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‘We propose to gauge the group of similarity transformations that acts on a space of non-Hermitian
scalar theories. We introduce the “similarity gauge field”, which acts as a gauge connection on the
space of non-Hermitian theories characterized by (and equivalent to a Hermitian) real-valued mass
spectrum. This extension leads to new effects: if the mass matrix is not the same in distant regions
of space, but its eigenvalues coincide pairwisely in both regions, the particle masses stay constant
in the whole spacetime, making the model indistinguishable from a standard, low-energy and scalar
Hermitian one. However, contrary to the Hermitian case, the high-energy scalar particles become
unstable at a particular wavelength determined by the strength of the emergent similarity gauge
field. This instability corresponds to momentum-dependent exceptional points, whose locations
cannot be identified from an analysis of the eigenvalues of the coordinate-dependent squared mass
matrix in isolation, as one might naively have expected. For a doublet of scalar particles with
masses of the order 1 MeV and a similarity gauge rotation of order unity at distances of 1 meter,
the corrections to the masses are about 10~7 eV, which makes no experimentally detectable imprint
on the low-energy spectrum. However, the instability occurs at 10'® eV, suggestively in the energy
range of detectable ultra-high-energy cosmic rays, thereby making this truly non-Hermitian effect

and its generalizations of phenomenological interest for high-energy particle physics.

I. INTRODUCTION

The quantum mechanics of systems with non-
Hermitian Hamiltonians has attracted significant atten-
tion, since the realization that Hermiticity can be su-
perseded by other antilinear symmetries [1], while still
guaranteeing real energy eigenvalues and a unitary evo-
lution [2]. In many examples, the antilinear symmetry at
work is the combined action of parity P and time-reversal
T (3] (for an introduction, see Ref. [4]). More generally,
such models fall into the class of pseudo-Hermitian quan-
tum theories [5-7].

For many pseudo-Hermitian quantum theories, there
exists a non-unitary, similarity transformation that maps
the non-Hermitian Hamiltonian to an isospectral Hermi-
tian one [7]. In the case of quantum mechanics, this
transformation can be time-dependent (for recent stud-
ies, see Refs. [8, 9]). In the case of quantum field theories,
this similarity transformation can be made local. The lat-
ter is the focus of this work, wherein we describe a local
similarity transformation of an archetypal non-Hermitian
scalar field theory. This allows us to introduce an associ-
ated vector field, which we refer to as a “similarity gauge
field”, which allows spatial variations of the parameters
of the field theory to be connected.

Spacetime inhomogeneity of fundamental particle pa-
rameters (masses, couplings) can lead to various phe-
nomena that differentiate one spacetime region from an-

other [10].! For example, inhomogeneous masses can
serve as external potentials acting on particle (field) con-
stituents of the model. At the same time, varying cou-
plings can enhance certain processes in one region of
space and inhibit them in another region [11].

The parameters of the Standard Model of particle
physics are known to be spatially uniform to a high de-
gree in a vast local region of our universe [12]. Moreover,
the time-independence of various couplings, especially of
the fine-structure constant, has been shown to hold to
a high accuracy within billions of years [13]. Therefore,
any noticeable spacetime variation of the parameters of
the Standard Model seems to be excluded. Our article
challenges this concept by showing that weakly inhomo-
geneous mass parameters in a non-Hermitian theory can
lead to a tiny effect on locally measured physical masses
at low energies — thus being compatible with local mass
measurements — while noticeably affecting the propa-
gation of particles at very high energies. This behavior
sounds puzzling and nontrivial, because it asserts that
the high-energy, ultraviolet (UV) particle spectrum is af-
fected by very slow, infrared (IR) spacetime variations of
the mass matrix of the model. We will show that this
merging of two different scales is a particular feature of
a non-Hermitian model, originating in the viability of
anti-Hermitian interactions. At the same time, its Her-
mitian analog — which possesses a similar spectrum and

1 Here, we stress the word “spacetime”, since we envisage not only
space-dependent but also time-dependent phenomena.



the same particle content — does not exhibit this exotic
mixing of UV and IR scales.

This novel connection between weak spacetime varia-
tions of physical parameters and the UV dynamics could
have interesting applications in the context of cosmol-
ogy. For instance, it may provide a new mechanism by
which IR physics is screened from (non-Hermitian) modi-
fications to the gravitational dynamics, which instead af-
fect only the UV physics (cf. other screening mechanisms
in, e.g., Refs. [14-16]). Alternatively, in the presence
of spacetime-dependent defects, such as domain walls or
cosmic strings, and once extended to higher-spin fields,
this effect could significantly alter the high-energy phe-
nomenology, for instance, of cosmic rays from supercon-
ducting strings (see, e.g., Ref. [17-19]).

The remainder of this article is organized as follows.
In Sec. ITA, we begin by introducing the prototypical
scalar non-Hermitian model on which our analysis will
focus. We describe the global similarity transformation
that maps it to a corresponding Hermitian theory in
Sec. II B, before generalizing this to the case of a local
similarity transformation in Secs. IIC and IID. Doing
so necessitates the introduction of a new vector field —
the “similarity gauge field” — and its impact upon the
classical equations of motion and dispersion relations is
analysed in Sec. II E. We include a comparison to the ab
initio Hermitian case in Sec. II F. Before providing our
conclusions in Sec. IV, we further elucidate the impact of
the similarity gauge theory by means of a physical exam-
ple in Sec. III. Details of the operator-level formulation
of the local similarity transformation are provided in the
Appendix for completeness.

