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Abstract

To theoretically understand the behavior of trained deep neural networks, it is nec-
essary to study the dynamics induced by gradient methods from a random initialization.
However, the nonlinear and compositional structure of these models make these dynamics
difficult to analyze. To overcome these challenges, large-width asymptotics have recently
emerged as a fruitful viewpoint and led to practical insights on real-world deep networks.
For two-layer neural networks, it has been understood via these asymptotics that the na-
ture of the trained model radically changes depending on the scale of the initial random
weights, ranging from a kernel regime (for large initial variance) to a feature learning
regime (for small initial variance). For deeper networks more regimes are possible, and in
this paper we study in detail a specific choice of “small” initialization corresponding to
“mean-field” limits of neural networks, which we call integrable parameterizations (IPs).

First, we show that under standard i.i.d. zero-mean initialization, integrable param-
eterizations of neural networks with more than four layers start at a stationary point
in the infinite-width limit and no learning occurs. We then propose various methods to
avoid this trivial behavior and analyze in detail the resulting dynamics. In particular,
one of these methods consists in using large initial learning rates, and we show that
it is equivalent to a modification of the recently proposed maximal update parameter-
ization pP. We confirm our results with numerical experiments on image classification
tasks, which additionally show a strong difference in behavior between various choices of
activation functions that is not yet captured by theory.

1 Introduction

While artificial neural networks routinely achieve state-of-the art performance in various
real-world machine learning tasks, it is still a theoretical challenge to understand why and
under which conditions they perform so well. The training algorithm—typically a variant
of stochastic gradient descent (SGD) with random initialization—plays a central role in this
performance but is difficult to analyze for general neural network architectures, because of
their highly non-linear and compositional structure. Large-width asymptotics, which have
previously been considered for other purposes (Neal, 1995; Bengio et al., 2006), have recently
been proposed to overcome some of these difficulties and have brought numerous insights
on the training behavior of neural networks (Nitanda and Suzuki, 2017; Mei et al., 2018;
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Jacot et al., 2018; Rotskoff and Vanden-Eijnden, 2018; Chizat and Bach, 2018; Sirignano
and Spiliopoulos, 2020).

One of these insights is that the magnitude of the random weights at initialization has
a dramatic impact on the learning behavior of neural networks (Chizat et al., 2019). For
two-layer networks and with suitable learning rates, initializing the output layer weights with
a standard deviation of 1/m, where m is the width of the network, leads to feature learning
when m is large, while the same network initialized with a standard deviation of 1//m
leads to the Neural Tangent Kernel (NTK) regime, a.k.a. lazy regime, where the network
simply learns a linear predictor on top of fixed features. This observation suggests that
parameterizations—that is, the choice of the scaling factors, with the width m, of the initial
magnitude and of the learning rates of each layer of a neural network—are of fundamental
importance in the theory of neural networks. While standard deep learning packages offer
various choices of scale at initialization (Glorot and Bengio, 2010; He et al., 2015), those
have been designed with the sole criterion in mind to have a non-vanishing first forward and
backward passes for arbitrary depths. Theory now offers the tools to explore a larger space
of parameterizations and study their dynamics beyond the first forward and backward passes
in the infinite-width limit.

With more than two layers, the categorization of parameterizations is more subtle and
there are disparate lines of work. On the one hand, some parameterizations still lead to
the kernel regime, which is subject to an intense research activity (e.g., Jacot et al., 2018,
2019; Allen-Zhu et al., 2019; Du et al., 2019; Arora et al., 2019; Geiger et al., 2020a,c; Yang,
2020a). Since this regime reduces to learning a linear predictor on top of fixed features in the
large width limit, this parameterization is of limited relevance to understand representation
learning in networks used in practice (although it should be noted that non-asymptotic
analyses reveal interesting effects, e.g., Hanin and Nica, 2019). On the other hand, there is
a growing literature around parameterizations where weights are initialized with a standard
deviation of 1/m (except for the first layer). These are often called “mean-field” models but
we prefer to call them integrable parameterizations (IPs) in this work!, in reference to the
fact that sums of m terms with standard deviation of order of 1/m are absolutely convergent.
There already exists mathematical tools to describe the evolution of the parameters of IPs
in the infinite-width limit but they are not fully satisfactory to understand the properties of
the learned function in the standard setting used in practice (see review in Section 1.2).

Going beyond the dichotomy between the scales 1/m and 1/y/m, Yang and Hu (2021)
have exhibited, using a technique called the Tensor Program (Yang, 2019, 2020a,b), a general
categorization of parameterizations, in particular between those which allow feature learn-
ing and those which do not. As a result from their analysis, they singled out a mazimal
update parameterization pP where, as for the NTK parameterization, the intermediate lay-
ers’ weights are initialized with a standard deviation of 1/y/m, but the last layer weights
are initialized with a standard deviation of 1/m: they show that with appropriate learning
rates, this leads to maximal feature learning (in a certain sense). This parameterization had
been previously considered in (Geiger et al., 2020b) where the authors study empirically the
effect of the scale (Chizat et al., 2019) on learning.

In (Yang and Hu, 2021), IPs have been excluded from the analysis on the basis that they
are trivial: if one follows the usual training procedure—which we refer to as Naive-IP—the
network starts on a stationary point in the infinite-width limit and the learned function
remains at its initial value.

1For deep neural networks, it is somewhat arbitrary to associate the term mean-field with a specific choice
of scaling so we believe that this term lacks precision when it comes to discussing various parameterizations.



1.1 Contributions

Our goal is to draw connections between the various lines of research discussed above, and to
improve our understanding of integrable parameterizations: when and why are they trivial?
How can we avoid triviality and actually learn features? What are the salient properties of
the resulting networks in the infinite-width limit? To answer these questions rigorously, we
leverage the Tensor Program technique developed in (Yang, 2019, 2020a,b; Yang and Hu,
2021). Specifically, our contributions are the following:

e We first show in Theorem 3.1 that with learning rates constant in time, the functions
learned using SGD for integrable parameterizations of neural networks with four layers
or more either remain at their value at initialization or explode in the infinite-width
limit when the weights are initialized using the standard zero-mean i.i.d. schemes used
in practice.

e We show in Theorem 4.1 that using large learning rates, which grow as a power of
m, for the first gradient step—and that step only—allows SGD to escape the initial
stationary point for integrable parameterizations and to initiate a non-trivial learning
phase. In fact, we prove in Theorem 4.2 that the resulting dynamic is equivalent to a
modification of the dynamic of uP where, after the first gradient step, one subtracts
the initial weights from the learned weights of the intermediate layers.

e We study two alternative ways to escape the initial stationary point for integrable
parameterizations and analyze the corresponding dynamics. Removing the scale factor
in 1/m on the bias terms allows to escape the initial stationary point when using
moderately large initial learning rates. A drawback of the resulting dynamics is that
its updates only depend weakly on the input data (see Theorem 5.2). On the other
hand, using a non-centered law also allows to escape the initial stationary point for
i.i.d. initializations without having to use large learning rates, but the dynamics become
degenerate as the updates of the entries of the weight matrix in a given layer are
all equal to the same fixed quantity in the infinite-width limit (see Theorem 5.1).
We investigate numerically the performance of those two models and show that the
aforementioned behaviors are detrimental to learning.

The code to reproduce the results of the numerical experiments can be found at:
https://github.com/karl-hajjar/wide-networks.

1.2 Related Work

While the study of infinitely wide neural networks has a long history (Barron, 1993; Neal,
1995, 1996; Kurkova and Sanguineti, 2001; Mhaskar, 2004; Bengio et al., 2006; Bach, 2017),
it is only recently that their training dynamics have been investigated. Two-layer neural
networks with IP enjoy some global convergence properties (Chizat and Bach, 2018) and
favorable guarantees in terms of generalization (Bach, 2017; Chizat and Bach, 2020). Going
beyond two layers, Nguyen and Pham (2020) and Pham and Nguyen (2020) study the infinite-
width limit of IPs and also prove global convergence results for networks with three layers or
more. However, those results hold for standard zero-mean i.i.d. initialization schemes only
for networks with two or three layers (which is consistent with the results of Section 3.1):
for deeper networks they require non-standard (correlated) initializations.

Several other works describe the infinite-width limit of multi-layer IPs: Aradjo et al.
(2019) characterize the infinite-width dynamics via a model of McKean-Vlasov type, for
which they prove existence and uniqueness of solutions, and Sirignano and Spiliopoulos
(2021) prove a global convergence result for three-layer networks. They take the number of
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units in each layer to infinity sequentially and describe the dynamics of the limit as a system
of differential equations over the weights/parameters. On the other hand, Fang et al. (2020)
take the infinite-width limit for all layers at once (as in Aratjo et al., 2019; Nguyen and
Pham, 2020; Pham and Nguyen, 2020) and describe the resulting dynamics as an ODE over
functions of the features (pre-activations) of the network. It is interesting to note that Aratjo
et al. (2019); Sirignano and Spiliopoulos (2021); Pham and Nguyen (2020) all discuss the
difficulties associated with describing the dynamics of the infinite-width of IPs with more
than three layers. As noted in (Araijo et al., 2019), and appropriately addressed by Nguyen
and Pham (2020); Fang et al. (2020); Sirignano and Spiliopoulos (2021), there is a separation
of time scales as soon as there are two hidden layers or more, where the gradients of the
intermediate layers appear to scale as m~2 whereas the gradients of the input and output
layers appear to scale as m™!, requiring separate learning rate values which can make the
analysis of the infinite-width limit more difficult.

In a separate line of work, Yang and Hu (2021) provide with the Tensor Program a
theoretical tool to describe the infinite-width limit of different parameterizations of neural
networks and categorize them between feature learning and kernel-like behavior. However,
IPs with three layers or more are left out of this categorization. Using the same tools, we show
that IPs with more than four layers are indeed trivial at any time step if the initial learning
rates are not appropriately scaled with m under standard zero-mean i.i.d. initializations. This
closes the gap with (Nguyen and Pham, 2020) which proves global convergence results for
IPs with two or three layers initialized using those standard schemes. We also demonstrate
in Section 4 how scaling the initial learning rates appropriately allows to properly train an
IP—inducing a feature learning regime as defined in (Yang and Hu, 2021)—and connect the
resulting model with a version of the maximal update parameterization P (Yang and Hu,
2021) where the initial weights of the intermediate layers are replaced by zero in the first
update.

The setting where non-centered i.i.d. initialization laws are used is covered in (Nguyen
and Pham, 2020), where it is shown that a certain collapse phenomenon occurs, namely that
the updates of the entries of the weight matrix in a given layer are all equal to the same
deterministic quantity in the large-width limit. We obtain a similar result in Section 5.1
using different theoretical tools.

Tensor Program wvs. other formalisms. In contrast to prior literature on IPs, we do
not use the description of the infinite-width limit as a composition of integral transforms.
With the standard (centered i.i.d.) initializations considered in this paper, that description
does not offer much insight about the limit beyond the fact that it starts on a stationary
point. In order to escape this initial stationary point, we propose in this paper to amplify the
random fluctuations around the limit using large initial learning rates. The strength of the
Tensor Program formalism (Yang, 2019, 2020a,b; Yang and Hu, 2021) is precisely that it is
able to describe rigorously the magnitudes of these fluctuations and allows us to analyze the
functions learned with various choices of learning rates. This formalism relies on techniques
initiated in the statistical physics literature (Bayati and Montanari, 2011; Bolthausen, 2014)
that use the Gaussian conditioning technique to describe the behavior of algorithms (such
as message passing) involving random matrices and nonlinearities.

1.3 Organisation of the Paper and Notations

We define and analyze integrable parameterizations in Section 3 and show that they are
trivial for common choices of learning rates. In Section 4, we describe how a specific scaling
of the learning rates allows to escape the initial stationary point, and further investigate the



connection between IPs with large initial learning rates and puP. In Section 5, we present two
alternative modifications of IPs to escape the initial stationary point and discuss the impact
of each on the learning dynamics.

We defer all the rigorous proofs of our theoretical results to the Appendix, so as to
make the core message of our work stand out more clearly, and keep the flow of the results
structured and easy to follow. Among other things, this prevents us from diving too deep
into the Tensor Program formalism and calculations (which can be somewhat tedious and
abstruse) in the main part of our work. Most proofs require heavy inductions on the time
step t, and proving the induction step itself often involves inductions on [ in the forward
pass (from [ = 1 to [ = L) and in the backward pass (from [ = L to [ = 1). Breaking
down all these steps makes for a lengthy Appendix, but the ideas of the proof are relatively
straightforward, only their proper formal writing is tedious.

Throughout the paper, for two integers p, q, we denote by [p] the set {1,...,p} and by
[p, q] the set {p,...,q}. We write u® v for the Hadamard (i.e., element-wise) product of two
vectors u and v. We use Landau notations for comparing two real sequences (u,,) and (v,,):
we write uy, = O(vy,) when there exists a constant C' > 0 such that |u,,|< Cluy,| for large
enough m, and u,, = ©(v,,) when we both have u,, = O(vy,) and u,, = O(v,,). We similarly
use the O (respectively ©) notation for two sequences of real-valued random variables (u,)
and (vp,) when, almost surely, u,, = O(vy,) (respectively umy, = O(vy,)).

2 General Setting

In this section, we introduce the general setting we consider for this work, as well as the
corresponding notations. We also define precisely the notion of parameterization of a neural
network and discuss examples of parameterizations commonly found in the literature.

2.1 Network and Data

Training data. We consider a training dataset {(5 (@), y(i))}i containing n (input, out-

€[n]
put) pairs with €@ e R and 4y e R. We will use €@ or y( when we refer to the i-th
sample in the training dataset, but use & and y; to denote the sample(s) fed to train the
network at time step ¢, that is for the (¢ 4+ 1)-th step of optimization.

Width and depth. Throughout this work, we consider a feed-forward fully connected
neural network, with L hidden layers and a common width m. The total number of layers,
i.e., weight matrices and bias vectors will thus be L+1, and most of our results are concerned
with four or more layers, that is L > 3, and in the limit m — oo. The integer | € [L + 1] will
always be used to index the layers of a network, and we call the intermediate layers of a
network the layers indexed by [ € [2, L] (i.e., excluding input and output layers).

Activation function. We assume that all the neurons in the network share the same
activation function o : R — R. The activation is always taken entry-wise and for any vector
h € R™, we denote by o(h) the vector (o(hyp))pejm) € R™.

Weights and forward pass. We denote by W(t) and B!(t) respectively the weight matrix
and bias vector of layer [ at time step t (i.e., after ¢ steps of SGD), and thus have W(t) €
R™¥4 W) € R™¥™ for | € [2,L] and WEHL(t) € R™. At any time step ¢ we denote by
RL(€) and z(€) the pre-activations and activations respectively coming out of the I-th layer



when feeding input ¢ to the network (with the convention that z(£) = ). That is

hL(g) == Wi(t)zl~1(¢) + BY(b), and  zL(€) := o(hL(€)), for I € [1,L)]. (2.1)

Output. We denote the output of the network by
Fo&) = F(O(t);€) := (WH(#) 2 (€) + BM (1), (22)

where 6(t) denotes the set of all network parameters at time ¢t. We often drop the dependency
of the forward pass on the input ¢ for brevity and simply use hl, 2} instead of hl(¢),zl(¢)
as it should always be clear from the context which input is being fed to the network. Note
that the weights and biases as well as all the (pre-)activations depend on the width m of the
network (through their dimensions) but we omit this dependency for clarity.

Loss. We denote by £ the loss function used to train the network, which is a function from
R? to R. The fit of a prediction 7 is thus measured by £(y,7) where y is the desired output.
In all this work, we make the following assumption on the loss function ¢, which is met by
most common loss functions:

Assumption 1 (Smooth loss w.r.t second argument). The loss ¢ is differentiable with respect
to its second argument and 02£(y, -) is a continuous function for any y € R.

Assumption 1 is essentially here to guarantee that if the sequence (g//\(m))meN* converges
almost surely to some 7(°), then 82¢(y,7"™) also converges almost surely to dal(y, 7).

2.2 Parameterizations of Neural Networks

The fact that the magnitude of the initialization of the weights and of the scale pre-factor
for the weights are key quantities that determine the learning regime achieved by neural
networks—and more generally by differentiable models—was pointed out in (Chizat et al.,
2019). In this paper, we are interested in the behavior of neural networks when their width
m goes to infinity, and we refer to as a parameterization of a neural network the choice of
how (a) the pre-factor of the weights, (b) the variance at initialization and (c) the learning
rates, evolve as a function of m. This concept was called an abc-parameterization by Yang
and Hu (2021), because these dependencies are given by m~%, m~b and m~¢.

As explained by these authors, one of those three choices is actually redundant, and
one can do with only the choice of two among those three scales. We take the point view
considering a parameterization as a choice of scale for the pre-factor of the weights (a) and
a choice of scale for the learning rates (c) while the random weights are always initialized
(b) with standard i.i.d. Gaussians N'(0,1). We make this (arbitrary) choice as typically in
the literature, different models of the infinite-width limit correspond to different choices of
scales for the weights’ pre-factors, e.g., NTK corresponds to a pre-factor in 1/4/m while
“mean-field” models correspond to a choice of pre-factor in 1/m for the weights. We thus
define below ac-parameterizations which are a slight variation of the abc-parameterizations
introduced in (Yang and Hu, 2021).

Definition 2.1. (ac-parameterization). An ac-parameterization of an L-hidden layer fully-
connected neural network is a choice of scalar exponents (aq,...,ar+1), and (¢1,...,¢r41)
such that for any layer [ € [L + 1],

(i) the learnable weights (i.e., those over which we optimize) are initialized with inde-
pendent standard Gaussian random variables wéq(O) ~ N(0,1), i.i.d. over (I, 4,q), i.e.,
w'(0) = U' with (U'),e[1+1) independent random matrices with i.i.d. standard Gaussian
entries,



(ii) the learnable biases are initialized independently of the weights, with bé- (0) ~ N(0,1),
i.i.d. over (,7), i.e., b(0) = v! with (vl)le[LH] independent standard Gaussian random
vectors, independent of U?,

(iii) the effective weights W!(t) used to compute the pre-activations at time ¢ are W'(t) =

m~%w!(t), and the effective biases are B'(t) = m~%0b!(t), so that the pre-activations
are

hl = Wi (t)zl + Bl(t) = m™@ (wl(t)a(hi-l) + bl(t)) . le[l, 1),
and the output is

FO); &) = m™+1 (wh () o (R () + b T(1))

(iv) the (¢ + 1)-th update of learnable weights and biases is given by the update rules

Awl(t +1):= wl(t +1)— wl(t) = —nm= IV il (g, f(O(1); &),
AV (t+1) = b (t+1) = b (1) = —nm ™"Vl (g, F(6(2): &),

where 0(t) = {(w!(t),b (1)), ..., (wETL(t),bET1(t))} is the full set of all network param-
eters, (&, ;) represent the input(s) and target(s) to the network at step ¢ and n € R%.
is the scalar part of the learning rate which does not depend on m and which we call
the base learning rate. We denote by 7; := nm ™% the full learning rate for layer [.

Remark 2.1.

1.

Compared to the definition of (Yang and Hu, 2021), we allow for different values of ¢; at dif-
ferent layers and remove the redundant initialization scale (the b in abc-parameterizations).
Any abc-parameterization with constant ¢ for all layers (as presented in Yang and Hu,
2021) can be recovered (same effective weights and biases at any time step) with an ac-
parameterization with individual learning rates at each layer via the re-parameterization
ap + a;+ by, b+ 0, ¢ :=c— 2b;.

. As we study the infinite-width limit m — oo, we need to consider an infinite number
of random weights at initialization. To this end, we consider for any [ € [2,L], two

infinite lists of i.i.d. standard Gaussian variables, independent of each other: (U Jl )i qeN*

and (vé)peN*, and often simply call, by an abuse of notations, U! = (U!,)1<;j4<m for the

Jq
corresponding matrix at width m and v! = ('Ué')lgjgm the corresponding bias vector at
width m. We proceed similarly at initialization for the input weights U' and the output

vector ULT1,

The (t+41)-th update of the effective weights is given by AW!(t+1) := Wi(t+1)-W'(t) =
—nm~Cata)y 0y, f(0(t);€)), and the update of the effective biases by AB!(t + 1) :=
B'(t+1) = B'(t) = —nm~ Pty b(y,, f(0(1): &)

Examples of ac-parameterizations:

NTK parameterization. For the NTK parametrization (Jacot et al., 2018) the scaling
is a1 = 0 for the input layer, and a; = 1/2 for all the other layers [ € [2, L 4+ 1]. The scaling
of the learning rates is ¢; = 0 for all layers. Neural networks in the NTK parametrization
have been shown to behave as kernel methods in the infinite-width limit (Jacot et al., 2018;
Yang, 2020a) and there is no feature learning in that limit.



uP. To avoid the lazy training phenomenon arising in the NTK parameterization, Yang
and Hu (2021) propose to adjust the scale of the output layer by setting a1 = 1, while
keeping a; = 0 and a; = 1/2 for the intermediate layers [ € [2, L]. The learning rates are
appropriately adjusted: ¢; = —1 for any layer [. With this parameterization, Yang and Hu
(2021) show that feature learning (see Definition B.1 in Appendix B.3 for a precise statement)
occurs at every layer.

Integrable Parameterizations (IPs). The limits investigated in Aratjo et al. (2019);
Sirignano and Spiliopoulos (2021); Pham and Nguyen (2020); Weinan and Wojtowytsch
(2020) are associated to a scale multiplier in 1/m for all layers except the first one. This
corresponds to the choice a; = 0 and a; = 1 for [ € [2,L + 1]. We choose the adjective
“integrable” in reference to the absolute convergence of sums of the form (1/m)}_ x4 for
i.i.d. random variables with finite expectation. Integrable parameterizations really refer to a
class of ac-parameterizations, because various choices for the learning rate exponents ¢; are
admissible.

Naive-IP. In the mean-field literature, integrable parameterizations often come with the
standard learning rates corresponding to ¢; = c¢p4+1 = —1 for the input/output layers and
¢y = —2 for the intermediate layers [ € [2, L], see e.g., (Aratdjo et al., 2019, Remark 3.4), (Fang
et al., 2020, Algorithm 1), (Weinan and Wojtowytsch, 2020, Lemma 5.1), and (Sirignano and
Spiliopoulos, 2021, Equation 4.3). Mean-field models with these learning rates are the natural
counterparts of the infinite-width limits where sums are replaced by integrals, and we call the
integrable parameterization with this specific choice of learning rates the Naive Integrable
Parameterization.

When L =1, pP and the Naive-IP coincide. For deeper networks, in the setting of abc-
parameterizations described in (Yang and Hu, 2021), uP and Naive-IP correspond to the
same parameterization (same values for a and c) except that the weights of the intermediate
layers are initialized with a standard deviation of 1/m for Naive-IP instead of 1/y/m for uP,
that is they are downscaled by 1/y/m compared to puP. In Section 4.2, we show that there
is also a close relationship between puP and IP with large initial learning rates.

We give below an intuitive explanation for the choice ¢; = ¢p41 = —1 and ¢ =
—2 for [ € [2,L] for the scaling of the learning rates in Naive-IP. For | € [2,L], we
have hi = m~ (w!(t)zl~ + b'(2)), so that Vi fi(&) = m™ (Vyfe(&)) (2T, In addition
Vi1 fo(&) = xF/m and V1 £1(&) = (Vi fo(€))(&)T. So for one step of SGD:

AWt + 1)&41 = 102y, F1(€)) (& 1)m™ D (mV 1 (&),

( l—l)T -1

%(mvhl f&), forle[2,I]

(xtL)TxtL-H

m

AW (t + 1)5'3551% =~ (s, fr(&))m~ e

(AWLH(t =+ 1))Tf’3tL+1 = —nhL(y:, ft(&))m_(lﬂl)

(2.3)
In addition, from the equations of backpropagation, we get

wl T 1+1 Je( Qe
(w!(1)) Zf RE)

Vhtht(ft):%wL“(t)Ga’(htL) and Vi fi(&) =

for I € [1,L — 1], so that, by a simple induction, Vi fi(§&) = O(1/m) for I € [1,L]. In
addition, the averaged inner products (xi‘l)T:Uéﬁ /m in Equation (2.3) converge as m — oc.
This point is somewhat technical and is handled within the framework of the Tensor Program.

The choice of ¢; in Naive-IP thus ensures that the updates are O(1) when m goes to infinity.



We conclude this section by giving the definition of a training routine which consists
in the combination of the base learning rate, the sequence of training samples and a loss
function:

Definition 2.2 (Training routine). A training routine is the list consisting of the base
learning rate n > 0, (a;, ¢1)ie[r+1) in the ac-parameterization, the loss £ and the sequence of
training samples (&g, o), - - -, (§é7—1,yr—1) used to train a network for T steps.

3 Deep Networks with Naive Integrable Parameterization are
Trivial

In this section, we point out that, in the wide limit, neural networks in the Naive-IP remain
at their initial value. We then prove that no choice for the learning rates exponents (¢;) le[L41]
which is constant in time can induce non-degenerate learning.

3.1 No learning in Deep Networks with Naive Integrable Parameterization

To start with, we show that the functions learned by networks with more than four layers
in the naive integrable parameterization, as described in prior work (Aratjo et al., 2019;
Rotskoff and Vanden-Eijnden, 2019; Fang et al., 2020; Nguyen and Pham, 2020; Weinan and
Wojtowytsch, 2020; Sirignano and Spiliopoulos, 2021), remain at there value at initialization
in the infinite-width limit: they are identically equal to zero at any time step. Our proof of
this result is based on the Tensor Program framework (Yang, 2020b; Yang and Hu, 2021),
which requires some regularity assumptions on the activation function.

Definition 3.1. (Pseudo-Lipschitz functions). A function 1 : R¥ — R is pseudo-Lipschitz
of degree p > 0 if there exists a constant K > 0, such that, for any z,y € R*,

k k
[¥(z) =P (y)|< Kllz —yll (1 + ) la P+ Z\%\”) -
r=1 r=1

A function is pseudo-Lipschitz, if it is pseudo-Lipschitz of degree p for some p > 0.

In particular, functions with polynomially bounded weak derivatives are pseudo-Lipschitz.
In the next proposition, we require the activation function ¢ and its derivative to be pseudo-
Lipschitz.

Assumption 2 (Smooth activation). The activation function o is differentiable and both o
and its derivative o’ are pseudo-Lipschitz and not identically zero.

Proposition 3.1 (Naive-IP is trivial). Let L > 3 and consider the naive integrable parame-
terization of a network with L-hidden layers, and an activation function satisfying Assump-
tion 2 and o(0) = 0. Then, for any training routine which has a loss satisfying Assumption 1,
the function learned by SGD remains at its value at initialization in the infinite-width limit:

Vt>0, VYEeR? lim f(€) = lim fo(€) =0 almost surely.
m—oQ m—0o0

Remark 3.1.

1. In the above statement, “almost surely” is relative to the randomness of the initialization.



2. The smoothness Assumption 2 on ¢ is met by common activation functions such as
GeLU (Hendrycks and Gimpel, 2016), ELU (Clevert et al., 2016), tanh and the sig-
moid activations, but it excludes ReLLU and all the other variants of Leaky ReLLU. This
assumption is required to apply (Yang and Hu, 2021, Theorem 7.4) (which we recall in Ap-
pendix B.2) which is the main theoretical result of the Tensor Program series (Yang, 2019,
2020a,b; Yang and Hu, 2021), but the result is likely to hold with weaker assumptions, as
observed numerically in Section 6, and we leave this for future work.

3. The assumption o(0) = 0 is met by the activation functions mentioned above (except the
sigmoid) and is necessary to prove that the network does not move at any layer. Without
this assumption, learning is degenerate but not trivial at all layers. It is trivial at step
t =1 at all layers except the last two: the coordinates of hlL and f1(§) converge, with m,
to quantities which are not 0 but which are independent of the input £ to the network,
similarly to the effect described in Section 5.2.

The proof of Proposition 3.1, presented in Appendix D, proceeds by induction over t to show
that the forward and backward passes vanish at any time step. For any time ¢, we proceed
again by induction over [ (from [ =1 to [ = L + 1 for the forward pass and from | = L + 1
to I = 1 for the backward pass) to prove this vanishing occurs given the magnitudes of
the previous forward and backward passes. The informal idea of the proof is the following:
essentially, the multiplications of the activation vectors by m~'/2U! yield vectors whose
coordinates are distributed as a Gaussian with finite variance as m — oo for [ > 2 (see
Appendix B.1.1 for more details). At initialization, since w'(0) = m~1U" for [ > 2 for IPs,
the coordinates of hly converge towards 0 as fast as m~/2 and that of z towards o(0) for
o continuous at 0. For the same reasons, fo(§p) converges to 0. In the first backward pass,
multiplications by (W!(0))" also yield vectors whose coordinates are in O(m~'/2). In contrast
to the forward pass, these scales propagate from [ = L to [ = 1 and thus compound with
depth, and since the last layer’s gradient l’(l)’ /m is in O(m™1), all the gradients’ coordinates
vanish as m — oo and there is no learning. This reasoning can be repeated at later time
steps as there are no correlations between the initial weight matrices and the vectors they
multiply because of the degeneracy of the (pre)-activations (their coordinates become equal
to the constant o(0) as m — o0). Those informal calculations are made rigorous by the
Tensor Program.

Proposition 3.1 shows that the parameters of neural networks in the integrable parame-
terization are stuck in a stationary point of the objective function in the infinite-width limit,
and no learning occurs. It might appear obvious that using larger learning rates to correct
the scale with m of the weight updates can avoid this pitfall, but as discussed in the following
Section 3.2—where we study which choices of learning rates can lead to stable learning with
homogeneous activation functions—the issue is more subtle.

3.2 No stable learning with learning rates constant over time

As m grows, to compensate the vanishing gradients in the first SGD step, one can use
larger learning rates than in the Naive-IP. Yet, as explained below, exponents (¢;);[r+1) for
the learning rates which allow to escape the stationary point at initialization will induce
an explosion of the pre-activations, if the same values of the exponents are used in the
subsequent gradient steps. Indeed, the next informal statement of Theorem 3.2 shows that,
with IPs, one cannot have non-trivial and stable learning with learning rate scales ¢; constant
in time.

Theorem 3.1 (Informal). Consider an L-hidden layer fully-connected neural network with
L > 3 in the integrable parameterization. Assume that the contributions of the first and
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second updates AWH(1)zL™! and AWH(2)zb™! are non-vanishing and non-exploding with m
at every layer . Then, the learning rates scales ¢; cannot have the same value at t =0 and
t=1.

In a nutshell, one needs large learning rates to escape the initial stationary point, but keeping
those initial values at later time steps would make the pre-activations blow-up as m — oo.
The formal version of the previous Theorem 3.1 is given in Theorem 3.2 below. For this
formal statement, we introduce some definitions and assumptions.

Assumption 3 (Smooth non-negative homogeneous activation). The activation function
o is non-negative, not identically zero and it is positively p-homogeneous with p > 2, i.e.,
o(Az) = No(z) for any A > 0 and z € R. Additionally, o has faster growth on the positive
part of the real line: 3z > 0 s.t. o(2) > o(—2).

Remark 3.2.

1. While the homogeneity assumption is core to the calculation of scales with integrable
parameterization, the fact that p > 2, and that o is non-negative and has faster growth
on the positive part of the real line are simply here to avoid cumbersome technical
difficulties in the proofs. It is clear that ReL.LU? satisfies Assumption 3 for any p > 2.

2. With the assumption that p > 2, o also satisfies Assumption 2, so that the rules of the
Tensor Program can be applied.

Definition 3.2 (Scales of first updates with homogeneity). Let p > 0. We define the
following exponents:

L—1
1 k
n(p) =141(p) = =5 (1 +>p > )
k=0
L—1

1 k
and VZ(p):—1—2kZ_0p, for [ € [2, L].

Theorem 3.2 (Formal version). Consider an L-hidden layer fully-connected neural network
with L > 3 in the integrable parameterization, and with no bias terms, except for the first
layer. Assume that the activation function o satisfies Assumption 3, the loss £ satisfies
Assumption 1 and that limg, o0 32€(yo, fo(0)) # 0, and limy, o0 024(y1, f1(£1)) # O almost
surely. Assume further that &, &1,& € RY are all distinct vectors such that && # 0 and
& & # 0. Finally assume that:

LAawla T P= o), 1e1,L] 3.1)

(AWEH (1) Tz} = ©(1) '
and

AW 2)zyP=0(1), e[l L] (3.2)

(AWEH(2)) e = (1) '

Then, one necessarily has that:
(1) att =0, ¢ = v(p) for any l € [1,L + 1] (see Definition 3.2),

(i) att=1,c1 =cr41=—1, and g = =2 forl € [2,L].
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Let us comment briefly on the hypotheses of Theorem 3.2. The proof of Theorem 3.2
relies on an analysis of the SGD steps involving both (Yang and Hu, 2021, Theorem 7.4) and
the homogeneity property of the activation function. The requirement that p > 2 allows to
satisfy the smoothness assumption of (Yang and Hu, 2021, Theorem 7.4) and the removal of
the bias terms allows to fully exploit homogeneity. In Section 6, we numerically check that
the result still holds with ¢ = ReLLU, which is p = 1 homogeneous. The corresponding scales
for the learning rates in the ReLU case are v1(1) = —(L +1)/2, v(1) = —(L + 2)/2 and
vr+1(1) = —=(L +1)/2.

We give below an informal explanation for the values of the learning rates appearing in
Theorem 3.2 in the case of a positively 1-homogeneous activation function. As previously
mentioned in Section 3.1, each multiplication by W!(0) = m~'U! or its transpose yields a
~1/2 for | > 2. Because of the homogeneity property, this scale propagates from
layer to layer starting from layer 2, and the coordinates of hé and acf) are thus in @(m*(lfl)/ 2)
for I € [1, L]. For the backward pass, the first gradient V,z fo(&) = U**!/m has coordinates
in ©(m™!), and, as already discussed in Section 3.1, from [ = L to | = 2, each multiplication
by (W!(0))" yields an additional factor in m~/? and those compound with depth so that
the coordinates of Vi fo(&) are in ©(m~tm~(=D/2) Therefore, calling il = m(l_l)/zxé,
and dhly ;= m+(E=0/2v,, fo(&), we have after the first weight update

factor in m

AW (1)&1 = —n02l(yo, f1(0)) (&oTé)m ™ m ™~ EHD2dng,
(.i'l_l)Txl_l B
AW (V)™ = —ndal(yo, fo(€o))m ™ Tm™m~ L0220 2 ZL_dhiy, 1€ [2, L],

L+1 T L _ —cr, =1, —(L—1)/2 (55)%%
(AWETH(1)) 2y = —nd2L(yo, fo(§o))m™ " m™ m o
Since d% and 5:6 have coordinates in ©(1) by design, and since averaged inner products of

the type (:E(lfl)T:zlfl /m converge to finite expectations (by the rules of the Tensor Program,
see Yang and Hu, 2021, Theorem 7.4), we see that the choice ¢; = —(L+1)/2, ¢; = —(L+2)/2

for I € [2,L], and cp4+1 = —(L + 1)/2 is the only way to ensure that the updates induce
contributions which have coordinates in ©(1) at ¢t = 1. Given this choice for the learning
rate scales ¢y, ...,cr41 at t = 0, we readily get that the coordinates of hll and xll are in ©(1)

because the contributions W(0)z~! have coordinates in O(m~'/2) for intermediate layers,
and in O(1) for the input and output layers. From the Equations (2.3) with ¢ = 1, we see that
for the second gradient step, mV,: f1(£1) has coordinates in ©(1) because the multiplications
by (W(1))" do not yield a factor in m~/2 due to the scale correction introduced in the first
update. At ¢t = 1, this leads to the choice ¢; = ¢ 41 = —1, and ¢; = =2 for [ € [2, L], in order
to have update contributions with coordinates in ©(1) at ¢ = 2. These informal calculations
are made rigorous in the proof of Theorem 3.2 using the Tensor Program (Yang, 2020b).

