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Abstract

In [CG16], Cerf and Gorny constructed a model of self-organized criticality, by introducing an
automatic control of the temperature parameter in the generalized Ising Curie-Weiss model. We study
an extension of this model where the mean-field interaction of [CG16] is replaced with a one-dimensional
interaction with a certain range d,, which varies as a function of the number n of particles. In a previous
article [For21], we studied the extreme cases of a very long range of interaction (2d, ~ An), which
behaves like the mean-field model, and of a nearest neighbour interaction (d, = 1), which does not. In
the present article, we study the intermediate regime and we show that the mean-field-like behaviour
extends to interaction ranges d, > n3/4, and we prove that there is a threshold phenomenon with a
different behaviour when the interaction range is of order d, = n%/%.

Mathematics Subject Classification : 82B20 (Primary) 82B27, 60K35 (Secondary)

1 Introduction

1.1 Definition of the model

We study a one-dimensional chain of n spins, with periodic boundary conditions, where every spin interacts
with its 2d,, nearest neighbours, with 0 < 2d,, < n. Thus, we consider the Hamiltonian

d
1 ™
Hn (xla B xn) S R" — _E szxﬁ-] )
=1 j=1
where we use the convention x4, = xy for all k € {1, ..., n}. Besides this Hamiltonian, the spins interact

together through the following observable, which we think of as a “self-adjusted temperature parameter”
(which is not really a temperature parameter because it is a function of the spins):

Tn ¢ (1,...,2,) ER" —
n

Our model is then defined by the following probability distribution on R%:

1 H,(z1, ..., xp -
dpn (1, ..y Ty) = 7 exXP <—T<(xll$))) Lir,>0} Hdu(xi), (1)
n n s ey n i=1
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where v is the standard normal distribution, and Z,, is the normalization constant. In what follows, we
will be interested in the behaviour, when n tends to infinity, of the “magnetization”

Sp(1, ooy @n) = 14+ xp,

when (z1, ..., x,) is distributed according to p,.

1.2 Threshold phenomenon

In a previous work [For2l]|, we studied this model in the particular case when the interaction range
satisfies 2d,, ~ An, with A € (0, 1), and we proved, in this regime, the following convergence in distribution:

Sn_ £, V2 e —i dz
W34 noiee D(1/4) P\ T2 )

This interesting behaviour was already observed by Cerf and Gorny [Gorl4, CG16] in the mean-field case,
which roughly corresponds to an interaction range 2d,, = n — 1. In [For2l|, we also studied the other
extreme case of a nearest neighbour interaction Hamiltonian, when d,, = 1, and we proved that, in this
regime, we have the convergence in distribution

Sn L

= = N(0,vV2+1).

\/ﬁ n—-+oo
Therefore, the behaviour of the model depends on the interaction range d,, but taking 2d,, ~ An and
varying the constant A is not enough to observe a change of behaviour. Thus, a natural idea is to consider
an interaction range evolving like a power of n. In the present article, we prove that, when the interaction
range is very large compared to n3/4, the behaviour of S,, is the same as in the mean-field case:

Theorem 1. If the interaction range d, is such that dn/n3/4 — o0 and d,,/n — 0, then under the law py,
defined by (1), we have the convergence in distribution

Sn £, V2 ex —2—4 dz
n3/4 w5t T(1/4) TP\ T4 )

A natural question is now: is this exponent 3/4 optimal ? The following theorem provides a positive
answer, showing that the limiting distribution changes when the interaction range d,, is of order n®/4:

Theorem 2. If the interaction range d, is such that
dy "7 APt with A >0,
if (Y;)jez is a family of i.i.d. standard normal variables, and if f is the density of the random variable

7 = VI, - o X
- 20_2)\27T2VZ jT’ (2)
jez\{o}
then under the law u, defined by (1), we have the convergence in distribution
Sn L f(Zz) dz
- — -
W e T £()

This theorem indicates that there is a kind of phase transition phenomenon with respect to the in-
teraction range. The obtained limiting law results from the competition between the two terms in (2).
When A\ = oo, the second term disappears, leaving the distribution obtained in theorem 1.



1.3 Motivation: a Curie-Weiss model of self-organized criticality

The initial motivation to consider our model comes from the work of Cerf and Gorny [Gorl4, CG16], who
studied our model in the mean-field case, that is to say in the particular case 2d,, = n — 1 (in fact, their
Hamiltonian is equal to 1 — 1/n times our Hamiltonian, but this factor does not change the behaviour
of the model). This mean-field model can be seen as a variant of the generalized Ising Curie-Weiss
model [EN78, Ell06], which presents a phase transition for a critical value T, of a temperature parameter.
The idea behind the construction of the model of Cerf and Gorny is to replace this fixed temperature
parameter T with a function T,,(x1, . .., x, ) depending on the spins, which naturally concentrates around T,
when the number of spins tends to infinity. In [Gorl4]|, Gorny proved theorem 1 but in the mean-field
case 2d,, = n — 1, and this result was extended to more general distributions of the spins in [CG16].

The interesting feature of this model is that it presents the same asymptotic behaviour as in the critical
regime of the generalized Ising Curie-Weiss model, but without the need to finely tune a parameter like the
temperature to a precise value. Hence, this toy model illustrates the phenomenon called “self-organized
criticality”. This concept was coined by the physicists Bak, Tang and Wiesenfeld [BTW8T7] to explain
the ubiquity of fractal structures in nature. The idea is that some physical systems naturally present
a “critical-like” behaviour, with a self-similar geometry and power-law correlations, without the need to
finely tune a parameter (e.g., the temperature) to a critical value.

1.4 Open questions

The intermediate regime In this article, we study the regime d,, /n%/* — co, and we prove that indeed

something changes when d,, is of order n3/4, but we leave open the question of the behaviour of the model
in the regime d,, = 0(n3/ 4), which we have not studied yet. In fact, with our method, the study of each
regime requires a careful control of the asymptotic behaviour of the eigenvalues and a well chosen change of
variable to obtain a non-degenerate limit. So far, we have not managed to perform a similar computation
for d,, = o(n®/%), except in the much simpler case d,, = 1, treated in [For21].

More general distributions Our results only deal with the case of variables initially , that is, we
restrict ourselves to the standard normal distribution v. This restriction enables us to perform exact
computations, as was done by Gorny in [Gorl4]|, where he dealt with the Gaussian case of his model.
However, the behaviour highlighted by Gorny for his mean-field model extends to a large variety of initial
distributions satisfying an exponential moment condition [CG16], and therefore it may be possible to
extend our result to a more general class of distributions for the spins.

Other interaction functions Instead of considering that each spin interacts with its 2d,, nearest neigh-
bours, we could have constructed our model with an interaction function decreasing with the distance
between two spins. For example, models with an coupling constant proportional to a power of the distance
between two spins were extensively studied [ACCNS88|. An other variant, called Kac-Ising models, consists
of an interaction function (either with finite range or decreasing with the distance between spins) scaled
by a factor 7, and one studies the limit of these models when v — 0 [KUH63, BZ97].

Random couplings An other way to build intermediate models between the nearest neighbour case
and the mean-field case is to draw random coupling parameters between each pair of spins. This amounts
to building a model on an Erdés-Rényi random graph, and it also leads to interesting threshold be-
haviours [KLS19, KLS20]. See section 1.4 of [For21] for a more detailed overview of this work.



1.5 Strategy of proof

The strategy to prove theorems 1 and 2 is similar to the strategy we followed in the previous article [For21].
However, the behaviour of the eigenvalues is quite different in the regimes we study here, which forces us
to update most of the estimates, hence the presentation in two separate articles.

Change of variables to diagonalize the Hamiltonian. As was done in [For21], we let P € O,(R)
be an orthonormal matrix such that the matrix of the quadratic form H,, writes *PDP, where D is the

diagonal matrix with diagonal coefficients —aJ' /2, ..., —a?/2, with
d,
1 & 2
vie{l, ..., n} aj = — cos(]mﬂ>.
dn m=1

Thus, with the change of variables

n
@t (T1, .., @) ERY — (y1, ... yn) = <ZP',ka?k> ;
k=1 <

1<isn

we have
1 n n
Hy(zy, ..., x Za yj, To(z1, oy ) = gzly? and S, = Z;a:j = Vny,.
j= j=

A competition between two terms. Given that o], =1, we have

1 n N y,,% 1 n—1 .
Hy(@y, - 2n) = —52%113- = —7—52%%2' = —*—*Za 3)
Jj=1 j=1
In the mean-field case 2d,, = n — 1 we have o = —1/(2d,,) for every j # n, so that the second term only

contributes as —S2/(2n(n — 1)), leading to a mean-field interaction like in the model of Cerf and Gorny
(see paragraph 1.3): the model behaves as if there was only the first term —S2/(2n). In fact, for a general
interaction range d,,, there is a competition between the two terms in (3). As long as d,,/n%/* — oo,
what we will see is that the first term prevails, whence a behaviour similar to the mean-field case. The
interesting change of behaviour intervenes when the second term becomes big enough to disturb the first
term, and we will see that this happens when d,, is of order n3/4.

