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Stability properties of dissipative evolution equations with
nonautonomous and nonlinear damping

Serge Nicaise*

October 21, 2021

Abstract

In this paper, we obtain some stability results of (abstract) dissipative evolution equations
with a nonautonomous and nonlinear damping using the exponential stability of the retrograde
problem with a linear and autonomous feedback and a comparison principle. We then illustrate
our abstract statements for different concrete examples, where new results are achieved. In a
preliminary step, we prove some well-posedness results for some nonlinear and nonautonomous
evolution equations.

AMS (MOS) subject classification: 35190, 93D15
Key Words: stabilization, nonautonomous damping

1 Introduction

Stability of evolution equations of hyperbolic type with linear or nonlinear autonomous feedbacks
has been the object of many works. Let us quote the stability of the wave equation [29, 30, 32,
33, 35, 40, 64], of the elastodynamic system [1, 8, 18, 19, 20, 22, 36, 61], of the Petrovsky system
[17, 33, 34], of Mawxell’s system [5, 15, 31, 54, 59| or combination of them [13, 25, 53], see also
the references cited in the aforementioned works. On the contrary the case of nonautonomous
damping is less considered in the literature, let us quote [14, 23, 45, 46, 47, 49, 50, 51, 60] for the
wave equation and [6, 7] for the Lamé systems.

In the nonautonomous case, even if some similarities appear in the long time behavior of the
solution, the proof is always made for each particular examples. Hence, our main idea is to treat the
stability of (abstract) evolution equations of hyperbolic type with nonautonomous and nonlinear
damping by adapting an approach that was successfully used in the autonomous case in [52, 54],
namely use Liu’s principle and a comparison principle that goes back to [39] and was improved in
[14]. Liu’s principle consists in estimating the energy of the direct system by some terms related to
the feedbacks using a retrograde system with final data equal to the final data of the direct system.
These terms are then estimated using the exponential stability of the inverse (retrograde) problem
with a linear feedback (based on Russell’s principle) and a comparison principle. This principle
consists in estimating the energy of the systems by the solution of a nonlinear and nonautonomous
ODE. Furthermore, our goal is to present an abstract setting leading to the stability of the abstract
(non linear and non autonous) system as soon as the retrograde linear and autonomous system
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is exponentially stable. Our setting is chosen as large as possible to include all examples of the
aforementioned papers concerning nonautonomous damping and allowing new applications. The
strength of our approach lies in the fact that the stability results (with general feedbacks) are only
based on the exponential stability of the retrograde system with a linear and autonomous feedback,
property that may be checked for an explicit problem by different techniques, like the multiplier
method, microlocal analysis or any method entering in a linear framework (like nonharmonic
analysis for instance). We further illustrate our approach by considering different examples for
which new stability results are obtained. Many other examples, like the Petrovsky system or the
thermoelastic system, may be treated using the exponential stability of the retrograde system with
a linear and autonomous feedback, we do not present them for the sake of shortness.

Let us notice that existence results for evolution equations of hyperbolic type with nonlinear
and nonautonomous feedbacks are no fully direct, because the domain of the operator may depend
on the time variable. Hence, in a preliminary step, we prove a well-posedness result for a class of
nonlinear and nonautonomous evolution equations, extending a result from [26] and then specializes
it to evolution equations of hyperbolic type.

The paper is organized as follows: in section 2 we give a well posedness result for nonlinear and
nonautonomous evolution equations. In Section 3, we use this result to obtain some well posedness
results for nonlinear and nonautonomous evolution equations of hyperbolic type. Section 4 is
devoted to the stability results for a class of nonautonomous and nonlinear feedbacks adapting
Liu’s principle. Finally in section 5 different illustrative examples are treated.

2 Well-posedness of nonlinear nonautonomous evolution equa-
tions

All examples that we will present below can be reduced to a nonlinear evolution equation in a
Hilbert space X of the form

{ 4t + AWU(t) =0, in X,
U(0) = Uy,

where U is the unknown, Uy € X and A(t) is a (single-valued) nonlinear operators on X. A general
theory of such equations with linear operators A(t) has been developed using semigroup theory
in [28, 27, 58] for instance. For nonlinear operators A(t) similar results exist but for maximal
quasi-monotone operators A(t) (for one inner product independent of t), see [26, 12, 16, 42| or for
maximal monotone operators A(t) for a time-dependent inner product depending “smoothly" on ¢,
see [55]. For our systems we need a variant of such results for maximal quasi-monotone operators
A(t) for a time-dependent inner product depending “smoothly" on ¢ (see Remarks 4 and 5 in [26]).
More precisely the next result holds.

Theorem 2.1 Let X be a Hilbert space. For a fized T > 0 and any t € [0,T] we assume that there
exists an inner product (-,-); on X depending “smoothly” on t in the following sense: there exists
¢ > 0 such that

d

(2.1) 7

w,u)y < 2¢(u,u), Vu € X, t € [0,T).

Furthermore, assume that
(i) For allt € [0,T], A(t) is single-valued and is a mazimal quasi-monotone operator for the inner



product (-, ), in other words, there exists a non negative real number w (independent of t € [0,T])
such that A(t) + wl is a maximal monotone operator for the inner product (-, )¢,
(ii) the domain D(A(t)) = D of A(t) is independent of t, for all t € [0,T],

(iii) there exists a positive constant L such that

(2.2) [[A(t)u — A(s)ul|| < L|t — s|(1 + |Jul| + |A(s)ull),Vu € D, s,t € [0,T],
where for shortness || - ||o is denoted by || - ||. Then for all a € D the Cauchy problem
d—u =
(2.3) T(t)+ At)u(t) =0, for0<t<T,
u(0) = a,
has o unique solution u € C([0,T]; X) such that u(t) belongs to D for all t € [0,T], its strong
derivative 44 (t) = —A(t)u(t) ezists and is continuous except at a countable number of points t.

Note that the condition (2.1) and Gronwall’s inequality imply that

(2.4) lulls < et =*!|ulls, Yu € X, s,t € [0,T].
This estimate implies in particular that the norms || - ||; are equivalent and gives the variation of
the norm || - ||+ with respect to t.

Remark 2.2 In the linear case the conditions (2.1) and (i) to (iii) imply that the triplet {A, X, D}
forms a CD-system in the sense of [28, 27].

Proof. The proof is fully similar to the one in [26]; so, we only give its main steps. First we
recall that A(t) + wl is a monotone operator for the inner product (-, ) if and only if

(2.5) RAM@)u — A(t)v + w(u — v),u —v), > 0,Yu,v € D,
or equivalently (see [26, Lemma 1.1])

11+ aw)(u —v) + a(At)u — A(t)v), > ||lu — ], Vu,v € D,y > 0.

By dividing this estimate by 1 + aw and setting A = 1+aaw (that is clearly < w™! if w > 0), this is
equivalent to

(2.6) lu—v+ XMAE)u — At)v), > (1 — dw)||u — v||¢, Yu,v € D, A > 0 such that dw < 1.

Hence, we can apply Lemmas 1.1 and 1.2 of [12] to A(t) for the norm ¢. In particular for alln € N
such that n > w, T+ n~1A(t) is invertible and if we set

Jo(t) = T +n"tA®)™Y,  An(t) = A(t)J,(t),¥n € N such that n > w,
then the following estimates hold

1Ja(®)z = Ju@®)ylle < (1 =n""w) o =yl Yo,y € X,

[An ()2 = An()ylle < (1 + (1 = n~'w) e = ylle, Yo,y € X,
[An®)alle < (1= n~ w) " At)all:, Yo € D.



Using (2.4), they are equivalent to

(2.7) 1)z = Jn(®yll < (1 = n"'w) " e* |z — y,Va,y € X,
(2.8) [An ()2 — An @yl < n(1+ (1 =" w) e |z — y||, Yo,y € X,
A (®)z]] < (1= n~w)"te* || A(t)z], Yz € D,

that respectively correspond to the estimates (2.4) and (2.5) of [26] and are valid for all n € N
such that n > w. As the factor (1 — n~'w)~1e2T is uniformly bounded in n as n goes to infinity,
Lemmas 2.4 and 2.5 from [26] remain valid. Furthermore, by the estimate (2.9) and our assumption
(2.2), we have (see the proof of Lemma 4.1 from [26])

(2.10)

| A, () z—A,(s)z]| < (1—n" w) e Lit—s|(1+|ul|+(14+n"Y) | An(s)ul), Vu € D, s, t € [0,T],n > w,

that corresponds to the estimate (4.2) of [26]. Since D is dense in X, this estimate shows that
A, (t) is Lipschitz continuous in ¢ for all x € X, while (2.8) means that the map x — A(t)z is
Lipschitz continuous for a fixed ¢ € [0, 7], uniformly in x and ¢. Thus the approximated problem

duy, ” _ or
(2.11) { E(é?j;}"(t) W(t) =0, for0<t<T,

has a unique solution u,, € C1([0,T]; X) for all @ € X. We now show that the statements of
Lemma 4.2 of [26] hold if a € D, namely there exists a positive constant K (that depends on ¢, w,
T, and ||a|| + ||A(0)al| but not on n) such that

(2.12) Jun(t)|| < K, ¥t € 0,T],n > w,
(2.13) [un ()] = [[AnOun ()] < K, ¥t € [0,T],n > w,

where for shortness we write d;—t" = u/,. Indeed for ¢t € [0,T), let us fix h in [0,7 — ¢] and set

T (t) = un(t + h) — un(t). As z, is differentiable in ¢ and usng (2.1), we have

d d
2l|za @)l llzn@)lle = Zllen®IF < 2ellzn@llf + 2R(7, (£), 20 (1)1
Using (2.11), we get

Hxn(t)Ht%Hxn(t)Ht < CHxn(t)Ht_ R(An(t + h)un(t +h) = Ap(O)un(t), 20 (t)):

)
< cllza@IF = R(An(E + P)un(t + h) = An(t + h)un(t), 2 (£)):
R(An (t + h)un () — An(O)un(t), 2 (L))

Using (2.5) and (2.10), we obtain

A

[l n (¢ )thtl\wn( e < (et w)llza®)f
+ (L=n"'w) e LA + Jun ()] + (1 + 27 fun B)D]lzn @),

Simplifying by ||, (t)||+ (see [26, p. 515]), we find

%Hwn(f)llt < (c+w)lan®)lle + (1 —n"w) T TLAL + ua@®)]l + (1 + 07, ()])-



This estimate directly implies that

d

2 (T eall) < Lah(1+ fun (@) + D)),

for a positive constant L; that depends on ¢, w and T but is independent of n. Integrating this
estimate in (0,¢), we find

t
Ol = Ol < Lah [ (14 )] + ()] s

By (2.4), we find

[zn (] < La(lzn (0)]] + h/o (L [[un ()| + llun ()] ds),

for a positive constant Lo that depends on ¢, w and T but is independent of n. Dividing by A and
letting h goes to zero, we obtain

[un (D[ < La([luz, (0] +/ (1A llun ()l + [lun, (s)]) ds).
0
As ul,(0) = A(0)a and
up(t) = a+/0 uy (s)ds,

we find as in [26, p. 516] that

[un () + llun (O] < L3(1+/0 (lun ()l + [l ()]) ds),

for a positive constant Lg that depends on ¢, w, T and ||a|| + || A(0)a|| but is independent of n. By
Gronwall’s Lemma, we deduce that (2.12) and (2.13) hold.

