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ABSTRACT

Context. Pulsars are detected as broadband electromagnetic emitters from the radio wavelength up to high and very high energy in
the MeV, the GeV and sometimes even in the TeV range. Multiwavelength phase-resolved spectra and light curves offer an unrivaled
opportunity to understand their underlying radiation mechanisms and to localize their emission sites and therefore the particle accel-
eration regions.

Aims. In this paper we compute pulsar multiwavelength phase-resolved light curves and spectra, assuming that both curvature and
synchrotron radiation operate from inside the magnetosphere of a rotating vacuum magnet. Radio emission arises from dipolar regions
above the polar caps, whereas gamma-ray energy emanates from the slot gaps in the vicinity of the separatrix between closed and
open field lines.

Methods. By integrating particle trajectories within the slot gaps, we compute energy-dependent photon sky maps in the radio band
(MHz—-GHz) and in the gamma-ray band (from MeV to GeV) for mono-energetic distribution functions of leptons.

Results. We obtained many details of the energy-dependent light curves and phase-resolved spectra from the radio wavelength up to
the gamma-ray energies. Choosing Lorentz factors of y ~ 30 for the secondary plasma responsible for the radio emitting particles and
v ~ 107 for the primary beam producing gamma-ray-emitting particles limited by radiation reaction, we found realistic spectra that

account for the wealth of multiwavelength pulsar observations.

Key words. radiation mechanisms: non-thermal — relativistic processes — stars: neutron — gamma rays: stars

1. Introduction

Neutron stars are mainly observed as pulsars, emitting regular
pulses in the whole electromagnetic spectrum from the radio,
through the optical and X-rays, up to gamma rays. Although it
is well established that a pulsar’s surroundings must be popu-
lated with electron-positron pairs, the localization and dynam-
ics of efficient particle acceleration and radiation sites are still
poorly understood. Nevertheless, several attempts to design
such regions, at least geometrically, have been proposed, such
as the outer gaps (Chengetal. 1986), the slot gaps (Arons
1983), and the polar caps (Ruderman & Sutherland 1975). By
computing light curves from these locations, it is then pos-
sible to compare the merit of each site and test their ability
to reproduce the observed light curves (Dyks & Rudak 2003;
Dyks et al. 2004). The presence of a plasma partially or com-
pletely screening the electric field shows up in distortions of
the light curves from a vacuum rotator compared to a force-
free model (Bai & Spitkovsky 2010). Often in the vacuum field
investigations, widely used in the literature, the associated accel-
erating electric fields are not taken into account self-consistently.
We should, however, mention the work of Kalapotharakos et al.
(2012a, 2014), who used resistive plasma models with low con-
ductivity to mimic near-vacuum electromagnetic fields. They
also produced sky maps and light curves that take the acceler-
ating electric field into account.

Watters et al. (2009) compiled an atlas of geometric light
curves for young pulsars that show the essential characteristics
of gamma-ray pulse profiles depending on viewing angle and
obliquity. Romani & Watters (2010) then designed a tool to con-
strain the magnetospheric structure from these gamma-ray light

curves. Venter et al. (2009) investigated the special population
of millisecond gamma-ray pulsars, showing that two-pole caus-
tics and outer gap models are favored (see also Pierbattista et al.
2015, 2016 for a large sample of pulsars fit with several emis-
sion models and Johnson et al. 2014 for a similar study on mil-
lisecond pulsars). Harding et al. (2011) produced atlases of two-
pole caustics and outer gap emission models in a force-free and
vacuum-retarded dipole field geometry to compare light curve
features in symmetric and asymmetric slot gap cavities. Obvi-
ously, more constraints can be obtained from simultaneous radio
and gamma-ray fitting (see for instance the work by Pétri 2011),
assuming gamma-ray emission from the striped wind and radio
emission from the polar caps.

The second Fermi gamma-ray pulsar catalog (Abdo et al.
2013) contains plenty of information about gamma-ray pul-
sar spectra and light curves. The gamma-ray peak separa-
tion clusters around A = 0.5, and the radio peak usually
leads the first gamma-ray peak but with some outliers. Force-
free or ideal magnetohydrodynamic computations are unable
to self-consistently accelerate particles and localize the emis-
sion site. Some kind of dissipation of the electromagnetic field
is required in order to produce a signal detectable on Earth.
So dissipation within the magnetosphere and/or wind must
occur, but the precise mechanism and its efficiency are diffi-
cult to predict from first principles. Nevertheless, some dissipa-
tive magnetospheres, called force-free-inside-dissipative-outside
(FIDO) magnetospheres and introduced by Kalapotharakos et al.
(2012b), were used by Brambilla et al. (2015) for computing
the phase-averaged and phase-resolved y-ray spectra of eight of
the brightest Fermi pulsars. They used billions of test particle
trajectories to compute curvature radiation spectra in realistic
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fields of 10’—10° T. Based on this work, Kalapotharakos et al.
(2017) constrained the dissipation mechanism by looking at
curvature radiation in the equatorial current sheet outside the
light cylinder, using the spectral data of the Fermi space obser-
vatory large area telescope (Fermi/LAT). This allowed limits
to be placed on the strength of the accelerating electric field.
They used test particle integration in the radiation reaction limit
regime in the global force-free dissipative magnetosphere, which
is basically a fluid description that avoids the stringent strong
field constrain faced by particle-in-cell (PIC) codes. In such a
way, they were able to deduce spectra for realistic pulsar field
strengths and periods. Nevertheless, starting from PIC simu-
lations, Kalapotharakos et al. (2018) recently found a relation
between the particle injection rate and the spin-down luminos-
ity. This work shows the fruitful feedback between simulations
and observations conducted to extract useful information about
the nature of the particle acceleration and dissipation of the rela-
tivistic magnetized flow. Harding (2016) and Venter et al. (2018)
gave recent reviews of the successful interplay between magne-
tospheric modeling and gamma-ray observations.

Further attempts to fit particular pulsars were carried out
by other groups. For instance, Takata et al. (2007) and Hirotani
(2008) used the vacuum-retarded dipole to model the outer gap
of the Crab pulsar. Du et al. (2011) performed computations in
the annular gap context for the Vela pulsar, and Du et al. (2012)
did so for the Crab pulsar. Several millisecond pulsars were also
fit by Du et al. (2013) using a static dipole. Recently, the impact
of general-relativistic effects on pulsar light curves has been
investigated by Pétri (2018), followed by some improvements
made by Giraud & Pétri (2020), including the Shapiro delay.

The observed radio characteristics rely both on the electro-
magnetic field geometry and its underlying emission sites and
on the particle dynamics within these gaps. The main source of
electron-positron pairs in a pulsar magnetosphere arises from
magnetic photo-absorption in ultra-strong magnetic fields as
those present on the neutron star surface. Primary particles are
accelerated to high Lorentz factors, y ~ 107, emitting curvature
photons that themselves disintegrate into a secondary plasma
made of pairs, relaxing to a lower energy of about y ~ 10?
via synchrotron cooling on a very short timescale. Synchrotron
emission from the secondary and higher generations is believed
to produce optical and X-ray emission in pulsars (Romani 1996;
Harding et al. 2008).

Muslimov & Harding (2003) showed that the dynamics of
particle acceleration and cascading extends up to several stellar
radii starting from the surface around the slot gap inner bound-
ary. In a subsequent paper, Muslimov & Harding (2004) showed
that the accelerating electric field in the slot gap remains almost
constant at high altitude above the polar cap, enabling particles
to reach a Lorentz factor on the order of 107.

Dyks & Rudak (2002) show that the rotation of a mag-
netic dipole generates an asymmetric magnetic photo-absorption
above the polar caps due notably to the electric component, as
already pointed out by Daugherty & Lerche (1975). Lee et al.
(2010) computed the optical depth of gamma-ray photon absorp-
tion in the strong magnetic field of a neutron star, including
rotation, aberration, and general relativistic effects; they found a
minimum escape altitude of several stellar radii, and even several
hundred kilometers for the Crab pulsar, depending on photon
energy. Story & Baring (2014) improved their study by imple-
menting near-threshold effects in the pair creation.

The acceleration of the primary beam in the vacuum
gaps is quickly balanced by radiative cooling from curvature
emission or resonant inverse Compton scattering on thermal
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X-ray from the surface. Depending on the cooling mecha-
nism, the particle distribution function becomes almost mono-
energetic, peaking at a maximum Lorentz of either about 107
(Daugherty & Harding 1989) for the former or 10°—10° for the
latter (Sturner et al. 1995). The secondary pair plasma generated
by these processes get energy of about 50—100, according to
Daugherty & Harding (1982).

