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CONDITIONED LIMIT THEOREMS FOR HYPERBOLIC
DYNAMICAL SYSTEMS

ION GRAMA, JEAN-FRANCOIS QUINT, AND HUI XIAO

ABSTRACT. Let (X,T) be a subshift of finite type equipped with the Gibbs
measure v and let f be a real-valued Holder continuous function on X such
that v(f) = 0. Consider the Birkhoff sums S, f = ZZ;S foTF n>1.
For any t € R, denote by th the first time when the sum ¢t + S, f leaves
the positive half-line for some n > 1. By analogy with the case of random
walks with independent identically distributed increments, we study the
asymptotic as n — oo of the probabilities v(z € X : 7/ (z) > n) and
v(z € X : 7/(x) = n). We also establish integral and local type limit
theorems for the sum t+S,, f () conditioned on the set {z € X : 7/ (z) > n}.
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1. STATEMENT OF THE RESULTS AND MOTIVATION

1.1. Main results. Consider a subshift of finite type (X,7") endowed with a
Gibbs measure v and let f be a real-valued Hoélder continuous function on X
(the precise definitions are given in Section 2). Define the Birkhoff sums

Saf=f+foT+...+foT™! n>1.

A fundamental result of the theory of dynamic systems is the celebrated
Birkhoff ergodic theorem which asserts that v-almost surely,

lim Snf _ /Xf(m)u(dx) =:v(f).

n—oo n,
Much effort was made to establish another important property — the central
limit theorem for S, f. To formulate the corresponding statement, we first
note that the following limit exists:

o? = lim i [(Suf = (1))
It is known that (7]% = 0 if and only if f is a coboundary w.r.t. to 7', which
means that there exists a Holder continuous function g on X such that f(z) =
g(Tx)—g(x) for any € X. In the case when oy > 0 (or equivalently when f is
not a coboundary) the following central limit theorem holds: for any bounded
continuous function F' : R — R,

| Suf (&) = nw(f) I
lim XF( e >u(daz)—\/g/RF(t) . (1.1)

All these statements, which can be found in the excellent book of Parry and
Pollicott [22], are consequences of many successive works such as Sinai [25, 26],
Ratner [23], Ruelle [24] and Denker-Phillip [9], to cite only a few. The goal of
this paper is to complement the central limit theorem (1.1) by proving limit
theorems for the Birkhoff sum ¢ + 5, f under the condition that the trajectory
(t+ Sk.f)1<k<n Stays positive, where ¢ € R is a starting point. A brief historical




CONDITIONED LIMIT THEOREMS 3

foray into the subject of conditioned limit theorems and our motivation are
presented in Section 1.2.

To state our results assume that v(f) = 0 and that f is not a coboundary.
For any ¢ € R, the following exit time is finite for v-almost every x € X:

7/ (x) = inf{k > 1, t+ Sif(x) < 0}.

Thus, by definition, the set {z € X : e (x) > n} is the set where the trajectory
(t + Sk.f)i<k<n Stays non-negative.

Our first theorem states the existence of a special Radon measure which will
play a central role in the paper and will be used in the formulations of the
subsequent results.

Theorem 1.1. Let f be a Hélder continuous function on X such that v(f) =0

and f is not a coboundary. Then, there exists a unique Radon measure p/ on

X X R such that for any continuous compactly supported function ¢ on X X R,
li )1 - / i (1.2
nl—golo KXR 90(377 t)S f(ﬂ?) {th(x)>n}y(dx>dt xR Sp(x7 t),LL (dﬁ?, dt) ( )

Moreover, the Radon measure i/ satisfies the following quasi-invariance prop-
erty: for every continuous compactly supported function ¢ on X x R,

/Xx]R o(x, ! (de, dt) = /XXR 0 (T_lx, t— f(T_lx)> ]l{t>0}uf(dx, dt). (1.3)

The limit (1.2) takes a simpler form when the function ¢ does not depend
on the first argument. Indeed, we will show in Section 3.3 that the marginal
of u/ on R is absolutely continuous with respect to the Lebesgue measure. Its
density function is a non-decreasing function on R that will be denoted by
V/. In particular, by standard arguments, the asymptotic (1.2) is valid for
functions ¢ of the form ¢p(x,t) = Lj,4(t) for # € X and ¢t € R. This leads to
the following:

Corollary 1.2. Let f be a Hélder continuous function on X such that v(f) =0
and f is not a coboundary. Then, for any real numbers —oo < a < b < 00, we
have, as n — o0,

b
i - F(t
lim /XSnf(a:)IL{T;(x)M}V(dx)dt = 1/ (X x [a,b)]) / VIit)dt. (1.4)

n—o0 a

Note that (1.2) and (1.4) are stated in integral forms with respect to t. It is
an open question whether it is possible to give an asymptotic of the integral
S Suf @)Lt yam? (dx) for a fixed value of t.

The Radon measure u/ appearing in Theorem 1.1 will be called the harmonic
measure associated to the dynamical system (X, T, v) with the observable f.
The reason for this is that the measure u/ is related to the harmonicity prop-
erty that appears in the study of killed random walks on the half line. We
refer to Section 3.3 for precise statements.
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The following results describe the limit behavior of the Birkhoff sum t+.5,, f
under the condition that the trajectory (¢ + Skf)i<k<n Stays non-negative.
We start by giving the equivalent of the probability that the trajectory (¢ +
Si.f)1<k<n stays non-negative. Denote by fi/ the harmonic measure related to
the reversed dynamical system (X, 7!, v) with the observable f o T

Theorem 1.3. Let f be a Hélder continuous function on X such that f is not
a coboundary and v(f) = 0. Then, for any continuous compactly supported
function p on X x R, we have, as n — o0,

2
1 dx)dt ~ ——— Hul (dz, dt
/XngO(x, ) {-rtf(m)>n}y( JJ) Uf\/% Xngp(aj? )M ( Z, )
and
2
Tz, t+ S, 1 do)dt ~ ———— D (da, dt).
Jo T+ ST g )it~ e [ il 06 0 )

In particular, as the measure p/ has absolutely continuous marginal on R,
Theorem 1.3 also applies to the function p(x,t) = 1,4 (t) for € Xand t € R.
Therefore, this gives the following corollary.

Corollary 1.4. Let f be a Holder continuous function on X such that f is not
a coboundary and v(f) = 0. Then, for any real numbers —oo < a < b < 0,
we have, as n — 00,

b X7 d : VI
vizeX:1i(x)>n twi/ t)dt.
/a < ¢ ( ) ) gV 2mn Ja ( )
Now we give a conditioned central limit theorem for the Birkhoff sum S, f,
which states that the law of .S, f conditioned to stay positive converges weakly
to the Rayleigh law. Let ¢t be the Rayleigh density function:

¢ (u) = ue_“2/2]l{u>0}, u e R.

Theorem 1.5. Let f be a Hélder continuous function on X such that f is not
a coboundary and v(f) = 0. Then, for any continuous compactly supported
function F' on X x X X R x R, we have, as n — 00,

., Snf(2)
/XXRF (.CE,T z,t, W) ]l{th(x)>n}l/(d$)dt

2
" o2 Fla,a!,t,¢)6" () v(da')dt'w? (da, dt).
O'f\/%/XXR/Xx]R (2,2 )" (¢ )v(da)dt'yi! (da, dt)
As above, we can actually apply Theorem 1.5 to the function F'(x,2',t,t') =
Loy ()L py(t') for 2,2’ € X and ¢, ¢ € R. Therefore, this implies the following
corollary:
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Corollary 1.6. Let f be a Héolder continuous function on X such that f is not
a coboundary and v(f) = 0. Then, for any real numbers —oo < a < b < 00
and —oo < a' < b < oo, we have, as n — 00,

by x  Snf(2) d b, (x n)
/a (ex.afﬁe[,b],t(p dt

2 b v
~— Vftdt/ T dt.
Jf%/a (tdt [, o* ()

Next we formulate a conditioned local limit theorem for S, f, which is a
refinement of the previous result.

Theorem 1.7. Let f be a Holder continuous function on X such that v(f) = 0.
Assume that for any p # 0 and q € R, the function pf + q is not cohomologous
to a function with values in Z. Then, for any continuous compactly supported
function F' on X x X X R x R, we have, as n — 00,

/X R T S () ey v(da)dE
2
~N—_— I /ttlfd dtV(ff)d/dt/.
27“7?713/2 /XXR/XXR (x’x’ ) )M ( xZ, )M ( €T, )

In Theorem 1.7, we assumed the function f to satisfy a non-arithmeticity
condition. When this is not the case but f is still not cohomologous to 0, we
could still get an analogue of this result by the same method.

In the particular case when the function F' has the form F(z,2',t,t) =
Lo (t) 1wy (t') for z,2" € X and t,¢' € R, from the previous theorem we
obtain the following;:

Corollary 1.8. Let f be a Hélder continuous function on X such that v(f) =
0. Assume that for any p # 0 and q € R, the function pf + q is not
cohomologous to a function with values in Z. Then, for any real numbers
—00<a<b<ooand —oo <d <l < oo, we have, as n — oo,

b
/y(:cEX:t+Snf(x) e [, V), 7 (x) > n—1) dt

2 b v
- \/W/ Vf(t)dt/l gl f)(t/)dt’,
f a a

In this corollary we have denoted by VD the density function with respect
to the Lebesgue measure of the marginal on R of the Radon measure (/).

As f is bounded, by taking the interval [a/, ") to be [—¢,0) for ¢ > 0 large
enough, we get from Corollary 1.8 the following:

Corollary 1.9. Let f be a Hélder continuous function on X such that v(f) =
0. Assume that for any p # 0 and q € R, the function pf + q is not
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cohomologous to a function with values in Z. Then, for any real numbers
—00 < a < b< oo, we have, as n — 00,

” f 2 "t O TEh (e
LV(:);EX:Tt(a:):n)dtwW/ﬂV(t)dt/mV (t')dt'.

Our Corollary 1.9 could be extended without difficulties to the case when
one only assumes that f is not cohomologous to 0. This assertion could be
deduced from a version of Theorem 1.7 for functions f that are cohomologous
to functions with values in a set of the form aZ + (3 for some «, 8 € R.

Again, similarly to the comment after Corollary 1.2, Theorems 1.3, 1.5 and
1.7 are stated in integral forms with respect to ¢. It is an open problem to
obtain asymptotics for a fixed value of ¢t € R of the following probabilities:

S f(x)
O'f\/ﬁ
v(zeX:S,f(x) € [db], 7 (x) >n).

V(xGX:th(a:)>n), V<ZE€X: E[a',b'],th(w)>n>,

Due to the theory of Markov partitions (see Appendix III of [22] and Chapter
18.7 of [18]), Theorems 1.1, 1.3, 1.5 and 1.7 can be applied without any changes
to hyperbolic dynamical systems. Finally, using the approach of this paper,
one can obtain analogous results for hyperbolic flows. The latter is out of the
scope of this article and will be done in another work.

1.2. Previous work and motivation. The first examples of conditioned
limit theorems for sums of independent random variables are due to the pio-
neering work of Spitzer [27] and Feller [12]. Since then integral and local limit
theorems for random walks conditioned to stay positive attracted a lot of at-
tention. Very many authors contributed to this subject, among them Borovkov
3, 4, 5], Bolthausen [2], Iglehart [20], Eppel [11], Bertoin and Doney [1], Car-
avenna [6], Vatutin and Wachtel [28], Doney [10], Kersting and Vatutin [21].
Most of this work is based on the Wiener-Hopf factorization and various fac-
torization identities. Recently Denisov and Wachtel [7, 8] have studied the
setting of random walks in cones and have developed a new approach based
on the construction of the harmonic function thus avoiding the use of the
Wiener-Hopf factorization. Following this method, in the case of dependent
random variables very recent progress was made in [15, 13], where conditioned
integral limit theorems for products of random matrices and for Markov chains
satisfying spectral gap properties have been obtained. In [14] a conditioned
local limit theorem for a Markov chain with finite state space was considered.

The question of establishing conditioned integral and local limit theorems
for Birkhoff sums remained for a very long time a challenging problem mainly
because the Wiener-Hopf factorisation does not work in the dynamical system
framework. The emergence of new approaches for proving the integral and
local limit theorems for Markov chains [7, 15, 13, 14] opens an opportunity
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to investigate these problems for dynamical systems. However, there are two
main difficulties which have motivated our study.

The first difficulty is that the alternative approaches described above are
based on the existence of the harmonic function. For Markov chains its exis-
tence is proved in [15, 13]. Or a subshift of finite type exhibits a dependence
which in general is not of Markovian type and therefore the existence of the
harmonic function is not granted, except in some very special cases. Indeed,
one of the major findings of the paper is that in the case for the subshift of
finite type (X,T,v) with a general Holder continuous observable f a more
general object — the harmonic measure p/ — has to be introduced. The condi-
tioned integral and local limit theorems in this case are stated in terms of the
harmonic measures i/ and ji=/ (the second corresponding to the reversed sub-
shift (X,T~!,v) with observable f o T!), which therefore cannot be avoided
and constitute essential characteristics of the model. The construction of uf
is performed first for a Birkhoff sum ¢ + .S, f, where the observable f depends
only on the future coordinates (in the reversed setting it corresponds to study-
ing a Markov chain). Then it is extended gradually to a function f depending
on the whole set of coordinates using some smoothing techniques and a vague
convergence argument, see Section 3.

The second difficulty resides in adapting the approaches from the Markov
chains [13, 14] to the case of dynamical systems. Our approach is close to that
of the recent paper [16], where random walks with independent increments
are considered. We shall first establish the corresponding theorems for the
Birkhoff sum ¢ + S,,f with an observable f depending only on the future
coordinates (which corresponds to dealing with some Markov chain). Then
using the technique similar to that in the previous point we extend them to
the general case. The main difficulty here consists in the construction of the
dual Markov chain, which is an important step in establishing a conditioned
local limit theorem. Fortunately, in the case of the subshift of finite type the
dual Markov chain corresponds again to a dynamical system — the reversed
subshift (X, 77!, v) with observable f o T~

To put it a perspective, the approach developed in our paper can be ap-
plied to Birkhoff sums with drift, via a Cramér Type change of measure, see
Parry and Pollicott [22] and Waddington [29]. It is also possible to apply the
developed approach for studying local limit theorems for products of random
matrices and more generally for Markov chains with values in general state
spaces in contrast to [14], where the chain with finite state spaces have been
considered. This will be the subject of a forthcoming paper.

2. BACKGROUND AND AUXILIARY STATEMENTS

2.1. Subshift of finite type and Gibbs measure. We start by precisely
introducing the subshift of finite type. Let k > 2 be an integer and A =
{1,2,...,k}. Let M be a transition matrix on A, that is to say, M =
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(M (,7))ijea is a matrix with coefficients in {0, 1}. We assume that the tran-
sition matrix M is irreducible in the sense that there exists an integer p > 1
such that all the coefficients of the matrix M? are strictly positive. Consider
the associated subshift of finite type

X = {J: = (2p)nez € A% : M (2, 2py1) = 1,0 € Z} c A%

equipped with the shift map 7" defined by (T'z), = x,41 for v € X and n € Z.
The set {1,2,...,k} is equipped with the discrete topology, so the space AZ
is compact with the corresponding Tychonov product topology. We equip X
with the induced topology, which is also compact. For any = = (2,),ez € X
and ¥y = (Yn)nez € X, define

w(z,y) =min{k > 0: xy # yr, or T_p # Y_i}.

Note that for any constant o € (0, 1), the function (z,y) — a“®¥ is a distance
on X which induces the natural product topology.

The space of real-valued continuous functions f : X +— R is denoted by
C(X). For any function f € C(X), we say that f is a-Hélder continuous on X
if there exist constants C' > 0 and a € (0, 1) such that for all z,y € X,

f(z) = f(y)| < Ca®¥),

Denote by 4, the space of all real-valued a-Holder continuous functions on
X, equipped with the following norm

/@) = Fw)]

@)

Il = sup|f(a)| + sup 2.)

z,yeXiz#y

In the sequel we shall say that a real-valued function on X is Holder con-
tinuous if there exists a € (0,1) such that f is a-Hoélder continuous. Let
B = Uyca<1PB, be the set of all real-valued Holder continuous functions on X.

For any f € %, we consider the Birkhoff sum process (S, f)n>0 by setting
Sof = 0 and

Spf=f+...+foT"' n>1
Let us denote by Xt C A" the set
Xt = {x = (2)neny € AVt M (2, 2py1) = 1,0 € N} c AV,

The set of continuous functions on X* is denoted by C(X*). By abuse of
notation, the one-sided shift map X* +— X* will still be denoted by T.