We now show that the statements of Lemma 4.3 of [26] hold, namely for a € D, the strong
limit w(t) = limy,,— o0 u, (t) exists uniformly for ¢ € [0, 7] and u is Lipschitz continuous. Indeed for
all m,n € N such that m,n > w, we set Zyn (t) = Um () — un(t) and as before we have

d
Emen(t)”% < 2C||$mn(t)”t2 + 2%(xlmn(t)axmn(t))t'
Using (2.11) and (2.5), we find
d
%men(t)”% < 2C||Imn(t)”? + QWHymn(t)”% + 2R(Ap () 2m (t) — An ()20 (), Ymn(t) — Tmn ()1,

where Ypn (t) = Jm (t)um (t) — Jn(t)un (t). By the triangle inequality, we then have

d

at | Zmn (t) ”? < 2(c+2w) [|Tmn (t) ||?+4W|‘ymn(t)_$mn (t) ||?+2§R(Amxm ()= An ()20 (1), Yrmn (1) = Tmn (t))¢,

Using the estimate (2.13) and (2.4), we arrive at

d
Emen(t)”% <2(c+ 2w)||xmn(t)||? + K1 ||ymn(t) — xmn(t)HQ + K1 |Ymn(t) — zmn (B,



for a positive constant K; that depends on ¢, w, T', and ||al| + || A(0)al| but not on m,n. Obviously,
this is equivalent to

d

= (2B 2 (D) < K ([ (t) = (DI + [ (8) = 2 (D)

and integrating it between (0,t), we find (as @,,(0) = 0)

t
672(C+2w)t”$mn(t>|‘? < Kl/o ([[ymn(s) = xmn(S)HQ + [Ymn(8) = Zma(s)||) ds.

This finally leads to

t
[mn (8)]? < 2CA2ITE, / (lymn () = Zmn ()% + [[ymn(5) = Zmn(5)]] ds.
As

Ymn(8) = T (8) = Ton (8) i (8) = U (8) + T (8)n (8) —n (8) = 07 Ay (8)un (8) —m ™t A (8)um (5),

by (2.13), we obtain
1Ymn(s) = Tmn(s)]| < K(m_l + ”_1)-

Inserting this estimate in the previous one, we arrive at
[Zmn (B)]* < Ka(m™ +n7"),Vt € [0,T],

for a positive constant Ko that depends on ¢, w, T, and ||al| + ||A(0)a| but not on m,n. Thus
the strong limit w(¢) = lim,,—o0 s, (t) exists uniformly in ¢ € [0,7]. The Lipschitz continuity of u
follows from the uniform Lipschitz property of the u,, that is consequence of (2.13).

The remainder of the proof is the same as in [26] since it is based on the properties proved
before. m

Remark 2.3 Obviously, the previous Theorem remains valid if X is a real Hilbert space.

3 Abstract hyperbolic setting

In this section we describe a general abstract setting of hyperbolic type inspired from [52] that will
be used later on. It is motivated by the examples (and other ones) given in section 5 which all
enter in this setting.

3.1 General assumptions

Let us fix two real Hilbert spaces H, V with respective inner products (., .)%, (., .)y and such that V
is densely and continuously embedded into H. Identifying H with its dual H’ we have the standard
diagram

VoH=H <=V.

The duality pairing between V' and V will be denoted by (-, -), so that

(u,v) = (u,v)3, Yu,v € H.



We suppose that V is continuously embedded into a control space U, that is supposed to be in the
form

(3.1) U=1]][u;,

where for all j =1,---,J € N* := N\ {0}, U; is a closed subspace of L?(X;, 1;)™, with N; € N*,
when X; is a metric space, and (X, A;j, it;) is a measure space such that 11,;(X;) < oc.

For all j = 1,---,J, we suppose given a mapping a; € C([0,00) x X;;(0,00)) and locally
Lipschitz with respect to the time variable, in the sense that for all T', there exist a positive
constant (7)) (that may depend on T') such that

(3.2) lej(t,x) — o (t, )| < (D)t —s],¥t € [0,T],z € X,
and a continuous mapping g; : RYi — RYJ such that

(3.3) (9;(2) - g5(1)) - ( — ) = 0,2,y € RV (monotonicity),
(3.4) 9;(0) =0,

(3.5) |9 ()] < M(L+ |z[), Ve € RN,

for some positive constant M.
We further define the (nounlinear) time-dependent operator B(t) from V into V' by

J
(3.6) (B(t)u,v) = Z/ o (t, z)g;((Tvu)j(zy)) - (Tuv);(z;) dpj(z;), Yu,v €V,
j=1"%Xi

where Iy denotes the embedding from V to U and therefore, (Iyyu); is the 4" component of I u.
We finally suppose given a bounded linear operator A; from V into V' and consider the evolution
equation

& L z(t) =01in
(3.7) { g (1) + Avzx(t) + B(t)x(t) = 0 in H,t > 0,
z(0) = zo.

This system clearly involves the (nonlinear) and time-dependent operator Ag(t) defined by

(3.8) D(Ap(t)) = {v € V|(A, + B(t))v € H},
(3.9) Ag(t) = (A1 + B(t))v, Yo € D(Ap(t)).

In its full generality, the domain of Ag(t) depends on the time variable. Consequently we cannot
apply Theorem 2.1. Nevertheless there are two cases treated below for which this Theorem applies.
In both cases, if zo € D(Ag(0)), we will show that a unique solution z exists with the following
properties:

(3.10)
x € C([0,00),H) is such that z(t) € D(Ag(t)), for all ¢ € [0, 0) and
2/ (t) = —Ap(t)x(t) exists in H and is continuous except at a countable number of points ¢.

Before going on let us show that under the additional assumption that
(3.11) (Aqu,u) = 0,Yu € V,

system (3.7) is dissipative.



Lemma 3.1 Under the above assumptions, for all t > 0, the operator Ag(t) is monotone for the
natural inner product of H. namely

(3.12) (Ap(t)u — Ap(t)v,u —v)y = (B(t)u — B(t)v,u —v) > 0,Yu € D(Ag(t)).
Consequently if x is a solution of (3.7) with the reqularity (3.10), its associated energy
1

(3.13) e(t) = §||$(t)||3¢
18 non-increasing; moreover, we have

T
(3.14) £(S) — E(T) = / (B(t)u(t), u(t)) dt,¥0 < § < T < o,

S

d

(3.15) ac‘:(t) = —(B(t)u(t),u(t)) <0, for a. a. t > 0.

Proof. Let us first show that Ag(¢) is monotone. Indeed for any u,v € D(Ap(t)), by the definition
of Ap(t) and the property (3.11), we have

(Ap(t)u — Ap(t)v,u —v)y = (A1 (u—v),u —v)
+(B(t)u — B(t)v,u —v) = (B(t)u — B(t)v,u — v).
Finally by the definition of B(t) and then (3.3) and recalling that «;(¢,z) > 0, we have
(B(t)u — B(t)v,u — v)

J
= Z/X a;(t, ;) (9;((Tuw);(z;)) — g;((Tuv)(z5))) - (Hvv)(x;) — Lov);(x;)) dus(zs)
2 07

which proves (3.12).
For the second assertion it suffices to show (3.15) since (3.14) follows by integration between S
and 7. By the regularity assumptions on x, we have

%E(t) = (' (t),xz(t))n = —(Ap(t)u(t),u(t))s, for a. a.t >0,

by (3.7). By our assumption (3.4), we have Ap(¢)0 = 0 and consequently by (3.12), we get (3.15).
[

3.2 The “bounded” case

We here assume that H is continuously embedded into U. As we shall see below this assumption
implies that B(t) becomes a (nonlinear) operator from # into itself and therefore, the domain of
Ap(t) does not depend on ¢ anymore.

Theorem 3.2 In addition to the previous assumptions, assume that H is continuously embedded
into U, and that there exists a positive real number X such that the range R(Al 4+ Ap(t)) is equal
to H. Then

(316) D(.AB(t)) =D= {u S V|A1u S H},Vt >0,

and for any xg € D, problem (3.7) has a unique solution x satisfying (3.10).



Proof. We first show that (3.16) holds. Indeed as # is continuously embedded into U, the mapping
Iy extends to a linear and continuous operator from H into U; therefore, there exists a positive
constant C such that

By our assumption (3.5) and the definition of B(t), we then have

J
(BOwO <MY [ agltia) 1+ o) Do)y (o] dus(a). Ya, € V.

By the continuity property of «;(t,-), Cauchy-Schwarz’s inequality and the estimate (3.17), we
obtain
[(B(t)u, v)| < C(t)(1 + [[ullsg)l|v]l3, Yu, v €V,

where C(t) is a positive constant that depends on M, C, and ¢t. As V is dense in H, for a fixed
u € V, the linear mapping
V= R:v— (B(t)u,v),

can be extended to a linear and continuous form to the whole H. By the Riesz’s representation
theorem, there exists h(t) € H such that

(B(t)u,v) = (h(t),v)n, Vv € H.

In other words, for u € V, B(t)u can be identified with h(¢) and therefore, (4; + B(t))u € H if
and only if A;u € H, which proves (3.16).

By Lemma 3.1 and our additional assumption R(AI + Ag(t)) = H, for some A > 0, we deduce
that the assumption (i) of Theorem 2.1 holds.

Let us end up with the third assumption. Fix 7" > 0 and let v € D, and ¢, s € [0,T], then we
clearly have

Ap(t)u — Ap(s)u = B(t)u — B(s)u.

Therefore, for any v € H, by the definition of B(t) and our previous considerations, we may write

(Ap(t)u — Ap(s)u,v)y = Z/ a;(t,zj) — (s, 25))g;((Tuu)(z;)) - (Tuv);(2;) dpj ().

By our assumptions (3.2) to (3.5), we obtain

J
|(Ap(t)u — Ap(s)u,v)u| < H(T)|t—S|Z/X 9;((Tuw)j(z;)) - (Tuv);(z;) dpj(z;)
=17%;

IN

J
Dt =313 [0+ )G - (o)) di ).

Cauchy-Schwarz’s inequality and the estimate (3.17) allow to conclude that

|(Ap(t)u — Ap(s)u, v)x| < V2OK(T)|t — s|( Zua )+ Cllull#)[[vll#)-



Since this estimate is valid for all v € H, this means that
J
[AB(H)u — Ap(s)ulln < V2CK(T)|t — s|( Z i)+ Cllulls),

and proves that the assumption (iii) of Theorem 2.1 holds.
In conclusion by Theorem 2.1 for zyp € D and any T > 0, there exists a unique solution
ur € C([0,T]; H) of problem

(318) L2 (1) + Ayop(t) + B(t)ar(t) =0 in H,t € [0,T),
. xrT (0) = 2o,

such that xr(t) belongs to D for all ¢ € [0, T, its strong derivative d””T( ) = —A(t)zr(t) exists and
is continuous except at a countable number of points ¢. By uniqueness, for 77 > T', the restriction
of zp to [0,T] coincides with xz. Therefore, a unique global solution @ € C([0,00);H) of (3.7)
exists with the properties (3.10). m

3.3 The “unbounded” case

Here we assume that the mappings o; do not depend on the z; variable and coincide, namely
there exists a mapping a € C*([0, 00; (0,00)) such that o’ is locally Lipschitz (in the sense that
for all T' > 0, there exists a positive constant v(T') such that |o/(t) — o/(s)| < v(T)|t — s|, for all
s,t € [0,T]) such that

(319) aj(t,acj) :a(t),ij EXj,tZO.

