0
X?l
*
0
X?l
0 0_) N
XY = €l+1 0 cR xq
(_
€1+1
0
ES X
©m 0
X%m

where * denotes entries whose values do not matter for what follows. Let A be a N x N GOE
matrix such that

A?l
*
A?l
A— * A?ZJA
A‘?zﬂ *
* * Ao
Em *

Finally, define the non-linearities f; : RV — RV*4 ag

11



ft

X—
fi (o)

(12)
0
0 L)
o ()

Lemma 1. Define X°, A and f! as above. Then the iterates X' of the symmetric AMP iteration

@)-(II) are of the form

where xt? denote the iterates of the graph-AMP iteration ([2))-().

GRNXq,

Proof. We proceed by induction. Assume that X! and X!~! are indeed of this form and we show
the claim for X‘*1. We use equations (@)-(II) to compute X‘*!: we start by computing the Onsager

12




term b, = LV, gg; (X!) € R?%9, From the formula for f! we compute
af_>
Tr 5= ( )
0
Bf?
- 1 Tr BX?ZI (...)
¢ =~ afL
N 0 Tr ax?lﬂ (...)
. I+1
0 ax?l:l( ) 0
bt
1
0
¢
_ b2,
- 0 bl
€l+1
0 bl 0
Then we can now compute
Xt+1 — AMt . Mt—lb;r )
First,
A<, ft?l ()
t
AM = Az, o, ()
* A?Hl 0
A(glJrl * ft;i I+1 ( )
Az, fo, ((Xt?)?;?_}e—ﬁ
*
6 1+1 f?l+1( )
* € l+1f(€l+1

13




Second,

%11 () b%l
t—1 ¢
Mt—lb — f?l ( ) b?l
t 0 =0 0 bb
i1 €41 . EOLH
12,0 0 Z i
b% 1 ?1 ((Xt?)?:?—w_f>
0
— b 6 6[ ( )
- ¢ t—1
b?l+1f<gl+1( ) 1
0 € L+1f€ L+1( )
Thus, combining the above equations, we obtain
Xt+1 — AM — Mt—le
o F () b FET()
= Ag f5 () =0 f51()
7 ey €l i1
Ao fo, ()= o ()
X1
*
_ xt!
" t+1
it
This proves the induction. [l

3.3 Useful extensions

Here we present several refinements of Theorem [I] that can be obtained in a straightforward fashion

and appear often in statistical inference problems.

Matrix-valued variables.
to matrices with a finite number of columns, and the non-linearities f%)
functions of matrix-valued variables.

The variables x-, m— initially defined as vectors can be extended

are then matrix-valued

e n, € Ny( is now the number of lines of the variables coming in node v € V. The definition

N = Z(U weB Mo remains the same.

14




e Let g € N5 be the number of columns of x%. We assume that, for all € € E, gz = ¢,
and the g— remain constant, independently of n — oo.

e The initial condition becomes x(()v w) € R 7w for all edges e = (v,w).

e Non-linearities f; indexed by the edge € = (v,w) € E, ffv w) (2%, = ?) are now functions

€
from x—,_ oR™>%2’ to R™*9v.w),

The AMP iterates are then recursively defined with:

x4t = Apmb —mE' (b)) e RMX97 (13)
mly = 4 (%) gz ) (1)

where each Onsager term is now a matrix given by:

t
1 s 0f%
t €, t q= Xq—=
b? - N Oxe ((X?’)?’:?’—)?) € RI=HI7.
i=1 et

where we used the notation from Eq.(T)). The state evolution equations then read

1,1 .1
K5 = lim %, P )T, T ) e R, P e E.

n—oo

. 1
mtg{l’sﬂ = ms_;rl’tﬂ = lim —E {f%(Zi,, e - ?)Tf%(ztgm e~ ?)} € R7Z*1?
n—o0

for all 1<s<t,?eﬁ.

where the Gaussian fields generalize straightforwardly to Zt? ~ N(0, nt_g ®1,,) € R™*%e for each
edge. Using these generalized definitions, the above statement of Theorem [l and its proof can be
adapted easily. We give examples throughout Section [l

Additional random variables in the non-linearities. Many inference problems are formu-
lated with a “planted” signal, i.e., a ground truth signal parametrizing the function the statistician
tries to reconstruct, sometimes called teacher in statistical physics. This often leads to the de-
pendence of certain non-linearities on additional random variables. As long as they appropriately
concentrate and are independent on the rest of the problem, they can be treated in straightforward
fashion with an additional average in the SE equations as done in [JMI3], where the summability
is reduced to second-order moments conditions due to the separability of the update functions. As
we will see in Section M), it is not always straightforward to isolate the independent contribution in
the teacher which is often generated using the matrices found in the AMP algorithm, effectively
introducing a correlation between the matrices and non-linearities. The state evolution iterates
then become
R = R = lim %E (12 (Z%)e2eye) 12 (22) 222 v2))]

N—oo

for all 1<s<t,?€ﬁ.

where the average is now over the Gaussian fields and additional y-. Examples are given throughout
Section Ml and Appendix [El

15



Structured and correlated matrices. Products of Gaussian matrices can be considered by
choosing identities as non-linearities on given edges of the graph. This was done heuristically in
[MKMZ17] to study structured inference problems. Gaussian matrices with generic covariances
can also be considered, i.e., A = Z3Y? where Z is an i.i.d. N(0, é) matrix and ¥ € R¥? is a
positive definite matrix. Indeed, the covariance matrix can be absorbed in the non-linearity as a
non-separable component. Depending on the non-linearity, expressions may simplify as functions
of the spectral distribution of . Examples are given in Section

Spatial coupling. Spatial coupling was introduced and studied in [KMST12, [KMS™12 [TMT3]
DJM13] as a mean to reach information theoretic limits in compressed sensing. The idea is to write
the state evolution equations when the random matrices have a block structure of the form

A.ll A.12 “ e A.ll
Ay A ... Ay

each A;; € RY*% has iid. N(0,Z%) entries and N;/N,d;/d are constant aspect ratios, where
>, Ni=Nand ), ;dj = d. The proof of SE equations with this kind of matrices was proposed in
[JM13] and relies on a matrix-valued symmetric AMP iteration similar to the one used in our proof,
with a family of non-linearities acting on blocks of variables, with a separable effect on each block.
Since our proof extends the matrix-valued, symmetric AMP iteration to the fully non-separable case,
the same ideas can be applied to our framework to include spatially coupled matrices on each edge
of the oriented graph presented in the previous section (with the added possibility of non-separable
effects on each block). We give an example in Section

4 Applications to inference problems

In this section we illustrate our main theorem by showing how several AMP iterations established
heuristically in the literature are included in our framework, in particular [MKMZI7, IAMB™19,
ALMT20, LSG™21], and how straightforward generalizations can be considered. We adopt an
optimization viewpoint for each problem, omitting the probabilistic inference formulation at the
origin of these iterations for simplicity.

4.1 A building block: AMP for generalized linear models

We start with a known AMP iteration for which the state evolution equations were already proven,
and build upon the intuition it gives to present more elaborate iterations. Consider the task of
optimizing a penalized cost functions of the form

X € min g(Ax,y) + f(x) (15)
x€ER4

where the vector of labels y is typically assumed to be generated from another process as

y = gb(AXO))

with xo € R? generated from a given distribution py, independent from the matrix A, A €
is a matrix with i.i.d. IN(0, é) elements, and ¢ a given function. The goal is then to reconstruct

RNXd
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the vector xg. This formulation is at the basis of many of the fundamental estimation methods
in machine learning: least-squares, LASSO, logistic regression, etc. Approximate-message passing
algorithms were proposed for this task, notably in [DMMO09, BM1T1al, Ran1l KMS™12, [IM13],
and take the generic form of the asymmetric AMP iteration (Bl) where A- = A. Intuitively, the
functions f%, f}% each correspond to one of the functions g, f from (I5]) and respectively output an
estimate of the quantities Ax,X. As prescribed by the form of the generative model, we expect the
update function associated to the loss g(.,y) to be correlated with the matrix A, thus preventing
a direct application of the SE equations. We propose a self-contained derivation explaining how
to recover (an instance of) the usual SE equations for GAMP as originally derived in [Ranll] in
Appendix [E]

4.2 Multilayer generalized linear estimation

Consider now the problem of recovering a vector x¢ from a more complex generative model involving
a multilayer neural network with random weights:

Yy = ¢L(ALdr—1(AL—1(...¢1(A1x0)))

where one has access to the final output y and would like to reconstruct the intermediate ones and
input xg. For each layer 1 <[ < L the matrix A; € RN+1XM hasii.d. N(0, Nil) with N1 /Ny = §;.
The idea is to solve this sequentially using asymmetric AMP iterations similar to the one presented
in the previous section. This approach was originally proposed in [MKMZ17] under the name
multilayer AMP (MLAMP). For any 1 <1 < L+ 1, define

x; = -1 (A1—191-2(--¢1(A1x0))),
such that x;41 = ¢(Ayx;) and XxXp41 =Yy

The intuition is the following : each x; is then estimated using the asymmetric AMP corresponding
to the problem
% = argmin g(Ax,y;) + fi(x)
xERM

the output of which is used to estimate the next, i.e., y; = X;11, whose statistical properties are given
by the SE equations. The complete derivation of the iteration involves writing the belief-propagation
equations on the factor graph corresponding to the multilayer inference problem, capturing all
the interactions between the different iterates. These SE equations were derived heuristically in
[IMKMZ17] for Bayes-optimal inference, and this paper proves them in the generic case.