The Ruelle operator L : C(X1) — C(XT) related to f € C(X') is defined
as follows: for any g € C(X™),

Lrg(z)= > e'Wg(y), zeX (2.2)

y: Ty=x
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One can easily see that Ly is a bounded linear operator on C(X*). From (2.2),
by iteration, it follows that for any n > 1,

tg(x) = > e Wg(y), zeX'

y: Ty=x

Also, if h € C(X™), we have the conjugacy relation

Liinor-ng =€ "Ly (ehg) : (2.3)

which tells us that the spectral properties of the transfer operator L only
depend on the cohomology class of f. We say that a real valued and Holder
continuous function ¢ on X7 is normalized if £,1 = 1. By [22, Chapter 2,
Theorem 2.2], there exist a real valued Holder continuous function h and a real
number A such that £,e" = e*". From the conjugacy relation (2.3), this tells
us that the function ¥ —hoT +h—+ ) is also normalized. Therefore, all over the
paper, we will assume that 1 is normalized. In this case, it is well known (e.g.
[22]) that the operator £, admits a unique invariant probability measure v*.
The measure v* is called the Gibbs measure related to the potential 1. Since
1 is normalized, the measure vt is T-invariant, that is, for any f € C(X"),

vi(foT)=v"(f), (2.4)

see [22, Chapter 2].
Note that v is also T-ergodic, meaning that any T-invariant Borel subset
B of X* has vt measure 0 or 1:

T'B=B = uv*(B)e{01}.

Thanks to the following lemma, the measure v allows to define a T-
invariant measure on X.

Lemma 2.1. Let vt be a Borel probability measure on X+ which is T-invariant.
Then there exists a unique T-invariant Borel probability measure v on X such
that the image of v under the natural projection map X — X is equal to v+.

The proof of this lemma is just a consequence of Kolmogorov’s extension
theorem. We will actually give an explicit formula for the measure v below.

2.2. Conditional measures on the past. For any z € X, we shall con-
struct a measure v, which is the conditional measure of v with respect to the
map € X — 2z, € Xt. To this end, for any a € A, let

X; ={ye A M(y1,0) =1, M(y_p_1,y-n) = 1,¥n > 1},

where M is the transition matrix on the set A which was used to define the
finite type subshift X C AZ. For any z € X, we set X = XZ,, where 2 is
the first coordinate of z € X*. We have the decomposition

X= | XI x{z}.

zeX+
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The point z may be thought of as the future of the trajectory whereas the
elements of X7 describe the pasts which are compatible with this future. Let
us introduce some notation related to this decomposition. For any z € X*
and y € X7, we denote y - z = (y,2) € X. For z € X* and k > 1, we set

A=y oy AR
M(y-1,20) =1, M(y—p—1,y—n) =1,VI<n<k— 1}.

For (y_g,...,y_1) € A¥, weset y_r...y_1-2 to be the element w € X* defined

by
Ynkp HO<n<Ek—1
wy, =
Zn_t Un=>k.
For a € A¥| let
Cor={yeX] iy r=0ay,...,y-1=0a_1} (2.5)
be the associated cylinder of length k in X7 .

Recall that the two-sided shift map 7 : X — X and its inverse 7!
defined by (T'z), = py1 and (T '2), = x,_1 for any z € X and n € Z. By
abuse of notation, the one-sided forward shift map will be denoted by 7" : Xt
X* and is defined by T'(x) = (x1, 22, x3, .. .), for any x = (zg, x1, T2, ...) € XT.
Let us define conditional measures on the past of trajectories. For £ > 0,
define v/ as a function on cylinders of length k in X7 by the formula

Vi (Cayz) = exp(=Sit(a - 2)), (2.6)
for a € A%. Since £,1 = 1, we have that for any a € A",
VECaz) = Y N (Chap). (2.7)
beA
M(b,a_k):l

By Kolmogorov’s extension theorem, from equation (2.7) it follows that there
exists a unique Borel probability measure v, on X such that for any k > 0,
V¥ is the restriction of v to cylinders of length k.

We can now give an explicit formula for the measure v in terms of the
measures vt and v, .

Lemma 2.2. Let ¢ € C( . Then we have

/w/ dy)v* (dz).

Proof. By Lemma 2.1, it suffices to prove that the measure v on X defined
by the above equation is T-invariant. This property is a direct consequence
of the definition of the measures v, z € X*, and of the fact that v is Ly-
invariant. U

We shall use the fact that the measures v, and v, are equivalent.



CONDITIONED LIMIT THEOREMS 11

Lemma 2.3. There exists a real-valued continuous function 6 on the set

Xy 1= {(y,z7z’) CAN XXt xXT:z=2,yeX] :X;}

z 7

such that for any z,z' € Xt and any continuous function @ on X_, one has

| ewvatdy) = [ e)e™=uz ().
Besides, there exists a constant ¢ > 0 such that for any (y, z,2') € X3,
0(y, 2, 2")| < ca?®*).

Proof. Indeed, it suffices to set

[e.o]

0y, 2,2) =Y (VT My - 2) =Ty - ).

k=1
U

2.3. General properties of exit times. From the following lemma it follows

that the function z — 7/ () is finite v-almost surely.

Lemma 2.4. Let f € BB with v(f) = 0. Assume that f is not a coboundary.
Then for v-almost every x € X, one has

}Lgfl’ Snf(z) = —o0.
Proof. Consider the Borel set
A= {x €X:inf S, f(x) > —oo}.

It is clear that the set A is T-invariant. Therefore v(A) = 0 or v(A) = 1.
Assume that v(A) = 1, then let us show that f is a coboundary. Indeed, for
any x € A, we have that h(z) := liminf,, ., S, f(x) > —o0. Since v(f) =0, it
is well known that S, f(z) admits finite limit points for v-almost every = € X,
so that h(xz) < co. Now by definition, we have h(Tz) = h(z) — f(x), hence f
is a coboundary as a measurable function on X. Therefore, by [22, Proposition
6.2], we get that f is a coboundary as a Holder continuous function on X. [

For notational reasons, it is more convenient to study objects defined by the
reverse shift 777!. Note that the two studies are equivalent.

Indeed, let us define the flip map ¢ : AZ — A% by the following relation: for
any = (...,o_1,T0,21,...) € AZ it holds «(x) = (..., 21,70, 2_1,...) € AL,
that is (wx), = z_, for n € Z. The following lemma is classical (see [22,
Chapter 2]).

Lemma 2.5. The set X is a subshift of finite type and the measure 1,V is a
Gibbs measure on 1X.
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For f € A, consider the reversed Birkhoff sum process (S’n f)n=1 which is
defined as follows: for any = € X,
Suf(@) = f(T7'2) + f(T0) + ...+ f(T7"2) = Suf (T "x), n>1.

In the same way, denote by 7/ () the first time when t + Sof (x) becomes
negative: for any x € X,

# (x) =1inf {k > 1, ¢+ Spf(x) < 0}. (2.8)

Then the relation between the exit times th and 7/ * is given by

i (Tz) = ¥ (x), zeX

In the present paper we deal with the measure

v (x eX:rf(z) > n) (2.9)
which, by the discussion above, is equivalent to studying the measure
y(xEX:%tf(x) >n>. (2.10)

In turn, Lemma 2.2 shows that in order to study (2.10), it suffices to investigate
V;(yEX; - (y-2) >n), (2.11)
for z € X*. We will do it by using tools from the theory of Markov chains

[13]. In particular, we will make use of the martingale approximation for the
process (Spf)n>1-

2.4. Martingale approximation. Recall that 8 = Uycq<1%B,., where A,
is the space of real-valued a-Holder continuous functions on X endowed with
the norm (2.1). In the same way, we denote by % the space of real-valued
a-Holder continuous functions on Xt endowed with the norm

/@) = F)]

[ fll g+ == sup |f(z)|+ sup @)

z,yeXtizty
Let 1 = Upcac1 %7 . Note that every Holder continuous function f on X*
can be extended to a Holder continuous function on X defined by
r=(..,x 1,20, 21,...) € X f(xg,21,...),

so we can identify 1 with a subspace of 4.
Let f € #. Define the cohomology class of f as the following set of Holder
continuous functions:

C(f)={focB| fo=f—hoT+h, he B}
The following proposition tells us that there exists a natural choice in €(f).

Proposition 2.6. Let f € A be such that v(f) = 0. Then there exists a
unique function fo € B+ such that Ly fy = 0 and its extension on X belongs
to €(f).
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Proof. First we prove the existence of fy. By Proposition 1.2 in [22], there
exists a Holder continuous function g on X*, whose extension to X is coho-
mologous to f. As v(f) = 0, we have v*(g) = 0. Now we choose a € (0,1)
close enough to 1 so that £ is bounded on %, and g € %,. By the spectral
gap property for the operator £, (see Theorem 2.2 of [22]), there exists a
Hélder continuous function h € %, such that

h — Ewh = £¢g. (212)
Since h = hLyl = Ly(h o T), it follows that
Ly(g—hoT+h)=0.

Hence there exists a function fy := g —hoT + h € €(f) satisfying L, fo = 0.

Now we prove the uniqueness of fy. Suppose that there exist fo, f € €(f)
such that L, fy = Lyf) = 0. Then fy — f{ is a coboundary, namely, there
exists hy; € & such that fo — fl = hioT — hy. As fy and f{ depend only on
the future coordinates, it is well known that h; depends only on the future
coordinates. It follows that L£,(hy o T — hy) = 0 and hence L,hy = hy. This
implies that h; is a constant and therefore f| = fo. O

For any z € X', we have defined a probability measure v, on the set
X C A of past sequences which are compatible with z. For n > 1, we let
Z, denote the o-algebra of subsets of A" generated by the coordinate maps
y— (y_1,...,Y_n). By convention, we also define .%; as the trivial o-algebra.
And we let .# be the o-algebra induced on X7 . The following proposition is
a classical result from [22]:

Proposition 2.7. Let fy € C(XT). Then Lyfo = 0 if and only if for any
2z € X*, the sequence of random variables

yGX;r—)S’nfO(yz)7 7120

is a martingale on X, equipped with the probability measure v, w.r.t. the
filtration (F})n>0-

Proof. Denote by ¢Z : X7 +— R the function y S'nfo(y - z). Then for y € X
and n > 1, we have by the definition of the measure v,

v (93] 750) W) = 9ia () + Lo fo(T(y - 2)).

From this identity, the assertion follows. U

The following result shows that the difference S, f— Sng is bounded, for f
and ¢ in the same cohomology class.

Lemma 2.8. Let f € & and g € €(f). Let h € A be such that f — g =
hoT — h. Then, for any x € X and any n > 1 we have

1S, f(x) = Sng(x)] < ¢ = 2||]c.
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Proof. Indeed, we have S, f — S,g = hoT™ — h. Since S, f = (Spf)oT™™, we
get S, f — S,9g = h — hoT™™ which proves the assertion. OJ

2.5. The Holder continuity and approximation. We establish several
technical results which will be used in the proofs of the main results of the
paper. In particular, they will allow us to prove that several convergences hold
uniformly in z € X*.

Lemma 2.9. For any g € A, there exists a constant ¢y > 0 such that for any
n>1,zz2 e Xt with zg = 2, and y € X, (= X}), one has

[Sug(y - 2) = Sngly - #)| < oo, (2.13)
In particular, for any g € B, there exists a constant co > 0 such that for any
n>1,z 2 € Xt with zg = 2, and y € X_ (= X3), it holds
Sugly - 2) < Sngly - ') + co.
Proof. Since g € A, there exists a constant L, such that for any z, 2’ € X|
l9(z) — g(2)] < Lya®=,

where 0 < a < 1. Hence for any z,2z’ € Xt with zy = z; and y € X7, and
n > 1, one has

n—1

< Z Lganflﬁ»w(z,z)
k=0

v v

Sng(y - 2) = Sug(y - 2)

!
al-l—w(z,z )

< Ly =: coa®7).

1l -«
The desired result follows. O

Corollary 2.10. For any g € A, there exist constants co > 0 and o € (0,1)
such that for anyn > 1, z,2/ € Xt with zo = 2}, and y € X (=X}, we have

min S;g(y - z) — <jin Sigly - 2')| < coa®®*), (2.14)

1<isn 1<j<n

Proof. By Lemma 2.9, there exist constants ¢y > 0 and « € (0, 1) such that
forany n > j > 1,

min Sig(y - 2) < Sjgly - 2) < Sjgly - ') + cpa ™).
EVAW
Taking the minimum over 1 < j < n on the right hand side, we get
min S;g(y - z) < min Sig(y - 2') + coa®®*). (2.15)
SYS Y

1<j<n

In the same way, again by Lemma 2.9, there exist constants ¢y > 0 and
a € (0,1) such that for any n > j > 1,

v v

Sigly - 2) = S;g(y - 2) — cea®™*) > min S;g(y - 2') — coar
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Taking the minimum over 1 < j < n on the left hand side, we get
1I<I1J1£1 Sigly - 2) > 1mji£n Sig(y - ) — coa®®*). (2.16)
Combining (2.15) and (2.16), we conclude the proof of (2.14). O

We will also need the following technical lemma that allows us to approxi-
mate the function g € & by a function = — g,,(z) on X which only depends
on the coordinates {xy }rs_m.

Lemma 2.11. Let g € B. Then there exist constants o € (0,1), ¢; > 0 and a
sequence of Hélder continuous functions (gm)m=o on X which only depend on
the coordinates {xy}y>—m such that Lygo =0 and for any m > 0,

sup HSngm — ngH < qa™ (2.17)

n>1
Proof. By Proposition 2.6, there exist gy € A" and h € & with L,go = 0 and
go=9g—hoT+h. (2.18)

Since h € A, there is a € (0,1) such that h € %,. Then, for any m > 0,
there exists a Holder continuous function h,, on X which only depends on the
coordinates {z }x>_.m such that

I1h — hloo < 1™ (2.19)

where ¢; > 0 is a fixed constant not depending on p, and by convention hy = 0.
We define for any m > 0,

Gm = go + hpm o T — I, (2.20)
From (2.18), (2.19) and (2.20), we get (2.17). O

2.6. Duality. The next duality property will be crucial in the proof of the
main results.

Lemma 2.12. Let g € #. For any n > 1 and any non-negative measurable
function F': X X R x X x R — R, we have

/R/XF (a:,t,T‘”x,t + Sng(x)) ]l{%tg(xbn_l}l/(dx)dt
= /R/XF<T”:U, u— Spg(x), , u)]l{ﬁg(m)w_l}u(da:)du.
Proof. By a change of variable ¢t = u — S’ng(x), it follows that

= // I’ t T T t+STlg( )) ]l{tJrS'n—lg(x)}O .... t+§lg(z)>0}y(d$)dt

:// Sug(x), ™"z, u)

X ]]-{ufg(T_"x)QO ..... ufg(T_":c)f...7g(T—2:E)>O}V(dI>du‘
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Since the measure v is T~ !-invariant, we obtain

I= // T”a: ,u— Spg(z), u)]l{u $19(2)30,....u—Sn_1g(x)z01 ¥ (dx ) du,

which ends the proof of the lemma. 0

3. HARMONICITY FOR DYNAMICAL SYSTEM

3.1. Existence of the harmonic function. The aim of this section is to
prove the existence of a function V/ on the state space R which we call the
harmonic function of f by analogy with the theory developed for Markov chains
n [13]. Our main result is the following theorem:

Theorem 3.1. Let f be a Holder continuous function on X such that f is
not a coboundary and v(f) = 0. Then there exists a unique non decreasing
and right continuous function V/ : R — R, such that for any continuous
compactly supported function p on R,

. _ f
T [ () /X S (@)Lt 0y V() /R oV (H)dt.  (3.1)

Besides, there exists a constant ¢ > 0 such that for any t € R,
max{t — c,0} < V/(t) < max{t,0} +c. (3.2)

Note that, the bound (3.2) implies that V/(t)/t — 1 as t — oo.

The proof of Theorem 3.1 will be given at the end of this section. At
this point we start by giving an explicit formula for the harmonic function
in the case where the observable only depends on future coordinates. Let
g € BT with v(g) = 0 and assume that g is not a coboundary. Let gy be the
unique element of " such that £,go = 0 and gy is cohomologous to g, as in
Proposition 2.6. For z € Xt and t € R, we set

=~ [ Sy -2z (dy). (33)

This integral makes sense. Indeed, first, by Lemma 3.3, the stopping time
y — 7 (y - 2) is finite v -almost everywhere. Second, the Birkhoff sum ¢ +
S}tg(y.z) g(y - z) takes values in the interval [—||g|/o, 0] when ¢ is non-negative,
and in the interval [t — ||g|| s, 0] when ¢ is negative. Third, by Lemma 2.8, the
difference of the Birkhoff sums for g and gq is uniformly bounded.

The function \V/g(z, -) plays a crucial role in proving conditioned limit theo-
rems for products of random matrices and more generally for Markov chains,
see [15] and [13]. From the results of [13] it follows that V9(z,-) has the
following harmonicity property.

Lemma 3.2. Let g be in B+ such that v (g) =0 and g is not a coboundary.
Then for any (z,t) € Xt x R, we have

V)= Y eV (). (34)

2 eXt:T(2)==
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The proof of the existence of the harmonic function V¢ given in [13] is rather
difficult. In the case of the subshift of finite type (since the jumps are bounded)
it is possible to give a much shorter direct proof, which is not included because
of the space limitations.

We shall extend the definition of XV/Q(Z, -) to the case of any function g € 4,
that is, the case of a function ¢ that depends on both the past and the future
coordinates. We will use the following technical assertion:

Lemma 3.3. Let g € B such that v(g) = 0 and g is not a coboundary with
respect to T. Then, for any t € R, it holds uniformly in z € Xt that

T}grgou;(yGX;:%f(y-z)>n):0.