Due to (3.6), this means that B(t) = a(t)B;, where
J
(3.20) (Biu,v) = Z/ 95 ((Trw);(2;)) - (uv)j(e;) dp (), Vu,v € V.

Theorem 3.3 In addition to the assumptions made in subsection 3.1, assume that (3.19) holds,
that Ay + By is mazimal quasi monotone with a dense domain in H, and that there exist two
mappings D € C([0,00); L(H)) and D € C([0,00); L(H)) such that D' and D are locally Lipschitz
and for all t >0, D(t) and D(t) are invertible, D(t)D(t) is symmetric positive definite and for all
T > 0, there exists a positve constant cp such that

(3.21) (D)D) Yo, x)y > er|z||3, Ve € H,Vt € 0,T],
and finally
(3.22) (A1 +a(t)B1)D(t)"! = D(t)(A; + By1),¥t > 0.

Then for all zog € D(Ap(0)), problem (3.7) has a unique solution x satisfying (3.10).

Proof. Assuming that the solution 2 of problem (3.7) exists and is smooth enough, we perform
the change of unknown



Hence, as @ (t) = D'(t)z(t) + D(t)2’'(t) and by (3.7) , we get
#'(t) = D' (t)D(t) 12 (t) — D(t)(Ay + a(t)B1)D(t) & (t).
With our assumption (3.22), we arrive at
(3.23) #(t) = D'(t)D(t)"*&(t) — D(t)D(t)(A; 4+ By)i(t).
This corresponds to (2.3) with the operator
A(t) = D()D(t)(Ay + By) — D'(t)D(1) ",

whose domain is clearly
D(A(t)) = D(A; + By),

and is independent of ¢, due to our assumptions on D(t) and D(t).
In order to apply Theorem 2.1 we introduce the time dependent inner product

(z,2)y = (D) D(t) " a, &)p, Vo, & € H.

Our assumptions on D and D guarantee that it is indeed an inner product on H whose associated
norm is equivalent to the standard one, namely for a fixed T, we have

(3.24) ver|zlw < llzlle < Crllzlly, Vo € H,

for some positive constant Cr, and that the property (2.1) also holds. From its definition, we
see that A(t) is quasi monotone for this inner product. Indeed from it definition, for any z,y €
D(A; + By), and t € [0,T], we have

(A()z—A(t)y, a—y)e = (A1+B1)z—(Ai+B1)y, a—y)u—(D() ' D) D' () D(t) " (z—y), 2 —y).

Hence, as A; + Bj is quasi monotone in ‘H (i.e. Ay + B 4 w1l is monotone for some wy > 0), and
due to our assumptions on D and D, we then have

(A()z — Alt)y,x —y)e = —wrllz — yll3,
for some wp > 0 (depending on T'). Due to the equivalence (3.24), we arrive at
(At)r — A(t)y, @ = y)e > —wrChllz —yl|7,

which yields the quasi monotonicity of A(t). Let us now show the maximality property. Indeed
for A > 0 large enough, we want to show that E(t) := A + D(t)D(t)(A; + By) — D'(t)D(t)~" is
surjective. But as D(t)D(t) is an isomorphism, this is equivalent to the surjectivity of E(t) :=
MD(t)D(t)) '+ A4+ B, —(D(t)D(t))~' D' (t)D(t)~*. Now we take advantage of Theorem 1 of [9] by
considering the previous operator as a perturbation of 77 := A;+ B 4w (that satisfies the assump-
tion of this Theorem). Due to the linearity of Th(t) := A(D(t)D(t)) ™' —(D(t)D(t))"* D' (t)D(t) "' —
w1, it is clearly hemicontinous and due to the assumption (3.21), for A > 0 large enough, T5(¢) will
be monotone, bounded and coercive. Using the above Theorem, we deduce that E(t) = Ty + Ta(t)
is surjective. In summary assumption (i) of Theorem 2.1 holds and it remains to check the as-
sumption (iii) of this Theorem. For that purpose, let us fix z € D(A; + By) and s,t € [0,T], then
by definition we have

A(t)r — A(s)z = (D(t)D(t) — D(s)D(s))(A1 + By)z + (D'(s)D(s) "t — D'(t)D(t) 1)z

11



By the local Lipschitz property of D, D and of the derivative of D, we get
[A@)z — A(s)z[[2 < K(T)[t = s|([ (A1 + Bi)z|l + [[=]l2)-

We now transform

(A1 + Bu)z = (D(s)D(s)) " (D(s) D(s)(A1 + Bi)a = D'(s)D(s) ") + (D(s)D(s)) "' D' () D(s) ',
use the triangle inequality and use the continuity of D, D and D’ to find

[A(t)z — A(s)a|ln < K (T)[t — s|([|A(s) |3 + [|l22)-

for a positive constant K (7'), which implies that (2.2) is valid.

In conclusion by Theorem 2.1, there exists a unique solution # of (3.23) with initial condition
7(0) = D(0)zo (that belongs to D(A; + B;) by the assumption on z¢) satisfying Z € C([0, 00), H),
x(t) € D(A; + By), for all t € [0,00) and 2’ (t) = —A(t)z(t) exists in H and is continuous except at
a countable number of points ¢. Setting x(t) = D(t)~'Z(t), we readily check that it is the unique
solution of problem (3.7) and that it satisfies (3.10). m

4 Stability results in the nonlinear and nonautonomous case

Here we use Liu’s principle [43] and a comparison principle with a nonlinear and nonautonomous
ODE from [14] (see also [39]) to deduce decay rates of the energy using appropriate nonlinear and
nonautonomous feedbacks.

We first recall the comparison principle obtained in [14] (compare with [39, Theorem 2 and
Corollary 2])).

Theorem 4.1 Let 8 be a continuous mapping from [0,00) to (0,00) and p a strictly increasing
convex mapping from [0,+00) to [0,+00) such that p(0) = 0. Let € : [0,400) — [0,+00) be a
non-increasing mapping satisfying

(4.1) Bl(n+1)T)p(ET))+E(n+1)T) < E(NT),Vn € N,

for some T > 0. Then

(4.2) </ B(s > vt > T,

where 1 is defined by

(4.3) =[]
4.3 (x :/ ——ds,Vx > 0.
.G
Proof. Let us shortly recall the proof from [14]. Since (4.2) trivially holds if £(0) = 0 (because in

such a case £(t) = 0, for all ¢ > 0), we can assume that £(0) > 0. First by [14, Lemma 4.2|, the
next comparison principle holds

(4.4) E(t) < S(t—T),vt > T,

12



where S is the unique solution of the nonlinear and nonautonomous ODE
(4.5) S'(t) + Bt + T)p(S(t)) = 0,vt >0, S(0)=E&(0).

Such a solution exists and remains positive for all ¢ > 0 due the Cauchy-Lipschitz Theorem (because
the assumptions on p garantee that it is locally Lipschitz in [0, 00)).

With the help of [14, Lemma 4.2/2.] (the properties on p guarantee that the assumption (24)
from [14] holds with m = p(1)~!), we deduce that

Sty <yt (/Otﬂ(erT)ds) V>0,

with ¢ defined by (4.3) (and is meaningful because lim, o4 1(2) = 400 reminding that p(z) <
p(1)z, for all € [0,1]). This estimate combined with (4.4) yields the result. m

Let us now recall Russell’s principle that yields an exact controllability result for the evolution
equation associated with the operator —A; with controls in L?(]0, T[;U) provided A; — Iy gen-
erates a semigroup of contractions and —A; — Iy generates an exponentially stable semigroup of
contractions in H, see [52, Theorem 4.1].

Theorem 4.2 Assume that Ay — Iy generates a semigroup of contractions in H and that — A, — Iy
generates a semigroup of contractions S(t) in H that is exponentially stable in the sense that there
exists two positive constants C and w such that

(4.6) 1S()zoll2 < Ce™*"||zo|3, Yo € H.

Then there exists T > 0 large enough, such that for any po € H, there exists a control K €
L2((0,T);U) such that the solution p € C([0,T]; H) of

op — K in )

(47) { 5 +Aip=K inV tel0,T],
p(T") = po,

satisfies

(4.8) p(0) =0.

Furthermore, there exists a positive constant D > 1 depending only on T, and the constants C' and
w such that

T T
(4.9) / 1K (6)]13 dt + / | Tup()|I3 dt < 2D |pol|2,.

We now give the consequence of this result to our system (3.7) in three different cases of
functions a;: non-increasing with respect to ¢, non-decreasing with respect to t and oscillating
with respect to t. But first we give an energy estimate valid in all cases.

Lemma 4.3 Under the assumptions of Theorem 4.2, any solution x of (3.7) with the reqularity
(3.10), satisfies

(4.10) &(T)<D Z/O XV{|(IU~”C(t))j($j)|2+Oéj(tawj)2|9j((IU$(t))j(Ij))|2}dﬂj(fvj)df
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Proof. Let x be the unique solution of (3.7) satisfying (3.10) and consider p the solution of problem
(4.7) and (4.8) with pg = x(T") € H with 7' > 0 from Theorem 4.2. Owing to [52, Remark 4.2],
consider a sequence p. € W1°°([0,00),H) N L*([0,00),V) of strong solution of (4.7) with final
data po. tending to p in C([0,T],H) as € goes to zero and satisfying

(4.11) K. — K in L*(]0,T[;U) as ¢ — 0,
(4.12) Iype — Iyp in L*(J0, T[;U) as € — 0.

By (3.7) and (4.7) we may write
(Opx + A1z + B(t)z, pe)yr v + (Ope + A1pe — Ke, )y y = 0, for a.a. t € [0,T].
As the assumption (3.11) yields
(Arz,pe)y v + (A1pe, )y =0,
the above identity reduces to
(Or, pe)a + (Ope, ©) 3 + (B(t)x, pe)yr v — (K, x)yry =0, for a.a. t € [0,T].

Integrating this identity for ¢ € (0,T), we get
T
(‘T(T)7p6(T))H - (l‘(O),pe(O))H +/0 (<B(t)‘r7pe>V’,V - <K€u $>V’,V) dt = 0.
By the definitions of K. and B(t) we arrive at
T
@T) T~ @O O = [ (ool
0
J
- ;/XJ a;(t,5)g;((Iuw); (x;)) - (IUPe)j(Ij)de(wj)) dt.

Passing to the limit in € and using the initial and final conditions on p, we obtain

T J
28(T) :/0 (K, Iyz)u — Z/X o;(t,z)g;((lvz);(z;)) - (Tup);(z;) dpj(z;) | dt.
i=17%;

Cauchy-Schwarz’s inequality leads finally to

(4.13) 28(T) < |[[K|lp20,m50) Hul| 220,70
1/2

J T
 plirn (30 [ ] ot Plas((ow) o) dis e
=1 i

Using the estimate (4.9) (recalling that py = «(7")), we have

T T
/ ||K(t)H2Udt+/ [ up(t)lIZ; dt < ADE(T).
0 0

Using this estimate in the previous one, we arrive at (4.10). m
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Corollary 4.4 Under the assumptions of Theorem 4.2, any solution  of (3.7) with the regularity
(3.10), satisfies

(4.14)
J (n+1)T
&+ 0T <D(30 [ [ 0) ) + oy, Plas (D), ()P ;) ),
j=17m i
for allmn € N.