Fourier inversion. Because we restricted our model to a Gaussian initial distribution of the spins, we
are able to perform exact computations. In our previous article [For21], with a Fourier inversion, we
obtained the following integral formula for the distribution (7,,, Hy, Sy), which will also be useful in the
present article:

Lemma 1 (lemma 5 of [For21]). Assume that the parameter d,, is such that

2d.,
lim — = Ae€0,1),
n—oo N
which is the case in the present article, since we assume that d,, = o(n). Then, for n large enough, under
the law p, defined by (1), the vector (T, H,, S,) admits the following density with respect to the Lebesgue



measure on R3:
fo : (z,y,2) €R® —s ;exp<—g)ﬂg<x J E)
T (2m)5/2Z,\/n T "n’'n

2 2 2 1n—1 2
X/Wdudvexp[—iu(m—;)—iv(y+;>—;l—2 ln(l—;u—i—iva?) ,

j=1
where € is the domain defined by

Q = {(m,y,z)G[R3 : 2x>x72y>222}.

Saddle-point method. The remainder of this article consists in a careful implementation of the saddle-
point method (see for example [Cop04]) to obtain the asymptotic behaviour of the above integral expression.
This is done two times, once to prove theorem 1 in section 3, and a second time to prove theorem 2 in
section 4. This method starts with the choice of a judicious change of variables, in order to obtain an
integrand which has a non-degenerate limit when n tends to infinity. We then extend the integrand as
a function with complex arguments, and we search for a saddle-point, that is to say, a critical point of
the pointwise limit of the integrand in the complex plane. The core of the saddle-point method is then to
move the integration contour, to make it pass through this saddle-point. The obtained integral then turns
out to be well adapted to apply the dominated convergence lemma.

As often with the saddle-point method, a preliminary step is necessary to restrict the integration to a
small domain close to the saddle-point, where everything goes fine. Without this restriction, one would
not be able to verify the domination hypothesis, because of the behaviour of the integrand far from the
saddle-point.

Control of the eigenvalues. At each step of the saddle-point method described above, the key in-
gredient is a precise control of the asymptotic behaviour of the eigenvalues a7, which depends much on
the regime of d,, we consider. Although the convergence result is the same in the two regimes 2d,, ~ An
and n3/* < d,, < n, the behaviour of the eigenvalues is quite different, and this is why we only deal here
with the second regime, the second one being studied in [For21]. Indeed, in the regime 2d,, ~ An, we have
sin(j A

nhﬁn;(} aj = sinc(jim) = j()]\ﬂ_)

for every fixed j > 1, whereas in the regime n3/* < d,, < n, we have a} — 1 for every fixed j > 1, which

explains why it is necessary to consider a different scaling. Therefore, although the methods to study
the different regimes are very similar, these slight differences in the behaviour of the eigenvalues induces
differences in many technical points, which lead us to present these regimes separately, instead of trying
to write a proof which would work for all the regimes, but which would end up maybe more confusing.

A Gaussian integration formula. As in [For21], we will also use the following formula, which follows
from lemma 4 of [Gorl4|:

2 2 2
YaeR VbeC /dxebr_‘”: 2 = \/—ﬂ-eXp (b> . (4)
R a 2a



2 Asymptotics of the eigenvalues

Let us recall the expression of the eigenvalues . We have a;; =1 and, for every j € {1, ..., n—1},

n 1 dz" cos <2jm7r> _ cos (j(dn + 1)7r/n) sin (jd,m/n) 5)

% dn — d,, sin (]W/n)
_ 1 (sin((2dy +1)jm/n)
2, ( sin (j7r/n) 1) ' (©)

We will refer extensively to these different expressions for aj throughout this section. We define the
extrema

Mn:max{ayzlgjén—l} and mn:max{—al?:lgjgn—l}. (7)
The eigenvalues are symmetric with respect to j, that is to say o} = aj;_; for every j € {1, ..., n—1}
It follows from (5) that
vie{n. 2} gl < ! < (8)
2 dy sin(jm/n) 2d,j

which implies that

< 2Ln/2J no 0 nlnn 9
Z\a < ;m_ d, ) ®)

As explained in section 1.5, we have aj — 1 when n — oo, for every fixed j > 1. The following lemma
controls the speed of this convergence, which will be a key point in our computations.

Lemma 2. Assume that d,, — 0o with d,,/n — 0. Then for every fixed j > 1 we have, when n — oo,

n nooo 2dn5°T2
l—a;y "~ 302 (10)
If moreover d,,/n*'* — oo, then there exists K > 0 such that, forn >3 and 1 < j < [n/2],
1 3n?
- <K (11)
1—a?  2d7j2m?
and
ay 3n?
- 12
I—al 2821 (12)

Proof. Let (dy,), be such that d,, — oo and d,,/n — 0. Let j > 1 and let n > 2j. We can write, with a
uniform O with respect to j and n,

Sm<(2dn+1)j7r> _ (2dp +1)jm [1 (2d,, +1)2j%7 +O<dii4> ]

n n 6n?
Besides, since jn/n < 7/2, we have

1
sin(jm/n) jm




Using our formula (6) for o, we obtain that, for 1 < j < |n/2],

sin ((2d,, + 1)jm/n) 1

2d,, sin(jm/n) 2d,,
_ Q@dy 4 Dgr/n |, (2dy + 1)%5% dpj’ AN
= adgnin || ez O\ ) || PTO0e) |,
B 1 (2dy, + 1)%5%7* +1 j dpj* 1
- (”m)[l o) o (%) |-

1—

9 1)272572

e (e o
2d2 j2m? dnj

o () o ()

We can deduce that

)

_ o a@2jp2 1 d

with uniform O symbols for all j < |[n/2]|. For a fixed j, since d, — oo and d,/n — 0, we obtain the
asymptotic formula (10). We now assume that, in addition, we have d,, /n?/®> — co. We then have

e P
1-a} = =& 1+0<n2) . (14)

To obtain (11), we wish to take the inverse of this development. To this end, we distinguish between two
cases, and we assume in the first place that j < n/(2d, + 1). In this case, we will show that the quantity
between brackets in (14) is bounded away from 0. Let us go back to the formula (6) which reads

o — sin ((2d,, + 1)jm/n) 1 (15)
i 2d,, sin(j7/n) 2d,,

A straightforward function study shows that, for every z > 0,

2 2 4
x(l—%) <sinx<x<1—%—|—lx20) (16)

From this we deduce that

Yet, for j < n/(2d,, + 1), we have
PRI w2 1

< <
6n2  6(2d, +1)2 2

for n large enough, because d,, — co. Therefore, we get

e\ ! n 272 -t n §2m?
sin [ — < —(1- < — (14 , (17)
n g 6n2 jm 3n?2




using the convexity of the function u — (1 —u)~! over [0,1/2]. We now use the other inequality in (16)
to write, for j < n/(2d, + 1),

: : 2.2 2 44,4
Sin<(2dn+1)]7r> o (2dn+1)j7r(1_(2dn+ 1)%5%m +(2d +1)%j )

n = n 6n2 120n4
. (2d,, + 1)jm - 7t (2, +1)%5°
= n 6 120 n2
2d,, +1)j 2d,, + 1)%52
< (2dy + V)jm (0 (2dn +1)°5° ) (18)
n 2n?

Using (17) and (18) in our formula (15) yields
2d,, +1 ] 272 2dn —|— 1 1
R 1-— - —
@ 2, < 3n2 ( dn
1 202 (2d, +1)2 2 1
1+— ) (1 - -
( * 2d, ) < + 3n? 2n? dp
2 2,2
1_ 1+L 1 27 (2d, +1)%j
2d,, 3(2d, + 1)2 2

3 2 2 2
(14 L 1 1 2 2dz g
2d,, 3(2d,, + 1)? n?

Since d,, — oo, this implies that, for n large enough, we have

<
/!