4.3 Spiked matrix with generative prior

In the same spirit as the composition of generalized linear models defining MLAMP, different tasks
can be composed to obtain richer instances of inference problems. For instance in [AMB™19)], the
reconstruction of a low-rank matrix under a generative prior is considered using an AMP iteration.
A rank-one matrix is observed, blurred by Gaussian noise:

A
Y = \/gvovg +W

where W € GOE(N), and the vector vo € RY is assumed to be generated from a multilayer neural
network with random weights

vo = ¢r(Ardr—1 (Ar—1(...¢1(A1x0)))
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for a given ground truth vector xo € RN matrices {A; € RNZHXNZ}KKL and non-linearities
{#i1}1<i<- The AMP iteration to estimate v from Y was first proposed in [RF12, [DM14], and
takes the form of a symmetric AMP (@). Similarly to MLAMP, the output of this iteration can
then be used as input, leading to the AMP iteration proposed in [ALM™20], which corresponds to
the AMP iteration (R]). This paper proves the state evolution equations for this iteration.

4.4 An example with matrix-valued variables

Matrix valued variables are encountered in scenarios such as committee machines [AMBT19] or
multiclass learning problems [LSG™21], or more generically when a finite ensemble of predictors is
learned. Consider the matrix-valued extension of the generalized linear estimation problem Eq.(I5]).

X € argmin g(AX,Y) + f(X)
XeRNxq

where Y = ¢(AXy))

where Xy € RV*? and g € N is kept finite. The SE equations for the asymmetric AMP with matrix
valued-variables are included in the result of [JM13]. This can be directly generalized to a multilayer
matrix inference problem by considering a generative model of the form

Y = ¢r(Aror—1 (Ar—1(...¢1(A1X0)))

and successive application of the matrix-valued asymmetric AMP as proposed for MLAMP in
Section [£.21 The state evolution equations for this problem is included in our framework using the
results from Section

4.5 An example with structured random matrices

Consider a generalized linear inference task where the data is now represented by a Gaussian matrix
with a covariance X # I;. This can be dealt with using the non-separable framework. Assuming
the covariance matrix is full-rank, we can equivalently work with the variable x = 2/?x, and solve

argmin g(A%,y) + f(X7'/?%).

where A is now ana ii.d. Gaussian matrix. This will modify the update function associated to
f, becoming f (2_1/ 2)), which is non-separable, even if the function f is initially assumed to be
separable. The validity of the SE equations for this case follows from the results of [BMN20]. This
manipulation can also be done on any layer of MLAMP, for a given set of covariance matrices
34,..., 2 associated to each random matrix Aq,..., Ay, with vector or matrix-valued variables.
The validity of the SE equations in this case follows from the results of this paper. In the convex
GLM case (2-layer), the fixed point of the state evolution equations with a generic covariance gives
the same result as (a particular case of) the exact asymptotics recently proposed in [LGCT21] to
study different feature maps in generalized linear models.

4.6 An example of spatial coupling with non-separable non-linearities

Here we briefly describe an inference problem recently studied in [LSG™21] that can be solved using
spatial coupling on a non-separable AMP iteration. Consider the problem of classifying a high-
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dimensional Gaussian mixture with a finite number K of clusters, described by the joint density

K

P(x[y) = > yemN(py, Zi)
k=1

where x € R? is a sample, y € RX is a binary label vector, {7k }r are the cluster probabilities
such that Zszl 7 = 1, {py hr<k<i are the means and {3y }1<x<x are positive definite covariances,
using a convex generalized linear model, i.e.,

X € argmin g(AX,Y) + f(X)
XeRdxK

where Y € RV*K i5 the concatenated matrix of one-hot encoded labels. The matrix A representing
N samples of the Gaussian mixture can be written as a block diagonal matrix
AHe

A — Zy3,/? c RVxKd
ZKEKI/Q

where the Z, € RVeX? gre ii.d. N(0, é) independent matrices, with N the number of samples
coming from each cluster. This type of matrix can be embedded into an AMP iteration using the
spatial coupling technique to handle the block structure and the non-separable framework to deal
with the covariances on each block. The validity of the SE equations for the combination of spatial
coupling and non-separable effects is proven by this paper. This is also an example where the teacher
distribution is independent of the Gaussian matrices that will appear in the AMP iteration, as the
multinomial distribution prescribing cluster membership is independent of the Gaussian cloud of
each cluster.

5 Perspectives

We have shown that AMP algorithms can be unified in an intuitive way by means of an ori-
ented graph, and that this representation leads to a modular, effective and extended proof of state
evolution equations. Several problems follow from the results presented here.

Connecting back to the factor graph. We do not relate our proposed graphical representation
of the AMP iterations with the factor graphs of the probabilistic inference problems that generated
them. Understanding this relation would clarify the statistical inference problems that can be solved
using AMP iterations. The applications that motivated this paper use our framework with only
very simple graphs—Iine graphs, sometimes with a loop. However, the framework accepts much
more complicated graphs, potentially with more loops. In future work, we hope to explore the new
statistical problems and AMP iterations that can be analyzed using these graphs.

Rotationally invariant matrices. As shown in [RSF19, [FRST8| PSAR™20, [Fan20], the Gaus-
sian conditioning method at the core of AMP proofs can be reproduced with right rotationally
invariant matrices with generic spectrum. Extending the results of the present paper to this family
of matrices requires finding the appropriate form of the graph iteration and is an open problem.
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Universality and finite size corrections. State evolution proofs are amenable to both finite
size analysis [RV18, IMRB17] and universality proofs [BLM15. [(CL21]. Although both problems were
tackled in simpler settings in these papers, their techniques could be combined with the embedding
proposed in the proof of Theorem [I] to prove finite size rates and universality properties for any
graph supported AMP.
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A Changing time indices

Here we show how the time index convention usually encountered in earlier instances of the asym-
metric AMP iteration can be recovered from the one used in this proof. Consider two successive
iterations of the asymmetric AMP ({):

xt_;fl = A?m% — bt?mfg_l , xt? = A?m%_l — bt?_lmfg_z,

iy = 4 (<) m = 151 () »
xgl = A%mﬁg — bfgmt?_l , xfg = A%mﬁgl — bglmth ,

mi, = 1t (x) it = i (<5

which requires initializing both x2 and x<, and updates them simultaneously at each iteration.

We see that to evaluate xt_;(l (resp. Xfeil), we only need the previous value of xfg (resp. x’%) and

X1 (resp. xfgl). Thus only half of the iterates can be computed, independently of the other

half, using the following formulae (setting the other update functions to zero):

= A%mggt — b%tmz_tfl

P )
2 _ 2t (L2
mg = f§ (x7) .
2% _ 2t—1
x% = Aom7

2t—1 2t—1 2t—1
m3 = 2T (xg )

X2<Et+ 1

. (17)
B2

which only requires one value at initialization and at each iteration. The usual time indices found
in , e.g., [BMN20] are then recovered with the following mapping:

X2‘ei+1 — utt!
X%) =v'
2t

f<g = gt(-)

()
2710

= et(.)
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Note that this simplification is specific to the graph structure underlying the asymmetric AMP
iteration.

B Matrix-valued symmetric AMP iterations with non-separable
non-linearities

B.1 State evolution description

In this section, we present the state evolution equations for a symmetric AMP iteration with
non-separable non-linearities and matrix-valued variables. This is an extension of the results of
[JM13,  BMN20]. This result underlies the proof of state evolution equations for graph-based AMP
iterations.

Consider an initial (deterministic) matrix X° € RY¥*? and a sequence of deterministic functions
{ft: RN*a  RNX4}, . For the reader’s convenience, we recall here the symmetric AMP iteration

@)-@I).

Symmetric AMP iteration. Let X° € RV*? and define recursively,

Xt-l—l — AMt . Mt—l(bt)T e RNXq7 (18)
M’ = f{(X") e RV, (19)
N
1 oft
bl = ¥ a—}]z(xt) € R7¥7, (20)
i=1 !

where b! is the Onsager correction term. We now list the necessary assumptions.

Assumptions.

(B1) A € RMY is a GOE(N) matrix, ie., A = G + G for G € R¥*VN with ii.d. entries
Gi; ~N(0,1/(2N)).

(B2) For each t € N, ft : RV*4 — RN*4 i pseudo-Lipschitz of order k, uniformly in N.
(B3) ||XO||r/v/N converges to a finite constant as N — oc.

(B4) The following limit exists and is finite:

lim %fO(XO)TfO(XO) € R7X (21)

N—oo

(B5) For any t € Ny and any k € S;r , the following limit exists and is finite:

. 1 0 O\T gt qxq

Jim B [fX")(2)| € R (22)
where Z € RVX4 Z ~ N (0,k @ Iy).

(B6) For any s,t € Nyg and any k € SQJ;, the following limit exists and is finite:

lim %E [fS(ZS)Tft(zt)] € RIx4 (23)

N—o0

where (Z*,Z¢) € (RNV*9)2 (Z3, Z!) ~ N(0, k ® Ly).
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Under these assumptions, we define the state evolution iteration related to the AMP iteration (I8])-

@0).