Proof. We apply the previous Lemma to x,, (instead of =) defined by
xn(t) = x(t +nT),Vt > 0,

that is still solution of (3.7) with the regularity (3.10), where the (nonlinear) and time-dependent
operator B is replaced by By, (t) = B(t + nT). The estimate (4.10) applied to z,, yields

J T
E((n+1)T) < D(Z/O . {|(Tyx(t+nT));(x))*+a; (t+nT, x5)|g;(Tpa(t+nT)); (x5))*} dpj(2;) dt),
j=1 i
that is nothing else than (4.14) by a simple change of variable. m

4.1 The non-increasing case

Theorem 4.5 In addition to the previous assumptions on g; and o, j = 1,---,J, suppose that g;
satisfies

(4.15) g;j(x) -z >mlz]?, Ve € RN ¢ |2| > 1,

(4.16) j2|? +1g;(2)* < Glgj(2) - ), Vo € RY : || <1,

for some positive constant m and a concave strictly increasing function G : [0,00) — [0,00) such
that G(0) = 0. Furthermore, we assume that for all j =1,---,J and all x; € X, the mapping

(4.17) a;(+,x5) 1 [0,00) = (0,00) : t = v (t, ) is non-increasing,
(4.18) G:= max, mflelg)(] a;(0,z;) < o0,

and

(4.19) a(t) = min inf «;(t,z;) > 0,V € [0, 00).

1<j<Jz;€X;
Under the assumptions of Theorem 4.2, there exists ¢ > 0 (depending on T, C, w (from Theorem
4.2), max; pu;(X;), & M, and m) such that

(4.20) E(t)y <yt (T,u /t a(s) ds) V> T,

T

for all solution x of (8.7) satisfying (3.10), where p = min; p;(X;), ¢ is given by (4.8) with
p=h"", and h defined by

(4.21) h(z) = ¢(x + G(x)),Yx > 0,
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Proof. Let 2 be the unique solution of (3.7) satisfying (3.10) and let n be an arbitrary nonnegative
integer. Using (4.14) and the definition of &, we get

J (n+1)T
@2) e < (X [ [ ) Pra e ((Tuw); (@) P dis ) ).

with Cy = Dmax{1,a}.

We now estimate the right-hand side of (4.22) as follows: For all j =1,---,J, introduce
(4.23) E;fn ={(z,t) e X; x (nT,(n+1)T) : |(Iyz);(z,t)| > 1},
(4.24) Y= {(z,t) e X; x (nT,(n+1)T) : |(Iyx);(z,t)] <1},

and split up

(n+1)T
/ / (o) (@) + o5t ) g5 (o) ()2} dpg ) de = T, + T,
nT Xj
where
I, = /+ {|Tux); ()P + o (t, 2)|g; (Tux); ()} dpj () dt,
Ej,n

G = [ A1) P + ata)las (L)) dus(ay) dr.
Xin

For the estimation of T J+ ,,» we first notice that the assumption (3.5) leads to

1< [ 2yt o) o) ds(ay) .
and by (4.15) and (4.18) we get

I, <m ' (1+2Ma) /Z+ (vx)j(z;) - 9 ((Tvz);(w;)) dpj(w;)dt.

J.n
As «; (-, z;) is non-increasing, and using (4.18)-(4.19), we have

a;(t,z;) o (t, 2;)
(4.25) LS S+ T2 = alnr )T

Ve Xt e [nT, (n+1)T,
which allows to obtain

(4.26) I, <m ' (1+2Ma)a((n+ 1)T)71/ o;(t, z;)Tuz);(z;) - g;((Tuz);(x;)) dpj(2;)dt.

=
Since (3.3) and (3.4) yield

(4.27) g;i(x) -z >0,Vr € RN,
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and since a;(t,z;) > 0 for all t and z; € X, we have

(4.28) /Z+ a;(t, ) (Tux)j(z;) - 9;(Luz);(x;)) dpj(z;)dt

(n+1)T
< [ et toa)se) (o) (2)) dus ()it < (E(T) - E((n+ D))
nT X;

this last estimate following from (3.14). Using this estimate in (4.26), we arrive at

(4.29) It <cia((n+1D)T)"HEMT) - E((n+ 1)T)),

Jn —

for some positive constant ¢; depending only on &, M and m.
Similarly by the assumption (4.16) and the monotonicity of G and « we have

A

I, < maX{l,ONé}/Zf G((Iux);(x5) - g;((Tuw);(x5))) dpj(;)dt

IN

(n+1)T
max{1, &} /T N G((Iyx);(zy) - g;((Tvx);(x;))) dpj(x;)dt.

Jensen’s inequality then yields

(n+1)T
m /T /x.(IUI)j(%') 'gj((IUx)j(xj))duj(xj)dt> :

I, < max{1, &}Tu;(X;)G <
As G is strictly increasing and again using (4.25), we obtain

I <KG
e (Tuj(Xj)Oé((” +1

where K = max{1, @}T max; p1;(X;). By (3.14), we arrive at

- 5(nT)—5((n+1)T))
4.30 17, < KG ( .
(4:30) 2 Tyiy (K)ol (n + )T
The estimates (4.29) and (4.30) into the estimate (4.22) and the monotonicity of G give

EMT)—E((n+1)T) e (E(nT) —&((n+ 1)T)>}
Tpa((n+1)T) Tpa((n+1)T) ’

(n+1)T
)T)/T /X a;(t,zj)(Iuz);(x;) 'gj((IUI)j(ij))de(Ij)dt> ;

E((n+1)T) < e {

for some positive constant ¢y (depending on 7', C, w (from Theorem 4.2), max; p1;(X;), &, M and
m), recalling that p = min; p1;(X;). As (4.18)-(4.19) imply that a((n+1)T) < &, this finally leads
to

EMT) = EMT)—-E((n+1)T)+E(n+1)T)

~ E(T) —E((n+1)T) E(T) —E((n+1)T)

T .
max(ut,ex) { S 6 (M
With ¢ = max{uT'a, c2}, and the definition (4.21) of h, we have found that
EMT) —E((n+ 1)T))

Tpa((n+ D))

IN

E(nT) < h(
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which can be equivalently written as
(4.31) Tua((n+ DT)hHENT)) + E((n+ 1)T) < E(nT).

Since this estimate is valid for all n € N, we conclude by Theorem 4.1 with the choice 5(t) = T pa(t).
]

Note that the conditions (3.5) and (4.15) means that g; is linearly bounded at infinity; therefore,
the decay rate in (4.20) is guided by the behaviour of g; near zero and of the behavior of fot a(s)dx
as t goes to co. Since we are mainly interested in the influence of the time dependency on the decay
rate, we restrict ourselves to examples of functions g; that are linear, sublinear or superlinear near
0 (compare with subsection 3.2.1 and Example 1 of [14]).

Example 4.6 Suppose that g; satisfies (3.3) to (3.5) and (4.15) as well as

(4.32) @ - gj(x) > colal™*, |g; ()| < Colz|7,¥]a| <1,

2

for some positive constants ¢, Co, v € (0,1] and p > ~. Then g; satisfies (4.16) with G(x) = z7+1
and ¢ = pTH — 1 (which is > 1).

If p=~ =1 (then ¢ = 1), that corresponds to a linear behavior of g; near 0, we have G(z) = z
and, hence, h(x) = 2cx. Therefore, under the other assumptions of Theorem 4.5 we get the decay

E(t) < KE(0)e o @) ds 'y >

for some positive constants K and L, since ¢~ () = £(0)e™ 2.
On the contrary if p + 1 > 2v (corresponding to the sublinear case if p = 2 and to the

2y
superlinear case if ¥ = 1 and p > 1), then we get the decay K(€(0)) (f(f a(s) ds) T (since

p+1

~1(#) is equivalent to ti-a for ¢ large , with K(£(0)) = K(1+ £(0)" o 7P+ﬁ27, with a
q g
positive constant K.
Note that in both cases, the energy tends to zero as soon as

¢
/ a(s)ds — oo, as t — oc.
0

In particular, if a(t) = W, with o > 0, in both cases, we get

E(t) < K(EO)t,

for some r > 0 (with K(£(0)) = K&(0) in the linear case) that, in the linear case, translates an
underdamped phenomenon.
A function g satisfying all these assumptions is given by

(z) = |zt if 2| <1,
= = if |x| > 1,

for some v € (0,1]. In that case (4.32) holds for p = ~.
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4.2 The non-decreasing case

Theorem 4.7 In addition to the assumptions on g; and aj,j = 1,---,J, from subsection 3.1,
suppose that g; satisfies (4.15) and (4.16) for some positive constant m and a concave strictly
increasing function G : [0, 00) — [0,00) such that G(0) = 0 and satisfying the additional assumption

(4.33) 36 >2,Cq > 0: %G (x) < CaG(B°x), VY, B € (0,00).
Furthermore, we assume that for all j =1,---,J and all x; € X;, the mapping
(4.34) a;(+,x5) 1 [0,00) = (0,00) : t = «;(t, ;) is non-decreasing,

and that for all t € [0, 00)

(139 °0)= iz, g eulte) <o
and
(4.36) a(0) >0,

so that the mapping
a:]0,00) = (0,00) : t = «(t)

is non-decreasing. We finally suppose that there exists ¢y € (0,1] such that
(4.37) coat) < aj(t,z;) < a(t),Vt € [0,00),2; € X;,5=1,---,J.

Under the assumptions of Theorem 4.2, there ezists ¢ > 0 (depending on T, C, w (from Theorem
4.2), max; u;(X;), «(0), co, M, and m) such that

t
(4.38) E(t)y <yt (T,uco/ a(s — T)a(s)™° ds> Ve > T,

T
for all solution x of (8.7) satisfying (3.10), where p = min; p;(X;), ¢ is given by (4.8) with
p=nh"t and h is defined by (4.21).

Proof. Let x be the unique solution of (3.7) satisfying (3.10) and let n be arbitrary nonnegative
integer. We estimate the right-hand side of (4.14) as follows: Using the sets E;:n and X defined
by (4.23) and (4.24) respectively, we split up

(n+1)T
/ ) /X (1)) + a5t 23?105 ((Ty); (2)) 2} dpg gy dt = I, + 1,
where

T o= [ A0 )P 4 oy Play (T, () P iy ) .

J,m

I, = /7 {I(Tuw) (2))* + a;(t, ) g;((To ) (x))1*} dp () dt.

J,n
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For the estimation of I . we first notice that the assumptions (4.36) and (4.37) lead to

(4.39) a;(t,z;) < a(n+1)T),Vt e [nT, (n+1)T],
(4.40) coa(0) < aj(t,z;),vt>0.

Therefore, using the assumption (3.5) on g;, we have

I, < (ﬁ +2M)al(n + 1)T) / gl o) di )

and by (4.15) we get

Ir < mfl(

Jn —

+2M)a((n +1)T) /E+ aj(t,z;)|(Tuw)j(z;) - 9;((Tux);(w;)) dps(z;)dt.

J.n

coar(0)
Since the estimate (4.28) remains valid, we obtain
(4.41) I, < aa((n+1)T)(EMNT) - E(n+1)T)),

for some positive constant ¢; depending only on ¢y, «(0), M and m.
Let us go on with the estimation of I . First using (4.39)-(4.40), we may write

I, < Cia((n+1)T)? /2* {|(Tr);(x)1* + 19;((Tux); (5)) 1} dpj (x;) dt,

j,n

where O] = max{——~,1}. Hence, by the assumption (4.16) and the monotonicity of G and the

ca(0)?
positivity of a;, as before we have

(n+1)T
T <Cralln+ DTP [0 | a0 G(Tuw), ) -0, () 0,)) dis )

Jensen’s inequality then yields

(n+1)T
I < Cra((n+ )T Ty (X,)6 (ﬁ [ ] ) -gj<<IUw>j<wj>>duj<wj>dt> .