N

n d2j2
l—a > &
2, + 1 @ 2

Vi <
n

This allows us to take the inverse of the development (14), yielding, with a uniform O symbol valid for

all j < n/(2d, + 1),
25
1+O(n2>]. (19)

Going back to our development of o in (13), we also have, for j <n/(2d, + 1),

2 ;2
an = 1+0(dj )+0<d > ~ 1+o<dZ‘7>.

Combining this with (19), we get
d?j
140 (%2
n?

with a uniform O valid for all n > 3 and 1 < j < n/(2d,, + 1). We now turn to the second case, and we

take j such that
n n
C< P
2, +1 =7 bJ (21)

In this case, our formula (5) for o} implies that

1 3n?

l—a?  2d2j%n?

a’t 3n2

l—ay — 2d2j%n2

3n?
= 2d2] = +0(1), (20)

’a < 1.

Y

dn sin (jm/n) < dy, sin (7/(2d,, 4 1))



Therefore, uniformly for all j satisfying (21), we have

1 3n?

= 0(1) = 5555 +0(1), (22)

_an
104]

Since |oz§-‘| < 1 for all j, this implies that, uniformly for all j satisfying (21),

o 3n?
I _ = 0(1) = ———
(1) 2d2 j272

+0(1). (23)

In the end, combining our two cases (19) and (22), we obtain the existence of K > 0 such that (11) holds.
Similarly, the upper bound (12) follows from (20) and (23). O
Regarding the extreme eigenvalues, we prove the following result:

Lemma 3. Ifd, — oo and d,/n — 0, then we have

n—o00 2772d%

1-M, ~ and liminf m, > 0.
3n2 n—00
Proof. Let us consider the function
sint

Up @ t€ (0, ) — S () 2dn 1)

This function is differentiable and, for all ¢ € (0, 7), we have

) .
ul, (t) = sin _t cost sin t L t
" 2d, +1 2d, +1 2d, +1 2d, +1

The sign of this derivative is governed by

1 ¢
"(t) <0 = tt < t )
un(?) €0 2, +1°° (an+1>

If t € [7/2, 7), then we have cott < 0 whence w/ () < 0. Otherwise, if ¢ € (0, 7/2), then we have

t
un(t) <0 = tant > (2d, + 1) tan (2d”+1) ,

and the latter inequality holds true, as a consequence of the convexity of the tangent function over (0, 7/2).
Therefore, the function w,, is decreasing on the interval (0, 7). Yet, for 1 < j < n/(2d,,+1), the formula (6)

reads
. 1 (2d,, + 1)jm
O{j = %[Un <nn>_1‘|

The function u, being decreasing, we can deduce that o < af for all j < n/(2d, +1). What’s more, it
stems from (5), the other formula for o, that for every integer j,

n : m
= ‘ozj‘ < [dn 51n<2dn+1>




Hence, for n large enough, we have M, = af, and thus the equivalent of 1 — M,, follows from lemma 2.
We now deal with the case of m,,, and we write

i) = |3

Going back to the formula (6) for a7, we have

R sin ((2dn + Dj(n)m/n) 1 _ sin(37/2) 4 o(1) o(1) MR sin(3m/2) 2
i(n) 2d,, sin (ji(n)m/n) 2d,  2d,(37/(4d,))(1 + o(1)) 37/2 3’
whence
liminf m, > — > 0,
n—00 3m
which concludes the proof of this lemma O

Next, we prove that the proportion of eigenvalues which are positive or negative stays away from 0
and 1:

Lemma 4. If the interaction range d, is such that d, — oo and d,,/n — 0, then there exists K > 0 such
that
Vn>3 Vee{-1,1} ‘{je{l,...,n—l} :504?20}‘ > Kn.

Proof. Let n > 3 and € = (—1)", with n € {0, 1}. Consider the set

E = U E,  where Ek_wm[

2k+nn (2k+n+ l)n}
1<k<dn—1

2d, 7 2(d,+1)

We have E C {1, ..., n— 1} and, if j € F}, then

implying that

Similarly, for every j € E}, we have

i(dn + 1
LGN ) LA S L
2 n 2 2
whence (d
(_1)k+77 cos (W) > 0.
n

Using our formula (5) for o, we obtain that

—1)F+7 cos (j 7/n) (=1)*sin (jd,7/n
VieB, cal = (—1)k+ (](dZ:;i(éﬂ)/i)l) (Gear/m)

10



In addition, for every k € {1, ..., |dn/4]} we have

2k+n+Dn  (2k+ngn

Eyl > 2

[l 2(dp + 1) 2d,,
_ n - nn - kn 9
© 2dp+1) 2dp(dp+1)  dp(dy +1)

n n

>
A(dn +1)  2dn(dy+1)

Therefore, we get

dn n n n—oo N
El > |— — -2 T —
2] { 4 J <4(dn +1) 2d,(d,+1) ) 16
which concludes the proof.

We now turn to an estimate which will be useful in section 4.6:

Lemma 5. If the parameter d, is such that dn/nZ/3 — 00, then we have

n—1
" nlnn
Zln(l—aj) :O< 7 >
i=1 "
Proof. First, by symmetry of the eigenvalues, it is sufficient to show that

S, — O(nlnn) and S, — O(nlnn),

d, dn
where
[n/dn] [n/2]
S| = Z In (1 — a}-‘) and Sy = Z In (1 — a?) .
j=1 j=|n/dn|+1

For the first term, we write
5] < m (Jin(1 = M,)] v (12))
Yet, it follows from lemma 3 that
n—oo 272(131
3n?2 '

nlnn
S| = O( 4 )

To deal with the second term, we use the upper bound (8) whereby

, n n n n 1

The logarithm function being Lipschitz-continuous on [1/2, 3/2], we deduce that

n—1
Sy = 0<Zya;|> - O<ncllnn> |
j=1 "

1-M,

whence

where we have used the upper bound (9). Combinging (24) and (25) yields the desired result.

11

(24)

(25)



3 Proof of theorem 1

This section is devoted to the proof of theorem 1. Hence, we assume that the interaction range d,, is such
that d,,/n3/* — oo and d,,/n — 0, we fix a bounded and continuous function g : R — R and we study the

limit
5 Sh
Jm o (G ) |

3.1 Exact integral expression

In our previous work [For21], we noticed that, under the law p,, the behaviour of T, is simply given by
(see lemma 11 of [For21]):

VT, —1) = N(0,2).

n—-+4oo
Since d,, /n®/* — oo, we can deduce that
lim |T—1\>d—” =0 (26)
n—ooo L " nb/4 ’

Therefore, it is enough to study the limit of

S,
En = pn |f] <n374> lT,LISd7L/n5/4] : (27)

With the density given by lemma 1, we can write, for n larger than a certain rank ny,

1-§—dn/n5/4 P
/ do [ ay [ dzg(57) Fularv. 2
1—d, /n5/4 R R n’/

1 1+dn/’l’L5 y
= T o | dy/ e e G T

_ 22 2 1A 2t .,
X dudv exp | —iu x——z —w|ly+—) = -z In{1—-—+4ival .
R2 n 2n 2n 24— n J

We now proceed to the change of variables

E,

J)/ n2y/ 2/2\/ﬁ ) 3/4 d21}/
r=1+"—, y= - Loz =20 w=dVn, v= "
vn dz 2 n?
which yields, for n > ny,
nl/A
E, = (2705/22/D dr dydz g(z) /[R2 du dv eAn(@v:2 ) (28)

where the integration domain D,, is the following:
2n3/ 2
2

n

2iu wd%
(1 n21>. (30)

dn
D, = {(x,y, 2)€R® ¢ x| < —;7 and 2vn+2x > Vn+ax— y+ 22 > 222}, (29)
n

and where we let, for (z, y, z) € D,, and (u, v) € R?,

_ 2Ayn—2yn?/d2 i o2
An = 2(1+x/y/n) Vi =i )

12



Our change of variable on y is guided by the assumption that, when writing the Hamiltonian as

2
Hn = *i + Rn 5
2n
the first term will be of order \/n and the second term will be of order n?/d?, which is negligible compared
to \/n because d,, /n®/* — co. This is why the behaviour is the same as in the mean-field model, because
the term —S2/(2n) prevails over the remainder R,,. This heuristics comes from the following computations,
where we see that this is the right scaling to obtain a non-degenerate limit of the integrand when n tends
to infinity. Let us now rewrite the expression (30) as

xz? yn?/d2

" 2%iu  wda?
A, = — —1 —du(r —2%) —ivy — =Y In[1-"= =7
n 2(1+x/\/ﬁ)+1+x/\/ﬁ iuy/n —iu(z — 2%) — vy 2; n( \/ﬁ+ 2 )

To obtain a non-degenerate limit, we must get rid of the diverging term yn?/d2. To this end, we wish to
move the integration contour of the variable v from R to
;2
h = (31)
v € v9g+R where vy = 2
n
To justify this change of integration contour, we proceed as in section 4.2 of [For21]. We fix n > n;
and (z,y,z,u) € D, x R. The function v — A, (z,y, 2, u,v) can be extended into a holomorphic function
on the open set

n? n? n?
{UEC : —%<§mv<d%]ml} D) {UGC : OSvagd%}.

