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Introduction

Throughout this paper, all graphs are considered to be simple, that is, there are no loops and no multiple edges. By giving an orientation to each edge of a graph G, the obtained oriented graph is called a digraph. Reciprocally, the graph obtained from a digraph D by ignoring the directions of its arcs is called the underlying graph of D, and denoted by G(D). For a digraph D, we denote by D the digraph obtained from D by reversing the direction of its arcs. Let D be a digraph and let A, B ⊆ D, we denote by N + (B) the set of out-neighbors of the vertices of B outside B, N + A (B) the set N + (B) ∩ A, similarly we dene N -(B), N - A (B). We may use the same notation for N (B) and N A (B) in G(D). The chromatic number of a graph G, denoted by χ(G), is the minimum number of colors needed to color properly the vertices of G, that is no two adjacent vertices share the same color. The girth of a graph G, denoted by g(G), is the length of a shortest cycle in G. The chromatic number (resp. girth) of a digraph is the chromatic number (resp. girth) of its underlying graph. One of the known problems in graph theory is to nd an integer k such that any k-chromatic digraph contains each element of a specied family of digraphs. Erdös [START_REF] Erdös | Graph Theory and probability[END_REF] proved by probabilistic methods that for any positive integers k and l there exists a graph whose girth is at least l and whose chromatic number is greater than k. This gives the existence of digraphs with arbitrary high girth and high chromatic number. An immediate consequence of Erdös's theorem is that, if D is a family of digraphs in which one of its elements has an oriented cycle of a given length, we are not able to nd an integer k for which every k-chromatic digraph contains each element of D. This emphasizes many mathematicians to take into consideration two interesting categories of digraphs: the oriented trees (contain no cycles), and the oriented cycles whose length is not bounded from above.

From one side, Bondy [START_REF] Bondy | Disconnected orientations and a conjecture of Las Vergnas[END_REF] proved that every strong digraph D contains a circuit whose length is at least χ(D). A subdivision cycle with two blocks C(k, l) is an oriented cycle which consists of two internally vertex-disjoint directed paths of lengths at least k and l respectively, from a vertex to another one. Addario et al. [START_REF] Addario-Berry | Paths with two blocks in n-chromatic digraphs[END_REF] asked if the chromatic number of strong digraphs not containing subdivisions of a two-blocks cycle C(k, l) can be bounded from above by O(k + l), which remains an open problem. Assuming that t = max{k, l}, the best reached upper bound, found by Kim et al. [START_REF] Kim | Cycles with two blocks in kchromatic digraphs[END_REF], is 12t 2 .

From the other side, Burr [START_REF] Burr | Subtrees of directed graphs and hypergraphs[END_REF] proved that any (n -1) 2 -chromatic digraph contains any oriented tree of order n, and he conjectured that this bound can be improved to 2n -2. The best known bound for a general oriented tree, found by Addario-Berry et al. [START_REF] Addario-Berry | Oriented trees in digraphs[END_REF], is n 2 2 -n 2 +1. In contrast, considering some special oriented trees, better bounds on the chromatic number have been determined. The most celebrated one, known as Gallai-Hasse-Roy-Vitaver theorem [START_REF] Gallai | On directed paths and circuits[END_REF][START_REF] Hasse | Zur algeraischen Begündung der Graphentheorie. I[END_REF][START_REF] Roy | Nombre chromatique et plus longs chemins d'un graphe[END_REF][START_REF] Vitaver | Determination of minimal coloring of vertices of a graph by means of Boolean powers of the incidence matrix[END_REF], deals with directed paths and states that every nchromatic digraph contains a directed path of length n -1. Another wellstudied trees class is that of two-blocks paths. A block of a path P is a maximal directed sub-path of P . For k, l ∈ N * , we dened P (k, l) (resp.

P -(k, l)) be a path formed by k forward arcs (resp. k backward arcs) followed by l backward arcs (resp. l forward arcs). Addario et al. [START_REF] Addario-Berry | Paths with two blocks in n-chromatic digraphs[END_REF] proved that every n-path (A path of order n) with exactly two blocks is contained in every nchromatic digraph. Beyond paths with two blocks, no any linear bound is established. We denote by P (k, l, r) an oriented path formed by k forward arcs followed by l backward arcs followed by r forward arcs. As a rst step in this direction, Mortada et al. [START_REF] Mortada | Paths with three blocks in digraphs[END_REF] proved that any (2n -5)-chromatic digraph contains a path of type P (1, n -3, 1), n ≥ 4. Also, Mortada et al. [START_REF] Mortada | About paths with three blocks[END_REF] proved that any (n + 1)-chromatic digraph contains a path of type P (n -3, 1, 1). In this paper, we mainly establish a linear bound for paths with three blocks by proving that any 4.6n-chromatic digraph contains any n-path with three blocks.