4 Large Initial Learning Rates Induce Learning

In this section, we show that with positively homogeneous activation functions, using large
initial learning rates (polynomial in m) allows the network to escape from the initial station-
ary point and to initiate a non-trivial training phase in the infinite-width limit. Because we
use the homogeneity property extensively for our results, in all this section, as in Section 3.2,
we consider a version of integrable parameterizations where the bias terms are removed
except for the first layer.

As observed in Section 3.2, beyond the fact that IPs require large learning rates (for the
first gradient step) to be trained, one crucial characteristic of IPs is that no choice of learning
rate scales (¢;) which are constant in time can induce a favorable learning behavior: one has
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to first use large learning rates to escape the stationary point at initialization (¢ = 0) and
then revert to the Naive-IP learning rates for t > 1 to induce stable learning.

Definition 4.1 (IP with large initial learning rates). Let o be a positively p-homogeneous
activation function with p > 0. We define the integrable parameterization with large ini-
tial learning rates (IP-LLR) as the integrable parameterization of an L-hidden layer fully
connected-network with activation o such that:

(i) At t=0: ¢, = y(p), for I € [1, L + 1];

(i) At t>1: ¢y =cpp1 = —1 and ¢ = =2, for [ € [2, L],
where the values of the 7;(p) are given in Definition 3.2.
Remark 4.1.

1. The definition means that Aw!(1) = —ngm =@V 1 0(yo, fo(&o)) for the first weight
update after the forward-backward pass at time ¢t = 0, and for ¢ > 1, the (¢ + 1)-th
weight update is Aw!(t + 1) = —ym =2V 1 l(ys, f1(&)) for I € [2, L], and Aw'(t + 1) =
—nm IV 1 l(ye, f1(&)), AwE Tt + 1) = —gpm ™IV o1 l(yt, f1(&)) after the forward-
backward pass at time t.

2. We give the definition with an arbitrary degree of homogeneity p (the values of the ~;(p)
are given in Definition 3.2) as for some theorems where we use the Tensor Program for
the proof, we need sufficient smoothness of the activation function, which is achieved
only when p > 2, but we always use ¢ = ReLU (which corresponds to p = 1) in
our informal derivations and numerical experiments. Note that since the values of
C1y...,cr+1 at t = 0 depend on p, the definition of an IP-LLR parameterization also
implicitly depends on the degree of homogeneity p.

3. Since a; = 0 for IPs, we leverage the homogeneity property only for layers [ € [2, L]
(see Appendix F.2 for more details), so that we might as well assume L > 2 whenever
we study IP-LLR.

4.1 Non-trivial and Stable Learning for Integrable Parameterizations

Theorem 4.1 (Non-trivial and non-exploding learning of IP-LLR). Consider the IP-LLR
parameterization of an L-hidden layer neural network with no bias terms, except for the
first layer, and with an activation function o satisfying Assumption 8 and a loss function £
satisfying Assumption 1. Let & € R be an input to the network, and assume dal(yo,0) # 0.
Then, one has:

(i) (&) 720,

m— 00

(i) F1€) == f1(6), 0 < |fi(®)]< oo as.

(ii1) fo(6) =22 fo(€),  |fa(€)]< o0 aus.

m—r0o0

Remark 4.2.

1. We show in our numerical experiments (see Section 6) that with o = ReLU (i.e., p = 1),
the choice of learning rates for IP-LLR is indeed able to induce learning for networks
deeper than four layers without creating instabilities.
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2. A similar result could be obtained with more general assumptions on the activation func-
tion o, namely that o is twice differentiable almost everywhere and that o(0) = 0 and
0’(0) # 0 (which is the case for many activation functions such as GeLU, ELU, tanh),
but at the cost of a more technical proof. The idea in this case is that because of the
scaling in 1/m which makes the forward pass vanish at initialization, one can recover the
homogeneity property by linearizing o around 0: o(h) ~ ¢’(0)h. This linearization also
provides the right value |0/(0)|~! for the standard deviation of the initial Gaussians in
order to avoid vanishing or explosion at initialization with the depth L. See more details
in Remark F.3.

3. For positively p-homogeneous activations with p > 2, we have ¢/(0) = 0 and the behavior
of the network is inherently different from that of a network where the first forward pass
can effectively be linearized (the setting described in the previous point). This difference
appears clearly in the numerical experiments presented in Section 6 where we also discuss
the reasons for such a qualitatively different behavior.

4. In IP-LLR, the initial gradient direction will be determined by the first sample (o, y0)
fed to the network. To avoid giving too much importance to a single sample, one can in
practice average the gradients over a batch of many training samples instead, which is
what we do in our numerical experiments in Section 6.

The idea of the proof essentially lies in the informal calculations of Section 3.2 which are
made rigorous using the framework of the Tensor Program. Point (i7) stems from the fact
that at ¢ = 1, the output is the difference between two expectations in the limit m — oo,
which can both be shown to be different from 0 and of opposite signs.

4.2 TIP-LLR is a Modified P

In this section, we analyze the behavior of IP-LLR more in detail and show that this model
is actually equivalent to a modification of uP where the initial weights are removed from
the first weight update for all of the intermediate layers. We first show an equivalence
at finite-width in Section 4.2.1 with mild assumptions, and then extend those results to
the infinite-width limit in Section 4.2.2 with slightly more restrictive assumptions on the
activation function o. Since we study the IP-LLR parameterization, we consider positively
p-homogeneous activation functions, and only the degree of homogeneity allowed will vary
between Sections 4.2.1 and 4.2.2. In short, the main idea behind this equivalence is that
since IP-LLR and puP are both designed to have maximal update contributions at ¢ = 0,
they will induce the same update at initialization, and the only difference at later time steps
is that the initial weights of IP-LLR contribute vanishingly to the pre-activations whereas
those of uP contribute in ©(1).

4.2.1 Finite-Width Equivalence

As explained in Section 2.2 in the examples of ac-parameterizations, from the point of view
of abc-parameterizations (see Yang and Hu, 2021), both uP and Naive-IP follow the same
training procedure for the effective weights W', the only difference being the standard de-
viation at initialization which is downscaled by 1/y/m for Naive-IP compared to pP. In
this regard, since IP-LLR is a modification of Naive-IP where large learning rates are used
at initialization, it comes as no surprise that the learning dynamics of IP-LLR and pP are
closely related. We detail this relationship in this section.

Recall that for puP one has WI}P(O) = U, WZLP(O) = m~Y2U! for | € [2,L], and
WHL; 1(0) = m~'UL*! whereas for any integrable parameterization, one has Wyp(0) = U?,
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Wi (0) = m~tU! for | € [2,L + 1]. Consider the following hybrid parameterization (HP)
which consists in training with the maximal update parameterization uP all along, but sim-
ply replacing, for all intermediate layers | € [2, L], the first update W'(1) = W'(0) + AW(1)
by Wi(1) = m~'U' + AW'(1). In other words, this simply consists in using the weight
pre-factors of uP for the intermediate layers in the initial forward and backward passes, and
then using the pre-factors from IP for the initial weights of the intermediate layers in any
subsequent update.

Proposition 4.1 (Finite width equivalence between IP-LLR and HP). Consider the IP-
LLR and HP parameterizations with a p-homogeneous activation function ¢ with p > 1
and without any bias term except at the first layer. Let us sub/super-script the variables
of each model with IP and HP respectively. Assume the full sequence of training samples
(€0,90)s- -+, (&s,Ys), ... and the loss ¢ are the same for both parameterizations. Assume
further that d2l(yo, fHF(&)) # 0, and denote by 7 the base learning rate of the IP-LLR
parameterization. Finally consider the following schedule for the base learning rate of HP:

_ 9l (yo, f1¥ (&0)) .
Dl (yo, fHP (&))"

nup(s) = n, s> 1.

nup(0)

Then one has:
vi>1, VEeR?,  fF(©) = fF(9).

The proof, presented in Appendix J.1, simply shows inductively that the effective weight
matrices for both models are equal for all ¢ > 1. Since the Tensor Program is not needed
here as we consider only finite-width networks, we can work with any positively homogeneous
activation function (not necessarily smooth, so that p = 1 is not precluded).

4.2.2 Infinite-Width Equivalence

Similarly to HP, we now consider another hybrid parameterization where the initial weights
W(0) are simply replaced by 0 in the first update of the intermediate layers. We thus
consider the following hybrid parameterization with zero re-initialization (HPZ): we train
with P all along, but simply replace, for all intermediate layers [ € [2, L], the first update
Wh(1) = WH0) + AW (1) by W(1) = AW(1). In other words, this simply consists in using
the weight pre-factors of uP for the intermediate layers in the initial forward and backward
passes, and then forgetting the contribution of the initial weights of the intermediate layers
in any subsequent update. As already discussed in Section 3.1, the contribution of the initial
weights of the intermediate layers m~'U! vanishes as m — oo for IP, so that HPZ is simply
the infinite-width equivalent of HP.

Theorem 4.2 (HPZ and IP-LLR are equivalent). Consider the IP-LLR and HPZ parame-
terizations with a p-homogeneous activation function o with p > 2, and with no bias terms
except at the first layer. Let us sub/super-script the variables of each models with IP and
HPZ respectively. Assume that the training routine is the same for both parameterizations,
and assume further that the loss ¢ satisfies Assumption 1. Then, one has:

vt >0, VeEeRY lim fHPZ(€) = lim fIP€)  almost surely.

The proof, presented in Appendix J.2, proceeds by induction to show that the quantities
appearing in the forward and backward passes at every layer are the same for both models
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at every time step in the infinite-width limit. We use the Tensor Program framework for
this proof so we need smoothness of o (p > 2) for this result.

In essence, Theorem 4.2 shows that the IP-LLR parameterization is equivalent to uP where
we simply forget the initialization after the first forward and backward passes. Said dif-
ferently, IP-LLR is the same as uP, except that IP-LLR re-initializes the weights of the
intermediate layers | € [2,L] at t = 1 with W!(1) = AW/(1), i.e., with the first update
computed after the first forward-backward pass. It is not entirely clear whether forgetting
the initial weights in one step is beneficial or detrimental to learning. On the one hand, it
would seem like forgetting the random initialization could make the network learn faster and
be more robust to perturbations (but this is only speculative at this point, and we leave this
open for future work), on the other hand the large rank of the initial weight matrices with
i.i.d. Gaussian entries might increase the stability of the training dynamics. In other words,
while the randomness from initialization propagates to every layer at every times step for
uP, it is forgotten in one step of SGD for IP-LLR in the infinite-width limit. We explore
the comparative performance of uP and IP-LLR in Section 6 but there appears to be no
clear-cut indication towards one model or the other.

Another interesting difference between IP-LLR and uP is that for any intermediate layer
l € [2,L], while (le-q(t) - W]l-q(O))/W]l-q(O) — O(m~1/?) for uP, so that the effective weights
only move infinitesimally (in the infinite-width limit) relatively to their initial values, we
have (W]l-q(t) - W}q(O))/W;q(O) = O(1) for IP-LLR so that the effective weights actually
move in the infinite-width limit (see more details in Remark F.6).

5 Alternative Methods for Escaping the Initial Stationary
Point

As discussed in Section 4, using large initial learning rates in combination with a positively
homogeneous activation function allows escaping the initial stationary point and induces
stable learning. In this section, we introduce two alternatives to escape this initial station-
ary point and discuss the properties of the resulting models. In contrast to the setting of
Section 4, in all this section, we consider IPs with bias terms at every layer.

A first alternative to escape the initial stationary point, which we discuss in Section 5.1,
is to simply initialize the weight matrices with i.i.d. Gaussian distributions which are not-
centered around 0, as suggested by Nguyen and Pham (2020). This method is able to escape
the stationary point without large initial learning rates and without any homogeneity as-
sumption on the activation function. It turns out that the computations in that setting
are well described within the Tensor Program framework and we show that, as highlighted
in (Nguyen and Pham, 2020, Corollary 37), a collapse phenomenon occurs, where all the indi-
vidual entries in the weight matrix of an intermediate layer evolve by the same deterministic
quantity in the infinite-width limit.

Another alternative is to remove the pre-factor m™! in front of the bias terms of layers
[ > 2. Indeed, as observed in Section 3.1, the vanishing of the forward pass and the weight
updates in integrable parameterizations is mostly due to the multiplications by the weight
matrices m~'U! which results in pre-activations whose coordinates are ©(m~/2) for | €
[2,L]. Since the bias terms are decoupled from the input to the layer, re-scaling them
appropriately avoids vanishing of the forward pass for IPs. Escaping the initial stationary
point can then be achieved without any homogeneity assumption on the activation function
o. However, one issue which arises then is that the bias terms have the dominant contribution
to the pre-activations, and since the input signal propagates through the network via the
weight multiplications, the output of the trained network is only “weakly” dependent on its
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input and the training data. Let us now study in more details these two alternatives.

5.1 Using Non-Centered i.i.d. Initialization

In this section, we consider the following modified version of IPs which we call IP-non-
centered : the forward pass is computed exactly as in IPs but the weight matrices of layers
[ > 2 are initialized with wé-q(O) = Ujl-q +u; ~ N(u,1) iid. over (j,q) with u; # 0. This
simply consists in setting w!(0) = U' +w,;J for [ € [2, L] and w*+1(0) = UL +up 11 where
J is the square matrix full of ones (whose variable size is the same as U? and thus equal
to m) and 1 is the vector (of variable size equal to m) full of ones. As we will see shortly,
the effect of this type of initialization is similar to removing the pre-factor in m™! on the
bias terms in that the vanishing of the matrix multiplications m~1U in_l is offset by the
appearance of an additional term in the expression of hff whose coordinates are all equal and
depend on the input data.

5.1.1 First forward Pass

As for any IP, h} is a Gaussian vector with i.i.d. coordinates following N(0, ||¢][?+1) at any
width, and for the second layer we have

hg =m Uz + v*) + uom™ ' Jxy.

The coordinates of m~1Jz} are all equal to (1/m) D gt a(haq), which converges almost
surely, by the law of large numbers, towards E[o(Z;)] where Z; ~ N(0, ||¢||>4+1). When o =
ReLU this expectation is tractable as shown in Appendix M and equal to /(||£||?+1)/(27).
On the other hand, the coordinates of m~1(U?x{ + v?) simply converge to 0. The term
ugm~1Jz} thus offsets the vanishing of the term m~1(U2x} + v?). In the infinite-width
limit, we thus have that w(%,j ~ o(ugE[o(Z1)]) for any j € [1,m]. We thus already see
that the coordinates of h% all converge almost surely to the same deterministic constant
Cy = ugE[o(Z1)] and the coordinates of 3 towards o(Cy).

Degeneracy in intermediate layers. An easy induction gives that for any [ € [2, L], for
any coordinate 7, and for large m

hf)’j ~ wo (u_10 (...0 (wk[o (Z1)]))) =: C, (5.1)
x%),j ~ o (wo (ui—10(...0 (weE[o (Z1)])))) = a(C)),

so that the coordinates of the (pre-)activations of any intermediate layer are all equal to
the same deterministic constant for large m. Finally, the output of the first forward pass is
fo(&) = m Y (UL 2 +vE ) fup 1 (1/m) PR x&q and converges almost surely towards
the constant up410 (uro (...o0 (ueE [0 (Z1)]))) (this is made rigorous within the framework
of the Tensor Program).

If 0 = ReLU we see that to avoid vanishing of the first forward pass, one must set
u, > 0 for | € [2,L], and we then get that the coordinates of hl are roughly all equal to
wug—1 . .. u2r/(|[€]]?41)/(27). This suggests that to avoid vanishing or explosion with the
depth L, one should set w; =1 for [ € [2, L].

5.1.2 First Backward Pass

We show here that the same degeneracy as in the first forward pass is also at play in the
first backward pass. We have V. fo(&) = WETLH0) = m~ Y (U + up411), so that the
coordinates of mV . fo(§o) are not deterministic in the infinite-width limit and simply follow

17



N (up+1,1) iid. We have mV . fo(&) = mV e fo(€0) ® 0’ (hE) and as shown in Section 5.1.1
the coordinates of hé are roughly all equal to the same constant for large m, so that the
coordinates of mV,z fo(§o) are in ©(1).

Degeneracy for layers [ € [1,L — 1]. Using the equations of backpropagation, we have
mV i1 fo(€o) = m™H (UH) (Ve fo(&0)) +urm™ I (mV e fo(&o))-

The multiplication by m =1 (U )T yield a vector whose coordinates converge to 0, and the coor-
dinates of m~1J(mV . fo(£o)) are all equal to (1/m) > ge1 dﬁ&q where dhl := mV . fo(&) =
mV .z fo(é) ® o’ (hE). We thus have that (1/m) > gt dﬁoqu converges almost surely to the
constant uy110'(Cr), where Cp is defined in Equation (5.1). Because mV -1 fo(&) =
mV -1 fo(€0) ©@ 0’ (h5™1), we get that the coordinates of mV,1 fo(&) are roughly all equal
to the constant up1upo’(Cp)o’(Cp_1) for large m. An easy induction then yields that for
any [ € [1, L — 1], and for any coordinate j

i ; ~ upiy .. w10’ (Cr) ..o’ (Ciyn),

d%,j ~upiy...uq10(Cp)...0'(C)),

as m — oo, where dib := mV,fo(&), dhl = mV,ifo(&), and C; is defined in Equa-
tion (5.1). Note that all the C; depend on &, through Z; ~ N(0,||][*+1), and the coordi-
nates of mV 1 fo(§o) are in O(1) for all [ € [1,L]. Again, the products of u; which appear
in the backward pass strongly suggest setting u; = 1 for any [ € [2, L] to avoid issues with
increasing depth L.

5.1.3 First parameter updates

Now that we have described the first forward and backward passes, we can give the formulas
for the first weight updates of IP-non-centered. We have:

AW(1) = —nm~ D0 (yo, fo(€0)) (Vi1 fo(&))E]
ABY(1) = —pm~ )0 (yo, fo(£0)) (MY 11 fo(€0))

[—1\T
AWH(1) = —pm~FE0aae(y, o)) TN ) e g
AB'(1) = =m0 056(yo, fo(&0))(mV i fo(&o)) le[2,1]
AW (1) = —pm = (e 9y0(yo, fo(fo))ié

ABF(1) = —pm~CFer+1) gy (yo, fo(&o))-

Choice of learning rates and update contributions. To ensure non-vanishing and
non-exploding updates for both the weights and the bias terms, one must choose different
learning rate exponents ¢; for the weights and for the bias terms for layers [ > 2. To make
things simpler, we simply choose ¢; = —2 for | € [2, L] and ¢; = ¢1 41 = —1 (which are the
learning rates of Naive-IP) for both the weights and the bias terms, which implies that the
updates of the bias terms contribute vanishingly to the second forward pass as m — oo for
layers [ € [2, L + 1], but this is offset by the non-centered initialization.
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Degeneracy of the weight updates. With the choice of learning rate exponents of the
Naive-IP, all the entries of Aw'(1) are equal to the same deterministic constant for large m
for I € [3, L — 1]. In other words, for those layers [ € [3, L — 1], there is a collapse to a single
parameter per layer (since the contribution of the centered initialization vanishes for large m)
which evolves by a deterministic quantity. We recover a result proved by Nguyen and Pham
(2020) (see Nguyen and Pham, 2020, Corollary 37). In Section 3.1 and Proposition 3.1, we
have additionally shown that this translation is 0 when the i.i.d. initialization is centered
around 0. In fact, a slightly more precise statement can be made: although the coordinates
of Aw?(1) dot not become equal to deterministic constants for large m, the coordinates
of AW?(1)z} all become equal to the same deterministic constant in the large-width limit
because the term (z)"x1/m converges to a finite expectation.

5.1.4 Collapse to Deterministic Dynamics

Repeating the same calculations as in Sections 5.1.1 and 5.1.2 shows that the choice of
learning rate exponents as in Naive-IP (see Section 2.2), i.e., ¢; = cr41 = —1, and ¢; = —2
for [ € [2, L] leads to non-vanishing and non-exploding updates for the weights at any time
step for IP-non-centered, and deterministic dynamics as summarized in the following informal
theorem:

Theorem 5.1 (Informal). Consider IP-non-centered with the Naive-IP learning rates at
every time step, and let t > 0 and & € R? be an input to the network. Then, one has that:

(i) for any 1 € [2,L — 1], the coordinates of hl (resp. xl) all converge to the same deter-
manistic constant,

(i) for anyl € [2,L —1], the coordinates of mV . fi(&) (resp. mV 1 fi(&)) all converge to
the same deterministic constant,

(i4i) for any | € [3,L — 1], the entries of (W!(t) — W'(0)) all converge to the same deter-
ministic constant.

The rigorous version of this theorem, and its proof, formalized within the framework of
the Tensor Program, are presented in Appendix K.2.

5.2 Not Scaling the Bias Terms

In this section, we consider a version of IPs where we remove the pre-factor 1/m for the bias
terms of layers [ > 2. We thus consider the following computations in the forward pass:

hi = w' ()€ +b'(1),
ph= (m7lwl (02l + 8, L€ (21 (5.2)

f(&) = (m™ @ (1) af ) + 057 (0),
which in other terms simply means that B'(t) = b!(t) for [ € [1,L + 1]. We use the same
initialization for the bias terms as in IPs: '(0) = v! for [ € [1,L + 1], where the entries
1

of v! are i.i.d. following N'(0,1). We call IP-bias the modified version of the integrable
parameterization described by Equations (5.2).
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Gaussian first forward pass. For the first forward pass we have that the pre-activation of
the first layer h(l) is the same as in [Ps at initialization and thus has i.i.d. Gaussian coordinates.
On the other hand, h} ~ b'(0) = v' ~ N(0,1) as m — oo, so that the coordinates of the pre-
activations of all the intermediate layers now behave as standard Gaussians in the large-width
limit. Note that in contrast to IP-non-centered, the coordinates of hé do not depend on
the input data for [ > 2 in the large-width limit. Similarly, we have fo(&) ~ v+t ~ N(0,1)
(which does not depend on the input £) as m — oo.

First parameter updates. The first backward pass still vanishes as in integrable pa-
rameterizations because of the multiplications by (W!(0))T = m~1/2(m~Y2U"). Indeed, we
have VL fo(¢) = WETL(0) = m~ U and V. fo(&) = m™1ULT! © o/ (R)), so that the
coordinates of V. fo(¢) and V. fo(€) are in ©(m~1). For | € [I,L — 1], we have that
mV i fo(&) = m™V2 (m~V2(UHT) (V11 fo(€)), and an easy induction shows that the
coordinates of Vi fo(&) and V. fo(€) are in ©(m~'m~(E=0/2) for any [ € [1, L]. Note that
as in the forward pass, the backward pass at ¢ = 0 also does not depend on the first training
input input &y except for V1 fo(&o). We get the following formulas for the first weight and
bias updates at t = 0:

AW (1) = =m0l (yo, fo(£0)) (V1 fo(£0))ES.
AB(1) = —nm~92L(yo, fo(£0)) Vi fo(&o),

-1
1) = g G0y, folgo) "N ey,

= —nm”*02L(yo, fo(&0)) Vi fo(&0)), Lel2,L],

Initial learning rates. Because the backward pass vanishes in the infinite-width limit,
the learning rate exponents ¢; still need to be chosen carefully in order to escape the initial
stationary point. However, the two following points stand out: (1) because the first forward
pass does not vanish as in the Naive-IP, the choice of ¢; does not require any homogeneity
property, and needs not be as large (in absolute value) as for IP-LLR (see the values in
the case p = 1 in the comment after Theorem 3.2); (2) Because we removed the pre-factor
m~! from the bias terms, AW'(1) and AB!(1) do not have compatible magnitudes, which
suggests setting a separate learning rate exponent ¢; for the bias terms, different from ¢; for
layers | € [2, L + 1], in order to have non-trivial updates for both the weights and the bias
terms. In light of the previous comment and of the update formulas of Equations (5.3), we
set, at t = 0, the learning rate exponents for the weights to

6= —1—(L—1)/2=—(L+1)/2,
= —2—(L—1)/2=—(L—1+4)/2, (5.4)
cr+1 = —1,

and for the bias terms to
ee=c=—(L+1)/2,

a=—(L—1+2)/2, (5.5)
€EL+1 = 0.

One may compare the learning rates exponents for the weights with those of IP-LLR with
a degree of homogeneity p = 1, which are ¢; = ¢r41 = —(L+1)/2, and ¢ = —(L + 2)/2,
where the absolute value of the exponent does not decrease with the layer [ for intermediate
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layers. Even when the learning rates are appropriately scaled as in Equations (5.4) and (5.5),
AW'(1) does not depend on the first training input for [ € [2, L+1]. We thus get the following
informal theorem, whose formal version within the framework of the Tensor Program is given
in Appendix K.1.

Theorem 5.2 (Informal). Consider the IP-bias as in Equations (5.2), with the initial learn-
ing rates as in Equations (5.4) and (5.5). Then, for any input & € R? to the network,
RL(E),xL(€) for 1 > 2, and fo(€) do not depend on & in the limit m — oo. In addition,
AW(1) also does not depend on the first training input & in the infinite-width limit m — oo
forle[3,L+1].

Learning rates at step ¢t > 1. Repeating the calculations of the forward pass with the
updates of Equation (5.3) and with the learning rates for the weights and bias terms as
described in Equations (5.4) and (5.5), we readily get that the coordinates of the second
forward pass are in ©(1). Then, it is direct to see that the choice of the Naive-IP learning
rate exponents ¢; = ¢p+1 = —1, and ¢ = =2 for | € [2, L] for the weights and ¢, = —1 for
[ € [1,L] and €141 = 0 for the bias terms yields non-vanishing and non-exploding updates
for the weights and the bias terms at ¢ = 1.

Degeneracy at time t > 1. It follows that the same choice of learning rate exponents
as at t = 1 also induce non-vanishing and non-exploding updates in the limit m — oo at
later time steps t > 1. With this choice of learning rates we thus get, for any ¢ > 1, and for
lel2,L],

t—1
Bl ~ ol + Z AW (s)zl L,

s=1

With the choice of learning rates prescribed above for ¢ > 1, the products AWl(s)acff1
are finite and their numerical value strongly depends on the values of n and 024(ys, fs(&s))-
Typically, their product is rather small (e.g., < 1072), and this means that the initial bias
term o' has the dominant contribution to hi. Therefore, in addition to Theorem 5.2, it can
be also be argued that the forward pass in the intermediate layers only weakly depends on
the training data and on the input to the network at time steps ¢.

6 Numerical Experiments

In this section we investigate numerically the behavior of the models previously introduced
in this work, namely Naive-IP, IP-LLR, IP-bias, IP-non-centered and pP. In contrast to
the theoretical analysis carried out in Sections 3, 4, and 5, we examine the performance of
the models on a multi-class classification task (instead of a single output prediction) and we
train them using mini-batch SGD (instead of single-sample SGD). In addition to these two
points, we adopt the following slight modifications compared to our theoretical setting.

Standard deviation of initial weights. In our numerical experiments, we allow the
initial Gaussian weight matrices U' and vectors v' to have entries drawn from N(0, 512) where
9; can be different from 1 for [ € [1, L], but is independent of m. As hinted in Remark 4.2
and explained more in detail in Remarks F.2 and F.3, this is to avoid issues (vanishing or
explosion of the forward/backward pass) with the depth L. The choices of the standard
deviation of the Gaussian depend on the activation function and are summarized in Table 1.
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activation | ReLU | GeLU | ELU | tanh
init. std V2 2 1 1

Table 1: Standard deviation d; of the initial Gaussian entries of layers [ € [1, L] for different
choices of activation functions.

Re-scaling the standard deviation of the first layer. All the models we consider
have a; = 0 so that, as mentioned in Section 5.2, the coordinates of h$ follow N(0,]|¢]|>+1)
and the variance is equal to ZZ=1 5,3 + 1. To avoid having too large a variance when the
(fixed) dimension d is large, we re-scale the standard deviation of the first layer’s weights
and bias term at initialization by dividing it by +/d + 1, that is we use the Gaussian law
N(0,62/(d + 1)) to initialize the entries of w!(0) and b*(0).

Calibrating the initial base learning rates for IP-LLR. As discussed in Section 4.2,
IP-LLR basically amounts to training with P but forgetting the initialization in the inter-
mediate layers for the first update. We thus roughly have W!(1) ~ AW(1) for any I € [2, L],
and the base learning rate 1 directly influences the magnitude of AW?'(1) and thus that of h!.
Typical values for the learning rates, the initial loss derivative 924(yo,0), and the averaged
inner products involved in the second forward pass are rather small (e.g., < 107!), and this
will cause the pre-activations of the second forward pass to be of small magnitude, and this
effect compounds quickly with depth as the pre-activations of layer (I — 1) are then multi-
plied by AW'(1). This will in turn lead to very small values for the second weight updates
AW'(2) and can considerably slow down learning in practice. To overcome this issue, we
simply calibrate the initial values of the base learning rates 7; (but cap them at a value of
500 to avoid too large initial updates) of layers | € [2, L] at t = 0, so that the magnitude
of the pre-activation of the intermediate layers in the second forward pass is equal to 1 on
average over the second training batch.

Note that this calibration results in base learning rates 7; which do not depend on m
(they do depend on L however) in the large-width limit as the coordinates of h! have non-
zero and finite values for large m. In contrast, this is not possible with the Naive-IP as the
coordinates of hl1 converge to zero as fast as some power of m, which would result in the
base learning rate 7; depending on m which is prohibited (by definition of the base learning
rate).

All the points above can be handled within the framework of the Tensor Program, but
they would unnecessarily over-complicate the analysis and the formulas, which is why we
used a simpler setting in our theoretical analysis.

6.1 Experimental Setup

We evaluate the performance of the different models on two datasets: MNIST?, containing
60,000 training samples and 10,000 test samples, and CIFAR-10?, containing 50,000 training
samples and 10,000 test samples. Both datasets consist in a 10-class image classification
task. Since we consider only fully-connected networks, we use gray-scale images which we
also flatten for both datasets, which means the input dimension is d = 28 x 28 = 784 for
MNIST and d = 32 x 32 = 1024 for CIFAR-10.

We train for 600 SGD steps on MNIST and 1200 steps on CIFAR-10 using a base learning
rate 7 = 0.01, a batch-size B = 512, and the cross-entropy loss, which satisfies Assumption 1.

*http://yann.lecun.com/exdb/mnist/
Shttps://www.cs.toronto.edu/~kriz/cifar.html
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step step

(a) Naive-IP (b) IP-LLR
Figure 1: Loss vs. number of optimization (SGD) steps on MNIST for different activation

functions.

For each experiment, we run Nii.s = 5 trials with different random initializations. The
hyperparameters are summarized in Table 2.

L| m | dunist | dcirar 14 n B | Nirials
6 | 1024 784 1024 cross-ent. | 0.01 | 512 5

Table 2: Hyperparameters for training models.

6.2 Naive-IP is Trivial but Large Initial Learning Rates Induce Learning

In this section we compare the numerical performance of Naive-IP and IP-LLR on MNIST for
different activation functions. Essentially, the results we present corroborate Proposition 3.1
and Theorem 4.1, except that numerical evidence tends to show that those results hold
with less restrictive assumptions on the activation function than what we consider in the
theoretical part, as already hinted in Point 2 of Remark 4.2.

As observed in Figure 1, while the loss (averaged over a batch) stays at its initial value for
Naive-IP, we observe a decrease for IP-LLR whose strength depends on the choice of activa-
tion function. Similarly, Figure 2 depicts the evolution of the mean absolute output during

training, that is, we plot for any step ¢ the quantity (1/B) Y2 (1/10) 332, )fk,t (ft(i))

Y

where £t(z) is the i-th sample in the batch at time ¢ and for any class label k € [1,10], fi+(§)
is the k-th entry of the output of the model (logits for class k) on input £. We also observe
here that there is no change in the output for the Naive-IP which stays equal to 0 during
the course of training, whereas for IP-LLR, the mean absolute output value increases from
its initial value, equal to 0, to some positive quantity whose value depends on the activation
function. The solid line in both plots denotes the mean of the metric of interest over multi-
ple (5) random trials while the shaded area represents a 95% confidence interval around the
mean. There is no shaded area for Naive-IP since the output of the network is equal to the
deterministic constant 0 at any time step for large m, as stated in Proposition 3.1.

Finally, we show in Table 3 the test accuracy (averaged over 5 random runs) at the
end of training for the Naive-IP and IP-LLR for different activation functions. The Naive-
IP has the same test accuracy of 0.098 independently of the activation function, which is
roughly equal to that of random guessing which would yield an accuracy of 0.10 as there
are 10 classes. In contrast, IP-LLR has higher-than-chance test accuracy for every choice of
activation function, and while ReLU appears to perform poorly, all other activations perform
relatively well with ELU and GeLU achieving an error lower than 5%.
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Figure 2: Mean absolute output vs. number of optimization (SGD) steps on MNIST for
different activation functions.

actvation | p 117 | GeLU | ELU | tanh

model
NaivelP 0.00% | 0.098 | 0.098 | 0.008
IP.LLR 0113 | 0.056 | 0.964 | 0.032

Table 3: Test accuracies on MNIST for various activation functions.

6.3 IP-LLR vs. P

We compare the numerical performance of IP-LLR and uP on both MNIST and CIFAR-10,
and investigate the reasons behind the differences observed between different models and
different non-linearities.

As observed in Tables 4 and 5, the performance, as measured by the accuracy on the test
set, is consistent across activation functions for uP whereas the gaps are larger for IP-LLR.
However, the best test accuracy for uP and IP-LLR are comparable: the former achieves
0.975 test accuracy on MNIST and 0.419 test accuracy on CIFAR-10 with o = GeLU while
the latter achieves 0.964 test accuracy on MNIST and 0.383 test accuracy on CIFAR-10 with
o = ELU.

Performance and rank collapse. The consistency of yP across activation functions and
the lack of consistency for IP-LLR can be explained by (or at least correlated with) the
diversity, measured in terms of rank, of the (pre-)activations at different layers on large
batches of samples. Indeed, as shown in (Daneshmand et al., 2020), the rank of the family
of pre-activations (considered over large batches) has a dramatic impact on the observed
performance of models. In fact, the authors argue that this might be the reason behind the
empirical success of batch normalization: it allows the rank of these families of pre-activations
to remain large even when the number of hidden layers L is large, whereas they show there
is a collapse in the rank without the batch-normalization operation, which coincides with
poor accuracy. This problem is exacerbated in IP-LLR because the contribution of the initial
weight matrices (which are full-rank) vanishes after the first gradient step, thereby lowering
considerably the rank of the family of pre-activations. Two effects are then at play: (1) the
choice of the activation function ¢ can induce large differences in the rank of the family of
vectors (Wl(l)a(h))hes, where S is a large set of vectors; (2) the impact of the activation
function on (1) is compounding with depth and can lead to dramatically small rank (equal
to 1 in the worst case) towards the last layers of the network.

In Figures 3 we plot the rank (the y-axis is in log-scale) of the families (R}(¢)) ces
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activation

ReLU | GeLU | ELU | tanh

IP-LLR 0.113 | 0.956 | 0.964 | 0.932
uP 0.954 | 0.975 | 0.928 | 0.905

model

Table 4: Test accuracies on MNIST for various activation functions.

activation | p 117 | GeLU | ELU | tanh

model
TP.LLR 0.100 | 0.329 | 0.383 | 0.284
P 0407 | 0.419 | 0.356 | 0.304

Table 5: Test accuracies on CIFAR-10 for various activation functions.

and (2} (€)) ces for € [1, L], where S is the set comprised of the first 5,000 training in-
puts of MNIST. The numerical “rank” is computed as in (Daneshmand et al., 2020) with
torch.matrix_rank() which regards singular values below omax X m x 1077 as zero. We
observe that for IP-LLR, the rank of those families with ¢ = ReLU is one order of mag-
nitude smaller than for other activation functions after layer [ = 4 and even collapses to 1
in the last layers, which might explain its poor performance, whereas for P all activation
functions induce comparable ranks which remain at least on the order of 102 at any layer.
We believe the latter fact is due to the non-vanishing contributions of the initial Gaussian
matrices which are full-rank (with probability 1). In contrast, it would seem like IP-LLR is
much more sensitive to the choice of activation function and we identify the vanishing of the
contribution of the initial weights for intermediate layers as a probable cause for this effect.

