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Filaments and voids in planar central configurations

We have numerically computed planar central configurations of n = 1000 bodies of equal masses. A classification of central configurations is proposed based on the numerical value of the complexity, C. The main result of our work is the discovery of filaments and voids in planar central configurations with random complexity values. Suggestions are given for future work in the context of central configurations with random complexity values.

Introduction

Central configurations (CC's) are a special class of configurations that give rise to the only known "explicit" solutions of the n-body problem. Regardless of its importance, only planar CC's (PCC's) of a low number of bodies have been computed [START_REF] Moeckel | Some relative equilibria of N equal masses[END_REF][START_REF] Ferrario | Central configurations, symmetries and fixed points[END_REF][START_REF] Moczurad | Central configurations in planar n-body problem with equal masses for n = 5, 6, 7[END_REF][START_REF] Doicu | A stochastic optimization algorithm for analyzing planar central and balanced configurations in the n-body problem[END_REF], as well as spatial CC's of n = 5, 6 [START_REF] Moczurad | Central configurations in the spatial n-body problem for n = 5, 6 with equal masses[END_REF] and n = 500 bodies of equal masses (SCCe's) [START_REF] Battye | Central configurations in three dimensions[END_REF]. In this work, we have numerically computed PCC's of n = 1000 bodies of equal masses (PCCe's). Classifying these CC's by the numerical value of the complexity function, C, we have observed filaments and voids in PCCe's of n = 1000 with different complexity values.

In section 2, we briefly review the n-body problem and the main features of CC's. Later, in section 3, we present the computational scheme, as well as several PCCe's of n = 1000 with different complexity values. Finally, in section 4 we expose the main unknowns derived from this work.

The n-body problem

The n-body problem aims to determine the possible motions of n point particles of masses m 1 , . . . , m n that follow Newton's inverse square law, that is, the characterization of the dynamics of a system influenced by the gravitational interaction in the classical regime.

More precisely, if q 1 , . . . , q n represent the positions at a given time t of n point particles with respective masses m 1 , . . . , m n , their motion will be determined by the following second-order nonlinear differential equation

d 2 q i dt 2 + γ i ≡ qi + γ i = 0 (1)
where

γ i = k =i m k S ik (q i -q k ), S ik = S ki = q i -q k -3 .
These bodies will lie in a d-dimensional Euclidean space, q i ∈ R d . The energy, h, is the difference of the kinetic energy, T , and the force function (opposite sign of the gravitational potential energy), U . For G = 1, it can be written as

h = T -U = 1 2 n i=1 m i qi 2 - i<j m i m j q i -q j .
If we restrict ourselves to d = 3 we find that q, q ∈ R 3n . Then, the n-body problem will be a 6n system of first-order equations. A complete solution would require 6n -1 time-independent integrals and a time-dependent integral.

Central configurations (CC's)

In the context of the n-body problem, there are some privileged configurations called central configurations (CC's). They are configurations of a particular type of solutions that are obtained if the point particles satisfy certain initial conditions. We call homographic solutions those, such that the configuration formed by n-bodies at the instant t remains similar to itself as time passes, up to dilations, rotations and translations.

Definition 1. A configuration is central if there exists a vector γ O , a point q O , and a λ ∈ R such that for all i, γ i -γ O = λ(q i -q O ).

In an equivalent way, we could say that it is a particular configuration where the position and acceleration vectors are proportional with the same constant of proportionality. This constant of proportionality is λ which can be seen as a Lagrange multiplier. Their main property is that they are the configurations that collapse homothetically at their center of mass when released without initial velocity. For more details about CC's, see [START_REF] Albouy | On a paper of Moeckel on Central Configurations[END_REF][START_REF] Moeckel | On Central Configurations[END_REF][START_REF] Saari | Collisions, rings, and other Newtonian N-body problems[END_REF].