Definition 3 (state evolution iterates). The state evolution iterates are composed of one infinite-

dimensional array (K*"), s>0 of real matrices. This array is generated as follows. Define the first
state evolution iterate

pup = Jim X0 P(X0) (24)

Recursively, once k57,0 < s,7 < t are defined for some t > 1, take Z° = X% and (Z*,...,Z) €
(R™*9)t g centered Gaussian vector of covariance (K*")s ,<t®Iy. We then define new state evolution
iterates

1
Kt+1,s+1 — Ks+1,t+1 — lim —F fs(ZS)Tft(Zt)] 7 s€ {O, o ,t} )
N—oo N
The following property then holds for the AMP iteration (I8])-(20]).

Theorem 2. Assume[(BIJ{(B6). Define, as above, Z° = X° and (Z*,...,Z!) € (RN*9)! q centered
Gaussian vector of covariance (K*")s,<t @ Iy. Then for any sequence ®x : (RN*9)HL 5 R of
pseudo-Lipschitz functions,

oy (X0, X, X! 2K [Dy (2°,2,...,2Y)] .
Given the above result, we can expect the Onsager correction bt to verify

< 0Z;

P~

1
—E
N

bt

(Z')| e R?Y. (25)

1=

where Z' ~ N(0, K¢+ ®I,,). In fact, similarly to [BMN20], Theorem 2] can be shown to hold for the
AMP iteration (({I8)-20)) with any estimator b’ satisfying

N

Oft
S0t

1=1

P

b (X MO, ..., ML XY E U (26)

1
N

B.2 Application: proof of Theorem (1l

In Section [3.2] we have seen that the graph AMP iteration (2)-(#]) can be rewritten as a symmetric
AMP iteration of the form (Q)-(IIl). Here, we check that applying Theorem [2] on the symmetric
iteration after performing the reduction indeed gives Theorem [Il

Define the state evolution iterates as in Definition Bl Here, due to the expression (I2)) of the
non-linearities, the state evolution iterates are diagonal:

= lim — g 2
K m ) (27)
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and

nt—i—l,s-‘,—l — ns—i—l,t-‘,—l — lim —

Let Z' € RV*? be the variable from Definition Bl Decompose

t
Z?l *

zt =

t
* Z%

m

where lev w) € R™. The diagonal structure of the state evolution iterates means that Z% and Zt?,

are independent when € #+ ¢’. We thus find that

t
K 0
1 o
k5= lim —
N—oo N
O K,S’t
S
€ m

where the ms_e’f are those defined in Section [3] and the variables Z% are the same as those defined in
Section Bl
These elements show that Theorem [ follows from the application of Theorem [2

C Proof of Theorem

Once the concentration lemmas of Appendix[D]are established for matrix valued-variables, the proof
follows closely that of [BMN20]. We include the main steps (with a few changes) for completeness
nonetheless.

As an intermediate step, we introduce the following AMP iteration initialized with X € RVx4 .

X = AM! - M (b T c RIVxq (28)
M = f{(Xt e RV*q, (29)
N
1 off .
b; = —F i (Z RI¥9

where the Onsager term has been replaced by the expectation in Eq.([25) using the state evolu-
tion recursion, i.e., Z! € RV*4 ~ N(0,k;¢ ® Iy). We denote this recursion with the shorthand
{Xt, M| ft, X}, The following lemma is an analog of Theorem [ for the iteration (28])-(30).

Lemma 2. Define, as above, Z° = X° and (Z',... Z") € (RNX9)! g centered Gaussian vector
Wbl L el

of covariance © .. | ®Iy. Then for any sequence ®y : (RN*))H1 5 R of pseudo-
t1 tt
K" Kb

Lipschitz functions, the iterates of [28)-B0) satisfy
oy (X0, X, X LR [Dy (2°,2,...,2Y)] .
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C.1 Proof outline and intermediate lemmas
The main idea is to analyze an iteration that behaves well under Gaussian conditioning and that

asymptotically approximates (28])-(30]).

Matrix LoAMP. We consider the following iteration, a matrix-valued version of the LoAMP
iteration introduced in [BMN20]. The sequence of functions f! and initialization X° are the same
as for the AMP iteration {X! M?|f!, X°}. Initialize Q" = f°(X"), and recursively define

H'"' = Pg5, | APg, Q' +H; 1" eRYX, (31)
Q' =fI(H) eRY, (32)

where at each step, the matrices Q;_1,a!,H,_1 are defined as

Q1 =[QYQY..|Q"!] eRNx, (33)
= (Q/19:1)7'2/,,Q" eRrR", (34)
M1 = [HH?.H| e RV¥, (35)

Po, , = Qi (9] 19 1)_ Q/ | is the orthogonal projector on the subspace spanned by the
columns of Q; 1, and PQt , = = Iy — Pg, ,. We denote this recursion with the shorthand

{H!, Q!|f*,X°}. The inverse (Q,; ;Q; 1)~ ! in the projector may not always be properly defined
if @; 1 is either rank-deficient or has vanishing singular values. We thus introduce the following
assumption as in [BMN20], which ensures the proper definition of the projector.

Assumption 1 (Non-degeneracy). We say that the LoAMP iterates satisfy the non-degeneracy
assumption if :

e almost surely, for all t and all N > t, Q¢ 1 has full column rank.

o for all t, there exists some constant ¢, > 0—independent of N—such that almost surely, there
exists Ny (random) such that, for N = Ny, omin(Qi—1)/VN = ¢ > 0.

We now study the LoAMP iteration, starting with the non-degenerate case.
The non-degenerate case. The following lemma gives the distribution of the Long-AMP iterates
when conditioned on the previous ones.

Lemma 3. Consider the LoAMP iteration {H', Qt|f;, X°} and assume it satisfies the non-degeneracy
assumption. For anyt € N, let &, be the o-algebra generated by the collection of random variables
H! H?, .. ,H'. Then

H''ls, £PS, APS Q' +H, 1o (36)

where A is a copy of A independent of S;.

The next lemma characterizes the high-dimensional geometry and distribution of the LoAMP
iterates, notably that they verify the state evolution equations.

28



Lemma 4. Consider the LoAMP recursion {H?, Q| f;, X"} and suppose it satisfies the non-degeneracy
assumption. Then

a) for all0 < s,r <t
1 P 1
- Hs+1 THr—i-l ~ S\T RI%4 37
() L@@ err, (37
b) for any t € N, for any sequence of uniformly order-k pseudo-Lipschitz functions {¢n :
(]RNX[])H'z—)]R},

P

dy(X0 HY, . HTY ~E[@y(XY, Z!, ..., 20T (38)

where
(Z*, ..., Z") ~ N(O, (k¥ )spct @ Iy) (39)

The next two lemmas show that the iterates of the Long-AMP recursion are arbitrary close to
those of the original symmetric AMP in the high-dimensional limit.

Lemma 5. For each iteration t of the LoAMP iteration {H!, Qt|f*, X°}, consider the recursion

H = AQ — Qb)) where b = iE N off
N &0z,

Q' = fi(H") (41)

where we take H! = AQY and Zt ~ N(0, K¢ @ In)with K defined by the state evolution. Then
1 Ept4l _ fpt+l P
fOT anthN, \/NHH H ||Fm>0

(zt)] € RI¥4 (40)

Lemma 6. Consider the symmetric AMP iteration {X', M!|f;, X°} and the LongAMP iteration
{H!, QY| f;, X}, Suppose that LongAMP satisfies the non-degeneracy assumption. Then for any
teN,
Lt Xty L0 and = Q- MY L0 (42)
\/N N—oo \/N N—o0
Combining the previous results, and assuming the non-degeneracy is verified, Lemma [2] holds
true.

Relaxing the non-degeneracy hypothesis This paragraph shows how the non-degeneracy
assumption is relaxed using a perturbative argument as done in [BMN20]. Define the randomly
perturbed functions

oyt = f1() +eY! (43)
where Y! € RV*4 is a matrix with i.i.d. N(0,1) entries independent of the original matrix A. We
denote Y the set of random matrices (Y, Y1, .., Y?) € (RV*a)i+1,

Lemma 7. The AMP iteration defined with the functions f'y and initialized with X° verifies As-
sumptions|(B4)|—[(B6)| Furthermore, define the associated state evolution iteration (kS T, X0,
initialized with

1
L1 s 1eo O\\T/ £0 0
R = lim (7% (X0)T (% (X)) (4)
and )
ROV = lim B [y (29) T Sl (2 (45)
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where (Z91, ..., Z") ~ N(0, (k*")S <, ® Iy) and the expectations are taken w.r.t. Z', ..., Z%" but
b rt

not on Y. Then the state evolution {k¢'|fl;, X"} is almost surely non-random.

Lemma 8. Denote Q5Y; the N xtq matriz associated with the LoAMP iterates {H Y !, QY !| ff,, X°}.
Assume € > 0. Then for N > t, the matrix Q;Yl almost surely has full column-rank. Furthermore,
there exists a constant ¢ ¢, independent of n, such that, almost surely, there exists Ny (random,)

such that, for N = Ny, 0min(Q5Y1)/VN = ¢ > 0.

The next two lemmas show uniform convergence of the perturbed state evolution averages to
the original one when the perturbation vanishes.

Lemma 9. Let {®y : RVX 5 RI¥9} y g be a sequence of uniformly pseudo-Lipschitz functions
of order k. Let K,k be two tq x tq covariance matrices and Z ~ N(0,k @ Iy), 7 ~ N0,k @ 1Iy).
Then

lim sup E[®(Z)] — E[@x(Z)] = 0. (46)

R—K N}l

Lemma 10. For any s,t > 1, k&' — K5,
(S d

This last lemma shows that the iterates of the AMP iteration defined with the randomly per-
turbed functions (@3), denoted {XY:{, M<Y:t|fL, XO} is arbitrarily close to the original AMP
iteration {X*, M!|f!, X"} when the perturbation is taken to zero.