As was done in [For21], it can be easily checked that the change of contour is legal, for n large enough.
The formula (28) then becomes, for n large enough,

E, = Cn/ d:z:dydzg(z)/du/dveF"(x’y’Z’“’”HG"(“’”), (32)
D R R

n

where the constant C,, is given by

nl/4

1 n—1 . n1/4 n—1 1
)7, exp ( 3 ;ln (1- aj)) T (2n)32Z, Jl;[l JI-ar’

C, = (33)

and the functions F,, and G,, are defined by

x2% — 2ayn3/?/d?

21+ /)

F.(x,y, 2, u,v) = —iu(z - 22) — vy —

and

1'& 2iu ivdial
Gn(u,v) = —iuy/n—=>» In <1 — + — ) (34)
2; \/ﬁ(l—aj) n2(1—aj)

3.2 Pointwise limit of the integrand

3/4 5 00

We now study the pointwise convergence of these two functions F,, and G,,. Our assumption d,, /n
implies that

Y(z,y, 2, u,v) € R® x C? lim F,(x,y,z, u,v) = Fy(z,y,z2, u,v),
n—oo

13



with
2

Foo(z,y, 2, u,v) = —iu(x — 22) — vy — -

We now turn to the second function G,,. For the quantity G, (u,v) to be well defined, it is sufficient that

2iu wd?am
vie{l,...,n—1} Re | 1— + et > 0,
N

1 704;‘) n2(1 fa;?)
which is equivalent to

2 9,3/2 2
T R Y S P

n

Rewriting this in terms of the extreme eigenvalues M,, and —m,, defined by (7), this becomes

2 9,3/2 2 2 9,3/2 2
Z—QJr 7;2 3mu+<§mv+z2>mn > 0 and ;L2+T£l2§mu<3mv+22>Mn > 0,
which amounts to
n?(1+my) 2n%?% _ . n?(1—M,) 2n%? _
T Em, _d%anmu < Jmuv < 2N, @D, mau. (35)

Now recall the result of lemma 3 according to which

. n?(1+my) )
A = beeand =

What is more, for any fixed u € C, we have

2n3/2 2n3/2
lim Jmu = 0 = lim Jmu,
n—oo dZmy, n—oo d2 M,

3/4

because d,,/n*/* — co. Therefore, for every (u, v) € C x V, with

2
V—{ve@:jmv<273r},

the condition (35) is satisfied for n large enough. We can now state and prove the following result:

Lemma 6. We have the pointwise convergence:

Y(u,v) eCxV lim Gp(u,v) = Gool(u,v),

n—oo

where the function G is given by

Geo : (u v)erV»—>—u2—+zO:Oln 1—&-3&
oo - ’ = 271_2]'2 .

Proof. Let us fix (u, v) € C x V. We first study the limit of G,,(0,v). Let us write
1 1 3Jmo
h = -AN{z————
2 (2 A2 ) ’

14



which is positive since v € V. It stems from lemma 3 on the asymptotics of M,, and m,, that

lim e (1+

n— oo

ivd? M, _ ,_ 3Jmv oh
n2(l1—-M,) ) 272 ’

while

. d2 N
lm Me [ 1— —2%Mn ) _ 5 9p
n— o0 n2(1—|—mn)

Thus, there exists ng € N such that

, ivdia;’
Vnzng Vje{l,...,n—1} Re| 1+ —— ] = h.
nz(l—a?)

Let n > ng. Using the symmetry relation o' . = a7

n—j 7, we can write

Gn(0,v) — Goo(0,0) = 6L (v) + 0% (v) — 82 (v),

with
Ln/dn ] 2 on .
1 _ Z i dy, o 3t
5n(v) = —1I1<1+n2(1_n) + In 1“!‘@ ;

j=1 @
”_I."/dnj_l . 2 n
1 wd2 ol
2(w) = —= Z ln<1+nj>
n 2 _ b
2 Py n (1 a?)
= 3iv
3
W) == 3 (” 27r2j2) '
j=In/dy|+1

Control of the first term: We start with 6}. For every j < [n/d,, ], we have

ivd2 ol 3iv 3Jmv
Re| 1+ —2_ | > h d Re |1+ ——= | 2 1A|[1-———) > h.
(resmy) 2 r e e (eg) 2o ()

Thus, it follows from Taylor’s theorem that

ivd? o™ 3iv 1
-1 14 —"J 1 14— < =
n( +n2(1—ag)>+n(+2w2]’2> h

From this we deduce that

[n/dn ]
d2 v] ay 3n?
51 < n § J _ .
|90 (0)] hn? = 1—a? 2d27%52
Following lemma 2, we obtain
[n/dn ]
d? d
1 _ n — n —
f5n(v)| =0 n2 ;:1: L) =0 < " > = o(1).

15



Control of the second term: We now deal with 62. If n is odd, using the symmetry of the eigenvalues,
we can write

[n/2] : 2 n
9 B i d;, o
6n(U) = — E 1H<1+nQ(1_an) .

j:\_n/dnj'f'l J

Otherwise, if n is even, there is a term counted twice in the above sum, whence

1 ivd? an Ln/2) wwd?a?
2(v) = 21n<1+2";/2> > 14— )
n (1_0%/2) i=lndn 41 n (l—aj)
Yet, we have lim «”

w2 = 0, whence whatever the parity of n,
n—oo

[n/2] : 2 n
wd; ol
62(v) = o(1) — E ln<1+w>.
j=Ln/d71J+1 a ‘7)
Using again Taylor’s theorem, we get

[n/2] n [n/2] ny2
d? al d* ()
j=|n/dn]|+1 J j=|n/dn|+1 (1- O‘j)
In the first sum, we write
ay _any (a;?)Q
1—a? 71 —a?

Recalling the upper bound (8), we have

n n n 1
j - ML — < =,
seflgler 3} Wl < (3%)
whence
[n/2] an [n/2] [n/2]
J n n\2
Yo < X a2 Y @
j=In/dn]|+1 J j=In/dn]+1 j=In/dn]+1
Thus, the equation (37) becomes
2 Ln/2] a2 [n/2]
2w = o) +0 (5 > ap|+0(B D (o) (39)
j=[n/dn|+1 j=In/dn]+1
We now write, using the formula (6) for ay,
n/2 2 . .
VR — .
i=In/d]+1 2n 2| T sin(jm/n)

We then perform an Abel transform, letting, for j > 0,

On,j = Zsin ((2dy, + 1)km/n).

k=0

16



‘We have

lonl =

sin ((2d,, + 1)jm/(2n)) sin ((2d, + 1)(j + 1)7/(2n)) ‘ 1 n

sin ((2d,, + 1)7/(2n) s sin ((2d,, + 1)7/(2n) S 24,

This allows us to write

n/2 . . n/2
LX/:J sin ((2d, + 1)jm/n) LZ/:J Onj = Onj-1
P sin(jm/n) =1 sin(jm/n)

_ Wf:l o ( L 1 ) __ Onlnjda) ., Ouln2)
"\ sin(jm/n)  sin ((j + 1)w/n) sin (|n/d,|m/n)  sin(|n/2]7/n)

j=In/dn]

Therefore, we have

In/2] . .
sin ((2d, + 1)j7/n) n/dy n/dy, _ On
j—Ln/zd:nHl sin(jm/n) s sin (|n/d,]| 7/n) * sin (|n/2]m/n) o).

Our upper bound (40) thus becomes

3 - o). (41)

j=ln/dn]+1

In addition, going back to the upper bound (38), we can write

[n/2] +oo 2 2 oo g
t n
. 2, (@) . 2 (anj) Ad2 Jinja,) t? 4d, (42
Jj=In/dn]+1 j=In/dn|+1 "

Plugging (41) and (42) into (39) yields

2(v) = 0(1)+0(n) = o(1).