II. NON-HERMITIAN PT-SYMMETRIC
BOSONS

A. Lagrangian

Following Ref. [20], we consider a minimal non-
Hermitian scalar model, which contains a complex dou-

blet
- (2),

whose squared mass matrix is non-Hermitian, having the

form?
2 2
mi mj
M? = ( 2 2) (2)
—my my

2 This model was introduced in Ref. [20] in the context of Noether’s
theorem, and similar self-interacting extensions of this model
have been studied in the context of the Goldstone theorem and
the Englert-Brout-Higgs mechanism [21-27].

and describing mixing between the two complex scalar
fields ¢1 and ¢3. The squared mass matrix is skew-
symmetric, and there exists a matrix

p=ri=(; ). )

which fulfills the pseudo-Hermiticity condition
pM*P = [M?]", (4)

where T indicates the matrix transpose. We should there-
fore expect that the squared mass matrix, although non-
Hermitian, has a real eigenspectrum within certain re-
gions of the parameter space. The squared mass eigen-
values are

1
M2 = 3 <mf+m%:|: \/(m% —m§)2 —4m§> . (5)

These are real, and the model does not possess an insta-
bility in the region defined by the following constraints:

mi +mj >0, (6a)
mimj +mg >0, (6b)
(m? — m%)2 —4m3 >0, (6¢)

In Eq. (6), we have assumed that the squared masses
m?2 and m3 can take negative values. The conditions
in Eq. (6) then determine the region of the parameter
space (m2,m3, m?) within which the PT symmetry is
said to be unbroken [20, 22, 25]. Hereafter, we will as-
sume that the diagonal squared masses m? and m3 are
positive quantities, in which case the conditions (6a) and
(6b) are automatically satisfied, and we are left with only
the condition (6¢). In addition, without loss of generality,
we will take m? > m3.
It is helpful to introduce a parameter [20]

2m32
= —-, 7
NE T (7)

which parametrizes the deviation from Hermiticity. At
n = 0, the two flavours decouple and the model is Her-
mitian. For 0 < n < 1, the model is non-Hermitian
but in the regime of unbroken P7 symmetry, where the
squared mass eigenvalues are real. For 7 > 1, the squared
mass eigenvalues are complex, and the PT-symmetry is
said to be broken. At n = 1, the squared mass eigen-
values merge, we lose an eigenvector, and the squared
mass matrix becomes defective. This exceptional point,
a feature unique to non-Hermitian matrices, occurs at
the boundary between the regimes of broken and unbro-
ken P7T symmetry. A key finding of this article is that
an analysis of the squared mass eigenvalues of a non-
Hermitian, spacetime-dependent mass matrix is not suf-
ficient to locate the exceptional points of the field theory.
Instead, the spacetime dependence leads to momentum-
dependent exceptional points, such that, for any given
spacetime dependence, low-momentum modes remain in



the regime of unbroken P7 symmetry, whereas high-
momentum modes are instead in the regime of broken
PT symmetry.

The eigenvectors of the squared mass matrix [20]

e+:JV(_1+L3T_7F>, (sa)
e =N (_1 + W) : (8b)

are not orthogonal with respect to the usual Dirac inner
product. However, there exists an additional matrix A,
given by [28]

A:'l<1 ”), A2=1,  (9)
/1—n2 \~" -1

with which the eigenvectors are orthogonal and with

which we can define a postive-definite norm [2]. We will

refer to this as the APT inner product:?
ePT (10a)

(10b)

e =e} -P-A-er =1,
eﬁpT-e¢Eei-P~A-e¢:O,

fixing the normalization [20]

N = (2772*2+2\/1*172)_1/2- (11)

Notice that the APT norm is ill-defined as we approach
the exceptional point n — 1, since |N|? — oo.

It will prove convenient in the analysis that follows to
define a parameter

1 m2 —m3
R = = 5
N (T T R T

such that x = 1 corresponds to the Hermitian theory
of two decoupled complex scalar fields and « > 1 cor-
responds to the unbroken PT-symmetric regime. The
exceptional points lie at kK — oo, and k € C signals the
regime of broken P7 symmetry.

The squared mass matrix is diagonalized by a similar-
ity transformation S of the form

Mgiag = SﬁlesHa (13)

(12)

with

Sy =

=

(e VT

“1+/1-72 7
VE+1T —vE—-1
—vVKk—1 VE+1 ’

Sl

3 In the case of PT-symmetric quantum mechanics, this was in-
troduced as the CPT inner product [2]. However, C does not
coincide with charge conjugation. To avoid confusion, this this
was denoted as the C’PT inner product in Ref. [20]. Here, we
use A~ C' with A = (C')" from Ref. [28].

giving Mgiag = diag(Mi7 M?).* The transformation
is parametrized by the single real-valued, coordinate-
independent parameter x with SITI = Sy and SITI #* Sﬁl.
This similarity matrix is related to the A matrix of the
APT transformation via

S% = AP, (15)

as is known for PT-symmetric theories (see also the “V-
norm” of Ref. [29]).

It will prove convenient to write the similarity matrix
in the form

Sy = e €HOL — (

where o7 is the first Pauli matrix and

cosh&py —sinhéy
— sinh &y cosh£H> ’ (16)

1 1
& = iarctanhn = iarccoshn. (17)

This makes the relation Si'(¢5) = Su(—£&x) apparent.
Having now outlined the non-Hermitian structure of
the model, we can turn our attention to the Lagrangian
of the scalar field theory. We want to build our La-
grangian out of irreducible, scalar representations of the
complex Lorentz group, as we do for Hermitian field the-
ories. However, since the Hamiltonian is non-Hermitian,
so too is the generator Py of the Poincaré group. We
therefore have two copies of the algebra of the complex
Lorentz group: one constructed from P, and the other
from its Hermitian conjugate, and these algebras are dis-
connected, since [PO,PJ] # 0. Hence, if we are to have
canonical dynamics, we must build the Lagrangian out of
scalar representations of only one of these Poincaré alge-
bras, with both the field ® and its conjugate momentum
IT transforming with respect to the same generator of
time-translations, Py say. Notice that IT # &1, since &t
will evolve with respect to PJ . Following Ref. [28], the
Lagrangian of interest therefore takes the form

L=09,0'0"d - T M3, (18)

where & # &1 will be defined below. Note that we could
equivalently have chosen to work with the algebra of PJ ,
amounting to placing the tildes on ® rather than &,
giving

L£=0,00"0 - M*®. (19)

However, this amounts only to the transformation m2 —
—m2, and the sign of m2 is irrelevant, since observ-
ables consistent with the P7 symmetry depend only on
ma [20]. To see this, it is convenient to rewrite the La-
grangian (19) in terms of the individual scalar fields ¢,
and ¢o:

L= 8,00 1 + 0,050" bo
—midid1 — m3dsda — mi(dida — d3d1), (20)

4 Relative to Ref. [28], we have introduced an overall minus sign
into the definition of Sy by convention, so that the diagonal
entries are positive in the P7T-symmetric regime.



wherein we see that swapping the tildes in the final m?-
dependent term amounts to an overall change of sign.