Whether the difference between ReLLU and other activation functions for IP-LLR is ac-
tually due to the difference between the homogeneity property with ¢ = ReLU and the
effective linearization property for other activation functions (as highlighted in Remark 4.2)
or to other inherent characteristics of the activation functions is still an open question and
we leave it for future work.

6.4 Learning is Degenerate for IP-bias and IP-non-centered

In this section we show numerically that IP-non-centered and IP-bias (see Sections 5.1 and 5.2
respectively) are able to escape the initial stationary point but that the resulting dynamics
do not seem effective as observed through the evolution of the training loss.

Figure 4 shows that both models are indeed able to escape the initial stationary point as
the magnitude of the output evolves non-trivially during training but in contrast Figure 5,
depicting the training losses on MNIST and CIFAR-10 for both models, shows that learning
is very slow for those models and that the dynamics are not effective in reducing the training
loss.

Additionally, as summarized in Table 6, the slow decrease of the training loss translates
into poor test accuracy at the end of training comparatively with IP-LLR and pP, even with
the best choice of activation function.

7 Conclusion

Recent research has shown that the parameterization of a neural network has a dramatic
impact on its training dynamics, and therefore, on the type of functions that it is able
to learn. Until now, the parameterizations used by practitioners have been restricted to
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activation
— ReLU

GeLU
— ELU
— tanh

Figure 3: Ranks (log-scale) of the families of pre-activations (h}(£)) and activations (z}(£))
at time t = 1 on MNIST wvs. layer [ for different activation functions.

model | yp 1R | 4P | IP-bias | IP-non-centered
dataset
MNIST 0.964 | 0.975 | 0.113 0.209
CIFAR-10 0.383 | 0.419 | 0.100 0.154

Table 6: Test accuracies (averaged over 5 random runs) at the end of training on MNIST and
CIFAR-10. For each model, we show the maximum (averaged) accuracy over all activation
functions. For each model, the activation function which performs best is the same for both
datasets and the pairing model — activation is the following: IP-LLR — ELU, yP— GeLU,
IP-bias — GeLU, IP-non-centered — ELU.

standard schemes which rely on the analysis of the the first forward and backward passes. In
the present work, pushing the analysis beyond the first gradient step (which is made possible
by the Tensor Program framework), we have studied how to train neural networks with
parameterizations that enjoy radically different behaviors, such as forgetting the contribution
of the initial weights after the first weight update.

The parameterizations we have analyzed, which we refer to as integrable parameteri-
zations, have been previously described with tools from the mean-field literature, and we
have deepened our understanding of these models with a different perspective. Indeed,
we have shown that these parameterizations are trivial for deep networks with centered
i.i.d. initialization and a constant learning rate: they are stuck at initialization. This ob-
servation led us to explore various ways to escape this initial stationary point and initiate
learning. Among those methods, we found that the only one that does not lead to a degen-
erate behaviour is to use large learning rates for the first gradient step. We proved that in
the infinite-width limit the resulting dynamic is equivalent to a modification of uP where the
initial weights are removed after the first gradient step. Importantly, the random fluctua-
tions around the limit—which are ignored in the mean-field description—turn out to actually
be essential for our analysis, since it is by amplifying them that we are able to escape the
stationary point.

Extending our theoretical results to a more general class of activation functions requires
more thorough technical work and is left as an open problem. Also, analyzing rigorously
the impact of the presence or absence of the initial weight matrices on the learning behavior
appears to be an interesting avenue for future research. Finally, understanding the general-
ization properties of IP-LLR and pP remains an important open question but is beyond the
scope of this paper.
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Appendix

A Notations

We introduce here some additional notations that will come in handy in the text and equa-
tions presented in the Appendix.

Hat matrices. We define the following matrices and output weight vector (see Defini-
tion 2.1 for the definitions of the matrices U'):

Wl =U!
_ (A1)
Wl=m=Y2U!, 1e€[2,L+1].

The pre-factor in m~1/2 is the natural re-scaling of the i.i.d. Gaussian matrices when their
input dimension grows to infinity due to the central limit theorem (CLT).

Omegas. For any ac-parameterization, we define wy := m~%, and for any [ € [2,L + 1],
wy :=m!/27%_ To avoid blow-up or vanishing in the first layer, all the parameterizations we
study have w; = 1. This is the case for integrable parameterizations, the NTK parameteriza-
tion and for puP. For integrable parameterizations we also have w; = m~Y2forl e (2, L+1],
but for P, w; = 1if 1 € [2,L] and w1, = m~/? (see Section B.3 for a detailed description
of uP).

Those w; naturally appear in the calculations as the magnitudes of the first forward pass
of an ac-parameterization of a neural network. The term m~% comes from the scaling pre-
factor of the effective weights, and the added mi/2 appears when expressing the computation
in function of the naturally scaled W' W!(0) = w, W'

Scalar limits. For any scalar w which depends on m, we denote by w the almost sure limit
(when it exists) of this scalar as m — oo.

Gradients. We define for any ¢ and [,

dhl == Vhéft(gt)

dy = Va1 fe(&e)
dw'(t) := Vo) fe(&)
db'(t) == Vi) fi (&)
Xt = 2l(ys, fr(&))-
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The equations of backpropagation give:

dzl = wii(t)

dw*(t) = m~ar+1gk

dhl = dat © o' (hl)

dry~t = (W'(t)) dhy
dw(t) = m~%dhl (=17,
db(t) = m~dht.

As noted in Definition 2.1 Remark 2.1, one has for [ € [1, L],

Al (t) = —pm ™~ xpduw! (t) = —pm ™ @D xqdhy ()T, (A2)
AWH() = m™ Awl(t) = —pm~Cared v, dpl (21T, (A.3)
ABL(t) = m™ @ Ab (t) = —pm~Cated ., dnl, (A.4)
and for | =L +1
Aw' (1) = =~ xdw T () = —ygmT st o, (A.5)
AWLH(t) = mfaL“AwLH(t) = —nm7(2aL+1+cL+1)Xt$tL, (A.6)
ABFFY(t) = m™m AL (8) = —pm~ Gorntera)y, (A7)

Z variables. As described in Section B.2, the variables Z with a superscript will be used
to denote the random variable whose law describes the evolution of all coordinates of a given
vector of the forward or backward pass at a given layer in the limit m — oo.

Tilde variables. For z € {hl,z} dhl,dzl}, we will use Z to denote a variable “without
scale”, i.e., such that Z* has positive and finite variance (see Definition F.1). When we do
so, we always have z = A\Z for some scalar A (which might depend on m). The tilde variables
of the backward pass for ¢ > 1 might have different expressions in different contexts or in
different proofs, but we still use the same notation every time as the exact definition should
always be clear from the context.

B An overview of the Tensor Program technique

The Tensor Program technique, first introduced by in Yang (2019), was initially developed
to better understand the behavior at initialization of networks whose weights are initialized
i.i.d. with standard Gaussians as the number of units in each layer grows to infinity. Since
the output of a hidden unit in layer [ > 2 is given by > /", Wéq(O)xf)qu, the magnitude of the
weights need to be downscaled by some negative power of m to avoid blow-up as m — oo.
Scalings which have naturally appeared in the literature are m~Y2 and m~1, and lead to
different types of limits.

Using a first version of the Tensor Program (referred to as NETSOR), it is shown in (Yang,
2019) that the output at initialization of a neural network of any architecture (fully-
connected, recurrent, convolutional, with normalization, attention, ...) whose weights are
initialized with W!(0) = m~Y2U" for I > 2 (i.e., ay = 0 and b; = 1/2 for I > 2 in the
ac-parameterization) is a Gaussian process in the infinite-width limit.

Going further, and in the light of the recent literature on the neural tangent kernel, Yang
(2020a) studies the first backward pass of networks initialized as above in the limit where
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m — oo and has shown that the neural tangent kernel at initialization, defined as K (&,€) :=
(Vo fo(6(0);€), Vafo(6(0);€)) converges to a deterministic limit for any architecture.

Finally, and most importantly for our work, the Tensor Program is extended in (Yang,
2020b) to cover the forward and backward passes of networks of any architecture at any
time step and not just at initialization. The crucial step taken in (Yang, 2020b) is to be
able to describe the evolution of quantities where both a weight matrix W' and its transpose
(WHT are involved. (Yang and Hu, 2021) then applies the results and theorems of (Yang,
2020b) in the particular context of ac-parameterizations (or rather abc-parameterizations as
defined by Yang and Hu, 2021) to describe the infinite-width limits of neural networks with
different parameterizations.

B.1 Intuition behind the technique

To explain the intuition behind the Tensor Program technique and how it comes into play
for neural networks, let us first look at the forward pass of a fully-connected network with L
hidden layers after ¢ steps of SGD. Assume single samples (&g, yo), - - - (§¢—1, y1—1) are used at
each step for simplicity. Consider a neural network in any ac-parameterization and an input
¢ to the network. Using Equation (A.3) for the updates, the forward pass of the network at
time ¢ is given by:

t—1
hy = WH0)E — m~ ey T (€1€) dhy

s=0
t—1
W= W)t — @) S (e Y anl de 2.
s=0
t—1
Fi(§) = (W1 (0)Taf — = Cowersee) 37y (@ Tal.
s=0

To understand what happens in the forward pass, one thus needs to understand the behavior
of the multiplication by i.i.d. Gaussian matrices, that of vectors dh! of the backward pass
as well as that of the inner products (a;ls_l)T:ci_l. As m — oo, the sums defining the matrix
multiplications and inner products involve an infinity of terms and one must therefore un-
derstand how those quantities scale in the limit.

Before we dive into the matrix multiplications, let us look more precisely at what the vectors
dhl, look like. We have:

dhl = dal © o’ (hL)

dal = (W) TdRLY — = Gerte) ZX ( (dRLHY) Tdhl+1) le[21).

We observe that inner products appear again, and that in contrast with the forward pass, it
is now the multiplication by the transpose of i.i.d. Gaussian matrices which appears.

We already see that two main quantities appear in the calculations: The initial i.i.d. Gaussian
matrices, and vectors which are generated either (i) through the multiplication of another
vector with a Gaussian matrix or its transpose, or (i7) through some form of non-linearity
involving other vectors as well as the activation function o and/or its derivative o’. Before
trying to understand how the inner products behave, let us first dive into the multiplication
by i.i.d. Gaussian matrices.
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B.1.1 Multiplication by i.i.d. Gaussian matrices

The multiplication of a random vector by an i.i.d. Gaussian matrix can happen in two differ-
ent scenarios: (i) the input vector is independent of the Gaussian weights, and (i7) the input
vector is correlated with the Gaussian weights, which, in the case of neural networks, will
translate into saying that the transpose of the weight matrix is used somewhere to compute
the input vector.

Independent input vector. Consider a list (z4)4en+ of i.i.d. random variables with fi-
nite first and second moments, independent of U!, and consider multiplying this vector by
the i.i.d. Gaussian matrix U!. At any finite-width m the p-th entry of Ulz is given by

S Ulzg =~ mAN(0,E[3])
q=1

m—ro0

The terms (U;l)qxq)qzl are i.i.d. with mean 0 and finite variance E[z?] because z, is indepen-

dent of Ull,q. Therefore, by a central limit argument, the sum will behave like m2N (0, E[z?])
for large m. It is thus natural to scale the sum by m~/2, or equivalently to consider

Wl =m-1/2y! (as defined in Equation A.1) for matrix multiplications.

With the above result in mind, we take a look at the first forward pass at initialization

of a network where all the weight matrices are initialized as W!(0) = W (i.e., ap = 0,
= 1/2,1 € [2,L + 1]). We consider an input & € R? to the network and compute the

pre-activations of each layer recursively. For the first layer, we get that for any p € [m],

hi, = (W), = (U'),

I
M~

EUpq ~ N(0,1€]1°)

Il
—

q

Since the <U1}q)q are i.i.d. standard Gaussians, the linear combination above is also a Gaussian
with mean 0 and variance ), 53 = ||¢||?. Note that since the lists (U}}q)q are independent for
different p, the vector h} has i.i.d. coordinates all distributed as N(0,]|£]|?). We also note
that adding a bias term initialized as A'(0,1) would simply change the variance to ||¢[[*+1.

Then for the second layer we get that for any p € [m]:

Z o(hb g) —2s N'(0,E[o(hd 1))

m—00

The terms (qua(h(l],q))q are i.i.d. with mean zero, and by a central limit argument, we have
that the coordinates of h§ converge in law towards N (0,E[o(hg;)?]) where E[o(hj)?]) is
simply E[o(Z)?]) with Z ~ N(0,|¢]|?). Those coordinates are also independent (and Gaus-
sian at any finite width m) conditionally on hj because the lists (U2,), are independent
(Gaussians) for different p. The different coordinates of h3 are identically distributed at any
finite width m and remain so in the limit. They are not strictly speaking independent at
finite width but the intuition is that they become so in the limit m — oo as they also become
Gaussian, and that is how they should be thought of in the context of the Tensor Program.

Repeating the calculations above at every layer, we can intuitively describe the forward
pass in the infinite-width limit by describing the law of a single random variable Z; for each
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layer (whose law is the common law of all the coordinates of the pre-activations hé), and by
the hand-wavy calculations above, we get the following recursion for the variables Z:

Zy ~ N(0, [[¢]%)
Zi1 ~ N(0,E[0(2)?), lel,1]

Having discussed the case where the input vectors are not correlated with the weight matrix,
we now move on to the case where there is some correlation between the two.

Correlated input vector. As the simplest form of correlation, we consider a vector
x = (Wl)Tz where (z4)qen+ is a list of i.i.d. random variables independent of W' with fi-
nite first and second moments, and we consider the result of the multiplication h = Wiz,
For any p € [m], we have

hp - i i Wéqﬁ/\ﬂqzr

1 = l 2 1 1 = l 1
= %Z(UP‘J zp—i_\/m;ZT \/qulquUrq

By the law of large numbers, the first term will converge almost surely to z, as m — oo.
For the second term, the intuition is that for any r # p the terms (1/v/m)>_, Ul UL, be-
come distributed as independent Gaussians as m becomes large by a central limit argument.
Then, by another central limit argument, intuitively, the sum over r # p should also be-

comes distributed as A'(0,E[z?]). In the limit m — oo, we thus expect the coordinates of
h = /WZ(WZ)TZ to be the sum of two terms: a first term distributed as z; where the corre-
lation between the entries of W' and (/V[71)T comes into play, and a second term distributed
as N(0,E[22]) which is purely Gaussian and where the correlation between the entries of W
and (I//I\/Z)T has no effect.

The aim of the Tensor Program series (Yang, 2019, 2020a,b) is to formalize those intuitions
into theorems and rigorous calculations. Of course, the calculations become more complex
when we introduce non-linearities and consider later steps in training than the initialization,
but what the Tensor Program shows is that the intuitions above still hold.

To summarize, the intuition is that in the large-width limit, the coordinates of pre-activation
vectors become i.i.d. and we thus only need to track the law of a single real-valued random
variable. Therefore, any average of some function of the coordinates should converge to an
expectation in the limit m — oo by a law of large number argument. Finally, any multipli-
cation by W' yields two terms where one is purely Gaussian and the other depends on the
expression of the vector that is multiplied by W' in function of (! )T.

B.2 Mathematical formalism

The mathematical formalism of the Tensor Program goes beyond neural network compu-
tations and describes the evolution of any computational systems (with some restrictions)
in the limit m — oo. The computational system is comprised of different vectors whose
dimensions are equal to m which can be generated from a set of initial vectors in various
ways. The Tensor Program is defined by the sequence of mathematical operations which
produce the vectors from previously generated vectors. The operations are the same at any
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given width m, only the size of the vectors and matrices involved change with m, and the
aim of the Tensor Program is to provide the tools (formalism and theorems) to be able to
described the behavior of the system in the limit m — oo. As described in the intuitions
of the previous section B.1, the coordinates of vectors in the program are roughly i.i.d. as
m — oo and variables Z are introduced to described the common law of the coordinates in
the limit m — oo.

Initial vectors. Consider a set V := {vl, e ,UN} € (R™N of initial vectors such that:

(i) the coordinates (vp)pe[m) are ii.d. for any v € V and any m. We call Z¥ a real-valued
random variable whose law is the same as that of all the coordinates.

(i) The joint law of ZY := (Zvl, .. .,ZUN) is a Gaussian N (finit, Yinit) for any m (the
variables Z¥ do not actually depend on m, but this is simply to say that at any width

m and for any p € [m], the law of (U;, e ,UIJJV ) is the same N-dimensional Gaussian).
Initial scalars. Similarly, we define a list of initial scalars 61, ..., 03, which can depend on

m and for which the only requirement is that each 6, converges almost surely to some finite

limit 6, as m — oo.

Initial Gaussian matrices. Consider a set W := {Wl,...,WP} c (R™™)P such

that /szq ~ N(0,1/m) i.i.d. over p,q for any r, and the (W\T)Te[p} are independent of each
other and independent of the vectors in V. Since we consider a more general setting than
neural networks, we do not index those matrices by [ and can have P # L but for neural
networks, those initial matrices will always be the initialization of the weight matrices of the
intermediate layers [ € [2, L], appropriately scaled.

Generation of new vectors/scalars. Given previously generated vectors v!, ... ,vF pre-
viously generated scalars 61, ...,60,, and a non-linearity (-; -) : R¥ x R” — R, we can, in

the following ways, generate:

MatMul a vector z = Wo for any v € {vt,...,v*} and Wew.

NonLin a vector z = 9(v!,...,v*; 6,...,0,) where ¢ is taken element-wise, i.e., 2p =
w(v},, - ,v]l,f; 01,...,60,) for any p € [m] and for any m.
Moment a scalar w = % Zzlzl w(v},, ... ,v}’; ;01,...,0,) eR.

The non-linearity used does not have to actually depend on all the previous vectors and/or
scalars, but we present the operations this way for simplicity.

Given those operations, the Tensor Program framework allows to seamlessly describe the
infinite-width limit of the computational system defining a given Tensor Program by track-
ing recursively the laws of the variables Z whose law represents the common law of the
coordinates of a given vector. Indeed, every vector z in the program (initial or generated us-
ing previous vectors in the program) will roughly have i.i.d. coordinates in the limit m — oo,
and the Tensor Program associates a real-valued random variable Z# to the vector z. Then,
associated with the operations on vectors and scalars above are the following operations on
the corresponding variables Z which come as their natural counterparts in the infinite-width
limit to track the evolution of the laws of the variables Z:
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ZInit For initial vectors v € V, define Zv=0and Z¥ = Z'. The purpose of those notations
will become clear in the ZMatMul section.

ZMoment Given a scalar w = (1/m) > 7", Y(zp, .o s 2

01,...,0,), define
O=F|w(Z*,..., 27 01,...,01) (B.1)

ZNonLin Given z = (2%, ..., 2%; 01,...,6,), define:
Z:=(Z7,...,27  01,...0,) (B.2)

ZMatMul Given z = W for a previous vector v and W e W, Z7 = 7% + Z % is the sum of
two terms:

ZHat 27 ~ N (0, E [(Z”)2]> is a purely Gaussian term. Additionally, if we let Wi be

the set of all vectors in the program of the form Wu for some u in the program,
the vector 2w = (Zh)heww is defined to be jointly Gaussian with covariance
matrix given by:

cov(ZW®, ZWY) = B[Z% ZY)

Moreover, the vector Z"™W is defined to be mutually independent of the list of Z*
forwin {Z":v eV UWEWUWT WA W} where WT .= {WT : W e W}, and
Wy is the set of vectors in the program of the form Wu for some vector u in the
program.

ZDot Z* comes from the potential interactions (correlations) between W and WT in
the computation of z. One can always unwind the expression of Z¥ and express it
in function of the ZW™ for some x in the program that is we can always write Z*

as ZV = gb(ZWTy . ZWTy Zx 91,... 95) with z! ,2" such that
WT is never used in the computatlon of those vectors. Then, deﬁne:

7%= zk:E {55”] VAL (B.3)

o LozW

where 02" /8ZWT?/J' is simply defined as the j-th partial derivative of ¢ above

when expressing ZY as required for 7. As noted in (Yang and Hu, 2021), if ¢
is not everywhere differentiable, one can leverage Stein’s lemma to replace the
formula in Equation (B.3) by a linear algebra formula.

Now that we have introduced the necessary concepts and described the content of a Tensor
Program, we can move on to present the main theorem derived in (Yang and Hu, 2021) which
connects the mathematical operations used at finite-width with the infinite-width limit of
the computational system defining a Tensor Program. The “master theorem” formulated
in (Yang and Hu, 2021) is surprisingly simple (although the proof is much more intricate)
yet very powerful, and goes as follows (see Yang and Hu, 2021, Theorem 7.4):

Theorem B.1 (Master Theorem). Given a Tensor Program, for any vectors x',... x*

and scalars 01, ...,0, in the program, and for any pseudo-Lipschitz non-linearity 1 (see
Definition 3.1, page 9), one has that:

1 & s o o
e R Co p,el,...,ar);HE[¢<Z$l,...,zzk;91,...,9%
m 1 m— 00

p:
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Remark B.1.

1. The theorem essentially states that even though the coordinates of vectors in the program
are not rigorously i.i.d., they appear so from the perspective of the average by a suitable
non-linearity so that a law of large number type of result holds. Note that for neural
networks, even though the coordinates of the (pre-)activations follow the same law when
using i.i.d. initialization for the weights, it is not a priori clear that we can consider them
as independent copies, and thus that we can summarize the computations using a single
real-valued variable, but the master theorem shows that from the perspective of averaging,
this is in fact the case in the infinite-width limit.

2. In (Yang and Hu, 2021), different versions of the Tensor Program are presented in the
sense that different classes of non-linearities are allowed. These differences induce minor
subtleties in the master theorem and in the proofs. However, most of the results in the
main text of the paper require that the non-linearities be pseudo-Lipschitz (which is the
stronger assumption), both in NonLin and in the master theorem. The Assumption 2
on the activation function o and its derivative o’ ensures that any quantity appearing in
the forward or backward computation of a neural network can be expressed as pseudo-
Lipschitz non-linearity.

3. What the Tensor Program and its master theorem show is that to understand the behavior
of the computational system in the infinite-width limit, one simply needs to track the
operations on the variables Z which mimic the recursive operations in the computational
system. Then, quantities which involve sum over coordinates such as inner products
between the vectors in the program (which occur in the forward and backward passes of
a neural network, as well as in the computation of the neural tangent kernel), or norm
computations are easily described, when properly re-normalized, through expectations
involving the corresponding variables Z. The main difficulty is that it is actually hard
(computationally and in the mathematical formulation) to track the correlations between
different Z because, as explained in (Yang and Hu, 2021), of the necessary unwinding in

the definition of Z, so that the computational graph associated with the operations on
the variables Z is hard to implement in practice.

B.3 The maximal update parameterization P

We close this section by presenting briefly the maximal update parameterization considered
in (Yang and Hu, 2021). To quantify the learning abilities of a given parameterization, Yang
and Hu (2021) introduce the notions of feature learning and feature kernel evolution at a
given layer [ € [1, L], which we recall below. Both these definitions concern the large-width
limit of the networks:

Definition B.1 (Feature Learning). An ac-parameterization is said to admit feature learn-
ing at the [-th layer if the quantity Az}(¢) := 2} (€) — 2} (€) is such that there exists a training
routine for which, almost surely, there exists a constant C' > 0 such that ||AzL(&)[|?/m > C
for large enough m.

Definition B.2 (Kernel Evolution). An ac-parameterization is said to evolve the feature
kernel at the [-th layer if the quantity AF}(¢,€) == [mi(g)Tmi(ﬁ_) - xé(E)Txé(ﬁ_)] /m is such
that there exists a training routine for which, almost surely, there exists a constant C' > 0
such that for large enough m, AF}(£,€) > C.

(Yang and Hu, 2021) goes about categorizing whether different ac-parameterizations admit
feature learning or not. One of the striking result presented is that there is essentially a
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dichotomy (depending on the values of (ai,c;)i[z+1)) among ac-parameterizations: an ac-
parameterization either admits feature learning (and evolves the feature kernel) or is in the
kernel regime, meaning that the quantities in definitions B.1 and B.2 converge to 0 almost
surely so that in the infinite width limit, the evolution of the prediction function f; is de-
terministic and depends only on the previous prediction function f;_1 and the loss at time
(t — 1) through a (deterministic) kernel K (&,€) = limy, oo (25(€)) 25 (€)/m (or a rescaled
version thereof).

The categorization result proved in (Yang and Hu, 2021) holds for a certain class of ac-
parameterizations which are deemed stable and non-trivial. Stable refers to the fact that
the pre-activations and output (h} and fo(£) respectively) at initialization do not blow-up
as m — oo at any layer. As already hinted in Section B.1, this corresponds to having a; =0
and a; > 1/2 for | € [2,L + 1]. Non-trivial refers to the fact that the pre-activations of all
layers do not converge to 0 almost surely as m — oo at initialization. This corresponds to
having a; < 0 and a; < 1/2 for [ € [2,L]. Tt is mentioned in (Yang and Hu, 2021) that
those parameterizations for which the pre-activations of the intermediate layers converge to
0 almost surely should stay at their initialization throughout the course of training, and we
actually prove in Section 3, using the Tensor Program technique, that this is the case when
L > 3 in the setting where a; = 0 and a; = 1 for | € [2, L 4 1] (i.e., integrable parameteriza-
tions) unless one uses large (polynomial in m) initial learning rates, a scenario which is not
covered in (Yang and Hu, 2021). We show that in this case, integrable parameterizations are
only trivial at initialization (the pre-activations of all layers except the first one converge to
0 in the infinite-width limit) and are actually in a feature learning regime at all layers after
the first gradient step (¢ > 1).

The maximal update parameterization pP introduced in (Yang and Hu, 2021) is the re-
sult of the analysis of the values of a;, and ¢; for which the parameterization admits feature
learning at every layer, and maximally so in the sense that if we were to reduce the value
of a; then the Aa:,lf introduced in Definition B.1 or the pre-activations hf5 would blow-up
as m — oo. In essence, uP corresponds to the values of a;, and ¢; for which Axi is as
large as possible (with regards to its dependency on m) at every layer without creating any
instabilities (pre-activations or updates blowing-up) in the limit m — oco. A quick anal-
ysis of the updates at t = 0 shows that the choice a; = 0, a; = 1/2 for [ € [2,L], and
ar+1 = 1 associated with ¢; = —1 for all [ € [L + 1] achieves this, and it is rigorously shown
in (Yang and Hu, 2021) that this choice of ac-parameterization induces an update such that,
[|AW ()2t 712 /m = ©(1). We thus adopt the following definition for ;P which is the same
as in (Yang and Hu, 2021, Definition 5.1) but re-parameterized to remove the redundant b
in the abc-parameterization:

Definition B.3 (uP). The maximal update parameterization uP is defined by the following
choice of parameterization:

a] = 0, Cc1 = *1,
al:1/2, ¢ = —1, l€[2,L],
ar+1 =1, cry1 = —1L

C Useful preliminary results

We show in this section a couple of useful results which will prove helpful in the proofs.
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C.1 Positive finite moments of pseudo-Lipschitz functions of Gaussians

Lemma C.1 (Positive finite moments with polynomially bounded non-linearities). Let ¢ be
a polynomially bounded non-linearity which is not almost everywhere 0, and let Z ~ N(0,v?)
with v? < co. Then, for any p € R, :

(i) 0 < E[lp(2)P] < o0,
(ii) if in addition v?> > 0, 0 < E[|¢(Z)[P] < co.

Proof. If v2 = 0, and then ¢(Z) = ¢(0) almost surely, so that E[|¢(Z)|P] = |¢(0)[P< .

Now, assume v? > 0. Since ¢ is bounded by a polynomial of some degree r > 0, |¢(z)|<

C(1 + |2]") for some C' > 0. Then, |¢(2)[P= exp(pIn(|¢(2)|)) < CP(1 + |z|")P. Since v? > 0,
we have

’p —22 /202 dz

Ell¢(2)[P] =

< CP(1+ |z —2%/20% 4, < 0.
\/27rv / | )

Finally, since ¢ is not almost everywhere 0, neither is |¢|P which shows the integral in the
first equality above is not 0, and gives E[|¢(Z)[P] > 0. O

C.2 The Z dots are 0 in the first forward-backward pass

Lemma C.2 (Z = 0 in the first forward-backward pass). Consider an ac-parameterization
of an L-hidden layer fully-connected neural network with ay > 0 and a; > 1/2 forl € [2, L+1],
and with a non-linearity satisfying Assumption 2. Then for any [ > 2, ZWhag ! = 0, and for
any l € [1, L], Z WhTdnl, — g,

Remark C.1. This lemma applies to the NTK, uP, and integrable parameterizations (in
particular IP-LLR) as well as HP and HPZ.

Proof. Consider any ac-parameterization of a fully-connected neural network which has
a; > 0 and q; > 1/2 for | € [2,L + 1], and with a non-linearity satisfying Assumption 2.
Define wy = m™* and w; = m—(@=1/2) for | > 2, and the initial scalar a1 := m™%+t. The
conditions on the a; guarantee that the w; converge almost surely to either 0 or 1 and and
ar41 converges almost surely to 0, which allows applying the rules of the Tensor Program.

For any I € [2, L], since the computation of 2!, and thus of Z% " do not involve (ﬁ/\l)T,
ZW'ai " = 0 as per the ZDot rule of the Tensor Program. In addition, ZM = wl(Z/ng—FE”l)
and by definition, AR N, ]|¢][?) and Z"' ~ N(0,1) are independent Gaussians,
which shows that ZM ~ N(O,&f(||§]|2+1)) whose variance is finite because cf)? e {0,1}.
By Lemma C.1, this also shows that E[(Z%)%] < co. Let | € [2,L] and assume that
E[(Zhé_l)Q] < oo and E[(ng—l)z] < 0o. We have b, = wlﬁ\/lxé_l + m~ %!, Since m ™2
converges to 0 almost surely, we can consider it as an initial scalar in the program, which
gives by ZNonLin Z" = &lé\wlxé_l +0x Z%. 2% ~ N(0, 1) by deﬁnition since v! is an
initial vector in the program, so that Z" = &)JZZWI"” ~ N(0,c wl [ZZO ) ]) whose variance
is finite by the induction hypothesis and because w; € {0,1}. Then by Lemma C.1, we also
get that ]E[(Zxé)Q] < 00, which concludes the induction.
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Let us now deal with the first backward pass for any ac-parameterization. The result will

essentially boil down to having the expectation of the derivatives defining the Z being 0
because the weight matrices are initialized with 0 mean and because of an independence ar-
gument. We have dzf = WEHL(0) = m~4+1 UL+ and dhf = dzf © 0'(Zh5). By ZNonLin
we thus have

L o L+1
chco — OZL+1ZU

Zdhl _ aLHZUHl /(ZhL)
Now let I € [1,L]. dal* = (Wl)Tdhf) gives

Z(WHTdhh _ Z(WhTdh 4 Z(/Wl)rdh67

s TN T
and to understand what Z W' dho is, we need to expand the expression of Z/d\hé in function
of variables which were generated with W', So far, the only variable where W' was used is
hl = lelméfl (with the convention that 23 = &). We thus need to expand the expression

of Z4b in function of ZW'%6 . We have, for [ = L

2 = G 27 o' (@27

o L+1 il L—1
=OéL+1ZU U/(wLZWCCO ),

where the last equality stems from the fact that ZWre ™ — ZWhagT! iy the first forward

pass, and the fact that UL*! is an initial vector in the program which gives by definition
ZU = ZU" | We can formally write this as

L SywL,.L—=1 =p7L+1 o
ZMy = w(ZWV 0 2V G, wr),

where W(z1, 29;01,603) := 01290"(0221) is a pseudo-Lipschitz function because ¢’ is, and we
have

ov

071 — (21, 22;01,02) = 0102290" (0221).

We get that by definition

ZWhlank _ g

BYAL L1
782/‘47%55_1 Z%o

[S‘I’ (ZWL 0 I,EULH arni1,wr) A
21
L—1

= Qr o E[ZV T 0" 2V ez

UL+1 L. L— L-1
= a0 E[ZY ]E[O'//(LUL%W =y )] Z%
0 <00 <oo a.s.

where the last equality stems from the fact that by ZHat, ZWres ™ g independent of Zur

because U is an initial vector in the program. The fact that the second expectation finite
o . . SWLL—1 . . .

is because wy, € {0,1}, ¢” is polynomially bounded, and Z W23 i a Gaussian with mean

0 and finite variance since E[(ngil)Q] < oo. This gives Z (WhTdng — g,

38



Now suppose [ € [1,L — 1] and assume 7 (WHhTdngH! ZWHYTdngH

Sl T g l+1
ZWT) dhe™  We have

= 0 which gives

Zdhl _ gdz o Zhg)

o Tl+1\T g3 l+1 o Tl l—-1
— WH—IZ(W ) dhg O'/( ZW x| )
o WH—I hl+1 7,0 Awl l 1
= G 2V 1 (G 7

where we have used that previous 7 are 0 to replace the Z with Z. We can once more
formally write this as

l STl -1 i+ T gpl+1 o o
Zdh — \I’(ZW z; ,Z(W ) dhg Wl+1awl)

with exactly the same W as for [ = L. We get that by definition

Fay g | 9270 |
YA
8‘1’(AWZ o 2(Wl+1) dhgtt. D1, ) Z !
82’1

= wl+1le[Z(Wl+1) dhgtt //( Zwl )]Zmé—l

_ o o A(lerl) dhl+1 " l 1 xl—l
Wir1wg E[Z _ 0 ]E[ (wlZ )] Z*o
0 <00 <ooa.s.

=0
~/T17 T
Where the first expectation is 0 because by definition Z (WHHdhe™ i 4 Gaussian with 0
mean and an easy induction (from [ = L to [ = 1) shows that, as for the forward pass,
o~ TS T
E[(Z%0)2] < oo and E[(Z%0)2] < oo, which implies that Z(W'"") dhg"™" has finite variance.
The second expectation is finite because w; € {0, 1}, ZW'=5" is a Gaussian with 0 mean by

definition and finite variance, and because ¢” is polynomially bounded since ¢’ is pseudo-
Lipschitz. O

C.3 Gaussian output in the infinite-width limit

Lemma C.3 (Gaussian output). For every m € N*, let ™ and w™ be independent random
vectors in R™ such that

1 2

i ——s

w NN(O,l/m) ivi.d. over j=1,...,m
Then

(w™Tz™ 2 N(0,02,)
m—o0
Proof. Consider two sequences of independent vectors of growing dimension (w™),, and
(z™)m as in Lemma C.3. Conditionally on 2™, the random Variable (w™)Tx™ follows a
Gaussian N(0, ||z™||?/m) distribution. Since meH /m converges to o2, almost surely, the
conditional distribution of (w™)Tz™ given 2™ converges to a Gaussian N (0, 02,) distribution.
The lemma follows. O
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C.4 Convergence of the coordinates to the limiting distribution 7

Lemma C.4 (Convergence to the limit distribution). For any vector h in the Tensor Pro-
gram we have for any a € N*,

l
hy —22 s 7P

m— 00

Remark C.2.