Lemma 11. Consider the symmetric AMP iteration defined by {X', M!|f!, X%} and the corre-
sponding perturbed iteration defined by {XY:{, MY t|fi, XO}. Assume that, for some t € N. Then
there exist functions hy(€), hy(€), independent of N, such that

lim hy(€) = lim hj(e) = 0 (47)
e—0

e—0

and for all e < 1, with high probability,

1 €

\/—NHM Yt —M|p < e, (48)
1

- XeY,t+1 _Xt+1 < hile) . 49

Combining these lemmas, we now prove Lemma 2l

C.2 Proof of Lemma [2] and Theorem
Theorem [2] follows from Lemma [2] similarly to the proof of Corollary 2 from [BMN20].

Proof of Lemmal2 The lemmas presented in the previous section ensure the following:

e Lemma [§ and [2 ensure the AMP iteration defined with randomly perturbed functions verifies
the non-degeneracy assumptions and the perturbed state evolution equations, i.e.,

By (X0, X, XV = E [0y (2°,2°,...,2°)] .

for any sequence of pseudo-Lispchitz functions ®p, where (ZE’O, Zet .. ’th) are defined as

in Eq.(44]).
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e We have shown that the perturbed state evolution converges to the original one for vanishing
perturbations, i.e.,

suplE [@ (2°, 2., Z')| — E [0y (2°°,2°",.... Z)]| 3 0
Nz1 e—0

using Lemma [9 and [TOl

e Lemma [IT] ensures the AMP iteration {X<Y:! MY:!|fL, X} uniformly approximates the
{Xt M| ft,XO) one.

In light of these results, consider the following decomposition: for any 7 > 0:
P(|ey (X% X!, X)) —E [0y (X0, 2, ..., ZY)]| = n)

<P (Jon (X0, X1, X = oy (X0, XYL XY > g)

+P (ycpN (X0, XY XYH) _E [0y (X°,2, ..., 2¢)]| >

w3

)

+P (B [on (X2, Z)] — E [0y (X°, 2", Z")]| > 7)

Starting with the first term of the r.h.s., the pseudo-Lipschitz property and the triangle inequality
give

‘q)N(XO Xl Xt) ) (XO XeY,l XeY,t)’ <
I OH X715 X5 HX” XZHF
(1o B 45 B 5 RIS z

X0kt X7 — X 4 Xk (bl HX“ X’IIF
<L<l+2—nw+z L z o z

i=1

X0k X — XA b: <zl HX” XZ”F
o120 z it S +2§: X e z

< L<1 +20k-1 ¢ Z hi(e)*~1 +2 Z Cf;i) Z hi(e) w.h.p.
=1 =1 =1

where we used assumption for the convergence of |Xg|r/vN to a finite constant, the well-
defined state evolution of the perturbed AMP {X¥:!, MYt|ff, X%} for convergence of ||X?||/v/ N
to finite constants Cey ; and Lemma [[1] to replace the differences ||X%' — X'||p by the functions
hi(e) with high probability. This gives, for any 1 > 0:

lim limsup P (|0 (X, X', X') = @y (X, XYL XY > ) = 0 (50)

=0 Nooo

The state evolution for the perturbed AMP then gives

0 weY, 1 €Yt 0 rpe,l et my _
N ) ) PREES) = -
hm limsup P (](ID (X%, X X —E[on (X°,Z ZY]| = g) 0 (51)

=0 N0

and Lemma [J] guarantees:

: € € ,’7
lim P (|E [0y (X, ZY, .. 2Y)] —E [oy (X 2", Z')]| 2 1) = 0 (52)
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for all N. From this we deduce

P(|on (X°, X!, ., X)) —E [0y (X°,Z',...,Z")]| = n) —— 0 (53)

N—oo

which is the desired result. O

C.3 Proof of intermediate lemmas
Those proofs which are too close to the ones appearing in [BMN20] are not reminded.
Proof of Lemma[3. Recall the o-algebra &; = o(H', H?,...,H'). The LongAMP iteration verifies:
H'™ = (Id - Pg, ,)APg, Q'+ H;1a' (54)
=AQ| —Pg, ,AQ| +H; 10 (55)

where QY = PJQtith. We now show by an induction that conditioning on &; is equivalent to

conditioning on the linear observations AQ®, AQ',..., AQ?, and thus to conditioning on AQ;_;.
Consider the first iteration which initializes the induction:

H'=AQ° (56)

thus H' is 0(AQV)-measurable. Suppose now that #;_; is (A Q;_1)-measurable. The LongAMP
iteration then gives, remembering that Qﬁ =Pq, ,Q":

Ht+1 = AQt - AQﬁ - PQt—lAQﬂ_ + %t—lat (57)

o(AQ;_;)-measurable

where the highlighted term is (A Q;_1) —measurable by definition of Q|t| and the induction hypoth-
esis. This gives that H; is 0(AQ)-measurable. We can now condition on the linear observation
A Q; i at each iteration. We thus have:

d
Ht+1|6t = A|6tQtJ_ - Pgt—lAQﬂ_ + %t—lat (58)

which amounts to condition the Gaussian space generated by the entries of A on its subspace defined
by the linear combinations AQ;_;. Conditioning in Gaussian spaces amounts to doing orthogonal
projections, which gives 3

Als, =E[A[&] + P (A) (59)

as shown in [BMllaJ,[JMl?)J, where Aisa copy of A, independent of &, and P is the projector
onto the subspace {A € RV*N|AQ, 1 =0,A=A"}:

E[A|&]=A -P5_ APS | (60)
Pi(A) =Pg, APg, | (61)

where A is an independent copy of A. Replacing in the original LongAMP iteration, we get :
d ~
H''!ls, =Pg, APg, Q'+ H; 10 (62)
1L 1L _
where we used Pg = E[A|&]Pg  =0. O

Proof of Lemma [} We proceed by induction over t. Let S; be the property at time ¢.
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Initialization.
a) We have H' = AQY. Then:

1
- Hl THl:
ane

P

(AQ")T(AQ")
Q"H'Q° (63)

2l-z=l=

using Lemma [[7l We then define k! = £(Q°)"QP.

P

b) We want to show that ®x (X% H') ~ E [®y(X°, Z)]] where Z' ~ N(0,x"!), where

1 1 T
KM= —(Q)TQY = = (F2(X%) /(X% (64)
N N
For any sequence {®y}yen of order k pseudo-Lipschitz function

@8 (X0, AQ°) — E[@n(Z)]]l2 < |EN(AQY) — @n(Z")|2 + || BN (Z") — E[®N(ZY)]|l2

k-1 k-1
< Ln (1 - (LA%”?) - <%> ) —”AQT/_NZIHQ +|Pn(Z") — E[@n(Z1)]||2 (65)

k—1 k—1
where the large n limit of (%) + (”Z—\/IN”> being bounded, ”AQ\O/_NZIM is > 0 and

1@ (Z) — E[®n (ZY)]||2 % 0 follow from Lemmas [I6 and [[7 .

Induction. Here we assume that Sy, S1, ..., 5;_1 are verified, and we prove S;.

a) Consider the case s < t. Since H*T! and (Q?®, Q") are &; measurable, using the conditioning
lemma, we have :

((Hs+1)THt+1 _ (QS)TQt) s, d ((HS—I—I)THt—l—l‘Gt _ (QS)TQt)
— | ) (Pg, ,APg, Q'+ H,10') - (Q)'Q
— (H8+1)TPJQt71AQﬁ_ + (Hs—i-l)—l—?_tt_lat o (QS)TQt (66)

We thus have :

1 s s 1 s A
SI(ETHTHT - (@) Q) le |r < IHT)PS,  AQ!|Ir
1
+yIETD el = (@) Qe (67)
Starting with the term
1 s A 1 s A
FIETH Py, AQ!|r = £[(Pg, H™) AQ!|r (68)

the induction ensires that \/—lﬁ | H | T%HQZHF concentrate to finite values. Furthermore,
”Pét,lHSH”F < |[H*TY| p, so according to Lemma [T the first term on the right-hand-side
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will concentrate to zero.
Moving to the second term, since s < t, Pg, ,Q° = Q?®. Then:

}VH(HS“)% 1’ = (Q) ' Q| = ||<HS+1>% 1! = (Pg, ,Q") ' Q'|r
= NH(HSH)T%_@ - Q) 21(Q1121) el Q' I
N”(HSH)THt 1 —(Q)' Qi iavl|r
< IE)TH L — (@)@l el (69)

Here we consider s < ¢ thus s+ 1 < ¢t. Hence the induction hypothesis includes the concentra-
tion properties of H**! and ;. We then have limpy_, oo %H(HSH)T’Ht_l —(Q)TQi_1|lr =0
and |||/ has a finite and well-defined limit using the non-degeneracy assumption. Indeed:

leellr = 1(Q/1Qi-1) ' 9/ 1Q|Ir
1
< N—cggf_lczt (70)

using the induction hypothesis, lim, %QtT_th is finite. This proves the property for
s < t. Now consider the case s =t. We then have:

(B3~ Q1) fe, = (IH s, 3~ 1Q7)
= IPS, ,AQ! [} + 2T (( 5 ,AQ!) %Hat) M- QU ()