Self-consistent computations of pair cascades in polar caps
have been performed by several groups in the past (Timokhin
2010; Timokhin & Arons 2013; Timokhin & Harding 2015,
2019; Harding & Muslimov 2011; Harding & Kalapotharakos
2015). It is an important topic in its own right, but our purpose is
not to dig into the details of such microphysics. We are instead
interested in the observational signature of simple primary and
secondary particle distribution functions. A much more detailed
discussion of some of the used approximations and results can be
found in the recent and up-to-date work by Harding et al. (2018).

The radiative properties of pulsars are usually explained with
the existence of two populations of leptons, which differ in their
energy and spacial distribution functions. For simplicity, two
mono-energetic or two power law distributions can be considered.
As is well known for pair creation physics, the low-energy popu-
lation appears as a result of gamma-ray photon absorption in the
strong stellar magnetic field. Such absorption is very sensitive to
the geometry, namely to the angle spanned between the photon
propagation and the magnetic field direction. Nevertheless, close
to the surface where the magnetic field remains mainly dipolar,
we expect, to a good approximation, the absorption process to be
axisymmetric with respect to the magnetic moment. The origin
of the two populations stems from their acceleration dynamics.
The primary particles are accelerated in vacuum gaps sustained
by strong parallel electric fields, whereas secondary and higher
generations are produced by photon disintegrations and evolve in
an almost fully screened electric field environment, disfavoring
efficient acceleration to very high energies.

In our previous work, we focused our attention on the shape of
the pulses emitted in the radio and gamma ray, explicitly showing
the impact of gravitation on the geometry of the profiles and on the
phase shift between the main radio pulse and the first gamma-ray
pulse. We did not take into account the frequency characteristics
of this emission, assuming it to be curvature radiation, which is a
function of the point of emission and more particularly of the cur-
vature of the field lines. But questions remain regarding their fre-
quency distribution (for the radio and gamma-ray spectrum) and
how the shape of the pulses evolves as a function of frequency
or energy. This paper answers these questions by providing pre-
cise quantitative results if the emission comes from curvature and
synchrotron radiation along the magnetic field lines in a flat space-
time geometry. The outline of our paper is as follows. In Sect. 2
we present our magnetosphere model and the associated radia-
tion mechanisms. Next, in Sect. 3, we show detailed results of
high-energy spectra and light curves from the slot gap models,
localizing the sites of efficient gamma-ray photon production that
depends on the magnetic inclination angle and line of sight. In
Sect. 4 the same approach is used to study the radio spectra and
light curves, which depend on the geometry. Conclusions and pos-
sible extensions are summarized in Sect. 5.

2. Magnetospheric emission model
2.1. A coherent multiwavelength model

Multiwavelength modeling of radio-loud gamma-ray pulsars
is usually limited to the joint computation of only one radio
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and one gamma-ray light curve. Although this strategy already
makes it possible to constrain the geometrical parameters of
the magnetosphere (Pétri 2011, Benli et al. 2021, Pétri & Mitra
2021) this is hardly satisfactory because the pulse profiles evolve
as a function of frequency or energy. A detailed multifrequency
investigation that coherently includes the calculation of radio
and gamma-ray spectra (from, e.g., the curvature and syn-
chrotron radiation) proves to be much more constraining and will
allow the geometry of the field lines, the altitude of the photon
production sites, the distribution functions of the emitting parti-
cles, and the associated light curves to be physically and quanti-
tatively linked.

In this paper, this detailed view of broadband electromag-
netic emission processes is discussed in depth. To do so, we start
with a reminder of the method of calculation of the properties of
the curvature and synchrotron emission, their power and charac-
teristic frequency, applied to the pulsar magnetosphere. Then we
determine the high-energy spectrum around the GeV, thus in the
Fermi/LAT band, as well as some characteristic light curves to
conclude on the spectra and radio pulse profiles.

2.2. Magnetosphere structure

We use the analytical expression of the electromagnetic field of
a rotating dipole in vacuum as first given by Deutsch (1955).
Charged particles are accelerated in gaps where the plasma
present in the pulsar’s magnetosphere is not dense enough to
screen the component of the electric field parallel to the mag-
netic field lines. In our model, those gaps are either located along
the last closed magnetic field lines from the star surface up to
the light cylinder, also called slot gaps (Arons 1983), or above
the polar caps delimited by the last closed magnetic field lines in
the polar gaps (Ruderman & Sutherland 1975). We also assume
that radio and gamma-ray emission are produced by the accel-
eration of charged particles in those gaps through curvature
radiation or decaying into the fundamental Landau level via syn-
chrotron emission. We therefore recall the essential feature of
these emission mechanisms.

The location of our emission sites follows the standard polar
cap—slot gap picture (see Fig. 1). In our simulations, the radio
emission starts at the stellar surface but this is due to the fact
that we used a stellar radius of 0.1 ., which is actually the esti-
mated height of radio emission according to radio polarization
data for young pulsars. For those pulsars, the surface lies well
within the light cylinder R < ri but using R = 0.1 r in our com-
putations is a good compromise between speed and accuracy. As
exposed in the introduction, several groups studied the pair cas-
cade formation around the polar caps. Some plasma instability
produces bunches of pairs such as a soliton emitting coherent
radio waves (Mitra 2017). The development of the instability
requires time therefore space, in agreement with the expected
height of h = 0.1 .

The slot gaps shown in Fig. 1 cross the null surfaces depicted
by thick straight lines, null surfaces that separate regions with
opposite charge density in the force-free picture. So it seems
difficult to understand how particles of the same charge can be
continuously accelerated along such slot gaps. The point is that
the electrodynamics within these gaps differ significantly from
the force-free view. Indeed, slot gaps are regions near the last
open field lines free of electron-positron pairs. Particle acceler-
ation in these gaps is slower than in the polar cap for instance
and the pair formation front is shifted to higher altitude, actu-
ally close to the light cylinder. Therefore, the parallel electric
field Ej is not screened, keeping the same sign all along the

/
—

slot gap (gamma-rays)
closed magnetosphere (inactive)

| base of the wind (open field lines, gamma-rays)

L

Fig. 1. Schematic view of several well-studied emission sites, such as
the polar cap, slot gap, outer gap, and striped wind.

particle trajectories. This unscreening effect has been confirmed
by a careful investigation of the slot gap electrodynamics by
Muslimov & Harding (2003). Moreover Muslimov & Harding
(2004) showed that the parallel accelerating electric field E)
within these gaps tends to a constant value at high altitude
above the stellar surface. Electrons are therefore accelerated to
high Lorentz factors about 107 while emitting curvature photons
from deep within the magnetosphere up to the light cylinder.
Low and high altitude approximations found in these aforemen-
tioned works have been stuck together to a single analytical for-
mula by Barnard (2021) for multi-TeV fitting of the Vela pulsar
(Harding et al. 2018).

Primary particles accelerated within the polar caps produce
gamma rays propagating in an opaque medium because of mag-
netic photo-absorption. They are converted into leptonic pairs
and are therefore not directly detectable on Earth but are indi-
rectly detectable via the pulsar wind and its nebula. Indeed,
the first Fermi/LAT observations immediately concluded that
gamma rays cannot emanate from the polar caps. Only low-
energy photons can propagate through the strong magnetic field
without being attenuated. Gamma rays necessarily come from
higher altitudes within the magnetosphere, for instance in a slot
gap, that is a thin region separating the closed field lines from
the open field lines. In this interface, the electric field does not
increase sharply to efficiently produce pairs contrary to the polar
caps. Particles are accelerated all along the slot gaps, emitting
gamma rays not absorbed by the weaker magnetic field.

2.3. Curvature radiation

The calculation of the frequency of curvature radiation is
deduced from the radius of curvature p of the particle trajectory
along the magnetic field lines, which is equal to the radius of
curvature of these field lines in the corotating frame. The char-
acteristic curvature frequency weyry is (Jackson 2001)
3 ;¢
Weury = =Y =,
curv 27 p
beyond which the particle no longer radiates significantly.
Specifically, the shape of the curvature radiation spectrum for
a particle with Lorentz factor y is given in Jackson (2001) by

dI 2 -
_ V3 E_),F(wﬂ); F(x)=xf Ksp3(n) dt,

dw 4mey ¢ N

ey

@

where Ks;3 is the modified Bessel function of order 5/3
(Arfken & Weber 2005).