1. Let h',... h* be k vectors in the program, let 6, ..., 0, be p scalars in the program, and
let ¢ : R¥*P — R be a pseudo-Lipschitz function. Then applying the previous Lemma C.4
to h:= ¢(h',... h¥;01,...,60,) (which is in the program by NonLin), shows that for any

o

o, (hL, ... hE;01,...,0,) converges in law to Z" = (b(Zhl, . .,th;él, o, bp).

2. A stronger form of convergence can occur depending on the parameterization we look at
and the context. Indeed, if for example Z” turns out to be a constant, then we already
get convergence in probability instead of in law. If in addition the convergence is “fast
enough”, it can occur almost surely.

Proof. Let h be a vector in the program, and consider the corresponding random variable
Z". All we need is to prove that for any o € N* and any bounded 1-Lipschitz function ¢, we
have E[¢(ha)] — E[¢(Z")], as m goes to infinity. We first observe that the Master Theorem
B.1 ensures the convergence

m

1

a.s. h
- > o(hg) —— E[o(Z7)].
B=1
Secondly, for any m, the distribution of A1, ..., h,, is exchangeable by symmetry, so that we

get

m— o0

1 m
E[p(ha)] =E |~ é(hs)| — Elo(2"),
B=1
where the convergence is obtained by dominated convergence, which concludes the proof. [

D Proof of the triviality of IPs: Proposition 3.1

Proof. Fix a time t > 0 and an input & € R? for the whole proof. We first show that
the coordinates of the (pre-)activations of any layer [ > 2 converge to 0 almost surely at
initialization. To that end, we prove that the corresponding Z’s are equal to 0. Then we
show a similar result for the backward pass, and finally conclude the proof by an induction.

D.1 Proofatt=0

D.1.1 First forward pass

Tensor program setup: We consider a Tensor Program as defined in
Wil — U+t
Ul, ..., UG, U,



and the initial scalars

X0y - -5 Xt
w = m_1/2, V.= m_l,T = m_2,
mfleH;

and with initial weight matrices
w2, Wk,

Recall that the W' are defined in Equation (A.1) of Appendix A. Note that for any m € N*
and j € [m], we have

1 0 O

(U].L“, (U0, (UE);, (U€) 5,0, . .,UJ.L) ~N(o, (0o M Io

0 0 I

where M := Gram(&, ..., &, &) = (§&s)o<r,s<t+1 and I7, is the identity matrix of size L x L.
where we have set &41 := €.

Convergence of the initial scalars: w, v, 7 as well as m~'vX*! all converge almost surely
towards 0. For the y; we will show below in the proof that they all converge to constants
almost surely, thereby meeting the requirements of the Tensor Program. It is important to
note that there is no circular logic to prove the x5 converge almost surely. Indeed, each
time we apply the master theorem to prove the convergence of fs(&s) to a constant almost
surely and thus that of x5, we apply it to a restricted Tensor Program where only the scalars
(xr)o<r<s appear (and there is no such scalar needed to prove the convergence of x( as shown
below) which will already have been proved to converge almost surely.

1st forward pass: We drop the dependency of the forward and backward passes on &
for brevity. h(l) = U'¢ + v! is th sum of two initial vectors in the program and has iid
Gaussian coordinates A(0, ||¢]|2+1). By definition, Z" = ZU'¢ 4+ Z¥" ~ N(0, ||¢||2+1) since
the two Gaussians appearing in the sum are independent. By NonLin, we have that since
zl = o(hd), Z% = o(Z"). Note that E[o(Z"0)2] < oo since Z" is Gaussian with finite
variance and o is pseudo-Lipschitz and thus polynomially bounded.

Since L > 2, we can write h3 = m_l/Qﬁ/\?xé + m~10? (otherwise there is no h% and we
simply have fo(&) = m~1(U?)"z}), which implies by NonLin that zh = GzW 0 4 pzv?
with w = v = 0 and

ZWthl) _ Z\WQJ% + ZW2CC(1)'

ZWs§ = 0 by Lemma C.2, and ZW’% ~ A°(0,E[(Z70)?]) and 0 < E[(Z%)?] < co. We
thus have Zh = HZW?* 0z = 0, Similarly, we also get that nuZ¥" = 0. We then have by
ZNonLin Z% = o(Z") = ¢(0) = 0.

Let | € [2,L — 1] and assume Z" = 0. Then, Z% = ¢(Z") = 0, and since Aot =
w1zl + o+l by ZNonLin, 2™ = HZW' ™ 4 579" where by ZMatMul,

Witlgl SWitlgl L WLl
A 0=/ 04+ 7 0,
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and Z Wb = by Lemma C.2. By ZHat, ZWiHal N(0,E[(Z%)?)), and since & = 0,
wZW e = . Similarly, vzv"" = 0. Then, by ZNonLin 7% = U(Zhéﬂ) = o(0) = 0,

which concludes the induction.

We thus have only to deal with the last layer L + 1 to finish the first forward pass. We have
fo(€) = m=H((ULH(0)) ol +ot+h) = (1/m) 37, Uf“xéi +m~ ol *L Since UL and af
are vectors in the program, (1/m)> ", UZ-LH:E& is a scalar in the program by the Moment
rule, and it therefore converges almost surely to E[Z Uttt gag | by the Master Theorem. Now
because UL is an initial vector in the program, by definition, ZU""" = ZU"™ ~ N(0,1) is
independent of Z% . We thus get E[ZU""" Z70] = E[ZV""'|E[Z70] = 0. On the other hand,

m~ ol is an initial scalar in the program which converges to 0 almost surely, so that fo(¢)

converges almost surely to 0.

D.1.2 First backward pass

1st backward pass: We can apply the previous reasoning of the forward pass with &g
instead of £ and we get that fo(n) — 0 almost surely. Therefore, since xo = 924(yo, fo(&o))

and 920(yo,-) is continuous by assumption, xo — 02€(y0,0) =: X almost surely. We have
dzl = m~1UF*+! which makes it a vector in the program by NonLin, and Zdxg = pzUt
Since ZU""" ~ N(0,1) has finite variance and © = 0, we have Z%0 = 0. dhl = dzl © o' (hE)

implies by ZNonLin Z4h6 = 742 ¢/(Z"0) = 0 x ¢’(0) = 0.

One has:
gmdaf ™ _ &(2(WL)T(mdh6) 1 Z(WL)T(mdhg)%
where mdhy = UM ® o/(hY). By Lemma C.2, 7 (W) (mdnf) — 0 (essentially, W! never
0 0
appears in the computation of dh{), and by ZHat, ZWH) (mdh§) N (0, E[(Z™5)2)), and
by independence of Z U and Zhe ,
E[(2™")%)) = E[(2"""))Elo’(2")%]) = o'(0)*

which is finite. Since w = 0 we get Zmdzg ™! = . dhy™! = dazb™ © o’ (hE™1) implies by
ZNonLin Z™dhe ' = zmdsy ™ o/ (zho ) = 0 x o/(Z"0 ') = 0.

Let I € [2, L] (which is non-empty since L > 2) and assume Z™#0 = zmdhy — 0, mdal ! =
w(W? )T(mdhé) implies by ZMatMul

gmdal !t _ Ug@(ﬁlf(mdhg) i Z(WZ)T(mdhé))‘

By Lemma C.2, Z W) (mdh) — o and by zHat, Z(W)' (mdhh)  Ar(0, E[(Z™4"0)?]). By
the assumption above, E[(Z™40)2]) = 0, and since & = 0 we get Zmdag " = ), dhst =
dal ' © o (hlY) implies by ZNonLin Z™mdho ' = zmdeq "o/ (zho ') = 0 x o (ZM0 ). Zho s
not 0 if [ = 2, but since it is Gaussian with finite variance, and ¢’ is pseudo-Lipschitz by
assumption, o’ (Z hé_l) is finite almost surely, and Zmdhg = 0 almost surely, which concludes
the induction.

D.2 Induction step

Induction: Since we proved the result of the theorem for ¢ = 0 in the first forward pass,
we might as well assume ¢ > 1. Let s € [0,t — 1] be an integer. In all that follows, for
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any 7 € [0, 5], for z € {hL, 2L, dhl,dzl}, we use z to denote z(&.). We make the following

induction hypothesis: for any r € [0, s]

(2% = 20"~ N (0.6 2+D)
ZM =0 almost surely, [ € (2, L]
(&), fr(€) — 0 almost surely
Xr = Xy := 02L(yy,0) almost surely

zmdz, — zmdh. — () almost surely, | € [1, L — 1],
Zmdxr — ULJrl'

The aim is then to prove the same claims for » = s+ 1. Let us first start with the expressions
of AW'(s+1) and AB'(s +1). We will use Equation (A.3) and the fact that ¢; +2 > 0 if
le[2,L],and ¢;+1>0forl=1, and [ = L + 1. We have by Equations (A.3) and (A.6)

AW (s +1) = —nm™ Y x,dhle],
r=0

AW (s + 1) = —pm~ 0N “ydhy (@), 1€ 2,1,
r=0

s
AW (s 4 1) = —pm~TFers) "yl /m,
r=0

and by Equations (A.4) and (A.7)
AB'(s +1) = —pm™“ Zerh}«v

AB'(s +1) = —qm~ 0y “xodh,, 1€ [2, L],
r=0

ABL+1(S +1) = _nm_(1+CL+1) Z Xr/m.
r=0

In the following, we use for z € {h!, |, 2!, |, dhl |, dz!_ ;}, we use z to denote z(¢) (and not
2(€s41) for now). Using that in the Naive-IP, ¢; = cp41 = —1, and ¢; = =2 for [ € [2, L], we
have

AW (s + 1)+ AB (s + 1) = = Y (61 + 1)xo (mdhy),
r=0

)T$i+11) +1

AW(s + 1)zt + ABY(s + 1) ——"ZXr (mdhl), 1el2,L],

INT ,.L
1
(AWFH s+ 1))Tak, + ABE (s 1) = Yy, ELEE L

m
r=0

To prove the claims above for r = s 4+ 1, we will first induct from [ = 1 to [ = L for the
forward pass and then induct from [ = L to [ = 1 for the backward pass.
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D.2.1 Forward pass at step s+ 1
Forward pass at step (s+1): hl , = U'¢+v' + AW!(s+ 1)+ Ab'(s+1) and by ZNonLin

S
1 =rrl [e] 1
Zhi =208~y e+ x, 270
r=0 0 a.s.
=7V = 7M@) almost surely.

Note that the scalars (x,)o<r<s are now valid scalars in the program by the induction hypoth-
esis which allows applying the Tensor Program rules with those scalars as well as the master
theorem. This gives Z"+1 ~ N(0,]|¢||2+1), and we then have Z%+1 = ¢(Z"®) = Z7a(®)
for which we have already proven E[(Z%0(8)2] < co.

s+1+1

Wy = wW2al,, + ro? UZXT =) (mdhy).

Because x! 11 1s a vector in the program, by ZMatMul
ZW2x§+1 _ Z\WQm;_H + Z WQm;_H

and because Z%:+1 = 0(2U15+”1) is only a function of the initial vectors U'¢ and v!, and not
of any vector computed used (W?2)", Z"W*#41 = 0 by zDot, and Z"*%s+1 ~ N(0, E[(Z%5+1)2))
is a Gaussian with finite variance by ZHat. (z})'z! 41/m is a valid scalar in the program by
the moment rule, and by the Master theorem,

(@) Tahsy +1)/m =2 B[Z7% 271 = Elo (27 + o (2764,
and because U'E,, v! and U'¢ are initial vectors in the program, (ZU'étv' zU'e+vy g
jointly Gaussian by definition with finite covariance matrix

<|g,,|y2+1 §J§+1>
¢ +1 [E]P+1)°

which ensures the expectation above is finite because ¢ is polynomially bounded since it is
pseudo-Lipschitz. We thus habe

S
ZhEJrl =0 x Z\WZZ,;+1 +0 x Zv2 N 7’]2 )%7- E[ZI}GZJ’;JA] Zmdh?.

<o =0 % <o 0

ZMn = 0.
We then get Z%3+1 = 0(0) = 0 and thus IE[(Z“’EH)Q] =0.
Let [ € [2, L — 1] and assume ZM = 0.

INT
Bl T +1 1 (27) woqq +1 dhH
sl = +ToT nZXr—m (mdh,™).
r=0

Now, since zéﬂ is a vector in the program, ((xlT)T é+1 +1)/m is a scalar in the program by

the Moment operation, which converges almost surely, by the Master Theorem, to

E[Z7r Z%+1] = B[o(Z")o(Z"s+1)] = (0)2 = 0.
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By ZNonLin,

141 Witly Ul 141
Zhsf = HzW e 4 270 —n§ Y, E[Z% Z%s+1] zmdhe"
%,_/‘r—'

=027 <oo <00 0

On the other hand,

Twl+1,.1 STl41 .0 w1,
ZW+$S+1:ZW+IS+1+ZW+IS+1,

and since Z%+1 = O'(ZhS‘H) = 0(0) = 0 is a constant almost surely, the derivatives defining
7 are equal to 0 (its expression as a function of the prev1ous Z is a constant because any
Z gets multiplied by 0) so that ZWiial, = = 0, and ZWHa N(O E[(Z‘TSH) D = 0.

With w1 = 0 and 7 = 0, this yields zhd = 0, and therefore IE[(Z'JSH) | = ]E[U(Zhs+1)2] =
a(0)2 = 0.

We now deal with the last layer [ = L + 1 in the forward pass.

+ 1
fs+1(§) (UL+1 nZXT 7" s+l
Since UL+, xf 1 xk are vectors in the program, by the Master Theorem, we have:
m U el | 2 B2V 770 = o (0)E[2VT] = 0,
m—o0 N—_——
0
and
INT,.L
@) T F1_as E[Z% Z%4+] = 0(0)2 = 0
m m—00
We thus get
s INT L s
Xr(wr) $s+1+1 a.s. Z >O<r XOZO
m m—00
r=0 r=0 <00
This shows that
Js+1 (5) —= 0.
m—0o0

Doing the exact same reasoning as above with &4 instead of £ for r = s + 1 gives us the
first 3 claims of the induction hypothesis for r = s + 1.

D.2.2 Backward pass at step s+ 1

Backward pass at step (s + 1): the fourth claim ysi1 — Xopq = 02l(ys+1,0) is a
consequence of the fact that fsy1(€s41) — 0 almost surely, combined with the facts that
Xs+1 = 02l(Yst1, fs+1(€s+1)) and that 02l(ysyi1,-) is continuous by assumption. In all the
rest of this proof, for z € {h ;2! | dhl_ ,,d2! |} we now use z to denote z(£11) and not
z(&) anymore.
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mdzl  =w (s + 1) = UL — 30 xpal yields by ZNonLin

S
L L+1 o) L
Zmd:ps+1 — ZU . T,
ny &L
r=0 0
Z%in = Z0",
We thus have Z%+11 = 724541 = 0, and 29511 = 29541/ (Z"3541) = 0 x 0/(0) = 0 almost
surely.

One has:

S INT L
-1 TINT L Z (mdh,.) mdhg
mdws—‘,—l = W(W ) (mdhs+1) -n —~ Xr m X, 5

so that

s
ZmdastJ:f = &Z(WL)T(mdhsL+1) —n Z )%TE[ZmdthZmdhlS+1]Zx£71 .
r=0

Now, we have E[Zmdhr zmdhs] = E[(ZV""")2]6"(0)2 = o’(0)2 which is finite. On the other
_ -
hand, because Zmdhis = ZUM Qoes not depend on ZWL, we get that Z W) (mdhgiy) — g
T IAT o TINT L—

and ZW") (mdhiy) N(0,1) so that GzWH (mdhin) — 0. Tt follows that 24w = 0,
and since 2™ = ZmdstJ:lla’(ZhOL_l) we also get Zzmdhiit = g,

Let [ € [2, L] and assume Zmdrs i — zmdhiy — 0. Then

. (mdhl)"mdh! 1

mdz' ) = w(W") (mdhly,) =0 xe :

m
r=0

Since (mdhl)" and mdhl, 41 are vectors in the program, (mdhl) " mdhl, 41/m is a scalar in the
program which converges almost surely, by the Master Theorem, to E[Zmdhf" Zmdhf“rl] = 0.
On the other hand Z (W9 (i) — 0 because Z™5+1 is a constant (its expression in
function of the previous Z is constant equal to 0), and Z (W (mdht) ~, Af (0, E[(Z™dh0)2)) is
almost surely 0 because E[(Z™%0)2]) = 0. By ZNonLin we have
S
z = & 2y Y X, B[z zMha) gz
~N N —— N
0 0 r=0 2% N 0

7% = 0,
Finally, ZWsn = gdrdh gl (Zhlsjrll) yields 231 = 0 because Z"+1 = 0. This proves the
last claim of the induction hypothesis for r = s + 1 and thus concludes the induction and
therefore the proof. O

E Preliminaries on positively homogeneous functions

In this section we give a description of activation functions o satisfying Assumption 3. The
fact that o is positively p-homogeneous translates as

azP ifz>0
o(z) = .
BlzlP if z <0.
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Additionally, one has

,( ) apzP~1 if 2> 0
z =
—Bplz|P~t if 2 <0,

so that ¢’ is positively (p — 1)-homogeneous with ¢/(0) = 0. Since p > 2, both o and o’
are continuous and ¢’ is differentiable everywhere except at 0 if p = 2. It is immediate to
check that both ¢ and ¢’ are pseudo-Lipschitz and that o, ¢/ and ¢” are also polynomially
bounded functions. The non-negativity assumption on o gives o > 0,3 > 0, the fact that
o is not identically 0 leads to a > 0 or § > 0, and finally the fact that ¢ has faster growth
on the positive part of the real line yields a > g > 0. One notices that the faster growth
assumption is stronger than the assumption that o is not identically zero, and the latter
could thus be gotten rid of. The conditions on « and  can thus simply be summarized as

a>pB>0 (E.1)

With these conditions, we have that o(z) > 0 for z > 0, and o/(z)z > 0 for z # 0, that is
sign(o’(z)) = sign(z).

F Preliminaries for Theorem 3.2 and Theorem 4.1

In all this section since we assume positive homogeneity of the activation function, we also
consider parameterizations with no bias terms except at the first layer.

F.1 Tilde variables

Definition F.1 (Scaleless variables at initialization). Let ¢ € R? be an input vector. In-
dependently of any parameterization, we consider the following variables “without scale” at
initialization :

%(é) = chié_l(f)
vl € [2,L], {956( ) := o (h4(£))

and define fo(¢) := (WLH)ZL, as well as
{da?g(g) = Uk dzh(€) == (WHTaRb (¢)

0
ekl {d%(&) = dif() © o' (h(€))

where the W' are defined in Equation (A.1).

Remark F.1. The tilde variables are independent of the choice of parameterization because,
independently of the parameterization, W), = m_l/QUII,q ~ N(0,1/m) for | € [2,L + 1]
and Wplq = U]}q ~ N(0,1). Those variables essentially reproduce the computations that
take place in the forward (without any bias terms except at the first layer) and backward
passes of any ac-parameterization but the magnitudes (the multiplying scalars w;) have been
set to 1, essentially removing the additional scales which lead to explosion or vanishing as
m — oo. The tilde variables of the forward pass at initialization correspond to the NTK
parameterization. However this is not the case for the backward pass as the backward pass of
NTK vanishes at initialization whereas the corresponding tilde variables have positive (> 0)
variance as shown in Lemma F.1 below.
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Lemma F.1 (Scaleless variables have positive and finite second moment). Let £ € R? be
an input vector, and consider a non-linearity o satisfying Assumption 2. Then, dropping
the dependency of the tilde variables on &, one has that for any 1 € [1,L], and for any
z € {hh, &, dhl, dzh}, the second moment is positive and finite: 0 < E[(Z%)?] < co. More
precisely, one has:

Z" ~ N |IEIPHD), 0 <E[(2%)?] < o0
ZM ~ N(0, V), 0< V2 =E[(Z% )] < o, le[2,1],
0 < E[(Z%)?] < oo, le2,1),

Jol§) == N(0,VF), 0 < VP :=E[(Z%)’] < o0,

76~ N(0,1)

79 ~ N(0,V3,), 0< V2, =E[(z™ )% < , le(l,L—1],
0 < E[(296)?] < oo, lel,L]

Remark F.2. As shown in Appendix M, those expectations, as well as the means (first
and second moment) are tractable with 0 = ReLLU and have simple expressions (for the first
forward and backward passes). As shown in Appendices M.3 and M.5, the recursive formulas
for the variances of the forward and backward passes can be unrolled, and to avoid explosion
or vanishing with the depth L, one must initialize the i.i.d. Gaussian entries with a standard
deviation of v/2 to preserve the norm of the input signal.

Proof. Let &€ € R? be an input vector. We omit the dependency of the forward and backward
passes on & for simplicity. We first induct from [ = 1 to [ = L for the forward pass and then
from [ = L to [ = 1 for the backward pass. ﬁ(l] = U'¢ + o' is the sum of two initial vectors in
the program, which follows two independent Gaussian laws by definition: Z Ut LN 0, ]1€]1),

and Z¥" ~ N(0,1) independently of ZU'S. We thus have Z" ~ N(0,]|¢|[>+1), which shows
its variance is finite and > 0, and by Lemma C.1, 0 < E[(Z%)?] < oo since Z%0 = o(Z").

Now let I € [1, L—1] and assume Zh ~ N(0, Vh2,z) with 0 < VhQJ < 00, and 0 < E[(Z%)?] < oo.
By ZMatMul, Zh6™ = ZW'eh which is equal to ZW' by Lemma C.2. now by definition,
ZWHE N0, E[(Z%)Z]), and the variance is > 0 and finite by the induction hypothesis,
so that 0 < E[(Z%H)Q] < 00. Now by Lemma C.1 again, since Zi ' = U(Z%ﬂ), we also get

that 0 < E[(Z%H)Q] < oo which concludes the induction for the first L layers of the forward
pass.

fo(&) = (WZH)T:%OL and WJLH ~ N(0,1/m) for every m, and by the Master Theorem,
since ||#f]|?/m is a scalar in the program defined by the moment operation, it converges
almost surely to E[(Zf”é )2]. Finally, since &} is computed using only the Wl forl <L, il is
independent of W'*1. By Lemma C.3, fo(&) converges in law towards N(0, E[(Zjé)Q]), and
0 < E[(Z%)2] < oo by the previous induction.

75 = ZU™" and since UL is an initial vector in the program whose coordinates are
iid following A’(0,1), we have by definition ZU™"" ~ N(0,1). Zzdht = zd%§q/(Zht) =
EUHIU’(ZWLE(%_I). Now by definition in ZHat, 7V i independent of ZU™" since UL+
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is an initial vector in the program. This yields
E[(Z™)) =B [(2V")] E[0'(2%)?]
—1xE [a’(Zﬁé)Q} .

By assumption, ¢’ is pseudo-Lipschitz and thus polynomially bounded, and is not almost
= L— ~L—
everywhere 0. By the induction above, Z" ~ N(0,E[(Z%0 1)2]) with 0 < E[(Z%0 1)2] < 0.

By Lemma C.1 we thus have 0 < IE[cr’(Zﬁé)ﬂ < 00, which shows 0 < E[(Z%5)2] < oo.

Now let I € [2,L] and assume Z%%0 ~ N(0,V2 ) with 0 < V2, < oo, and assume

P

0 < E[(Z)?] < co. zd ' = ZzWH'dhy apq z(WO'dhh — ZOW)'dh by Lemma C.2.
By definition, Z(W)' 4 ~ A(0,E[(Z9%6)2]), so that E[(Z%0 )2 = E[(29b)?] and thus
0< E[(Zd%il)Q] < 00 by the induction hypothesis. We have

bt _ Zdif)‘la/(zleo‘l) _ 2(%1)%%0/(2@*153—2)
if { > 3, and
dhy _ ZdaE(l)J/<Zi~z(1)) _ 2(W2)Tdﬁgal(2W1§o+vl)

if I = 2. In any case, the random variable inside ¢’ is independent of the other variable in
the product. We thus get

E[(Zdﬁg—l)z] —E [(deg—l)ﬂ E [a’(Z%_I)Q}

>0, <oco >0, <oco

where the bounds on the second expectation are obtained using Lemma C.1. This concludes
the induction for the backward pass and thus the proof. ]

F.2 Expression of the forward and backward passes of ac-parameterizations
in function of the tilde variables with homogeneity

Lemma F.2 (Forward pass with homogeneity at t = 0). Consider any ac-parameterization
of an L-hidden layer neural network with a p-homogeneous activation function, and p > 1.
Let € € R? be an input to the network. Then, omitting the dependency of the forward pass
and the tilde variables on &, one has:

ho =piho, 1€, L, (F.1)
wh = (yr)Piy, L€ (1,L], (F.2)
fo(&) = v.L41fo(8), (F.3)

where, for anyl € [1,L + 1]

l
-k
’Yf,l = (H wz > .
k=1

Remark F.3.
1 l—k+1
Lo ()P = (Hk:l WZ )



2. When p =1, v¢; and ()P simply reduce to w;...w:

3. For integrable parameterizations, for any I € [1, L + 1], y¢; = m~ =072, The latter
term is 1 when [ = 1, and otherwise m~(¢=1/2 if p = 1 and m~ ' =1)/2(0-1) if p> 1.
For pP, v¢; =1 for any [ € [1, L] because w; = 1 for uP if I € [1, L].

4. Instead of homogeneity, assume o is differentiable, has non-zero derivative in 0 and
o(0) = 0. Also assume that w3 = 1 (i.e., a; = 0) and w; — 0 (i.e., a > 1/2) for
l € [2, L], which is the case in integrable parameterlzatlons Then, we have hy = h{,
and h3 = wyh?, so that 23 = o (wehd) and as m — oo, 22 =~ waa’ (0 )hz. Then similarly,
we have for h} ~ wgwga’(O)W?’ﬁg and 23 ~ wgwgcr’(())?w?’ﬁg. An easy induction
then gives hl = o/(0)"2(w;.. .wg)/Wl . Wﬁz% This thus resembles the case of a
p = 1 positively homogeneous function, except that the first forward pass is effectively
linearized after layer 1, but the magnitude of the forward pass at different layers is
also well understood in this case so that the learning rates for the first update can be
chosen appropriately (e.g., for integrable parameterizations). In particular, the initial
learning rates of IP-LLR for p = 1 will also produce non-trivial weight updates at ¢t = 0
in this setting, which will in turn induce learning. Finally, setting the initial standard
deviations of the weight matrices equal to |o’(0)|~! instead of 1 for the intermediate
layers avoids problems with the depth L.

Proof. hy = m~% implies that h§ = wi(U'€ + v') = wih, which entails 2} = wPi} be-

cause o is positively p-homogeneous and w; > 0. Now let [ € [1,L — 1] and assume
l—k+1

l—k ~ 1
h = (Hfrczl wp g, and @ = (TTj_, wy )Z(- Then

hf{H = wpy 1ﬁ\/l+1(0)m6

l k+1
W ()7
= Wit (H wy > H0)zg
I+1
+ l+1 k l+1
- H“k ho

Since o is positively homogeneous, we have

L (D
xzy = o(hy

(Hw 7 hl+1>
(H W k) hg™)

This concludes the induction and gives the result for any [ € [1, L]. To conclude, we com-
pL7k+1

pute the expression of fo(¢) = wr 1 (WEH(0)) 2k = wr 1 ([TE, wh YWEHL(0) 7k =
L+1 pL+1 k []

(T2 wy )fo(f)

Lemma F.3 (Backward pass with homogeneity at ¢t = 0). Consider any ac-parameterization

of an L-hidden layer neural network with a positively p-homogeneous activation function, and
p>1. Let & € RY be the first training input. Then, omitting the dependency of the forward
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and backward passes, as well as that of the tilde variables on &y, one has for any l € [1, L]:

L p-l
dmé = m Oy < H '7f,k> dﬁcé, (F.4)
k=l+1
L p—1
dhf = m~ iy, (H ’Yf,k) dhg, (F.5)
k=l

where, for any l € [1, L],

L
Vo = H W+

k=141
Remark F.4.

1. By swapping the products, one has that

L L
k=l+1 k=1

p—1
2. When p =1, (Hi:l fyf,k> =1 forany l € [1,L +1].

3. For integrable parameterizations, v,; = m~(E=D/2 for any I € [1,L]. For uP, Yy =1
for any [ € [1, L].
L L
4 Forl=L,wr =1 [T e =1 Iz vee = 1L

Proof. dx(j} = WL(O) =m oL+l = m_aL“dié,

dhl = dab o o' (W)
= m_aLJrldﬂ?é' ® O'/(’yﬁLiLOL)
=m L+l (’yﬁL)pildCE(lf ® O'/(il(lf)
where the second equality stems from Lemma F.2 and the last equality stems from wy, ...w; >

0 and the positive (p — 1)-homogeneity of o’. Let | € [2, L] and assume that dz} satisfies
Equation (F.4) and dh)) satisfies Equation (F.5). Then

de ™t = w (W dhl,

L p—1
_ ST s
=m~ " w, (H 7f,k> (W) dhy,
k=

-1
L p

- -1
=m= Py H Vi ok dzy
k=(1-1)+1

o1



and

dhl™ = dahy © o' (h)

p—1
=m= "y ( ’Yf,k> dify ' © o' (vpahl )

=m "ty (
k

L p—1
=m= Ty ( 11 ’Yf,k) dhg !,

k=Il-1

—= [~

p—1
w) (Yp4-1)P " dzh © o’ (hf)
l

where we have used Lemma F.2 in the second equality, the positive (p — l)zhomogeneity of
o’ combined with w;...w; > 0 in the third equality and the definition of dhﬁf1 in the last.
This thus concludes the proof by induction. O

Lemma F.4 (Weight updates with homogeneity at t = 0). Consider any ac-parameterization
of an L-hidden layer neural network with a positively p-homogeneous activation function, and
p>1. Let & € RY be the first training input. Then, omitting the dependency of the forward
and backward passes, as well as that of the tilde variables on &, one has:

L
AW (1) = —pxgm ™ (@rst2ae) 2ot (H “zL_kH) dhg&s,
k=2

L
ABl(l) = —nXOm_(aL+l+2a1+Cl)w}1)L71 (H wiL_]H,l) dil[l)’
k=2

7L (7I=1N\T
AWl(l) — 7nX0m—(aL+1+2al+cl—l) <H wZL—k+1> wfl dho(xo ) ’ l c [2’L]’

L
AW (1) = —pygm~(2estern D <H

Remark F.5. For p =1, we have

L
w{’Lil (H sz k+1> =wi...wp,
k=2
L
pL—k+1 1
(Hwk >wl =Wp.. . W—1Wi41 ... WL
k=1

L
pL7k+1
H wy, =wi...wr,
k=1

Proof. Before we begin with the proof, we start with a first basic result which will be used
repeatedly in the proof. Let N € N*. By Equation (A.3), we have

N N+1 N
p-DY P => =Y p=p"" -1
r=0 r=1 r=0
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Now that this is established, let us look at the update for the first layer. We have

AW (1) = —gm~ o) xodhg ]

L p—1
— _nm*(2a1+c1+aL+1)ryb’1 <H ’7f,k> XOdil(l]gg,
k=1

where we have used Lemmas F.2 and F.3 in the second equality. Now, we have

L
1 = H Wk,
k=2

and by the first point in Remark F.4, we have (with [ = 1)

L p—1
k=1

(p—1) Xl p "
Wi

=

>
I

1

(-1 E o
k

Il
-
&

>
Il
—

L—k:+1_1
W .

1
=

D
k

=
Il
—

It follows that

L pil L L L—k+1
_,p -1 DT
Vb,1 | | Yf.k = w | | W,
k=1

k=2

The formula for AB'(1) follows from the expression of dh} in function of dh} and from
Equation (A.4).

Let | € [2, L]

AW (1) = —pm~Catedygdnb (24 1)T
L p—1
= —pm~ Gatatara =y, oy (v 1)P (H 7f,k>
k=1

Now, we have

L
Vo, = H W

k=l+1

In addition, by the first point of Remark F.3, we have

G
(e = [T« |,
k=1
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and by the first point in Remark F.4

L p—l -1 P L .
(HW&) _ (H w]ip_l)Zr:lp ) % <Hw£:p_l)2r—kp )
k=l k=l
pl—k L L—k
— (H E ) « ( w’(gp—l)zrzop>
k=l

(H l kz op > (ﬁ (pfl) ZLoka>
= X Wy, = .
k=1 k=l

Let us now look, for each k € [1,L], at the power of wy which appears in the product
p—1
Yo (Vf—-1)P (Hé:l 'yﬂk) . If k€ [1,1 — 1], the exponent for wy, is equal to

L—1 L—1
P -1 pr =t ((p -D> P+ 1)
r=0

— plk <pL—l+1 1 1>

_ o L—k+1

If £ =1, the exponent for w; is equal to

L—

Zpr L I+1 _1.

=0

N

<

If kK € [l + 1, L], the exponent for wy is equal to

L—k

1+ (p_ 1) Zpr -1 +pok+1 -1 :pL7k+1'
r=0

L—k+1

Thus, for every k # [, the exponent for wy is equal to p , and for k = [, the exponent

for w; is equal to p“~tt1 — 1. It follows that

p—1
Yo, (Vfi-1) (H’Yﬁ) (H - kH) L

AWHH(1) = g~ Covrterin) ok

—(2ap41+cp41-1)

Finally,
= —nm Xo(y.L)PEG /m,

where we have used Lemma F.2 in the second equality. From the first point of Remark F.3,
we get that

k+1
’YfL

||’:'|h

which concludes the proof.



Corollary F.4.1 (Weight updates of IP with homogeneity at t = 0). Consider an integrable
parameterization of an L-hidden layer neural network with no bias terms except at the first
layer, and a positively p-homogeneous activation function, and p > 1. Let & € RY be the
first training input. Then, omitting the dependency of the forward and backward passes, as
well as that of the tilde variables on &y, one has:
AW (1) = —pxom™ =P dhgl,
ABl(l) = —77X0r,n*(617’71(p))dﬁ(lj7
diLl ~l—1\T
AWH(1) = —pxgm- (@) PolTo )y oy gy
m
AWL+1(1) — _nxomi(clz"“l7’YL+1(p)):i-é’/m7
where the v;(p) are given in Definition 3.2.

Proof. For integrable parameterizations, w; = 1, w; = m~ /2 for | € [2,L], and ar+1 = 1.
For the first layer, we have ar+1 + 2a; + ¢; = 1. On the other hand,

L L L—k+1 L

_ - _nL—k+1

! | | wh = | | m~P /2
k=2

k=2
— Eﬁ:z pL—k+1/2

=m Zk 1pk/2
=m —1/2(3 02 opk—l)7
so that

L
m—(aL+1+2a1+cl)w;,1,L71 (H szkﬂ) _ m_clm_1/2(zk Opk_l) 1
k=2
=m “m ~1/2(355 P+

by Definition 3.2, which gives the result for the first layer’s update (AW?!(1) and AB!(1)).
Let l € [2,L]. ap4+1+2a;—1=1+2—1=2. On the other hand,

L
(H wi’LHl) wl—l — m*1/2(Z£;01 pF=1),,1/2
k=1
— V2 P
so that

L

m*(aL+1+2az+Cz) <H szkH) wl—l _ mfclmfl/Q Zﬁ Olp’“+1
k=1

— m % 1258 ) pk-1

_ m_clm'ﬂ(p)’

by Definition 3.2, which proves the result for the updates of the intermediate layers. Finally,
we have 2ay;11 —1 =2—1 =1, and on the other hand, because w; = 1, as in the first update,

we find

L
L—k+1 _ L—1_k
[[ed ™" = m VS ),
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so that

L
m—(2aLy1tcrL—1) H szka _ m_CL+1m_1/2(E£:_01 Pk—l)m—l
k=1

— m_CL+1 m_1/2(2£;01 pk+1)

— m*CL-',-lm’YL-&-l(p)’

by Definition 3.2, which gives the result for the last layer’s update and therefore concludes
the proof. O

Corollary F.4.2 (Weight updates of IP-LLR at t = 0). Consider an IP-LLR parameteri-
zation of an L-hidden layer neural network with a p-homogeneous activation function, and
p> 1. Let & € R? be the first training input. Then, omitting the dependency of the forward
and backward passes of IP-LLR, as well as that of the tilde variables on &y, one has:

AW (1) = —nxodhi€],
AB'(1) = —nxodhy,
! dhl(z5)"
AW(1) = —nxo , Lel2, L],

Proof. This is a simple consequence of Corollary F.4.1 and the fact that for IP-LLR ¢; = v;(p)
at t = 0 by definition (see Definition 4.1) for any ! € [1, L + 1]. O

Lemma F.5 (Weight updates of uP at t = 0). Consider the uP parameterization given in
Definition B.3 with a differentiable activation function o. Let & € R be the first training
input. Then, omitting the dependency of the forward and backward passes of uP, as well as
that of the tilde variables on &y, one has:

AW (1) = —nxodhi€]
AB'(1) = —nxodhg
AWY(1) = —nxg‘W, 1€2,1)
AW (1) = —nxodf /m
Remark F.6.