We then have

L5 1 ~ P 1
VIPs, AQLE = CIAQLIE - +IPe, ,AQLEL LIQU I (72
where we used
P 1 1 ~ p
CIAQUIE L QU and < [Po, ,AQLIE 0 (73)

which follows from Lemma [I7 and the independence of A. The second term then reads
(Pgt IAQ’i) H, 10t = (QL)TAPS, H, 1ol (74)

From the induction hypothesis, we know that a! has finite norm when N — oco. Moreover,
Ps,  Hirof|r < [Himrof|p, and [QY[lr < [1Q'F. Also Z=|Hia|r and [1Q'|r
converge to finite constants, again according to the induction hypothesis. Using Lemma [I7]
we get

1
~ I <( 5, AQ! ) ”Ht_lat> ﬁ 0 (75)
Finally the third term can be decomposed
||7-Lt_1at||% = Tr((’Ht_lat)T ’Ht_lat)
— Tr((a!) " H Hioral)
= Tr((a")" (R i1~ @11Qi1) @) + Tr((a) T QL Q1-10)
<[ HHir — QL1 Qe llrlladllr + Qi 1cullr (76)
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Using the induction hypothesis and the non-degeneracy assumption, limy_,||al||F is a fi-

nite constant, and %H’H;—_ﬂit—l -9/ .9 1|r %) 0. Furthermore, by definition of ay,
n [e.e]

Qi 10y = 1'5‘-
Grouping all the terms, we get
1
~ (EHE —1Q1F) = ”QJ_HF + HQ”HF - _HQt”F
= 0 (77)

Using the conditioning lemma :
on (XU H,. HLHT) |6, Loy (X0 H!, . H P, AP, Q'+ 3, 10!)
— oy (X, H',. . H, AQ! — Po, ,AQ) +H,-1a)  (78)

Let 'y (AQtL ~ Pg, ,AQY + ’Ht_lat> — By (XO, H!, . H! AQ! — Po, ,AQ! + ’Ht_lat)
as a shorthand. Then, from the pseudo-Lipschitz property:

1y (AQfL — Po, ,AQY + ’Ht_lat> — @y (AQj " ’Ht_lat>|

<LNC(k,t)<1+ <|’)\(/(;_|\’7F>k_l+§<”tl/¥p>k_l

||Ht+1up>’“ JAQ -\ (H%t_latup>’f‘1>|ngtIAQZHF
+< Vi 1 G, + N N (79)

where C (k‘, t) is a constant depending only on k and t. The induction hypothesis ensures that

(w)k + Z ( 1% e >k_1 converges to a finite constant. Furthermore
\/N s=1 g . 9

—IlAlr < —
_ <
VN S VN
which, using Proposition 2] and the induction hypothesis, converges to a finite constant. Also,
using the fact that rank(Pg, ,) < tq with ¢, ¢ finite, and the independence of A, Lemma [I7]
gives

1A 10 l1Q 17 (80)

1 b
\/—NHPQt—lAQJ_HF —0. (81)

Ultimately, we obtain
oy (AQ! - Po, ,AQ| +H1a') = @y (AQ! +H;1a')
< Oy (AQi + %t—lat’*> (82)
where af = limy_,o @ which are finite matrices, and o € R¥*4, We write :
()
(af):
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where V1 < i < ¢, (af); € R?*9. Then
! A Ot t,* ,]i ’ ¥aY t,*
oy (AQl + Moo ) Lol (AQl + Mo )
L o(X,H,..,H , AQ} +H, iab*) (84)

Using Lemma [16], there exists ZT’I ~ N(O,m’lJrl ® Iy) independent of &;, where nffl =
lim v — oo %(Qi)TQt , such that:

~ p
(X H', .. . H' AQ!| +Hi1a™) ~Ez [(X, H', .., H', Z![M + Hi1ab¥)]

LE

t
on(X0,Z, .22+ zi(atv*)i)] (85)
=1

We now need to match the covariance matrices defined by the prescription of Z*+! we obtained
with the ones from the state evolution. Let Z!*! = Z/*! 4 3| Zi(ab*);) € R7*9. We then
write Z ~ N(0, k" @ Iy) where k1 = limy_,o0 & (Z"7) TZ!L. Then, using the
isometry proved above and remembering that, for any 1 <i <t, Q! = f{(H?!):

I i Tt 2L i 7ot 21 Tt P t+1,t41
N(Z ) Z _N(H ) H _N(Q) Q ——k (86)
similarly, for s > 2:
1 r1 rp1 _ P
s _ — (mgps\Tot+l L, — s\Trrt+1 L~ ros— 1\ T 0yt s,t+1
”—N(Z)Z —N(H)H —N(Q )Qmﬁ (87)
and for s = 1:
1 1 1
kS = N(Zl)TZH_l g N(Hl)THt—H é N(QO)TQt n_]joo F{,l,t-‘,—l (88)

0

Proof of Lemma[3. This lemma is proven by induction.

Initialization. The first iterates read H! = AQ° and H' = AQV. This concludes the initializa-

tion.

Induction. Assume the proposition is true up to time t. Define the (t+1)gx (t+1)g block-diagonal
matrix B; = diag (quq,bl7 ...,bt) and H;_1 = ﬂllﬂzllﬂt] We then have :

and

H''' =Pp, APp, Q' +H; 1o
= AQ! —Pgo, AQ! +H; 1! (89)

I:It-i-l — AQt _ Qt—l(bt)T
=AQ" +AQ| - Q"Y'
where AQﬁ =AQ; 1(Q),9:1)'9/ Q!
=AQ, ia! (90)

36



which gives

I:It+1 o Ht+1 — PQtflA—Qﬁ_ . Qt—l(bt)T + A—Qt—lat - Ht—lat

using the definition of iteration (40), we have:

AQ, 1 =H, 1+ [ONXq’QOI'-"Qt_ﬂ B[,

N _ _ ~t—1 _
A - H = Po,  AQL — QI T+ gl Qr ) BLial + (R ) o
=0 1(2/19:1)7'Q 1AQ, — Q" (bi1) " + [Onxg|Qt2] B
+ (7:Lt_1 — ’Ht_l) al

and

QtT_lA = (AQt—l)T
= ((7:Lt—1 —+ [0N><q|gt—2] B;I—))T
= ?:LtT_l + B, [0nwq|Qia]

since QY = PJQFth, it holds that:

LT
Q11 AQ| = (s + B [0xq Q2] ) PS5, Q'

which in turn gives:

A LT
HY —HY =9, 1(Q/ 19 1) '"H, QL — QI (™) + [0nxy|Qi_2] B 1!

+ (?:Lt_l — ’Ht_l) o

=Q-1(Q1Qi-1) " H1QL — QI + [Onkg|Qio] BL 0!
o . T
+ ('Ht v ’Ht_l) al + Qt—l(QtT—lgt—l)_l <7'Lt—1 - %t_l) Ql

We now study the limiting behaviour of this quantity, starting with:

C=0,1(9  1Q-1) "H QL — Q" ('™ + [0nxg|Qi—2] B 10

We have :
Q. -Q' - Q]
= Q' - Qi 1y

and :

C=09,1(Q/ 1Q1) "1 1(Q" - Q1a) - QBT + (0N xq| Qi—2] B a
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Using Lemma [[2] the state evolution, and the concentration properties of pseudo-Lipschitz

functions Lemma [T6] we get, for all 1 < j<t—1and 1 <i <t
SEH)TPE) LR | (2T F(2)
N ~ |N

=K, ,E [%div f? (zj)]

Pl e T Ai—1 iy T
L@
and for j =0 :
Lo T reoy 2o [ L in T 0
S S0 £ B | @) k)]
=0
which in turn gives
1 1 1
SHLQ) =+ [HH] A 2 () Qi (b )T
and
Lo 1 1 17 10 1 i1y 2L 57 T
AL Q= [ HY QA f (] £ QT 03 @ 2]BL,

which gives :

1 1
NC g N <Qt—1(QtT—1 Qt—l)_lg;r—l(Qt_l(bt_l)T — [Onxq|Qi-2] BtT—lat)

S QD) 4 [yl Qs Bf_lat)

1
=5 (Qt_ﬂQLQt_l)—lQL QDT — [0nxq|Qi—2] B ')
€ span(Q;_1)

S QBT (O] Bf_lat>

=0

At this point, we have :

1 A 1 1 N
I - < Ol + | (Fe1 = Hir) o

~ T
+Q1(Q11Q 1) (Fu —Hir) QL

Where

1 . 1, -
Tl (s = He ) @lle < Sl = Hoilpledlr
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As previously discussed, ||a!||F has a finite limit, and according to the induction hypothesis,
2 P
JelHis = Hiallp ——— 0. Then
1
VN

1

~ T
19r-1(Q1Qr1)™" (He —Hat) Qlllr <

) 1 .
|Hi—1 — Ht—l”FN—C%”Qt—lﬂF”Q 113
(109)

where ﬁ”gt_lﬂ F||Qt||F converges to a finite limit due to the state evolution proved above. This
t
ultimately shows that

1 e P

— ' " p ——0 110

v I~ (110)
and concludes the induction. O
Proof of Lemma [@. This one is another induction. Let S; be the statement —= ||Qf —M?||p —F 50

VN N—o00
1yt et P

and 5 [H™ = X lp =20
Initialization. We have Q° = f9(X°) = M? and H' = AQ%, X' = AMP.