Since ®f # ®f, the Euler-Lagrange equations ob-
tained by varying with respect to ®' and ®, along
with their Hermitian conjugates, are mutually consis-
tent (cf. Refs. [20]). Specifically, we have (with the
d’Alembert operator O = 9,0* = 97 — V?):

Oy +migy +mips =0, (21a)
Oy +mage —mipy =0, (21b)
qul + m%g?)l — mgg?)g =0, (21¢)
Oda + m2s +m2dy =0, (21d)

along with their complex conjugates. Notice again that
the untilded and tilded equations differ by m2 — —m?2.
The untilded and tilded fields are related via parity (see
Ref. [28]), as is necessary since the Hamiltonian (and
the Lagrangian) is not invariant under parity. For the
c-number fields, we have the transformations

. 1 i &
NH - { P Bt x)— (t,—x) ¢ o3P (t, x), (22)
T: O(t,xz)— & (~t,x)=ePd*(,x),
with arbitrary parameters « = 0,7 and 8 € R, and where
o3 is the third Pauli matrix. Notice that the scalar field
¢1 transforms under the parity inversion P as a genuine
scalar, whereas the scalar field ¢o behaves as a pseu-
doscalar. We can readily confirm that the Lagrangian
(18) is PT symmetric.
There is an additional discrete symmetry — which we
will call the A symmetry — which manifests at the level
of the squared mass matrix as the invariance

AM?A = M?. (23)

In terms of the fields themselves, this is effected as
i(t,x) — gi(t,x) = Aijjo;(t, ),
{ olt.x) = 3l (tx) = A;dl(t,x).

In addition to the discrete spacetime symmetries de-
scribed above, the model is also invariant under the
global U(1) transformation

. O(t,z) = O'(t,z) = eV O(t, ),
M { df(t,x) — ¢(t, @) = e~ DI (t, ),

which rotates the phases of both complex scalar fields ¢
and ¢9 by the single real-valued phase factor .

B. Global similarity transformation

There is a continuous set of PT-invariant Lagrangians
that are physically equivalent in the sense that they all
possess the same physical spectrum. These models are
related to each other by the similarity transformation S,
under which

d— 5%, of 5 pfgt, (26)

where the similarity matrix S, parametrized by a single
real-valued scalar parameter &, is given in Eq. (16). The
transformation of the tilded field (26) can be written in
the following form: & — S~1.

One can show that the similarity transformation (26)
with the matrix (16), characterized by the specially fixed
global parameter &y, as defined in Eq. (17), maps the
original non-Hermitian model (34) to a Hermitian model
of two non-interacting scalar fields with the constant
masses (5) (see Ref. [28]):

Ly =0,70"® — ®TM3,, P, (27)

wherein we have dropped the now redundant tildes on
the conjugated fields.

C. Local similarity transformation

Under a local transformation with £ = £(z), the space-
time derivatives of the doublet scalar fields change as

0u®— 0,(S0) = 59, + S0, @, (28a)

0,81 0,(B1571) = 81 [0,, + (9,57) 5|57 (28b)

In order to support the local similarity invariance, we
introduce a new vector field C},, which promotes the usual
derivative to the covariant onme, i.e., 0, — D,,, with
_ _ (0, C
D,=0,-C,=10,+0.C, = (Cl; 8:) . (29)
Here, C,, = —01C,, is the similarity vector “gauge” field,

which evolves under the local gauge similarity transfor-
mation as follows:

C, — SC,S™' — 59,5°". (30)

However, we also need the tilde-conjugate covariant
derivative

= 0, —C

D,=0,+C,=10,—-0.C, = (_é‘,ﬂ aﬂ#) ,(31)
and we see that the interactions of the similarity gauge
field are non-Hermitian. We then have

D,®— SD,®, D,®—S'D,®, (32
and, consequently, (D, ®)! — (D, ®)'S~*. Here, we have
used the relations 59,57 = =519, = (9,57 ')S and
sc,S—t=s5-1¢,sS.

This similarity transformation can also be expressed
in terms of an operator S (see Ref. [28]), and we include
details of this in the case of the local transformation in
the Appendix.

Using the explicit form of the similarity matrix (16), as
well as the transformation property (30) of the matrix-
valued similarity field C,, we obtain that the vector



field €}, transforms under the local similarity transfor-
mation (30) as

Cu— Cu+0,E. (33)
Finally, we arrive to the gauge theory that is invariant
under the local similarity transformation (32):
Lo = [D,®' Do — T M, (34)
which can be written in the following explicit form:

Lo = (9udr — Cua)" (9" 1 + CF2)
+(0u2 — Cudp1)* (02 + CH 1)
—migi1 — midsda — m3($1d2 — d3d1) . (35)
Note that we do not treat the similarity gauge field as
dynamical.
The similarity current is a non-Hermitian structure

given by the variation of the non-Hermitian action with
respect to the similarity gauge field:

Jh = ;(i = o', D'® + D' D) 0y ®
= — 10" ds + 10" D — 30" 1 + $20" b}
—2C" (p1 1 + P302) - (36)

We remark that the global transformation with
coordinate-independent parameter (17) leaves the ki-
netic term in the Lagrangian (34) intact. This is be-
cause the non-diagonal part of both the usual (29) and
tilded (31) covariant derivatives involve the matrix oy,
which commutes with the similarity transformation, i.e.,

S(f)al = Jls(f)

D. Local squared mass parameters

Now let us consider the non-Hermitian model with the
coordinate-dependent mass term chosen in such a way
that the eigenvalues of the mass matrix are kept the
same at each point in spacetime. If we ignore the ki-
netic terms then the mass terms in the Hermitian coun-
terpart of the non-Hermitian model would be given by
spacetime-independent quantities (5). We show below
that the presence of the kinetic terms make the situa-
tion more complex: the local nature of the transformation
activates the non-unitary similarity transformation and
leads to the appearance of the similarity gauge field C,,.