T'p;
Now (4.36) and (4.37) yield

coa(nT) < aj(t,z;),Vt € [nT, (n+ 1)T],
and since G is strictly increasing, we then obtain

(n+1)T
%/T /X a;(t ) (Iuz);(z;) 'gj((IUw)j(ij))dﬂj(wj)df> ;

Co< 2
I, < Coa((n+ 1)T)°G (Tucooa
where Co = CiTmax; pj(X;). By (3.14), we arrive at

ET) —E((n+ 1)T)>
Tpucoa(nT) '

(4.42) I, < Coa((n+1)T)*G (
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At this stage, we take advantage of the property (4.33) to conclude that
6 —
(4.43) I~ < GG (a((n + )T (EMNT) —E((n+ 1)T))> .

G T pcoa(nT)

The estimates (4.41) (as a((n + 1)T) < % because « is non-decreasing and 6 > 2)
and (4.43) into the estimate (4.14) give

a((n+ 1T (ENT) — E((n+ 1)T)) a((n+ DT (ENT) —E((n+1)T))
Tucoa(nT) G ( Tucoa(nT) > } ’

E((n+1)T) < ey {

for some positive constant ¢y (depending on 7', max; 41, (X;), co, @(0), §, C, w, M and m). As the

non-decreasing property of o implies that %IT))T)S > «(0)°~1, this finally leads to

EnT) — E((n+1)T) + E((n + 1)T)

af(n+ 1T (ENT) — E((n+ 1)T)) al(n+1)T)(ET) — E((n + 1)T))
¢ { T picoe(0) e ( T pcoa(0) ) } ’

E(nT)

where ¢ = max{%, co}. By the definition (4.21) of h, we have found that

£(nT) < h (a((n +1)T)%(E(nT) — E((n + 1)T))> |

T ucoa(nT)

which can be equivalently written as

(4.44) Tucoa(nT)a((n + 1)T)°h=HEMT)) + E((n+ 1)T) < E(nT).

Since this estimate is valid for all n € N, we conclude by Theorem 4.1 with the choice 5(t) =
Tucoa(t — T)a(t)™°. =

2

Example 4.8 If g; satisfies the assumptions from Example 4.6, G is given by G(z) = x+T and
p+1

q= pTH — 1 > 1; hence, it satisfies the assumption (4.33) with Co =land § =g+ 1= %

If p=- =1 (then ¢ = 1), that corresponds to a linear behavior of g; near 0, we have G(z) = «
and, hence, h(xz) = 2cx. Under the other assumptions of Theorem 4.7 we then get the decay

E(t) < KE(0)e Ll als=Tals)ds > 1

for some positive constants K and L, since ¢~ (t) = £(0)e™ 2.
On the contrary if p+1 > 2v (corresponding to the sublinear case if p = 2 and to the superlinear

2y
case if v =1 and p > 1), then we get the decay K(£(0)) (th als — T)04(S)JJT+1 ds) PR (since
¥~1(t) is equivalent to T3 for ¢ large).
Note that in both cases, the energy tends to zero as soon as
t
/ as — T)a(s)™° ds — oo, as t — oo.
T

In particular, if a(t) = (14 1)7, with 0 < 0 < 52 in both cases, we get

E(t) < K(EW0)t,

for some r > 0, that, in the linear case, translates an overdamping phenomenon.
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4.3 The oscillating case

Theorem 4.9 In addition to the assumptions on g; and aj,j = 1,---,J, from subsection 3.1,
suppose that g; satisfies (4.15) and (4.16) for some positive constant m and a concave strictly
increasing function G : [0,00) — [0,00) such that G(0) = 0 Furthermore, we assume that there
exists two positive constants cg and & such that

(445) ag < Oéj(t,l'j) <a,Vte [O,OO),,TJ‘ S Xj,j =1,---,J.

Under the assumptions of Theorem 4.2, there ezists ¢ > 0 (depending on T, C, w (from Theorem
4.2), max; u;(X;), &, oo, M, and m) such that

(4.46) E(t) <Y N (Tpag(t —T)),Vt > T,

for all solution x of (8.7) satisfying (3.10), where p = min; p;(X;), ¢ is given by (4.8) with
p=h"1, and h defined by (4.21).

Proof. Let x be the unique solution of (3.7) satisfying (3.10) and let n be arbitrary nonnegative
integer. Using (4.14) and the assumption (4.45), we get

(n+1

J YT
@i emrn<a(y [ /X {02 ) P + gy (L) ()} diasay) d ).

T

with C; = D max{1,a%}.
We now estimate the right-hand side of (4.47) as follows: Using the sets E;L)n and X7 from
(4.23) and (4.24), we split up

(n+1)T
[ | )P + a1, ) P diay) e = 1, + 1
where

T = A @)R + loy((Tua) )P ;)

I, /2* {(Tvz);(z)) P + a;(t,25)?g;((Tuw); (2)) P} dps () dt.
For the estimation of T J+ ,,» we first notice that the assumption (3.5) leads to

T < QoM [ (000); )P ds o) .

J.n
and by (4.15) and (4.18) we get

I, <m~'(1+2M) /E+ (vx);(z;) - 9;((Hvx) () dpj(z;)dt.

J,m

By the assumption (4.45), we directly obtain

I, <m (14 QM)ach/ a;(t, ) (Iux)j(z;) - 9;((Tuz);(x5)) dpg(x;)dt.

+
Ej,"
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By (4.28), we arrive at
(4.48) I, <m ' (1+2M)ag ' (E(nT) — E((n+ 1)T)).

Similarly by the assumption (4.16) and the monotonicity of G and « we have

Iin < N G((Iuw);(x5) - 9;((Tuw);(x5))) dpj () dt.

Jensen’s inequality then yields

(n+1)T
%j) /T /X.(Iw)j(xi) 'gj((IUI)j(ij))dﬂj(Ij)dt> :

As G is strictly increasing and again using (4.45), we obtain

(n+1)T
I, <Tuj(X;)G (m/ﬂ /Xj a;(t ) (Iuz);(x;) 'gj((IUI)j(ij))de(Ij)dt> :

By (3.14), we arrive at

(4.49) 15, < Tyy(X,)C (E(nT) —&((n+ l)T)> .

Tpj(Xj)o
The estimates (4.48) and (4.49) into the estimate (4.22) and the monotonicity of G give

E(nT) — &((n + 1)T) EnT) — &((n +1)T)
T o ¢ ( T pag ) } 7

E((n+1)T) < e {

for some positive constant ¢y (depending on T', C', w (from Theorem 4.2), max; p;(X;), &, ag, M
and m). Hence,

EmT) = E(T)—E((n+1)T)+E((n+ 1)T)

max{Thce, 2} {5(nT) —Ti$:+ nr) |, (8(nT) —Ti$:+ 1)T)>}'

IN

With ¢ = max{T o, c2}, and the definition (4.21) of h, we have found that
Tuoaoh ™ (E(nT)) + E((n + 1)T) < E(nT).

Since this estimate is valid for all n € N, we conclude by Theorem 4.1 with the choice 8(t) = T pay.
|

Example 4.10 If g, satisfies the assumptions from Example 4.6, then in the linear case (i.e., if
p =7 =1) we get the exponential decay decay

E(t) < KE0)e vt >0,

for some positive constants K and L. On the contrary if p + 1 > 27, then we get the decay

K(E0)t™ 7712 In both cases, the decay rate is the same as the one of the autonomous case.
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5 Illustrative examples

5.1 Second order evolution equations

Some examples given below enter in the following framework: Let H and V' be two real separable
Hilbert spaces such that V' is densely and continuously embedded into H. Define the linear operator
As from V into V' by

(51) <A2u,’U>V/,V = (u,v)V,Vu,v S V,

and suppose given a (nonlinear) and time-dependent mapping Bs(¢) from V into V’ as follows: We
assume that V is continuously embedded into a control space U in the form (3.1) with the same
assumptions on U;, j = 1,---,J. Similarly, we suppose given mappings g; and «a; satisfying the
same assumptions than in subsection 3.1. We then define the (nonlinear) operator B (t) from V
into V' by

J
(5.2) (Ba(t)u,v) = Z/ aj(t,2)g;((Jow)s () - (Jov)i(e;) duy(z;), Yu, 0 €V,

where Jy denotes the embedding from V to U (hence, (Jyu); is the j* component of Jyu).
With these data, we consider the second order evolution equation

(5.3) { L (1) + Ayult) + Ba(t) % (t) = 0 in H,t >0,

u(0) = uo, 4 (0) = us.

This system is reduced to the first order system (3.7) using the standard argument of reduction
of order: setting H =V x H, V =V x V with their natural inner products,

= (u,v)"

with v = % and introducing the operators

(5.4) Az = (—v, Ayu) ", B(t)x = (0, Ba(t)v) "

Note that B(t) is indeed in the form (3.6) with Iy (u,v)" = Jyo, for all (u,v)" € V x V.

With this definition, we see that x is solution of (3.7), assuming that u exists and is sufficiently
regular. But in its full generality, the domain of Ap(t) is time-dependent; so, again we distinguish
between two cases.

Before going on, let us notice that the above operator A; trivially satisfies (3.11) due to (5.1).
Consequently the (nonlinear) operator Ap(t) = Ayxz + B(t) corresponding to (5.4) satisfies all
assumptions of subsection 3.1.

Let us finally remark that Theorem 6.1 of [52] shows that A1 — Iy and —A; — Iy generates a
Cy-semigroup of contractions in H.

5.1.1 The bounded case

Theorem 5.1 In addition to the above assumptions, if we assume that H is continuously embedded
into the control space U, then for all (ug,u1) € D(A2) x V problem (5.3) has a unique solution
u € C([0,00), V)NC([0,00), H) such that its second derivative u” (t) = —Asu(t) — Ba(t)u' (t) exists
and is continuous in H, except at a countable number of points t.
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Proof. We show that Ap(t) = Ajxz + B(t) satisfies the assumptions of Theorem 3.2. First as
H =V x H, it is clearly embedded into U as H — U and that D(Ap(t)) = D(As) x V. Hence,
it suffices to show that there exists a positive real number X such that R(Al + Ag(t)) = H. But
this properties is proved in [52, Theorem 6.1] for A = 1. We then conclude by Theorem 3.2 that
for any (up,u1) € D(Az2) x V, there exists a unique solution x of (3.7) with the properties (3.10).
We now come back to the original system by noticing that z(¢) = (u(t),v(t)) " satisfies

(u'(t),v' ()" = (v(t), —Agu(t) — Ba(t)v(t)) ", ¥t > 0.

Hence, u € C1([0,00), H), v = u/ and the second components of the above identity yields u”(t) =
—Asu(t) — Ba(t)u'(t).
The proof is complete. m

5.1.2 The unbounded case

Here in order to avoid the time-dependency of the domain of Ag(t), we suppose that the mappings
o satisfies (3.19) for some o € C([0,0),(0,00)). In such a case, the operator Bs(t) defined in
(5.4) will be in the form B(t) = a(t)B;, where By (u,v)" = (0, Bov) ", with (compare with (3.20))

J
(5.5) (Bau,v) = Z/ 9i((Juw);(x;)) - (Juv);(x;) dpj(x;), Vu,v € V.
j=1"%

Under the previous assumptions on Ay and By, with the help of Theorem 3.3 we can prove the
next existence result for problem (5.3).