Induction. We assume S;_; is true, and we prove S;. We have

%ﬁ”Qt M| = %Nuf%ﬂt) o

t k-1 ¢ k-1 t ¢
th<1+<n%p> +<||§%F> >HH;NX||F 1)

which goes to zero as n goes to infinity from the induction hypothesis. We then prove that
L |fye+1 t+1 P
—|H" - X —— 0.

v I —2

I:It-l-l _ Xt+1 — AQt _ Qt—l(bt)T _ AMt + Mt—l(bt)T (112)

and

1
VN

using Proposition 2 ||Al|op — P, 9. Using the induction hypothesis, ——||Qt — M|z ——
N—oo VN N—o0

1, 1 _ _
—=H" = XTYp < [[Allp—=1Q" = M| + —=[IQ"™" = M |p|bllr  (113)
VN VN

0, Q" — Mg " 50, and |bt||F is finite. This concludes the induction step. O
VN N—o00
Proof of Lemma[7 In this proof, we will consider the 2¢ x 2¢g covariance matrix kK = [:1’1 :1’2}
1,2 K22

and two matrices Z', Z% € (RV*4)2 following the distribution N (0,k ® Iy) , and we study the
corresponding state evolution when the perturbed functions fetY are considered. We drop the €
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exponent on the covariance matrices since we are just studying the well-definiteness of the perturbed
SE as an induction. The link with the original SE will be studied in subsequent lemmas.

e | (2 (2) (2] = Be | (22 1@ | + e | 7@ Y]
+ ¢y [%(ft(zt))TYs} + 62%(Y5)TY1€
1

— By | (@) @)+ Rl Y

62

Ys TYt
YY)

+ %Ez [F1(zH)] T Y* +

e the first term does not depend on the perturbation and is deterministic. Using assumptions
(A6), this quantity has a finite limit.

e second term is a ¢ X ¢ matrix where each element have zero mean and variance

1 s(gs\ 1wt ¢ 1 S /rrs\T |2 C
Var [N <E [f (Z*) YL)] :mHE[f (Z )]||2<N (114)
Using the Gaussian tail and the Borel-Cantelli lemma, this term converges almost surely to
Z€ro.

e the third term is treated in the same way as the second one

e the last term follows from the strong law of large numbers:

1 s.
Jim N(YS)TYt L—OJ Tyx Os=t (115)

Putting things together, we get, almost surely:

. 1 . 1
Jim B2 | (@) (@) = i Ea [ L@ 2|+ b (110
Verifying the initialization assumptions (A4-A5) is very similar to the previous steps, thus we

directly give the result. The initialization reads:

Jim (DT AR (X0) = Tim (£ T SOX0) + T (117)
Jim (R (XO) T iy ()] = tim B [(£(X%)T 72 (118)

It follows straightforwardly from these equations and a short induction that the resulting state
evolution is almost surely non-random. O

Proof of Lemmal8 By definition, for any ¢t € N :
QY = Q' +¢Y! (119)
Then
QY =Phy [(HY) + Py Y (120)
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with the parallel term a linear combination of the previous ones. Denote F; the o-algebra generated
by HEYL L HY ! Y1 . Y1 Since Y is generated independently of F;, each column j of Q€Y+
obeys the distribution:
€Y.t , )
QY17 ~ N(Poey (F(HY); Py ) (121)

t—1

the variance of which is almost surely non-zero whenever N > tq. Thus, when N > tg, the matrix
Q;_1 has full column rank. We now need to control the minimal singular value of Q;_ 1. Following
[BM11a], Lemma 9, we only need to check that, for any column j, almost surely, for N sufficiently
large, there exists a constant c. > 0 such that:

1 cY
FIQL 1P > e (122)
which follows in almost identical fashion to [BMN20], Lemma 9 using the moments of a N — tg

chi-square variable, instead of N — ¢ in the original proof, which extends straightforwardly since ¢
is kept finite. [l

Proof of Lemma[d. This result is proven for ¢ = 1 in [BMN20] and the proof for the case of finite,
integer ¢ is identical. O

Proof of Lemma I This lemma is proven by induction.

Initialization. From equation (II7), it holds that

Ki; =Kii+¢ —o Ku (123)

Induction. Let t be a non-negative integer. Assume that, for any r,s < t, k¢'® — k"*. Then:

1
L+l _ 7 T gt (gt
K = i B (o (2) () (124
— 00
where Z7, Z’;Y are n x ¢ Gaussian random matrices whose distributions are specified by k¢, Kot
and k2" which are ¢ x ¢ deterministic matrices. Then, from equation (II6]), we have

. 1 1 c c

ROV < Jim Ry [Nus(z Nz v%] L (125)
From Lemma[[3] the function (Z*, Z) — % fs(Z*) " f(Z") is uniformly pseudo-Lipschitz. Moreover,
from the induction hypothesis, we have :

b= gt (126)

lim k2
e—0

thus, using the uniform convergence Lemma [0 we get :

: : i €,8\ T et _ 13 l s\ T | s+ 1t+1
lim lim —E | f,(Z) T f(Z)| = lim TE|£(2) (2] = & (127)
S,8 s,t
where (Z%,Z') ~N(0,k ®I,) and k = [zm’ Zt’t]' This shows that
R§+1,t+1 STl (128)
e—0
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which concludes the induction. Similar reasoning proves the convergence of correlations with the
initial vector

Ri,t-‘rl Lt (129)
e—0
O
Proof of Lemma[11. This Lemma is proven by induction.
Initialization.
1
MY —M|[p = f&(X%) = fO(X%) = —=¢| Y°||r (130)

N VN
Using the bound from Lemma [Tl there exists an absolute constant Cy independent of N such that,
with high probability:
——[[YO||r < Oye (131)
Nici

Note that Cy is the same for all Y. We thus choose h{,(¢) = Cye. Then

X! =X F < IY°llF < 2Cye (132)

1
i HAHOP\/—

using the bound on the operator norm of GOE matrices Proposition 2] and we can choose hg(e) =
2Cye.

Induction Assume the property is verified up to time ¢, i.e., the functions ho(€), hj(€), ..., he—1(€), hy_; (€)
exist and are known. We now need to show hy(e€), h}(e) exist. By definition of the iteration:

1 1
- MEth _ Mt e (W2 XEY gt Xt
7! Ir = M (XY) = K
- txeY_txt +€Yt
IO — X+ X
HXEY’tHF> \XtH XY Xl 1 ¢
SLi|1+ | —F— + + €Y
t ( (% o uwivile
XeYt Xt
oo (TY (150 >ht1
IIXEY’tIIF HXEY’t - XtIIF>
1+ + hi—1(€e) + Cye
( 0+ (B VN i+
Lt 1+CEY (k) + 26720y (k)F~ +2k_2hf__11(e)> hi_1(€) + Cye
(133)
where we used the state evolution of the perturbed AMP iteration to show that % has a finite
limit and Hélder’s inequality. We can thus choose
Rile) = Lt (1+ Coy (k) + 28 2Coy (k)™ + 28722 (€)) ha-a (€) + Cve (134)
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which goes to zero when € goes to zero. Then

1 HXEY,t—H Xt-i-lHF

\/N HMeYt MtHF +

MY by ) T = M (BT 5

HAHOP\/— Vi

< 2hi(e) + \/—NHMEY’t_l(b?Y)T -M D) Tk
1
<2h/ €) + —— MeY,t 1 Mt 1 bt 4+ b bt Mt 1
+(€) \/NH | #[b"|| 7 \/—|| v — b7l |
(135)
and
N
1 oft
t _ - ) t
N
1 & af
<E NZH ( e (136)
i=1

where Z! ~ N(0,k;; ® I,). Since the function f! : RV*4 — RNX4 is pseudo-Lipschitz of order
k; the components f} : RN*4 5 RY are pseudo-Lipschitz of order k as well. So are the functions

J : RV*4 — R for 1 < j < ¢ generating each component of f}(Z!) € R? and their R — R
restrictions to the i — th line of Z!. Then

N
1
D1l < 5 D amas {E|V g 52l | (137)
i=1

where max; {EHVZt (Zt)||2} is bounded using the pseudo-Lipschitz property and a similar argu-
ment to the proof of lemma Let C; be this upper bound, then

1 1
MEY,t—l bt Mt 1 bt T C h + Mt—l bt _ bt 138
—\/NH (biy) " (b)) ||r < qCyhi_y(€) —\/NH [Flbey — b7 (138)

Using the same decomposition as before

1
Mt 1 b bt < MeY,t—l _ Mt—l + MEYt 1 > b bt
| [Fl[bey —b'lr < \/NH | \/—ll I} ey = b|£
< (hio1(€) + Cey 1) |Ibey — b'||p (139)

\/_

The definition of the Onsager correction terms gives

Z eYt i f: afzt (Zt)
N azeYt N = ozt

where ZY:t = Z(ni}{)l/ 2 where Z € RV*? is an i.i.d. standard normal matrix. Similarly Z! =

Z(/@t,t)l/ 2. Using the positive definiteness of K¢y along with Lemma [I2] we can write, keeping in

by —b|lF = (140)

F
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mind that the perturbation €Y doesn’t change the derivatives in the Onsager correction:

bty — bl = ) | 2T 52| - () B[

I ~(Z)

2)" @) Ir
< (k)™ = (") [ FE [%@Evvtfft(zm)} +

The function RV*4 — RI%9,Z — Z' fY(Z) is pseudo-Lipschitz of order k + 1. Moreover, from
Lemma 8§, K,g( —0> kbt Thus using Lemma [0 we get
€—>

i | (@) (20| - 5 | @) (@) I =0 (141)
e—0 N N
and Lemma [0 gives lime_o||(k§y )™ — (k¢¢)||r = 0, which concludes the induction. O

D Useful definitions and probability lemmas

In this section, we compile useful definitions and lemmas that appear throughout the proof. Most
of those results are finite-width matrix generalizations of those appearing in [BMN20] and some are
the same.