1. Although the formulas are identical with those for IP-LLR when the activation func-
tion is positively p-homogeneous, this does not mean that the weight updates are
exactly equal. Indeed, although the tilde variables do not depend on the choice of
parameterization and will thus be the same in P as in IP-LLR, the variable yo which
appears in the formulas is parameterization-dependent as it depends on fy(£) which
itself depends on the choice of parameterization.

2. There is no strong assumption on the activation function here (e.g., homogeneity) as
uP is designed to have such updates which induce feature learning at all layers.

3. Note that the coordinates of AW'(1) are in ©(m~!) whereas that of W'(0) are in
O(m~Y2) for | € [2, L], so that paradoxically, even though pP is designed to produce
“mazimal updates” (in a certain sense), we have that AW]l-q(l)/W]l-q(O) =O0(m1?) -
0 as m — oo: the relative displacement of the weights is zero in the infinite-width
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limit. More generally, we have that for yP (le»q(t) - W;q(O))/W}q (0) = 0as m — oo if
t > 1, which means that weights of the intermediate layers do not move away from their
initialization in the infinite-width limit for uP, even if the (pre-)activations of every
layer are maximally updated. This is in stark contrast with IP-LLR for which both
WH0) and AW (1) are in ©(m ') for the intermediate layers [ € [2, L]: the weights do
move relatively to their initialization in the infinite-width limit.

Proof. uP is designed so that its forward pass has h = % for any | € [1,L]. Indeed, the
choice of pre-factors for the weights with pP lead to the same recursive equations for the
forward pass as the tilde variables, except for fo(£) which is equal to m~1/2 fo(f). For the
backward pass, one has that for uP, da:é = WEHL(0) = m~ ULt = m_ldig. We then have

dhl = dzl © o' (hE)
=m~ il o o' (hE)
= m_ldﬁg.

Let [ € [1,L — 1], and assume that al:zclo+1 = m_lalfc%;rl and alhf)'Irl = m_ld%ﬂ. Then, we
have

d.’I}é — (WH_l(O))Tdhé_'—l
_ mfl(WHl)TdﬁlO-f—l
= m~tdz).
Similarly, we have
dhly = dzb © o’ (h})
= m~Ydih © o’ (h})
= m~dhl ,
which proves by induction that for any I € [1,L], dz}, = m~1dz} and dh} = m_ld% for

uP. Recall that for pP, a; =0, @ = 1/2 for [ € [2,L] and ar+1 = 1, and ¢ = —1 for any
l € [1,L+1]. Now by Equations (A.3) and (A.4), the first weight updates give:

AW (1) = —nxom™*m ™ dhgé]
= —nxodhgé],
and
ABY(1) = —nxom~“'m~dh}
= —nxodhg,
For [ € [2, L], we have

AWY(1) = anOm_(Hcl)m_ld%(xéfl)T

dill j,lfl T
BT
Finally,
AwL+1(1) — _nxom*(2+0L+1)x€
= —nxog /m,
which concludes the proof. O
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G Dynamics of the infinite-width limit of IP-LLR

Lemma G.1 (IP-LLR is zero at initialization). Consider the IP-LLR parameterization with
a positively p-homogeneous activation function, and p > 2. Then, for any input vector
¢ € R, one has that fzf)(g),io(@,d:ﬁé,d% are vectors in the Tensor Program program for
any l € 2, L], and additionally:

fo(§) === 0

m—o0

X0 —= Xg = 82L(yo,0)
m—o0

Remark G.1. The result on the almost sure convergence of xo ensures that the latter is
a valid initial scalar in the Tensor Program defining the computations associated with the
IP-LLR parameterization.

Proof. Because o and o’ are pseudo-Lipschitz (s~ince p > 2, see Appendix E), the tilde
variables of the first forward and backward passes (hj), :'136, d:Eé, dicll) are vectors in the program
given Definition F.1 by the ZNonLin and ZMatMul rules. Additionally, by Lemma F.2,

fol€) =m~ Silo pk/2m71/2(UL+1)TL;C~6

_ L—1 _k _ -
—m Zk:lp /2m I(UL+1)T$£

Now, m~L (U Tzl — E[ZU""" Z%] almost surely by the master theorem, and Z% =
U(ZWLi’gil). By the Lemma C.2, ZWrhTh EWL%A, and by the ZHat rule, the latter
variable is independent of ZU gince ZU"™ is an initial vector in the program. This
gives E[ZU""" Z%6) = E[ZV""|E[Z%] = 0 x E[Z%]. By Lemma F.1, and Lemma C.1,
E[Z%] < 0o because o is polynomially bounded. We thus get E[ZU""" Z%] = 0, and since
m— 2o PF/2 ¢ (0,1], fo(&) — 0 almost surely. Recall that by definition (see Appendix A)
Xo = Rl (yo, fo(&o)). Since fo(&r) — 0 almost surely, and since 92€(yo, -) is continuous by
assumption, we have that yo — 92£(yg,0) =: )OCO, which concludes the proof. O

Definition G.1 (Tilde variables in the backward pass after initialization). For any ac-
parameterization with ayy1 = 1, define for any ¢ > 1,

diF = mdzk, dhF = dit © o' (hl),

diy = (W) dh™, 1e (1, L -1],

dhj = di, ® o' (h}), 1€ [1,L—1].

Remark G.2.

1. One could in general define dZ! to be equal to m®=+1dz} but since all the ac-parameterizations
we study in this paper, i.e., integrable parameterizations, uP, or hybrid versions thereof
have ar11 = 1, we limit the formulas to this case. The tilde variables are the right
quantity to look at because of the term m™%L+! which appears in the gradient w.r.t to
x}¥ and then propagate to all the other variables of the backward pass by the equations
of backpropagation.

2. Recall that in the definition above, it is implicitly assumed that the computations of
the forward and backward passes at any time step s are done with the input £ = &;.
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Lemma G.2 (Relationship between tilde and non-tilde variables). For any ac-parameterization
with ap+1 = 1, for any t > 1, and for any &, dropping the dependency of the forward and
backward passes on & at time t, one has:

Vie(l,L+1], det =m™tdil, dhl =m™dhl.

Proof. dat =m™'dzk. dht = dzloo’ () = m~Ydik oo’ (hl) = m~1dhE. Nowletl € [2, L]
and assume dzt = m—dz!, dhl = m~'dhl. Then dzl™' = (W'(t))Tdhl = m=Y(W'(t))"dhl =
m~ 1zt and dhl™! = delto (W) = mldEl o () = mdhlT! which concludes the
proof by induction. O

Lemma G.3 (Weight updates for IP-LLR at any time step). Consider the IP-LLR param-
eterization with a positively p-homogeneous activation function, and p > 1, and let t > 1.
Then, dropping the dependency of the forward and backward passes on & at time t, one has:

AWt +1) = —nxexy /m,

diLl I—1\T
AW (t+1) = _nXtit(xt L e 2, L],
AW (t +1) = —nxudhi €],
ABY(t +1) = —nxsdh}.

Proof. Using Equation (A.3), we have AWt (t) = —pyym~Cornterigl — —pyial/m
because 2ar4+1 + cr+1 =2 —1=1in IP-LLR since ¢t > 1. For [ € [2, L]

AWl(t) _ —nXtm_@alJrcl)dhi(H?l_l)T

= —ﬁXtidhé(xé_l)T,
m
by Lemma G.2 and because 2a; + ¢ = 2 —2 = 0 for t > 1 in IP-LLR. AW () =
—nxem~Cateldnle, = —nxdh}E] by Lemma G.2 and because 2a; +¢; = 0— 1 = —1
for t > 1 in IP-LLR. Finally, by Equation (A.4), we have AB(t) = —nyym~(Cate)gpl =
—nXtdB% by Lemma G.2 and because 2a; + ¢; = —1. O

Theorem G.4 (Weights in IP-LLR at time t). Consider the IP-LLR parameterization with
a positively p-homogeneous activation function, and p > 1. Then, for any t > 1, one has:

(i) WH(t) = U = nxodhde] —n (342 xedhlel ).

(ii) BY(t) = o' — mpxodh — n (42 xdh?),

-1

— 71 % T _ 71l xlfl T
(iii) W(t) = ! — o Dol L —p (S BB 0) g2,

(iv) W () = UPH fm — ol fm = (S xerl /m).

Proof. We have already seen the formulas are correct for ¢ = 1 by Corollary F.4.2. Then, by
Lemma G.3, an easy induction immediately yields the result. O

Lemma G.5 (Backward pass of IP-LLR at time t). Consider the IP-LLR parameterization
with a positively p-homogeneous activation function, and p > 1. Then, for any t > 1,
dropping the dependency of the forward pass at time t on &, and of the previous forward and
backward passes on the corresponding s, one has:
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(i) diF = wlti(t) = U — nxozd —nY0] xeal,

o BB 211 (@) R 1
m

(i) dil™t = wl(Wl)Tdﬁé - . IXSST:CS* , lel2,1).
Proof. By definition, we have

dit = mdzt

= mWit(¢)
t—1
= UM —xodf —n ) xewk
s=1
where the last equality stems from Theorem G.4.
Let [ € [2, L], we have:
dil=t = (W'(1))" dh
1
T e dhb)Tdh —  (drb)T
= w (W) dhi—nmi( 0) A 51 l—ans i il
where the second equality stems from Theorem G.4. O

Lemma G.6 (Z for the forward pass of IP-LLR at time ¢ = 1). Consider the IP-LLR
parameterization with a positively p-homogeneous activation function andp > 2. Let £ € RY
be an input to the network. Then, for any | € [1, L], Y (€), 2t (€),dz, dht are vectors in the
program, f1(€) is a scalar in the program, and x1 is a valid initial scalar in the program.
Additionally, dropping the dependency of the forward pass at timet =1 on &, and of the first
forward and backward passes on &y, one has:

(i) ZM = ZW OB () = ZU'€ | g0t % (eTe 4 1) 7R,
(ii) ZM = ZW' W™ = G zWial™t 8 Rz ze T zdR e (2,1,

(iii) f1(€) = (WEHI(1)Tak 22y 20" 20F] — n3 E[27 27,

m—00

Proof. By Theorem G.4, with ¢ = 1, one has that ht = UL + o' — nxo(&J€ + 1)dl~z(1). By
Lemma G.1, dh(l) is a vector in the Tensor Program and ygo is a valid initial scalar in the

program which has an almost sure limit y, := 92£(y0,0) as m — oo. In addition, U'¢
and v! are initial vectors in the program, which thus shows that hl is a vector in the
program by the NonLin operation. This also gives that x1 = o(h]) is a vector in the

program since o is pseudo-Lipschitz (see Appendix E). Moreover, by ZNonLin, we have
zh = ZU% 4 zv' — X0 (656 + 1)Zdh Let [ € [2, L] and assume that k™, z}™" are vectors
in the program. Then, by Theorem G.4 with t = 1, we get

I—1\T i1
hll = lelxlfl - nxg)i(x )z dhl
m

(z 6 1) 71/m is a scalar in the program by the Moment operation, and thus by the MatMul

and NonLin operations, hl1 is a vector in the program and thus so is xll = a(hll), which proves

by induction that this is the case for any [ € [2, L]. By ZNonLin we thus have

A AL SN A A VAL
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We then have by Theorem G.4 with ¢t =1,
3 i’L T(I?L
fi(§) =m 1((/ L—H)Tle _77X07( 0721 !

U+l — 17X0§:0L is a vector in the program by the NonLin operation, and the quantity

m~ YU — T]XQQEOL)TJJ{: is thus a scalar in the program by the Moment operation, and by
the master theorem, we get f1(¢) — E[ZU"" Z%1] — ny E[Z%0 Z*T] almost surely, since both
expectations are finite by Lemma L.1. Since we did the previous reasoning with an arbitrary
¢, we also get that hl (&), 2! (£1) are vectors in the program for any I € [1, L] and that the

formulas in (7), (i7), and (éi7) hold when the input is &;. In particular, fi(£;) converges to a
finite almost sure limit f1(&1), and thus the continuity of 92¢(y1,-) ensures the almost sure

convergence of x1 towards x; := 02€(y1, f1(£1)), which means x; is a valid initial scalar in
the Tensor Program. Then, dropping the dependency of the second forward pass (at t = 1)
on &1, we get by Lemma G.5 with ¢t = 1:

dit = UM —nxoig

which is a vector in the program by NonLin. Then dh¥ = dit ® o/(h¥) is also a vector in
the program since o’ is pseudo-Lipschitz. Let [ € [2, L — 1] and assume that diclfr1 and alhlfrl
are vectors in the program. Then by Lemma G.5 with ¢ = 1, we have
) U AR T Rt
dzt = w (W dhllJrl —nXo—( 0 731 1 1‘6
(d%ﬂ)TdiLllH /m is a scalar in the program by the Moment operation and by MatMul and
NonLin we thus get that dZ! is a vector in the program. Then dh} = d#! ® o'(h}) is also a

vector in the program since ¢’ is pseudo-Lipschitz, which concludes the induction and with
it the proof. O

Theorem G.7 (Z for the forward pass of IP-LLR at time t). Consider the IP-LLR param-
eterization with a positively p-homogeneous activation function, and p > 2. Let £ € R? be
an input to the network. Then, for any | € [1,L], h(€),2L(€),dz., dhl are vectors in the
program, fs(&) is a scalar in the program, and xs is a valid initial scalar in the program.
Additionally, dropping the dependency of the forward pass at time t on &, and of the previous
forward and backward passes on the corresponding &5, one has:

(i) Zht = ZW OB = ZU 4 7' — (€ + 1) 2 —n (Zi;i RISRVAE
(i) for anyl € [2,L]

(i) Ju(&) = (WHH ()" —>E[ZUL“Zfﬂ—nioE[Zfézxf]—n(Zi L EZ 7)),

m—0o0
Proof. We prove that the vectors and scalars in the claim of the theorem are part of the
program by induction. Then the formulas of (i), (i¢), and (iii) are a simple consequence
of the ZNonLin operation. The case t = 1 has been treated in Lemma G.6. Let ¢ > 1 and
assume that the vectors and scalars in the claim of the theorem are part of the program for
any s € [1,t]. By Theorem G.4, one has that

hiyy =W (t+1)E+ B (t+1)

— U+ 0" — nxo(€]€ + 1)dhj (sz e1e + )dh)
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By the induction hypothesis and NonLin, we thus get that h} 41 is a vector in the program
and thus so is xi,, = o(hi,,) since o is polynomially bounded. Let [ € [2, L] and assume
that ht 1 mt +1 are vectors in the program. Then, by Theorem G.4, we get

(IL‘Z I)T -1 l 1 T l 1
l il I—1 0 Ti41 71 L Lit1 551
ht—|—1 = (,(}lW xt-‘rl - nXO m dh (Z XS dh )

For any s € [1,#], (z5")T2"1/m and (:Z"ffl)Tmlfl/m are scalars in the program by the
induction hypothesis and the Moment operation. Thus by the MatMul and NonLin operations,
hi,, is a vector in the program and thus so is ! ; = o(hl,,), which proves by induction
that this is the case for any [ € [2, L]. We then have by Theorem G.4,

t T
fe1(§) =m™! (UL“ — mXx0df — ansaaf) Tl

s=1

UL+t — 77X0530L —n Zizl xsz¥ is a vector in the program by the induction hypothesis and the
NonLin operation. Then, by the Moment operation, f;y1(£) is a scalar in the program since
xtLH is also a vector in the program, and by the master theorem, we have

¢
Jerr(€) Z2 B2V 270 ] — X E[2% 2760) — Y X, B[ 27 27,
m—0o0 —1
The limit is finite by Lemma L.1 since by an easy induction any Z which appears is a
polynomially bounded function of a Gaussian vector with finite covariance matrix. Since we
did the previous reasoning with an arbitrary £, we also get that hfs 1(&er1), xi 4+1(&41) are
vectors in the program for any [ € [1, L]. In particular, fi11(&.41) converges to an almost sure

limit f;,;(&+1), and thus the continuity of 02¢(y;11,-) ensures the almost sure convergence

of Xt41 towards X, 1 := 02l(Yt41, f111(&+1)), which means y;41 is a valid initial scalar in
the Tensor Program. Then, dropping the dependency of the forward pass at ¢t + 1 on &1,
we get by Lemma G.5:

t
—X0Fy =1 Y XsTY
s=1

L+1
dth U

which is a vector in the program by NonLin. Then dhf,, = dil,, @ o’/(hk. ;) is also a vector
in the program since o’ is pseudo-Lipschitz. Let [ € [2, L — 1] and assume that diiﬂ and
dhi 11 are vectors in the program. Then by Lemma G.5, we have
I+1 +1 t TI+HINT 37141
i T (dhl)TaRly (dhkH)TdRt L
5} = g (P AR — o 0 Mgy g (00T Ay
s=1
(dhYTd éﬂ /m is a scalar in the program for any s € [0,¢] by the Moment operation and
by MatMul and NonLin we thus get that dz},, is a vector in the program. Then dht+1 =
dz}, , ®o’(hl,,) is also a vector in the program since ¢’ is pseudo-Lipschitz, which concludes
the induction. Then we get the claims of (i), (i) and (¢i7) simply by applying the ZNonLin
rule to the formulas derived above for the pre-activations Al . O

Corollary G.7.1 (Z for the forward pass of IP-LLR at time t). Consider the IP-LLR
parameterization with a positively p-homogeneous activation function, and p > 2. Then, for
any t > 1, and for any input & € R, dropping the dependency of the forward pass at time t
on &, and of the previous forward and backward passes on the corresponding s, one has:
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(i) 24 = ZW OB — ZU¢ 4 70" i (ele + 1) 29— (LU (e + 1) 200

(ii) for anyl € [2,L], 1
Zh = ZW' O = % B[Z% zo |z g (Z isE[Zmi‘lzwi‘l]Zdﬁi> ,
s=1
L+1 L o L L —_1 o L L
(i) fi€) = (WA (@) Tab 2y B2V 2o - Bl2% 2ot = (SU2) R Bzt 2241
Proof. The formulas are readily obtained by Theorem G.7 coupled with the fact that we
have (f)lZWlxi_l =0 for any [ € [2, L], and ¢ > 1, which stems from Theorem L.9. O

Remark G.3. Note that there is no circular logic here since only Theorem G.7 is used to
prove the results of Appendix L.1 (and in particular Theorem L.9), so that using Theorem L.9
for Corollary G.7.1 does not lead to any issue.

Theorem G.8 (Zs of backward pass of IP-LLR at time t). Consider the IP-LLR parameter-
ization with a positively p-homogeneous activation function, and p > 2. Then, for anyt > 1,
dropping the dependency of the forward pass at time t on &, and of the previous forward and
backward passes on the corresponding s, one has:

(i) 295 = zw ™0 = U 3 7% — g Sy 7z
(’l"i) Zdi,lg_1 — (f)lZ(Wl)TdiLi_nioE[Zdﬁézdﬁi]ché nzi 115)(3 [Zdﬁézdﬁé]ZIé_17 ] e [27[/]‘

Proof. We have already proved in Theorem G.7 that for any s € [1,¢] the vectors of the
forward (h!,z! for I € [1,L]) and the backward pass (dil,dh. for I € [1,L]) at time s are
part of the program and similarly at ¢t = 0 by Lemma G.1. Then, claims (¢) and (ii) readily
follow from applying the ZNonLin rule to the formulas of Lemma G.5. O

Corollary G.8.1 (Zs of backward pass of IP-LLR at time t). Consider the IP-LLR pa-
rameterization with a positively p-homogeneous activation function, and p > 2. Then, for
any t > 1, dropping the dependency of the forward pass at time t on &, and of the previous
forward and backward passes on the corresponding &5, one has:

(Z) Zdth _ Z’U)L+1(t) _ ZUL+1 N T]XOZIO N 7722 11;(8 L

(i) 7% = —py B[z zdk) z30 ' — Ly B[z zdk ze T e (2, 1),
Proof. The formulas are readily obtained by Theorem G.8 and the fact that Z (Wh'dhi — ¢
for any [ € [2, L] and t > 1, which stems from Theorem L.9. O

Remark G.4. Note that a similar statement can be made as in Remark G.3 regarding
circular logic since only Theorem G.8 is used to prove the results of Appendix L.1.

G.1 Second forward pass of IP-LLR (¢t = 1)

In this section, we prove that for IP-LLR, we have 0 < E[Z‘ié Z*”Cll] < oo for any [ € [1, L] un-
der the assumption that )O<O = limy, o0 X0 # 0. To obtain those results, we use the formulas
from Corollary G.7.1 for t = 1, which are obtained using the main result from Appendix L,
namely Theorem L.9. We choose to put Appendix L towards the end of the Appendix section
as its main result is quite intuitive: any multiplication by matrices with pre-factors in m=!
result in a vector whose coordinates (the corresponding Z) converge to 0 almost surely at
any time step. The proof however requires a long and cumbersome induction and we thus
leave it for the later stages of the Appendix so as not to break the narrative of the Appendix.
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The finiteness of the expectations E[Z%lel] is a simple consequence of Lemma L.1, but
the fact that they are > 0 requires more work as we will see below. Since we work with
IP-LLR, recall that we consider a bias term at the first layer only.

Lemma G.9 (1st layer of forward pass of IP-LLR at ¢t = 1). Consider the IP-LLR param-
eterization with an activation function o satisfying Assumption 3. Let & be an input to the
network, and assume >O<0 # 0. Then, dropping the dependency of the first forward-backward
pass on &y, and that of the second forward pass on &, one has:

(i) ZM = ZM© — 3o (Ele + 1) 2% = 7ME) — nyo(€1¢ + 1) 290" (27,

o ) ISl P41 €56 +1 0
(ii) (2", 2"©), Z436) ~ N | 0, | 76+ 1 [[€][*+1 0 :
0 0 E[(z%)

(iii) 0 < E[Z%Z%1] < co.
Proof. We have by Corollary G.7.1 at time £ =1
7% — o (Zh%(£)>
=0 (278 —n%o(els +1)2™)

Moreover, since dfl(l) = di’(l) ®o (il(l)), since all the vectors are part of the Tensor Program, by
ZNonLin we have Z9 = Z%og'(Zh0), so that

21 = o (278©) — o (ele + 1)2700" (2M))
Finally, we have
7% = g (ZM).
From the rules of ZInit and ZHat, we have that
P1qt -1 S 0
(zho, zM &) 7976y o N (0, <0 E[(Zdﬁgﬂ)) ;
with

. <||so||2+1 £8£+1>
e+t felp)

By Lemma F.1, E[(Zdﬁg)Q] < o0, so that the covariance matrix is finite and thus Z% Z1
is a polynomially bounded function of a Gaussian vector which shows that the expectation
is finite by Lemma L.1. It is also non-negative since ¢ is non-negative. To prove that it is
positive, one needs only prove that the integrand is not almost everywhere 0. By Lemma F.1,
E[(Zdhg)Q] > 0 so that the covariance matrix is invertible if and only if S is invertible. We
have

det(S) = (Il PII&]*~(£5€)%) + [0 — €117,

which is the sum of two non-negative terms by Cauchy-Schwarz’s inequality, and is thus 0 if
and only if both terms are zero. The first term is zero only when £ and &y are proportional,
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and if in addition the second term is zero than £ = &;. The distribution of the Gaussian
vector appearing in Z% 771 thus depends on whether or not £y and £ are equal.

Case when ¢ = &y. Then, calling A := —17)0(0(585 + 1), we have
E[Zirl)Zl’i] = /a(z)a (z = Auo’(2)) p2(2)pu(uw)dzdu,

where p. and p, are the densities of the two Gaussians N (0, ||&]|2+1) and N (0, E[(Z%5)2))
respectively, which are not degenerate, so that p.(z) > 0 for any z and similarly for p,(u).
Since Z4% and —Z% have the same distribution and since it is independent of Zﬁé, we
can assume A > 0 W.L.O.G (if A < 0 we can always do the change of variable u < —u
in the integral above since p,(—u) = py(u)). Consider the point (z*,u*) := (1,—1), at
which the integrand in the integral above is > 0, because o and ¢’ are > 0 on the posi-
tive part of the real line (see Appendix E) and A > 0. The integral is then positive, because
the integrand is a continuous function, since o and ¢’ are continuous (see again Appendix E).

Case when £ # £. Then, we have
E[ZiéZﬂfi] = /U(u)a (v = Az0'(w)) pu,v(u, v)p.(z)dudvdz,

where p,, and and p, are the densities of non-degenerate Gaussians and are thus well-
defined and positive everywhere. Again, we can assume A > 0 W.L.O.G. We consider the
point (u*,v*, 2*) = (1,1, —1) at which the integrand is > 0 since o and ¢’ are positive on the
positive part of the real line. Hence, the integral is > 0 because the integrand is a continuous
function, since o and ¢’ are continuous, which concludes the proof. ]

Lemma G.10 (Intermediate layer of forward pass of IP-LLR at t = 1). Consider the IP-
LLR parameterization with an activation function o satisfying Assumption 3. Let £ be an
input to the network, let | € [2, L], and assume >O<0 # 0. Then, dropping the dependency of
the first forward-backward pass on &y, and that of the second forward pass on £, one has:

(i) 2 = —nxoB[Z70 " 247 200 = —nxB[Z% 2| 29! (Z),

(ii) ZM and 293 are independent,
(iii) 0 < E[Z% Z%1] < oo.
Proof. We prove the result by induction on [, the case of [ = 1 has already been dealt with in
Lemma G.9. Let [ € [1, L—1], and assume 0 < E[Z% Z%1] < cc. Calling A := —nxE[Z% Z71],
we have A # 0 by assumption and by the induction hypothesis. Then, by Corollary G.7.1
with t = 1, we have

1+1 7l1+1
zh = £z

Moreover, diLé‘H = dié“ ol (%H), and since all the vectors are part of the Tensor Program,
we have by ZNonLin zdhg™ = Zdjf)ﬂa’(Z%H). On the other hand, by Lemma C.2, we have
Zdho' = Zdho' and zho'' = Eﬁéﬂ, and finally by the ZHat rule, since %H = Wl“a?ll and
dibtt = UM if | = L — 1 and (WH2) dh!+2 otherwise, we get that Zh"™" and Zho'
independent. In addition, we have

are

~I+1 I+1

B[z 22| = Elo(Z2h" Yo (= 295" o (zh0))].
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The expectation is non-negative because o is and it is finite by Lemma L.1 because the
integrand is a polynomially bounded function of the Gaussian vector (Z%ﬂ7 Zd%ﬂ) (and
thus of Zy, see Definition L.1). Using the positive p-homogeneity of ¢ and the fact that
sign(o’(z)) = sign(z) (see Appendix E), and calling € = sign(\) € {—1,1}, we have

2]

7l+1
hO

E[z%" 747 = B [E 757 721"

= APE [o(25")|o! (276" )PE [o(~esign(27) 295"

)

Now since esign(Z%ﬂ) € {-1,1}, 245" and e sigm(Z’:‘éH)Zdi”é+1 have the same distribution

conditionally on Z %H, so that

;Ll+l +1 +1
0 0 0

E {O’(—é sign(zho” ) 7%

)

21" | =B [o(z%%")| 27"

—E {a(zdfcé“)} .

We thus get

~1+1

E[Z% 27 ] = \PE[o(27)|o! (27 )P Elo(2% )],

and both expectations are positive because they are non-negative and their integrands are

> 0 on the positive part of the real line and the Gaussians involved have non-zero density on
I+1

this subset of R as they are not degenerate by Lemma F.1. This proves E[Z‘iéHZ"”l ]>0
and concludes the proof by induction. O

Lemma G.11 (Last layer of forward pass of IP-LLR at t = 1). Consider the IP-LLR
parameterization with an activation function o satisfying Assumption 3. Let & be an input
to the network, and assume >O<0 % 0. Then, dropping the dependency of the first forward-
backward pass on &y, and that of the second forward pass on &, one has:

. a.s. o L+1 L o FL L
(i) (&) = W) ep P f1(&) = E[ZV" 277] — nxoE[2%0 271,
(i7) 2V and 2 are independent,

(i) 0< f1(€) < 0.

Proof. Claim (i) comes from Lemma G.6, in which we have already proved that the limit

f1(€) is finite as a result of Lemma L.1 and the fact that the integrands are polynomially
bounded functions of the Gaussian vector (Z hy A ULH) which has finite (and diagonal as we
will see shortly) covariance matrix. In addition, by Lemma C.2, we have Zht = Zh6 and
by definition in ZInit ZUM = guttt Finally, by the ZHat rule, the latter two random
variables are independent since h{ = I//[\/L:%OL_l. Let € := sign(y,) and )\, := IE[Z%Z’”ll]
for | € {L —1,L}. We have A;_1,Ar, > 0 by Lemma G.10, and using again the fact that
sign(o’(z)) = sign(z) and the positive p-homogeneity of o, we have

3l

) [E [ZUL“G(—nioAL—IZULH",(Z%))‘Z}%H

E[zV"" 77 = E [E [ZUL“Z%L

= [P\ 1%ol" B [I'(Z"0) PR [ 20" o (—esign(276) 27" )

Zﬁéﬂ .
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Since Z l{ " and — 2V have the same distribution, and it is independent of VAL , and since
esign(Z") € {—1,1}, we have

E [—6 sign(Zi‘g)ZUHla(—e sign(Z%)ZUHl)

Zﬁé] —E {ZUL“U(ZUL“) 2’35]

~F [ZUL“J(ZU "“)} ,

so that
7] -

_¢E [sign(ZBé)\a'(Z%)]p} E [ZULHJ(ZULH)} .

E [\a’(z’% )PE [ZUL“U(—esign(Zﬁé )ZUE

We thus get
B2V 2] = —e|phs %ol E [sign(276)|o’ (27| B 27" o (27

We now prove that both expectations are positive. This is where the assumption that a > /3
(see Appendix E) appears to be crucial. We start with the first one. Since Zh6 has a zero-
mean Gaussian distribution with positive variance (by Lemma F.1), its density p, is positive
everywhere and symmetric, and we have

0
(ap)P PP, (2)dz + / —(Bp)P(~ )PP Vp.(2)dz

Z=—00

REN| 1 i
E [sign(2") (2] = |

z=0

+o00 +00
= (ap)P/ zp(p_l)pz(z)dz — (Bp)p/ LP(P=1) 4,
z=0 z=0
+o0
= (af — Bp)pp/ Zp(pfl)pz(z)dz.
z2=0

The second equality stems from the change of variable z <— —z in the second integral and
from the symmetry of p, with respect to z = 0. The last integral is > 0 because its integrand
is > 0 on the corresponding domain, and o — 8P > 0 since « > 3 by assumption and p > 0.
For the second expectation, we get with a similar reasoning that

0

E [ZULHJ(ZULH)] :/ uauppu(u)du—i—/ uf(—u)Ppy(u)du

u=0 U=—00

“+o00

“+oo
=(a— ﬁ)/ P p, (u)du,
u=0
which shows the expectation is > 0.

We now look at the second term in f1(§): —n;%oE[Zi"gZ‘”lL] = —en|xolAz. Summing this
up with the first term, we get

o o . 7L 7L L+1 L+1 o
f1(6) = =€ | L1 Xol" E [sign(27)|o"(276) | B [ 27" o(27"")] + nlXol s

-~

>0

which concludes the proof. O

Theorem G.12 (Non-trivial learning of IP-LLR at ¢t = 1). Consider an IP-LLR param-
eterization of an L-hidden layer neural network with an activation function o satisfying
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Assumption 3. Let &€ € R% be an input to the network, and assume &, €, )o<0 # 0. Then, one
has:

() fo(§) ———0

(i) 1(6) =22 [1(€) £ 0

Proof. Claim (i) has already been proved in Lemma G.1, and claim (4¢) has been proved in
Lemma G.11 above. g

Remark G.5. Note that since only quantities of the first (¢ = 0) forward and backward
passes and second (¢ = 1) forward pass appear in Lemmas G.9, G.10, G.11, and Theorem G.12

we only need to assume we have an integrable parameterization with ¢; = 7;(p) for any
lel,L+1]att=0.

H Proof that no constant learning rate is possible: Theo-
rem 3.2

In this section we prove the result of Theorem 3.2 by splitting the proof in two steps.
First we show in Lemma H.1 that to have stable and non-vanishing updates for integrable
parameterizations at t = 1, one must use the learning rate exponents ¢; = v;(p) for any
l€[1,L+1] at t = 0. Then we show some preliminary results on the second backward pass
(at t = 1) for integrable parameterizations when ¢; = ;(p) for any [ € [1, L+ 1] at ¢t = 0, and
some other preliminary results on the third forward pass (at ¢ = 2) when additionally one
uses ¢y = —1, ¢ = —2forl € [2,L] and ¢11 = —1 at t = 1. Then we show in Lemma H.4,
using those preliminary results, that assuming we have ¢; = v;(p) for any [ € [1,L + 1] at
t = 0, to have stable and non-vanishing updates at ¢t = 2 for integrable parameterizations,
one must use the learning rate exponents ¢; = —1, ¢, = =2 for [ € [2,L] and ¢y 41 = —1 at
t=1.

H.1 Proof of the first implication for the learning rates at t =0

Lemma H.1 (Learning rates for stable learning with IP at ¢ = 0). Consider an L-hidden
layer fully-connected neural network with L > 3 in the integrable parameterization, and with
no bias terms, except for the first layer. Assume that the activation function o satisfies
Assumption 3, and that limy, o 920(yo, fo(&o)) # 0. Assume further that £}&1 # 0. Finally
assume that Equation (3.1) holds:

AW Dzt P=01), e[l L]
(AWEH (1)Taf = 0(1)

Then, one necessarily has that at t =0, ¢; = v(p) for any l € [1, L+ 1] (see Definition 3.2).

Proof. With the notations introduced in Appendix A, the assumptions on the limit of the
loss terms at ¢ = 0 imply )%0 # 0. Let us consider the updates at t = 0. By Corollary F.4.1,
we have

AW (1)€) = —m~ @y (€1€)dh),

so that

m

1 —2(c1— 2 1
EHAWl(l)&'F: m 2O [0 (6560)] mz; (dho )
q:
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From the master theorem, we get that 221:1((15(1)@)2 /m converges almost surely towards

E[(Z%%)2] which is > 0 and finite by Lemma F.1. On the other hand, [1yo (5851)}2 converges
. 2

almost surely to [nxo(ggfl)] , which is > 0 by assumption, and finite.

If ¢ > v1(p), then ¢1 — y1(p) > 0, and |[|[AW(1)&]2/m — 0 almost surely, which is
impossible since by assumption, almost surely, there exits A > 0 such that for large enough
m, A< AW ()& /m.