Paths with three blocks

In this section, we are going to establish a linear bound for chromatic number of digraphs in order to contain any n-path with three blocks. For the sake of the proof, we are going to introduce some tools, presented as denitions and lemmas. An outbranching B is a digraph containing a vertex of indegree zero which is called the source of B, and the other vertices are of in-degree one. The level of a vertex v in an out-branching B, denoted by l B (v), is the order of the unique directed path starting from the source of B and ending at v. An out-forest F is a digraph in which each connected component is an out-branching. The level of a vertex v in an outforest F , denoted by l F (v), is its level in the out-branching containing it. For i

1, set L i (F ) = {v ∈ V (F ) : l F (v) = i}. Note that any digraph contains a spanning out-forest. A spanning out-forest F of a digraph D is said to be maximal if v∈V (D) l F (v)
is maximal. After introducing maximal forests, El Sahili and kouider [START_REF] Sahili | About paths with two blocks[END_REF] proved that if F is a maximal forest of a digraph D then L i (F ) is stable in D for all i 1, and consequently the number of levels in F should be at least χ(D) which gives a very simple proof of Gallai-Hasse-Roy-Vitaver Theorem. Below, we recall the result of Addario et al. about two-blocks paths we will need in our result: Based on this theorem we may extend the bound to 4n -4 to guarantee the existence of any n-path P (k, l, 1). This fact is convenient to complete the proof of our main result. Theorem 2.2. Every (4n-4)-chromatic digraph, n ≥ 4, contains any n-path of type P (k, l, 1).

Proof. For the case n = 4, the result holds directly due to [START_REF] Sahili | Functions and line digraphs[END_REF] which states that any 4-chromatic digraph contains a P (1, 1, 1). Moving on to the case n ≥ 5, let (S i ) 1≤i≤4n-2 be a sequence of stable sets covering D. Consider the two sub-digraphs of D, D 1 and D 2 , induced by (S 1 ∪ • • • ∪ S 2n-1 ) and

(S 2n ∪ • • • ∪ S 4n-2 ) respectively. Clearly, χ(D 1 ) = χ(D 2 ) = 2n -1. Set D 1 = D[N - D 1 (D 2 )] and D 2 = D[N - D 2 (D 1 )
]. Suppose that, D contains no P (k, l, 1), then D 1 and D 2 both contain no P (k, l) with k + l = n -2, and so we have by Theorem 2.1 that χ(D 1 ) ≤ n -2 and χ(D 2 ) ≤ n -2. Therefore, there is no arc between D 1 -D 1 and D 2 -D 2 , and so: ) and (S χ(D)

χ(D) ≤ χ(D 1 ) + χ(D 2 ) + χ((D 1 -D 1 ) ∪ (D 2 -D 2 )) ≤ 2(n -2) + max{χ(D 1 -D 1 ), χ(D 2 -D 2 )} ≤ 2(n -2) + 2n -1 = 4n -5, a contradiction.
2 +1 ∪• • •∪S χ(D) ) respectively. Let F be a maximal out-forest of D 1 . Set D 3 = D[ i≥k+1 L i (F )] and D = D-( k i=1 L i (F )). Therefore, χ(D i ) ≤ 1 2-2b χ(D ), i = 2, 3. Proof. Clearly χ(D 2 ), χ(D 3 ) ≤ χ(D) 2 and χ(D ) ≥ χ(D) -k. Since χ(D) ≥ k/b, then χ(D) -k ≥ (1 -b)χ(D). Therefore, χ(D 2 ) χ(D ) ≤ χ(D)/2 χ(D) -k ≤ χ(D)/2 (1 -b)χ(D) = 1 2 -2b . Hence, χ(D 2 ) ≤ 1 2-2b χ(D ), and similarly χ(D 3 ) ≤ 1 2-2b χ(D ). Lemma 2.2. Let D be a digraph and let 1/2 ≤ a < 1. Let (X 1 , X 2 ) be a parti- tion of V (D), with χ(D[X i ]) ≤ aχ(D) for i = 1, 2. Set D = D[N X 2 (X 1 )]. If D contains no vertex
which is the end of a path P (k, l) and a path P (k, l -1)

simultaneously with k + l = n -1, then χ(D) ≤ 2n-3 1-a .
Proof. Let H the subdigraph of D induced by the ends of a path P (k, l) contained in D . Clearly D -H contains no P (k, l) and so by Theorem 2.1,