Proof. Let ¢y > 0 be as in Lemma 2.9. By Lemma 2.4 and Fubini’s theorem,
for any a € A, there exists 2/ € X' such that 2{ = a and the function
Yy = Tie,(y - 2') on X is finite v -almost everywhere. Then for any z € X*
with zg = a, we have

{yEX;:ﬁg(y-z) >n} C {yEX;:ﬁgﬂo(yw’) >n}.
From Lemma 2.3, we get that for some constant ¢ > 0,
vy eXs Hy o) > <o {y € Xo 7, (v )

Thus, the lemma follows from the fact that v, {y €Xy ey 2) > n} con-
verges to 0 as n — oo. U

Now we give an alternative definition of the function Ve (2,:) for g € BT,
where the key point is that in this case, the function y — 7 (y-2) is a stopping
time with respect to the filtration { %7 }x>0.

Lemma 3.4. Let g € B with v(g) = 0 and assume that g is not a cobound-
ary. Let gy be the unique element of A% such that L4(g0) = 0 and go is
cohomologous to g. Then, for any z € Xt and t € R, we have

Vo(zt) = lim [ (6480905~ 2)) L fsagmyon s (d9)

n—o0

= lim [ Sug0(y - 21y v2 (), (35)

n—o0

In addition, there is a constant ¢ > 0 such that, for any z € Xt and t € R,
[ S0y 2 g7 () < miae{t, 0} +c. (3.6)
for any z € X* and t € R,
t—e<VI(zt) <t+e, (3.7)

and for any z € Xt and t < —c, it holds that V9 (z,t) = 0.
Moreover, for any z € X, the function V9(z,-) is non decreasing on R.
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Proof. By Lemmas 2.8 and 3.3, the limits in (3.5) coincide since the difference
of the Birkhoff sums for g and go is uniformly bounded and v, (y € X :
7 (y-z) >mn) — 0asn— oo. By the optional stopping theorem,

~/Xz Sng()(y ' Z)]l{i—tg(y-z)>n}yz_ (dy>
= [ Suonly 2 () = [ Sugnly 2L grpgpcyvs ()
- - /Xz_ S%é’(y-z)go@ ) Z)]l{-;iq(ylz)gn}yz_ (dy)

By Lemma 3.3, we have 7{(y - z) < 400 for v -almost every y € X;. Using
the Lebesgue convergence theorem, we obtain (3.5) as well as (3.6).

Since for any z € X* and t € R, the function y > ¢ + S’ﬁg(y.z)go(y - z) takes

values in [—||g|lec — ¢, ¢], where ¢ > 0 is from Lemma 2.8, we get V9(z,t) €
[t —c,t + ||glloo + ¢]. Besides, if t < —||g||s, We get 7 (y - 2) = 1 everywhere,
for all z € X*, thus by (2.6) and (2.2) we have

v

V(t) = [ (o1 2)) v(dy-) = Lolg)(=) = 0.

As 77 < 7f for any t; < to, and to + gng > 0 on the set {7 > n}, it follows
that

/x (1 + Sugly - 2)) S LA )

z

< /X : (t2 + Sug(y - 2)) Loss (oyont Vs (dY)-
Letting n — oo yields that the function V9(z,-) is non decreasing on R. [

By using Lemma 3.4, we can now give a definition of V9 for a function g
only depending on finitely many negative coordinates.

Lemma 3.5. Let g € A such that v(g) = 0 and g is not a coboundary.
Assume that g only depends on m mnegative coordinates for some m > 0. In
other words, the function h = go T™ € B*. Then, for any t € R, we have
uniformly in z € XT,

: & - m ({7h

Jim | Sug (- 2 gy mnyvs (dy) = L3 (VA1) (2)

Let g and h be as in Lemma 3.5. We set for z € X and ¢ € R,
VI(z,t) = L] (V1) (2).

Lemma 3.5 implies that this notation is coherent with that introduced in (3.3).
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Proof of Lemma 3.5. By conditioning over the m first coordinates of y, we get
forn > 0,

/XZ Sng(y ’ Z)]l{%f(y-z)>n}yz_ <dy)

= 3 exp(=Suta-2)) [ Sug((y-a) D gayepsn) V()

ac AT
g a;;m eXp(_Smw(a/ . Z)) sz gnh(T_m(y . a) . Z)]l{'TV'ZIOT77,L((y’(l)'Z)>n}V(;Z(dy)
= EZAM eXP(_Sm¢(a . Z)) /sz gnh(y . (a . Z))]l{{'th(y(az))>n}]/a_2(dy)’

where we have used the relations (y-a)-z = T™(y-(a-z)) and 77" = #hoT—™.
The conclusion now follows from Lemma 3.4 and the definition of the transfer
operator L. O

We will prove that the convergence in Lemma 3.5 holds in a weak sense for
every function g € #. The key step to prove Theorem 3.1 is the following
technical lemma which shows that the convergence of Lemma 3.5 holds for all
functions g € Z in a weak sense.

Lemma 3.6. Assume that g € A is not a coboundary w.r.t. toT and v(g) = 0.
Then, for any continuous compactly supported function @ on R, uniformly in
z € X*, the following limit exists and is finite:

lim | (t) /X 59y 2L 0y ny Vs (dy)at.

n—oo
z

Proof. Assume that g € 2. Let (gm)ms0, c1 > 0 and o € (0,1) be as in
Lemma 2.11. Set

W(z,1) = /

| (E4 509 ) T ryzpony s (@)

and

Wom(2,t) = /X (t+ Sugm(y - 2) Lgsom (g2 ont Ve (d)-

z

By (2.17), we have the inclusions
{%fl”zclam > n} C{# >n}C {%ffzcmm > n},
which imply that
Wom(z,t —2c10™) < Wi(2,t) < Wom(2,t + 2¢10™). (3.8)
In the same way, we have
Wam(z,t) < Wyo(2z,t+ 2¢1) < ¢2 + 2max{t,0}, (3.9)
where the last bound follows from (3.6).
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By lemma 3.5, for fixed m > 0, as n — oo, the function W, ,,(z,t) converges
to V97 (z,t), uniformly in z € X*. From (3.8) we get
VI (z,t — 2c0™) < lim inf W (z,t) < limsup Wi, (z,t) < VI (2, t 4 2c10™).
n—oo n—oo

Now we have

/ o(t) [‘v/gm(z, t+ 2c,0™) — VI (2, t — 2010/”)} dt
R
= /R [p(t — 2c10™) — (L + 2¢,0™)] VI (2, t)dL.

Using (3.9) and Lemma 3.5, we have that V9 (z,t) < ¢; + max{t,0}. As ¢ is
continuous on R with compact support, by the Lebesgue dominated conver-
gence theorem, we get that uniformly in z € X,

lim | (%) {‘V/g’"(z, t+2c,a™) = VI (2t — 2010/”)} dt = 0.

m—oo JR

This tells us that [z ©(t)W,(z,t)dt has a uniform limit as n — oo. O

We will use the previous lemma to build a function V9(z, ). The existence
of this function will be deduced from the following elementary fact from the
theory of distributions.

Lemma 3.7. Let (V,,)n>1 be a sequence of non decreasing functions on R.
Assume that for every continuous compactly supported function ¢ on R, the
sequence [p Vo (t)p(t)dt admits a finite limit. Then there exists a unique right
continuous and non decreasing function V on R such that for any continuous
compactly supported function p, we have

Jim [ Va(e(t)dt = /R V(t)p(t)dt.

Now we construct the function V9 (z,t) for any g € A.

Lemma 3.8. Assume that g € A is not a coboundary w.r.t. to T and v(g) =
0. Then, for any z € X, there exists a unique non decreasing and right
continuous function V9(z,-) on R such that

1. For any continuous compactly supported function ¢ on R, uniformly in
z e XT,

lim [ (1) /X 509 1 gy V2 ()it = /R (V92 t)dt.  (3.10)

n—oo
z

2. For any continuous compactly supported function ¢ on R, the mapping
2+ [go(t)VI(z,t)dt is continuous on XT.
3. There exists a constant ¢ > 0 such that for any z € Xt and t € R,

t—e<VIz-)<t+ec (3.11)

In addition, for any z € Xt and t < —c, we have Vg(z,t) =0.
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By Lemma 3.4, in the case g € #", the notation V9(z,) is coherent with
the one in (3.3).

Proof of Lemma 3.8. Fix z € X*. By Lemmas 3.3 and 3.6, the following limit
exists: for any continuous compactly supported function ¢ on R,

Jm [ o) [ (14 8000 9) Ly ()t (312
For t € R, set
Ve t) = [ (14800 2)) Lapgyvs (@) (3.13)

Then the function ‘V/ng(z, -) is non decreasing on R. By Lemma 3.7, there exists
a unique non decreasing and right continuous function V9(z,-) on R such that
for any continuous function ¢ on R with compact support,

lim /R V92, t)p(t)dt = /R V92, t)o(t)dt.

n—oo

Note that for t < —||g|les, We have 7/ = 1 everywhere. Hence V9(z,t) = 0
for t < —c.

We now prove (3.11). By Proposition 2.6, there exists go € " such that
L,(g0) = 0 and g is cohomologous to gp. By Lemma 2.11, we can choose a

constant ¢ > 0 large enough such that for any n > 1, it holds that ||S,g —

S0 |0 < ¢. By Lemmas 3.3 and 3.6, we have, for any continuous non negative
function ¢ on R with compact support,

lim [ (! /X i (£ ¢+ S0y 2)) Lasypony Vs (dy)dt = /R V92, ) (t)dt.

n—oo

Note that from Lemma 3.3, we have v (y € X] : 7/ (y-2z) > n) — 0 as n — oc.
As we have the following inclusion: for any ¢t € R,

{72 >n} c{# >n} C {7l >n},

and as ¢ + ¢+ S,g0 > 0 on the set {#%, > n}, we get

/RY/QO(z,t—c)go(t)dté/Rf/g(zat)w(t)dté/R‘V/g(’(zatJrC)w(t)dt'

Since this holds for any continuous non-negative test function ¢ on R, we
obtain

V(2 t —¢) < VI(z,t) < V(2L +c). (3.14)

This, together with Lemma 3.7, concludes the proof of (3.11).
We now want to prove the continuity in z € Xt of the function z +—
Jr p(t)VI(z,t)dt. To this aim, we establish a uniform bound for the quantity
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V9(z,t) defined in (3.13). Indeed, as usual, we have V9(z,¢) < V(2 ¢ + c).
Now the optional stopping theorem gives

V(2 t) =t (y eX; 7y -2) > n)
~ e S 90 2 a0y Vi (dY)
< [t + [t + llgolloe = 21 + [Igolloo-
From (3.14) we get
V(1) < 2[t] + 2¢ + [|goloo- (3.15)

It remains to prove that for any continuous compactly supported function
¢ on R, the mapping z — [ o(t)V9(z,t)dt is continuous on X*. Tt suffices to
prove that for any n > 1, the mapping z — [ @(t)‘v/ng(z, t)dt is continuous on
X+,

A priori, for fixed ¢t € R, the function z — V9(z,t) is not continuous.
Nevertheless, we claim that it satisfies the following weak continuity property:
for £ > 0, there exists k£ € N such that for any z, 2’ € X* with w(z,2’) > k we
have

VI(zt—e) S VI, t) S VI(z,t+¢).
Indeed, this follows from the inequality (2.13) in Lemma 2.9. This, together

with the bound (3.15) and the uniform continuity of the function ¢, implies
that the mapping z — [z p(t)V,9(z, t)dt is continuous on X O

The previous statements can be summarized as follows:

Theorem 3.9. Let g be a Hélder continuous function on X such that v(g) =0
and g is not a coboundary. Then there exists a unique non decreasing and right
continuous function VIR R, with the following properties:

1. For any continuous compactly supported function ¢ on R,

lim | (t) / Sng(2)1 104y y ()t = / DOV (t)dt. (3.16)
n—o0 R X t R
2. There exists a constant ¢ > 0 such that for any t € R it holds

max{t — ¢,0} < V9(t) < max{t,0} + c. (3.17)
Proof. Let g € #. For t € R, we set

VI(t) = /X VAt (de).

Then the points 1 and 2 of Theorem 3.9 follow from (3.10) and (3.11) in Lemma
3.8, respectively. O

Proof of Theorem 3.1. 1t is easy to see that Theorem 3.1 is equivalent to The-
orem 3.9 for the reversed dynamics, i.e. by replacing f with g = foT o, =
foroT, and v with ¢,v. O
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3.2. Properties of the harmonic function. The goal of this section is to
give some additional properties of the harmonic function V9 which will be
necessary for the proof of Theorem 1.3. We start with a continuity result on
the cohomology class of the function g.

Lemma 3.10. Let g € # with v(g) = 0. Assume that g is not a coboundary.
Let a € (0,1) and (hy)n=0 be a sequence of element of B, that converges to 0
with respect to the Holder norm || - ||o. Forn >0, set g, = g+ h,oT — h,.
Then, there exists a constant ¢ > 0 such that for anyn >0, z € X andt € R,
one has

V9 (z,t) < max{t,0} + c. (3.18)

Moreover, for any continuous compactly supported function ¢ on R, we have,
uniformly in z € XT,

lim [ @)V (2, t)dt = /R (V9 (2, t)d. (3.19)

n—oo JRr

Proof. The bound (3.18) follows from (3.11) and the relation g, = g + hy o
T — h,,. The construction of the function V¢ in (3.19) can be performed in the
same way as in Lemmata 3.6 and 3.8. U

We can also describe how the function V¢ behaves when the function g is
shifted by the dynamics.

Lemma 3.11. Let g € B with v(g) = 0. Assume that g is not a coboundary.
Then, for any z € X" and t € R, we have

VIT (z,8) = Ly (VI(,1)) (2).

Proof. By Lemma 3.8, for any continuous compactly supported function ¢ on
R, we have

/R OV (= 1)dt = lim [ (1) /X i Sug(TH(y - N1y v (dy)dt.

n—00 ;s (y-z)>n} #

By conditioning on the coordinate y_;, we get

[T

t (y-z)>n

}VZ (dy)

= [ L 30000 (a D oy (@) (),
Again by Lemma 3.8, we obtain
VI a0 = [ Vo2 0y ) = £ (VI 0) (2),

as desired. 0
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3.3. The harmonic measure and the proof of Theorem 1.1. In the case
when ¢ depends only on the future (g € £"), the function V9 satisfies the
harmonicity equation (3.4). In general when g depends also on the past, this
property may not hold. It turns out that equation (3.4) can be reinterpreted
as a kind of invariance property of a certain Radon measure, which we will
introduce at the end of this section. Indeed, we have:

Lemma 3.12. Let g be in 1 and let V be a locally integrable non-negative
function on X* x R. Then the following are equivalent:

(1) For vt @ dt almost every (z t) in Xt x R, we have
Vi(z,t) = > Mgz V (Z E+ g(2)
z’EX+:T(z’):

2) For any continuous compactly supported function ¢ on Xt xR, we have
( @

/X+XRS0( OV (z, t)v"(dz)dt = / / (Tz,t— g(2))V(z,t)v(dz)dt.
(3.20)

Proof. The proof is a direct computation. Indeed, for any continuous com-
pactly supported function ¢ on Xt x R, by a change of variable, the right
hand side of (3.20) can be written as

/ / (T2, ) L4920,V (2, + g(2))0 (dz)dt.

As vt is L, invariant, by using (2.4), we get for t € R,

L, eT2D sV (2t + g(2)v* (d2)

= ot (5 eVt ol )

XJr
Tz=z
This proves the lemma. 0]

We will now show that the functions V¢ and V¢ can be seen as the densities
with respect to the Lebesgue measure on R of the projections on R of certain
natural Radon measures 1Y and pf on X x R, which satisfy an invariance
property similar to (3.20). Those measures will play a key role in the statement
of the conditioned local limit theorem. The purpose of this subsection is to
build them. This construction will follow the same lines as the one of the
harmonic functions. We will first use Markov chain arguments to define these
objects when g € #" and then use approximation arguments to extend the
definition to the general case.

We first assume that g is in Z*. In that case, for (z,t) € XT x R with
Ve (2,t) > 0, let us introduce a Borel probability measure /i, on X7 . To do
this, for n > 1, let A? be as in the definition (2.6). For a € A?, let us write
a - z for the element X whose n first coordinates are a_,,, ...,a_; and whose
k-th coordinate is z;_,, for k > n.
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Lemma 3.13. Let g be in B such that v*(g) = 0 and g is not cohomologous
to 0. Let (z,t) be in XT x R with V9(z,t) > 0. Then, there exists a unique
Borel probability measure i, on X7 such that for any n >0 and any a € A?
we have

iy ({y e X2 iyn=ap,....y-1 =a1})
exp(—Spib(a- 2))V9(a- z,t 4+ Spgla - 2)), (3.21)

T V(2,0
as soon as t + Srg(T*(a-2)) =0 for all 1 < k < n.

Proof. The proof is a translation of the general construction of the Markov
measures on the set of trajectories of a Markov chain.