A trajectory or line in space has a curvature as well as a twist.
Locally, at a point of this curvature, we associate a trihedron
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(T, N, M), also called Frenet’s frame, with the tangent 7', normal
N, and binormal M to the particle trajectory. The curvature «
indicates the change in the tangent vector T and the torsion 7
indicates the variation in the osculating plane at the same point.
In summary the Frenet formulas giving the variations in the basis
vectors of the trihedron are

dr

a = KN, (33)
d

d—Nz—KT+TM, (3b)
M _ N, (3c)
ds

ds being the curvilinear abscissa along the trajectory. Torsion
does not intervene in the calculation of the particle curvature
radiation. The curvature itself is thus deduced from the deriva-
tive of the tangent T = B/B to the field lines as a function of
the curvilinear abscissa s along these field lines. The curvature
radius p is the inverse of the curvature « of the magnetic field
that is the derivative of the tangent T to the magnetic field line
with respect to the curvilinear abscissa ds, so we have

. 1 _ HdT(s)
o ds

We recall that the variation in the curvilinear abscissa ds is
related to the variations in the coordinates of the trajectory dx’
by ds?> = y; dx'dx* in any spatial geometry given by the spa-
tial metric y;, which is the spatial projection of the space-time
metric g; with respect to a given observer. In Minkowski’s
space-time in Cartesian coordinates, this expression simplifies
to dx’ = (dx, dy, dz) and ds® = dx? + dy? + dz>.

In our model, we assume that the particles follow the field
lines in the reference frame corotating with the star, the fre-
quency of the curvature radiation wy, is therefore that of the rotat-
ing frame of reference (1). In order to find the frequency of the
radiation emitted by our rotating pulsar and measured by a dis-
tant inertial observer at rest w., we must take into account the
Doppler effect and perform a Lorentz transformation from the
corotation frame to the inertial frame of the observer. This is
equivalent to multiplying Eq. (1) by a Doppler factor 7 due to the
neutron star rotation. We thus have w, = nw/, with the Doppler
factor generally put in the form

_ 1
Ty -B-ny

n being the unit vector giving the initial direction of propaga-
tion of the photon (tangent to the magnetic field line) as seen
in the observer’s frame of reference and taking into account the
aberration and f the corotation velocity. So n is given by the
equation

_1], Y p
n—ﬁ[n +7(m(ﬂ n)+1)ﬂ},

. “

n &)

(6)

where vy is the Lorentz factor of the particle accelerated in the
electromagnetic field or the primary or secondary beam. The
power radiated by this particle is given by

eyte

Peyry = )

6mep?’

with e the elementary charge and ¢ the vacuum permittivity.
For curves of known geometry, this curvature can be deter-
mined analytically, as for example for a static dipole for which
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the equation of the field lines is known, the lines being them-
selves each contained in a plane. For a rotating dipole such as
the Deutsch dipole or in general relativity, it is not possible to
obtain an analytical expression of this curve. It must be estimated
numerically by approximating the derivative (4).

Concretely, this curvature is calculated by measuring the
variation AT of the vector tangent T to the magnetic field lines as
one moves along them by a value As of the curvilinear abscissa s
small enough that the finite difference represents a good approx-
imation of the derivative. Typically a fraction of the radius of
the star As < R, is sufficient. We then replace « in Eq. (4) by a
discretized version. We calculate this derivative vector field by
measuring the variation in the tangent vector T along a field line
by varying the curvilinear abscissa s

dT - T(s+ As/2)—T(s — As/2)
ds As

®)

In order to minimize discretization errors, we chose a method
with centered finite differences. Knowing the local radius of cur-
vature and the value of the magnetic field at the point of emis-
sion in the rotating frame of reference, we switch back to the
spectrum of the curvature radiation in the inertial frame of ref-
erence by imposing an energy distribution function for the pho-
ton emitting leptons. The simplest situation consists in taking a
mono-energy distribution of particles although a general particle
population is possible.

2.4. Synchrotron radiation

Synchrotron radiation is a special case of curvature radiation
where particles follow circular trajectories. This emission arises
from leptons created in high Landau levels and decaying quickly
to the fundamental state where the perpendicular momentum is
minimal. The particle will then emit at the characteristics fre-
quency

3 ,9B
Wsyn = 57 ?7 (9)
with the synchrotron power Pgy, such that
Py = ———y*B*B*sin’ @, (10)
6reym?c

@ being the pitch angle of the particle. In our simulations, we
assumed that particles are born with pitch angles ® =~ m/2. The
synchrotron spectrum has a similar form as (2), only replacing
Weary by Wgyn-

2.5. Particle population

The shape of the light curves and spectra strongly depends on
the energy distribution of the radiating particles. Current models
of acceleration of primary particles and creation of secondary
and higher generation of pairs (tertiary, quaternary, etc.) predict a
peak of the Lorentz factor around y ~ 109107 for primaries and
around y =~ 10—100 for others (Beskin et al. 1993). Although our
approach is easily adapted to any particle distribution function,
in this work we only consider mono-energetic particles either in
the primary beam or in the secondary beam. The primary par-
ticles are responsible for the high-energy emission in the GeV
band in the slot gap while the secondary particles from the cas-
cades produce the radio emission from the polar caps.
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In a more realistic picture, the particle distribution func-
tion significantly deviates from a mono-energetic one, the radi-
ation being linearly additive, the calculation of the spectra and
light curves will follow the same linear addition scheme of the
individual mono-energetic contributions with respective weights
corresponding to the weights imposed by the particle distribution
function. For example, for a population containing N; particles
of energy y; and N, particles of energy 7y», the total emission will
be N, times that of the mono-energy spectrum at y; to which we
superimpose N, times that of the mono-energy spectrum at y,.
A continuous distribution is then subdivided into several inter-
vals of mono-energetic particles and the entire spectrum can be
reconstructed. Our results therefore serve as a building block
for the most general distribution function obtained by a post-
treatment of mono-energetic distribution functions.

We now review the results for the high-energy mono-
energetic and radio spectra: For each of the two cases, we have
assumed that at each emission point, located along the last mag-
netic field lines with a curvilinear spacing A between each
point, there is emission by curvature radiation considered to
emanate from particles with Lorentz factors y fixed for each
wavelength. We assume that there is no emission for points
located more than 95% of the light-cylinder radius Ry from the
center of the star.

The classical estimation of the maximum Lorentz factor
attainable by particles in the electromagnetic field takes into
account their braking by radiation reaction in order to compen-
sate the acceleration by the parallel electric field Ej present in
the gaps. The precise value of this field is strongly dependent on
the dynamics within the gaps. By equating the radiated power (7)
and the power provided by this electric field e Ej c, the Lorentz
factor becomes

E 2\ 1/4
o ) ~ 107,

an

Ymax = (67{80
e

In our vacuum model, Ej ~ 10'2 Vm™! corresponds to the upper
limit, that of the Deutsch field where the electric field is not
screened at all. In reality, this value is much lower but the max-

imum Lorentz factor only varies with Eﬁ /4 so it is not very sen-
sitive to a large variation in this parallel electric field.

It is currently well accepted that the pulsar magnetosphere
contains at least two different populations of particles flowing
out along open magnetic field lines. The first component is made
of primary particles accelerated by the strong parallel electric
field in vacuum gaps up to Lorentz factors about y ~ 107 and
with a particle density number close to the corotation density of
np = 2&9 €2 - B/e. These primary particles emit gamma-ray pho-
tons decaying into a secondary flow made of electron-positron
pairs (Erber 1966) with Lorentz factor in the range y ~ 10>~10°
and a multiplicity factor of x ~ 10°~10° (Daugherty & Harding
1982). The typical energy of curvature photons produced by
each beam will therefore vary by several orders of magnitude.
The radio emission is generated by the dense secondary beam
whereas the high-energy emission (in the MeV and GeV energy
range) is generated by the ultra-relativistic but much less dense
primary beam.

In our model, we assumed a simple mono-energetic popu-
lation, we typically set y, = 107 for the gamma-ray emission
coming from the slot gaps whereas for the radio emission from
the polar caps we take v, = 30. We also compute spectra for par-
ticles locally reaching the radiation reaction limit and possessing
Lorentz factors constrained locally by Eq. (11).

Accurate simulations of pair cascades only rarely show the
resultant particle distribution functions. A notable exception is
given by Arendt & Eilek (2002) showing that the secondary
pair plasma is well represented by a relativistic Jiittner-Synge
distribution with typical temperature kg T = mc? in its rest
frame. Earlier work by Sturner et al. (1995) focused on mag-
netic inverse Compton pair cascade from a primary mono-
energetic particle distribution but they only showed photon
spectra. Medin & Lai (2010) computes pair spectra and found
almost mono-energetic distribution functions sensitive to the
period and surface magnetic field and peaking around several
tenths or hundreds of MeV. Timokhin & Harding (2015) detailed
the localization of secondary particle production, finding a
larger spread in energy down to the rest mass energy (see also
Harding & Muslimov 2011; Harding & Kalapotharakos 2015
for detailed pair plasma spectra and the associated curvature,
synchrotron, and inverse Compton emission applied to the Crab
and some other pulsars).