χ(D -H) ≤ n -1. We have χ(H) ≤ n -2, since otherwise H contains a path P (k, l -1) 
. Therefore, χ(D ) ≤ 2n -3. Note that there is no arc between X 1 and X 2 -V (D ), and so

χ(D) ≤ χ(D ) + χ(D[X 1 ] ∪ (D[X 2 ] -D )) ≤ 2n -3 + max{χ(D[X 1 ]), χ(D[X 2 ] -D )} ≤ 2n -3 + aχ(D).
Hence, χ(D) ≤ 2n-3 1-a . Proof. Note that D contains no P (k, l, r) if and only if D contains no P (r, l, k). For this reason, and since χ(D) = χ( D), we may suppose without loss of generality that k ≤ n-2 2 . Then, χ(D) ≥ n-1 2b > k b , and so by Theorem 2.3, we have χ , 1 2 .

(D) ≤ 2-2b 1-2b (2m-3)+k where m = l +r +1. Note that k = n-m, then χ(D) ≤ 2-2b 1-2b (2m -3) + k = 4-4b 1-2b m -6-6b 1-2b + n -m ≤ ( 4-4b 1-2b -1)n -6-6b 1-2b + n = 4-4b 1-2b (n -3 2 ) < 4-
Theorem 2.5. Every digraph with chromatic number at least 
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 21 Every n-chromatic digraph, n ≥ 4, contains any path with two blocks of length n -1.
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 21 Let D be a digraph with an even chromatic number such that χ(D) ≥ k/b where k ∈ N * and b ∈]0, 1 2 [. Let (S i ) 1≤i≤χ(D) be a sequence of stable sets covering D. Consider the two sub-digraphs of D, D 1 and D 2 , induced by (S 1 ∪• • •∪S χ(D) 2
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 232 Let b ∈]0, 1 2 [, and let k, l, r ∈ N * . Set m = l + r + 1. Let D be a digraph with an even chromatic number such that χ(D) ≥ k/b. Suppose that D contains no P (k, l, r), then χ(D) ≤ 2-2b 1-2b (2m -3) + k.Proof. Let (S i ) 1≤i≤χ(D) be a sequence of stable sets covering D. Consider the two sub-digraphs of D, D 1 and D 2 , induced by(S 1 ∪ • • • ∪ S χ(D) and (Sχ(D) 2 +1 ∪ • • • ∪ S χ(D) ) respectively. Let F be a maximal forest of D 1 . Set D 3 = D[ i≥k+1 L i (F )] and D = D -( k i=1 L i (F )). Then by Lemma 2.1, we have χ(D i ) ≤ 1 2-2b χ(D ) for i = 2, 3. Set H = D[N V (D 2 ) (V (D 3 ))]. Since Dcontains no P (k, l, r) and every vertex in D 3 is an end of directed path of length at least k in F , then H contains no vertex which is the end of a path P -(r, l) and a path P -(r, l -1) simultaneously. Therefore, by Lemma 2.2, we have χ(D ) ≤ 2m-3 1-a with a = 1 2-2b , and so χ(D ) ≤ 2-2b 1-2b (2m -3). In conclusion, χ(D) ≤2-2b 1-2b (2m -3) + k. Theorem 2.4. Let b ∈ 0, 1 2 , and let k, l, r ∈ N * . Set n = k + l + r + 1. Let D be a digraph with an even chromatic number χ(D) ≥ n-1 2b . If D contains no P (k, l, r), then b ∈ 5-
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 1 2b (n -1). And so, , and so 8b 2 -10b + 1 < 0. Hence b ∈

8 . 1 2b 2 ,

 812 tains any path with three blocks of length n -1.Proof. Set b = 5- √ 17 If χ(D) is even, then we have χ(D) ≥ n 2b ≥ n-then by Theorem 2.4, D contains any path P (k, l, r) with k + l + r = n -1. If χ(D) is odd, then D contains a subdigraph D with χ(D ) = χ(D) -1. Note that χ(D ) is even. Moreover, χ(D ) ≥ n 2b -1 = n-2b 2b ≥ n-1 2b. By applying Theorem 2.4, and since D ⊆ D, we may deduce that D contains any path P (k, l, r) with k + l + r = n -1. 561..., which guaranties our result.
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