Theorem 5.2 In addition to the above assumptions, we assume that the mappings o satisfies
(3.19) for some a € C([0,00),(0,00) such that o is locally Lipschitz. Then for all (ug,ui) €
V x V such that Asug + a(0)Bauy € H, problem (5.3) has a unique solution u € C([0,00),V) N
C1([0,00), H) such that its second derivative u” (t) = —Aqu(t)—a(t) Bau'(t) exists and is continuous
in H, except at a countable number of points t.

Proof. We first recall that = = (u,v)" is solution of (3.7) with A; and B(t) from (5.4) (and
Bs(t) = a(t)Bs) if and only if

u(t) = o),
V() = —Agu(t) — alt)v(t).

We now perform the following change of unknowns (assuming that u, v exists and are sufficiently
regular)

(5.6) a(t) = a(t)tu(t), o(t) =v(t).
Then setting & = (%(t),9(t)) ", we see that it satisfies

o —at) 2o (But) +at) o) ) _ ( alt)TH(=a/ (t)a(t) + o(t)
67 F= ( — (Agu(t) + alt) Byv(t)) ) ( ) '
This means that as operator D(t) € L(H), we here choose

(5.8) D(t)(u,v)" = (a(t) tu,v) ", V(u,v)" €V x H.
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From the previous identity (5.7), we see that the assumption (3.22) holds with
(5.9) D) (u,v)" = (u,a(t)v)",Y(u,v)" € V x H.

From the assumptions on « and their definitions, we readily check that all other assumptions
from Theorem 3.3 on D and D are satisfied. Finally Theorem 6.1 of [52] (since By defined above
satisfies the assumption of this Theorem) guarantees that A; + B; is maximal monotone and has
a dense domain in H. In conclusion, by Theorem 3.3, if (ug,u1) € D(Ap(0)) (or equivalently if
(uo,u1) € V xV is such that Asug+ «(0)Bauys € H), there exists a unique solution x of (3.7) with
the properties (3.10). m

In the remainder of this section €2 is a bounded domain of R"”, n > 1 with a Lipschitz boundary
I'. Some restrictions will be specified later on when they will be necessary. We further denote by
v the unit outward normal vector along T'.

5.2 Nonlinear and nonautonomous stabilization of the wave equation
5.2.1 Interior damping

Consider the wave equation with interior damping and Dirichlet boundary condition

O2u — Au + 023-121 a;(t,)g;(Qu) =0 in Q := Qx]0, +o0],
(5.10) u=0on X :=Tx]0,+ool,
u(0) = ug, Oru(0) = uy in £,

where o is a non-negative function that belongs to L*°(2) such that that there exists a positive
constant o such that

(5.11) o> opon O,

for some open and non empty subset O of the the support X, of o. For all j = 1,--- J, the
functions a; and g; satisfy the assumptions of subsection 3.1 with U; = L?(X), X; being an open
and non empty subset of X, such that

(5.12) X;NXy =0, for j #k, and U_; X; = X,.

The stability of this problem in the autonomous case, namely for a; = 1, was extensively
studied in the litterature, let us cite the papers [21, 32, 41, 44, 48, 63| and the references cited there.
Both papers are restricted to some particular choices of o and g; leading to some exponential or
polynomial decay rates of the energy of the solution of (5.10). On the contrary the nonautonomous
case is less considered in the literature and with the exception of [50] all papers concern interior
damping acting on the whole domain (i.e. o = 1), see [14, 23, 45, 46, 47, 49, 51, 60]. Using the
results of the previous section, and under the assumption that the autonomous linear system is
exponentially stable, we obtain new decay results for a large class of functions g; and «;.

The first point is that problem (5.10) enters in the framework of problem (5.3) from subsection
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5.1 once we take

H o= 12,
Vo= Hy(9),
(u,v)y = /Vu-Vvd:v,Vu,veV,
Q

J
(Ba(t)u,v)yr—y = Z/X a;(t, x)o(x) f;(u(z))v(zr) de, Vu,v € V.

Let us notice that the inner product (-, )y induces a norm on V equivalent to the usual one due
to Poincaré inequality. Furthermore, the condition (3.5) allows to show that Bs(t) is well-defined
from V to V.

As L*(Q) is clearly embedded into U = szl L?(X;) (that is clearly identical with L?(X,)),
the assumptions of Theorem 5.1 are satisfied and therefore, there exists a unique solution u of
(5.10) such that (u,u’) " satisfies (3.10).

In order to deduce some stability results for our system (5.10) with the help of Theorem 4.5
we need that —A; — Iy generates an exponentially stable semigroup in H, with the control space
U = L%(X,). This property is equivalent to the exponential decay of the solution of the autonous
and linear problem

O?u — Au+ ddpu = 0 in Q = Qx]0, +o0],
(5.13) u=0on X,
u(0) = ug, Ou(0) = uy in £

Note that the exponential stability of (5.13) holds in many different situations, see [21, 63] in
the case of a C? boundary and O being a neighborhood of

(5.14) Iy :={zel:(z—ux9)- v(z) >0}

for some xy € R™, or [41] in the case of a domain  with an analytical boundary, ¢ smooth and
O satisfying a geometrical control condition. Note that in the case d = 1, this assumption is valid
as soon as O contains an open interval of Q, see [21, Exemple 1|. Moreover, if the linear damping
acts on the whole domain, namely if o = 1 in (5.13) a simple spectral analysis shows that (5.13) is
exponentially stable without any assumption on the regularity of the boundary of €. In all these
situations, if g; and «; satisfy the additional assumptions of Theorem 4.5, 4.7 or 4.9, then the
energy of our system will satisfy (4.20), (4.38) or (4.46). This allows to recover and extend some
results from [60, 51, 49, 23, 14, 45, 46, 47|. Particular cases not covered by the previous references
are the case when we have only a local damping, namely X, # 2, and/or a factor a(t) piecewise
variables, for instance
aj(t,x) = ozj(t),Vx S Xj.
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5.2.2 Boundary damping
Consider the wave equation with a boundary damping
O?u — Au =0 in Q = Qx]0, +o0],

u =0 on X :=Tyx]0, +o0],
(5.15) Opu + au + a(t)k(x)g(dru) = 0 on Xy := T’y x]0, +00],

u(0) = ug, Oru(0) = uy in Q,

where T'g is an open subset of T, T'y = T\ Ty, a,k € L*°(T';) are two non negative real-valued

functions. The function g is a non-decreasing continuous function from R into itself such that

g(0) = 0 and satisfying (3.5), while the function a € C*([0, 00; (0,00)) and o’ is locally Lipschitz.
For the sake of simplicity we suppose that

(5.16) either I'g is not empty or a # 0.

As previously, the stability of this problem in the autonomous case, namely for o = 1, was
extensively studied in the litterature, let us cite the papers [4, 10, 11, 29, 30, 33, 35, 37, 40, 62, 64]
and the references cited there. Both papers are restricted to some particular choices of 'y, a, and
g leading to some exponential or polynomial decay rates of the energy of the solution of (5.10). On
the other hand to the best of our knowledge the nonautonomous case is only considered in [50].
Using the results of the previous section, and under the assumption that the autonomous linear
system is exponentially stable, we obtain new decay results for a large class of functions g and a.

As before problem (5.15) enters in the framework of problem (5.3) from subsection 5.1 once we
take:

H = L*Q),
V = {ve HY(Q)v=0onTy},
(u,v)y = /QVU-Vvd:c—i-/Flauwda,Vu,vGV,
U = L*I),
Ba(tyu,v)vr—y = aft) /F k(2)g(u(@))o(x) do(z), Yu, v € V.

Let us remark that the assumption (5.16) implies that the inner product (-, )y induces a norm
on V equivalent to the usual one, while our condition (3.5) implies that By(t) is well-defined.

We readily check that these assumptions guarantee that Bs(t) fulfils all the assumptions of
Theorem 5.2; hence, (5.15) has a unique solution u such that (u,u’)" satisfies (3.10).

In order to take advantage of Theorem 4.5 we need that —A; — Iy generates an exponentially
stable semigroup in H. For this particular example this property is equivalent to the exponential
decay of the solution of the autonous and linear problem

O?u — Au=0in Q = Qx]0, +o0],
u =10 on g := I'yx]0, +o0,
(5.17) P - L
Lu 4 au + kdyu = 0 on Xy :=T'1 x]0, +00],

u(0) = ug, Opu(0) = uy in Q.
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The exponential stability of (5.17) was obtained in many different situations, let us quote
[11, 10], where a = 0, k € L*(T'1) such that

(518) k 2 ko on Fl,
for some positive constant ky and under the assumptions that

(5.19) m-v <0 on [y,
(5.20) m-v>vy>0onlYy,

where + is a positive constant and m is the standard multiplier defined by
(5.21) m(z) =z — x9, Vo € R",

for some point zg € R".

This result was generalized in [37, 62] to a more general class of multipliers m € C2(Q) for which
the matrix (9;m; +0;m;)1<i,j<n is uniformly positive definite in Q but still under the assumptions
a =0, k€ L>*°(I'y) satisfying (5.18) and the geometrical constraints (5.19)-(5.20).

Let us observe that conditions (5.19)-(5.20) force to have

(5.22) ToNTy = 0.

This constraint has been removed in [40] since condition (5.20) has been removed, while the other
conditions from [37, 62] remain. Alternatively, in [35, 38|, the choice k = mv (with m in the form
(5.21) and then as in [37, 62]) allows to replace the condition (5.20) by

m-v>0only,

under the conditions a = 0 and I’y non empty, see also [29, 48] for the case a Z 0.

Let us finally notice that microlocal analysis arguments from [4] allow to suppress the condi-
tion (5.19) if T is analytic, the condition (5.22) holds, a and k are smooth, and T'; satisfies the
geometrical control condition that it must meet each ray in a nondiffractive point.

Since in [50], it is assumed that a = 0, k = 1, that (5.19)-(5.20) hold with m in the form (5.21)
and that (5.22) holds, Theorems 4.5, 4.7 and 4.9 allow to improve significantly the result from [50]
by obtaining different decay rates of the solution of system (5.15) with appropriated choices of «
and g using the above mentioned results about the exponential decay of system (5.17).

5.2.3 Pointwise interior damping

In this subsection, we conisder the large time behavior of the solution of a homogenous string
equation with a homogenous Dirichlet boundary condition at the left end and a Neuman boundary
condition at the right end subject to a time-dependent and nonlinear pointwise interior actuator.
More precisely, we condider the problem

02u — O%u+ a(t)g(0u) 6¢ = 0in (0,7) x R,
(5.23) w(0,t) = du(m,t) =0, t > 0,
u(+,0) = wug, Ou(-,0) =wuq in (0,7),

where ¢ is a fixed point of (0, ), the functions ¢ is a non-decreasing continuous function from R
into itself such that g(0) = 0 and satisfying (3.5), and the function a € C([0, 00; (0, 00)) is such
that o’ is locally Lipschitz.
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The stability of this problem in the autonomous and linear case, namely for « = ¢ = 1 was
considered in [2] (see also [3]), and to the best of our knowledge, the case of a nonautonomous and
nonlinear pointwise damping has not been analyzed.