Recall that, for a € A7, we denoted by C,, , (see (2.5)) the associated cylinder
of length n in X7. For n > 0, define i} as a function on cylinders of length
n in X by the formula

i (Caz) = exp(=Sup(a-2))V(a- 2t + Spg(a - 2)),

V9(z,t)
if t 4+ Skg(T*(a-2)) > 0 for all 1 < k < n; if not, we set i77(C,.) = 0,
(compare with (2.6)). We claim that for any a € A?, we have

ﬂg:?(Ca%) = Z /\lg:?—‘rl ((Cb-a,z)7 (322)
beA

M(ba_pn)=1
(compare with (2.7)). Indeed, this follows from the harmonicity property of the
function V9 established in Lemma 3.2. By Kolmogorov’s extension theorem,
equation (3.22) implies that there exists a unique Borel probability measure
f2; on X7 such that for any n > 0, i} is the restriction of /i, to cylinders
of length n. The lemma follows. 0

In the same way as for the function V9, we can give an alternative definition
of the measures i, , which relies on a convergence property.

Lemma 3.14. Let g € ' with v(g) = 0 and assume that g is not a cobound-
ary. Let (z,t) be in X x R and ¢ be a continuous function on X . Then, we
have

Ay ()Vo(zt) = lim | Sag(y- )W) frmynnyvs (). (3.23)

n—oo X7

Proof. By Lemma 3.3, the limit in equation (3.23) is the same as the limit of

/X; (t + Sng(y - Z)) Sp(y)]l{%tg(y,zbn}l/;(dy).

The latter quantity is non-negative whenever ¢ is non-negative. Besides, if
¢ = 1, the convergence follows from Lemma 3.4. Therefore, it suffices to check
the convergence when ¢ is the indicator function of a cylinder set. Thus, let
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m > 0 be an integer. Pick a € AJ' and let C, . be the associated cylinder in
X7 If Spg(T*(a - 2)) < 0 for some 1 < k < m, we have for n > m,

o (t+ 5ug(y - 2)) ey (0L (s, 5 () = 0.

z

If not, we have for n > m,

[ (t Sugly - 2)) ey (1 fra(y 5 (dy) = exp(=Suto(a - 2))

z
X/
X

By Lemma 3.4, as n — oo, this converges to

(t+5’n_mg(y-a~z) +Smg(a~z)) ]l{v }V;Z(dy).

_ g
.t Tt+smg<a‘z)(yva-z)>n—m

exp(=Spmip(a-2))V9(a- z,t + Spg(a - 2)),
which, by the definition of i, in Lemma 3.13, is equal to [L‘th_(Cw)‘v/g(z, t).
[

Using Lemma 3.14, we can now give a definition of ji’; for a function g
only depending on finitely many negative coordinates.

Lemma 3.15. Let g € A such that v(g) = 0 and g is not a coboundary.
Assume that g only depends on m negative coordinates for some m > 0. In
other words, the function h = goT™ € B*. Let (2,t) be in XT xR and ¢ be a
continuous function on X . Fora € AT, set ¢, to be the function y — ¢(y-a)
on X, .. Then, we have

v

lim | Sng(y - 2) o)L oy psm) Vs (AY)

n—oo X

= 3 exp(=Sut(a- )V (a2 O)lig=(pa).

acA

Before proving this lemma, we recall some useful facts. Let g and h be as
in Lemma 3.15. For z € X* and t € R,

VI(z,t) = L (V1) (2) = > exp(=Smib(a-2))V(a- 2,1).

a€AT

If V9(z,t) > 0 and ¢ is a continuous function on X, we set

= ! xp(— . P (a - i
- Vg(z,t) ae%:?;e p(=Snt(a-2)V"™(a- 2, t)fig +(¢a)- (3.24)

1 (@)

Lemma 3.15 implies that the notation (3.24) is coherent with that introduced
in Lemma 3.13.
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Proof of Lemma 3.15. As in the proof of Lemma 3.5, by conditioning over the
m first coordinates of y, we get for n > 0,

[ S0 2 5y = (@)

= > exp(—=Sni(a-2) / Sug((y-a) - 2)e(y - W)L 20 ((yay 2>} Varx (dY)

ac AT
= Z exp(—5m¢(a : Z)) /, gnh(T_m(y : a) : Z)Qpa(y)]l{%thoT—m((y.a).z)>n}yf;z(dy)
ac A Xaz
- Z eXp(_Sm¢(a ' Z)) /7 gnh(y ' (a : )) ( >]1{Tt az )>n}VCL Z(dy)7
ac AT Xaz
where we have used the relations (y-a)-z = T™(y-(a-2)) and 7°T " = FoT ™.
The conclusion now follows from Lemma 3.14. U

Now we prove that the convergence in Lemma 3.15 holds in a weak sense
for every function g € #.

Lemma 3.16. Assume that g € A is not a coboundary w.r.t. to T and v(g) =
0. Then, for any z € X, for any continuous compactly supported function ¢
on X7 x R, the following limit exists and is finite:

;ug;MA;jQ; Sy - )2 )L 100y Vs (dy)el

Proof. First let us assume that ¢ is of the form (y,t) — ¢1(y)pa(t), where
1 and ¢, are non-negative continuous functions on X7 and R, and ¢y is
compactly supported. In that case, let (¢m)m=0, c1 > 0 and a € (0,1) be as in
Lemma 2.11. Set

Walz,t) = [ (t+Sug(y ) @100 0oy s (@)

z

and

Waan(2,8) = [ (t4 Sugn(y - 2)) @100 (gom (o V5 (d9):

z

By (2.17), we have the inclusions
{%f’m%lam > n} C{# >n}C {TH_cham > n}
which imply that
Wam(z,t —2c10™) < Wy(2,t) < Wiy m(2,t + 2c10™). (3.25)
By lemma 3.15, fgr fixed m > 0, as n — oo, the function W, ,,(z,t) con-
verges to 127 (¢1)V97(2,t). From (3.25) we get
[ g0y am (1) VI (2.t — 2¢10™) < lim inf W, (2, t) < limsup W, (z, t)

n—o0 n—oo

< ﬁgﬁﬁqam (Sol)vgm (Z, t+ 2C10ém).
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Now we have
/RQOZ(ﬂ [ﬁg?@qam(S@l)‘V/gm(% t+ 2010/”) - /:/L‘gjrth—_201am (gpl)vgm (Z,t - cham)} dt
_ /R [a(t — 2¢10™) — st + 2e10™)] 12%0m (1) V™ (2, )t (3.26)

Using (3.9) and Lemma 3.5, we have that V9 (z,¢) < ¢, + max{t,0}. As
o is continuous on R with compact support, by the Lebesgue dominated
convergence theorem, we get that the left hand side of (3.26) converges to 0
as m — oo. This tells us that [ ¢2(t)W,,(2,t)dt has a limit as n — oco. In
other words, the lemma holds for the function ¢(y,t) = ¢1(y)@2(t). This is
also true when ¢; and ¢y are not necessarily non-negative.

The general case follows from a standard but tedious approximation argu-
ment. Indeed, we can find a continuous compactly supported function # on R
with support K such that for any £ > 0, there exist an integer p > 0 and con-
tinuous functions ¢;; on X7 and continuous compactly supported functions
©i2 on R with support included in K, 1 <4 < p, with

sup |o(y,t) — ¢e(y, )] < ed(t), teR, (3.27)

yeXy

where ¢.(y,t) = 301 vi1(y)piz(t). We set tg = sup,cf |t|. By Lemma 3.3,
we need to show that

U, = /R /X ; (to+ Sug(y - 2)) ely, DL Lo (ynyon) Vs (dy)dt

has a limit as n — oo. By the first case, we know that
Une = [ [ (t0+ S0 2)) @20 0 1y gy V2 (@)t
has a limit U. as n — o0o. Besides, by Lemma 3.6, we get that
L (04 Sy - 2)) 000 gy oy ()
converges to [, V9(z,1)0(t)dt. By (3.27), we have

U. — g/ V9(z,)0(t)dt < lim inf U,, < limsup U,, < U. + s/ V9(z, t)0(t)dt,
R n—00 n—00 R
which gives
limsup U,, — liminf U,, < 25/ V9(z,t)0(t)dt.
n—00 n—00 R

Hence the proof of Lemma 3.16 is complete. O

Now we use the previous lemma to build a Radon measure i~ on X7 x R
for any g € A.
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Lemma 3.17. Assume that g € A is not a coboundary w.r.t. to T and v(g) =
0. Then, for any z € X7, there exists a unique Radon measure 1%~ on X, xR
such that for any continuous compactly supported function ¢ on X, X R,

,}Lngo//_ 0y, ) Sag(y - Loy yon Ve (dy)dt = // ~(dy, dt).
(3.28)

Besides, the marginal measure of 19~ on R under the natural projection map
is the absolutely continuous measure VI(z,t)dt.

Proof. By Lemma 3.16, the limit on the left hand side of (3.28) exists. By
Lemma 3.3, the limit is the same as the one of

gggo// ) (to + Sng(y - 2))1{7 (y-2)>n} Yz (dY)dt,

where £y > 0 is arbitrarily large. In particular, this limit is non-negative. By
Riesz representation theorem, it may be written as 1% (), where 9~ is a
Radon measure on X7 x R. By Lemma 3.8, the marginal measure of g~
on R under the natural projection map is the absolutely continuous measure

V9(z, t)dt. O

We define the Radon measure 19 on X x R by setting, for any continuous
compactly supported function ¢ on X x R,

/X+//- ey - 2, )i~ (dy, dt)v™ (dz).

The main result of this section is stated as follows.

Theorem 3.18. Let g be a Holder continuous function on X such that v(g) =0
and g is not a coboundary. Then, for any continuous compactly supported
function @ on X x R, we have

lim /X /R (1) 509 (@)1 10y V(o) = /X la ) (dr,dr). (3:29)

n—oo

Moreover, the following harmonicity property holds:
| et (de,dty = [ |7 p(Te,t - g@)ie(de, db). (3.30)
XxR xJo

Proof. We can assume that ¢ is non-negative. By Lemma 3.17, for every
z € X' and t € R, we have

lim /X : /R ey - 2,t) (t+5'ng(y-2))ﬂ{%f(y-z)m}vz_ (dy)dt

n—oo

=/§§Z/Rs@(y-z,t)ﬂz’_(dy,dt)-

Thanks to the dominated convergence theorem, this will imply (3.29). Indeed,
for t € R, set 0(t) = sup,ex p(z,t), so that 6 is a continuous compactly
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supported function on R. Note that
/, / oy zt) (t+ Sy - 2)) v nysn) s (dy)dt
/ / t + Sng Y- Z)) ]l{rq(yz >n}y (dy)d

By Lemma 3.8, we have, uniformly in z € X*,

lim [ 0(8) (4 gy 2)) L zag,0pomy v (d)it = /R (V9 (2, t)dt.

n—oo Jr

By the dominated convergence theorem, we get (3.29).
Now we prove (3.30). By (3.29),

g _
/XXR o(z, t)p? (dx, dt) = T}gngo// z,t)Sng( )]l{Tt x)>n}l/(dl‘)

As v is T-invariant, we have

// o(z,1)S,g(z) ]l{%g >n}1/(dx)dt
= [ [ e(Tw.) (Su19@) + 9(2)) Lsz, wron1yLsatwrzopv(da)dt

- /X/]Rgp Tg%t 9 x>) (Snflg(x) + g(:(:)) 1{%f(m)>n—1}]l{t;o}V(dx)dt.

By Lemma 3.3, the latter has the same limit, as n — oo, as

/X/R()O(ijt - g('r))gn—lg(x)]l{%f(a:)>n—1}]l{t20}y(dx)dt

We will prove below that we can apply (3.29) to the function (z,t) — p(Tz,t—
g(z)) =0y to get

lim / (Tz,t — g( 5U>)gn—lg(flf)]1{%5(z)>n—1}]1{t>0}’/(dx>dt

n—00

_// (T, t — g(2))ii(de, dt),

which proves (3.30).
To finish the proof, we need to show that (3.29) implies that for any con-
tinuous compact supported function ¢ on X x R, as n — oo, the quantity

I, —// )]l{T >n}u(dx)dt

/ / 9(dz, dt). (3.31)

This is a standard argument by an approximation. Indeed, for ¢ > 0 and
teR set x2(t) =0ift <0; x;(t) =Lif0<t<eand x7(t) =1ift > e.

converges to
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Define also x (t) = x- (t +¢). Then, for any n > 0, we have
/XXR Xz (t)p(z,t) (t + Sng(a:)) ]l{%tg(z»n}v(dx)dt
<1, < * S 0 .
<L< [ E@p(t) (t+ 50g(@)) Lisppsnyv(da)t
By (3.30) and Lemma 3.3, we get
| Wele,ti(de, )
XxR

<liminf I,, < limsup I,, < / XS () o(x, t) ¢ (dx, dt).
XxR

n—00 n—00

We claim that the left and right hand sides of the latter inequality converge to
the integral in (3.31). Indeed, for (z,t) € X x R, we have that |xT(t)¢(x,t)|
and |x- (t)¢(x,t)| are dominated by |p(z,t)|. The conclusion now follows from
the dominated convergence theorem. 0

As for the function ‘V/g, the measure 19 enjoys the following continuity prop-
erty on cohomology classes.

Lemma 3.19. Let g € A with v(g) = 0. Assume that g is not a coboundary.
Let o € (0,1) and (hm)m=o0 be a sequence of element of B, that converges to 0
with respect to the Holder norm || - ||o. Form >0, set gm = g+ hpm o T — hy,.
Then, for any continuous compactly supported function ¢ on X X R, we have,

im [ (e, )i (de, dt) = / o, 8)ji (dz, dt). (3.32)

m—o0 JXxR XxR

Proof. We can assume that ¢ is non-negative. By Theorem 3.18, for m > 0,
we have

/XXR oz, t)p?™ (dz,dt) = lim o(z,t) (t + Sngm(:c)) ]l{%fm(x)m}V(dx)dt-

n—o0 JXxR

For any n > 0, we have S,,¢m < Sng + 2||hm|l. Hence, for ¢t € R, we have

/XxR #(2,1) (t+ Sngm () L rrom (@)>m) V(d)dt

< /XXRgp(m,t) (t+ Sngm(x)) ]1{ ;

T n
42 hm o~

}u(dx)dt.

Again by Theorem 3.18, as n — 00, the latter quantity converges to

T, t — 2||hm||oo) 17 (dx, dt).
/XX]R@( ) ([ An |l o) 29 ( )
['hus we have

[ oty de,dt) < [ oot = 20|l (de, de).
XxR XxR
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In the same way, one also has

| ow e dw,dt) > [ pla,t+ 2l )i (de, db).
XxR XxR

As ¢ is continuous, the conclusion follows from the dominated convergence
theorem. U

Proof of Theorem 1.1. So far we have proved Theorem 3.18 which is an ana-
logue of Theorem 1.1 for the reversed dynamical system (X,77! v). By
Lemma 2.5, this dynamical system is isomorphic to a subshift of finite type
equipped with a Gibbs measure. Therefore, Theorem 1.1 is actually equiva-
lent to Theorem 3.18. Formally, the former can be obtained from the latter
by replacing f with g = foT ot = foiroT, and v with ¢,v. U

The reader may notice that (3.20) is a particular case of (1.3), which is the
reason to call the Radon measure x4/ harmonic.

4. CONDITIONED LIMIT THEOREMS

In this section we prove Theorems 1.3 and 1.5.

4.1. Proof of Theorem 1.3. As in the construction of the harmonic function
V4 and the harmonic measure (19, we will prove Theorem 1.3 in several steps.
The first step is to deal with the case of functions g depending only on the
future. The following result follows from the general result for Markov chains
established in [13, Theorem 2.3]. The assumptions of this statement can be
checked to hold thanks to the spectral gap properties of the Ruelle operator
formulated in Section 5.1.

Lemma 4.1. Let g € B with v(g) = 0 and assume that g is not a cobound-
ary. Then, fort € R, we have, uniformly in z € X7,
lim o,vV2mnuv, (y eX; H(y-z)> n) = 2V9(z, 1).

n—oo

We have to strengthen Lemma 4.1 by proving the following integral form:

Lemma 4.2. Let g € B with v(g) = 0 and assume that g is not a cobound-
ary. Then, for any (z,t) € Xt XR and for any continuous compactly supported
function © on X7, we have

z )

lim oyv/2mn /X : P Lo yyon) Vi (dy) = 2VI(2,8) / : e(y)iidy (dy).
Proof. 1t suffices to prove this result when ¢ is the indicator function of a
cylinder set in X7, since the general case follows by a standard approximation
argument. Thus, let m > 0 and @ € A7* and, as before, denote by C, . the
associated cylinder in X (see (2.5)).
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If t + Spg(T™ *(a- 2)) = 0 for every 1 < k < m, we have
0 V2 [ B, ()1 {5y V2 (@)
=0,V 2mnexp(—Sny(a- 2)) / 1

Xaz {%f+5mg(a-z)(y.(a.z))>n_m

}V;z(dy)-

By Lemma 4.1, as n — oo, the latter quantity converges to
2V9(a -zt + Smg(a- 2)) exp(=Spnip(a - 2)),

which, by definition, is equal to 2V9(z, )iy (C,..).
If there exists 1 < k < m with t+Skg(T™ *(a-2)) < 0, we have 4 (C,.) =
0 and

/Xz ]IC”’Z(y)]l{*f(y-zbn}Vz_ (dy) =0,
for n > k. The conclusion follows. 0

From Lemmas 4.1 and 4.2, we deduce the analogous result for functions
which depend only on finitely many negative coordinates.