If ¢; < 71(p), then ¢1 — y1(p) < 0, and |[[AW?(1)&]|2/m — oo almost surely, which is
impossible since by assumption, almost surely, there exits B > 0 such that for large enough
m, [|AWL(1)&|?/m < B.

We thus have that ¢; = v1(p). Let | € [1,L — 1] and assume that ¢, = v (p) for k € [1,1].
Then by Lemmas G.9 and G.10, we have 0 < E[Z% Z71] < oo for any k € [1,1]. We have

m

i”AWlH(l)gcl H2: m—2Cr1=v41(p)) X0 (%)Txll i 1 Z (dﬁlﬂ)z
m 1 m m p 0.q

From ~the master theorem, we get that Z;’;l(d%""ql)Q /m converges almost surely towards
E[(Z%0"")2] which is > 0 and finite by Lemma F.1. On the other hand, [nXO(%)Txll/m]z

. N 2
converges almost surely to [nxOE[Zxé VA xll]] , which is > 0 and finite.

If ¢;i1 > vip1(p), then g — yp1(p) > 0, and |[AWH(1)2}[2/m — 0 almost surely,
which is impossible since by assumption, almost surely, there exits A > 0 such that for large
enough m, A < [|[AW (1)t |[?/m.

If ¢;y1 < Y41(p), then ¢y 1 —y1(p) < 0, and [|[AW!F(1)2! || /m — oo almost surely, which is
impossible since by assumption, almost surely, there exits B > 0 such that for large enough
m, [|AWFH (D)2 |2 /m < B.

Therefore, we have ¢;y1 = 74+1(p). By induction, we thus get that ¢; = 7;(p) for any
[ € [1, L], which means in particular that 0 < E[ngfo} < 00 by Lemma G.10. Finally, we
have

~L L
(AWLJrl(l))Ta:lL _ _mf(cL+1*’yL+1(P))nX0 () Ty ‘

The term nxo(Z{)Txd /m converges almost surely towards nfcoE[Z“:"g fo], whose absolute
value is > 0 and finite. Therefore, if cry1 > vr4+1(p) then cr41 — vo+1(p) > 0 so that
(AWLF(1))TzE — 0 almost surely, which is impossible since by assumption, almost surely,
there exits A > 0 such that for large enough m, A < [(AWLFHL (1)) zF|. If cpy1 < vr41(p)
then c¢z41 — yr41(p) < 0 so that (AWEF(1))"zf — oo almost surely, which is impossi-
ble since by assumption, almost surely, there exits B > 0 such that for large enough m,
[((AWLH(1))T2f|< B. Thus, we must have cz1 = vz41(p), which concludes the proof for
the first part. O

H.2 Preliminaries on the second backward pass (¢t = 1)

Before we move on to the proof of the second part of the claim of Theorem 3.2, we stop and
prove some preliminary results on the second backward pass (at t = 1) which will come in
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handy later on. Similarly to what we did for E[Z% Z*”Cll], we wish to prove that the quantity
0 < E[z4h 2] < oo for any | € [2, L).

Lemma H.2 (Backward pass of IP-LLR at t = 1). Consider the IP-LLR parameterization of
an L hidden-layer network, and assume that the activation function o satisfies Assumption 3,
and that lim,, o0 02(yo, fo(&o)) # 0. Then, one has that for anyl € [2, L],

0 < E[z29 74" < oo

Remark H.1. Note that since only quantities of the first (¢ = 0) and second (¢ = 1) forward
and backward passes appear, we only need to assume we have an integrable parameterization
with ¢; = y(p) for any l € [1, L + 1] at t = 0.

Proof. We start with [ = L, and then induct over | from [ = L to [ = 2, and we recall
that lim,, ;e 92L(yo, fo(€0)) =: X by definition (see Appendix A), which is thus # 0 by
assumption.

The case | = L. By Corollary G.8.1, we have zdhs = ZULHU/(ZE%) and 2% =
(27" = nxoo (ZM))o" (2"F). We thus have

B[z 7] = B[(Z2U" 26! (278)o! (Z2M)] +n|Xo B2V o' (276 )a (2700 (2],
=A =B

with € := sign(fgo) and we deal with both terms separately. First, by Corollary G.7.1 we
re-write Z" as

7" = x|z o' (27),

where \ := E[ZiéilelLil] > 0 by Lemma G.10. Using the fact that sign(c’(z)) = sign(z)
and the positive (p — 1)-homogeneity of ¢/, we have

UI<Zh1L) = (Uboéop\)p*l|0’(ZE5)|P*10’(—esign(Z’~15)ZUL+1)'
The first term in E[Z ahs 7 dﬁlL] is thus equal to

A= (RN E [E (277720 (27)]o" (276) o (~esign(27) 20"

)

= (XN TE [0/ (ZM)|o' (27 UE [ (27120 (—esign(276) 27| 27|

= (XN E [0/ (27| (28t B [ (272027
The third equality stems from the fact that —esign(Zﬁé )ZUL+1 and ZU™" have the same
distribution conditionally on Z", and from the fact that (ZU""")2 = (—esign(Z"0)Z ULH)NQ.
We now show that both expectations are > 0. Calling p, the density of the Gaussian Z hy
L
which is symmetric and positive everywhere since Z"0" is not degenerate, the first term is
equal to

0
PPy (2)dz — (ﬁp)p/ (—2)PPVp,(2)dz

Z=—00

B [0/ ()] = e [

2=0

+oo
@ - [ )z,
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where we have used the change of variable z < —z in the second equality, and the last
quantity is > 0 since o > 5. With similar calculations, we get

E (ZUL+1)20’(ZU”1)] = (a—B)p /m w?py(u)du > 0,

u=0

where p,, is the density of the standard Gaussian ZY "' This thus shows that A > 0.
We now turn to the second term B. We have:
B =kl x  E|o(24)0(2")|o’ (2"F) P sign(27) x

E [<—esign<zﬁ€)ZUL“)a’(—esign(zﬁé )ZU

]

= P ix B[ (2)0(27)lo' (27 sign(27)| B 27 (204

= kel E[o(2H)| (27| B [0 o (20)]

We now prove again that both expectations are > 0. The first integrand is non-negative
everywhere and positive on the positive part of the real line where the Gaussian Zh6 has
non-zero density, which shows the first expectation is > 0. The same argument holds for the
second expectation since ZU" and o’ (Z UL+1) are of the same sign, which also leads to a
positive expectation, which finally gives B > 0, thereby concluding the proof.

The case [ € [2,L —1].
Let | € [2,L — 1] and assume 0 < v := E[Zdhf)HZdhllH] < o0o. Calling € := sign(x,), on the
one hand, we have by Corollary G.8.1

79 = _p|Xolvea(2),

and on the other hand, with A := E[Zféﬁlelfl], which is > 0 by Lemmas G.10 and G.9 (if
1=2)

o' (ZM) = (nlXo| NP o’ (2) [P~ 1o’ (—esign(Z7) 2%%0).
Recalling that Z4h = ZdiZOJ’(Z%) and Z = Z9%6/(Zh), this leads to
E[Z%% 7] = 5|0 |v(n|Xo| AP E[(—esign(27) 2%0) o’ (—esign(Z) Z4%)
sign(Z"0)o’ (20) |0’ (Z70) P~ 1o (270)),

which, by conditioning on Z hb and since —esign(Z %)Zd% and Z%% have the same distribu-
tion conditionally on Z%, and since sign(o’(z)) = sign(z), gives

E[2%0 2] = nlXo v (nlXo NP E [ 2400 (2| E |0/ (279 (27%)]

The term in front of the expectations is positive by assumption, and both expectations are
positive because their integrands are both non-negative and positive on the positive part of
the real line where the Gaussians Z9% and Z have non-zero density. The expectations are
also finite by Lemma L.1 because their integrands are polynomially bounded functions of
some Gaussian vector with finite covariance variance matrix. By induction, we thus get that
0 < E[Z%0 7] < oo for any [ € [2, L], which concludes the proof. O
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H.3 Preliminaries on the third forward pass (¢t = 2)

In this section we wish to prove that similarly to the second forward pass, the quantities the
quantities E[Z“”ll ZxZZ] and ]E[Z%Z””lﬂ (which appear in the third forward pass at ¢t = 2) are
> 0 for any [ € [1, L] when using the IP-LLR learning rates at ¢ = 0 and ¢ = 1. We assume
here that the training samples &y, £1, &2 are all distinct, which is probably not necessary for
the result to hold but simplifies somewhat some parts of the proof and is in any case a very
natural assumption.

Lemma H.3 (Forward pass of IP-LLR at ¢t = 2). Consider the IP-LLR parameterization of
an L hidden-layer network, and assume that the activation function o satisfies Assumption 3,
and that lim,, oo 020(yo, f0(&0)) # 0 and limy,—o0 024(y1, f1(£§1)) # 0. Assume further that
the first three training samples &y, &1, &2 are all distinct. Then, one has that for anyl € [1, L],

0 <E[Z"12"2] < 00
0 <E[Z%0Z"2] < o0

Proof. We start with the case [ = 1 and then induct over [ from [ = 1 to [ = L for both
expectations simultaneously as the derivations are very similar.

The case [ = 1.
Let us first unwind the expressions of Z M and Zh2. We have

ZM = ZME) _ (€16 + 1) 2% (77),
and

7 = zho&2) g (e, + 1) 2906 (Z0) — (€16 + 1) 2% 6" (ZM).

The case of E[Z71Z72]. ~ o
Recalling that Z%1 = —77)%01/0(Zh(1>) where v = E[Zdthdh%]. With the assumption that

o, &1, & are all distinct, the vector (Zﬁé, Z%(&), Zh(l)(ﬁz)’ Zdié) has a non-degenerate Gaus-

sian distribution, and we thus get

IE[Z”C%ZJC%] = /a (u1 - ,uozo"(uo)) o (u2 — p120’ (ug) + peo(ug)o’ (u1 - Mozo—'(uo))) X

q(uov ut, ’U,Q)pz(Z)d(U(), Ut, UQ)dZ,

where j10 := X0 (561 + 1), 1 = nxo(€f62 + 1) and o := ?xox1¥(¢]2 + 1), and ¢ and p.
are the densities of non-degenerate Gaussians and are thus positive everywhere. Now the
integrand is non-negative everywhere and we wish to show that it is positive at some given
point of R*, and it is also a polynomially bounded function of (thlJ, Zhé(él),thlJ(&), de’é)
which shows that the expectation is finite. Since 7% and —Z%5 have the same distribution
and it is independent of (Zh0, Z"o(&1), Zh6(82)) | we can assume that ;o > 0 W.L.O.G. Consider
the point (ug, uj,us, 2*) defined as u§ = uj =1, z* = —1 and

wy = o’ (1) + |l ()0’ (14 oo’ (1)) + 1.

We show below that the integrand is > 0 at (uf, u}, us, 2*). Since it is also a continuous
function of (ug,u1,us, z), we get that the expectation is positive.
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Let us now show that the integrand is > 0 at (uf, u}, u3, 2*). We have
uy — poz"o’' (ug) = 1+ poo’(1) > 1> 0,
and
st () = o' (1) = —|pulo’ (1),
and finally
a0 (o’ (uf — 1020 (u5)) = (D)o’ (14 o0’ (1)) = —|palor (D)o’ (1+ puoo’(1))

With the choice for uj, one has that ub — p1zo’ (ul) + pao(uf)o’ (uf — poz*o’ (uf)) > 1> 0,
which concludes the proof because o is positive on the positive part of the real line.

The case of E[Z%0 2],
We have

E[ZiéZxé} = /a (ug) o (u2 — p120” (ug) + poo(ug)o’ (u1 — uoza’(uo))) X
q(uo, u1, u2)p,(2)d(ug, u1, uz)dz,

As for the case of E[Z%1 Z72], we show that the integrand is > 0 at the same point (ug, uj, u3, z*)
as above, and since it is also a continuous function of (ug, u1, u2, z), we get that the expec-

tation is positive. It is also finite by Lemma L.1 because its integrand is a polynomially

bounded function of (Zhé, thl)(él), thl)(&), de(l)).

The case [ € [2,L —1].
Let I € [2,L — 1] and assume 7 := E[Z%1 ' Z% '| > 0 and p := E[Z% Z% '| > 0. Calling
A= E[Z% ' Z% '] which is > 0 by Lemma G.10, and v := E[Z%0" 240" ] which is also > 0
by Lemma H.2, we have

ZM = —UQOAdeéU,(Z%%
and
Zhh — —nfgopZd%a’(Z%) _ nS)(lTZd’:”lla’(Zhll).

Finally recall that 74 = —n)%ouo(Z%), and let us call pg = X\, p1 = 7Xop and
o = 7]2;(0)%17'1/. o is # 0 because of the assumption on )O(O. Since Z4% and —Z%%0 have the
same distribution and it is independent of Z Eé, we can assume ug > 0 W.L.O.G. Note then
that since p; is of the same sign as po (Ap > 0), this also implies 1 > 0, and p9 has the sign of
)OQ. By assumption, )O(l # 0, and by the induction hypothesis and Lemma H.2 we have po # 0.

The case of E[leleé].
We have

E[2" 272 = / o (=poz0’ (w) o (—p20" (W) + pzo (w)o (—pro20" () pu(w)p- (2)dudz,

where p,, and p, are the densities of non-degenerate Gaussians (Z By and Z4%6 respectively)
and are thus positive everywhere. Now the integrand is non-negative everywhere and we wish
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to show that it is positive at some given point of R?. The integrand is also a polynomially
bounded function of (Z", Z%%) which shows that the expectation is finite by Lemma L.1.
Let z* = —1 and w > 0. Then, —upz*o’(u) = poo’(u) > 0 so that o(—ppz*o’(u)) > 0. On
the other hand, —u1z*0’(u) = prapuP~!, and
* _ —_1)2
p20 (u)o’ (= 02"’ (u) = paauPap(poap)?~ ulP~
_ _ —_1)2
> —(ap)|pzla(poap)? uP~ TP~
This leads to
* * — — —1)2
20 (u) + a0 ()0’ (—pio="0’(w)) > apu ™" [ — |pala(uap)~ a4
The quantity in the bracket is > 0 as soon as
1
(r—1)2+1
ISP
|ualo(pocp)?

Calling u* := €/2, we thus get that the integrand is > 0 at (u*, 2*), and since it is a contin-
uous function of (u, z), the integral is positive.

The case of E[Z%0Z72].
We have

E[Z% 774] = / o (u) o (—p120" () + p2o(u)o’ (—pozo’ (w))) pu(u)p:(2)dudz,

The integrand is non-negative everywhere and with z* = —1 and u* = /2 as above, one
shows that the integrand is > 0 at (u*, 2*) which in turn implies that the expectation is pos-
itive. It is also finite for the same reasons as IE[Z’”é Z‘”l2]. This now concludes the induction
over | € [1,L — 1] which thus shows that E[Z‘”ll Z”Té] and E[Z%Zwé] are > 0 and finite for
any | € [1,L — 1]. Those expectations are also finite as their integrands are polynomially
bounded functions of Gaussian vectors which have finite covariance matrices.

The casel:LLl. . .
Let 7:=E[Z% Z% |>0and p:=E[Z% Z% ]> 0 by the previous induction. Calling
A= E[ZigilelLil] which is > 0 by Lemma G.10, we have

7" = —pxor2V" o' (27,
and
7" = —nxepZV" o (2) — nx T 2% o' (20T,

Finally recall that Z91 = zU™" _ n)%OU(Z’%), and let us call o := NXo\, t1 = NXoP
o = nx,7, and finally ps := 772;(0;(17. Since Z%0 and —Z% have the same distribution
and it is independent of Z %, we can assume po > 0 W.L.O.G. Note then that since p; is of
the same sign as g, this also implies y; > 0, and jp has the sign of x;. In addition, with
the assumptions and previous results, we have o # 0 and ug # 0.

The case of E[Z°T Z77].
We have

E[Z%LZ%L] = /o (—pozo'(w)) o (—p1z0’ (u) + (—p2z + pso(w))o’ (—pozo’ (u))) X

pu(w)p2(2)dudz,
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where p,, and p, are the densities of non-degenerate Gaussians (Z ht and 7V respectively)
and are thus positive everywhere. Now the integrand is non-negative everywhere and we
wish to show that it is positive at some point of R?. The integrand is also a polynomially
bounded function of (2, ZU"™") and the expectation is thus finite by Lemma L.1. We first
take a closer look at the second term inside o. Let z < 0,u > 0. We have

—pz0’ (u) = p|z|apu
as well as
—p2z + p3o(u) = —p2z + pzau®,
and
o' (—poz0’ (w)) = ap(poap)” 2P a1
We thus get that

— 2o’ (u) + (—p2z + pzo(u))o’ (_Mozal(u)) =

aplz|u?™ | + (—poz + psalul?) (poap)? P2 |u| @~ D@2

F(u,z)

Because p — 2 > 0, the function F is continuous over R?, and we have F(0,0) = p; > 0.
Therefore, there exists u* > 0 and z* < 0 such that F'(u*, z*) > 0. With such a pair (u*, z*)
we get that the integrand is > 0 at (u*, z*), and since it is a continuous function of (u, 2), it
follows that the expectation is positive.

The case of E[Z%0 Z72].
A similar argument to the case of E[ZzlLZ%L] applies and we get that the expectation is
positive, which concludes the proof. ]

H.4 Proof of the second implication

Lemma H.4 (Learning rates for stable learning with IP at ¢ = 1). Consider an L-hidden
layer fully-connected neural network with L > 3 in the integrable parameterization, and
with no bias terms, except at the first layer. Assume that the activation function o satisfies
Assumption 3, and that lim, oo 020(yo, fo(&o)) # 0 and limy, o0 920(y1, fo(&1)) # 0. Assume
further that £]1&2 # 0, that the first three training samples &o,&1,&2 are all distinct, and that
att = 0 (i.e., to compute AW (1)) ¢; = vi(p) (see Definition 3.2) for any | € [1,L + 1].
Finally assume that Equation (3.2) holds:

AW (2)z5 ! |P=6(1), €1, L]
(AW (2)) T2y = ©(1)
Then, one necessarily has that att =1, ¢y = 41 = —1 and ¢; = =2 for any | € [2, L].

Proof. We first treat the case [ = 1 and then induct over [ from [ = 2 to [ = L and conclude
by the case [ = L + 1. Note that because of the assumptions, Lemma H.2 holds and the
claim of Lemma H.3 will hold at layer [ as soon as we show ¢; = —1 and ¢, = —2 for k € [2, L].
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The case [ = 1.
We have

AW ()8 = —nm™ T Vx (176)da) © o' (hy),
so that
1 e 1, .
AW @= m 20 (g (7€) {[dat @ o' ()2
Recall that d7} = —nxo((dﬁg)Tdﬁ%)/m o(h), so that by the Master Theorem,

jd# © o (W)= (o) Bl (270)20/ (21)7),
where v := ]E[Zdi‘g Zdﬁ%] > 0 by Lemma H.2. The term in front of the expectation is > 0 with
the assumptions. On the other hand, the term (1x1(£17¢2))? converges almost surely towards
(n1x1(£17€2))? which is also > 0 with the assumptions. We show below that the expectation
is > 0, which proves that ¢; must be equal to 1 since by assumption L [|AW!(2)&]|?= O(1).
Recall that

ZM = ZME) _ % (€ley + 1) 290! (21).

The integrand in the expectation is non-negative, and it simply remains to show that is
not almost surely zero. Because Z% and —Z%0 have the same distribution, and since it
is independent of (2", ZM€)), we can assume W.L.O.G. that p := nxo(E3é1 + 1) > 0.
As usual, the vector (Zhé7 thl)(ﬁl)) has a Gaussian distribution which is degenerate only if
&1 = &, which is precluded by the assumptions. Note that in any case, the expectation is
finite by Lemma L.1 since its integrand is a polynomially bounded function of a Gaussian
vector with finite covariance matrix. Since £ # &y by assumption, we have

E[J(Zﬁtl))Qo’(Zh%)z] = /U(u)2a' (v— ,uza’(u))qu,v(u,v)pz(z)dudvdz,

where p,,, and and p, are the densities of non-degenerate Gaussians ((Z Bil), Z Eé(ﬁl)) and Z%%
respectively) and are thus well-defined and positive everywhere. Again, one sees that at
point (u*,v*,z*) = (1,1, —1) the integrand is > 0, and since it is a continuous function,
this proves that the expectation is positive. It is also finite by Lemma L.1 since the inte-
grand is a polynomially bounded function of a Gaussian vector with finite covariance matrix.

The case [ € [1,L — 1]
Let [ € [2,L — 1]. We have already shown that ¢; = —1. Assume now that ¢, = —2 for
k € [2,1 — 1] (note that if I = 2 this means no additional assumption). Then we have

I—1\T _I—1
L )372

AWH(2)zh ! = *nm‘m*q)m( dit © o’ (),

so that

2
1 B B (xl—l)Txl—l 1 B

AW (@) = w2 (nxll L) L jaad 0 o' ()

In addition, we have dz} = —nXo((d%H)TdellH)/ma(%), so that by the Master Theorem,

1 ~ a.s. o 7l l
%Ildl‘% © o' ()|P="= (nxov) Elo(2™)%0'(2")?),

m—00
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where v := E[Zdi‘loﬂZdﬁllH] is such that 0 < v < oo by Lemma H.2. Recall that
21 = —nxoAZ %0 (27%),
with A := ]E[Z%ilellil] such that 0 < A < co by Lemmas G.9 and G.10, which leads to
E[o(2")%0(21)?] = / o ()20’ (—pzo’ (u)2pu(u)ps (2)dudz,

where p = 17)0(0/\ which is # 0 with the assumptions, and p, and p, are the densities
of two non-degenerate Gaussians (Zhé and Z9%0 respectively) and are thus positive every-
where. Since Z%% and —Z9% have the same distribution and it is independent of Zh we
can assume g > 0 W.L.O.G. Then, we see that at point (u*,z*) = (1,—1) the integrand
is > 0, and since it is a continuous function, this proves that the expectation is positive.
It is also finite by Lemma L.1 since the integrand is a polynomially bounded function of a
Caussian vector with finite covariance matrix. The term (1xov)? in front of the expectation

is > 0 and finite with the assumptions. Finally the term (ny;((z}™)"z5™1)/m)? converges

almost surely towards (nx;7)? by the Master Theorem, where 7 := E[lelilel{l] is >0
and finite by Lemma H.3, which shows that (1x;7)? is > 0 and finite with the assumptions.
Since ||d#i © o’(h})||?/m = ©(1) by assumption, then ¢; must be equal to —2 otherwise
||z} ® o' (h1)||?/m would either converge towards 0 or diver towards co almost surely.

The case [ = L. We have already proved that at ¢t = 1, ¢y = —1 and ¢ = —2 for
l € [2,L]. We have

INT,.L
(AWEF(2)) b= ey, || L2

By the Master Theorem,
(xf) af

“5, BlzoF 77
m

m—r0o0

which is > 0 and finite by Lemma H.3. On the other hand, 7|x1| converges almost surely
towards 7|y, | which is also > 0 and finite. This shows that since |(AWL+1(2)) 2zl |= ©(1)
then we must have ¢4 = —1 to avoid vanishing towards 0 or explosion towards 4oco as
m — 00, which concludes the proof. ]

I Proof of the non-triviality of IP-LLR: Theorem 4.1

Proof. Claims (i) and (i) of Theorem 4.1 have already been shown in Theorem G.12. Claim
(7i7) simply stems from Corollary G.7.1 with ¢ = 2 and the fact that all the variables Z which
appear are polynomially bounded functions of the vector Z (see Definition L.1) by a simple
induction. O

J Proof of the equivalence between IP-LLR and uP: Propo-
sition 4.1 and Theorem 4.2

In this section, we present the proofs of the equivalence between IP-LLR and hybrid versions
of uP both at finite-width and in the large-width limit. Because we need to use the homo-
geneity property, we consider a positively p-homogeneous activation function ¢ and no bias
terms except at the first layer for all the parameterizations we consider. We assume p > 1
for the finite-width case, which includes ReLU, and p > 2 in the infinite-width case as we
use the Tensor Program framework for the proof and thus require some smoothness.
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J.1 Finite-width equivalence: Proposition 4.1

We start with a preliminary Lemma showing the equivalence at ¢ = 1 and then do the proof
of Proposition 4.1 by induction.

J.1.1 Equivalence at t =1

Lemma J.1 (First weight updates of HP). Consider the IP-LLR and HP parameterizations
with a positively p-homogeneous activation function, and p > 1, and no bias terms except
at the first layer, and let us sub/super-script the variables of each models with IP and HP
respectively. Assume the first training sample (o, yo) and the loss £ are the same for both
parameterizations. Assume further that Xéqp # 0, and simply denote by n the base learn-
ing rate of the IP-LLR parameterization. Finally consider for HP the initial learning rate:
nup(0) = (X¢F/xF)n, and let € € RY be an input to both networks. Then, dropping the
dependency of the weights att =1 on n and ngp, one has:

Vie[l,L+1], Wip(1l)=Wip(1)
Bip(1) = Bip(1)
1) = 179
Proof. By definition (see Section 4.2.1), we have
Wiip(1) = Wip(0) + AW,p(1)
Biip(1) = Bip(0) + ABp(1)
Wiip(1) = Wip(0) + AW,p(1), Le2,1]
Wit (1) = Wip™ (0) + AW (1)

Using Corollaries F.4.2, and Lemma F.5, and the fact that nyp (O)XSP = nxép we have:
AWip(1) = —nup(0)xh" dhoe]

= —77Xo dhofo
= AVVIP( )a

ABp(1) = —nup(0)x}" dh
= —nx§ dh{
= ABIP( )7

and, for [ € [2, L]

dh,
AWlp(l) = —anxﬁpi‘)( )

dhl (&
= 77X0P 7( )
m

= AWip(1),
and finally
P~
AW (1) = —nupxg &6/m
= —nxp &g /m
= AWIII/D+1(1)7

where the AW/,(1) and AB!(1) are computed with the base learning rate 1. We then get
Whp(1) = Wi (1) for all [, and it follows that for any input &, fiF(¢) = fIF(€). O
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J.1.2 Proof of Proposition 4.1

Proof. We first show by induction that the effective weight matrices and the effective biases
of the first layer are the same for both parameterizations at any time step > 1, which will
then immediately yield the result. We have already shown in Lemma J.1 that with the choice
of initial learning rate for HP, W}p(1) = Wip(1) for all I € [1, L + 1], and Blp(1) = Blp(1)
as well as fi'(€) = fi7(€).

Now let s > 1, and assume that for all I € [1, L+1], Whp(s) = Wip(s), and Bip(s) = Bip(s).
We want to show that this also holds true for the next time step s + 1. An easy induction
shows that since the effective weights of all layers are equal, and since by assumption the
s-th training sample (&s,ys) is the same for both parameterization, we get that for any
l e [1,L+1], $é,HP = IL‘ZSJP, hlstP = hé,lr—’? as well as fHP (&) = fIP(¢,), and therefore
XIP = xIP since by assumption both parameterization use the same loss. This in turn will
give by another easy induction that for any [ € [1, L + 1], dmi’HP = deé,IP? dhf;’HP = dhlS’IP.
Now, by Equation (A.3) we have, on the one hand (recall that s +1 > 2 so that the base
learning for both models for the (s + 1)-th SGD step is n)
AWip(s + 1) = —gm~ @4 4! per

S,

and for [ € [2, L]

P P
AWiip(s) = —nm~ e 4 )dhl ypal i,
and finally
P P
AWégl(s) _ —77m_(2a£+1+c‘£+1)st,HP

On the other hand, we have

AWfb(s) = —ngm~ G+ gl per

S,

and for [ € [2, L]

AWfp(s) = —Umf(Qa%PJFC%P)dhls,Iles,_I%P
and finally
AW (s) = —nm*@“iiﬁclfu)mflp

To see that the quantities are equal, we only need to observe that since s +1>1

2a" + 4T = —1 = 24!" + P
Qa;bP + cfp =0= QQ}P + C}P
uP wP P 1P
207 1+ =1=2ap,, +cp

(recall that for s > 1, ¢ = cff, | = —1,and " = —2for[ € [2, L]). We thus find AWip(s) =
AW/ (s) for all I, and since Wjp(s) = Wip(s) by assumption, we get Whp(s+1) = Wb (s+1)
for all [ which concludes the induction.

The effective weights being equal in both parameterizations for all time steps > 1, we get

that at time step ¢ > 1, for any input ¢ € R%, the outputs fIF(¢) and fIF(€) are the same,
which concludes the proof. O
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J.2 Infinite-width equivalence: Theorem 4.2

In this section we prove Theorem 4.2 which states the equivalence between IP-LLR (see
Definition 4.1) and HPZ (see Section 4.2.2). We start by a couple of preliminary results
on the dynamics of HPZ, then proceed to prove the main induction step over t, and finally
conclude by putting the results together to prove the theorem.

J.2.1 Preliminary results

Lemma J.2 (4P is zero at initialization). Consider the puP parameterization with an acti-
vation function satisfying Assumption 2 and a loss function £ satisfying Assumption 1, and
no bias terms except at the first layer. Let € € R be an input to the network. One has:

fo(§) =0

m—0o0

X0 ﬁ Xo = 024(yo,0)

Remark J.1. The result on the almost sure convergence of yg ensures that the latter is a
valid initial scalar in the Tensor Program defining the computations associated with uP (and
thus and HPZ). Also note that the limit of xg is the same as for IP-LLR (see Lemma G.1).

Proof. uP is designed so that hé = i~16 and :cé = 576 for any | € [2,L], and as already
proved in Lemma G.1, the tilde variables are vectors in the Tensor Program. Since fy(§) =
m~ (U LH)Ta?é we get by the master theorem that fo(€) converges almost surely towards
E[ZV""' Z%6]. By Lemma L.2, Zht = Zht and zU""" = ZU™*" by definition, and by the
ZHat rule, Z" and ZU™"" are independent, and since E[ZzV"""] = 0 and E[(Z%0)?] < oo
we get that fo(§) converges almost surely towards 0. The result on the limit of g is then
simply a consequence of the fact that d2£(yp, ) is continuous by assumption. O

Lemma J.3 (Weight updates for uP at any time step). Consider the uP parameterization
with a differentiable activation function o and no bias terms except at the first layer, and let
t > 1. Then, dropping the dependency of the forward and backward passes on & at time t,
one has:

AWt +1) = —nxexy /m,

diLl I—1\T
AW!(t+1) = —HXtt(i; ) . lel2,1),
AW (t +1) = —nxedhi €],
ABY(t +1) = —nxsdh}.

Remark J.2. Because HPZ and pP have the same parameterization for ¢ > 1 (see Sec-
tion 4.2.2), the formulas above for the updates are the same for HPZ, the only differ-
ence is that, at finite width, the z} and dh} differ from HPZ to uP because Wpy () =
Wlip(t) - WZLP(O). Note that the formulas are also exactly the same as for IP-LLR (see

Lemma G.3) but again the quantities 2} and dilff differ for pP and IP-LLR because of the
initial weight contribution in W'(t) which is different for the intermediate layers of both
parameterizations.

Proof. By Equation (A.6), we have

AWL‘H(t +1) = —nm_(zaL“"'CL“)Xta:f

= —ﬁXtﬁf/ma
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because 2ar4+1 + cp+1 =2 — 1 =1 for pP. For [ € [2, L], we have by Equation (A.3)
AWt + 1) = —npxem~Cateddpl (=17
diLl :L,lfl T
= =Xt t( : ) ’
m
because dhl = m_ldizé and 2a; + ¢ =1 —1 = 0 for uP. Finally, for [ = 1 we have again by
Equation (A.3)
AW (t +1) = —ipem™ Gt dnye]
= —nxadhi ],

because 2a; + ¢; = —1 for uP and dh} = dh}. A similar argument holds for AB(t + 1),
which concludes the proof. O

Theorem J.4 (Weights in HPZ at time t). Consider the HPZ parameterization with a
differentiable activation function o and no bias terms except at the first layer. Then, for any
t > 1, one has:

(i) WH(t) = U = nxodhbe] — n (42} xodhiel),
(ii) B () = v! = mxodh —n (1) xedht),
AT _ Lzl T
(iii) W(t) = —nyo ™ —p (Zizll Xs%); Le[2,L],

(i) WEHL(t) = U /m — ol /m —n (Zi;i xsst/m)-
Proof. The formulas are correct at ¢ = 1 by definition of HPZ and by Lemma F.5 which

gives the first weight updates for uP. Then, an easy induction using Lemma J.3 yields the
result. O

Lemma J.5 (Backward pass of HPZ at time t). Consider the HPZ parameterization with
a differentiable activation function o and no bias terms except at the first layer. Then, for
any t > 1, dropping the dependency of the forward pass at time t on &, and of the previous
forward and backward passes on the corresponding fs, one has:

(i) dif = w1 (t) = UM —nxodl — nZs L XsTE,
.. ~]— dhl dh; dhl dhy 1—
(i1) dxi 1 — —UXO% 172 ﬁmls L lel2,L].
Proof. By definition, we have

dzl = mdat

— mWL+1(7f)
t—1

= UM —xodf —n ) xewk
s=1

where the last equality stems from Theorem J.4.

Let [ € [2, L], we have:
di;t = (W'(t))"dh;

t—1

dht) T dhl (dhl)T
X( ) tll_nzxs t ~1

[,)N

=7

where the second equality stems from Theorem J.4. O
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Lemma J.6 (Z for the forward pass of HPZ at time ¢t = 1). Consider the HPZ param-
eterization with an activation function o satisfying Assumption 2 and no bias terms ex-
cept at the first layer. Let & € R? be an input to the network. Then, for any l € [1,L],
Ry (&), 24 (¢),di, diLll are vectors in the program, f1(£) is a scalar in the program, and x1 is
a valid initial scalar in the program. Additionally, dropping the dependency of the forward
pass at time t =1 on &, and of the first forward and backward passes on &y, one has:

(i) ZM = ZW DB = 20 4 70— py(elg + 1) 2,
(i) ZM = ZW' W = 3 B[Z% ' ze zdh, e 2,1,

(iii) f1(§) = WEH(L)Taf 2 (2" 271] -y E[27% 2°1].