2.6. Emissivity

First of all, the calculation of the spectra we present in the fol-
lowing does not take into account the range of frequencies at
which photons are emitted. We approximate the spectrum by
a Dirac distribution centered on the characteristic frequency w,
(being the curvature or synchrotron frequency) and whose inten-
sity corresponds to the total power of the integrated radiation
on all frequencies of the true continuous spectrum (7) or (10).
In other words, the spectrum is approximated in the corotating
frame by

ar;
dw’

Each point on a field line emits photons at a single frequency
given by the local characteristic frequency w(p) (1) or (9) asso-
ciated with the local curvature of this same field line. The num-
ber of photons to consider is proportional to the total emitted
power. A Lorentz transform bring all these quantities into the
observer inertial frame. This contrasts sharply with our previous
work (Giraud & Pétri 2020) where each position on a given field
line produced only one photon of indeterminate energy. In this
paper, we remove the ambiguity on frequency by incorporating
details of the emission mechanism, frequency and power. Emis-
sivity will no longer be constant along a field line but will vary
according to the local curvature.

In a forthcoming step, we will consider using the full expres-
sion of the curvature radiation spectrum given by Eq. (2). Finally,
in another possible extension, the most realistic situation takes
into account a particle distribution function depicted by a power
law such that the number of particles of Lorentz factor between
v and y + dy is given by

= P.§(w — w)). (12)

— oy’ with Y € [7mina Ymax]’ (13)
where p is the spectral index of the power law, the minimum
Lorentz factor being ymi, and a the maximum value being yax.
This particle distribution function produces another power law
for the curvature emissivity jc,v such that

dI v — —
Jeury =fy"’idyo<w @273, (14)

dw

There is thus a simple relationship between the spectral index
of the power distribution of particles and photons. Beyond the
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cutoff frequency associated with yp, the emissivity falls expo-
nentially according to e/, Below the cutoff frequency asso-
ciated with yn;, the emissivity decreases according to another
power law independent of the particle distribution and scaling
as (w/w™™)!/3_ In between these two limits, the photon spectral
index is related to particle power-law distribution p. The same
method applies to the synchrotron radiation although with a dif-
ferent relation between particle and photon index.

2.7. Aberration, retardation, and seep-back effects

The radio and high-energy emission of pulsars originate at high
altitude in the magnetosphere, and well above the surface for
young pulsars of period P > 100ms (Mitra 2017). The coro-
tation of these emission sites at relativistic velocities imparts
unique characteristics to the pulsar profiles by impacting the
relationship between the geometry of the emitting zones and
their observational signature.

Phillips (1992) has detailed the impact of several important
effects on the arrival time of pulses of all kinds. We considered
two emission zones located at an altitude of r; and r, > ry,
respectively. For photons moving radially away from the neutron
star, the delay introduced by the difference in path to be traveled
becomes a phase shift for the observer

r =
QA = 2.
Rcyl

The dragging of the photon production areas by the rotation of
the pulsar causes a projection of the direction of propagation of
the photons in the direction of rotation due to aberration by a
value of

s)

Vo
6, = arctan (?) = arctan (16)

r sin )()
cyl
For both emission sites, this introduces an additional time delay
of

Q At, = arctan (M) - arctan( a7
Rcyl

ry sin )()
cyl

Finally, the rotation of the dipole curves the field lines in
the opposite direction of rotation. Shitov (1983) gave a sim-

ple expression for this sweep-back effect, such that the delay

induced amounts to
3 3
r r
( Rcyl ) ( Rcyl )

The total delay Ats is then the sum of each of these contributions
Ats = At, + At, + Atp.

We now discuss in some detail the high-energy and radio
light curves and spectra for mono-energetic particle distribution
functions applied to the polar cap and slot gap models of a vac-
uum rotating dipole.

QAtg =12 sin’ y

(18)

3. High-energy emission

We are interested in the high-energy emission as measured in
the Fermi/LAT (Large Area Telescope) band, between 100 MeV
and 100GeV. This Fermi/LAT telescope has detected nearly
300 gamma-ray pulsars all showing very similar spectra peak-
ing around several GeV (Abdo et al. 2013). Our long lasting aim
is to compare our predicted light curves and spectral modeling
with a whole population of young and millisecond radio-loud
gamma-ray pulsars. This section details the bottom line to con-
struct general light curves and spectra from the slot gaps know-
ing the particle distribution function.
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Fig. 2. Sky map showing the photon peak energies, in logarithmic scale,
depending on the phase and line of sight for an obliquity y = 60°.

3.1. Thin slot gap

The locus of the last open field lines taking their root at the polar
caps generates a two-dimensional surface enclosed within the
light cylinder and known as the separatrix. It is sustained by
a current sheet separating the dead magnetosphere with closed
field lines from the active zone supported by open field lines.
In an ideal plasma picture, this current sheet is infinitely thin,
representing a discontinuity in the solution. In reality, due to
some microphysics dynamics within the plasma, we expect this
current sheet to spread around this separatrix with a depth that
depends on the plasma condition (temperature, density, magnetic
field strength). Therefore, in a first stage, we assumed an ideally
infinitely thin gap and in a second stage we release this assump-
tion by using a thick slot gap picture by introducing a typical
scale height transverse to this surface.

3.1.1. Sky maps and light curves

We start with the sky map in Fig. 2, which shows an exam-
ple of the photon energy distribution received by a distant
observer from the slot gaps, in logarithmic scale, the energy
E. = hw, being obtained by multiplying the frequency of the
observed radiation w, (including Doppler and aberration effects)
by Planck reduced constant 7. The parameters used assume an
inclination angle of y = 60° and a Lorentz factor y = 107 for the
particles accelerated in these cavities, which are typical values
quoted for example in Becker et al. (2009) and in Beskin et al.
(1993). For each point on the map marked by the phase and incli-
nation of the line of sight (¢, {), in fact an area of size 0.5° x0.5°,
only the energy of the most energetic photons at that point is dis-
played. This map therefore reveals the GeV photon production
efficiency for each couple of phase-inclination (¢, {) parameters,
but without giving any indication of the actual shape of the spec-
tra for each phase and each angle of the line of sight. We will
detail these characteristics later.

Knowing the power of curvature radiation Py in (7) we
calculate the number of photons emitted by each emission point
along the magnetic field lines. In gamma rays, because of the
large span in energy range, we decided to cut the energy bands
into evenly spaced intervals on a logarithmic scale. Each decade
is cut into two intervals so that the successive values follow a
geometric progression of reason r = 10'/2 ~ 3.16. The intervals
are thus of the form [, ¥'*!] E, with n a positive integer and Ey
a characteristic energy set by default to Ey = 1GeV. The fol-
lowing intervals are therefore chosen to represent the emission
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maps thus made for different obliquities y, as well as some asso-
ciated light curves for different line of sight inclinations {: from

1to V10 ~ 3.16 GeV as in Fig. 3, from V10 ~ 3.16 to 10 GeV
as in Fig. 4, from 10 to V100 ~ 31.6 GeV as in Fig. 5 and from

V100 ~ 31.6 to 100 GeV as Fig. 6. Each of these maps takes into
account only photons within a certain energy range, which are
chosen as a geometric sequence as explained before. Most of the
emission is concentrated between 3.16 and 10 GeV with a few
high-energy emission points that can rise above 31.6 GeV. This
feature will be detailed in the next paragraph about the spectra,
demonstrating that most of the emitted photons are within the
frequency range [3,10] GeV with only a restricted area in the
sky map that emits photons with an energy greater than 30 GeV.

Looking at these maps, only two regions stand out with
very high-energy photons, around 50 GeV, near the points (¢ =
0.1,£ =90°) and (¢ = 0.6, = 90°). These areas are at high alti-
tude, close to the light cylinder. The rest of the emission seems
to show comparatively little variation in energy with the phase
or inclination of the line of sight. The results of these maps are
a nontrivial combination of the field line curvature, which varies
non-monotonically with altitude (see Fig. 7), and the Doppler
factor that produces a blueshift or a redshift according to the
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phase 0 phase 1o phase 0 phase !

Fig. 6. Same as Fig. 3 but for photon energies between [31.6, 100] GeV.

line of sight geometry (see Fig. 8). As a result, the most ener-
getic photons are repelled toward the light cylinder, but only in
regions for which the Doppler factor produces a blueshift, that
is, for particles moving along the field lines in the same direc-
tion as the direction of rotation (see Fig. 9), particles moving
in the opposite direction producing redshifted photons of lower
energy.

3.1.2. Spectra

Looking at the spectra offers another perspective of pulsar multi-
wavelength emission properties. We began by studying the spec-
tra of a thin slot gap without taking into account the weight
assigned to each photon as a function of the radiated power (7).

Figure 10 represents the phase- and line-of-sight-averaged
spectra from these gaps for different obliquities: y =
{30°,60°,90°}. We find a distribution consistent with what we
saw in Fig. 2 for a obliquity y = 60° (green curve) with very few
photons on the highest energies side, above 50 GeV and a high
concentration of photons in the center of the spectrum, around
a few GeV. The range of the spectrum also varies significantly
with the inclination of the magnetic dipole.