Lemma 4.3. Let g € & be such that v(g) = 0 and there exists m > 0 with
goT™ e AB*. Assume that g is not a coboundary. Then, for t € R, we have,
uniformly in z € X7,

lim o,V2mnv, (y eX; H(y-z)> n) = 2V9(z, t).

n—oo

Moreover, for any (z,t) € XT xR and for any continuous compactly supported
function ¢ on X7, we have

z 7

n—oo

tim 0,V [ P (a0, s () = 277(1) [ o)t (dy).

z

Proof. As in Lemma 3.15, for a € A}, let ¢, be the continuous function
y— p(a-y) on X . We have, by setting h = go T™,

/Xz P(y)1 {#Hy=)>n} v, (dy)

= % ep(=Sut(a-2) [ GalW)L pgpamyont es (@9)

aEA;" a-z

The conclusion now follows from Lemmas 4.1 and 4.2 and (3.24). O

Now we use the same approximation argument as before to deduce from
Lemma 4.3 a slightly weaker statement that works for every function g in #.
This is the main result of this section.



34 ION GRAMA, JEAN-FRANGCOIS QUINT, AND HUI XIAO

Theorem 4.4. Let g € B be such that v(g) = 0. Assume that g is not a
coboundary. Then, for any continuous compactly supported function ¢ on R,
we have, uniformly in z € XT,

lim ag\/_/ yEX T (y - 2) >n) dt—2/ V(2 t)dt.

Moreover, for any continuous compactly supported function p on X x R, we
have

lim oyv/2mn /XXR o(z, t)]l{%tg(wbn}l/(dx)dt =2 o(x, )¢ (dx, dt).

XxR
Proof. For (z,t) € X* x R, denote

VI(z,t) = ;0'9 2ty (y eX; H(y-z)> n) :
Let (gm)m=o be the sequence of Holder continuous functions as in Lemma 2.11.
For z € Xt and ¢t € R, we have
VI (z,t — 2c,0™) < VI(z,t) < VI (2,t 4 2c10™).
By taking the limit as n — oo, we get by Lemma 4.3,
VI (2t — 2c10™) < lim inf VI(z,t) < liin_)sogp VI(z,t) S VI™(2,t + 2c,0™).
The first part of the lemma now follows from Lemma 3.10.

Let now ¢ be a non-negative continuous compactly supported function on
X x R. For m,n > 0, we have

© 1 < o(x, )Ly,
/XXR <x’t) {vfgclam(z)>n}y(dx)dt /XXR (x t) {Tt (x)>n}y(dx)dt
< oz, )1 dzx)dt.
/XXR (z.1) {%“’m (x)>n}y( ?)

t+2c1a™

The conclusion follows from Lemmas 3.19 and 4.3. O
Now we prove Theorem 1.3.

Proof of Theorem 1.3. The first two assertions of Theorem 1.3 follow from
Theorem 4.4 by replacing f with g = foT lor= foroT, and v with t,v.
The third assertion is equivalent to the second one by Lemma 2.12. 0

From Theorem 1.3, we get the following coarse domination which will be
used in the proof of the conditioned local limit theorem (Theorem 1.7).

Corollary 4.5. Let g be in B* with v(g) = 0. Assume that g is not cohomol-
ogous to 0. Let G be a continuous compactly supported function on Xt x R.
Then there exists a constant ¢ > 0 such that for anyn > 1,

/sup/_ "y 2) 4t + Sagly - Loy 2ysn) Ve (dy)dt <

R zEXT

5\“
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Proof. By replacing G with the function sup,cx+ |G(z, )], we can assume that
G does not depend on the first coordinate. Let ¢y be as in Lemma 2.9. For
t € R, set G1(t) = supy_y <, |G(¥')]. Then for any t € R and 2, 2’ € X* with
2y = %, we have

/x; G(t+ Sug(y - D fo(y2y5n) Ve (4Y)

< [ Gilt+Sugly N hss,yonyvi (@)

z

< C/X_ Gi(t+ Sng(y - 2 ))ll{ﬁg+co(y,z,)>n}u;(dy),

Z/

for some constant ¢ > 0 coming from Lemma 2.3. By integrating over 2’ € X,
we get

sup | G(t+ Sug(y- Doy 2y5n) Vz (4Y)

zeX+ JXZ
I v
< /X G (t = o+ Sug (@)L 100y V().

where ¢; = inf,eqav™{z € XT : 2{ = a}. Integrating over ¢t € R, we get the
result by Theorem 1.3. O

4.2. Proof of Theorem 1.5. Again we start with the case of Markov chains.
As in the previous section, using the argument of [13, Theorem 2.5], we get
the following result.

Lemma 4.6. Let g € B with v(g) = 0 and assume that g is not a cobound-
ary. Then, for any t € R and continuous compactly supported function F on
Xt x R, we have, uniformly in z € X7,

v

tim o2 [P (), P e

= 2V9(z,t) /X+XR F(Z u)¢™ (u)duvt(d2').

We shall extend the previous lemma to allow functions F' depending on the
past coordinates in X.

Lemma 4.7. Let g € % with v(g) = 0 and assume that g is not a cobound-
ary. Then, for any t € R and continuous compactly supported function F on
X x R, we have, uniformly in z € XT,

v

: o Sng(y - 2) -
Jim o v2mn /X;F (T (y-Z),W Lrzogyzyon) s (dY)

— 2V/9(2, 1) / F(z,w)é (u)duv(dz).

XxR
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Proof. By a standard approximation argument, it suffices to prove the result
for the set of functions F' of the form

('Z‘? t) = ]l{x_m:a_m7x_m+1:a_m+1,...,a:_1=a_1}F1 <x+’ t)7

where F| is a continuous compactly supported function on X* x R, and
_my---ya_1 € A with M(a;—1,a;) = 1 for —m +1 < i < —1. We want
to determine the limit as n — oo,

I, = /
-

z

v

: <Tn(y 2) W) Lrzogyayon) Ve (dy)-

Note that in this integral, all the terms only depend on the coordinates

Yon, Yonil, - - > Y—1 €xcept T7"(y - z). By integrating first over the deep past
coordinates ...,y _,_92,Y_n_1, we get by using Lemma 2.2,

v

— -n Sng<y : Z) _
In — /XZ_ F2 <<T (?J . Z))+ ) W ]l{%tg(y'z)>n}yz (dy)7
where, for (2/;t) € XT x R,
Fy(#,8) = exp(=Sth(aom .. a_y - ) Fi(2, ).

Lemma 4.6 gives

v

i o2 [P ((T‘”w ). %) Lstasnys (@)

— 2V9(2, 1) / Fo(, w) (w)duv* (d2).
X+ xR
By construction of the measure v in Lemma 2.2, we have

! + (7. — +
/X+XR Fy (2 u)o™ (u)dur™ (d2') = /XXRF(x,uW (u)duv(dz),
which ends the proof of the lemma. 0

As for Theorem 1.3, we get the following version of Lemma 4.7, where we
add a source target function.

Lemma 4.8. Let g € B with v(g) = 0 and assume that g is not a cobound-
ary. Then, for any (z,t) € XT x R and continuous compactly supported func-
tion F' on X7 x X X R, we have

. / —n én 4 —
T}LIP}O Tg 2mn /X*F (ya T (y ’ Z)7 Cf(\y/—n>> 1{7V—tg(:z/-,z)>n}yz (dy)
z g
=2V9(zt) [ P w6t ()i (dyv(de)du.

X7 xXxR

The proof of Lemma 4.8 can be carried out in the same way as that of
Lemma 4.2 and therefore is left to the reader. By using again conditioning
and Lemma 3.15, we extend the previous lemma to functions g depending on
finitely many coordinated of the past.
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Lemma 4.9. Let g € A be such that v(g) = 0 and there exists m > 0 with
goT™ e B*. Assume that g is not a coboundary. Then, for any t € R and

continuous compactly supported function F' on X x R, we have, uniformly in
z e XT,

hm ag\/%/ < (y - 2), Sn(;qg(\y/?-_f)> ]l{%ta(y.zbn}Vz_(dy)

— 2V9(z, 1) /X _ Pla,u)s* (w(da)du.

Moreover, for any (z,t) € XT xR and for any continuous compactly supported
function F' on X7 x X x R, we have

JE&“Q%/ ( "2 Sngg(%2)>ﬂ{%f(y-z>>n}”; (dy)
—209(2,0) [ F( ot )iy (dyv(da)du

X7 xXxR

Proof. We prove only the second assertion, since the first one is a particular
case of the second. As in Lemma 3.15, for a € A7, set F,, to be the function
on X, x X x R defined by F,(y,z,t) = F(y-a, Tz, t). We have, by setting
h=goTm,

/Z F (y,T‘”(y - 2), %) ]l{T (4-2) >n}V ~ (dy) v
= % ow-Snia2) [ R (177002, RO

X ]l{Th(y (a-2)) >n}ya Z(dy>
The conclusion now follows from Lemma 4.8 and (3.24). O
The same technique as in Lemma 4.4 gives

Lemma 4.10. Let g € B with v(g) = 0 and assume that g is not a coboundary.
Then, for any continuous compactly supported function F on X x X x R x R,
we have

e, Segly - 2)
Jgr%oag\/Qﬂn/SgXRF (x,T x,t,W ]l{%tg(x»n}y(dx)dt

=2 F(x, o' .t oT () v(da")dt i (dz, dt).

XXxRxXxR
Theorem 1.5 easily follows from Lemma 4.10.
5. EFFECTIVE LOCAL LIMIT THEOREMS

So far we have adapted some results from the theory of Markov chains to
the case of hyperbolic dynamical systems by constructing the analogs of the
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harmonic functions V¢ and V9 and building the harmonic measures pf and
f19. In the remaining part of the paper we shall use these objects to establish
conditioned limit theorems, by adapting the strategy from the case of sums
of independent random variables [16]. We start with formulating an effective
version of the ordinary local limit theorem which is adapted to our needs.

5.1. Spectral gap theory. Fix a € (0,1) such that ¢ € £, where 1 is

[}

the potential function used for the construction of the Gibbs measure v (see
Section 2.1). Denote by Z(%+, A1) the set of all bounded linear operators
from #; to #; equipped with the standard operator norm ||-|| 4+ _, 4+ From
the general construction of the Ruelle operator, every f € 2% gives rise to a
family of perturbed operators (Lyif) defined as follows: for any ¢ € %7,

Lype(z) = > e VENTE () e Xt teR (5.1)
2 Tz=z
By iteration, it follows that for any ¥, f € %, and t € R,
Lyipp(z) = > e~ SnWHINE o 2z e XT
2 Tnzl=z
The following result (see [22]) provides the spectral gap properties for the

perturbed operator L. For similar statements in the case of Markov chains
we refer to [19].

Lemma 5.1. Assume that f € B is not a coboundary and that v(f) = 0.
Then, there exists a constant § > 0 such that for any t € (=46, 06),

B = NI+, n> L, (5.2)

where the mappings t — 11, : (=6,0) = L(BL, BY) and z — N; : (=0,0) —
L(BE, B are analytic in the operator norm topology, 11, is a rank-one pro-
jection with o(p)(2) = vT(p) for any p € Bt and z € X+, II; N, = NI, = 0.
Moreover, there exist ng > 1 and q € (0,1) such that for any t € (=9,6) the
IN{ | gt o < -

The eigenvalue \; has the asymptotic expansion: as ¢t — 0,

02
AN=1-— ?ftz +O([t]?). (5.3)

Note that since f is not a coboundary w.r.t. to 7', the asymptotic variance U]2c

appearing in (5.3) is strictly positive.

Lemma 5.2. Let f € B and t # 0. Assume that for any p # 0 and q € R,
the function pf + q is not cohomologous to a function with values in Z. Then,
for any t # 0, the operator Ly iy has spectral radius strictly less than 1 in
BE. More precisely, for any compact set K C R\ {0}, there exist constants
i, Cre > 0 such that for any ¢ € BY andn > 1,

Sup L3550l g < Cree™ [ 0]] g - (5.4)
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Proof. The proof of the first assertion can be found in [22, Theorem 4.5]. Now
we prove (5.4). For every t € K, there exist ng(t) > 1 and «a(t) € (0,1) such
that Hﬁz(jr(fz gtz < a(t). Asthe operator Ly depends continuously on ¢
for the operator norm topology, there exists 6 = §(¢) such that for any s € (¢ —
d(t), t+4(t)), we still have chi(gfnc@i—ﬂi < 1. In particular, for every n > 0

we have ||L ¢l gt gt < c(t)a(t)/™®  for some c(t) > 0. By compactness,
we can find ¢y, ...,t, € K such that K C Ul_,(t;—d(t;), t;+9(¢;)). In particular,
by setting ¢ = maxj<;<, ¢(t;), @« = maxj¢;<, a(t;) and ng = maxj<;<, no(t;), we
get for any s € K and n > 0, [|[£7 sl 5+ 5+ < caV/mo. 0

5.2. Local limit theorem for smooth target functions. In the following
we establish a local limit theorem for Markov chains with a precise estimation
of the remainder term. Let F' be a measurable non-negative bounded target
function on X x R. The probability we are interested in can be written as
follows: for any z € X,

[ F (@2 gy - 2)) vz (dy).
The main difficulty is to give a local limit theorem with the explicit dependence
of the remainder terms on F.

We first describe the kind of target functions that we will use.

Lemma 5.3. Let X be a compact metric space. Let F' be a real-valued function
on X X R such that

1. For any t € R, the function z — F(z,t) is a-Hélder continuous on X.
2. For any z € X, the function t — F(z,t) is measurable on R.

Then, the function (z,t) — F(z,t) is measurable on X X R and the function
t = ||F(-,t)||a is measurable on R, where the norm || - ||o is the usual norm
on the space of a-Holder continuous functions on X. Moreover, if the integral
Jr IE( ) ||ladt is finite, we define the partial Fourier transform F of F by
setting for any z € X and u € R,

~

F(z,u) = / e (2, t)dt.
R

This is a continuous function on X X R. In addition, for every u € R, the
function z — F(z,u) is a-Hdlder continuous and || F(-,u)|la < Jg [|[F(-, )] dt.

Proof. Since the space X is separable and the function z — F'(z,t) is contin-
uous on X for any ¢t € R, the supremum sup,.y |F(z,t)| can be taken over
a countable dense subset, so that ¢ — sup,cy |[F(z,t)| is measurable. In the

same way, since the function z — F'(z,t) is a-Holder continuous on X for any
[F(z)—F(z',t)]

aw(z.2")

t € R, one can also verify that sup, ,.cx is a measurable function

in t.
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In case the integral [g ||F(-,¢)||odt is finite, the partial Fourier transform F
is well defined and continuous by the dominated convergence theorem. The
norm domination is obvious. U

We denote by . the set of real-valued functions on Xt x R such that
conditions (1) and (2) of Lemma 5.3 hold and the integral [g [|F(-,t)l| 5+ dt
is finite. For any compact set K C R, denote by 7 the set of functions
F € A7 such that the Fourier transform F (z,-) has a support contained in
K for any z € X*.

Theorem 5.4. Let o € (0,1). Assume that g € B such that vt(g) =0 and
for any p # 0 and q € R, the function pg+q is not cohomologous to a function
with values in Z. Let K C R be a compact set. Then there exists a constant
ck > 0 such that for any F € ji’j):}(, n>1andze X",

|\/ﬁ/X F((T™y - 2)1, Sag(y - 2)) v2 (dy)

_ 1 b ( 4 ) F (2, u)duvt(dz")

XtxR 0y \Og\/T0
Proof. Without loss of generality, we assume that o, = 1. By the Fourier
inversion formula, the Fubini theorem and a change of variable t to ﬁ, we get

\/ﬁ/X F((T™y-2)4, Sugly - 2)) vz (dy)
_Vn

21 JXI xR

1 ~ 55w o [ (- t -
= Vnon F (T ™y- — dy)dt =: I.
27r/xsze Ty Z)+,\/ﬁ v, (dy)
Note that the Fubini theorem can be applied since the integral on X7 is in
fact a finite sum. Denote

0= eﬁfw@ﬂﬁ(a”w-a%vg)%x@»

P Y GV IR WY
e X+F<z,\/ﬁ>y(dz).

We decompose the integral I into three parts: I = I; 4+ I + I3, where
1
I = — / J(t)dt,
' or [t|<6v/m ®)

1 —dt g (y-2) & _ t _
1:7/ / Vasnowa) i (pong oy ) |,
2= 5 5\/ﬁ<|tlxze ( Y-zt NG v, (dy)

1 &2 ~ t
1:7/ ‘*/F ) )] ar.
57 2w Jy<ovm [e " e (z \/ﬁ>1/(z)

< e LIECH e (5.5)

e—itSng(y'Z)ﬁ((T_”y - 2) 4, v, (dy)dt

z
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Estimate of I,. Since [g [|[F(-,u)||z+du < oo, the function z F(z,t) is
Hélder continuous on X* with Holder norm at most [ || F'(+, u)|| 4+ du, for any
fixed t € R. Applying (5.2), we get

I = £, F( \/ﬁ> ()-e % [ F (z %) VH(d)

For the first term, by (5.3) and simple calculations, we get

Mo < o2 L IFC0lgz

7

A ()] < e

sup HF

|t']<d

Vn

For the second and third terms, using again Lemma 5.1, we obtain

| J2(t)] + | J5(t)] <O< - —">/ |-, )| g dlu.