Control of the third term: The series
3
(-5
i>1 ™
being convergent, we know that 3 (v) tends to 0 when n tends to infinity. Therefore, we have proved

lim G,(0,v) = Gs(0,v).

n—oo

Dependence on u: Let us fix u € C. Using again lemma 3 about the extreme eigenvalues, we have

2iu 2|ul n—co 3n3/2\u| n—0o
n - 1— M ~ 22 — 0,
Vil —a?) Vvn(1 = M,) m2d2

max
1<j<n—1

17



3/4 5 0. This entails that, for n large enough,

since d,, /n
w h

- g —

) \/ﬁ(l - Mn) ‘ 2

Combining this with (36), we obtain that, for n large enough,

2itu wd? o h
Vte[0,1] Vie{l,....,n—1 Re [ 1-— + rd > —. 43
0.1 Vel ....n—1) ( ] nQ(l_a?)> : (43)
As in our previous article [For21], using Taylor’s theorem, we can write
oG, u? %G, |ul? I3 3G,
Gy (1, v) — Gy (0,v) — u="2(0,0) — — 0,v)| < tu)| . 44
(1.0) = Gul0.) — w5 0.0) = 50,00 < B s (S5 ) (a4)

We now compute the successive partial derivatives of G,, with respect to u. We start by writing

oGy,
au (07 'U)

_ i\ 1
71\/ﬁ+%2 1 —al +ivd} af /n?
- 2y ]
N 1 —a? +ivd2 aff /n?

—wd} of /n?

- z:: L —a? +ivd} al/n?
—1
i wd2 \ =2 an ivd? am
1—— 11 £ : 45
. < " )le—a?< +n2(1_a;>> w

%\
%\

5%
)d ,_.

S\
3\

4-
-

Yet, according to (43), we have

ivdia? ivdfla}‘ h
1+ ————| 2 Re|1l+—F—"F]| =2 -.
nQ(l—a?) n 2

Plugging this into (45), we obtain

n— ln/2] | n
G, 1 2 |v\d2 . 1 4+4p| a”|
(O,U)‘<+< —+ .

Yet, we have proved in lemma 2 that

—am
1aj

n2
— o +0( ). (46)
where the O is uniform over all j < [n/2]. Combining this with the inequality (8) according to which
n
1A 4
|a] | A an] ( 7)

we get




whence

Therefore, we get

since d,, /n®/* — co. Similarly, we have
2 n—1 n—1
892G, __72 1 _ g.2.2 1 .
3“2 a?—i—ivd%a;‘/nQ)z noonis (1—a?—|—ivdia?/n2)2

This implies that

5 gnol ’204;%(1 —ivd2/n?) + (a7)2(1 - wd’;‘;/ﬁ)z‘
(0,v)+2' < —+-—

nooni= }l—a”—&—wdQ ’?/n?|2

2 8 lv]d? - — ay
<+;ﬁ@+iz) ?Z 2+ZI||

l—a)

0°G,,
ou?

B ) o e ]

X n nhQ o (170/1)2'

(49)

It follows from (46) and (47) that, for j < [n/2],

whence

ot (n4> (nlnn)
— — =0()+0 :
= -ap) & tn

Using this in our computation (49), we are left with

8;52”(0,@ - —2+o( >+o< 3)+o<12:‘) = —2+40(1).

Lastly, for every t € [0, 1], we have

n—1
1

G,
‘ oud (tu)‘ = n3/2 Z

(1 —af = 2itu//n+ivd? ;L/nz)3
[n/2]

128
< n3/2h3 Z

j=1

1
1—04])

implying that
Gafult &

<w]\ .
oud 3n3/213 = —a”)3




Yet, according to (46), we know that for j < |n/2],

whence n2)
n/2
1 nb
> = O(n) +o< )
o\ 3 12
J=1 (1 O‘j) A
Inserting this into (50) yields
[ul3 3G, ‘ ( 1 ) (n9/2>
—— sup tu)l = O —= | +0 | —— | = o(1),
6 t€[0,1] aug( ) vn dj M

3/4

where we have again used the fact that d,,/n*/* — oo. Plugging all this in our Taylor formula (44) we get

lim G,(u,v) = Goo(0,v) —u? = Goolu,v),

n—oo

concluding the proof of the lemma. O

3.3 Moving the integration contour

We wish to use the saddle-point method to approximate the integral in our formula (32). Therefore, we
look for a saddle-point of the function F,, + G, which is extended to complex values of u and v. For
every (z,y,2, u,v) € R3 x C x V, we have

Foo %) .
a@u (z,y,2, u,v) + %(u, v) = —i(z—2%) —2u.
Therefore, our saddle-point in u is
o2
= ur(x, 2) = _7z(x 5 )

As for the second complex variable, the expression of the saddle-point being too complicated, we choose
to set
—i ify>0,

+i  otherwise,

vto= 0t(y) = —isely) = {

which is not the saddle-point, but which will be enough to obtain our result. The only important point is
that the term —iyv* = —|y| will allow us to obtain an integrable function of y, as we will see later. We
now wish to move the integration contour from (u, v) € R? to (u, v) € (u*,v*) + R?. As explained in (31),
the displacement of the integration contour in v can be easily justified, taking this time vy = v*. This
gives

E, = C’n/ dedydzg(z) / du / dv exp <Fn(:c,y,z, u, v* +v) + Gp(u, v*° + v)) . (51)
Dn R R

In order to move the integration contour of the variable u, we now want to swap the two last integrals,
over v and over v. To this end, we prove the following lemma, where we dominate the integrand by an
integrable function, which will also be useful later when we will apply the dominated convergence theorem.
This lemma is formulated with an additional parameter ¢, to avoid writing two very similar proofs (we
now need the case t = 0, and we will later use the case t = 1).
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Lemma 7. There exists K > 0 such that, for n large enough, for every (z,vy, z, u,v) € D, x R? and for
all t €10,1],

Re Gy, (tu* + u, v* +v) — Gp(tu*, v*) < Mg(u, v) +21n (202 4 2%) +2In 2,
where the function Mg : R> = R is given by
Mic(u, v) = —2In (1 + Ku2) —In (1+K(|u|—|u|)i). (52)

where a. = max(a, 0).

Proof. Let (z,y,2, u,v) € D, x R?, and let t € [0,1]. We start by writing

1 2u/\/n —vd2 a?/n?)?
Re G, (tu™ + u, v* +v) — G (tu*, v*) = _,Zln 1+ ( /Vn 7/ ) e
4 (1= a? = 2itu* /y/n + iv*dZa? /n?)

As a first step, we isolate the sum over the first four eigenvalues:

4 9 02
Z 2 —vd; a?
S — 1 w1 (u/\/ﬁ v na]/n) A
4]-:1 (1 —af —2itu*/\/ﬁ+iv*d%a?/n2)

It follows from lemma 2 that, for n large enough,

200d2
max (1-af) < —-*.
This implies that, for j < 4,
| 2itu* | wdial  200d  x— 22 d

n3/4  y2,3/2
+ 5 )

1—aj + 2 < dn 201 + S
: = on? dn a2

<
J vn * n? S on2 Vn n?

where we have used that [v*| = 1 and |z| < d,,/n%/%. In addition, we have n3//d, < 1 for n large enough,
whence

. 2wt wrdnal d2 )

Therefore, we obtain

4 9 —vd? o /n2)? 4 n_ound/2/d2)?
s < by 1y Qe mvdneg /) Ly () (g e )
4 (d2 /n?) (202 + 22) po (202 + 22)

j=1

Using again the fact that, for n large enough, n*/*/d,, < 1/2 and af > 1/4 for all j < 4, we get

) > (Ivl—\u|)+)
2

3/2

2un3/?
vali — ——

J d%

> ((Juag] -

for n larger than a certain fixed rank which does not depend on (z,y, z, u,v). Thus, for n large enough,
we have

(Jo] = [u)? 2 2
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We now study the terms coming from the other eigenvalues:

n—1 . )

—am— 9 i d2 2
1 —alt = 2itu*/\/n + iv*d%al /n

According to the definition (29) of the domain D,,, we have # — 22 > —y/n. This implies that, for
every j € {5, ..., n— 1},

P X J2 AT 2 2
1o 2itu wrd; o T —z d

TR T ST TR TR

allowing us to write

n—1 2 .n 2
1 1 (2u wvdd]
So < —~ Y In|1+— =27
2 4%%“ +16<¢E nZ )
By lemma 4, there exists Ky > 0 such that
|Jn,u,v| > Kon,

where
Inup = {jE{S,...,n—l} : uvoz?é()}.

u? Kon u?
1 1+ — < ——1 1+— ).
n( +4n> 4 n( +4n)

As soon as n > 8/Kj, the concavity of the logarithm function ensures that

Therefore, we have

Jnu’u
5 <t

5< - Lﬂ 8 (”4[;}1@1) |

1
K=1N——
4[8/Kol’
we obtain the desired upper bound (the factor K in the second term of My is unnecessary, but it will
appear in the next section, in the course of the proof of theorem 2, so we include it here so that we use
the same function Mg for both cases). O

Adding this to (53), and letting

We now prove check:

Lemma 8. For every K > 0, the function eM¥ | where My : R> — R is defined by (52), is integrable
over R2.