Indeed, consider the model with a vanishing similarity
field C,, = 0 and globally constant squared mass eigen-
values. The latter requirement is correct provided the
masses my(z), ma(z), and ms(z) are spacetime depen-
dent quantities subject to the condition that their com-
binations (5) are globally constant. This leads to two
constraints on the three squared mass parameters:

mi () +mj(x) = Mg,

[mi (@) = m3(2)]” — 4mg(x) = mp,

(37a)
(37b)

where My and my are the fixed parameters that enter the
physical masses:

Mg £m
2

The most obvious way to proceed is to parametrize the
mass matrix M? in terms of the single real function of
spacetime coordinates

M (38)

2(2)

0(x) = arctan 39
(@) e (39)
The resulting squared mass matrix
\/ M§ cos?20(xz)—mi
M3 cos? 0(x Mo 2 0
M2(z) = 0 (=) 2
2 cos?20—mi .
_—VM<32290 M2 sin? 0(z)

(40)

has globally constant eigenvalues (38).

With constant 6, the mass matrix (40) corresponds to
the same physical theory with the same spectrum. The
matrices with different 8, say 6, and 05, are related by the
similarity transformation with £ = 65 —6,. As we will see
below, this statement is no longer valid for nonuniform
0 = 0(x). We call the theories, related via a spacetime-
dependent similarity transformation, self-similar theo-
ries.

The unbroken P7T symmetry requires that M7 > m32
and cos? 20 > mg /M, implying that

2
Omax = %arccos E—% . (41)
Then the parameter in the transformation matrix (14)
takes the simple form

M2
k(z) = —2% cos 20(x)
m§

with k() =21. (42)

Thus, the similarity transformation (16), which diagonal-
izes the coordinate-dependent mass matrix (40)

-1 2 M_?_ 0
S™H(&m(0)) - MZ(0) - S(Eu(0)) = 0 M2
1 1
(43)
is governed by the transformation parameter
&u(x) = %arccoshn(@(:c)) , (44)

with x given in Eq. (42).

We can choose the parameter § = 6(x) in the form
of an arbitrary function of the spacetime coordinate z,
satisfying the bound (41). In Fig. 1, we show the depen-
dence of the entries in the squared mass matrix on the
parameter 6, which keeps the eigenvalues of the squared



FIG. 1. Dependence of the elements m?, m2, and mZ of the
squared mass matrix (40) on the parameter 6, which keeps
the physical masses (5) M4+ constant in the non-Hermitian
model (18). The maximal angle Omax is defined in Eq. (41).

mass matrix (5) constant. While the squared mass ma-
trix evolves in space or time — the latter dependence is
encoded in the function § = 6(x) — the physical spec-
trum of the theory remains untouched.

As we show below, the spacetime inhomogeneity of the
squared mass matrix can be encoded in the form of a
vector gauge transformation in the isospace that acts on
the upper and lower components of the doublet field .
This mapping in the similarity space leads to the appear-
ance of the similarity gauge field, discussed earlier. For
the non-Hermitian theory, and while the eigenvalues of
the squared mass matrix are constant, even a weak local
similarity field strongly affects the physical properties of
the system, leading to instabilities for high-momentum
modes, as we describe in the next section. In Sec. II'F,
we will discuss an ab initio Hermitian realization of the
doublet scalar model, where the similarity field can also
lead to an instability. However, in sharp contrast to the
non-Hermitian model, the similarity field in the Hermi-
tian model must be sufficiently strong in order to gener-
ate an instability, which makes the Hermitian case much
less attractive from the point of view of phenomenology.

To obtain the would-be Hermitian counterpart of the
non-Hermitian model after the local similarity transfor-
mation, it is enough to make the following substitutions
in the generic non-Hermitian Lagrangian (34): m; —
My, me — M_, and ms — 0; and use the similarity
gauge field

Ch = 0", (45)

where the similarity gauge parameter &y is given by
Egs. (42) and (44). Alternatively, one can perform the
local similarity transformation with the vanishing simi-
larity gauge field C), in the original non-Hermitian basis;
the results are the same. These procedures lead to the

model

Lon=0,070"p, — Mg ¢y + 0,0 0" — M?¢" ¢
+CHCu (P04 + ¢ ) + Cu puJYy (46)

where Jfj is the non-Hermitian similarity current
given by (36) with C, = Cuy, ¢12) = ¢4(—) and
oM 9) = ¢i(—)' The fields ¢4 correspond to the diago-
nai mass entries M.

The fact that the current Jfj remains non-Hermitian
means that the local similarity transformation does not
map the Lagrangian to an Hermitian one (off-shell). It is
for this reason that the tildes persist on the conjugated
fields ¢?% . Notice, however, that d,,.Jf; = 0 on-shell, while
Cu,, = —0,&n is a pure gauge field. The last term in
Eq. (46) can therefore be written as a total derivative, it
does not enter the classical equations of motion, the fields
¢+ decouple classically and the theory is Hermitian on-
shell.

The subscript “H” in the similarity gauge field Cf,
given in Eq. (45), is used to stress that this similarity
field is a pure gauge field, which arises from a diagonal-
ization of the coordinate-dependent squared mass matrix
of the two-scalar-field model (19) with a vanishing vec-
tor field ¢, = 0. In other words, the non-Hermitian
two-scalar model with (i) a vanishing similarity field,
C, =0, (ii) a coordinate-dependent squared mass ma-
trix, but (iii) coordinate-independent eigenmasses can be
transformed to a two-scalar model with (i) coordinate-
independent masses and (ii’) the pure-gauge similarity
vector field Cf;. The similarity field enters the non-
Hermitian Lagrangian (34) as C* = C{ in the covariant
derivatives (29) and (31).