Therefore, we obtain the following upper bound for I:

C —Ccn
][ﬂg(\/_—{—C'e )/HF )| g du < /HF )l grdu.  (5.6)

Estimate of I5. Since the function F (z,-) is compactly supported on K C
[—C1, 4], where C; > 0 is a constant not depending on z € X*, we have

1 L8 a(y2) B t
I :7/ / VaSnow) f ( (pn ) at| v
2= o Jeo l s meticcnyn (T™"y - 2)+ NG v, (dy)

_Vn 2P (1) (2)] .

2m Js<|t|<Cy

Note that, for any ¢ satisfying ¢ < |t| < CY,

SUp | L350 F (1) (2)] < || L0ar F (1)

zeX+t

B < H£Z+itch(=@;,<@§) ||F("t)||ﬁ3’

Then, by Lemma 5.2, it follows that

I N 7/ n dt Sup ﬁ '7t, Bt
| 2| 21 Jo<iti<cy H w+1tfH BY) |t’\e[5C]H ( )”za

<@ﬁk%ﬁm>W<mﬁ e [IFCOllpzdt. (57

[t’|€le,Chl
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Estimate of I3. Notice that

Iy = ;ﬂ/R [e_t; /X+ P <z, \;%) u+(dz)] dt
By i)

For the first term, by the Fourier inversion formula,

1 t2 ~ t 1 +2
—[es [ Fz—=)vt(dz)dt = [ e 5P (2,0 i (d2).
AR (Z’ﬁ>”(z) Vo S Jo© T E B0 ()
(5.8)
For the second term, using the fact that F (z, ﬁ) < Jp |F (2, u)|du, we have
! / T F L) oo ae
— e 2, — | v (dz
27 Jit|>sv/m X+ n
1 2 2
< 27T/|zs|>5ﬁ€ 2 dt X+XR]F(z,u)\duu+(dz) <ce 1 /RHF(-,U)HK%CZU.
(5.9)
Combining (5.6), (5.7), (5.8) and (5.9), and taking into account that ¢ is a
fixed constant, we conclude the proof of (5.5). O

5.3. Local limit theorem for e-dominated target functions. Let ¢ > 0.
Let f, g be functions on R. We say that the function g e-dominates the function
f (or f e-minorates g) if for any ¢ € R, it holds that

flt) <g(t+wv), Vv <e.

In this case we write f <. g or g >. f. For any functions F' and G on X* x R,
we say that F' <. G if F(z,-) <. G(z,-) for any z € X*.

In the proofs we make use of the following assertion. Denote by p the non-
negative density function on R, which is the Fourier transform of the function
(1 = [¢])Ly<r for ¢ € R. Set p.(u) = Lp(¥) for u € R and € > 0.

Lemma 5.5. Let ¢ € (0,1/4). Let f : R — R, and g : R — R, be integrable
functions and that f <. g. Then for any u € R,

fl) < =529 % palw), glu) > frpatu) = [ flu=0)palv)do.

|v|>e
Remark 5.6. The domination property <. implies, in particular, that if f <.
g and the function g is integrable, then f is bounded and lim, . f(u) = 0,
lim, , o f(u) = 0. Indeed, since f <. g and g is an integrable function, by

Lemma 5.5 we have f < 1%25 g * p2. Since the Fourier transform of g * p.2 is

compactly supported on [—E%, E%], by the Fourier inversion formula,

1 ite~ ~
g% pea ()] = \% [ e=gpatar <.
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Therefore, g * p.2 is bounded on R, so that f is bounded on R.

Below, for any function F' € ", we use the notation

Fxpa(z,t) = /RF(Z,t —v)p2(v)dv, z€XT, teR,
and
1Fl: = [INFCwllggdu, [Flrora = [ [ 1F(u)ldur* (@)

The following properties will be useful in the proofs:
Lemma 5.7. Let F € " and p € L'(R). Then Fxp € J," and ||[Fxp|| .+ <
I Nl 2y -

Theorem 5.8. Let o € (0,1) and g € B be such that vt(g) = 0. Assume
that for any p # 0 and q € R, the function pg + q is not cohomologous to
a function with values in Z. Then for any € € (0, %), there exist constants
¢, ce > 0 such that for any non-negative function F and any function G € F."
satisfying F <. G, n > 1 and z € XT,

/XZ a ((Tfny “2)4, S'ng(y . Z)) v (dy)

1 1 U ce C
< — — ! (ds i ~e /
< \/ﬁ/w/Ragcﬁ(Ugﬁ)G(z,u)duy (@) + = Gllsoren + G L
(5.10)

and for any non-negative function F and non-negative functions G, H € At
satisfying H <. F <. G, n>1 and z € X7,

/XZ_ F ((Tfny “Z) 4, Sng(y . Z)) v (dy)

1 1 U
> T / =+ /
/\/ﬁ/w/RJggb(Ug\/ﬁ)H(z,u)duy (dz")
ce Ce
= Gl ot = = (161 + 1H L) (5.11)

Proof. Without loss of generality, we assume that o, = 1. We first prove the
upper bound (5.10). By Lemma 5.5, we have F' < (1 + 4¢)G * p.2, and hence

/XZ F ((Tfny - 2)4, S'ng(y . Z)) v (dy)
< (1+4e) /XZ G pe (T 2)1, Sugly - 2)) i (dy). (5.12)

By Lemma 5.7, @2 € A, and the support of the function @2(2, ) =
G(z,-)p2(+). is included in [—Z, ], for all z € X*. Using Theorem 5.4, for
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any ¢ € (0, 1), there exists ¢. > 0 such that for all n > 1 and z € X7,
/X, G pe (T 2)1, Sugly - 2)) v (dy)

< \/15 /X+ /Rgb (\;%) G * p2 (z,u) duv™ (dz) + %HGHJQJr (5.13)

By a change of variable and Fubini’s theorem, we have for any z € XT,
u
L) G ps (2, 0) du = / s pos (£) Gz, D), 5.14
[0 () e crrdu= v [ovanpa Gt G

t2
where ¢ (t) = ﬁe’ﬂ, t € R. For brevity, denote ¥ (t) = sup, <. ¢,m(t+v),
t € R. Using the second inequality in Lemma 5.5, we have

/Rgsﬁ % po (1) Gz, t)dt

< /R¢ (t) G(z, t)dt —I—/R o b (t =) p2(0V)dvG (2, t)dt =: Jy + Js.

For J;, by Taylor’s expansion and the fact that the function ¢’ is bounded on
R, we derive that

le\/lﬁ[/:gbCf/;)G(z,t)dH— S\/_Gztdt+/ ( )(z,t)dt]

g%/}w(\;ﬁ) ztdt+—/Gzt (5.15)

For Jy, since ¢ s < ﬁ and [, s pe2(v)dv < 2¢, we get

Jo < \/_/ </|v|>6,0E )dv) z,t)d /G z,t)d (5.16)

From (5.15) and (5.16), together with (5.12) and (5.13), we get (5.10).
Now we prove the lower bound (5.11). Since F' >. H, using the second
inequality in Lemma 5.5, we get

/Xz F((T™y - 2)1, Sag(y - 2)) v2 (dy)

> /X H x pez (T - )4, Sugly - 2)) v (dy)

- /X /U|>5H (T7"y - 2)1, Sugly - 2) = v) pee()dvvy (). (5.17)
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For the first term, by Theorem 5.4, for any € > 0, there exists ¢ > 0 such that
forallm > 1 and z € XT,

/, Hoxpe (T - 2)1, Sugly - 2)) vz (dy)

\/_/X+/ ( ) H * pe2 (z,u) duv™t(dz) — %/RHH(WU)”%’*dU‘ (5.18)

In the same way as in (5.14), we have
/RQS (\;%) H* pex (2,u) du = \/E/RQJ% % pez (1) H(z, t)dt. (5.19)
Using the first inequality in Lemma 5.5, we have ¢ s * p2(t) > (1 —2¢)u(t),

for ¢ € R, where 1(t) = inf,|<. ¢ sz (t +v). Proceeding in the same way as in
(5.15) and (5.16), we obtain that

/X+/ ( ) H xp2(z,u) duy*(dz)
> Jo L (ﬁ) H (zyu) du*(d2) — ce [ [ H(z,wduvt(d2).  (5.20)

For the second term on the right hand side of (5.17), using (5.10) and the fact
that H <. F' and ¢ < 1, we get that there exist constants ¢, c. > 0 such that
forany v e Rand n > 1,

/, H((T™"y - 2)4, Sugly - 2) — v) vz (dy)

F ke (z,u —v) duv™ / (-, w)| g+ du
Gk ke ()
/X+/F z,u) duv™ (dz) + /||F u)|| g+du.

This, together with the fact that [, p.2(v)dv < 2¢, implies

/ , /WEH (T 2) 4, Sugly - 2) = v) per (v)dov; (dy)

/+/F z,u) duvt (dz) + CE/ [ (-, )| g du. (5.21)
X

From (5.17), (5.18), (5.20) and (5.21), and the fact that H < F, we obtain
the lower bound (5. 11) O

6. EFFECTIVE CONDITIONED LOCAL LIMIT THEOREMS

6.1. Formulation of the result. We will prove the following conditioned
local limit theorem for Markov chains which provides a rate of order n~!.
This result will serve as an intermediate step between the conditioned central
limit Theorem 1.5 and the conditioned local limit Theorem 1.7. The interest
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of this result lies in the fact that it is uniform in the function F'. In particular,
the theorem is effective when the support of the function F' moves to infinity
with the rate y/n. This strategy is inspired by [7] for random walks in cones
of R% see also [14] for finite Markov chains and [16] for random walks on R.

For a different approach based on the Wiener-Hopf factorisation we refer to
6, 10, 28].

Theorem 6.1. Let o € (0,1) and g € B be such that vt(g) = 0. Assume
that for any p # 0 and q € R, the function pg + q is not cohomologous to a
function with values in Z. Let ty € R,. Then, there exist a constant ¢ > 0 and
a sequence (ry,) of positive numbers satisfying lim,,_,o, r, = 0 with the following
properties. For any e € (0, é), there exists a constant c. > 0 such that for any
n>1,zeX" andt < to,

1. For any non-negative function F and any function G € .5 satisfying
F< G,

n/X,F((T Y- 2)st+ Sugly- 2))]1{7 (y-2)>n} V= (4Y)

2V9 (z,1)
\ d !, + d /
02\/27T x+/G Z) (ag\/_> wv(dz)
b4 2m) |G lroran + =Gl (6.1)

2. For any non-negative function F and non-negative functions G, H € €.+
satisfying H <. F <. G,

n /X F((T™"y-2)s,t+ Sug(y - 2))]1{ (250} V= (4Y)

+ /
02\/%/3§+/qu <0g\/_> u'vT(dz)
e (@ ) 16 0oren = 2 (160 +1HlLr) . (62)

6.2. Auxiliary statements. The normal density of variance v > 0 is denoted
by

1 22
Ou(x) = e 2, x€R,

V2T

and the Rayleigh density with scale parameter /v is denoted by

Gi(@) = T s (1), sER

The standard normal density is denoted by ¢(x) = ¢1(x), © € R. The following
lemma from [16] shows that when v is small the convolution ¢, * ¢7_, behaves
like the Rayleigh density.
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Lemma 6.2. For any v € (0,1/2] and x > 0, it holds that

VIZ06%(2) < 6y % 67o(2) < VI— 06 (2) + Ve .

We need the following inequality of Haeusler [17, Lemma 1], which is a
generalisation of Fuk’s inequality for martingales.

Lemma 6.3. Let &,...,&, be a martingale difference sequence with respect to
the non—decreasz’ng o-fields %o, %1, ..., F,. Then, for all u,v,w >0,

Z& > u) < ip(m > v) + 2P <§njE (&17) > w)

+2exp{ (1—1og“”)}

In order to control certain natural quantities appearing in the proof, we
shall need the following definitions. For ¢ > 0,

max
1<k<n

U+ e

for u € (—¢,0), x:(u) =1 for u > 0.
(6.3)

Xe(u) =0 for u < —e, xe(u) =

Denote Y.(u) = 1 — x-(u) and note that
Y (t=9) S Loy (D <X (), X)) < Tmg (<X (E—2).  (64)

Lemma 6.4. Let o € (0,1) and g € B be such that vt(g) = 0. Assume that
g is not a coboundary. Let k be a smooth compactly supported function on R
and € > 0. Then there exists a constant ¢ > 0 such that for any G € .t and
any m > 1, the function A,, defined on X* x R by

Ap(z,t) == G * kK ((T’my 2) 4t + Sngly - z))

Xz
X Xe <t —e+ min Sig(y- Z)> v; (dy),
belongs to .t and satisfies
[Anllsore < [ k@G orws  TAnlr: < 1G]
Proof. For the first inequality, we write
An(a ) < [ 16 6l (T 2)st o+ Sugly - 2)) o2 (dy),
which gives
[Anllrotan < [ 1G*l (T7") 4t + Sngl@) v(da)dt

— [ 16 <kl 2y, t) v(dw)dt < [ 16(0)|dtClyreren.
XxR R

This finishes the proof of the first inequality.
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For the second inequality, recall that

A — A, (7
A (2,8) = A ()] )
aw z

|Amlloes = [ sup [ Ay (z8) dt + [ sup S
R zex+ >

R 2, 2/eX+

We pick ¢y > 0 as in Lemma 2.9 and for ¢ € R we set x1(t) = supjy <, [t +5)|
and H(t) = sup,ex+ |G(2,t)]. We get for z, 2" € X with zp = 2, and t € R,

| A (2, t)] < /X’ H * Ky (t + gy - z’)) v, (dy).
By Lemma 2.3, we get

Am(z,t) < | Hown (t+ Sngly - 2)) va(dy),

X
for some constant c¢. By integrating over z’, we get

A (2, 1)] /HM1 (t + Sng(a)) v(da).

By integrating over ¢, it follows that

/sup|A (z,t)|dt < /H*/ﬁ )dt—c/|/<a1 |dt/H
R

zeX+

Now we dominate the second term in the norm ||A,,||,.+. For t € R, set
Ko(t) = Sup <, |K'(t + 5)|. We get for [t — | < ¢p and 2 € X7,

|G x k(2,t) — G*r(z,t")] < |t — t'|H * ko(t).

Hence for z, 2/, 2" € Xt with 2z = 2, = 2}l and t € R,

Lz 2 t) = [An(z,t) = | Gor (T 2)1,t+ Smgy - 2))

Xz

X X. <t —e+ 1£r;i<nm Sig(y - z)> l/z_(dy)‘
< ca?#) H * Ky (t + gmg(y : ZN)) v, (dy)
Xz

< e / H s iy (t+ Smg(y - 2)) v (dy),
X
where we have used Lemma 2.3. Again by integrating over z”, we get that
L2, 21 8) < cy0) / H s ky (t+ Smg()) v(da). (6.5)
X

Besides, as G is in JZ", the function L(t) = sup, ex+ a |G (2,t) —
G(Z,t)| is integrable on R and for z,2’ € X with zy = 2z and t € R, we
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have

I(z,2,t) : =

/, [G <k ((T7y - 2) 4.t + Smgly - 2))
Xz
— G (T 2) 1t + Smgly - ) 1
X X, (t —e+ 1rgr}ignm S;ig(y - z)) Vz(dy)‘
<) | Lww(t+ Smgly-2)) v (d
o [ Lan (14 Sngly - ) vz (dy)

< ca®t#) /XL * K1 (t + gmg(x)) v(dz), (6.6)

where we have again used Lemmas 2.3 and 2.9.
As X, is 1/e-Lipschitz continuous on R, by reasoning in the same way and
using Corollary 2.10, we get

[3(Z7 Z/a t) = G*K ((T_my ’ z/)Jra t+ gmg(y ’ Zl))

Xz

X [Xs (t —e+ min Sig(y- Z)) — X (t —e+ min Sig(y- Z’)) ] Vz(dy)‘

E w(z.2") / &
< @ . H x Ky (t - Smg(:c)) v(dx). (6.7)
By Lemma 2.3, we have
Iy(z, 2 t) =: G* K ((T_my )t + Shgly - z'))
Xz
— : & / - /
T (1= i Sty )2 (@) = A1)
< ) /X H s iy (t+ Smg()) v(da). (6.8)

Putting (6.5), (6.6), (6.7) and (6.8) together, and integrating over ¢t € R,
yields the required domination. 0

6.3. Proof of the upper bound. We prove the inequality (6.1) in Theorem
6.1. It is enough to prove (6.1) only for sufficiently large n > ng(e), where
no(e) depends on ¢, otherwise the bound becomes trivial.