Let us notice that problem (5.23) enters in the framework of problem (5.3) from subsection 5.1
once we take:

H = L*0,7),
V = {ve HY0,7)|v(0) =0},
(u,v)y = /umvzdaz,Vu,UEV,
0
U = R,

<BQ (t)u, ’U>V/_V

a(t)g(u(§))v(§), Vu,v € V.

These assumptions guarantee that Bo(t) fulfils all the assumptions of Theorem 5.2; hence,
(5.23) has a unique solution u such that (u,u’)" satisfies (3.10).

As Theorem 1.2 of [2] guarantees the exponential decay of the solution of (5.23) witha =g =1
if % = % with p € N* odd and ¢ € N*, we can apply Theorem 4.5, 4.7 or 4.9 to obtain different
decay rates of the solution of system (5.23) under this assumption on ¢ and if « and g satisfy the
additional assumptions from Theorem 4.5, 4.7 or 4.9.

5.3 Nonlinear and nonautonomous stabilization of the elastodynamic
system

With the notation of the above subsubsection 5.2.2, we consider the following elastodynamic sys-
tem:

0?u — Vo (u) + 02?21 a;(t,-)g;(Ou) =0 in Q,
u =0 on X,
(5.24)
o(u) v+ au+kg(Ou) =0 on Xy,
u(0) = ug, Ou(0) = uy in .
As usual u(z,t) is the displacement field at the point z € Q at time ¢ and o(u) = (0i;(uv))} ;-4

is the stress tensor given by (here and in the sequel we shall use the summation convention for
repeated indices)

0ij(u) = aijriep(u),

where e(u) = (€;;(u));';—; is the strain tensor given by
1, 0u; Ou;
=—( + =
2 al'j 6:51-

);

€ij(u)
and the tensor (a;jxi)i j k=1, » is made of W1>°(Q) entries such that
Qijkl = Qjikl = Qklij,
and satisfying the ellipticity condition

ikl €ij €L = QEGjE],
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for every symmetric tensor (¢;;) and some o > 0. Hereabove and below Vo (u) is the vector field
defined by
Vo(u) = (950 (w)i-

Finally @ and k£ are two nonnegative real number. As before we assume that
(525) gj:O,Vj:L"',JOI‘Flzw.

This last assumption means that we stabilizate our system either by a boundary feedback or by
an internal feedback with only Dirichlet boundary conditions. In case of a boundary damping, we
also suppose that (5.16) holds.

In case of an internal feedback, as in subsubsection 5.2.1, ¢ is a non-negative function that
belongs to L>° () satisfying (5.11) for some open and non empty subset O of the the support X,
of o. For all j =1,---,J, the functions a; and g; satisfy the assumptions of subsection 3.1 with
U; = L?(X;)", X; being an open and non empty subset of X,, such that (5.12) holds.

In case of a boundary feedback, the functions « and g satisfy the assumptions of subsection
3.1 with U = L?(I';)" and suppose, moreover, that a € C'([0, 00; (0, 00)) is such that o is locally
Lipschitz.

The stability of the system (5.24) was considered in [1, 8, 18, 19, 20, 22, 36, 61] in the
autonomous case under some particular hypotheses on I'g, I'1, a, g; and g leading to expo-
nential or polynomial decay of the energy of the solution of (5.24). The nonautonomous case
with internal feedback and for the Lamé system (corresponding to n = 3 and to the choice
Qijki = A0 + 1(0in0j1 + 0:10;%), where X and p are positive constants, called Lamé parame-
ters) was treated in [6, 7].

As in the above subsection, problem (5.24) may be expressed in the form (5.3) from subsection
5.1 with the choices:

H = L*Q)",
V = {ve  HY(Q)"v=0onTo},
(u,v)y = /Uij(u)eij(v)dx—l—a/ u-vdo,Yu,v €V,
Q N1

and ,
(Ba(t)u,v)yr—y = Z /X a;(t,x)o(x) f(u(z)) -v(z) de,Yu,v € V,
i=17%;
in case of an interior damping and
(Ba(t)u,v)yr—y = a(t)/ g(u) -vdo,Yu,v €V,

I

otherwise.

In the case of an interior damping (resp. boundary damping), all the assumptions of Theorem
5.1 (resp. Theorem 5.2) are satisfied and therefore, we have a unique solution u of (5.24) such that
(u,u’) " satisfies (3.10).

For stability results of (5.24), we need to check that —A; — Iy generates an exponentially stable
semigroup in V' x H, where the control space U is defined by

U = L*(X,)"ifI'y =0,
U = L*(I')"ifg;=0,¥Vj=1,---,J.
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As before, this is equivalent to the exponential decay of the autonomous and linear system (5.24),
i.e. corresponding to I'y = 0, a;j = 1 and g;(s) = s in the first case and to g; = 0, « = 1 and
g(s) = s in the second case.

In the first case (i. e., I'y = (), this exponential decay was proved in [20, Theorem 1.1] (see
also [18] for the case X, = ) under the assumptions that O is a neighborhood of I'; defined by
(5.14). Hence, in the setting of one of these papers, under the additional assumptions on «; and g;
from Theorem 4.5, 4.7 or 4.9, different decay rates of the solution of system (5.24) (with T'y = ()
are available.

In the second case (i.e., g; =0, for all j =1,---,J), the exponential decay of the autonomous
and linear system (5.24) was proved in [1, 8, 22, 36] under some geometric assumptions. In the
setting of one of these papers, we then obtain different decay rates of the solution of system (5.24)
(with g; =0, forall j =1,---,J) if g and « satisfy the assumptions from Theorem 4.5, 4.7 or 4.9.

5.4 Nonlinear and nonautonomous stabilization of Maxwell’s equations

We consider Maxwell’s equations in  C R?® with a smooth boundary with either a nonlinear
and nonautonomous internal feedback or a nonlinear and nonautonomous boundary feedback. To
the best of our knowledge, the analysis of Maxwell’s system with nonautonomous and nonlinear
damping has not been analyzed.

To clarify the presentation, we treat these two cases separately.

5.4.1 Interior damping

Here we consider the problem

5%—};3 —curl H + 023.121 a;(t,)g;(E) =01in Q,

oH .
pgr +eurl B =0 in @Q,
(5.26) div (uH) =0 in Q,
Exv=0,H -v=0o0nX:=Tx]0,400],
E(0) = Ey, H(0) = Hy in Q.

As usual € and p are real, positive functions of class C'*(£), while o is a non-negative function that
belongs to L> () satisfying (5.11) for some open and non empty subset O of the the support X,
of o. For all j =1,---,J, the functions a; and g; satisfy the assumptions of subsection 3.1 with
U; = L*(X;)?, X; being an open subset of  such that (5.12) holds.

The stability of this system was studied in [56, 57, 59] with a linear and autonomous feedback
g;(E) = E and a; = 1, where some exponential decay results were obtained under some constraints
on €, ;1 and o. The nonlinear and autonomous case was treated in [52].

Contrary to the above examples this system is not a second order system but it enters in the
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setting of (3.7) once we set

H = L*Q)° x J(Q,p),

JQu) = {HeL*Q)?®:div(uH)=0in O, H -v=0onT},
(B, H), (E',H' ) = /(eE-E’—i—uH-H’)d:c,V(E,H),(E’,H’) e H,
Q
Vo= VxJQ,u),
V = {FEel*Q)?®:cwlFE e L*(Q)* Exv=0o0nT},
(A (E,H),(E'",H")) = /(CurlE -H'—H-cwlE')dx,¥Y(E,H),(E',H") € V,
Q
J
(B(t)(E,H),(E',H")) = Z/aj(t,x)gj(E)-E’d:v,V(E,H),(E’,H’) ev.
=/

As H is continuously embedded into U = L2(Q)3 x {0} (with Iy (E, H)" = (E,0)"), Ag(t) =
A1+ B(t) satisfies (3.16). Furthermore, one readily checks (as in [15, §3]) that A; + B(t) is maximal
monotone for the inner product (-, )3, since the bilinear form

/ (wtcurl E-curl B/ + €¢F - E') dx
Q

is clearly coercive on V. Hence, by Theorem 5.1 system (5.26) has a unique solution (E, H)" of
(5.26) satisfying (3.10).

As before +A; — I;; generates an exponentially stable semigroup in # if and only if system
(5.26) with a linear and autonomous feedback is exponentially stable. As Theorems 5.1 and 5.5 of
[59] (resp. Theorem 4.1 of [56] and Remark 5.2 of [57]) imply that such an exponential stability
holds if € and p are constant (resp. sufficiently smooth) and under some conditions on O, we may
conclude some decays of the solution of (5.26) in the setting of one of these papers, as soon as g;
and «a; satisfy the additional assumptions from Theorem 4.5, 4.7 or 4.9.

5.4.2 Boundary damping

Let us go on with Maxwell’s equations with a nonlinear and non autonous boundary feedback

98 _ curl H = 0 in Q := I'x]0, 400,

<ot
u%—? +curl E =0 in Q,
(5.27) div (¢E) = div (uH) = 0 in Q,

Hxv+alt)g(Exv)xr=0onX:=TIx]0,+o0],
E(0) = Ey, H(0) = Hy in Q,

where the functions a and g satisfy the assumptions of subsection 3.1 with U = L2(I')? and
a € C*(]0, 005 (0,00)) is such that o is locally Lipschitz.

The autonomous case was studied in [5, 15, 24, 31, 33, 54, 55, 59|, where different decay rates
are avalaible under different conditions on €, 4 and I'" and appropriated assumptions on g.
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Let us now show that (5.27) enters in the framework of subsection 3.3 if we take (see [54, §2])
H o= J(Qe) x J(,u),

J(Qu) = {He€L*Q)?:div(uH) =0 in Q},
(B,H),(E'H))y = /Q(EE -E'+uH - H')dz,
V = VxJQ,u),Y(EH),(E' H) € H,
V = {EcJ(Qe¢):curlEe L*(0)* E xve LX)},
U = L)
(A1(E,H),(E',H")) = /(CurlE -H'— H-cwrlE')dz,¥(E,H),(E',H') € V,
Q
B(t) = a(t)Bi,
(Bi(E,H),(E' H)) = /Fg(E x v)-(E' xv)do(z),Y(E,H),(E',H') € V.

Note first that B(t) is well-defined with the embedding I/(E,H)" = E x v, while by its
definition A; directly satisfies (3.11). Hence, all assumptions of subsection 3.1 are satisfied. Now
in order to apply Theorem 3.3, for all ¢ > 0, we introduce the bounded linear operators D(t) and
D from H into itself by

D(t)(EvH)T = (Eva(t)ilH)Tv ‘D(t)(EvH)T = (O‘(t)EvH)T

that, due to the assumption on «, satisfy the requested regularity assumptions and the condition
(3.21) from Theorem 3.3. Furthermore, simple calculations shows that (3.22) holds. As Lemma
2.3 of [54] guarantees that the domain of A; 4+ By is dense in H and Lemma 2.3 of [54] shows that
Ay 4+ B is maximal monotone in H, we can apply Theorem 3.3 to obtain the well posedness of
problem (5.27).

Here again +A; — Iy generates an exponentially stable semigroup in H if and only if system
(5.27) with a linear and autonomous feedback is exponentially stable. Such a stability property
was obtained in many papers, let us quote [24, 31, 33, 59]. Hence, if system (5.27) with a linear
and autonomous feedback is exponentially stable and if additionally o and ¢ satisfy the additional
assumptions from Theorem 4.5, 4.7 or 4.9, we may conclude some decays of the solution of (5.27).