Proof. Let K > 0. We can write, in [0, +00],

/ du dv eMx (V) = / du / dv
2 2
R2 R (1+ Ku?) R1+K(\v|—|u|)+

We then compute, for u € R,

/ dv —2|u|+2/+°°d”—2|u|+”
[R1+K(|v|—|u\)i o 1+ Kv? N
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so that we have

2 VK
/ du dv eMo(w:v) ¢ /(|u|+ﬂ-/>du < 400,
R2 R

(1+ Ku?)®
since
OWMHVJK)::O(’l)
(1+ Ku2)? P
when |u| — oco. O

Let us now go back to our equation (51), where we wanted to invert the summations over u and over v.
For every (z,v,2, u,v) € D, x R?, we have

man(l‘7y7 Z? u7v*+v) = F7L('T7y7 Z? 071}*)'

Thus, it follows from lemma 7 applied with ¢ = 0 that, for n larger than a certain rank which is the same
for all (x,y, 2, u,v) € D, x R?, we have

eFn (@2, u v +0)+Gn(u, v +0) | (203+22)26Fn(z,y,z,o,v*>+Gn(0,v*)+MK(u,v)7

which is an integrable function of (u, v) by virtue of lemma 8. Therefore, Fubini’s theorem allows us to
swap the two last integrals in the formula (51), to obtain

E, = C’n/ dedydzg(z /dv/duexp (T, y, 2, u,v* +v) + Gy (u, U*+v)).
D,

We now fix (z,y, z,v) € D, x R and n, and we wish to move the integration contour of the variable w.
The function uw — F,(x,y, z,u,v* + v) is defined and holomorphic on all the complex plane. As for the
function u — G, (u,v* + v), it is holomorphic on the open set

253 S d%a”
weC : Vje{l,...,n—1} 1+ me B(y)dna; >0 5. (54)
V(1 —a;?) n?(1 —a;‘)
We wish to move the integration path of u from R to R 4+ «*, where uv* is our saddle-point given by
L2
i)
2
Yet, by the definition (29) of the domain D,,, we have |z| < d,, /n®/* < n'/*, whence
2t Tm u* sg(y)dpaf d, a2
vtelo,1] 1+ + o> 1- - n : (55)
vr(l—af)  n2(1-af) n®/4(1—M,) n?(1—M,)
According to lemma 3, we have
1—M n—00 27Tzd%
n 3n2 9
whence
dy, d? n3/4 3 3
1-— — n =1- - —(1 1) =1-— 1).
nd/4(1 - M,) n?2(1—M,) © < dy, > 272 (1+0(1)) 272 +o(1) (56)

This implies that, for n larger than a certain rank, which does not depend on (z,y, z,v) € D,, x R, we have

_ dn _ dgl
n/A (1 — M,)  n2(1— M,)

> 0,
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Figure 1: Cauchy’s theorem allows us to replace the integral over [—M, M] with the integral on the
contours C1, Cy and Cs.

and in this case, the contour represented on figure 1 in included in the open set given by (54). Thus, by
virtue of Cauchy’s theorem, we obtain that for M > 0,

M 1
/ du an(x,y,z,u,v*+v)+Gn(u,v*+'u) _ / w*dt an(z,y,z,7M+tu*,v*+v)+Gn(fM+tu*,v*+v)
—M 0
M
+ / du an(z,y,z,u*+u,v*+v)+Gn(u*+u,v*+v)
—M

0
+ / wrdt an(:v:y,z, M+tu* w*+0)+Gp (M +tu*, v* +v)
1

Using the domination result of lemma 7, we can write, for M > 0 and ¢ € [0, 1],

oFn(@y,2, EM+tu” 0" +0)+ G (EM+tu”, 0" +v) (202 +22)2€Fn(z,y,z7tu*,v*)+Gn(tu*,v*)+Mo(iM, v)

<
M
— 00 07

uniformly with respect to ¢ € [0, 1], implying that

1

. - * %
Mhm wrdt an(az,y,z,iM—&-tu W)+ G (EM+tu* v ) O7
—+oo Jo
whence
/duan(z,y,z,u,v*+v)+Gn(u,v*+v) — /duan(z,y,z,u*+u,v*+v)+Gn(u*+u,v*+v)
R R

At the end of the day, we obtain that, for n large enough,

E, = Cn/ dxdydzg(z)/dv/du exp(Fn(x7y,z, w4 u, v° 4 v) + G (u* + u, v*—i—v)). (57)
D, R R

3.4 Domination

We now need to bound from above the modulus of the integrand in (57), uniformly with respect to n.
This is done in the following lemma;:

Lemma 9. There exist K, K1 > 0 such that, for n large enough,
Y(z,y,2, u,v) € D, x R? Re (Fn(%y,z, u +u, v° 4 v) + Gp(ut 4 u, v* + v)) < M(z,y,z, u,v),
where the function M : R®> — R is defined by

9
70

with My being the function given by (52).

|yl

2
M(z,y,z, u,v) = (x—z2)2—%+2|x—22| —7—|—,22—&—21n(202—|—22)—|—K1—|—MK(u7 v).
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Proof. Upper bound on the first term: We first deal with the real part of the function F,,. For
every (z,v, 2, u,v) € D, x R?, we have

22 zyn3/?

x
Re By, (z,y, 2, u* +u, v +v) = —i(x — 22)u* —iyo* — +
(@9 ) ( ) YT U ra/vm) T (1 +a/vn)
2)2 2 2,2 2
x—z Tz 2z xyn
N Gkl MRV b (5)
2 2 2(x++/n)  dZ(z++/n)
By definition of the domain D,,, we have |z| < d,,/n/* < n'/*, whence
Vn+z = yn—n* > g,
as soon as n > 16. We then have, on the one hand,
2.2 nl/4 222
S U (59)
2(x +/n) vn
and on the other hand,
xy n? < 2n3/2| | < 2n3/4‘ |
B x I .
B2 (z + v/n) a2 Y d, "
Since we assumed that dn/ng'/4 — 00, we have d,, > 4n3/* for n large enough, whence
2
zyn ly|
< =2 60
d2(z 4+ +/n) 2 (60)
Therefore, plugging (59) and (60) into (58), we obtain that, for n large enough,
2 (z— 22)2 x2® y 2
V(z,y,z, u,v) € D, xR Re F(z,y, 2, u* +u, v" +v) < foTf?sz . (61)

Upper bound on the second term: Let (z, y, z) € D,,. We now determine an upper bound for the
term G, (u*, v*) (which is real, since u* and v* are pure imaginary). Recalling our computations (55)
and (56), we have

2itu* w*dial d d? N 3 9
Me [ 1— n 1- n - n i A
‘ < Vil —an) " n2(1-a) ) WS/ — M,)  n2(1— M,) 2n? 7 13
uniformly for all (x, y, z) € D,, and for all ¢ € [0,1]. Consequently, for n large enough, we have
itu* w*dp ol 9
Y(z,y, z) €D, Vtel0,1 Re [ 1— + nJ > 62
(33 Yy Z) [ ] < \/ﬁ(l — a?) n2(1 — a?) > 13 ( )

which corresponds to the lower bound (43) that we used to establish the pointwise convergence, but it now
holds uniformly. The choice of the constant 9/13 is a bit arbitrary, but the important point is that it is
strictly larger than 2/3, in order for the quadratic form we will obtain in the end to be positive definite. By
the way, note that the constant 3/(272) which appears above is purely contingent, since it is a consequence
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of our arbitrary choice to take v* = —isg(y). Had we needed a smaller constant there, we would have
taken a smaller v*. Taking the derivative of the expression (34) of G,,, we get, for all t € [0, 1],

oG, s L
t * * — _q N
5o (0" ivn+ Vi 1= o = 2itu* [/t vt d aff /n?