Without loss of generality, we assume that o, = 1. Let ¢ € (0,3). Wi
d = /g, set m = [on] and k = n — m. Note that %5< =< 1‘%5 for n >
Denote, for z € X and ¢ € R,

U, (2,1) = /X

h

e E

F((T™y-2)p,t+ Sugly - 2)) Loy eysm) Ve (dY)-

z



50 ION GRAMA, JEAN-FRANGCOIS QUINT, AND HUI XIAO

By the Markov property, we have that for any z € Xt and t € R,

Wa(t) = [ (Mg 2000+ S+ 2)) L sngapong v (d). (69

z

By bounding the indicator function by 1 in the definition of ¥,,, we get

U, (2,1) < /X F (T 2)est + Sugly - 2)) vz (dy) =t Ju(z.t).  (6.10)

z

By the local limit theorem (cf. Theorem 5.8), there exist constants ¢,c. > 0
such that for any m > 1, z € XT and t € R,

ce Ce
Iz, 1) < o)+ Cllvoren + |Gl (6.11)

where for brevity we set

o=/ [ G(z,u)\/lmgb (“J%) duv* (d2). (6.12)

Using (6.9), (6.10) and (6.11), and Lemma 4.1, we get that for any z € X*
and t € R,

U, (2,1) < /

- Hm (t + S’kg(y ’ Z)) ]1{7' (y-z)>k}Vz (dy)

ce
+ |Gl rren + —= Gl 6.13
TGl + — Gl (6.13)

Now we deal with the first term on the right hand side of (6.13). Denote
Lo (s) = Hy,(Vks) for s € R. We have

/X+/ \/m/k: (\/m k:) duv™(d2). (6.14)

Since the function s — L,,(s) is differentiable on R and vanishes as s — +o0,
using integration by parts, we have, for any z € Xt and ¢t € R,

Hm,k(za t) = /X* H’m (t + kag<y : Z)) ]l{ﬁq(yz)>k}yz_(dy)

t+ Skg(y - 2)
Xz Lm (\/E ]1{7- (y-2)>k}V> (dy)

t+ gkg(?/ - 2)

= [ oz (VA

Applying the conditioned central limit theorem (see Lemma 4.6), we have

> 5,7 (y-z) > k) ds.  (6.15)

2Vi(z ) /}R+ L (s) (1 —<I>+(s))ds+m/ |Lu(5)lds, (6.16)

H, oz, t) < 2220
Jc( ) \/ﬂ
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where 7, — 0 as k — co. By (6.14), we have

fo Etsnds = [ [ [ ( ) (Wlﬁf) wn/wm/k

:/x+// z,v/m mu ¢ (s — u) dsduv™(dz)
\/_u duv™(dz) = L||G||y+®Leb-
<cf Lot o

By integration by parts and a change of variable, we have

/IR+ L, (s) (1— @7 (s)) ds = /R+ Hy(s)o (k) j‘%
Hence, from (6.15), (6.16) and (6.17), we obtain

toset) < 2DED [ 900 (52) b T Grcnan

Implementing this bound into (6.13) we get, for any z € X1,

2V9(z,t) L + 7
U, (2,t) < ——1n G|+ oLeb + Gl .+,
( ) \/ﬂ \/— H ” +®Leb \/—H ‘%’*‘
where

1 S ds
I = 72 f, Hm(s)67 (@) NG

51

dz

(6.17)

(6.18)

(6.19)

By the definition of H,, (cf. (6.12)) and Fubini’s theorem, it follows that

mk—/ﬂh/w/wu—s)c:(z u) duv* (dz)g+ (¢E> i

:/W/RG(Z,U) [/ﬂh 6l — 5)* (ﬂ) Oﬁ:] duv* (dz).

Denote 9, = 7 = [5"] By a change of variable, we have

I s = \/1_ /X+/ G z, \/ﬁu [/Jr b5, (u—8)d1_s (s) ds] duvt (dz)

f = [ [6 (o) 65, 5 61, () (d2)
— G (z,u) g5, * s duv™(dz).
X+ \/_
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Using Lemma 6.2 and the fact that /1 —9,, = \/g , it follows that

mk\n3/2/§§+/GZU ( )duu (dz)
n3/2 /X+/G z,u)e deuu (dz)
m
< 3 /x+/G Z,u) ( )duy (dz)%—?;/?);HGHﬁ@Leb. (6.20)

Substituting this into (6.19), and using the fact that V9(z,t) <t + ¢ gives

U, (2 1) < 2VthT:§/_2/X+/qu ( )duy(dz)

vmo e 4y,
+c <n3/2 + \/m_ HG||1/+®Leb‘|‘ \/—HGHjiﬂ+

Since £1/2n > m > Lel2p andn >k > n we obtain

U, (z,1) 27m /X+/G Z,u) ( >duu (dz)

+ - n < 14 + 1/4) ||G||V+®Leb + 3/2||G||7f+;

which finishes the proof of the upper bound (6.1).

6.4. Proof of the lower bound. We now proceed to prove the second asser-
tion (6.2) of Theorem 6.1. We use the same notation as that in the proof of
the upper bound. Recall that § =/, m = [on] and k = n —m. For z € X*,
t € R and n > 1, denote

U, (z,t): = /X_ F ((T_"y cZ) 4, b+ gng(y . z)) ]1{%3(y~z)>n}’/z_<dy)'

z

By the Markov property, we have that for any z € X' and ¢ € R,

o) = [ (T 20+ Sy 2)) Dsagapong v (d). (621)

z

We write ¥,,, as a sum of two terms: for any z € Xt and ¢t € R,

U, (2, 1) = Ap(2,t) — Ap(2, 1), (6.22)
where
= (Ty - 2) 1t + Smg(y - 2)) v (dy), (6.23)

Xz
/X (@72t + 89y ) Lsooyemy s (dy). (6.24)
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This implies that for any z € X and ¢ € R,
U, (2,t) = Ju(z,t) — K,(2,1), (6.25)

where

To(z,t) = /X A (T2t 4S9y 9) ooy vs (dy), (6:26)

z

Kn(z,1) = /X A (T4 2) st Sug(y - ) ooy vs (dy). - (627)

z

We proceed to give a lower bound for the term J,(z,t). It can be handled as
the case of the upper bound, but here the situation is more complicated. By
the local limit theorem (cf. Theorem 5.8), we get that there exist constants
¢, c. > 0 such that for any m > 1, z € X and t € R,

ce Ce
Am(z,t) 2 Hm(t> - ﬁHGHzﬁ@Leb - E (HGHJ?”J + ||H||7fj> ’ (6-28)

where for brevity we set

o=/ [ \/%gb (“\%) H (2, ) duv(dz). (6.29)

Using (6.23), (6.26) and (6.28), and Lemma 4.1, we get that for any z € X*
and t € R,

Tz ) > [ Ho (14 Sk9(0 - 2)) L se(pony Vi (d9)

ce Ce
= = 1Glore = (Gl + 1HlLez ). (6:30

For the first term on the right hand side of (6.30), proceeding in the same way
as that in the proof of (6.18), using the lower bound in the conditioned central
limit theorem (see Lemma 4.6), one can verify that

/Xz Hy (t+ Sig(y - 2)) Lfsonon) Ve (d9)

2V9(z,t) + ds
> \/ﬂ/& H,,(s)¢ <\/_> N \/—"H"V+®Leb (6.31)

Implementing this bound into (6.30), we get that for any z € X,

2VI(z,t) Tk
T2, t) > ———S1 ) — H||,+oLe
(Z ) \/% k \/%H H +®Leb
— ——1Cllvrster — —o— (IG]r + I Hlper) . (6.32)
VEkm \/Em T o

where, in the same way as in the proof of (6.20),

Lpg: = 5 H(s)p" < > ds - X5 /X+/H z,u) < >duu (dz).
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Substituting this into (6.32), and using the fact that H <. G and V9(z,t) <
t+c, we get

Tu(z,t) > QVQZt;;;/w/qu ( >du1/(dz)

27r
o ce + 7

e Glera =~ (IGlLg + 1 H L)

Since \/7 14+ ce'/*, m > 1e'/?n and k > in, using again H <. G we deduce
that for n sufﬁ(nently large,

2V9 t)
Jn(z,1) G, / /H Z,u) ( )duu (dz)
2mn  Jx+
= S (= 25 ) G s erer =~ (161 + 1H L) (6:33)

The bound of the term K,(z,t) (cf. (6.27)) is rather long and needs to
employ the duality (cf. Lemma 2.12). We start by splitting K,(z,t) into two

parts according to whether the values of ¢ + S’kg(y - z) are less or larger than
ey/n: for z € X* and t € R,

Kn(z,t) = K1 + KQ, (634)

where

= /— Am (<T_ky ~2) 4+ Skg(y - Z)) ]l{t+Skg(y-z)<a1/6\/ﬁ}]l{%f(y~z)>k}Vz_(dy)a

z

Ky = /_ An ((Tﬁky ) Z)+7t + gkg<y ) Z)) ]l{t+§kg(y~2)>€1/6ﬁ}]1{7‘5‘7(y~z)>k:}1/;(dy)'

For K, since Y. < 1, using the upper bound in the local limit theorem (cf.
Theorem 5.8) and taking into account that ¢ < 1, we get

7T Ly (e)
Ap(z,t) < i where L,,(¢) = ¢||G|l,+eLeb + \/—HGH;W
This, together with (6.4), (6.36) and the fact that /% < ¢, implies that
m()

/X, {t+Skgyz)<el/6\f} {7— y-z) >k}y (dy)

<L) - (HS%@ 2) < s, ﬁg(y.zbk),
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Using Lemma 4.6, we get that uniformly in z € X*,

Lin(e) (2VO(z,0) = 0, o(1)
K, < (m/o & (1) dt )

S [:}nni—? (/OCEUGQS (') dt +o(1)> < LW;L(&“) ; (061/3+0(1))
<=0 <C€112 " Oq)> ' (6.35)
n ci1

We proceed to give an upper bound for K5, see (6.34). Note that the function

An(zt) = [ F (7" 21+ Sy 2)) T mpen s (@9)

z

does not in general belong to the space J£.7. We start by smoothing the
indicator functions in (6.27) and (6.24). Define for € > 0,

Az, t) = /X* G * Kejo ((T_my 2) ot 4 Sy - z))

z

X X. (t—€+ min Sjg(y - 2)) v, (dy),

\]\

where x. is the same as in (6.3) and X, = 1 — x.. Note that G * k.5 £/2-
dominates the function F. By the identity

]l{%tg(ythm} = 10,0) <t + min S;g(y - z)> (6.36)

1<j<m

using the bounds (6.4) and F(z,-) < G * Ke2(2,-), we get that the function
A €/2-dominates the function A,,. Moreover, by Lemma 6.4, there exists a
constant ¢, such that for any m > 1 the function A,,. belongs to " and
satisfies

1Amell s < cllGllgts  Amellorore < NG+ gres.

Denote
Wm78(27 t) = Zm75 (Z, t) ]l{t>al/6\/ﬁ}‘ (637)

Using the upper bound (6.1) and the fact that ¢t < 1, we obtain

K3 < /Xf Wor (T™%y - 2) 4t + Sigly - 2)) Livonysry e (4Y)

z

2‘79(2,15) ¢ ( qn
< ( + % ( / + 1/4) ”Wm,6HV+®Leb + =

ng

(6.38)

\/_k
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For the first term on the right hand side of (6.38), by the definition of W,
and Fubini’s theorem, we have

/ /ng 2 u)duvt(d2') // lG*/{E/Q x,u—l—gmg(x))
X+

X ﬂ{u+min1gjgm gjg(z)go}ﬂ{u>81/6\/ﬁ}] l/(da:)du =:U.

Using the duality (Lemma 2.12) yields that

U = /X/R [G * Re/2 (33/, U’) ]l{u/—mimgjgm Sjg(:v’)g()}ﬂ{u’—Smg(x’)>sl/5\/ﬁ}] I/(dm’)du/

Since the measure v is T-invariant, it follows that

— -m ../ /
U — /X/R [G k K/E/2 (T xr ,u) ]}‘{U,—minléjgm Sjg(Tfmx/)go}
X ]]‘{u’—smg(T_mx’)251/6\/ﬁ}‘| V(dx/)du/
— -m ./ / . 5
— /X‘/]R [G k K;E/Q (T xr 7u ) ]l{U’*Sm!](x/)+max1gjgm(Smfjg(x’))g()}

X 1{u1_§mg(x/)>€1/6ﬁ}] v(dz")du'

< [ 16 * ey () ol v (x € X : max (3,9()) < 1/6\/‘) (6.39)
R 1<j<m
By Propositions 2.6 and 2.7, there exists a Hoélder continuous function gq
on X% satisfying L,g0 = 0 such that {Skgo(t/ - 2)}rs0 is a martingale and
SUPL>0 |§kg0—5'kg| < c for some constant ¢ > 0. Therefore, for any t' > £/%,/n,
by Fuk’s inequality for martingales (Lemma 6.3), we have that with u = ¢'/5\/n
and v = ce'/3\/n (c is a sufficiently large constant), uniformly in z € X+,

_ _ - U uv
v, (y € X : 1%’851 1S;9(y - 2)| = u) < exp <—Ulog (1 + c[?]))

C

which implies that

c
(x eX: 1121352}%5]9( )| > u) < exp (_51/6) (6.41)
Combining (6.41) and (6.39), we obtain
U < exp (=) [ 16 % g (10 it
R

< exp (—ee %) /R 1G (- ') [l oodd. (6.42)
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For the second term on the right hand side of (6.38), by (6.37) and Lemma
6.4, we get

Winell sy < 1 Amell i < cellGllgy- (6.43)
Therefore, from (6.38), (6.42) and (6.43), we derive the upper bound for Kj:
2V9(2,t .
K> < (W + 2 (51/4 + ;/4)) exp (—cs /%) /R 1G (') [ oodd

2mn n

Ce
n3/2
Combining (6.33), (6.35) and (6.44), the lower bound (6.2) follows.

+ =5 |Gl - (6.44)

7. PROOF OF THEOREM 1.7

As for Theorems 1.3 and 1.5, we first establish the result when g is in Z+.
The general case of a function g in Z will follow using the same method as in
Section 4.

Theorem 7.1. Let g € BT be such that vt(g) = 0. Assume that for any
p # 0 and q € R, the function pg + q is not cohomologous to a function with
values in Z. Let F be a continuous compactly supported function on Xt x R.
Then, we have, uniformly in z € X and t in a compact subset of R,

lim n*? /X CF (T 2)at 4 8ug(y - 2)) Lanmyono1y s (dy)

n—oo
z

2V9(z, 1) _
=== F (2, ¢) u=9(da, dt").
\/27mg /XXR ($+’ )M (da’, dt’)

In the proof of this theorem, we will make use of several technical lemmas
which are stated below. We say that a function G on X* x R is a-regular if
there is a constant ¢ such that for any (z,t) and (2/,t') in X* x R, we have
|G(2,t)—G(2, )] < c(|t—t'|+a*®*)). In other words, a function is a-regular
if and only if it is Lipschitz continuous on X x R when R is equipped with the
standard distance and X* is equipped with the distance (z, 2') +— a***). The
following result is similar to Lemma 6.4. It will allow us to smooth certain
functions appearing in the proof of Theorem 7.1 in order to be able to apply
Theorem 6.1. Recall that for e € (0,1), x-(u) = 0 for u < —¢, x(u) = “*= for
u € (—¢,0), and x.(u) =1 for u > 0.

Lemma 7.2. Let a € (0,1) and g € B be such that v*(g) = 0. Assume that
g is not a coboundary. Let G be an a-reqular function with compact support
on XT X R. For (z,t) e XT xR, m > 1 and € > 0, define

Tpe(2t)i= [ G (@ "y 2)est+ Sngly - 2)

z

X Xe (t +e+ 11<I}i<nm S;g(y - z)) v, (dy).
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_ N _

Then V., . € F." and ||\IJm7EH%+ < ﬁ

Proof. Recall that

NS = ., 1) — W, "t
mc .t :/ sup [Wp, e (2,1) |dt + | sup Pire (2:) T SEUIP
a R zex+ RZ7ZIEX+ w2,z

By Corollary 4.5, the first term is dominated by ¢/+/m for some constant ¢ > 0.
For the second term, we start by noticing that by Lemma 2.9, there exists a
constant ¢g > 0 such that for any z,2" € X* with zp = 2{, t € R and y € X,

(e i Sty 2)) =xe (1 i Sty )

— <X£ (t + e+ 1rgr}ignm Sjg(y . z)> — Xe (t + e+ 12%2% Sjg(y ) z’)))

X ]l{terinlgjgm S;g(y-z)=—co}

1 - y
. . /
S e 1g}l<nm Sigly - 2) = 1I<I}I<nm Sig(y - #) H{Hmiﬂlgjgm Sig(y-z)=—co}
&1 w(z,2")
S ga ]l{t+min1<j<m Sig(y-z)=—co}’

where in the last inequality we used Corollary 2.10. It follows that

| G(@y- 2t +Sngly-2)

z

X

Xe <t +e+ 12}1371 Sig(y - z)) — Xe <t +e+ 1rgx}i<nm Sig(y - z’)>

v; (dy)
G w(z,2") —m & 5 —
< ;Of ~/Xz G ((T U Z)+7 t+ Smg(y ’ Z)) ]l{t+min1<j<m Sjg(y-z)2fco}yz (dy)
By using again Corollary 4.5, we get
/ Sup a—w(Z,z’) / G <(T_m,y . Z)+, t + Sv'mg(y . 2))
R 2,2/ €XTiz0=2] X

X

z

Xe (t +e+ Ig;ignm Sig(y - z)) — Xe (t +e+ lrgr;lgr}n Sig(y - z’))
C2

< (7.1)

Besides, as G is a-regular and has compact support, we have for any z, 2’ € Xt
with 2y = z{, and ¢t € R, by Lemma 2.9,

/XZ G (T 2) 1t + Smgly - 2)) = G (T - )it + Smgly - 2))|

v, (dy)

X Xe <t +e+ 1r<l}i<nm Sig(y - z/)) v, (dy)

< e H ()7 (y eX]it+d+ 1£r;i<nm S;g(y - z)) ,
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for some compactly supported continuous function H on R. Again by Corollary
4.5, we get

_ ’
/ sup @)
R 2,2/ €XTiz0=2]

X /X ]G ((T‘my - 2) 4 t+ Smg(y - Z)) -G ((T"”y )t + Spgly - z’))‘

Cy

N

Finally, for any z, 2" € X* with 2y = 2{, t € R, we have

<X (t+ e+ min Sl 2)) vz (dn)at < (7.2

/XZ G ((T’my )t + gmg(y . z’)) Xe (t 4+ e+ 12}2},1 gjg(y . z')) v, (dy)

= / G ((T‘my )t émg(y . z')) Xe (t + &+ min gjg(y . z')> ee(y’zl’z)uz_,(dy),
X, 1<jsm

where 6 is as in Lemma 2.3. By the Hoélder continuous domination of 6 in
Lemma 2.3, we derive that

/ sup a~w(®)
R / . /

2,2/ €Xtiz0=2]

/; G Ty 2) 1t + Sngly - 2)) xe (t +e+ min Sig(y-2 )) v; (dy)
— / T y-2) et + Sng(y- z’)) Xe (t +e+ 1I<I}i<nm gjg(y . z’)) Vz,(dy)‘dt

c4/ / T My 2t + Spgly - z’)) Xe (t +e+ 12}2}% S;g(y - z’)) v, (dy)dt
< G pele) 73
g 73)

where the last inequality follows from Corollary 4.5. Putting together (7.1),
(7.2) and (7.3) gives

@ma 7t _Ema /,t
[ ap TGO T, o
R

; .
z,2'€Xtizo=2] aw(z2) €4/ M

The lemma follows. O

Now we write a technical version of Theorem 7.1.