Complexity

Motivated by the fact that the number of non-equivalent CC's increases extremely quickly as a function of n [Alb15], we propose a quantity that allows us to sort them in some way. Starting from the hypothesis that there are no non-equivalent CCe's with the same complexity values, we find an invariant quantity intrinsically related to the configurational measure, U √ I. Since U is a positively homogeneous function1 of degree -1, and the moment of inertia, I = m i q 2 i , which describes the size of the system, is an homogeneous function of degree 2; U √ I is an homogeneous function of degree 0 whose value only depends on the shape (not on the size). In order to make it invariant of the scaling transformations of configuration space and masses, we will define it as:

C = U √ I ( i m i ) 5/2
(2)

3 Central configurations of n = 1000 bodies of equal masses

Computational scheme

We present several PCCe's of n = 1000 with m = 0.001. In Fig. 1 the computational scheme that we follow is presented. First, we randomly initialize the particles, i.e. we assign them random positions. Then, we have to choose the level of complexity. In our algorithm, we can choose if we want a CC corresponding to minimal or random complexity value. By random we mean a CC that does not have a very low or very high complexity value. Taking into account that CC's are critical points of the restricted Newtonian potential, U , with I = 1, they are described by

∂U ∂q i + λ 2 ∂I ∂q i = 0.
Without loosing any kind of generality, we can set λ = 1 and minimize the quantity U + 1 2 I. For this task we have used the gradient descent method. It follows as:

Inputs: • t k : Step size. • : Stopping condition. Algorithm 1 Gradient Descent 1: Guess x (0) , set k = 0 2: while ||∇f (x (k) )|| ≥ do 3: x (k+1) = x k -t k ∇f (x (k) ) 4: k = k + 1 5: return x (k)
The next step is to solve the set of 2n second order nonlinear differential equations which sets the CC positions. The computational challenge is caused by the scaling of the total terms as n 2 . These equations greatly simplify if we assume that the total mass of the system M = m i is non-zero.

Proposition 1. Let M = m i = 0. By defining the center of mass as q G = 1 M m i q i , a configuration is central if and only if there exists a λ ∈ R such that γ i = λ(q i -q G ).

By setting λ = 1 and q G = 0 we only have to solve the set of eqs. γ i -q i = 0. This purpose has been achieved through the MINPACK subroutine hybrd, which allows us to solve a set of N nonlinear differential equations with N variables by using a modification of Powell's hybrid method [START_REF] Powell | A new algorithm for unconstrained optimization[END_REF][START_REF] Powell | A hybrid method for nonlinear equations[END_REF]. Documentation can be found at [START_REF] Garbow | Documentation for MINPACK subroutine HYBRD[END_REF]. If the interested reader wishes to replicate the numerical results obtained in this work, she should focus on the optimization of FCN, which is the user-supplied subroutine which calculates the functions and choosing an initial estimate of the solution vector (array of length N ), X, which is close to the FINAL APPROXIMATE SOLUTION. Also, the relative error between two consecutive iterates, XTOL, can be tweaked if the convergence is too slow. We have checked the accuracy of our simulations by requiring:

• |q G | ≤ [10 -8 , 10 -8 ]
• For all i, we require that |γ i -λ(q i -q G )| ≤ 10 -8 .

CCe's with minimal complexity

Although CC's are well known within the n-body problem, only lists of PCCe's up to n ≤ 12 have been computed [START_REF] Doicu | A stochastic optimization algorithm for analyzing planar central and balanced configurations in the n-body problem[END_REF]. Previously, Ferrario [START_REF] Ferrario | Central configurations, symmetries and fixed points[END_REF] presented a list of PCCe's of n ∈ [3, 10]. To test our numerical code, we have found all the figures of [START_REF] Ferrario | Central configurations, symmetries and fixed points[END_REF], as well as the three missing PCCe's of n = 10 found by Doicu et al. [START_REF] Doicu | A stochastic optimization algorithm for analyzing planar central and balanced configurations in the n-body problem[END_REF]. These authors have designed different computational algorithms to be able to find the exact number of PCCe's for a given n. Our motivation is different. We wanted to compute PCCe's for a larger number of bodies. Here, we present PCCe's of n = 1000 with minimal complexity, a slightly greater value of complexity and an extremely high value of complexity. The lower bound of the numerical value of complexity are unknown, so we cannot be sure that these CCe's are an absolute minimum. We hypothesize that the PCCe with the highest value of complexity corresponds to the collinear case, i.e. when all the bodies are perfectly aligned. This assumption is motivated by Lindstrom's result in 1996 [START_REF] Lindstrom | Limiting mass distributions of minimal potential central configurations[END_REF][START_REF] Lindstrom | On the Distribution of Mass in Collinear Central Configurations[END_REF], in which he showed that in the limit n → ∞ the value of C for configurations of minimal complexity is only unbounded for the collinear case, which scales as ∼ log(n). Contrary to intuition, even in the case of equal masses, the bodies are not uniformly distributed, instead the density is greater in the center than at the extremes [START_REF] Lindstrom | On the Distribution of Mass in Collinear Central Configurations[END_REF]. The density function, f (x), is defined by