Nevertheless, from an observational as well as from a more
realistic point of view, it is preferable not to average on the line
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of sight inclination angles since a particular observer only sees
the part of the sky map in Fig. 2 corresponding to a fixed angle
{ (i.e., a horizontal line in this plot). An example of the variation
in the phase-integrated spectrum (i.e., over the whole period of
the pulsar) for y = 60° is shown in Fig. 11 for different values of
the line of sight inclination ¢ = {30°,60°,90°} again respectively
in sold blue, green, and red lines. We notice a great disparity in
the shape and the limits of the spectra depending on the obliq-
uity y although the peak in the spectra remains at approximately
the same energy, around 4 GeV. The smallest obliquity y = 30°
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Fig. 10. Phase- and line-of-sight-averaged spectra for obliquity y =
{30°,60°,90°} shown, respectively, in solid blue, green, and red lines
without curvature radiation power weights.
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Fig. 11. Phase-integrated spectra for y = 60° and a line of sight incli-
nation ¢ = {30°,60°,90°} shown, respectively in solid blue, green, and
red lines without curvature radiation weights.

shows the tightest spectrum with an energy interval restricted to
the band [3, 7] GeV. A higher obliquity with y = 60° moves this
lower limit to about 1 GeV while the upper limit increases to
8—9 GeV. In addition, a double-peak spectrum appears, with one
peak at low energy around 1.5 GeV and the other remaining at
4 GeV. We show later that taking into account the curvature radi-
ation power (7) eliminates this second low-energy peak. An even
higher obliquity of y = 90° shifts the spectrum in the opposite
direction, toward the higher energies with a lower limit of 4 GeV
and an upper limit of 30 GeV. As a conclusion, the observer
line of sight strongly impacts the received phase-averaged spec-
trum. The behavior of these spectra is a direct consequence of
the geometry of the field lines, their visibility by the observer,
and the aberration and Doppler effects.

The sky map in Fig. 2 and the spectra in Figs. 10 and 11 have
been made on the assumption that for each emission point along
the last closed magnetic field line a single photon is emitted, that
is, by applying the same procedure as in Giraud & Pétri (2020)
and the successive points being separated by a certain length As
along the field line and arbitrarily fixed by the numerical integra-
tion code. A more realistic view must take into account the effec-
tiveness of this curvature radiation (i.e., its power spectrum).
Indeed, since we know the radius of curvature of the magnetic
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Fig. 13. Same as Fig. 11 but with curvature radiation power included.

field lines at each point, we can deduce the power radiated by a
particle accelerated along them using Eq. (7). For the moment,
we have not indicated the density of particles in the emitting
regions, so we cannot calculate a precise flux detected on Earth,
but we can give as an indication the distribution £ dN/dE in
energy of photons produced by the curvature radiation. The units
remain arbitrary; we write them in UA.

Taking the same approach as above, examples of spectra are
shown in Fig. 12. As only one value of the Lorentz factor is
used, these spectra show rather abrupt decreases and increases
in intensity as a function of frequency. As in the spectrum of
Fig. 10, a weak flux of photons is produced with an energy above
50 GeV and a strong flux of photons for an energy in the vicinity
of 5GeV. Taking into account the modulation of the intensity
of the spectrum as a function of the locally radiated power does
not change the frequency range of the emitted photons. This is
why the lower and upper limits of the spectra are identical in
Figs. 10 and 12. Indeed, the radiated power changes the number
of photons produced but not their energy.

As in Fig. 10, these spectra are averaged over the phase and
line of sight inclination. A real observer will only measure the
spectrum associated with a fixed value of the line of sight ¢.
Following the same procedure as for Fig. 12, another example
of a phase-integrated spectrum taking into account the power
of curvature radiation is shown in Fig. 13 for y = 60° and for
different lines of sight £ = {30°,60°,90°}, respectively in solid

blue, green, and red lines. The limits of the spectra remain iden-
tical to those of Fig. 11 since the energy of the radiated photons
does not change, only their number is modified by taking into
account the curvature radiation power. The spectrum in blue for
¢ = 30° is very similar to its counterpart without taking into
account the power. On the other hand, for £ = 60° in green,
the low-energy peak has disappeared to show only an intense
peak around 4-8 GeV, in the form of a plateau. Finally, for
¢ = 90°, the high-energy component around 30 GeV stands out
very clearly and becomes comparable to the component around
4-8 GeV. This example underlines the importance of the radi-
ated power on the weighting of the real spectrum of a pulsar. It
is not enough to simply count the photons emitted in isolation at
each point.

Applying these methods for curvature radiation, we are able
to compute phase-resolved spectra for a given magnetic axis
inclination y and line of sight £ depicting a particular observer.
Performing this calculation, the phase-integrated spectra have
been divided into 10 regular phase intervals A¢ each of length
equal to 10% of the period thus Az = 0.1 P or A¢p = 36°.
Figure 14 shows an example of phase-resolved spectra accord-
ing to this breakdown of the period. The phases correspond to
the regular intervals from [0.0.1] to [0.9, 1.0]. For the first phase
interval, we already see a strong variation in the shape of the
spectrum for a line of sight inclined at { = 90°, represented
by the red curves. Photon energy rises to over 30 GeV in the
range [0.0.1] and falls below 9 GeV in the next range [0.1.0.2].
These variations are much less noticeable at lower inclinations
of y = 30°, the blue curves on our spectra, and y = 60°, the
green curves. In the phase interval [0.2, 0.3] all the spectra shrink
significantly with a narrow energy peak around 5 GeV regard-
less of the inclination ¢ on the left curve. Then the spectrum
widens again slightly toward the higher energies on the inter-
val [0.3, 0.4]. The separation of these spectra becomes more and
more visible in the following phases, for example in [0.4,0.5].
Energies above 30GeV dominate again for { = 90° in the
[0.5,0.6] phase while the other two spectra widen toward the
low energies. The separation of the spectra becomes very clear
again in phase [0.6, 0.7]. At the next phase in [0.7, 0.8], the spec-
tra converge more and more to refocus around 7 GeV. This trend
continues over the next phase intervals, [0.8,0.9] and [0.9, 1],
with a disappearance of the pulsation for { = 60° in phase
[0.9, 1.0] because it corresponds to the location of the polar cap
shadow, visible in Fig. 2, where emission is disappearing.

We note that the maximum intensity of the spectrum is not
very sensitive to the phase interval. Whatever the inclination and
phase considered, the maximum of the spectra is between 1 and
10 in our arbitrary units. Only the inclination of { = 60° seems
to show a strong amplitude or even a disappearance of the signal
for some given phase intervals.

3.1.3. Spectra with variations in the Lorentz factor

In the above picture, we assumed a very simple injection spec-
trum of primary electrons into the slot gap and for secondary
leptons injected into the polar cap. Leptons had fixed Lorentz
factors in the slot gap with y = 107. However, their energy
depends on the local curvature radius along magnetic field lines,
thus depending on the location within the magnetosphere, fol-
lowing Eq. (11). We therefore performed a second set of simula-
tions by varying the primary particle Lorentz factor according
to the radiation reaction limit imposed by Eq. (11). We plot-
ted the spectra of the precedent section taking the maximum
Lorentz factor for the accelerated particle yn,x depending on
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Fig. 14. Phase-resolved spectra for the phase ¢ in regular intervals of
length 0.1 and subdivided into [0.1k,0.1 (k + 1)] with k € [0...9] and
x = 60°, and with £ = {30°,60°,90°} shown, respectively, in blue,
green, and red for a thin slot gap.

the curvature radius p of the magnetic field lines with a value
of Ej fixed at 102 Vm™! (see for instance Figs. 15-17, where
we observe a shift in the spectra to lower energies because the
Lorentz factor has diminished by at least one order of magnitude;
see also Fig. 18, which shows the Lorentz factor for emission
points inside the slot gaps). Figure 19 clearly highlights that the
highest energy photons emerge from close to the light cylinder.
The color map of the perceived photons energy depending on the
location concentrates all these photons in the leading part of the
gap.

The sky maps evolve according to these trends, and we have
to choose a lower energy band to retrieve approximately the
same light curve for the same geometries. Figures 20-23 show
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Fig. 16. Phase-integrated spectra for y = 60° and a line of sight inclina-
tion ¢ = 30°,60°,90° shown, respectively, in solid blue, green, and red
lines for a Lorentz factor depending on the curvature radius.

the impact on the sky maps for curvature radiation when the
Lorentz factor depends on the curvature radius.

3.1.4. Spectra with synchrotron radiation

Synchrotron radiation of electrons and positrons is unavoidable
in the strong magnetic field of a neutron star. We therefore also
added to those previous spectra the contribution of synchrotron
emission from particles accelerated along the last closed mag-
netic field lines, considering only the peak frequency of the syn-
chrotron spectra. Figures 24-26 show some examples where a
new spectral component is added at higher energy, in the GeV
range.