. n—1
1 1
i+ \/HZ: (1—&?—2itu*/\/ﬁ+iv*dﬁa;‘/n2 )

"z:l o 4 2itu* [y/n — iw*d o /n?
f f 1 —af —2itur/\/n+iv*d; o} /n?

Using the lower bound (62), this becomes

1 13 2\ = ot 26t|ur| = 1
< —+——(1 n
\/ﬁ+9\/ﬁ< + n? ;1—a’-‘+ 9In Zl—a;

J

oG,
ou

tu*, v*
( )

= oy 26t|u*|< 1~ oy

Zlfa 9

Recall now the estimate (48) according to which

o) 10(5) - 0

. 3
™ML
[

Therefore, for n large enough, we have

n—1 n
o o me
1—a” 35
j=1 J
and thus (63) becomes
oG, 26 26t|u*| 36 104 ¢ |u*|
tu*, v* < 14— — < 4+ —-.
Fu (1055 0") Tyt Ty X5 T

Integrating this and writing
Ky = sup max(|G,(0,)], |G,(0,—i)] ),
n
which is finite because of the pointwise convergence of G, we deduce that, for n large enough, for ev-
ery (z, y, z) € Dy,

1
|Gy (u*, v¥)| = ‘Gn(O, v*) + u*/ aac;n (tu*, v*) dt
0

52 [u*|?
5

3(30 — z2)2

1
= Ki+2fo =2+ —— (64)

< K+ 4|+

Combining the upper bounds (61) and (64) with the domination result of lemma 7, we obtain the claimed

result. O
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There remains to check that our upper bound is integrable:
Lemma 10. The function eM (where M was defined in lemma 9) is integrable over R®.

Proof. We have in [0, 4+00],

dx dy dz dudv eM@v= ) = K [ dqg dy dz eM @900 5 [ dy dy M)
R® R3 R2

We have already checked the integrability of the function e over R? in lemma 8. Therefore, we are left
with proving

de dy dz eM@v:200) < 4o,
R3

To this end, we write, for (z, y, z) € R?,

Iyl

9 + 22 +21n(202+z)

M(.T,y,Z, 070) = T 5 |:(SC22)2+395IZ2:| +2|I*2’2|

Let us now remark that

35 17
(ac — z2)2 + 2?2 = 2?4 Exzz + 2

9
17 5\° 172 ,
= <x+182 > +<1182 z

|
7N\
8
+
‘}—l
\]
IS
[\v]
~~
[\v]
+
‘oo
ot
S

so that we may rewrite

2
- _3 17 » Yl - 2
M(z,y,2,0,0) = 70( RETE ) 72+2| 2% - T +21In (202 + 2%) .

In the integral, we then perform the change of variable

and we get, in [0, +00],

/ dz dy dz eM @9 0.0)
R3

2 4 2
= / deydz(QOQ—i-zQ)zexp(—gT—Z+2‘T—35Z ’—|y|+22>
R3

18 2

97 4422 4
< /dTeXp<2|T—> /dye lwl/2 /dz 202+z exp © _z) < +00.
R

M

Thus, the function e is integrable over R®. O
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3.5 Dominated convergence

We are now in a position to apply the dominated convergence theorem and to conclude the proof of
theorem 1. Let us recall our formula (57) :

E, = Cn/ dr dydz g(z) / dv / du eF”(x’y’z’“*+“’”*+1’)+G”L(“*+u’U*+U)]l(z,y,z)epn .
R3 R R
In section 3.2, we proved the pointwise convergence, for all (z,, z, u,v) € R%:

n— oo

lim exp (Fn(x, Y, 2, v+ u, v° 4+ 0) + Gp(u* +u, v +0) )Il(m,% 2)eD,,

= exp (Foo(a:,y,z, uw* +u, v+ 0) + Goo (U™ + u, v* +U)),

where )
2 2
Foo(xvy327U*+u7v*+v) = %72u($7’22)7|y|7“}y7%
and ) N
z — 22 = 3i(v*
Goo(u* +u, v* +0) = (Zl)+iu(x—z2)—u2—;1n<1+W).

Adding these two lines, we obtain, for all (z,v, z, u,v) € R%,

lim exp (Fn(x,y,z, u* +u, v° +v) + Gp(u* 4 u, v* + v))]l(z,y’z)epn = exp (J(x,y,z, u, v)) ,

n—oo

with N
2 4 o (0%
x z ) 3i(v* +v)
J(z,y, 2z, u,v) = T 7 —u? — |y| — vy —jz::lln (1 + 271_2]2) .
According to lemmas 9 and 10 and to the fact that the function g is bounded, the domination hypothesis
is satisfied for n large enough. Hence, the dominated convergence theorem entails that

E, "7 ¢, dx dy dz dudv g(z) e/@yzuv) — 9rc D / dzg(z) e=% /4 ,
R5 R
where
= 3i(v* + )
D = g dy dv exp | —|y| —wy—;ln 1+727T2j2

Thus, the variable z finds itself separated from the other variables, thus the complicated sum appearing
in D plays no role in the limiting distribution of S,, / n3/%. This is what will change in the following section,
that is to say in the regime d,, ~ An3/%, because then we will have a term linking the two variables y and z,
which will not disappear when taking the limit. Going back to the present case, recall that, as we wrote

in (26), we have
S
9\ 374

Therefore, we obtain

fin = En+ lin = E,+o(1).

Sn
g n3/4 L7, —1|>d, /n5/4

Sn n 4
un[g (713/4>] g, "R QWCnDAdzg(z)e /4,
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Applying this to the constant function g = 1 yields
1 MR 27rC’nD/ dze=*"/4 .
R

Thus, for any bounded and continuous function g : R — R, we obtain

. Sn o fRng(Z)€7Z4/4 o \/§ —2%/4
o ”"lg<n3/4>] = Pk = T f e

which proves the convergence in distribution announced in theorem 1. O

4 Proof of theorem 2
The goal of this section is to obtain theorem 2. Thus, we assume that the parameter d,, scales as
dp, "0 At with A >0,

we fix a bounded and continuous function g : R — R, and we want to compute

i Sn
soe Hr |9\ 378 ) |-

We proceed using the same technique as for the proof of theorem 1 (see section 3), with however some
changes here and there.

4.1 A bound on the Hamiltonian

We start by proving a lower bound on the interaction Hamiltonian, which will be useful later to obtain
the domination by an integrable function.

Lemma 11. For any positive sequence (ap)nen such that dyan,/(nlnn) — oo, we have

Mn(Hn>an) _ 0(6_21/4)

Proof. Let (a,) be a sequence of positive integers satisfying d,a,/(nlnn) — oco. We start by writing
(where v is the standard normal distribution)

1 H, 1
Mn(Hn > an) = ZV®" [ exp <_T> ]]-Hn>a”‘| < ZV®H(Hn > an) . (65)

n

Next, according to Chebychev’s inequality, we have

1/®”(Hn > an> < efa"/2u®"(eH"/2)

n
= e_a"/21_[/.9_’3“?92/4 v(dy)
j=1"F

a, 1< o
= exp —2—221n(1+2]> : (66)
j=1
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For every j € {1,...,n}, we have |a?| < 1. The logarithm function being Lipschitz on the seg-
ment [1/2, 3/2], we deduce that

" a’? - " nlnn
Zln<1+2j> - o<z|aj|> - 0( - )
Jj=1 j=1

following the upper bound (9). Since d,a,/(nlnn) — oo, we have, for n large enough,
1 n an a
_ - 1 1+ L < il
52 n( T ) 4

Hence, for n large enough, our upper bound (66) becomes

V®”(Hn > an) < exp(—%) .
Plugging this into (65), we obtain the claimed inequality. O

4.2 Exact integral expression

As explained at the beginning of section 3.1, we use the result of [For21| about the behaviour of T,
according to which

VT, —1) = N(0,2),

n—-+oo
implying that
Jim un( T, — 1| > n_1/4) — 0.

n—oo

Besides, lemma 11 ensures that

Mn(Hn>n3/4) = O(#) )

which will enable us to prove that this term tends to 0, once we will know the order of magnitude of Z,,
(see section 4.6). Therefore, we leave this term apart for the moment, and we let

S.
E, = pn [g (71374) ]]-|T,L1§n—1/4]1H,,L<n3/4‘| :

With the density given by lemma 1, we have, for n > ny,

1 14n~1/4 n3/4
- - _Z _Y
En = 2m)32Z /Sy p1sa de /—oo W /[Rdzg (n3/4) P ( T ) L2u>a -2y n>222 fn2

2 2 2 177,—1 2%
X [deudvexpl—iu(x—fﬂ> —iv(y—i—;) —;—n—§ 2 ln(l—;u—i—iva?) .