If the original mass matrix in the non-Hermitian La-
grangian is spacetime independent, the similarity gauge
field vanishes in the would-be Hermitian representa-
tion (46), i.e., Cu,, = 0, and the Hermitian model splits
into two independent scalar theories with globally con-
stant masses. In this case, the equations of motion for
@4 reduce to the complex conjugates of the equations of
motion for ¢4, such that we can omit the tildes.

E. Equations of motion and background fields

The classical equations of motion following from La-
grangian (35) with a generic similarity gauge field C*



read as follows:

(O+C%+mi) ¢
+[(0-C)+2(C-0)+mZ] =0, (47a)
(O+C*+m3) ¢2
[a C)+2(C-0)—mZ] 1 =0, (47b)
O+C*+mi) s
—[(@-C)+2(C-8)+m?] ¢2 =0, (47c)
(O+C? +m3) bs
—[(0-C)+2(C-8)—mZ] ¢1 =0. (47d)
We use the dot “” to denote a scalar product both in

four, C? = C - C = C,C*, and three, c*=cC.c,
dimensions. In the absence of the similarity field, C, = 0,
equations (47) reduce to the equations of motion (21).

Let us consider the effect of the similarity gauge
field (47) on the spectrum of the non-Hermitian model,
focusing first on the case of a constant (spacetime inde-
pendent) gauge field C,,. We can then use the plane-
wave basis ¢, (xH) = qﬁa(O)e_lkﬂru with k* = (w, k) and
a = 1,2, to determine the energy spectrum w = wy as
a function of the three-momentum k. The modes of the
tilded fields are obtained via the transformation (22). All
four equations in Eq. (47) give the same relation for the
energy spectrum:

(W? —k* = C% —m?)(w? — k* — C? —m3)

+4(C'%w —k-C)* +mi=0. (48)

While it is not immediately obvious that there is no coor-
dinate dependence to this expression, given the presence
of the squared mass parameters m?, m3 and m2, we will
see that this is indeed the case in what follows.

Equation (48) is a fourth-order algebraic equation, the
solutions of which are rather cumbersome. However,
making use of its Lorentz covariance, which originates
from the relativistic nature of the plane waves, we can
simplify the solutions of Eq. (48). Depending on the
timelike (C? = C3 — C? > 0) or spacelike (C? < 0)
nature of the field C,, we can use Lorentz boosts to
bring the system to the frame in which the field C* is
perfectly timelike, C* = (C°,0), or perfectly spacelike,
CH* = (0,C), respectively.

The energy spectrum of the timelike C* = (Cy, 0) field
has the form

wi = kK2 — CO (m1 + m2)

1
\/ — 4m} — 8C3(m? + m3) — 16C3 k*

—C§+§(Mi+M3)

i%\/(M?r — M2)® —8C3 (M2 + M2) — 16C2 k?,

(49)

which differs from the usual relativistic spectrum of the
standard form wi = k% + m2, provided C° = C, # 0.
Interestingly, we still have a non-Hermitian theory in the
limit ms — 0, so long as C° # 0. Note also that since
Wi,k can be written entirely in terms of the eigenvalues
of the squared mass matrix M2, both of which are coor-
dinate independent, the frequencies themselves are also
coordinate independent, as indicated earlier.

The energy spectrum (49) demonstrates that the pres-
ence of the similarity gauge field leads to instabilities in
the system. At zero momentum, i.e., k = 0, the insta-
bility does not occur provided the magnitude of the field
Cy satisfies the following three requirements:

mi+mj3—2C3 >0, (50a)
mim3 +mi + C2(m}+m3)+C3 =0, (50b)
(m? — m%)2 —4mi —8C2(m? +m3) >0. (50c)

In the absence of the field, i.e., Cy = 0, these conditions
reduce to those in Eq. (6). Assuming that the system is
stable at Cy = 0, we find Eq. (50b) is satisfied automat-
ically, while the two other requirements, Eqgs. (50a) and
(50c), can be combined into one simple relation

2
mitmg (md—md)” —dms ),
2 8mi+m3) )

Cg < min <

Significantly, the instability always arises in the ultra-
violet region. The system is stable provided the momen-
tum k does not exceed a certain critical scale; specifically,

2
oo (mdmd)’ —amd o
K2 < k2 = 1607 - ()

The energy dispersion for the timelike similarity field
is illustrated in Fig. 2. The emergence of the insta-
bility is clearly seen at large values of momentum as
determined by Eq. (52). For given mass parameters,
the critical momentum scale k. determines the location
of the exceptional points: modes with momentum be-
low this scale have real squared energies and lie in the
regime of unbroken P7 symmetry; modes with momen-
tum above this scale have imaginary squared energies
and lie in the regime of broken P7T symmetry. We
reiterate that Egs. (50) to (52) are all coordinate in-
dependent, since the only combinations of coordinate-
dependent squared mass parameters appearing are the
coordinate-independent ones Mg = (m? + m3)/2 and
mg = (m? —m2)? — md [see Eq. (37)]. We have cho-
sen to write these expressions in terms of the coordinate-
dependent parameters in order to make connection with
the original non-Hermitian squared mass matrix.

In the case of a spacelike similarity field, C* = (0, C),
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FIG. 2. (b) The real and imaginary parts of the energy spec-
trum (49) as a function of momentum k = |k| for the time-
like gauge similarity field C* = (C°,0) and the parameters
m1 = mz2/2 = ms = m and 0 = m/10. The imaginary
part is multiplied by a factor of 10% to increase its visibility.
The similarity gauge field makes the high-energy modes un-
stable at momenta larger than the critical value k., Eq. (52),
without affecting the stability of the lower-energy modes, in-
cluding the ground state. (In this example, k. ~ 5.36m.)
Notice that the real parts of the frequencies wi+ become de-
generate for momenta k > k.. (b) The corresponding plots
for the Hermitian model with the identical parameters. The
energy spectrum is real for any value of momentum k.

the spectrum becomes anisotropic:

1
wi,k =k*-C*+ 3 (m% +m§)

1
:|:§ \/(m% —m3)? —4mi — 16(k - C)?