Because synchrotron emission is most efficient in strong field
regions, this radiation emanated from the vicinity of the polar
caps as easily recognized by inspection of Fig. 27 showing the
photon energy map.

The corresponding sky maps are shown in Figs. 28-31 with
appropriate energy ranges. Most of the emission is visible in the
GeV to tenths of GeV.
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Fig. 17. Phase-resolved spectra for the phase ¢ in regular intervals of
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x = 60°, and with £ = {30°,60°,90°} shown, respectively, in blue,
green, and red for a thin slot gap and a Lorentz factor depending on
the curvature radius.

3.2. Thick slot gap

Thin slot gaps are idealized regions of infinitely small thickness
producing very sharp gamma-ray peaks due to caustics effects
(Morini 1983). Until now we only considered emission along
the last closed field lines, neglecting a possible thickness of the
current sheet. However, because of the plasma and radiation
dynamics within these gaps, we expect an emission layer of
finite thickness to form. Therefore, in this paragraph we con-
sider slot gaps relying not only on last closed field lines but
also on field lines in their vicinity, some crossing the light cylin-
der, being open lines, and some staying within the light cylinder,
being closed lines. Therefore, in order to tend to a more realistic
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Fig. 18. Lorentz factor depending on the position in the slot gaps (pro-
jection on the xOy plane) for y = 90° as calculated using Eq. (11).
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Fig. 19. Photon energy depending on the position in the slot gaps (pro-
jection on the xOy plane) for y = 90° for a Lorentz factor depending on
the curvature radius.

description of the pulsar high-energy emission from slot gaps,
we added in our simulations emission coming from magnetic
field lines slightly above or slightly below the last closed field
lines.

Sky maps and spectra shown in this paragraph have been
realized assuming a thick layer of emission along the last closed
magnetic field lines. The power radiated by particles is multi-
ply by a Gaussian weight w, so the emission is maximum along
the last closed field lines and decrease when there is an increase
in distance between the line where the emission take place and
the last closed field line. The colatitude of the last closed field
line foot point on the stellar surface being marked by 6, and the
colatitude of any field line by 6, in the coordinate system aligned
with the magnetic field axis, the Gaussian weight is written as

Wg = L

19)

We take § = A@/5 with an angular distance between two suc-
cessive magnetic foot points at the same longitude ¢ equal to
A6 = /100.
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Fig. 22. Same as Fig. 28 but for photon energies between 100eV and

1keV.
¢ be compared with Fig. 2 for a thin gap. Now the most ener-

getic photons are still located around the same phase and line
of sight inclination with maximum energy around 100 GeV, but
The sky map of the highest photon energy is shown in Fig. 32  as expected the spreading of the current sheet extends the visibil-
for thick slot gaps and an obliquity y = 60°. This figure must ity region of high-energy radiation in this sky map. The shadows

3.2.1. Sky maps and light curves
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Fig. 26. Same as Fig. 17 but with synchrotron radiation in addition to
curvature radiation.

of the polar caps have almost disappeared because their location
overlaps with thick slot gap emission pattern.

Equivalently, Figs. 33-36 represent the sky maps for thick
slot gaps for different energy ranges, the same as those shown in
Figs. 3-6, and different y inclinations of the magnetic axis. Due
to the finite thickness of the gap, the light curves broaden in rela-
tion to the transverse size of the slot gaps. At any energies, the
bright part of the sky maps has enlarged to a significant part of
the full sky. Moreover, the light curves show complex multi pulse
profiles varying with energy. However, as already stated before,
these sky maps and light curves samples serve as building blocks
for the elaboration of more realistic and complete radiation pat-
terns in pulsar magnetospheres. The particle distribution func-
tion and the full curvature spectrum must be taken into account.
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Fig. 27. Photon energy depending on the position in the slot gaps (pro-
jection on the xOy plane) for y = 90° only for synchrotron radiations.
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Fig. 32. Sky map showing the photon peak energies, in logarithmic
scale, depending on the phase and line of sight for an obliquity y = 60°.

This is why we postponed a meaningful comparison with radio
and gamma-ray observations for future works.

3.2.2. Spectra

The emission spectra and maps computed in the previous section
have been made with an infinitely thin emission area along
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the last open field lines. Figure 37 shows the spectrum of the
high-energy emission for an emission area of a given thickness,
using the same method as that used to draw the sky maps in
Fig. 12. According to this spectrum, when a thickness transverse
to the emission area is included, additional radiation is received
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Fig. 37. Same as Fig. 12 but for a thick emission region.

including lower and higher photon energies than those of a thin
gap. To the spectrum of the infinitely thin zone are thus added
other spectra from neighboring field lines but whose curvature
varies slightly, increasing or decreasing according to the nature
of the field line: open or closed, which will obviously lead to vari-
ations in the radiated power and energy of the radiation. The dif-
ferences in the shape of the spectra in Figs. 12 and 37 can also be
partly explained by the modulation of intensity under the influence
of the Gaussian factor that we introduced via the weight (19) and
which has also been used here. Thus for each point of impact on
the celestial sphere, the measured intensity is the power radiated
by the particle multiplied by this Gaussian function.

Figure 38 represents the evolution of the high-energy spec-
tra over different phase intervals for an inclination y = 60° and
several fixed values of the observation angle ¢. It is the same as
in Fig. 14 but for thick slot gaps. The emission is visible for all
observation angles and for all phases unlike the spectra obtained
for radiation without thickness of the emission zone, notably for
the phase [0.9, 1], because, as seen in Fig. 34, high-energy emis-
sion is received at the phase of the polar cap shadow.

Figure 39 represents the evolution of the shape of the light
curve observed for y = ¢ = 60° for different energies, the
light curves being normalized by its maximum in each plot. It
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Fig. 38. Same as Fig. 14 but for a thick slot gap.

highlights the variety of pulse shape and width depending on the
observed energy range.

We next determined from which altitude in the magneto-
sphere of the pulsar this high-energy pulsed emission originates.

3.2.3. Spectra with variations in the Lorentz factor

Using Eq. (11), we plotted the spectra of the precedent section
for a Lorentz factor depending on the curvature radius of the
magnetic field lines, including the magnetic field lines below
and above the last closed field lines for a thick slot gap (see
Figs. 40-42).

Figures 43—-46 show the sky maps observed for curvature
radiation when the Lorentz factor depends on the curvature
radius for a thick slot gap.
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red [1,3.16] GeV, in green [3.16, 10] GeV, in blue [10,31.6] GeV, and
in violet [31.6, 100] GeV.
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Fig. 41. Phase-integrated spectra for y = 60° and a line of sight inclina-
tion £ = 30°,60°,90° respectively in blue, green and red solid lines for
a thick slot gap and a Lorentz factor depending on the curvature radius.

3.2.4. Spectra with synchrotron radiation

To the previous spectra we added the contribution of synchrotron
radiation from particle accelerated along the magnetic field lines
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Fig. 42. Phase resolved spectra for the phase ¢ in regular intervals of
length 0.1 and subdivided into [0.1 &, 0.1 (k + 1)] with k € [0...9] with
x = 60° and ¢ = {30°,60°, 90°} respectively in blue, green and red for a
thick slot gap and a Lorentz factor depending on the curvature radius.

in the gap: along the last closed magnetic field lines and the lines
below and above them in order to depict a certain thickness of
the emitting region. Figures 47-49 quantify the impact of vary-
ing field lines on the phase-averaged and phase-resolved spectra.
The photon energy range widens again because of more freedom
in the curvature radius depending on the field line considered.

Figures 50-53 show the composite sky maps observed with
both kind of emission (curvature radiation and synchrotron) with
a thick slot gap for different energy bands.

3.3. Altitude of emission

Since the frequency of the curvature radiation emitted within
the slot gaps has been calculated and since the position of the
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L keV ation originates. Figures 54-56 show this distribution for an

infinitely thin emission zone and for different inclinations of the
magnetic axis, respectively of y = 30°, 60°, and 90°. Each of
emission points along the last field lines is known, we can deduce  these maps represents the points of impact on the celestial sphere
from which altitude in the magnetosphere the energy of the radi- of photons emitted between two different altitudes separated by
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Fig. 49. Same as Fig. 17 but with synchrotron radiation in addition to
curvature radiation.

a distance equivalent to one times the radius of the star R,. The
altitude of this spherical corona is plotted from R, to the light
cylinder of radius 10 R,. The color code of these figures reflects
the energy observed for the photons at the origin of each point
of impact. Thus each of these three figures is presented with the
arrangement shown in Table 1 for the range of the position r of
the photon emission point.