Proposition 1. (Norm of matrices with Gaussian entries [Verl8]) LetY be an M x N random
matriz with independent N(0,1) entries. Then, for any t > 0, we have:

P (HYHF <C (x/MJr VN + t)) >1—2exp(—t?) (142)

where C 1s an absolute constant.

Proposition 2. (Operator norm of GOE(N) [BLM13])
Consider a sequence of matrices A ~ GOE(N). Then ||A|op — 2 almost surely as N — oo.

Proposition 3. (Gaussian Poincaré inequality [BLM13])
Let Z € RN be a N(0,1y) random vector. Then for any continuous, weakly differentiable o, there
exists a constant ¢ = 0 such that:

Varlp(Z)] < E [[IV(Z)]3] (143)
The next result is a matrix version of Gaussian integration by parts, or Stein’s lemma.

Lemma 12. (Stein’s lemma, matriz version) Let (Zq,%Zs) € (IRNX‘Z)2 be two N(0,k @ In) random
vectors, where k € R20)*(20)

o — [Hn 512} (144)
K12 K22
Consider an almost everywhere differentiable function f : RV*? — RNX4. For any Z € RN*? ywe
can write: .
Zyy, ..., 2y f1(Z) 1(2Z),...f{(Z)
f = = (145)
Znt, s Zing fn(Z) Nz, .., f(Z)
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Then

N T
9fi(Z2)
E|(Z)" f(Z2)| = E 14
(Z0)7 (22)] nm<g;[énk (146)
where %fz) € R is the Jacobian containing the partial derivatives of fi, w.r.t. the line Z;, € RY.

Proof.

N
=" E[Z},Z})E [aaﬂ(zz)] since (Z1, Z2) ~ N(0, k ® Iy)
k=

= (Z2)
_ : ) Y afk]
—ggmumggmb@ﬂm<>]
! X [0f(Zo) >
= (K12)i E
; 12)il ; [ 07, } i
X [0f(Zs) !
= (nm (;E[ 9z, }) . (147)

where the second step is obtained by iteratively conditioning on the entries of Zs and applying one
dimensional Gaussian integration by parts, see e.g. [Verl8] Lemma 7.2.5. O

Definition 4 (pseudo-Lipschitz function). For k € N* and any N,m € N*, a function ® : RNV*9 —
R™*4 s said to be pseudo-Lipschitz of order k if there exists a constant L such that for any x,y €

RNXq’
Hﬂ@—@@MF<L<L+me>“{+cww>mjHX_NF ss)

vim VN VN VN

A family of pseudo-Lipschitz functions is said to be uniformly pseudo-Lipschitz if all functions
of the family are pseudo-Lipschitz with the same order k and the same constant L.

We now remind useful properties of pseudo-Lipschitz functions from [BMN20].

Lemma 13. Let k be any positive integer. Consider two sequences f : RN — RN N > 1 and
g: RN 5 RN N > 1 of uniformly pseudo-Lipschitz functions of order k. The sequence of functions
Oy : RV xRN = RN > 1 such that ®n(x,y) = (f(x),9(y)) is uniformly pseudo-Lipschitz of
order 2k.

Lemma 14. Let t,s and k be any three positive integers. Consider a sequence (in N) of x1,Xg2,...,Xs €
RN such that \/LNHXjH < ¢ for some constant c; independent of N, for j =1,...,s and a sequence

of order-k uniformly pseudo-Lipschitz functions oy : (RV)™H* — R. The sequence of functions
on(.) = on(.,X1,X2, ..., Xs) is also uniformly pseudo-Lipschitz of order k.

Lemma 15. Let t be any positive integer. Consider a sequence of uniformly pseudo-Lipschitz
functions on : (RN) — R of order k. The sequence of functions ®x : (RV)! — R such that
PN (x1,%2,.., %) = Elon(x1,...sX¢—1,%¢ + Z)], in which Z ~ N(0,aly) and a < 0, is also uni-
formly pseudo-Lipschitz of order k.
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We now state a result on Gaussian concentration of matrix-valued pseudo-Lipschitz functions.
This is an extension to the matrix case (of finite width) of Lemma C.8 from [BMN20].

Lemma 16. Let Z ~ N(0,k ® Iy) where k € S;r. Let & : RN*? — R be a sequence of random
functions, independent of Z, such that P(Ex) — 1 as N — oo, where Ey is the event that Py is
pseudo-Lipschitz of (deterministic) order k with (deterministic) pseudo-Lipschitz constant L. Then

Oy (Z) = E[Dy(Z)].

Proof. First, it is straightforward to see that

Oy (Z) = Dy (ZK'?) = Dy (Z) (149)

where Z € RV is an i.i.d. standard normal matrix, and ®y = ®x(.k'/2). Since ||&|,p is bounded
for all N, ® is also pseudo-Lipschitz of order k, with constant Lmax(”n”él/,z, I3 %2). ®y can then
be considered as a function acting on a vector of size N x ¢ with i.i.d. standard normal components.
The proof is then identical to that of Lemma C.8 from [BMN20] with an additional finite factor g.
We remind this proof for completeness. Under £y, using the definition of pseudo-Lipschitz functions

and proposition [

L? 1 AN
Bz (|V0x(2)]B] < -z <1+2<W\|Z||2) ) < 20 (150)

for a constant C'(k) that only depends on k. Then for any e > 0, there exists a constant ¢ > 0,
independent of N, such that:

P{|®N(Z) — Ez[OPN(Z)]] > €} < E{P{|®N(Z) — Ez[®PN(Z)]] > e}lgy } + P(En)
Var [Py (Z)]
2

< L2C (k)
Nqe?

< +P(EN)

+P(EN) (151)

where the second and third line are obtained by applying Chebyshev’s inequality and proposition [3]
with the variance bound evaluated at Eq.(I50). O

The next lemmas are matrix generalizations of the ones used in [BMN20].

Lemma 17. Consider a sequence of matrices A ~ GOE(N) and two sequences of non-random
matrices, U,V € RNX? such that the columns of U and V werify |U||2 = |[V||s = VN. Under
this hypothesis, define the finite quantity G = limy_ %UTU, the limiting Gram matrix of the
columns of U. We then have:

1LyT P 1LyvT P
(1) NV AU m quq and NHV AUHF m} 0.

b) Let P € RY*N be a sequence of non-random projection matrices such that there exists a
constant t that satisfies, for all N, k=rank(P )< t. Then +|PAU|% NL> 0.
—00

¢) There exists a sequence of random matrices Z € RN*?, such that +||AU — Z||% NL> 0
—00
where Z ~ N(0,G @ Iy).
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1 T P
d) +(AU)TAU = G.

Proof. In this proof, the i-th line of a given matrix Z is denoted Z; and its j-th column Z7.

a)

For any 1 < 4,5 < ¢, the i-th element of the j-th column verifies:

%(VTAU)g = —(VH)TAU/

1

viHTHU!
(V") ty

(VHTHTUY (152)

2l=zl=

where H is a matrix with iid. N(0, z&) elements. The random variable & (V) THU/ is
centered Gaussian with variance

N ; ;
1 ; e 1o IVBIUZE 1

—§ ViR =1"1201- 12 _ _— 153
N2M:1( &)(U7) 2N N3 2N (153)

which shows that %(Vi)THUj converges in probability to zero. A similar argument shows
that %(VZ)THTUJ also converges in probability to zero. The union bound then immediately

gives that %(VTAU)g NL> 0. Thus each element of the finite size ¢ x ¢ matrix &~V TAU
— 00
goes to zero. Since ¢ is finite, the union bound then gives the desired result on the Frobenius

norm.

For any 1 <@ < ¢:

1 | ,

—(PAU)' = —(PAU" 154

~(PAU)' = L (PAU) (154)
Now let v, ..., v, be an orthogonal basis of the image of P, such that ||v{|| = ... = ||vi]| = V/N,

and V € RV*! the matrix of concatenated v. Note that k can depend on N, but k is uniformly
bounded by t. Then, using point (a) and the fact that ¢ and k are finite for all N:

| 1 p
NHPAUH% = NHVTAUH oo 0 (155)

This proves point (b).

The matrix AU is a RV*? correlated Gaussian matrix. For any two columns U!, U™, the vec-
tor (AU!, AU™) is a Gaussian vector with zero mean, whose covariance matrix has elements:

E [(AUl) (AUm)TF ~E [(AUl>i (AUm)]}

7

N N
—E [Z AU > AN ;n]
k=1

k'=1

E [Z HIHY UL U + HIHY, UL U + HHY UL U + H H UL U
kK

1
~ <5ij§ ULup +U§U}”> (156)
k
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which gives the block

1 1
l m\T| _ & qpihTymm L oytlrrmNT
E[(AU)(AU ) ]_N(U) ULy + 4 U'(U™) (157)
and the covariance matrix
| v+ puunT WO Uy 4 Lutum)T
x= (Ul)TUm 1 1mm INT 1ytm m\ T (158)

and in turn the following covariance matrix for the joint law of the ¢ vectors AU', ..., AUY.

ulyTue
Iy + LutuhT WUy 4+ LutwnT
R o . A o
(U N) uU IN+%U1(U171)T IN+%U’L(U‘L)T (U )NU IN+%U‘L(U’L+1)T

L
WH U 1y + Luruh)T Iy + LuUuT

which can be rewritten

ul(uh’ Ul(ue)T
Y= %UTU ® Iy + % Ui(I'jli'—l)T Ui(ﬂi)T Ui([.j.i'—i-l)'l'
Uq(ﬂl)T UQ({]q)T
= %UTU@)IN"F %fjfﬂ (150)

where U € RM? is the vector of vertically concatenated columns of U. Now consider two
independent N(0,Iy,) vectors Z',7? and V € RM? the vector of vertically concatenated
columns of AU. We can write that the quantity:

1/2

V- (#UTURIy) " Z,
Vi (160)
is distributed as
(FUTU @ Iy)Y2Z! + (001222 — (R UTU R IN)YV2ZY, 1 - oo,
_ Vg P
N N—oo
(161)

where the last convergence follows from the fact that %fﬂ# is a centered Gaussian random
variable with variance |[U||2/N? = q/N, where q is kept finite. This concludes the proof of
point (c).