Proof. By Theorem J.4, with t = 1, one has that hi = U¢ + v! — nxo(&J€ + 1)dl~1(1). By
Lemma G.1, diL(l) is a vector in the Tensor Program (recall that the tilde variables at initial-
ization do not depend on the choice of parameterization) and by Lemma J.2 xq is a valid
initial scalar in the program which has an almost sure limit >o<0 := 020(yp,0) as m — oo (see
Remark J.1). In addition, U'¢ and v! are initial vectors in the program, which thus shows
that hi is a vector in the program by the NonLin operation. This also gives that z1 = o(h})
is a vector in the program since o is pseudo-Lipschitz by assumption. Moreover, by ZNonLin,
we have ZM = ZU'¢ 4 7' — X0 (656 + 1)Z%s. Let | € [2, L] and assume that h!™1, 271 are
vectors in the program. Then, by Theorem J.4 with t = 1, we get

(~l—1)T -1

0

x x =
l 01 _dhj,
m

hi = —nxo0

(:%f)_l)Txll_l/ m is a scalar in the program by the Moment operation, and thus by the MatMul
and NonLin operations, h} is a vector in the program and thus so is #} = o(h}), which proves

by induction that this is the case for any [ € [2, L]. By ZNonLin we thus have
M = —pxoE[Z%  z7 |z,
We then have by Theorem J.4 with ¢t =1,

f1(€) = mil(UL+1)ch1L - nXOT

Uttt — 77X0500L is a vector in the program by the NonLin operation, and the quantity
m~ YU — nXO:ig)Tle is thus a scalar in the program by the Moment operation, and by
the master theorem, we get f (&) — E[ZV""" Z#1'] — ny E[Z% Z=1] almost surely, since both
expectations are finite by Lemma L.1. Since we did the previous reasoning with an arbitrary
¢, we also get that ht (&), 2! (£1) are vectors in the program for any I € [1, L] and that the
formulas in (7), (i7), and (#i7) hold when the input is &;. In particular, fi(£1) converges to a

finite almost sure limit f1(&1), and thus the continuity of 02€(y1, ) ensures the almost sure

convergence of x1 towards x; := 02€(y1, f1(£1)), which means x; is a valid initial scalar in
the Tensor Program. Then, dropping the dependency of the second forward pass (at t = 1)
on &1, we get by Theorem J.5 with ¢ = 1:

dit = UM —nxoif
which is a vector in the program by NonLin. Then dh¥ = dzt @ o’/(h¥) is also a vector in

the program by NonLin since o’ is pseudo-Lipschitz. Let | € [2, L — 1] and assume that dillﬂ
and alhlfrl are vectors in the program. Then by Theorem J.5 with ¢ = 1, we have

] AT g
) = —TIXO—( : T)n o
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(d%H)TdBaH /m is a scalar in the program by the Moment operation and by MatMul and
NonLin we thus get that dZ! is a vector in the program. Then dﬁll =di} ©d'(h}) is also a
vector in the program since o’ is pseudo-Lipschitz, which concludes the induction and with
it the proof. O

Lemma J.7 (Zs of HPZ and IP-LLR are equal at ¢t = 1). Consider the HPZ and IP-LLR
parameterization with an activation function o satisfying Assumption 3, and no bias terms
except at the first layer, and let us sub/super-script the variables of each models with HPZ
and IP respectively. Let & € R? be an input to the networks, and assume that HPZ and
IP-LLR share the same training samples (&o,v0) and (§&1,y1) at t = 0 and t = 1, the same
loss function £ satisfying Assumption 1, and the same base learning rate 1. Then dropping
the dependency of the first forward and backward passes on & and that of the second forward
passes on &, we have:

(i) Zhll,HPZ — Zhl1,1P7 lel,HPZ - lel,IP) l e [1’[/]7
(it) Nimp o0 f{T2() = limpm oo f17(8),

..., oHPZ o IP
(iti) x1  =X1

(z'v) Zdill,HPZ = Zdill,IP’ Zdﬁll,HPZ = Zdilé,lp’ l e [LL].

oIP  ouP o HPZ
Proof. By Lemmas G.1 and G.1 we have y, = Xg =Xo = 02¢(yp,0), which we simply

call )0(0 in the remainder of this proof for simplicity. By Corollary G.6 and Lemma J.6 we
have
ZMw = 2V 4 2 — pxo(&ome + 1) 2%,

and

ZMarz — 706 4 70" R (&oTE + 1) 28

)

and since the tilde variables are computed independently of any parameterization, we have

1 1 . . .
ZMuez = zMie Because IP and HPZ share the same activation function we also get
1 1 -1 -1 -1 -1
Z%mrz = 7711 Now let | € [2, L] and assume Z"irz = ZMip ag well as Z%11rz = Z%11p,

By Corollary G.6 and Lemma J.6 we have
ZMe = v E[Z%0 77w 7R,
and
Zhll,HPZ = _n%O]E[Ziéillelj}iPZ}Zdhéa

l !
which shows Z™".p = Z™M.wPrz gince the tilde variables are independent of any choice of
parameterization. Since the activation function o is the same for both models we also get

Z%11p — Z%1.1Pz which concludes the induction. For the output of the networks, we have by
Corollary G.6 and Lemma J.6

%P (€) _as E[ZUL+1 folp] _ U)%OE[Z% melp]’

m—r0o0

and

{‘IPZ(&') L) ]E[ZULJrl Z:E%PZ] _ n)%OE[Zi’(l)/ fo,HPZ]’

m—00
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L L
and since Z“11P = Z¥1LHPZ by the previous induction and the tilde variables are indepen-

dent of the parameterization, we get lim,, oo fiF2(€) = limy, oo fi¥ (€) =: fl (£). Since

62(y1,f1 (5)) and XHPZ = 02(y1, HPZ(ﬁ)), by continuity of d2f(y1,-) we get that
H oIP
X1 = 32€(y17f1(5)) =X -

For the backward pass, we have by Lemma J.5 that da?fHPZ = UL+ — T]X07sz.’ié’ which
gives by NonLin 7% ez = ZUL+l 77)()(0255 which is also equal to 79w by Lemma G.5
since the tilde variables are independent of the choice of parameterization. Then, we also
get ZdthPZ = delL,Hon-/(thHPZ) and Zdh1L,1P = ZdifHPZU’(th,IP) which shows ZdthPZ =
T L ~14+1 ~14+1 7l+1 7i+1
ZMar Let 1 € [1,L — 1] and assume Z%1arz = 2% as well as Z%mrz = z9%r By
Lemma J.5, we have
TIFINT 77141
23 _ (dho™) dhy JHPZ
L1,HPZ = —1X0 m Lo

which gives by the master theorem and the ZNonLin

Zdi"ll,HPZ = _n;OE[Zd%H

Zdﬁﬁﬁpz]z%
~1 7l
which is the same expression as Z%%p by Lemma G.5. It then follows that ZMmrz —
7l
Z dhl»IP, which concludes the induction and with it the proof. O

Theorem J.8 (Z for the forward pass of HPZ at time t). Consider the HPZ parameterization
with an activation function o satisfying Assumption 2 and no bias terms except at the first
layer. Let &€ € R? be an input to the network. Then, for any 1 € [1, L], hL(€), 2 (€), dit, dhl
are vectors in the program, fs(§) is a scalar in the program, and xs is a valid initial scalar
in the program. Additionally, dropping the dependency of the forward pass at time t on &,
and of the previous forward and backward passes on the corresponding &, one has:

(i) ZM = ZW OB = ZU€ 4 70" i (ele + 1) 29— (L] (e +1)2%0),
(i) 2% = ZW' O — B[z zmz 0 — g (DI RGEZ 252 e
2, L),
L L o ~L L —1 o L L
(iii) fi(€) = (WEHL(e) ot~ B[2U"" 7]~ n3oBl27 2] —n (U2 XEl27 27H)).

Proof. The proof is exactly the same as for Theorem G.7 except that whenever a multiplica-
tion by W!(0) appears with I € [2, L], it is now replaced by 0, but the reasoning and all the
arguments are the same, which in summary uses an induction over ¢ as well as the master
theorem and the ZNonLin rule from the Tensor Program. O

Theorem J.9 (Zs of backward pass of HPZ at time ). Consider the HPZ parameterization
with an activation function o satisfying Assumption 2 and no bias terms except at the first
layer. Then, for any t > 1, dropping the dependency of the forward pass at time t on &, and
of the previous forward and backward passes on the corresponding &s, one has:

(i) 28 = Zzv"7 0 = UM oy 2% — ST X2
(ii) 7% = —py B[z Zdht) 730 — 3L § R [z Zdhl]Zﬂﬁs . le[2,L].

Proof. As for Theorem J.8, the proof follows exactly the same pattern as for Theorem J.9
except that whenever a multiplication by W!(0) appears with [ € [2, L], it is now replaced
by 0. O
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J.2.2 Induction on t

Lemma J.10 (Induction step on the Zs of the forward pass). Consider the IP-LLR and
HPZ parameterizations with an activation function o satisfying Assumption 8 and no bias
terms except at the first layer, and let us sub/super-script the variables of each models with
IP and HP respectively. Let s > 1, & € R% be an input to the networks, and assume that
the training routine (see Definition 2.2) is the same for both models with a loss satisfying
Assumption 1. Assume further that, dropping the dependency of the forward and backward
passes at time t =1 on &, for all r € [1,s], we have:

(i) ZthPZ,r = ZhlIP,r’ leHPZ,r = lem,r’ lell, L],

(it) Ty, o0 fHP4(E) = Ty oo f7(€),
... oHPZ  oIP
(1) Xr =Xy
(’L"U) ZdillHPZ,r = Zdﬁluv,r7 Zd“%ZHPZ,r = Zd"%irp,r7 l e [1,[/]_
Then, dropping the dependency of the forward pass at time t = s+ 1 on &, one has:

1 1 l 1
(v) Zhupzs+1 — ZhIP,s+17 Z%HPZs+1 = ZVIPst1, l e [LL]’

(vi) limy,—s00 fﬁz(f) = limy, 00 fslfl (£),
. oHPZ  oIP
(’UZZ) Xs+1 :Xs+17
(m'ii) ZdBZHPZ,r = Zdﬁirp,hq7 Zdjiqu,sﬂ = Zdi"llp,sﬂ7 l e [LL],

Proof. Since by assumption, for any r € [1, s], the Zs of the forward and backward passes are
equal for both parameterizations, we drop the dependency of those quantities on the model,

and for z € {hl, 2L dhl,dil}, we simply call Z##Pz = Z4P = 77  Similarly we simply call
oHPZ  oIP
Xy =Xr =X, Wehave G.7

S
1 1 o 71 o 71
ZhHPZ,s+1 = 7V &1 _ 77Xo(§855+1 + 1)Zdh0 - WZXT(§7T§S+1 + 1)Zth
r=1

1
— ZhIP,s+1

where the first equality stems from Theorem J.8 and the second one from Theorem G.7.
1 1

Since both parameterizations use the same linearity o, we get Z*HPzs+1 = a(ZhHPZvSH) =

O-(ZhIlP,s+l) = Z$11P,3+1_

-1 -1 -1 -1
Let | € [2,L] and assume Z'wpzst1 = zMpsi1 z%npzss1 = Z%Pst1 By Theorem J.8,
we have

S
Fhbpzan — _ moEl 776 b, 1)z _ ) Z SE| ! Zmi;plz,sﬂ] il
r=1

S
= —RE[Z7 Z7wen )z S R B[z Z0w e 700,
r=1

1
— ZhHPz,s+1

where the last equality stems from Theorem G.7. Since both parameterizations used the
+1 +1
same non-linearity o, we get Z HPZs+1 = Z¥1P.s+1,
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By induction, we thus get that for any [ € [1, L], ZMez,an = Zhil’»sﬂ, and ZoHPzsn1 —

ZminSH, which proves (v). We can thus drop the dependency of h\ 41 and ! 41 on the model
HPZ or TP. Now, we thus have by Theorem J.8

m—o0

S
lim (€)= E[Z2V77 2% ] — niE[270 2] — (Z iTE[wazxﬁl})
r=1

= lim f,(¢)

m—r0o0

where the last equality stems from Theorem G.7, which proves (vi). Then (vi) combined
oIP - HPZ
with the continuity of 020(ys41,-) proves (vii), and we can thus imply denote x, | = X, =

)o(sﬂ. By Theorems J.9 and G.8 we get 7% mer — Zdjgﬂvlp, from which it follows that
Z2Wmer = gz by (v) and since both models share the same activation function.
Finally, given the previous result, with (7), (i7), (iv), (v) and (vii), an easy induction gives
(viii) with the formulas of Theorems J.9 and G.8, which concludes the proof. O]

J.2.3 Proof of Theorem 4.2

Proof. The claim has already been proved at t = 0 by Lemmas G.1 and J.2, and at t = 1 by
Lemma J.7. Then, by Lemma J.10, we get the result at any time step t > 1 by induction. [

K Formal versions of the results for the alternative methods
to escape the initial stationary point

K.1 Formal version of Theorem 5.2

Theorem K.1 (Formal). Consider the IP-bias parameterization as in Equations (5.2), with
the initial learning rates as in Equations (5.4) and (5.5). Assume the activation function o
satisfies Assumption 2 and the loss { satisfies Assumption 1. Then, for any input £ € R? to
the network, Zhé(f), Z%0() forl > 2, and limy,,—,~ fo(&) do not depend on &. In addition, for
any vector x in the program such that Z* does not depend on on the first training input &g,
ZAW' e for | ¢ [3, L], and lim,, ;oo (AWEHL(1)) 2 do not depend on &.

Proof. We have h} = U'¢ + v! so that Zh = ZU'C 4+ Zv" ~ N(0,]|¢]|2+1), and Z%0 =
U(Zh(l)). At the second layer [ = 2, we have h3 = m—1/2’m72x(1) + v? so that by ZNonLin
ZM =0 x 2"’ + Z“Q, and ZW2%h ~ N(O,E[(Zx(l))Q]). Because o is pseudo-Lipschitz, it is
also polynomially bounded, and the variance of the Gaussian is finite by Lemma C.1, so that
Zh = 77" ~ N(0,1) which does not depend on &. Therefore, Z% = ¢(Z"3) also does not
depend on &. Let [ € [3, L] and assume that Zh = 7% and Z% ' = o(Z*""). Then, we
have ZM = 0x ZW'e0 ' 4 zv' and ZW'e0 ' ~ N(0,E[(Z% ")2]), and the variance is again fi-
nite by the same arguments as for I = 2. We thus get Z% = Z¥' and Z% = O'(Zhé) = U(Z”l)
which concludes the induction and shows that Z" and Z%0 do not depend on £ for all inter-
mediate layers [.

For the output of the network, we have by the master theorem that m_l(UL‘H)Tx(% converges
almost surely to E[ZUL+10(Z”L)] = 0 since ZU""" has mean 0 and is independent of AR
Since fo(¢) = m~ Y UL zf + v *! where vE+! ~ N(0,1), we have that fo(£) converges
almost surely to the Gaussian variable /1 which does not depend on &. For the backward
pass, recall that we call dz} := m~tm~(L=D/2V_, f3(&)) and d% =m~Im~LD2v,, fo (&),
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Then, we have dif = UMY, dhl = U @ o/(hY), and a simple induction shows that for
any | € [1,L — 1], dz = (Wl+1) dhbH ) dhl = dzl © o' (hl). We thus have Z4%0 = zU"*"!
and Zht = ZULHU/(Z”L) which does not depend on the first training input . With the

recursive formulas above, and since Zho = 7V for | € [2, L], it is clear that 745 and 7k
do not depend on & for [ € [2, L].

Finally, let = be a vector in the program for which Z% does not depend on &, and let
[ € [3,L]. Then, by design, with the initial learning rates of Equation (5.4) for the weights
with IP-bias, we have

! (26 )" o
AW (1)z = —nxo-—"——dhy,
m
so that by ZNonLin
ZAWl(l):E — —T])()(OE[ZIéilzx]ZdiLé,

where X, := 02l(yo,v"T!). Since vIt, Z‘”éﬁl, 7% and Z% do not depend on & (1-1
and [ are both in [2,L]), ZAW'(Mz 4150 does not depend on the first training input &.
To conclude, we have by the master theorem that (AWX+1(1))"x converges almost surely
towards —n)%OE[Zzé Z*] which is does not depend on &, since this is the case for v=*1, 7%

and Z*, which concludes the proof.
O

K.2 Formal version of Theorem 5.1

Theorem K.2 (Formal). Consider IP-non-centered with the Naive-1P learning rates at every
time step. Assume the activation function o satisfies Assumption 2 and the loss £ satisfies
Assumption 1, and let t > 0 and &€ € R? be an input to the network. Then, calling dil, =
mV 1 fs(Es) and dhl := mV . f5(&), one has that:

(i) for anyl € [2,L — 1], Z" and Z* are deterministic constants,
(ii) for anyl € [2,L —1], 7% and 7 deterministic constants,
(iii) for anyl € [3,L — 1], and for any vector x in the program, we have that

ZOV WO — (5%, 79 77 ) B2,

Remark K.1. Point (iii) highlights the fact that in the infinite-width limit the (random)
matrix operator (w'(t) —w!(0)) acts on a vector x as if all the entries of the matrix operator

were equal to a single deterministic constant ( nzz E)?SZdESZml; ), because then the

averages over the coordinates of z involved in (W!(t) — W!(0))x would simply yield E[Z?]
by the master theorem of the Tensor Program.

The proof Theorem K.2 can be found in Appendix K.2.2. The proof is done by inducting
over t, and we present the case t = 0 and the induction step first in Appendix K.2.1.

K.2.1 Preliminaries

Lemma K.3 (First forward-backward pass and weight updates). Claims (i), (i7) and (iii)
of Theorem K.2 hold at t = 0.
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Proof. h} and x} = o(h}) are vectors in the program by the MatMul and NonLin rules since
o is pseudo-Lipschitz by assumption, and Z" = ZU'¢€ 4+ 7v' ~ N(0, ]|€]>+1), and finally
Z% = g(Z"). Now, we have (recall that as defined in Section 5.1 J is the matrix full of
ones)

hg = mfl/szxé +m %+ ugm Tz,

m*1/2W2x3) + m~1v? is a valid vector in the program by MatMul and NonLin because the
initial scalars m~1/2 and m~! converge to 0 almost surely, and Zm AW atm T e 0 x
ZW?=5 4 0x Z". By the ZHat rule we get that Z" 0 ~ A(0,E[(Z70)2]), with finite variance
by Lemma C.1 since o is pseudo-Lipschitz and thus polynomially bounded, and VAN

N(0,1). We thus get Zm ™2 (W22§+v%) — 0. On the other hand, 6 := (1/m) Y0ty @h, is

valid scalar in the program by the Moment rule and it converges almost surely to 5 =E[Z 15] by
the master theorem. The coordinates of uom=1J x(l) are thus all equal to w26, and the vector
ugm~tJxd is thus equal to ¥(z};0) coordinate-wise where the function ¥(-;-) : R x R — R
is pseudo-Lipschitz and depends only on the second variable with ¢(z;a) = wusa. By
the NonLin rule ugm~'Jz} is thus a vector in the program and by ZNonLin we thus get

Zu2m™ Ty — gy (70, 5) = uyE[Z70]. We thus finally get
ZM = uyR[Z%0],

which is a (finite) deterministic constant. Then the same statement holds for Z% =
o(ugE[Z70]). Let | € [3,L] and assume that ho! and x4 are vectors in the program

1-1 -1 e
and that Z"  and Z%  are deterministic constants. Then, we have
hly = m_1/2VVlacff1 +m ol 4 ulm_lJ:Ulofl

As for the case | = 2, we get that m_l/QWlefl + m~ 1! is a vector in the program with
Zm ™ PWlag m et 0, and ulm_leffl = 1/1(956*1;9) is a vector in the program with
¥(z; ) = wyar (recall that v is taken coordinate-wise) depending only on the second variable

and ¢ := (1/m)> 21", :z:f):; is a valid scalar in the program by the Moment rule, which, by

the master theorem, converges almost surely towards g = ]E[Z””é_l] = Z% ' since the latter
is a deterministic constant by the induction hypothesis. By NonLin Al is a vector in the
program and by ZNonLin Zho = w(Z‘”é_l;é) = uleé_l which is a deterministic constant.
The same claim holds for Z% = o(uleéil), which concludes the induction for the forward
pass. For the backward pass we get di§ = wl™1(0) = UL*! + uz,11 so that by ZNonLin
7485 — UM 4 up+1 ~ N(upy1,1) since up 11 is a valid initial scalar in the program as it
converges almost surely to uz41. We then have Zdh§ = Zd“?OLa’(Zh(e). Note that both Z4%

7L .. . . . . .
and Z%% are not deterministic constants because ULt! is Gaussian with variance 1. We
then have:

Azt = m V2WE) dhE + upm~ ITdR

As usual the first term m*1/2(WL)Tdf~L€ is a vector in the program by MatMul and NonLin
and Zmil/Q(WL)Tdi‘g = 0. For the second term, since JT = J, m_lJTdﬁg is also a vector in
the program and Zm Tdhy uLE[Zdﬁé]. We thus get that dig_l is a vector in the program
with Z9%6 " =y LIE[ZC”% ] which is a deterministic constant. Then, diLlO_1 is also a vector in

the program and by ZNonLin Z dhg ™" = gdig ! o/ (Z h ) is a deterministic constant. Repeating
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the reasoning above at any layer [ € [2, L — 1], an easy induction (as in the forward pass)
shows that dif) and d% are vectors in the program and that 79 and Z%% are deterministic
constants. Note that Z%o = uQIE[Zd;L(Q)] = UQZdiLg is also a deterministic constant but that
Zdht = Z%%55'(Z10) is not because Z" ~ N(0, ||€|[2+1). Let [ € [3,L — 1], and let z be a
vector in the program. With the Naive-IP learning rates, we have

Since [ € [3, L —1], 7RG is a deterministic constant, and since [ — 1 € [2, L — 2], 7% " is also
a deterministic constant. By ZNonLin and ZMomentwe get

ZAWl(l):r — _n)(zo}E[Zméilzx]Zdﬁé

S
_ _niozdhézzo IE[ZJ}]

which concludes the proof. Note that xg is a valid initial scalar in the program because

fol&o) = m_l(ULH)Ta:g —i—uLHm_llTxéJ converges almost surely, by the master theorem, to

E[zV"" Z%0] + up 1 B[Z%0] = up 1270 since Z*0 is a deterministic constant and ZU""" ~

N(0,1) has mean zero. Since d2f(yo,-) is continuous by assumption, xo converges almost
surely towards X := 92/(o, uLHZzé), O

Lemma K.4 (Induction step at time ¢ > 1). Let t > 1 and assume claims (i), (ii) and (iii)
of Theorem K.2 hold at all time steps s € [0,t — 1]. Then claims (i), (i) and (iii) also hold
at time step t.

Proof. With the Naive-IP learning rate exponents, we get that for any ¢t > 1,

t—1
W) =U"—n> x.dhidl,
s=0

Bl(t) =v' - TIZXsdB;,

) — e (0 S dhl )’
Wi(t) =m (U +wJ) ans , lel2,L],

Bl(t) =m™ ! —gm™! Z xsdhl, le[2,L],

L
_ X
WEEL () = m™ (UM - upga) - T]ZXSES7

t—1

B (t) = m~ Lol — Z Xo-
s=0

By a simple induction, all the A%,z and di! dhl are part of and the scalars y, are valid
scalars in the program which have a constant almost sure limit, and by ZNonLin we get:

t—1 .
ZM =7V 4 27 — Y x,(€le + 1) 2%
s=0
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and Z% = ¢(Z") is not a deterministic constant because ZU'¢ + Z¥" ~ N(0,]|¢]|2+1). Let
l €[2,L —1]. We have
t—1

Zhé —0 x Z/Wle;l + 0 x Zvl + ulE[infl] _ ’)”Z)%SE[lesilzxiil]Zdﬁls
s=0
-1 =1 -1 -1 71
=wR[Z™ |—n)_ xE[Z% z% |z,
s=0

which is a deterministic constant with the assumption on the 7, since 1 € [2,L —1].
Note that if [ € [3 L — 1], we even have that the expectations simplify and we get Zht =
(w — 0 X 2" 1ZC”LZS)Z”“"Q_I. In any case, Z% = o(Z") is also a deterministic constant.
For the output of the network, we have

=1 T.L
(ULH) ﬂft 1Ty s (%L) Ty
ft(g)— +u Ur+1 +m nZXs nZ_:Xs m

m

so that even if the 2 are not deterministic, f;(€) still converges almost surely, by the master
theorem, to E[(ZULH+UL+1)Z“’¥ ]—n > %) YE [szL Z’“"tL], and since 024(y¢, -) is continuous by
assumption, y; converges almost surely towards the constant 02/ (y;, E[(Z UE 4y L+1)Z i |-
3t %)fcs [Z’”g Zf”tL]). For the backward pass, we get:

t—1
745 = gt = ZUM Ur+1 — nZisZ%L
s=0
and Zht = Z9 o/ (7). Let | € [2, L — 1], we have
d'%ff — (Wl-i-l(t))Td;Lé-i-l
t—1 FI+INT 75041
e ~ ~ dhl-i—l dh +
= m*1/2(VVlJrl)Tdhf[Irl + mflulHthiH — nZXS—( s ) dhy al,
s=0 m

so that by ZNonLin we get
t—1
2% = B2~ 3 R E[z 7 7
s=0
and since [ € [2, L — 1], 775 is a deterministic constant and thus so is Z%. Then, zdhi =
Z9%o/(Zht) and since | € [2, L —1], Z is a deterministic constant. Finally, let I € [3, L — 1],
and let = be a vector in the program. We have

t 1—1)T

Wt + 1)~ WO = -1 > xe LT at,

and by ZNonLin

Z(WH(t+1) =W (0)z _ - Z ;(SE[Za:’S*Zx]Zng
s=0
t
s=0

where the last equality stems from the fact that since | € [3,L — 1], [ —1 € [2,L — 2]
and Z% ' is a deterministic constant for any s € [0,t]. Since l € [2,L — 1], 7R s also
a deterministic constant, so that —n Zizo )%SZCW@ 7% is a deterministic constant, which
concludes the proof. O
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K.2.2 Proof of Theorem K.2

Proof. The result simply comes by induction over ¢ using Lemmas K.3 and K.4. O

L The variables associated with the initial weights vanish in
IP-LLR

In this section we wish to study more precisely the evolution and the expression of the
variables Z in the dynamics of IP-LLR at any time step ¢. To this end, we will show that the

Zs of all the forward and backward variables in IP-LLR are functions only of the Al
~ TSINT 7
and Z(W") dh%), as well as the initial vectors U'&, ..., U, v!, UL, We will thus write
_ SWigh—1 (W dhk 1 1 p7L+1
2=y ((27%7) (270 (e, U
to generically denote that the variable Z7 is a function only of the variables which appear
TS ] — o~ TSIAT T
in the arguments: AL 1, AU dhlg, Ulg,, vt and UL (where multiple values of [, k
and s might actually appear in the argument). This function ¢ (we will sometimes also
use ¢) will of course depend on the z under consideration, and we might denote it by *

(or ¢*,) but most of the time we will omit this dependency and simply use the symbol 9
for different variables to express that the variable Z7 is a function of the arguments of ¢ only.

We will see that the function ¢ appearing will always be polynomially bounded by some
form of composition or product of polynomially bounded functions, which will allow us to
prove that the corresponding Z7 is finite almost surely since its arguments, considered as a
vector, follow a Gaussian distribution with finite variance (and thus finite moments of any
order). Note that in the proofs, we will use extensively (without explicitly saying so) that if
¢ and 1 are polynomially bounded then ¢ x 1 is also polynomially bounded, and if ¢ is a
polynomially bounded function of a single variable then ¢ o % is also polynomially bounded.
We introduce the following definition and lemma which we will use extensively in the proof
by induction:

Definition L.1 (Vector of initial vectors and first forward-backward). Let ¢ > 1. Then,
dropping the dependency on t, we define the random vector:

Zo = Zoy = (21”50, L ZUte gt ZUttt

SW2zl SWLkzl—1
A AL

2@2)%&37 o Z(W\L)Tdﬁg>
Remark L.1.

1. Note that any function of Zy ¢ will also be a function of Zy; for ¢ > s, which is also
why we suppress the dependency on t as we can always take the largest possible ¢ when
we make a specific claim which involves Zj.

2. Also note that by the ZDot rule of the Tensor Program, for any vector z in the Tensor
Program such that Z? is a function only of Zy, then for any [ € [2, L]:

Zle _ E|: QZZ _ ] Zdizf)
0z 0



Lemma L.1 (Distribution of Zy and moments). One has

S 0 0
(i) Zo~N|{0,[0 D 0 with
0 0 D
> 0 0
S:=[0 1 0] e RU3)x+3) s = &1Es,
0 0 1
E[(Z%)?]
Dy = e RE-Dx(L-1)
E[(Z% )
E[(Z%)?)
Dy = c REL-1)x(L-1)
E[(Z%)?]

(11) |E[(Zo)]|< o0, and |¢(Zp)|< oo almost surely for any polynomially bounded function
¢ RF2E LR,

Remark L.2. Note that the lemma stays valid even if ¢ does not depend on the whole list
of variables inside Zy but only on a couple of them, which will be the case in the Tensor
Program. Point (ii) will be used repeatedly in different proofs to show that the expectations
appearing in the forward and backward passes are finite.

Proof. Claim (i) simply comes from the definition of the initial vectors U'&, ..., U'&, UFH
and from the ZHat rule in a Tensor Program. Claim (i¢) then follows because all entries in
the covariance matrix are finite by Lemma F.1, and since v is polynomially bounded and
the moments of a Gaussian with finite variance are finite, |E[¢(Z))]|< E[|¥(Z))|] < oo and
thus |¢(Zy)|< oo almost surely. O

Note that by Lemmas F.2 and F.3, the first forward and backward passes of IP-LLR easily
express in function of the entries of Zy. Let us now take care of the forward and backward
passes at t = 1. As the dynamics evolve with time, the expression of the forward and
backward passes of IP-LLR in function of Zy (or rather of some of the entries of Zy) get
more intricate. They are still easy to develop explicitly for ¢ = 1 but we choose to simply
express what variables appear in the expression of the forward and backward passes instead
of giving the expression explicitly.

Lemma L.2 (Multiplications by initial weight matrices vanish with polynomially bounded
variables). Consider the IP-LLR parameterization and let z be a vector in the program such
that Z% = 1p(Zy) with ¥ polynomially bounded. Then, one has that for any | € [2, L]:

1 zf B%ZT - = @(Zp) with ¢ polynomially bounded, then ZW'0)z = .
W dh
1 zf 8ZZZ - = ¢(Zy) with ¢ polynomially bounded, then ZWHO)T= — .
wil
Proof. Let | € [2,L]. We simply write

ZWH0)z _ 5)12%2 i 512 Wiz

where ZW'(©z ~ A(0,E[(Z7)?]) and the variance is finite by Lemma L.1 because (Z7)2
a polynomially bounded function of Zy since Z# is. This shows that ]ZWI(O)Z|< oo almost
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surely and thus that &liwl'z = 0 since w; = 0 in IPs. On the other hand,
VAL ) R
02 i
and the expectation is finite by Lemma L.1 since 027/ aZzmWh'" = #(Zy) with ¢ polynomially
bounded, and
ity _ ZWHY i+l g (ZWS5 Y i | € [2, L — 1]
C\ZVT e ZW'E T it =L
In any case, Zdh is a polynomially bounded function of Zy and is thus finite almost surely,
which entails ©;Z"'? = 0, and therefore ZW'(©7 = 0 which gives (7).

The same reasoning with W'(0)" gives (i) if 8ZZ/82/VW%_1 = ¢(Zp) with ¢ polynomially
bounded.
O

L.0.1 Thecaset=1

Lemma L.3 (Zj in the forward pass of IP-LLR at ¢t = 1). Consider the IP-LLR parameter-
1zation with a positively p-homogeneous activation function, and p > 2. Then, dropping the
dependency of the forward pass on &1, one has:

(i) 2 = (2060, ZU%, ZOVHTdRE)

o~

(ii) 2% = (2757, 2T e o, - 1)
(iii) 20 = (20", 27
and

(iv) 20— (20, 1€ [2.1]

Z(Wl)Tdﬁé =

() 22—y (), 1€ [2,1)

ZVT/lazg)*1
and all the different i that appear are polynomially bounded.
Remark L.3.

1. Recall that we simply use ¥ or ¢ to mean that the variable is a function of the
arguments of ¢ (or ¢) only, and that the different ¢ and ¢ which appear in the different
claims (i) to (v) are not actually the same.

2. For the partial derivatives we chose not to make a precise statement on which variables
exactly appear in the expression as this will not matter and would only over-complicate
things for close to none added-value.

3. Note that with the claims above, one can prove that c?)lZwlxlfl = 0 because both of

the terms Z and Z defining Z W™ are polynomially bounded functions of Gaussians
which has finite covariance matrices, and w; = 0 in IPs.
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Proof. Using Theorem G.7 with £ = & and t = 1 we have claim (7) because, first 7% =

A (MA/Q)TdiLg, and second ¢’ is polynomially bounded (see Appendix E). Claim (ii) also stems
Z(WHl)TdhéH, Zho = Zwl%fl, and o’ is polynomially
— ZULJrl ZhL _

from Theorem G.7 since Z%h =
bounded. Finally, claim (4i7) also stems from Theorem G.7 since 745y

ZW'ay 71, and ¢’ is polynomially bounded.

From Theorem G.7, we get:

YA

o 71l
m = —1x0l (T)fl)a/(ZU 50)

For [ € [3, L], from Theorem G.7, we get

oz’

_ .0 Fl-2 zl-2. , Sypisl-1
Z(/V[?l)Td% - ﬁXoE[ZO AL ]U (Z 0 )

which immediately gives claim (iv) since o’ is polynomially bounded and with claim (i) and
Lemma L.1, we also have \E[Z’zé_QZfll_z]K oo. Similarly, for [ € [2, L], from Theorem G.7,
we get,

ozM ] o
A —nXE[Z% 77| Z%06" (7' )
0

and 747 = ZWED'ARG™ if | e 2,0 — 1], and 299 ' = ZU"" if | = L. Since the
expectation is finite by claim (i) and Lemma L.1, and since ¢” is polynomially bounded, we
get claim (v). O

Lemma L.4 (Zj in the backward pass of IP-LLR at ¢ = 1). Consider the IP-LLR param-
eterization with a positively p-homogeneous activation function, and p > 2. Then, dropping
the dependency of the forward and backward passes on &1, one has:

(i) 245 = 2V, 20,
Zdizf — ’(/) </Z\UL+17 ZWLx(I)’ 1)
(ii) Zdillﬂ _ 'lﬂ (/Z\W\z—%l—z);
2 = (ZWTIE ZO ) e (3, 1)
(ii) 7% = <2U1€0)
Zdﬁ% = (Z\Ulﬁo? Z\Ulﬁl’ Z\(WQ)Tdﬁ?))
and

() 07" = (%), L € [1, L]

AWll 1

dht
(v) ﬁzvﬁ(%),le [1,L —1]

and all the different i that appear are polynomially bounded.
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Proof. For the backward pass, we have by definition of the tilde variables for ¢ > 1, dif =
wht (1) = UFH — nxo7! by Lemma F.4.2, and thus

28 = 7 e (7
Then,
Zdi‘bf — de?fa_/(th)

which gives claim (7) since o and ¢’ are polynomially bounded, and Z ht = 1/)(2 vttt 7 Whig _1)

and v is polynomially bounded by Lemma L.3.

For [ =L — 1, we have
diy~' = (WH(1))Tdh{
T dh¥)Tdhy
_ WL(WI)TC”L% _ nXO( 0) 1 xé/ 1
m
which gives
def_l — &’)Lz(wl).rdﬁf _ TDO(O]E[ZdBé Zdilf]z:fté’_l

Now, by the previous expression of 74 and by Lemma L.3, we get

aZdBf o TS AT — B azhf
e = = axe (270 e (2 + 2 e (21
ow'z; Wizt

and by claim (¢) and Lemma L.3 we get

azdﬁf
oy |
oWl

= (Zo)

with v polynomially bounded since ¢’ and ¢” are polynomially bounded. Therefore, by

Lemma L.2, we get o ZWhTdh —

We thus simply get

1

Zdif71 — _n;(oE[Zdilé’ Zdﬁf]Zi‘(L)li

746 and 77 are polynomially bounded functions of Zy and thus so is Z dhf; 7 di}f’ and by
Lemma L.1, \E[ZdﬁgZdﬁlL]K 0. Since 741 = @/}(Zféil) with ¢ polynomially bounded,
we thus get A w(fwl_ljg_z) and v is polynomially bounded (indeed: (z) =
—XoE[Z276 2o (2)).

We have
zdhy ™t _ de’:f_lo_/(ZhlL_l)

with ¢ polynomially bounded,

and since by Lemma L.3, Z" ' = 1/1(2Wl_150€_2, E(WZ)T‘%&)

by the previous result for 797" and since o is polynomially bounded we get

7L—1 Stwl—-17L—-2 =Sqvi\T 45 L
Zdh1 _ 1ZJ(ZW Z, ,Z(W) dho)
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with ¢ polynomially bounded.