Lemma 7.3. Let a € (0,1) and g € B be such that v*(g) = 0. Assume that

for any p # 0 and q € R, the function pg+q is not cohomologous to a function
with values in Z. Let t € R. Then, for any ¢ € (0, %) and z € X*, and for

any non-negative function F and non-negative a- regular compactly supported
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functions G, H satisfying H <. F <. G, we have

11msupn3/2 L F (7 2t + 8000 9) Loy (@)

n—oo

03\/% //Gx+, (9 (dx, dt) (7.4)

and

hmmfn3/2/ F((T™"y-2)s,t+ Sy - 2))]1{T (y-2)>n-1}Vz (dY)

n—oo

03\/% //Hx+, -9)(de, dt). (7.5)

Proof. We first prove (7.4). As in (6.21), denote, for z € X* and t € R,

Wz t) = [ F (T 2) 0t + 80000 2)) Tprgayon 12 (dy).

z

Set m = [n/2] and k = n — m. By the Markov property we have that for any
ze€ X" and t € R,

U, (z,t) = /7 v, ((T_ky c2) g, t+ S'kg(y . z)) ]l{ﬁg(y,z»k}l/;(dy). (7.6)

z

For any 2’ € Xt and ¢’ € R, we set

U,,(2,t) = /X_ G((T™y )t + Smgly - )

2!

X Xe <t' +e+ lg}ignm Sig(y - z’)) v, (dy).

By using F' <. G, we get that ¥, <. W,,. Note that by Lemma 7.2, the
function W, belongs to the space J£.", so that we are exactly in the setting
of Theorem 6.1. Therefore, using the bound (6.1) of Theorem 6.1, we get

2V9 (z,1) u
U, (2,1) < / / du' v+ (d'
(=,1) 02\/%/{ x+ JRy (ag\/E> wv(dz)

— Ce \\—
G 1/4) [Tl otes + 5 [ Fonll s
=: Jl + J2 + J3.
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For .J;, applying the duality (Lemma 2.12), we deduce that

/X+/ (z,u) ot <a:f/E> duv™ (dz)
< /X+ /R+ /z G (T_my 2)4u+ Sngy- Z)>

u

X ]I{Tﬁgg (yz)>m—1}Vz - (dy)¢™ (09\/E> duv™ (dz)
= [ L G (@ )t Sugle)) o* (U“ﬂ) Lot omery duv(de)
_ /X/RG(:E*’t — o) ¢t (t — SZ:]\(/:UE) — 28) (o l}dty(d:v)-

Using the conditioned central limit theorem (Theorem 1.5), we get

: t— Sng(r) —e¢
lim ag\/27rm/X/RG(x+,t— 2e) " ( ok > ]I{Tt—g(x)>m_1}dty(d:c)

ZQ/X/RG(m,t—Qe)M—g(dx,dt) /R+ (¢%(t))" ar
— \/j /X /R Gy, t — 209 (da, dt).

Therefore, we obtain

2V9(
' 3/2 _ (-
dim n¥/7 ) = 03\/% //G 2yt —26)u "9 (da, dt).

For J,, by Corollary 4.5, we have

||@m||u+®Leb <

c

NG

Taking into account that m = [n/2] and k = n—m, we get limsup,,_,, n*2.J <
1/4

ce'/t,
For .Js, by Lemma 7.2, we have lim,, o, n*/?J5 = 0. This finishes the proof

of the upper bound. The proof of the lower bound can be carried out in the
same way. 0

From Lemma 7.3, we get Theorem 7.1 by a standard approximation proce-
dure.

Lemma 7.4. Fiz a € (0,1). Let F be a non-negative continuous compactly
supported function on XT xR. Then, there exist a decreasing sequence (Gyp,)n>1
and an increasing sequence (H,),>1 of compactly supported c-reqular func-
tions, such that H, <1/, F' <1/ Gy for anyn =1, and G, and H,, converge
uniformly to F' as n — oo.

Proof of Theorem 7.1. This follows directly from Lemmas 7.3 and 7.4. O
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From Theorem 7.1 we deduce a new lemma in which the target function F
may depend on the past coordinates.

Lemma 7.5. Let g € A" be such that v*(g) = 0. Assume that for any p # 0
and q € R, the function pg + q is not cohomologous to a function with values
in Z. Let F be a continuous compactly supported function on X x R. Then,
uniformly in z € Xy and t in a compact subset of R,

lim n?/? /7 F (T‘”(y - 2),t+ Sugly - z)) ]l{%tg(y-z)>n—1}yz_(dy)

n—oo

219 z,t _
= \/2_(3)/ F (2 t) =9 (da’, dt’).
7T0'g XxR

Proof. As in the proof of Lemma 4.7, it suffices to prove this result when F
is of the form (z,t) = 1z —a .o 1=a_} F1(24,t), Wwhere a_p,, ..., a_y are
in A such that M(a;_1,a;) =1 for —m +1 < i < —1, and F} is a continuous
compactly supported function on X* x R. For such a function, we have

z

/X F (T"(y - 2), Sng(y - 2)) Lrzogayon1}yVs (dY)

- /x; P ((T"(y 2)) .+ Sugly - 2)) Loy zon-11Vs (),

where, for (2/,t') € Xt x R,

!

Fo(2', 1) = exp(—Smtb(am. . a1 - Z)) Fy (2, ) = /X Fly- 2,5 (dy).

z

Since Fy(+,t") depends only on the future, we can apply Theorem 7.1, which
gives

tim 12 [Py (177(-2)), 2 $090 - 2)) 1 spgpom s (@)

n—oo
2V9(2 t)/ D
b it Al F ) 19 (da dt').
V2mod Jxxr 2 (%“ )u (da”, dt’)

To conclude, it remains to show that

[ By 0wty = [ F (@) pC9 (da, o)
XxR

XxR
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Indeed, by the definition of the measure ;=9 (see Theorem 1.1) and by using
Lemma 2.2, we get

F(z,t) p=9 (dx, dt
. F (@) u9de,dt)

= lim F (z,t) (—Sng(at))]l{ (7g>(w)>n}u(d:v)dt

n—oo XxR

~ Jim / [ Do / (y - 2, o (dy)dtv* (dz)

:nh—>H<>10/X+/]R — ng V4 ]l{‘rt(_g)(z)>n}F2(Z’t)dtV (dZ)

= Fy ($+7t) ,U,(_g)<d.7}7dt),

XxR

which ends the proof of the lemma. 0

Now we will put a target on the starting point y € X7 .

Lemma 7.6. Let g € A" be such that v*(g) = 0. Assume that for any p # 0
and q € R, the function pg + q is not cohomologous to a function with values

in Z. Then, for any (z,t) € XT x R and any continuous compactly supported
function F' on X, x X x R, we have

i 3/2 -n, 5 ) _
lim n /X* F (y,T y-z,t+ 99y z)) ]l{_[v_iq(ylz)>n71}l/z (dy)

n—oo >
B 2‘79(2, t)

\2ro3 /X_XxXRF(y’,x’,t) (d:v dt"\ iy (dy').
g z

Proof. Asusual, it suffices to prove the lemma when F'is of the form (y, x,t') —
Ic, . (y)G(x,t'), where a € AT and G is a continuous compactly supported
function on X x R.

If t + Spg(T™ *(a - 2)) > 0 for every 1 < k < m, we have that for n > m,

3/2 -n,, . & . —
n /XZ F (y,T Y-z, t+ Sng(y z)) ]l{%f(y~z)>n—1}yz (dy)

= n*? exp(~Sut(a- 2))

X /x G (T_("_m)y a-2),t+ Smg(a-2) + Sp_mg(y - (a- z)))

x 1 - (du).
{%thrSmg(a»z)(y'(a'z))>nfm71} oz (dY)

a-z

By Lemma 7.5, as n — 00, the latter quantity converges to

2vg(a'2,t+5mg(a-z)) LN gt s
o [ GGt dt) exp(=Syi(a- 2),
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which, by the definition of measure i, (see (3.21)), is equal to

2V9 Z,t) g _
\/%Ug))lug:t (Ca,z) /XxRGCx/,tI) ,u( g)(dml>dt/)

2V9(z,1)
Y, 2#03

If there exists 1 < k < m with ¢+ S,g(T™ *(a-2)) < 0, we have 1, (C,.) =
0 and

[ P ) o i (dy).
X7 xXxR

/Xf F(y, Ty 21+ Sug(y-2)) Lrzogaysnyvs (dy) =0

z

for n > k. The conclusion follows. O

As usual, from Lemma 7.6, we want to deduce the analogous result for
functions which depend only on finitely many negative coordinates. We shall
use the following easy formula that relates the measures p? and p9°7.

Lemma 7.7. Let g € A be such that v(g) = 0 and g is not a coboundary.
Then, for any continuous compactly supported function F on X x R, we have

/ F(z, )usT (dz, dt) = / F(T Y2, )9 (der, dt).
XxR X

xR

Proof. By using the relation 77°7 = 77 o T, we get

/ F(z,t)p%" (dx,dt) = lim F(z,t)Sn(goT) (x)]l{TgoT(x)>n}V(dx)dt
XxR t

n—oo XxR

= lim F(T ', t)Sng ()1 2y snyv(d)dt

n—x JXxR

= / F(T 'z, t)p(dz, dt),
XxR
as desired. O

Lemma 7.8. Let g € A be such that v(g) = 0 and there exists m > 0 with
goT™ € %B+. Assume that for any p # 0 and q € R, the function pg+ q is not
cohomologous to a function with values in Z. Then, for any (z,t) € X* x R
and any continuous compactly supported function F on X7 x X x R, we have

: 3/2 -n,, . & . —
lim n /X_ F (y,T Y-z, t+ Sng(y z)) 1{%§(y~z)>n—1}’/z (dy)

n—oo .
2V9(z,t)

= W 47XXXRF (y’,x',t’) M(_g)(dd/,dt/)ﬂg:t—(dy,),
g z



CONDITIONED LIMIT THEOREMS 65

Proof. As in Lemma 3.15, for a € A}*, set F,, to be the function on X, x X xR
defined by F,(y,z,t) = F(y-a,T™x,t). Then we have, by setting h = go T™,

3/2 Cnp N & -
" /XF (9T 7"y 2), 50905 - ) Lgrayapsnay¥s (d)

v

= n3/? Z exp(—Snt(a- 2)) /X* F, (y,T_"(y (a-2)), Suh(y - (a- Z)))

aeA;n’ a-z
X ]l{-Fth(y-(a-z))>n71}yc:z(dy)‘

By Lemma 7.6, as n — oo, this converges to

V(a2 t)
anA;n exp(—Sm¥(a- 2))\/2—77“73

<[ Ryl ) e d i dy).
Xg. . xXxR
By (3.24), the latter quantity is equal to
F(y, T ') = (da’, dt') iy (dy).
/XZ_XXXR <y7 x? ):u ( x? ):uz,t( y)
As h = goT™, the conclusion now follows from Lemma 7.7. U

Now we can give a result for any function g in 4.

Lemma 7.9. Let g € A be such that v(g) = 0. Assume that for any p # 0 and
q € R, the function pg+ q is not cohomologous to a function with values in Z.
Then, for any continuous compactly supported function F on X x X x R x R,
we have

: 3/2 -n &
lim n /XXR F (m, T "x,t,t+ Sng(x)> ]l{ﬁq(x»nfl}y(dx)dt

n—oQ
2

B Vi 27m§’

Proof. We can assume that the function F is non-negative. For (z,¢) € X xR,
denote

— 3/2 . —-n(, . & . -
Wy(z,t) =n /x* F (y 2, T7"(y-2),t, t+ Sng(y z)) ]l{%;’(y~z)>n—1}’/z (dy).

z

/ F(z, 2 t,t") p=9(da’, dt") 19 (da, dt).
XXXXRXR

Let (gm)m=o be the sequence of Holder continuous functions as in Lemma 2.11.
For any n,m > 0, we set

Fl(z o' t,t) = | ‘sup F(x, 2t — 2c1a™, U + §'),
s'|<2c1a™

Fo(x,2' t,t)= inf F(x, 2 t+ 2™t +5),

|s"|<2c1a™
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and
Wi (z,t) = n?/? /X_ Fl (y 2, T (y - 2), bt + Sngm(y - z))
X Aoy ysm -1} Vs (AY),
Wi (2, 1) = /2 /X Fy (y- 2Ty 2) it + Sugly - 2))
X Lm0y ()
For z € Xt and ¢ € R, it holds that

Wz, t = 2c10™) < Wi(z,t) S W, (2,1 + 2¢:0™).

n,m

By taking the limit as n — oo, we get by Lemma 7.8,

2770m (3,1 — 210
(Z7 (&1 )/ Fg (y’Z,.T,,t_201am,t,)
\/27ra§’ X7 xXxR
x pIm) (da! ) i e, am (dy)
< liminf W, (z,t) < limsup W, (2, t)

n—0o0 n—00
VI (.t + 2e,0™
< (Z) + G« ) / F,rj; (y'z,x/,t‘f‘ZClam,t,)
V2ol X7 xXxR

x o) (da, dt') 2y ey oo () (7.7)

On the one hand, after integrating over X x R in (7.7) with respect to the
product of v+ with the Lebesgue measure, by Fatou’s lemma and Lemma 7.8,
we get

2
T e 2 F- ! t t/ (=gm) d / dt/ ~ gm dr. dt
\/271'0'3 /XXXXRXR m(a:,x, ’ ),U, ( Z, )FL ( Z, )
. . 3/2 “n «
<liminfn? [ F (0,770,414 S,9(0)) L0 gp(dn)dt. (78)

To conclude, we need to show the reverse Fatou property holds. To this aim, we
choose a non-negative continuous compactly supported function G on R such
that for any (z,2',t,t') € X x X x R x R, one has Fy (z,2',t,t') < G(t)G(t).
Then, we get for (z,t) € XT x R,

z

Wiro(z:8) < Un(z,) i= n2G(8) [ Gt+ Sugoly - D) gra0(,01001) V5 (d9)
By Lemma 7.1, U,(z,t) converges uniformly in (z,¢) € Xt x R. Therefore,
by applying Fatou’s lemma to the sequence U,(z,t) — W,(z,t), we get by
integrating over Xt x R in (7.7) with respect to the product of vt with the
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Lebesgue measure,
2
V2ro)
> 1 3/2/ —n & B ) ]
> limsupn . F (m, T "z, t,t+ Sng(x)> ]l{Tt (I)M_l}y(dm’)dt (7.9)

n—oo

/ Ft (a, 2/ 4, ) u9m) (de!, dt') jiom (d, dt)
XxXxRxR

By letting m — oo, the conclusion follows from (7.8), (7.9) and Lemma 3.19.

O
Proof of Theorem 1.7. By the duality lemma (Lemma 2.12), we have
/XXR F(z, T"x,t,t+ Snf(x))]l{th(m»n_l}l/(dx)dt
= | F(T "w,at—S,.f(z),t)1 da)dt.
R (T™"z,x, f(2),1) {%f—f)(xbn_l}’/( z)
Now the conclusion follows from Lemma 7.9. O
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