;k2—02+%(Mi+ME)

i%\/(Mi M2 16(k-C)2. (53)

The stability conditions at zero momentum are:

m3 4+m3 —2C* >0, (54a)
(m} — C*)(mj — C?) +m5 >0, (54b)
(m? — m§)2 —4mi >0, (54c)

and the stability region at high momentum is limited to
(m3 —m3)? —4mi < 16(k-C)?. (55)

The real and imaginary parts of the energy disper-
sion (53) for the spacelike similarity field C* = (0,C)
are shown in Fig. 3. The stable region is determined by
Eq. (55), which selects a strip in the longitudinal direc-
tion with respect to the field axis kj||C. The transverse
momenta are denoted k| L C.

The presence of the instability for high-momentum
modes might, at first sight, seem to cast doubts on
the phenomenological viability of the model described
in this work. However, this model is understood to be
an effective description, wherein the spacetime depen-
dence of the squared mass parameters arises from in-
teractions with other dynamical degrees of freedom that
are not treated explicitly here. The instability for high-
momentum modes indicates that this effective descrip-
tion breaks down, and it is then necessary to consider the
dynamics of these additional degrees of freedom and the
mechanism by which the spacetime dependence emerges.

F. Comparison with the Hermitian model

It is helpful to compare the non-Hermitian model in-
volving the similarity gauge field to an analogous con-
struction for an ab initio Hermitian model composed of
two complex scalar fields with a Hermitian mass mixing,
ie.,

El = 8#¢T8”¢1 + ay(b;auﬁbQ
—milé1|* = m3|oaf* — m3 (6162 + $3¢1) . (56)

The squared Hermitian mass matrix

M? = (mz m%) (57)
mi m3
is diagonalized by an SO(2) transformation of the form
M"? 5 UTM™U, (58)
with
U =e 28 ¢ = % arctan m%ZT%mE . (59)

Notice that this is nothing other than the analytic con-
tinuation mZ — 4im?2 of the non-Hermitian model.

However, if we take m?, 5 = mj,5(z) and demand
that the eigenmasses

1
ME = Z{mi(@) + m}(a)

oy [m3 @) — m3@)] +4mi@)}, (60)
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FIG. 3. The real (a) and imaginary (b) parts of the energy dispersion (53) for the frequency w = w4 with the model parameters
m1 = ma/2 = ms = m and |C| = m/10 in the case of the spacelike similarity field C* = (0, C), with the momenta kj (k1)
being parallel (orthogonal) to the vector C. The presence of the similarity gauge field leads to an instability of the high-energy
modes propagating along the field direction. The stability of the lower-energy modes and the ground state is not affected. The
frequency w = w_ possesses a qualitatively similar real part, while the imaginary part comes with an opposite overall sign.

are spacetime-independent quantities. The same argu-
ments as for the non-Hermitian model lead us to the La-
grangian
L' =(D,®)'D'® — oTME, @
= (a,ud)i + C,ud)i) (au(bﬂ- + C#¢_)

+ (au(f)*— - u‘bj—) (a#¢_ - C’H¢+)

—MP¢ gy — MP¢* 6, (61)
where

D* = oM, + io*CH (62)

is the covariant derivative equipped with the Hermitian
similarity gauge field

C,=-0,¢, (63)

which depends on the parameter ¢’ given in Eq. (59).
The conserved current is
Jt =Lt oy — ¢l O P + (0" )p— — (0"9L )by
+2C* (9L o+ + 9 o), (64)
and the equations of motion are as follows:
[O-C?+M?]¢r+[(0-C)+2(C-9)]¢_ =0,
(65a)
O-C*+M?]¢_ —[(0-C)+2(C-9)] ¢4 =0.
(65Db)

For a constant similarity field C,, the energy spectrum
is obtained from the equation

(wz—kQ—l—CZ—Mf) (w2—k:2—|—02—M/_2)

~4(C’w—k-C)* =0. (66)

Taking, as before, the purely timelike case C* = (C°,0),
we get the following dispersion relation:

1
Wiy =k +Ci+ 5 (M2 +M2)

i%\/(Mf — M)? 4+ 8C3 (M2 + M”2) + 16C3K? ,

1
zk2+C§+§(m§+m§)

1
ii\/ (m? — m2)* + 4m? + 8C2 (m2 + m2) + 16C2k° .

(67)
The purely spacelike case C* = (0, C') gives us
1
wi,=k+C"+ 5 (M2 +M2)
1
2\ (M = M2) 416 (k- ©)°.
1
Ek2+02+§ (m? +m3)
1
:I:i\/(m% - m%)2 +4mi+16(k-C)>.
(68)

Notice that the relations (67) and (68), respectively, are
again the analytic continuations of the non-Hermitian
results in Eqgs. (49) and (53), with m2 — 4im2 and
CF — 44¢C*. This analytic continuation leads to a
substantial difference between the Hermitian and non-
Hermitian models.

Consider first the timelike case (67). For a weak sim-
ilarity field C°, the energy spectrum of the Hermitian
model is purely real, indicating the absence of any in-
stability. This property is illustrated in Fig. 2(b) where



the Hermitian parameters were taken to match the cor-
responding plots for the non-Hermitian model depicted
in Fig. 2(a).

As the similarity field strengthens in the Hermitian
model, modes in a window of wavelengths develop an in-
stability. While the w, branch of the spectrum is always
real, the instability emerges for the w_ modes when the
similarity field C° = Cj exceeds a critical value, given by
the lowest physical mass (60), and w? becomes negative.
This occurs when

|IC% > % =M. (69)

The unstable modes, having a nonzero imaginary com-
ponent in the energy dispersion, appear for the momenta

max (C’g — Mf) <k?<C?-M"?, (70)

while other modes are stable.

In the range of strengths M} > |C°| > M’ the in-
stability occurs within the sphere 0 < k? < CZ — M”?
in momentum space. If the similarity field exceeds the
higher physical mass, i.e., |C°| > M/, then the instabil-
ity takes place within the momentum shell C2 — M f <
k* < C3 — M”. Notice that in the unstable region,
the w_ branches of the spectrum are zero modes in a
sense that the real part of the energy is vanishing and
the energy dispersion w_ is a purely imaginary function
of momentum.