These plots emphasize that the most energetic photons are
emitted far away from the star surface and therefore close to the
light cylinder, which could also indicate that the last closed mag-
netic field lines are more curved at larger distances from the neu-
tron star. It shows that these points are located in the remotest
parts of the magnetosphere and that their high energy may be
due to the magnetic field being dragged by the rotation of the
neutron star, which generates a large curvature of the magnetic
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inclination angles, ¢ = {90°,60°, 30°}.

180]
~ T=90° T=60°" =30
(>
Q
°
2
Z
[=}
o 4

A JI N L _

180]

4 Z=90° =60 =30
(D
3 1
=
g™
o
© M

J (.t

N J I N, _

180
—~ =90 1=60" =30
°v
° -
£l -
T 4
5 [~
o

Q — A,’\\\“ SN

0 = T = T T
phase phase phase phase

Fig. 51. Same as Fig. 50 but for photon energies between
[31.6keV, 10MeV].

field lines. The large curvature of the magnetic field lines respon-
sible for the high-energy photons is shown in Fig. 7 where the
radius of curvature of the field lines calculated at each emission
point is shown (the smaller the radius of curvature, the greater
the curvature). However, only the high-energy emission points
have a small radius of curvature, if the higher-energy emission
areas are located in the upper part of the magnetosphere, this
may also be due to the Doppler effect caused by the rotation of
the pulsar. The Doppler factor i given by Eq. (5) is indeed larger
for emission points located at a high altitude from the neutron
star because their linear velocity B is larger. Figure 8 gives a
map of the emission points with the Doppler factor calculated for
each of them, this factor is more important near the high-energy
emission points. High-energy emission near the light cylinder
therefore requires a favorable combination of two effects: the
curvature of the magnetic field lines and the blueshifting Doppler
factor.
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4. Radio emission

There is still no consensus on the radio mechanism operating in
pulsar magnetospheres. Coherent emission is a strong constrain
but we do not model such complex plasma processes. We only
want to check whether the curvature photon frequency could
lie in the gigahertz band as observed in radio pulsars. With our
magnetic field geometry, we found that secondary particles with
v = 30 enables us to match this requirement. This is less than
what comes out from several works about pair cascading, leading
to higher values of y = 102~10°. Therefore, some other mecha-
nisms, such as radio photon scattering or absorption, should be
included to get a more realistic picture. However, this outstand-
ing problem is out of the scope of the present paper.

As is well known, the radio emission in the polar caps is
caused by the acceleration of secondary pairs, that is, particles
generated by magnetic photon absorption in the strong mag-
netic field of the pulsar (Erber 1966), producing an avalanche
of leptons. The Lorentz factor of these secondary particles is on
the order of y = 102, as stated in Beskin et al. (1993). In what
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Fig. 54. Sky maps of photon energy for an inclination y = 30°. Each
map represents the contribution from a piece of the magnetosphere:
those located in a spherical shell of thickness R, whose altitude is
increased by R, to the next map.
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Fig. 56. Same as Fig. 54 but with an inclination y = 90°.
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Table 1. Arrangement of Figs. 54-56, showing the emission altitude for
each panel.

[R.2Ry]  [2R4, 3R] [3R,,4R,]
[4R+,5R.] [5R.,6R.] [6R,,7TR,]
[7TR«,8R,] [8R.,9R,] [9R.,10R,]

-0.04 -0.03 0.02 0.01 0 0.01 0.02 0.03 0.04

Fig. 57. Distribution of 10® radio emission points inside the “north”
polar cap at the surface of the neutron star for a perpendicular rotator,
showing an almost uniform distribution.

follows, we choose a mono-energetic distribution function with
Lorentz factor y = 30 in order to obtain frequencies calculated
with Eq. (7) in the observational window of radio pulsars.

In order to avoid a sharp on-off boundary within the polar
cap, not reflecting the real radio profiles, a weight is assigned to
each photon emitted from the polar cap according to the angu-
lar distance 6 of these points from the magnetic pole, so that
the emission profile resembles a Gaussian function. The tech-
nique is similar to the introduction of a thickness in the slot
gaps described in the previous section. Thus, when plotting the
emission maps and the associated light curves, the intensity
received over a 0.5 X 0.5 degree zone of the celestial sphere
will not increase by one unit for each photon received. Instead it
increases by a weighted intensity / taking into account the Gaus-
sian shape for photons. Photons coming from the north polar cap
are weighted according to

Lnorin = ¢ 10 (20)

and a similar expression holds for the south polar cap. The
parameter o = 1/ V10 controls the width of the Gaussian shape,
the angles 6 and 6,. being, respectively, the colatitude of the
emission point and of the rim of the polar cap in a coordinated
system oriented according to the magnetic axis. The Gaussian
factor seen in Eq. (20) is used in order to keep pulses of Gaus-
sian shapes and maximum emission at the center of the polar
cap.

We generated a random but homogeneous distribution of 103
points inside both polar caps as depicted in Fig. 57. To obtain
such a distribution, the colatitude 6 of the emission points in
the spherical coordinate system oriented along the magnetic axis
(where the colatitude 6y, of the north and south pole are, respec-
tively, 0° and 180°) is determined through the formula
6 — Omp = arccos [1 - (1 — cos Hpc) X] , 21
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Fig. 58. Radio sky maps and some light curves for an emission emanat-
ing from an altitude r € [2, 3] R, for an obliquity y = 30°. From top to
bottom, these maps shows emission frequencies within [30, 120] MHz,
[120,210] MHz, and [210, 300] MHz.

with 6 the latitude of the point where the last closed field line
crosses the stellar surface and X a random number in [0, 1]. The
longitude ¢ of the emission point is determined by introducing
another random number Y in [0, 1] such that

v =9+ YAy, (22)

where Ap = 27/N,, is the polar angle between two neighboring
points of a polar cap rim and N,, the number of point samples in
the longitudinal direction.

4.1. Sky maps

We then determined the radio emission maps as a function of
frequency in order to study the evolution of the pulse shape as
measured by a distant observer. Figures 58—-60 show examples
of sky maps and a corresponding sample of light curves obtained
for an emission volume in the range r € [2, 3] R, above the polar
caps for different frequency intervals. We note that the frequency
interval breakdown is not the same for the different obliquities y
because the spectra do not have the same range or the same upper
and lower limits. The choice of frequencies has been optimized
to make the intensity maps stand out best.

These maps reveal a narrowing of the pulse profile toward
the high frequencies since these photons come from the deepest
regions of the magnetosphere. There is also an east-west asym-
metry in these profiles between the rising and falling ramps.
Sometimes two pulses are observed in the profile, sometimes
only one. It should be stressed that these results are only prelimi-
nary and that any comparison with observations will have to take
into account a particle energy distribution in the form of a power
law and not simply a mono-energetic distribution as done in the
present work, (see the particle distribution function discussion
in Sect. 2). The characteristic curvature frequency must also be
replaced by the continuous curvature spectrum centered on this
typical frequency. This will make the frequency variation in the
pulse profile smoother and the transition between the frequency
bands more continuous. After this further step, however left as a
future work, detailed comparison with existing multiwavelength
observations can be performed.

According to these maps, especially those in Fig. 60, low
frequencies are emitted rather at the edge of the area while
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bottom, these maps shows emission frequencies within [330,450] MHz,
[450,570] MHz, and [570, 690] MHz.

the higher-frequency components are emitted toward the center
of the area. This may seem counter-intuitive since for a static
dipole, the center of the pulse, corresponding to the magnetic
axis, is a straight line of zero curvature and therefore of zero fre-
quency and power. In other words, within the static limit, there
is no emission at the center of the cap. Frequencies and power
increase with increasing angular distance from the axis. But for
a rotating dipole, as for example in the Deutsch solution we use
in the present study, the magnetic field undergoes a sweep-back
effect that curves all field lines, even the one associated with the
magnetic axis. To be able to visualize this curvature, Figs. 61—
63 represent maps of the radii of curvature, measured in units
of Ry, at the point of photon emission for y = 30°,60°, and
90°, respectively, and for two emission heights, on the left for
[2,3] R, and on the right for [4, 5] R.. The fact that the highest
frequencies are toward the center of the polar caps is therefore a
consequence of the magnetic field line curvature induced by the
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Fig. 61. Maps of curvature radii in units of R for an inclination y =
30°, on the top for an altitude in [2, 3] R,, on the bottom for [4,5] R,
above the polar caps.
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Fig. 62. Same as Fig. 61 but for an inclination y = 60°.

stellar rotation. The radius of curvature on the field lines from
the polar caps is minimal in the case of the perpendicular rota-
tor with y = 90° and reaches 0.032 R.y;. It increases when the
magnetic axis joins the rotation axis (i.e., when y decreases). For
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example, for y = 30° this minimum radius is 0.05 R.y; and moves
outside the center of the cap. At the same time the maximum
curvature radius increases significantly when the rotator is close
to the aligned configuration. It is only 0.048 Ry for y = 90°
and reaches up to 0.35 Ry for y = 30°, which is an increase of
almost one order of magnitude. The photons produced will be
much less energetic in this latter case. Within the limit of a per-
fectly aligned rotator y = 0°, the radius of curvature becomes
infinite at the center of the cap, on the magnetic axis, and the
curvature radiation is extinguished at its center.