We have
oz gzt e i 0ZMT
az\wl_l‘iL72 _8/Z\Wl_153L72 o (Z ! ) +Z% 82/”71_15}/72 (Z ! )
0 0 0
= — B[220 )0 (ZVTI ol (20 +
L—-1
dir azM //(th_l)

YA

By Lemma L.3 and since ¢’ and ¢” are polynomially bounded, and we have already proven
that Z%1 ' = ¥(Zy) with 1 polynomially bounded, as well as |E[Zdh5 ZdhlL]|< 00, we get

azd%L*l
= V(Zo)
with ¥ polynomially bounded.
Similarly, we have
7L—1 ~L—1 L—-1
07h _ 074 J,(th—l) n dzy ! 0zM " hf_l)
9ZWE) dhty 9 7(WE) dhg §7(W*)" dh;
1 gzh ! _
:Zd:c]f ! /\LIT ~Lo_//(th 1)
97 (W) dh}

Now, we have shown above that 743 = ¥(Zy) with ¢ polynomially bounded, and by

Lemma L.3 we have that both athil/ §ZWH dhE and 7M1 are polynomially bounded
functions of Zj, which gives

8zdi~LlL_l
YAV
with ¢ polynomially bounded.
Let [ € [2, L — 1] and assume claims (i), (iv) and (v) are true for layer {. We have

Zdjl171 — (S;ZZ(WZ)Tdilll o n)OCOE[ZdiLZO Zdﬁll]Z‘if)il

Since by the induction hypothesis 07 dhy / aZW'a " = W(Zp) with ¢ polynomially bounded,

and Z9 is a polynomially bounded function of Zy, by Lemma L.2 we get (leZ(Wl)Tdilll = 0.

Then, we simply get
Zd;fcll_l — _,,7>O<0]E[de~16 Zdilé]zi‘é_l

Again here, since both 74" and 7 are polynomially bounded functions of Zy, then so
~ ~ ~ ~ -

is Z0 74 which shows by Lemma L.1 that |E[Z%"0 Z]|< co. If | > 3, since Z% f =

0(2 Wl_ljéﬁ) and o is polynomially bounded, we get that

Zdiﬂlfl _ w(Z/Wl—lgzg*?)
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If | = 2, since Z% = J(ZUIEO) and o is polynomially bounded we get:
dell_l _ ¢(ZU1§O)
with ¥ polynomially bounded.

We then have

Zdh T di ! o' Zhlfl)
and thus
VAL Y -1 YA -1
i o /(Zh1 )+de i /I( hy )
gZWIlEr gz WI-1(0)F; W12
__77;2 E[Zdhozdﬁll]o_/(ZWl 1zl ) /(thl) +
-1 aZhlfl -1
del a’Z\Wlflgglﬂ //(Zh1 )

By Lemma L.3 as well as the previous result on Z 421" and since |E[Zd% Zdﬁll] |< o0, and o’
and ¢’ are polynomially bounded, we get that

8ZdiLl1_1
—— = ¥(Zo)

az\wl—lxo

with ¢ polynomially bounded.

Similarly
pl—1 ~l—1 -1
oz 9z o (2" 4 70 0Z" Qv
pZWh)Tdhly — Z(WiHh)Tdh, 0Z(W*)' dhi
h171
_ dzl—1 oz " pi-1
= g )

and the three quantities in the product are polynomially bounded functions of Zy (shown
above for the first term and by Lemma 1.3 for the two other terms). We thus get

azdﬁll_l

= ¥(Zo)

with ¢ polynomially bounded. This concludes the induction and thus proves claims (i),
(#i7), (iv) and (v) by induction.
O

Corollary L.4.1 (Multiplications by the initial weight matrices vanish in IP-LLR at ¢t = 1).
Consider the IP-LLR parameterization with a positively p-homogeneous activation function,
and p > 2. Then for anyl € [2, L], one has:

ZWHO)TdRy — & 7 (WhTdRy _

Proof. Those results are actually hidden in the proof of Lemma L.4 and come from Lemma L.2.
O
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L.0.2 The case t =2

Lemma L.5 (Zj in the forward pass of IP-LLR at t = 2). Consider the IP-LLR parameter-
1zation with a positively p-homogeneous activation function, and p > 2. Then, dropping the
dependency of the forward pass on £, one has:

(i) Zh = <ZU1£0, U ZU'G, 2(W2)Tdﬁg)
(ii) Zhe =y (2%51, ZWAW“W’%*I), le2,L—1]
(ii) 7" = (ZUL“, EWLi€‘1>

and

-1

. Zha

= ¢(Z0)7 le [27L]

() 22"y (Zg), L € [2, 1)

Swial 1

and

(vi) ZV' O =0 1 € [2,L]

and all the different 1 that appear are polynomially bounded.

Proof. We have
hy = U'€s — nxo(&]&)dhg — nxi1 (€] €2)dh]
which gives
2" = 27 —nx(€162) 2™ — nxy (€] €2) 2™

By Lemma L.4 zdh = 1/1(2[]150, ZUI&, Z(WQ)Tdhg) and we also have Z%6 = w(ZUlgo, Z(WQ)WE?J)
where the different 1) are polynomially bounded, which gives claim (7).

We have
A o . 07 N
DG —UXO(ﬁofz)W - 77X1(§152)W
with
VAL .
g =20
0

which is a polynomially bounded function of Zy and so is VAL / oZW*)"dh3 by Lemma L.4.
We thus get claim (iv) for [ = 2.

We have

2" = 52" — Y E27 27 2% — B[z 27 2

98



Now Z% = U(Zh%) is a polynomially bounded function of Z; because Zhz is and o is
polynomially bounded. Secondly, we have
VAL AL
= =o\T 72 AAT~U/(Zh%)
9ZW?) dhg gz (W?) dhj

which is a polynomially bounded function of Zy by the previous results. By Lemma L.2 we
get that w»Z"**2 = 0 which gives claim (vi) for [ = 2. In addition, this yields

Zh% = —UioE[ZiéZx%]Zdhg - 77>O<1E[Zx%Z$%]ZdB%

which gives claim (i) for [ = 2 by the results for the backward passes at time ¢ = 0
and t = 1 and because the expectations are finite since the integrands are polynomially
bounded functions of Zy, as they are products of such variables by the induction hypothesis.
Additionally, we have

Zh2 o ~ Zd/~12 o Zdiz2
57 (W3(0)) dh3 57(W3(0) dhd 57 (W3 (0)Tdh3
and we have
aZdﬁg 1 W25k
P I

and 97 / HZ W) dhd g o polynomially bounded function of Zy by Lemma L.4. Once
again, since the expectations are finite, we thus get that

VAL
97(W3(0))" dh

= (Z)

with ¢ polynomially bounded. A similar reasoning would prove that

AL
m =¥ (Zo)
with ¢ polynomially bounded because
dh} — . —
927 RO e

97W3(0)73
and 8Zdﬁ}l/82ws(0)ig = 1(Zy) with ¢ polynomially bounded by Lemma L.4.

Let [ € [2, L — 1] and assume claims (i7), (iv), (v), and (vi) for layer I. Then, we have:

I+1 Wl+1zl o

Zh™ = G 2V S E[2%0 275 z4 Y B[ 27 Z78] Z4ki
Now Z%% = O'(Zhl?) is a polynomially bounded function of Zy because Z h i by the induction
hypothesis and o is polynomially bounded. Secondly, we have

7% VAR

1 7Rk
oz g (Z=)
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which is a polynomially bounded function of Zy by the induction hypothesis. By Lemma L.2

ZWZ-H 1

we get that wyyq ¥2 = (0 which gives claim (vi) for layer [ + 1. In addition, this yields

Zhl2+1 = _n)%OE[ZCE%)ZIlQ]Zdﬁé-'—I _ nilE[ch% Zz%]Zdﬁll‘H

which gives claim (i7) for layer [ +1 by the results for the backward passes at time ¢t = 0 and
t = 1 and because the expectations are finite since the integrands are polynomially bounded
functions of Zy, as they are products of such variables. The only thing that one has to be care-
ful with is that if [4+1 = L, then ZPo" " = (2", ZW'ac ™"y and ZzM™ = g(zU", ZW'ac ™
with both ¢ polynomially bounded, which gives claim (iii). Otherwise, if [ +1 < L — 1,
26T = p(ZWHE ZWIRO) R g g = g (ZWE ZWRO) TR ik both o)
polynomially bounded, which gives claim (ii) for layer [ 4 1.

Now, if [+1<L—1,

azdﬁ%ﬁ'l
aZ‘(WlH(O))Td;LéH

8Zdi7’é+1
aZ‘(Wl+2(0))TdiLé+2

ozh:
97 (W'+2(0)) dhf

= —77>0<0E[Z%Zwl2] - 77>O<1E[lelle2]

and we have

YA
97 (W+2(0)) dhg

_ U/(ZWH'I:%)
and 920" / aZ W' )" dhg™ g o polynomially bounded function of Zy by Lemma [..4. Once

again, since the expectations are finite, we thus get that

oz
32(W”2(0))Tdﬁé+2

= ¥(Z)

with ¢ polynomially bounded, which proves claim (iv) for layer [ + 1. A similar reasoning
would prove that

azh"
oz

= (%)
with ¢ polynomially bounded because
YA ZWIRO) R G ZWH ) i 141 < L —1
oZWEOF | 2V e (ZV IR Y i 1+ 1= L
and 8Zdi‘ll+1/8fwl+l% = ¢(Zp) with ¢ polynomially bounded by Lemma L.4. This proves
claim (v) and thus concludes the induction and with it the proof. O

Lemma L.6 (Zj in the backward pass of IP-LLR at ¢t = 2). Consider the IP-LLR param-
eterization with a positively p-homogeneous activation function, and p > 2. Then, dropping
the dependency of the forward and backward passes on &, one has:

(i) 297 = (207, 2V,
Zdil% :7/) (Z\ULH Z\WLi,gfl)
(ii) 795" = (2@1*15&27 Z(WhHTdR,

Zdﬁl{l — (Z\sz%zfz, E(Wl)Tdﬁf) e [3’ L]

)
)
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(iii) 797 = 4 (ZUléo, U Z(Wz)Tng>;
Zdhy — 4 (ZUlfo, UG ZU% Z(W\Q)Tdﬁg)
and

(i) 2% _ (), L€ (2,1

,\Wlll_

(o) DB = (Z0), 1 € 2,1
and
(vi) ZW'O)Tdhy — | ¢ [2, L]
and all the different 1 that appear are polynomially bounded.
Proof. We have:

UL+1 o 5L o L

7% = 7 —NXZ"0 —nx1 Z"1

where Z%6 = J(Z\Wlfg_l) and Z%T = w(ZUHl, 2/"‘7%5—1) with 1) polynomially bounded by
Lemma L.3. Combining all this gives

20k _ g5 W
with ¢ polynomially bounded since ¢ is also polynomially bounded. Then
gdhl _ pdik o' ZhQL)
and since 2" = w(EULH, EW%OL_I) with 1 polynomially bounded by Lemma L.5, we get
20 _y(5v ZE

with v polynomially bounded since ¢’ is also polynomially bounded. This thus proves claim
(7). Now, we have

VAL 0743k YA
82W“L—1 :82/W71~L—1 O',(ZhQL) + deQL 82W1~L—1 O_//(ZhQL)
To To To

where Zh7 , YA / 82W%£—1, and Z95 are polynomially bounded functions of Zy by the
previous result and by Lemma L.5. We have

o OZM

8Zdi‘§/ o / /\ﬁ/\lefl
=—nxe0 (£ "o )_UXIW

17 r7hL
VAL 7

which is a polynomially bounded function of Zj since ¢’ is polynomially bounded and by
Lemma L.3. We thus get

azdﬁ%

with 1) polynomially bounded since ¢’ and ¢” are polynomially bounded. This proves (iv)
forl =L
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We have:
iy _ 5L2(W1)Tdii§ _ n)%OE[Zdﬁé ZdBQL]Z:%*l _ n)%lE[ZdﬁlL ZdBQL]Z:L«f*1
From the previous step we have that both 7% and 973 /82/”7155 ' are polynomially
o ST 4%
bounded functions of Zy. By Lemma L.2, this first shows that wpZ (W dhg — 0, and thus
gives (vi) for | = L, leading to:
Zdi‘é’71 — _nS.COE[Zd/tL(L)’ Zdﬁé’]zi‘571 _ n;(lE[Zd/th Zdﬁg]leLil
Now Z%0 ' = a(?wl_ljé_Q) and by Lemma L.3, we also have that Z%1 = w(ZWl_lié_Q, Z(WL)TC”ZS)
with ¥ polynomially bounded. As always the expectations are finite by Lemma L.1 because
the integrands are polynomially bounded functions of Zy as products of such variables. Since
o is also polynomially bounded, this gives

ZdzZL*1 _ 1/}(2%1—15;5717 E(W\L)Tdﬁg)
Then, we have
zdhy ™t _ Zdig—lal(zhg—l)
and since Zh2 = w(ZWl_li“gfl, Z(”A/L)Tdilé)
we get,

with 1 polynomially bounded by Lemma L.5,

delg* _ w(gﬁlflazg*l’ Z(WL)Tdﬁg)

with v polynomially bounded since ¢’ is also polynomially bounded. This thus proves claim
~L—1

(7) for | = L — 1. Now, let Z € {2{/‘71—1% ,Z(I//V\L)Tdﬁé}. We have

oz~ ggdE! - 19z -
= (2 2

where Zh2Lil, azhé”/az, and Z79%" are polynomially bounded functions of Zy by the
previous result and by Lemma L.5. We have
8Z}~L(l)/71 ’ 7 L—1 o 7L

— — IRELZ 2) = o () — B (2 2

o7y~
0z

which is a polynomially bounded function of Zj since ¢’ is polynomially bounded and by
Lemma L.3.

For both possible values of Z, the expression of BYAL) 71/8Z is easy to obtain and is a
polynomially bounded function of Zy (this has actually already been shown for the proofs
at time ¢t = 1), and th_l/E)Z = 1¢(Zy) with ¢ polynomially bounded by Lemma L.3. Since
the expectations are finite and ¢’ is polynomially bounded, we get

VA

oz ¥(Zo)
with ¢ polynomially bounded and thus

azdilé*l

oz ¥(Zo)
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with 1 polynomially bounded. This proves (iv) and (v) for [ = L — 1.

Let I € [2,L — 1], and assume claims (ii), (iv), (v), are true at layer [ and claim (vi) is
true at layer [ + 1. We have:

Zdji'é_l — &ZZ\(WI)TCI;LZQ o n)%oE[Zd;LZOZdiLZQ]Zjé_I _ n)%lE[ZdiLll ZdiLlQ]Z‘rll_l

From the induction hypothesis we have that both Z dhb and § 7% / AL T polynomially

bounded functions of Zy. By Lemma L.2, this first shows that &312 (WhTdR, — 0, and thus
gives (vi) for layer [, leading to:

795" = 3 B[z 740 780" _ g B[z Zdks) 7=

Now, if [ —1 > 2, Zi ' = a(fwlil%ﬂ) and by Lemma L.3, we also have that 7o =
$(ZW' 5 ZWVI ARG with o polynomially bounded. On the other hand, if { — 1 = 1,
we have Z% = a(ZUlgo) and we also have that Z71 = = ¢(2U1§0,2U1£1,2(W2)Tdﬁg) by
Lemma 1..3. As always the expectations are finite by Lemma L.1 because the integrands
are polynomially bounded functions of Zp as products of such variables. Since ¢ is also
polynomially bounded, this gives

T _ w(fwl—lfé’27 Z(W\L/)jdﬁgz ifl1—1>2
Y(ZV 6, ZU 6 ZW ARGy 45 1 =1

Since Z%h: ' = Zdil{la’(Zhl{l), by Lemma L.3 we get

it _ [V 2 1 12
$(ZV' 60, ZV 6 ZUe Z(WATdRG) p ) 1 = 1

This gives claim (i) for layer [ — 1 and claim (iii) for the case when [ —1 = 1. Now, let
Z e {ZWZ_%%)?Q,Z(WL)TC%}. We have

8zdﬁl2_ ! azdizé_l
0z 0z

10 b5t dngaZhl{l N e
o (Z 2 )+Z 2 870 (Z 2 )

where 2" and Z%% ' are polynomially bounded functions of Zy by the previous result and
by Lemma L.5. Also by Lemma L.5, we have

ozh " [0 if I—1=1and Z=Z""%
07 ¥(Zy) otherwise

with ¢ polynomially bounded. In any case, 97 hy ! /0Z is a polynomially bounded function
of Zy. On the other hand, we have

o797 !
0z

L RL-1 ~ L
_ HQOE[Zdhgzdhg]azioaz(Zhg*l) _ n;’(lE[Zdhﬁ Zdhg]

-1
07z AR

0Z )

For both possible values of Z, GZEZO_I/ 0Z has an easy expression and is a polynomially
bounded function of Zj (essentially because o and its derivatives are polynomially bounded).

On the other hand, 07 Ryt /0Z is a polynomially bounded function of Zy by Lemma L.4. ¢’ is
polynomially bounded, and the expectations are finite by Lemma L.1 since the integrands are
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polynomially bounded functions of Zj as they are products of such functions by Lemma L.4
and by the induction hypothesis. We thus get that

VAN
=Y (Z
97 ¥(Zo)
with ¢ polynomially bounded. We thus have that:
YALE
=Y (Z
97 ¥(Zo)
with ¢ polynomially bounded, which proves claims (iv) and (v) at layer [ — 1. This thus
concludes the induction, and with it the proof. O

L.0.3 The caset>2

We have now treated the base case t = 2 and are thus equipped to do the induction for ¢t > 2.
To make things easier we first introduce some equations. Let t > 2, we define the following
assertions, where the different 1) appearing are assumed to be polynomially bounded:
Forward pass at time ¢:

(@) ZM = (ZU%, ., Zve 2@2)””33) (L.1)
For l € 2, L],
() 2% =y (ZV", ZO R (L.2)
(i5d) 2" =y (ZUL“, ZWL@?”) (L.3)
For l € 2, L],
_azhT
(iv) ST, ¥ (Zo) (L.4)
ozM
(v) ST Y (Zo) (L.5)
(vi) ZV' O — (L.6)
Backward pass at time ¢:
(i1) 2%t =4 (EUL“, EWLfﬁ’l) (L.7)
(i2) Z2% =y (ZUL“, ZWL@?*I) (L.8)
For [ € [3, L],
(1) z4a" (ZW‘W‘Q, E(W”Td’%) (L.9)

=
(i2) 27 = (ZW, ZOV ) (L.10)

104



(i5il) 29 =y (ZUlfO, .,z Z(W)Tdil%) (L.11)

(i4i2) Z29M =y (2U150, 2V 2@2)”’33) (L.12)
For [ € [2, L],
(iv) ag/f;h - ¥(20) (L.13)
(v) a;gﬁi;;hl = (Zo) (L.14)
(vi) ZzW'O)Tdh; _ (L.15)

Note that we have proved in Appendix L.0.2 that all the assertions above hold for ¢ = 2.
Our goal is now to show by induction that they hold for any ¢ > 2. For this we prove
the following two lemmas. The proofs will essentially follow exactly the same pattern as
for t = 2, the only difference is that the formulas will involve more terms, but since any
finite sum of polynomially bounded functions is polynomially bounded, we will get the same
results. Before proving the lemmas, we introduce the following quantities for 0 < s < ¢:

For | € [2, L]

~1—1 -1
E[z% z% ] if s =0
P ] ) L.16
Vsl {E[les g 1] otherwise ( )
Forl e [1,L —1]
By = B2 (La7)

757 1l (resp. 727“) will appear when expressing the variables of the [-th layer at time ¢ in
the forward (resp. backward) pass. We will show in the proofs that as for t = 1 and ¢t = 2,
those expectations are finite by Lemma L.1 because the integrands are polynomially bounded
functions of Zj as they are products of such variables.

Lemma L.7 (Induction step in IP-LLR, forward pass). Consider the IP-LLR parameteriza-
tion with a positively p-homogeneous activation function, and p > 2. Let t > 2, and assume
that all of the assertions of Equation (L.1) up until Equation (L.15) hold for every time
step s € [2,t]. Then, the assertions of the forward pass, i.e., from Equation (L.1) up until
Equation (L.6), hold at time t + 1.

Proof. We follow the proof of Lemma L.5. By Theorem G.7, we have

t

1 1 o Bl
Zhen = 27—y X (€l6) 2™
s=0

By Lemma L.4 zdhi — w(ZUlfo, ZUI&, E(WQ)WE%) and and by assumption we also have
. Bt

zdhi — 1/1(ZU1§0,...,ZUIES,Z(WQ)TdEg) where the different 1 are polynomially bounded,
which gives claim (i) at time ¢ + 1.
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We have

8th1+1 13 o 8Zdili
v T _9zhs
82(W2)Td}~zg n SZ_; Xs (Es €t+1) aZ\(W?)Tdﬁg
with
7l
ﬂ — OJ(ZUI&))
97 (W?)"dhj

which is a polynomially bounded function of Zy and so is YA / §ZW*)"dh3 by Lemma L.4.
In addition, by assumption, for s € [2,t], 92 /32(W2)Tdh5 = 1(Zp) with 1 polynomially
bounded. We thus get claim (iv) for [ = 2 at time ¢ + 1.

We have by Theorem G.7

t
h2 o W\Qxl o f dh2
Zhie = w2V e — )y oyl 27
s=0

1
Now Z%i+1 = U(th+1) is a polynomially bounded function of Zy because ZM+1 s and o is
polynomially bounded. Secondly, we have

8Z$%+1 8th1+1

= /(7"
97W2)Tdh3 57 (W2)"dh3 oz

which is a polynomially bounded function of Zy by the previous results and because o’ is

polynomially bounded. By Lemma L.2 we get that CSQZ/W\2I%+1 = 0 which gives claim (vi)
for [ = 2 at time ¢t + 1. In addition, this yields

t

h2 o dR2 ° dh?

Z"+1 = —77X0’Y(J)€,t+1,2Z ° - 77§ :Xs%{tﬂ,?Z )
s=0

The expectations defining the v/ are finite by Lemma L.1 since the integrands are polynomi-
ally bounded functions of Zj, as they are products of such variables by the previous result on
Z%+1 and by the assumption. This gives claim (ii) for [ = 2 by the results for the backward
passes at time ¢t = 0 and ¢ = 1 and by the assumptions. Let Z € {ZWQ%, E(W?’)Tdﬁg}. We
have

YA Yo, 9z
YA = _nz%X5757t+1,28Z
S=

BYAL: /0Z has a simple expression and is a polynomially bounded function of Zy. Addi-
tionally, by the results of the backward pass for ¢ = 1, and by assumption, for s € [1,1],
VAL /0Z = +(Zy) with v polynomially bounded. Since the 4/ are finite, we thus get

YA
0z

= (Zo)

with ¢ polynomially bounded. This gives claims (iv) and (v) at time ¢ + 1.
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Let | € [2,L — 1] and assume claims (i), (iv), (v), and (vi) for layer [ at time t + 1.
Then, by Theorem G.7 we have:

t
I+1 o Tl41 .0 o 7l+1
th+1 = Wl+1ZW Trbr — 772 X57£t+1,l+1Zdhs
s=0
Now Z%t+1 = U(Zhiﬂ) is a polynomially bounded function of Zy because Zhs is by the
induction hypothesis and o is polynomially bounded. Secondly, we have
0 7%t YA

_ 1 7P
g gy )

which is a polynomially bounded function of Zy by the induction hypothesis. By Lemma L.2

we get that wlllZWQxiH = 0 which gives claim (vi) for layer [+ 1 at time ¢ + 1. In addition,
this yields

t

hl+1 . o f dsz'l

ZM = =0y XA 2
s=0

The expectations defining the v/ are finite by Lemma L.1 since the integrands are polynomi-
ally bounded functions of Zj, as they are products of such variables by the assumption and by
the induction hypothesis. If [+1 = L, we have, for any s € [0, s], Zdhst = @ZJ(ZULH, ZWl’Eéil)
with ¢ polynomially bounded, which shows
2 g FTE
with ¢ polynomially bounded, which gives claim (iiz). If I+ 1 < L — 1, for any s € [0, s],
. T
ZAhS = (ZW i ZW207dhG™) with 4 polynomially bounded, which shows

2R (G, T
1 polynomially bounded, which shows claim (i) at layer [ + 1 for time ¢ + 1. Let Z €

{Zﬁ/\lﬂ‘%, Z(WZH)TCI%H}. Note that the second value is only valid if [+1 < L —1. Whenever
Z is well-defined, we have

o7 Lo oy gzt
o7 = _UZXSPYS,t+1,l+1 o7
s=0

For both possible values of Z, 87k /O0Z has a simple expression and is a polynomially
bounded function of Zj. zdhi™! /0Z is a polynomially bounded function of Zy by the results

of the backward pass at time t = 1 (Lemma L.4), and finally for s € [2, 1], Zdi‘llﬂ/@Z = (Zp)
with ¢ polynomially bounded by assumption. Since the v/ are finite, this gives
+1
YARSS
=Y(4
97 ¥(Zo)
with v polynomially bounded. This proves claim (iv) and (v) for layer [ + 1 at time ¢ + 1,
and thus concludes the induction on [ and with it the proof. ]

Lemma L.8 (Induction step in IP-LLR, backward pass). Consider the IP-LLR parame-
terization with a positively p-homogeneous activation function, and p > 2. Let t > 2, and
assume that all of the assertions of Equation (L.1) up until Equation (L.15) for every time
step s € [2,t]. Additionally assume that the assertions of the forward pass, i.e., from Equa-
tion (L.1) up until Equation (L.6), hold at time t + 1. Then, the assertions of the backward
pass, i.e., from Equation (L.7) up until Equation (L.15), hold at time t + 1.
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Proof. We follow the proof of Lemma L.6. We have:
7L =rrL+1 5L i L
2% = 2V — k2% — >R, 20
s=1

where Z% = J(ZWZ ) zel = w(ZULH,Z/WZ‘Eéil) with 1 polynomially bounded by
Lemma L.3 and for s € [2,¢], Ze5 = 1/1(2UL+1,2WZ5’§_1) with v polynomially bounded by
assumption. Combining all this gives

ik, _ w(Z\UL+17 EW%OL*)
with v polynomially bounded since o is also polynomially bounded. Then
gdhiy, ZdthJflU/(thLJrl)
and since Z"r1 = 1/)(2 vttt 7 Whig 71) with 7 polynomially bounded by assumption, we get
b, _ 1/)(2ULH, Zwlig—l)

with 1) polynomially bounded since ¢’ is also polynomially bounded. This thus proves claim
(7). Now, we have

diLtL+l ditL-‘-l ~ htL-I—l
97 _ 0z 1ghbay o gdak,, 92 "o ghks,
ogWiE T gpwia - ogWiE
0 0

where thL+1, 8thL+1/82Wlfg_1, and Z%%1 are polynomially bounded functions of Zy by
assumption and by the previous result on Z dify Additionally, we have

0 7%

o Wlaco ZhL hL
W:—WXOU(Z 772 a'(Z")
s=1

YA

o’ is polynomially bounded and by the results of the forward pass at ¢ = 1 (Lemma L.3)
YA / oz = ¥(Zy) with 9 polynomially bounded. In addition, by assumption, for
any s € [2,t], YA /82Wl5571 = 1(Zy) with ¢ polynomially bounded. This thus gives

with ¢ polynomially bounded, and thus

YA
ST Y(Zo)

with 1) polynomially bounded since ¢’ and ¢” are polynomially bounded. This proves (iv)
for [ = L at time t + 1.

We have:

d~L—1 o dhL "L 1 f !
7% = wLZ( D ki nx(ﬂo A1, L— 1250 =1 E Xs% 4+1,L— 1 Z°
s=1
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From the previous step we have that both Z dhi's and 974kt / 9ZW'a ™" are polynomially

bounded functions of Zy. By Lemma L.2, this first shows that w L2 (WhTdhfy, — 0, and thus
gives (vi) for | = L, leading to:

t
dzt-1t °  p FL—1 ° p L1
ZTH = =nx0Yo441,04 0 =N E XsVsit1,02 "

s=1

Now Z% ' = U(Z\VV\FI%L#) and we also have that 221 = w(zwliligiz, Z(WL)TC”%) with

1 polynomially bounded by Lemma L.3. In addition, we have or any s € [2,t], we get
- w(éwl_ligﬁ, Z(MA/L)TUZ%) with 1 polynomially bounded by assumption since it is
the case for 2" and o is polynomially bounded. As always the expectations defining the
~" are finite by Lemma L.1 because the integrands are polynomially bounded functions of
Zo as products of such variables by the results for the backward pass at times ¢ = 0 and

t = 1, by the assumptions and by the previous result on Z4h%41 | Since o is also polynomially
bounded, this gives

Zdif;fll — w(z\wl*li’gil Z(WL)TCUNL%‘)

I

Then, we have

FL—1 SL—1 L—1
Zhn — ZdEiy 0-’(th+1)

and since Zhi = w(gwliliéil,Z(WL)Td%) with 1 polynomially bounded by assumption

delg* _ w(gﬁlflazg*l’ Z(WL)Tdﬁg)

with 1) polynomially bounded since ¢’ is also polynomially bounded. This thus proves claim
~NTST 1~ — P

(ii) for I = L — 1. Now, let Z € {ZW' "% ZW")'dht} We have

thl

7/t L1

aZdhtLﬁl 6ZditLJ:11 L—1 L—-10
_ U'(Zh“rl) + nggt+1 6701/(2 t+1)

0Z 0Z

where Z htL+711, 07z hi! /0%, and 79357 are polynomially bounded functions of Zy by assump-
tion and by the previous result. We have

~L—1 FL—1 t L1
07 % o b VAR FL-1 o b AR pL—1
o7 77X0'70,t+1,L—1870/(Z o) - UZXS’YS7t+1,L—1aTU/(Z <)

s=1

For both possible values of Z, 8Z;‘0L_1/ 0Z has a simple expression and is a polynomially

bounded function of Zj, as is fzg_l. In addition, 7M™ and oz /0Z are polynomially
bounded functions of Zy by the results of the forward pass at ¢ = 1, and finally, for s € [2,¢],

7M™ and 9z /0Z are polynomially bounded functions of Zy by assumption. Since the
4% are finite and ¢’ is polynomially bounded, we get

9z

oz ¥(Zo)
with 1 polynomially bounded and thus

§zdhi

oz ¥(Zo)
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with ¢ polynomially bounded since ¢’ and ¢” are polynomially bounded. This proves (iv)
and (v) for i =L — 1.

Let | € [2,L — 1], and assume claims (ii), (iv), (v), are true at layer [ and claim (vi) is
true at layer [ + 1. We have:

t
di"l71 . o =~ /Wl TdiLl o b jl—l o b (L'i_l
7% 1 = G zW) dheyy NX0Y0441,1-14 ° — UZXS’VS,tJrLl—lZ

s=1

From the induction hypothesis we have that both 791 and 970k / 9ZW'i6 " are polyno-

mially bounded functions of Zy. By Lemma L.2, this first shows that 5)12 (WhTdhly, 0, and

thus gives (vi) for layer [, leading to:

¢
Zdiiﬁ = —77>O(078,t+1,l—1z% - 7725287?7”1,5_12’”@ 1
s=1

Now, if [ —1 > 2, Zi ' = a(fwlil%ﬂ) and by Lemma L.3, we also have that Zo0 =
¢(2Wklié—2,2(WL)Td%) with 1 polynomially bounded because it is the case for Zh
and o is polynomially bounded. In addition, by assumption, we have for any s € [2,t],
z7s = ¢(2wl71%72, /Z\(WL)Td%) with 1 polynomially bounded since it is the case for zhs!
and ¢ is polynomially bounded. As always the expectations defining the 4° are finite by
Lemma L.1 because the integrands are polynomially bounded functions of Z; as products of
such variables by the results of the backward passes at times t = 0 and ¢ = 1 and by the
induction hypothesis. We thus get

Z9851 = p(ZW' G ZWE) R
with ¢ polynomially bounded. On the other hand, if I — 1 = 1, we have Z% = ¢(ZV'%) and
~ ~ o~ TS0 T T
by Lemma L.3, we have 7% = w(ZUIEO, ZUlfl,Z(WQ) dh%) with 1 polynomially bounded. In
addition, by assumption we have for s € [2,¢], 7% = w(Z\UlfO, . ,ZU%S, Z(Wz)Tdh%) with v
polynomially bounded. Since o is also polynomially bounded, this gives

Zd‘i%+1 — ¢(2U1£0’ o EUI&’ E(WQ)TdiLg)

P - - -
1 polynomially bounded. Since Zdhtﬁ = detﬁa’(ZhH%), and by assumption thﬁ =
w(Z\Wl_li"f;Q, Z(WL)Tdh%)) if[—1 > 2, and otherwise Zhier = w(Z\Ul&O, e 2U15f+1, Z\(WZ)Tdh%),
we get

gty _ [PE S 2T 11>
W(ZU UM GU e GOV jpp 1

This gives claim (i) for layer [ — 1 and claim (i4i) for the case when [ — 1 = 1. Now, let
—

S {Z\WF% Q,E(WL)TCZ%}. We have

dill_l df}l_l hl—l
020 0 iy 4 g 02 g i

0z 0z

-1 ~1—1
where Z"+1 and Z%%+1 are polynomially bounded functions of Z, by assumption and by the

-1
previous result on Z%t+1. Also by assumption, we have

ozt [0 if 1—1=1and Z = ZW°%
07 Y(Zp) otherwise
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with v polynomially bounded. In any case, 02 hi) /0Z is a polynomially bounded function
of Zy. On the other hand, we have

07" o ozh ", i e ozh " i
a7 = 77X078,t+1,l71 870/(2% )—n 521 tiyg,tJrl,lfl 870’(Zh5 )

For both possible values of Z, GZEZO_I/ 0Z has an easy expression and is a polynomially
bounded function of Zj (essentially because o and its derivatives are polynomially bounded).
On the other hand, 072 Rt /OZ is a polynomially bounded function of Zy by assumption. o’
is polynomially bounded, and the 7* are finite. We thus get that

07951
57 = V(%)
with ¢ polynomially bounded, and thus:
YA
57 = V(%)

with ¢ polynomially bounded, which proves claims (iv) and (v) at layer [ — 1 for time ¢ 4 1.
This thus concludes the induction on [, and with it the proof. ]

L.1 Main result

Theorem L.9 (Multiplications by the initial weight matrices vanish in IP-LLR for ¢ > 1).
Consider the IP-LLR parameterization with a positively p-homogeneous activation function,
and p > 2. Then, for any t > 1, and for any l € [2, L], one has:

ZWHO)TdRy — & 7 (W dhi _ )
Proof. The result for ¢ = 1 has essentially been proved already early on in Corollary L.4.1
(which stems from Lemmas 1.3 and 1..4). For ¢ = 2, the result has been proved in Lemmas 1.5

and L.6. Then we can prove the result for any ¢ > 2 by induction using Lemmas L.7
and L.8. O

M Expectations with ReLU

In all this section, we consider Z ~ N(0,02), so that Z = oU where U ~ N (0, 1).

M.1 First moment
For ¢(z) = max(0,2) and Z ~ N(0,0?), we have

B{o(2)] = Blo(oU)] = = [ e 2du = .

M.2 Second moment
For ¢(z) = max(0,2) and Z ~ N (0,0?), we have
52

Elo(2)") = 3E(2%) = T
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M.3 First forward pass moments

We have, for any [ € [1, L], with og := /|[&][?+1,

E[Z"] =0, E[Z"

E[z%] = 2, E[(z%)] =20

M.4 First derivative moments

For ¢(z) = max(0,2), we have ¢/(z) = 1,>¢ almost everywhere, so for Z ~ N(0,0?), we
have

E[¢/(2)] = B(Z > 0) = 1/2.

Note that since ¢'(z)? = ¢'(z) for any p > 0, all the moments of ¢/(Z) are equal to the first
moment.

M.5 First backward pass moments

We have, for any [ € [1, L], with,
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