The spacelike similarity field C leads to the dispersion
relation (68), which becomes complex if and only if the
determinant of the Hermitian mass matrix (57) is nega-
tive. Therefore, the dispersion relation (68) develops a
complex part provided one of the mass eigenvalues (60)
is purely imaginary even in the absence of the similarity
field C. This case corresponds to a trivial tachyonic in-
stability of the ab initio Hermitian model (56), which is
not interesting from the phenomenological point of view®.
One can also show that a nonvanishing spatial similar-
ity field, contrary to its temporal analogue, improves the
stability properties of the model by increasing the real-
valued part of the energy squared w3. This, the spa-
tial similarity field, does not lead to any instability in
the Hermitian model contrary to its non-Hermitian ana-
logue. The latter requires the presence of only the tini-
est similarity field C,, to induce, according to Egs. (52)
and (55), the instability of modes with sufficiently high
energy while keeping moderate and low-energy states sta-
ble. This property makes the concept of the similarity
gauge field in the non-Hermitian theory attractive from
a phenomenological point of view in a clear distinction
with the Hermitian case.

Summarizing, we have seen that, while both Hermitian
and non-Hermitian models possess an instability in the

5 The tachyonic instability can, however, be generated by the
Englert-Brout-Higgs mechanism in an interacting model, which
is not considered in our paper.
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background of similarity gauge fields, there is a number
of essential differences between the properties of these
instabilities.

First, in the Hermitian case, the instability is realized
at very strong background fields of the order of the mass
of the particles, while the instability in the non-Hermitian
model occurs at any value of the field.

Second, in the Hermitian model, the instability occurs
within a finite window of momenta, typically of the order
of the inverse Compton length of the scalar particles. On
the contrary, the unstable modes in the non-Hermitian
model appear at very high energies with wavelength much
shorter that the Compton length of the particle. We
therefore observe that the non-Hermitian model features
a novel IR/UV mixing, with a weak similarity field (cor-
responding to small, i.e., IR gradients of the mass pa-
rameters) leading to instabilities of the high-energy (UV)
particle modes. The Hermitian model does not possess
this IR/UV mixing.

These properties make the instability in the Hermitian
model less useful from the point of view of present-day
phenomenology, contrary to its non-Hermitian counter-
part. Even so, the instability in the Hermitian case could
still be important in the early Universe, where strong
variations of the mass matrix could occur due to the pres-
ence of thin domain walls.

III. PHYSICAL REALIZATION

In the non-Hermitian model, the symmetric 2 x 2 mass
matrix involves three parameters (2) that encode two
physical masses (5). Fixing the eigenvalues of the squared
mass matrix, we still have one unfixed degree of freedom
with which we can make the mass matrix spacetime de-
pendent while keeping the eigenvalues globally constant
in the whole spacetime. This behavior is reproduced in
Fig. 1, where the role of the auxiliary parameter is played
by the angle 6, which enters the squared mass matrix via
Eq. (40).

In the case where the angle 6 is a uniform and time-
independent parameter, the choice of its value has no
effect on the physical spectrum of the model. If the pa-
rameter # is inhomogeneous, it leads to the appearance
of a nonzero similarity field (45), which affects the par-
ticle spectrum by modifying the dispersion relation and
generating an instability at high energies.

Let us consider the case where the mass matrix of
the model in two distant spacetime regions of space are
connected by a slowly varying similarity transformation,
¢a = —Cpa* + O(2?). Assuming that the variation is
small, i.e., C2 < m? and C? < m?, where m defines the
scale of the physical masses in the model, we expand the
energies in powers of the similarity field and momenta to
check the effect on the low-energy spectrum. Note that,
while C), is pure gauge to leading order, its coupling to
the current cannot be eliminated from the action by in-
tegrating by parts, since the gauge field does not fall off
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FIG. 4. The dispersion relations for the ab initio Hermitian model (61) with the masses mi1 = m2 = 2m and ms = m in the
presence of the timelike similarity field C° = Co. The eigenvalues of the mass matrix, M, = v/3 ~ 1.7m and M’ = /5 ~ 2.2m,
determine the three possible regimes of the model: (a) C° = m < M’ a completely stable case; (b) M. < C° = 2m < M,
the unstable region of the w_ mode appears in the interior of the momentum surface k? < C3 — M’?; (c) C° = 3m > M/, the
unstable region of the same mode corresponds to a shell in the momentum space, C2 — Mf < k? < C2 — M’%. The w; mode

is always stable.

at infinity and the surface terms therefore do not vanish.

If the similarity field evolves in time but not in space,
the rotation induces the temporal field Cy = —d:éu(t),
producing the following correction to the energy (49) of
the long-wavelength modes:

M? + M?
2 a2 2 + -
4C2
2 0 4
+k (1¢M§Mz>+0(()§,k). (71)

The critical momentum, which determines the onset of
the instability of the high-energy modes, is determined
by Eq. (52):
M2 — M?
ke=——"=40(C) . 72
c 4|CO| + ( 0) ( )
Notice that we always arrange the modes as M, > M.
For the spacelike inhomogeneity of the similarity gauge
field, which induces the spatial field C = —V gy, we get
the following low-energy expansion from Eq. (53):

wi,=M:-C?*+k7

2 402 4 4

The critical momentum along the direction of the field
Ek|||C comes from Eq. (55):

M2 — M?

—ac] +0(C)) .

e = (74)
It has the same magnitude as the critical momentum (72)
for the timelike similarity field of the same value, i.e.,
C| = [Col-

At the level of particle phenomenology, one can think
about the field ® as a generic doublet Higgs(-like) field.
The effect of nonuniform similarity, which varies either

in time or in space, has negligible consequences in the
low-energy domain so that the inhomogeneous similar-
ity can easily avoid detection. On the other hand, this
phenomenon strongly affects the propagation of particles
with very high energies.