The altitude at which photons are produced and their detach-
ment from the magnetosphere in the direction of the observer is
not precisely constrained by the observations. The radio polar-
ization data provide some indication for young pulsars, but the
error bar remains appreciable. There is therefore some freedom
in the choice of the height of the emission sites above the polar
ice caps. For this reason we have also drawn emission maps and
light curves for an altitude in the range [3,4] R4, as shown in
Figs. 64-66 for the same frequency intervals above the polar
caps.

Pushing the emission altitude further away from the star
causes a spreading of the radio pulse profile since the field lines
are divergent. This is reflected in the fact that high altitudes pro-
duce the lowest frequencies in relation to wider pulses while
low altitudes produce the highest frequencies in relation to nar-
rower pulses, in accordance with the radius-to-frequency map-
ping model. But in our case, we dispense with the static dipole
to take into account all the effects due to the rotation of the mag-
netic field, the effects of signal aberration and delay.

In order to facilitate the visualization of the evolution of the
radio pulses as a function of frequency, the shape of a light curve
has been plotted in Fig. 67 according to the frequency interval
considered, here those obtained with an emission area between
r € [2,3] R, above the polar caps and for an inclination y = 60°
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of the magnetic axis and = 120° of the line of sight. The maxi-
mum of the blue profile in the range [340,410] MHz is ahead of
the green profile in the range [270, 340] MHz, which in turn is
ahead of the red pulse in the range [200,270] MHz. This phase
lead is significant since it represents 5 to 10% of the pulsar
period. It is the consequence of the curvature of the magnetic
field lines in the retrograde direction with respect to the stellar
rotation and of the production of the high-frequency photons at
low altitude, where the field lines are less curved compared to
the low-frequency photons produced at higher altitudes, where
the field lines are more curved due to the sweep-back effect
(Eq. (18)). This effect depends on the ratio (R./Rcy): It is negli-
gible for young pulsars but its observational signature should be
perceptible for the fastest millisecond pulsars.

The phase shift can be estimated from Eqgs. (15), (17),
and (18) in Sect. 2.7. The maximum offset thus calculated (for a
photon emitted at 1 R, above the surface and another emitted at
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2 R, and always with y = 60°) is on the order of 4% of the phase.
These effects are therefore not sufficient to explain the shift in the
radio emission peak in Fig. 67, but they can certainly play a role
in the radio emission observed in these emission areas.

4.2. Spectra

As for the high-energy radiation, Fig. 68 shows the radio spec-
trum for different values of the obliquity y of the magnetic field.
The points of emission for this spectrum are located on the stel-
lar surface and with the same spatial distribution as shown in
Fig. 57.

Figure 68 reveals that the frequency range of the radio emis-
sion depends strongly on the angle y, because the curvature of
magnetic field lines is more pronounced for the perpendicular
rotator ¥ = 90° compared to a nearly aligned rotator y = 30°.
Indeed, it is for a magnetic axis perpendicular to the rotation
axis that the radio frequencies are the highest, and since the
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Fig. 68. Radio emission spectrum, in blue for y =
x = 60°, and in red for y = 90°.

30°, in green for

magnetic polar caps are in the equatorial plane, the magnetic
field lines passing through them are strongly swept back, and
therefore curved by the rotation of the pulsar. The magnetic field
lines are curved backward, in the opposite direction of the rota-
tion as shown by Shitov (1983), delaying the radio signal by
an amount Azg given by Eq. (18). The Doppler effect also con-
tributes partly since the corotation speed v, = r 2 sin y is more
significant for the perpendicular rotator because of the longer
lever arm of length r sin y. The amplitude of this Doppler effect
is related to Bep = (r/Rey1) siny. Generally speaking, the charac-
teristic radio frequency vragio depends on the ratio (#/Rcy1) and on
sin y. Therefore, the range of radio waves around v;,qi, behaves
as an increasing function of sin y. On the other hand, this shift
in the radio spectrum toward higher frequencies is attenuated for
rotators slower than those studied within this paper. Indeed, for
young pulsars, of period P greater than about P > 100 ms, the
ratio between the neutron star radius and the light-cylinder radius
is much smaller than one, (r/R.y1) < 1, hence producing a less
perceptible variation in frequency as a function of sin y.

In the above proposed image, the photons escape directly
from the star’s surface. In our simulations, the period of rota-
tion of the pulsar is limited to 2 ms because of the prohibitive
computing time for a star of larger period. The neutron star sur-
face is fixed at a radius 0.1 R.y. Nevertheless, for slow pulsars,
this radius of 0.1 R,y corresponds to the average real altitude of
radio emission (it is in fact a little lower, on the order of 0.05 Ry;
see for instance Mitra 2017). The width of the pulses as well as
the delay between the radio peak and the first gamma-ray peak
thus remains realistic despite the overly high period. However,
the assumption that radio emission is produced at a fixed alti-
tude is not entirely correct. Indeed, it is known that the highest
frequencies are generated at lower altitudes because of the radio-
to-frequency mapping. It will therefore be necessary to include
an additional degree of freedom for the true position of the emis-
sion sites by introducing, for example, an interval of variable
altitudes as was done in the high-energy band.

The panels in Fig. 69 show the radio spectrum for differ-
ent values of the obliquity y, when the emission area is located
above the polar caps, in the range r € [1, 2] R, on the left part and
in the range r € [3,4] R, on the right part. Compared to Fig. 68,
the emission no longer occurs in a given radius r but for an entire
range of radii r € [ry, r;]. The emission is no longer integrated
on a surface (the polar cap) but in a whole three-dimensional vol-
ume. The result is a wider range of values of radii of curvature
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Fig. 69. Radio emission spectra for a region located in the range
[1,2] R, on the top, and in the range [3,4] R, on the bottom, in blue
for y = 30°, in green for y = 60°, and in red for y = 90°.

and consequently a wider radio emission spectrum, regardless of
the value of y. This spread is maximum for y = 30° and less for
other values of the inclination of the magnetic axis such as 60°
and 90°. Shifting the emission volume to a higher altitude pro-
duces an additional spread of the spectrum, which can be seen
by comparing the left and right plots in Fig. 69. We conclude
from these spectra that the farther the radio emission zone from
the surface of the neutron star, the wider the frequency range of
the received radio radiation. This phenomenon is very important
for the smallest inclination investigated, namely for y = 30°.

This broadening of the spectra is due to the fact that our
emission zones above the polar caps possess a certain thick-
ness and is therefore the result of the variation in the curva-
ture of magnetic field lines. However, other phenomena may
affect the shape of these spectra, such as the geometry of the
field lines, which is certainly varying with altitude, or also the
Doppler factor, which depends on the instantaneous rotation
speedv = Q A r =rQ sinfe, and increases with altitude due to
the corotation of the magnetosphere with the neutron star.

5. Conclusion

We studied some of the main emission mechanisms taking place
within the pulsar magnetosphere, namely synchrotron and cur-
vature radiation from the slot gap and polar cap inside the light
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cylinder. We showed detailed radio and high-energy light curves
and spectra in the Fermi/LAT band. Using realistic values of the
Lorentz factors for primary and secondary beams, our spectra
fall into the right windows. We computed phase-resolved spec-
tra and found that the spectral energy distribution depends on
the phase interval. Also, the averaged radio spectra significantly
depend on the pulsar obliquity, whereas the high-energy part
seemed much less sensitive to the geometry.

In order to get a more complete view of this emission, it
might be useful to add inverse Compton scattering to future sim-
ulations, as well as other models with different emission zones,
such as outer gaps or the striped wind. The calculation of the
spectra will also gain in realism if the mono-energetic parti-
cle distribution function is replaced by a power law distribution
function and the ¢ approximation of the curvature spectrum by
its spectral energy density.

The polarization of the pulsed emission could also be added
to our simulations of radio and high-energy emission. In the
radio domain, this polarization already makes it possible to shift
the emission sites at high altitude for slow pulsars with peri-
ods above 100 ms. The imminent observation of the polarization
in X-rays with the Imaging X-ray Polarimetry Explorer (IXPE;
Weisskopf et al. 2016) will bring a new strong constraint on the
high-energy part of the spectrum, determining its location either
inside the light cylinder within the magnetosphere or outside
within the wind.

Finally, a discussion of these results in relation to pulsar
multiwavelength observations should constrain many dynamical
parameters of the relativistic plasma by comparing, for example,
the light curves as well as the radio and gamma-ray spectra for
pulsars detected simultaneously in these two energy bands.
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