f collinear (x) = 3 √ 5 20 (1 -x 2 5 ) : |x| ≤ √ 5 0 : |x| > √ 5
In Fig. 2 we have the collinear PCCe of n = 1000, which is expected to have the highest value of complexity. The PCCe with the lowest value of complexity, that we found, can be seen in Fig. 3. The numerical value obtained for the continuous limit, i.e. when n → ∞, in theorem 4.2 [Lin96] is C ≈ 0.59608, which agrees quite well with our minimal PCCe. The density of PCCe's with minimal complexity is greater in the inner center than in the outer layers [START_REF] Lindstrom | Limiting mass distributions of minimal potential central configurations[END_REF]. Therefore, they are not homogeneous, and also it is not symmetric. The density function, f (r), has the following dependency of the polar radius, r, f planar (r) = 

CCe's with random complexity values

In Figs. 4 -7 we show some PCCe's of n = 1000 ordered in increasing level of complexity. We can easily observe that as CCe's get more complex, filaments and voids are formed. This unexpected result is one of the most interesting aspects of our work. We don't know exactly why are they formed. In fact, Fig. 7 is the PCCe of n = 1000 with the highest complexity value that we found (apart from the collinear CCe of n = 1000, in Fig. 2). It has a complexity value only around 1.006 times greater than the PCCe of Fig. 3. Unfortunately, we are closer to the absolute minimum than to the maximum (of Fig. 2). 

Discussion

By numerically computing PCCe's of n = 1000 we have observed the formation of filaments and voids in configurations with random complexity values. Many questions have arisen from this discovery. The main unknowns derived from this work are:

1. Why do filaments and voids form in PCCe's with random complexity values?

2. Are there non-equivalent CCe's with the same numerical value of complexity?

3. What is the numerical value of the CCe's with the highest complexity for a given n? Is it a collinear configuration?

4. In Fig. 3 we have computed a PCCe of n = 1000 with a very low value of complexity. Also, we hypothesize that Fig. 2 corresponds to the PCCe of n = 1000 with the highest complexity value.

The second most complex PCCe of n = 1000 that we found is in Fig. 7. It is obvious that there should be many CC's between Fig. 7 and Fig. 2, how do they look like?
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 1 Figure 1: Algorithm to compute PCCe's of n bodies with minimal or random complexity values.
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 2 Figure 2: The collinear CC of n = 1000 bodies of equal masses. It has extremely high complexity, C = 1.78997168.
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 3 Figure 3: Planar CC of n = 1000 bodies of equal masses with minimal complexity, C = 0.57280571.
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 4 Figure 4: Planar CC of n = 1000 bodies of equal masses, C = 0.57560474.
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 5 Figure 5: Planar CC of n = 1000 bodies of equal masses, C = 0.57574481.

Figure 6 :

 6 Figure 6: Planar CC of n = 1000 bodies of equal masses, C = 0.57599356.

Figure 7 :

 7 Figure 7: Planar CC of n = 1000 bodies of equal masses, C = 0.57640016.

We say that a functionU : R m → R is positively homogeneous of degree α if U (tq) = t α U (q), ∀t ∈ R + , ∀q ∈ R m .

For PCCe's of n = 10, it is assumed that the PCCe of less complexity has a value of C ≈

3.66 × 10 -6 , while the collinear has a value of C ≈ 5.49 × 10 -6 . Therefore, the difference in this case is approximately 1.50 times. Our numerical results agree with an 8-digit precision with those reported in[START_REF] Ferrario | Central configurations, symmetries and fixed points[END_REF].
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