The function ® : RNX4 5 R, X — %XTX is pseudo-Lipschitz of order 2. A straightforward
calculation shows that, for any Z ~ N(0, G ® Iy), we have E[¢(Z)] = G. Then :

P([|®(AU) - E[@(Z)]||r > €) <P ([|2(AU) — ®(Z)|r =€) + P (|®(Z) — E[®(Z)]||F 2(6) |
162
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the second term on the right-hand side vanishes as N — oo using the Gaussian concentration
of matrix-valued pseudo-Lipschitz functions Lemma [T6] and the first term vanishes using the
definition of pseudo-Lipschitz function and the statement (c) proven above. This concludes
the proof of statement (d).

0

E Detailed mappings for the asymmetric AMP

The purpose of this appendix is to provide intuition on two important points for practical appli-
cations of Theorem [It how is an AMP iteration related to the solution of a given inference or
optimization problem, and how the SE equations formulated here can be used to exactly recover
those originally derived (heuristically) in the literature. Although the first point in its full generality
goes beyond the scope of this paper, we propose a straightforward, self-contained way of finding the
update functions of GAMP [Ranll] from an optimization point of view, giving a concrete example
where pseudo-Lipschitz regularity conditions are met and the relation between AMP iterates and
an estimator are explicit. Regarding the second point, the results of [JM13] already prove the SE
equations derived heuristically in [Ranll], although the exact mapping is not given. In particular,
it is not straightforward to understand from the main result of [JM13] how the SE equations may be
used to evaluate the reconstruction performance of AMP iterates w.r.t. a given generative model (or
teacher). We propose a decomposition that allows to explicitly recover the equations from [Ranli]
and contains intuition adaptable to more complex cases.

E.1 Asymmetric AMP for convex generalized linear modelling

Recall the convex GLM problem with a design matrix A € RM*V.

x € argming(Ax,y) + f(x),
xeRN

where y contains given labels and f,¢ are convex functions. The optimality condition for this
problem reads:
ATdg(Ax,y) +df(x) = 0.

For any strictly positive constants v1,72,v3, we can equivalently write:

T ATAX + 3% + 71 (ATag(AX, y) + 8f(x)> = 1 AT Ax + 3x,
— 1A (Ax+ %&J(AK, y)) + 73 <x + %&f(X)) = 1 ATAX + 3x.
2 3

Define the variables

u=x+ laf(x) v =Ax+ ﬂag(Ax,y), (163)
3 72
such that x = prox%f(ﬁ) Ax = prox%g(ff), (164)

which are one-to-one mappings, see [BCT11|. This leads to the following optimality condition

AT (prox%g - IM> (V) =13 (IN - prox%f(.)> (), (165)
= proxn ,(V), (166)

72

Aproxy (1)
73
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Now recall the asymmetric AMP iteration, using the notations of [BMN20] discussed in Appendix[A]

ut+1 — ATht(Vt) o dtet(ut),

vi = Aet(ut) _ btht_l(Vt_l),
the fixed point of which reads

(In + de(.)) (u) = A h(v), (167)
(Inr 4+ 0h(.)) (v) = Ae(u), (168)

where we omit the time indices for simplicity. Matching Eq.(I63)-(I66]) to Eq.(I67)-(I68]) prescribes:
A(v) = 72 (proxa, () — In ) (%),
2

e(w) = = (33 (1d ~ prowzs () (@) ~ 6)
e(u) = prox%f(ﬁ),
n(v) = 7 (proxa, ()~ Tur) (9),

2

Takjng Yo = %7"}/3 = —d,V = {7, u = y3u:

1
B(v) = 7 (prosiyy)() = Inr) (v),
—u

e(u) = prOX*TWlf(F)a

which are the functions appearing in [Ranll] when applying GAMP to a convex optimization
problem, see also [AKLZ20|. Using the Lipschitz regularity of the proximal operators, the state
evolution equations on the iterates u?, vt and the mappings Eq.([I63I64), we can recover the high-
dimensional statistical properties of the estimator x! given by the AMP iteration at each time-step,
notably the state evolution equation on the overlap m = éxOT X. We develop on this in the next

subsection.

E.2 Conditional decomposition on the planted model

We now show how to deal with planted models involving a data or measurement matrix appearing
in both the generative model and the learner, i.e.,

X € argmin g(Ax,y) + f(x),
xERN

where y = ¢(Axg).

An additional decomposition must be performed to recover the usual state evolution equations
found in, e.g., [Ran1ll [KMS™12, [ZK16]. We perform a conditional decomposition on the matrix A
to isolate components independent on y, which gives

A =E[Aly]+A-E[Aly] = E[A]Axo] + (A — E[A[Ax]), (169)
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since conditioning on y is equivalent to conditioning on Axg. Using the same expression for condi-
tional Gaussian decompositions as used in Lemma B, we can write:

E[AAxo] = AP,, A —E[Aly] = AP, (170)
where Py, = 5 and Py = Iy — Py, (171)
[I%0ll3

and A is a copy of A independent of y. Introducing the variable (order parameter or overlap in

statistical physics) m = 3x[x and p = ||x0||3, we get the reformulation

infg(\%erAPL )+f( X0 + Py x), (172)

X,m

where s = AII::—SH is an i.i.d. N(0,1) vector. Introducing the variable x = Pl x and a Lagrange
multiplier v to enforce the orthogonality constraint, the problem can be equlvalently reformulated
as
m ~
inf supg(——s+ APJ‘ + Xg + X) — I/XTX 173
n s )+ 1D + %) — v (173)
Under mild conditions, this problem is feasible and strong duality can be used to invert the order

of the inf-sup, to obtain

infsup inf g(—s+ APl Xo + X) — vx] X. 174
s inf g7 ) £ (g + %)~ v (174)
What we have gained from these manipulations is a formulation in terms of a matrix A that is
independent on the other variables of the problem, allowing a fully rigorous and explicit application
of the state evolution theorem. Focusing on the optimization problem on X, we write

inf §(Ax)+ f(%), (175)

%eRN

where we defined g(.,y) = g(\/ﬂﬁs +.,y) and f(.) = Fxo+ ) — vXg ., which are still convex
functions. Working on the minimization problem defining the proximal operators, we get:

m m
Prox., 5()(u) = prox, <%s + u> — 7/_)5, (176)
m m
proxwf(')(v) = ProX., () <<; + 721/) X0 + V> - ;Xo, (177)

for any strictly positive constants (v1,72). The algorithm then reads [Ranl1ll, [ZK16]

Initialize: (% u’ ep(.),h™! =0,

Tterate:

N——
—
N~—

@
~
—
N~—r
I
el
S
"
=
~
—
~

‘ 1
h () = E (pI‘OXﬁtg(.7y) —Id
o ATHY(V) = (B et (),
vi=Ae'(u') = {(e"))h1 (v,

~+
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The state evolution theorem then prescribes the Gaussian fields describing the distribution of the
iterates u’, v! in the pseudo-Lipschitz sense. This gives four equations for the variances and Onsager
reaction terms, and a fifth one for m! using its definition. To get the explicit expression for ! from
the last expression, we use the property of the proximal operator

Vv >0 prox, (x)+9f(prox,;(x)) = x, (178)

to obtain

m! m! s’ m! m!
N +atut = pecie N <(7s +1/K1h) — proxge,( <%S + \/m§g>> , (179)

Rewriting 7' = mTt + o'vt and remembering the definitions of the update functions, we get:

t+1 éE [He (7'xg + \/7h ”2} Ky = cllE [Hht Vs T \/_g 12 }
mtﬂzéE [xoproxfltf(.) (a (17 Xo+\/:‘<&7§h>>], b= at+1E|:\/_ s+\/7g]

B = 1B [(e!) (7'x0 + v/W5h)| of = —4E | (W) (s + V/iTg)

which are the usual six SE equations appearing in GAMP [Ran11l [ZK16, [AKLZ20], when applied to
the convex optimization case. As mentioned before, the theorem of [JM13] is (more than) enough to
prove the result, however the explicit mapping detailing the isolation of independent components was
not given. Provided a converging trajectory of the appropriate AMP can be systematically found,
the fixed point of the state evolution equations characterize the performance of the estimator, see,
e.g., [BMI1b, [DMI6] or the more recent [LSGT21].

T

Comment on matrix-valued variables All the manipulations done above can be reproduced
with matrix-valued variables, matrix Lagrange multipliers and matrix proximal operators. For more
detail on how to appropriately map the matrix update functions to proximity operators, see the
Appendix of [LSG™T21].
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