References

[1] F. Alabau and V. Komornik. Boundary observability, controllability, and stabilization of linear
elastodynamic systems. STAM J. Control Optim., 37(2):521-542 (electronic), 1999.

[2] K. Ammari, A. Henrot, and M. Tucsnak. Asymptotic behaviour of the solutions and optimal
location of the actuator for the pointwise stabilization of a string. Asymptot. Anal., 28(3-
4):215-240, 2001.

[3] K. Ammari and M. Tucsnak. Stabilization of second order evolution equations by a class of
unbounded feedbacks. ESAIM Control Optim. Calc. Var., 6:361-386, 2001.

[4] C. Bardos, G. Lebeau, and J. Rauch. Sharp sufficient conditions for the observation, control,
and stabilization of waves from the boundary. SIAM J. Control Optim., 30(5):1024-1065,
1992.

34



[5]

16]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

H. Barucq and B. Hanouzet. Etude asymptotique du systéme de Maxwell avec la condition
aux limites absorbante de Silver-Miiller II. C. R. Acad. Sci. Paris Sér. I, 316:1019-1024, 1993.

A. Bchatnia and M. Daoulatli. Behavior of the energy for Lamé systems in bounded domains
with nonlinear damping and external force. Electron. J. Differential Equations, pages No. 01,
17, 2013.

M. Bellassoued. Energy decay for the elastic wave equation with a local time-dependent
nonlinear damping. Acta Math. Sin. (Engl. Ser.), 24(7):1175-1192, 2008.

R. Bey, A. Heminna, and J.-P. Lohéac. Boundary stabilization of the linear elastodynamic
system by a Lyapunov-type method. Rev. Mat. Complut., 16(2):417-441, 2003.

F. E. Browder. Nonlinear maximal monotone operators in Banach space. Math. Ann., 175:89—
113, 1968.

G. Chen. Control and stabilization for the wave equation in a bounded domain. SIAM J.
Control Optim., 17(1):66-81, 1979.

G. Chen. Energy decay estimates and exact boundary value controllability for the wave
equation in a bounded domain. J. Math. Pures Appl. (9), 58(3):249-273, 1979.

M. G. Crandall and A. Pazy. Nonlinear evolution equations in Banach spaces. Israel J. Math.,
11:57-94, 1972.

C. R. da Luz and G. A. Perla Menzala. Uniform decay rates of coupled anisotropic elastody-
namic/Maxwell equations with nonlinear damping. Port. Math., 68(2):205-238, 2011.

M. Daoulatli. Rates of decay for the wave systems with time dependent damping. Discrete
Contin. Dyn. Syst., 31(2):407-443, 2011.

M. Eller, J. Lagnese, and S. Nicaise. Decay rates for solutions of a Maxwell system with
nonlinear boundary damping. Comp. and Appl. Math., 21:135-165, 2002.

L. C. Evans. Nonlinear evolution equations in an arbitrary banach space. Israel J. Math.,
26:1-42, 1977.

A. Guesmia. Existence globale et stabilisation interne non linéaire d’un systéme de Petrovsky.
Bull. Belg. Math. Soc. Simon Stevin, 5(4):583-594, 1998.

A. Guesmia. Observability, controllability and boundary stabilization of some linear elasticity
systems. Acta Sci. Math. (Szeged), 64(1-2):109-119, 1998.

A. Guesmia. Existence globale et stabilisation frontiére non linéaire d’un systéme d’élasticité.
Portugal. Math., 56(3):361-379, 1999.

A. Guesmia. On the decay estimates for elasticity systems with some localized dissipations.
Asymptot. Anal., 22(1):1-13, 2000.

A. Haraux. Une remarque sur la stabilisation de certains systémes du deuxiéme ordre en
temps. Portugal. Math., 46(3):245-258, 1989.

M. A. Horn. Implications of sharp trace regularity results on boundary stabilization of the
system of linear elasticity. J. Math. Anal. Appl., 223(1):126-150, 1998.

35



[23] Z. Jiao and T.-J. Xiao. Convergence and speed estimates for semilinear wave systems with
nonautonomous damping. Math. Methods Appl. Sci., 39(18):5465-5474, 2016.

[24] B. V. Kapitanov. Stabilization and exact boundary controllability for Maxwell’s equations.
SIAM J. Control Optim., 32:408-420, 1994.

[25] B. V. Kapitanov and M. A. Raupp. Exact boundary controllability in problems of transmission
for the system of electromagneto-elasticity. Math. Meth. Appl. Sci., 24:193-207, 2001.

[26] T. Kato. Noulinear semigroups and evolution equations. J. Math. Soc. Japan, 19:508-520,
1967.

[27] T. Kato. Abstract differential equations and nonlinear mized problems. Lezioni Fermiane.
[Fermi Lectures|. Scuola Normale Superiore, Pisa; Accademia Nazionale dei Lincei, Rome,
1985.

[28] T. Kato. Linear and quasi-linear equations of evolution of hyperbolic type. In Hyperbolicity,
volume 72 of C.I.M.E. Summer Sch., pages 125-191. Springer, Heidelberg, 2011.

[29] V. Komornik. Rapid boundary stabilization of the wave equation. SIAM J. Control Optim.,
29:197-208, 1991.

[30] V. Komornik. On the nonlinear boundary stabilization of the wave equation. Chinese Ann.
Math. Ser. B, 14:153-164, 1993.

[31] V. Komornik. Boundary stabilization, observation and control of Maxwell’s equations. PanAm.
Math. J., 4:47-61, 1994.

[32] V. Komornik. Decay estimates for the wave equation with internal damping, volume 118 of
Int. Ser. Numer. Anal., pages 253-266. Vorau, 1994.

[33] V. Komornik. Ezact controllability and stabilization. RAM: Research in Applied Mathematics.
Masson, Paris, 1994. The multiplier method.

[34] V. Komornik. On the nonlinear boundary stabilization of Kirchhoff plates. NoDEA Nonlinear
Differential Equations Appl., 1(4):323-337, 1994.

[35] V. Komornik and E. Zuazua. A direct method for the boundary stabilization of the wave
equation. J. Math. Pures Appl. (9), 69(1):33-54, 1990.

[36] J. Lagnese. Boundary stabilization of linear elastodynamic systems. STAM J. Control Optim.,
21(6):968-984, 1983.

[37] J. Lagnese. Decay of solutions of wave equations in a bounded region with boundary dissipa-
tion. J. Differential Equations, 50(2):163-182, 1983.

[38] J. E. Lagnese. Note on boundary stabilization of wave equations. SIAM J. Control Optim.,
26(5):1250-1256, 1988.

[39] 1. Lasiecka and D. Tataru. Uniform boundary stabilization of semilinear wave equations with
nonlinear boundary damping. Differential Integral Equations, 6(3):507-533, 1993.

36



[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

I. Lasiecka and R. Triggiani. Uniform stabilization of the wave equation with Dirichlet or
Neumann feedback control without geometrical conditions. Appl. Math. Optim., 25(2):189-
224, 1992.

G. Lebeau. Equation des ondes amorties. In Algebraic and geometric methods in mathematical
physics (Kaciveli, 1993), volume 19 of Math. Phys. Stud., pages 73-109. Kluwer Acad. Publ.,
Dordrecht, 1996.

C.-Y. Lin. Time-dependent nonlinear evolution equations. Differential Integral Equations,
15:257-270, 2002.

K. Liu and Z. Liu. Boundary stabilization of a nonhomogeneous beam with rotatory inertia at
the tip. J. Comput. Appl. Math., 114(1):1-10, 2000. Control of partial differential equations
(Jacksonville, FL, 1998).

W.-J. Liu and E. Zuazua. Decay rates for dissipative wave equations. volume 48, pages 61-75.
1999. Papers in memory of Ennio De Giorgi (Italian).

J.-R. Luo and T.-J. Xiao. Decay rates for second order evolution equations in Hilbert spaces
with nonlinear time-dependent damping. Evol. Equ. Control Theory, 9(2):359-373, 2020.

J.-R. Luo and T.-J. Xiao. Decay rates for semilinear wave equations with vanishing damping
and Neumann boundary conditions. Math. Methods Appl. Sci., 44(1):303-314, 2021.

J.-R. Luo and T.-J. Xiao. Optimal energy decay rates for abstract second order evolution
equations with non-autonomous damping. ESAIM Control Optim. Calc. Var., 27:Paper No.
59, 24, 2021.

P. Martinez. A new method to obtain decay rate estimates for dissipative systems with
localized damping. Rev. Mat. Comp. Madrid, 12:251-283, 1999.

P. Martinez. Precise decay rate estimates for time-dependent dissipative systems. Israel J.
Math., 119:291-324, 2000.

M. I. Mustafa. Uniform decay for wave equations with weakly dissipative boundary feedback.
Dyn. Syst., 30(2):241-250, 2015.

M. Nakao. On the decay of solutions of the wave equation with a local time-dependent
nonlinear dissipation. Adv. Math. Sci. Appl., 7(1):317-331, 1997.

S. Nicaise. Stability and controllability of an abstract evolution equation of hyperbolic type
and concrete applications. Rendiconti di Matematica Serie VII, 23:83-116, 2003.

S. Nicaise. Stability and controllability of the electromagneto-elastic system. Port. Math.
(N.S.), 60(1):37-70, 2003.

S. Nicaise, M. Eller, and J. E. Lagnese. Stabilization of heterogeneous Maxwell’s equations
by linear or nonlinear boundary feedback. FElectron. J. Differential Equations, pages No. 21,
26 pp. (electronic), 2002.

S. Nicaise and C. Pignotti. Boundary stabilization of Maxwell’s equations with space-time
variable coefficients. ESAIM Control Optim. Cale. Var., 9:563-578 (electronic), 2003.

37



[56] S. Nicaise and C. Pignotti. Internal stabilization of Maxwell’s equations in heterogeneous
media. Abstr. Appl. Anal., (7):791-811, 2005.

[57] S. Nicaise and C. Pignotti. Internal and boundary observability estimates for heterogeneous
maxwell’s system. Applied Math. Optim., 54:47-70, 2006.

[58] A. Pazy. Semigroups of linear operators and applications to partial differential equations,
volume 44 of Applied Math. Sciences. Springer-Verlag, New York, 1983.

[59] K. D. Phung. Controle et stabilisation d’ondes électromagnétiques. ESAIM: COCV, 5:87-137,
2000.

[60] P. Pucci and J. Serrin. Asymptotic stability for nonautonomous dissipative wave systems.
Comm. Pure Appl. Math., 49(2):177-216, 1996.

[61] L. R. Tcheugoué Tebou. On the stabilization of the wave and linear elasticity equations in
2-D. PanAmer. Math. J., 6(1):41-55, 1996.

[62] R. Triggiani. Wave equation on a bounded domain with boundary dissipation: an operator
approach. J. Math. Anal. Appl., 137(2):438-461, 1989.

[63] E. Zuazua. Exponential decay for the semilinear wave equation with locally distributed damp-
ing. Comm. in PDE, 15:205-235, 1990.

[64] E. Zuazua. Uniform stabilization of the wave equation by nonlinear boundary feedback. SIAM
J. Control Optim., 28:466-477, 1990.

38