For example, let us consider the inhomogeneous self-
similar squared mass matrix, which varies with a simi-
larity parameter of order unity &g ~ O(1) at microscopic
distances of one meter (or, equivalently, at the time scale
of 1m/c ~ 3 x 10?5, corresponding to the frequency of
one GHz). The similarity field has a minuscule magni-
tude C' = ch/(1m) ~ 2 x 1077 eV and its correction to
the masses of particles, Egs. (71) and (73), lies well below
the sensitivity of modern particle physics experiments at
low energies. For particles with masses in the MeV range
(My ~ M_ ~ My — M_ > 0), the particle instability
appears at the critical momentum k., Eqs. (72) and (74),
corresponding to energies E, = hck, ~ 10'® eV relevant
to ultra-high-energy cosmic rays. Of course, if the simi-
larity effects vary more slowly (say, at the distance scale
of one astronomical unit) then the low-energy mass cor-
rections become even smaller while the high-energy cut-
off, which marks the onset of the particle instability, in-
creases. Therefore, the similarity evolution of the scalar
field theory can rest unnoticed at low-energy scales while
substantially affecting the stability of scalar particles at
high-energy scales.

IV. CONCLUSIONS

In the case of non-Hermitian field theories, the sim-
ilarity transformation is usually understood as a global
transformation acting in the space of fields that maps
one field theory to another equivalent theory with pre-
cisely the same physical spectrum. Our article proposes
to gauge the group of the similarity transformations, thus
making the transformation dependent on the spacetime



coordinate. In order to elucidate this point, we concen-
trate on both Hermitian and non-Hermitian field theories
with two scalar fields.

The new similarity gauge symmetry leads to the emer-
gence of a new type of vector field, which we call the
similarity gauge field. The similarity gauge field acts as
a gauge connection in the space of similar field theories
characterized by the same (equivalent to a Hermitian)
real-valued mass spectrum.

The extension of the global similarity map to the lo-
cal map leads to new effects for the particle properties.
In our article, we considered the physically appealing
case where the similarity gauge field is absent while the
squared mass matrix of the two-field model is allowed to
acquire coordinate dependence so that the local masses
of particles are globally constant in the whole spacetime.
This phenomenologically relevant setup leads to the ap-
pearance of a local similarity gauge field that, at the same
time, keeps this “locally similar” model indistinguishable
from a standard, low-energy scalar Hermitian model.

In the ab initio Hermitian model, such coordinate de-
pendence of the mass matrix leads to anisotropy in the
propagation of particles and a tachyonic instability for
a narrow window of momenta. On the other hand, in
the non-Hermitian theory, we get several additional and
principally new effects:

1. The high-energy particles become unstable at a
particular wavelength determined by the strength
of the similarity gauge field. These properties
make our proposal phenomenologically interesting
for ultra-high-energy particle physics, including de-
tectable high-energy cosmic rays.

2. The emergent similarity gauge field keeps current
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low-energy phenomenology largely unaffected, thus
making no experimentally detectable imprint on
the low-energy spectrum at a wide range of rea-
sonably chosen parameters.

3. The emergence of the similarity gauge field leads to
a phenomenologically coherent interplay between
the infrared and ultraviolet energy scales: the lower
the strength of the similarity gauge field, the more
negligible the impact on the low-energy physics, in-
cluding particle masses and anisotropy in particle
propagation. At the same time, the weaker the sim-
ilarity field, the higher the energy a particle should
achieve to make the effects generated by the pres-
ence of the similarity field significant. (The latter
effects include particle instabilities and anisotropies
in particle propagation.) We stress that this be-
haviour arises only because anti-Hermitian interac-
tions are permissible for a non-Hermitian theory.

An obvious extension of this article is to consider lo-
cal similarity transformations of non-Hermitian fermionic
field theories, such as those described in Refs. [30-36].
We leave this for future work.
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Appendix: Operator-level transformations

Generalizing the transformations described in Ref. [28],
the local similarity transformation S can be written in
terms of the following operator:

S(t,x) = exp [i€(t, x)
X / (m(t,y)¢2(t,y) +ma(t,y)o1(t,y)

~#ty)dlty) - FLyelty)] . (1)

We do not distinguish the operator-valued fields and con-
jugate momenta from their c-number counterparts so as
to avoid further complicating our notation.

Making use of the canonical algebra [28]

6i(t,%), 65(t,y)] =0, (76a)
(0630, m(t,y)] = i6,0%x—y),  (T6D)
1(t20.3)(t.9)] = 0. (76c)
Sl 7l (4 y)] = 80t x—y).  (T6d)
6i(t:%),61(t,y)] =0, (76e)
:¢Z(t7x),7~r; (t,y): =0, (76f)
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where 7,7 = 1,2, we can show that the fields transform
as

¢i(x) = ¢i(x) cosh&(z) — ¢y () sinh {(z),
(53(33) — qgj(x) cosh&(x) + ~;(a:) sinh&(x),

(77a)
(77b)

where { = 2 if i = 1 and vice versa. Hereafter, we omit
the spacetime arguments for notational convenience. It
then follows straightforwardly that

9, [S71$:S] = cosh &8, ¢; — sinh € D¢,
+0,¢ [sinh € ¢; — cosh € @] |
Oy [S—lé:rg} = coshg(r“)ﬂq;;r + sinhéf)#(;;

+0,E [sinh €l + cosh¢ qu . (78b)

(78a)

For £ = const., the kinetic terms are invariant under
this transformation. Instead, for the local transforma-
tion, we have

1¢TS [SvflgbZSv]

Zaw a¢l—>Za

= 22: [3@ 00 — Pl & (85)2}
i=1
+0¢ - [61062 + 81061 — (961) 6 — (001) 0] .
(79)

wherein we recognise the similarity current from Eq. (36).

Note that the transformation described here maps the
Lagrangian but not the field operators themselves. In or-
der to map both the Lagrangian and the field operators,
it is necessary to construct the similarity transformation
in Fock space and at the level of the particle and antipar-
ticle creation and annihilation operators, as was done in
Ref. [28]. We refrain from doing so here, since the coordi-
nate dependence of the squared mass matrix significantly
complicates the Fock-space quantization for this model.