We now perform the change of variable

r =1+
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which yields
nl/4

Ay (z,y,2, u,v)
@7, /Dn dedydz g(z) /[R2 dudve ,

where the domain D,, is now defined by

Vn > ny E, =

D, = {(x,y, 2)eR : |zl <Y, oy </t and 242z > 4z —2y > 2z2}, (67)

and where the function A,, is given by

. n—1 . . n
yv/n . . o wz2  22yn 1 2iu  valj

An(z,y, 2z, u,v) = —7—2u\/ﬁ—zu(x—z )—wy———i—f E In{l1-—+ .
1+z/vn 2 2 24y NG

We then move the integration contour as in section 3.1, but this time from v € R to v € iy/n + R. This
change of contour can be justified just the same way as previously, and this gives us, for n large enough,

E, = —=—% dxdyd d dv eBr (@92, u0)
(27r5/2Z / xdy dz g(z) /[RU/ER ve ,

where

w22 1 ) 2% wa”
Bn(x,y,2, u,v) = Hﬁ/ﬁ—iu\/ﬁ—iu(x—f)—ivy—m—Zln(l—a?—lz—k J).
1

Lastly, we perform the change of variable

v = v 4+ 2u,

which yields, for n large enough,
= Cn/ dx dydz g(z) / du / dv e (@:9:2, w0)+Gn (u, 0)
D, R R

with the same constant C,, given by (33), and with

iv22 Ty

2 1+x/\f

F.(x,y,z, u,v) = fiu(x + 2y) — vy —

and

Gn(u,v) = —zu\/ﬁ—fZl ( \/» f(l—oz )> (68)

4.3 Pointwise convergence of the integral

We easily see that

Y(z,y, 2, u,v) € R® x C? lim Fy(z,y, 2, u,0) = Foola,y,2, u,v),
n—oo
where
ivz2
Foo(x,y,z, ’U,,’U) = 71u(x+2y) 77/ny 5 +Iy

As in section 3.2, the term G, (u, v) is defined for n large enough, as long as (u, v) € C x V| with now
2/\2
V = {ve@:jmv<ﬂ6 }

The limit of G,, when n — oo is then given by the following lemma:
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Lemma 12. We have the pointwise convergence

Y(u, v) eCxV lim G(u,v) = Goo(u,v),

n—oo
where
=3 3iv
_ 2
Goolu, v) = —u —szlln (”M)

Proof. Let (u, v) € C x V. We prove that G,,(0,v) = G (0, v) exactly as in the proof of lemma 6, except
that there is an additional term involved in the upper bound of 6} (v). Indeed, we write

[n/dy] S on .
wa” 3tv
) = § —In(1+ ———— In(1+-——0r
n(V) . < + \/ﬁ(l - a;?) > + n( + 2772)\2j2) ’

J=1

and we have

L) = O aj 3
' & |Vati-ap) 2wy
= O o -
j=1 V(L —aj)  2m2d3? = 2m2d252  2w2)\252
n/d] n/d:.] 3/2
1 11n 1
:0< >+O<Z_22_2>
j:]. n ]:1 .] d'IL A

~o() o[ T £) - .

j=1

Regarding the variations with respect to u, the fact that there is no more (1 — a?) in the denominator of
the term in v simplifies a bit the computation. As in the proof of lemma 6, we have at our disposal h > 0
such that, for n large enough,

Vie[0,1] Vje{l 1) 9‘{e<1 2itu oy ) > h (69)
’ J gy U - n = .
v /n(l—a?)

We now have

aG . n—1 . n -1

7 wal
—2(0,v) = —ivn+ — 1+7]n
ou n = \/ﬁ(l—aj)

j=1
_ -1

_ _L_Enzl 7 1 Z’UO[?
nonigl-af V(1 —af) ’

whence




where we used the equivalent of 1 — M,, provided by lemma 3. Using now the upper bound (9), we get

0G,,
S (0,0) = 0(1)+o(

= o(1).

Similarly, we can write

—2
892G, g n-l ival
ez (00 = =23 <1+ NG _an)>

from which it follows that

892G 1 1 = 1 =, .2
5oz (0,0) = 2+O(n>+O<M;|%|>+O<n2(1_Mn)2jZ(aj) >

- —2+0(1)+O<ii|a?|> = —2+o(1).

Lastly, using (69) we obtain, for every ¢ € [0, 1],

-3
3G, 8 = 2itu wal 8
(tu)‘— — - —+——1— < —=F,
‘ ou? n3/2 ; v /(1 —af) h3y/n
and thus we have proved

lim G,(u,v) = Goo(0,0) —u? = Gool(u,v),

n—oo

concluding the proof of the lemma. O

4.4 Moving the integration contour

The saddle-point in u is now given by

. _i(:c+2y)

I 5 , (70)

and, as an ersatz for the saddle-point in v, we define
v = i, (71)
which will give us a term —iz?v* = —22, which will ensure the integrability with respect to the variable z.

Moving the integration contour of (u, v) in the complex plane to make it pass through u* and v* can be
justified exactly as in section 3.3. To swap the two integrals over u and v, we prove:
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Lemma 13. There exists K > 0 such that, for n large enough,
Y(z,y, 2, u,v) € D, x R? VYt €[0,1] Re G, (tu* + u, v* +v) — Gp(tu*, v*) < Mg(u, v),
where the function My : R? — R is given by equation (52).

Proof. Let (z,y, z, u,v) € D, x R?, and let t € [0,1]. We start by writing

Re Gy, (tu* + u, v* +v) — Gp(tu*, v¥)

n—1 n 2 . s % om —2
_ _1 27u vy _ 2itu* wr oy
‘4§W1“<ﬁ*wmﬂm><lv%+ﬁuwm>

Replacing v* and v* by their definitions given by (70) and (71) yields

2itu* wral ) t(z + 2y) N oy o1 t(z + 2y) 1

1

T TVR—ap) N () B TN T R T

Yet, by definition of the domain D,,, we have x + 2y > —+/n, whence

2itu* wral 1

R e B e

According to lemma 3, we have

1

n—o0 27T2d721 n—00 2712 )\?
~Y ~Y

3n? 3vn '

1- M,

whence
1 n—o0 3 1

=1, ~ 22 S e

Thus, for n large enough, we have
1 1

- - < .
Vn(l — M,) A2
We then have, for all (z, y, 2) € D,, and for all ¢ € [0, 1],
2itu* i*af

v ey S

Replacing this in (72), we obtain that, for n large enough, for every (z,v, 2, u,v) € D, x R,

1
2+F'

n—1 n 2
1 1 2u vy
n(tu* * —Gu(tu, ") < =2Y |14 —o | = - ——L—
Re G, (tu* + u, v* +v) — Gy (tu*, v*) 4j:1n +2+)\—2<\/ﬁ ﬁ(l—a?))

As in the proof of lemma 7, we first study
1o 1 2 " ’
u VA
Sl = —— In 1+77 _]n>
4Z 2+>\2<\/ﬁ Vil —a?)

j=1
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Lemma 2 teaches us that, for every j < 4,

n
Q; n—oo 3

Vi@ v

Therefore, from a certain rank ng, we have

o
e {1,234 ’ > > '
Vi€l 2 3,4} Vi(l—ar) © 64722 T 2142

We deduce that for n > ng v 2142A* and for j < 4,

2u

2u (1o] — ful),
g0 |

~ 2142

2u v a;l ‘

Vi a1 ay)

)

+

Hence, for n large enough, we have for every (u, v) € R?,

2
S < ln<1+ 1 (kl |u|)+>.

24 A"2 2142\

The other term

" val ?
Sy = —ZZm 1+<\f f@a))

may be dealt with exactly as in the proof of lemma 7, yielding the desired inequality. O

Therefore, the function eM% being integrable according to lemma 8, we can swap the summations
over u and over v. We then note that the function u +— Gy, (u,v* + v) is defined and holomorphic on the
open set

27 27 1
{ue@:lJr mu mu }

f f(1+mn)>0}3{ue61+\/52\/ﬁ>0

Yet, it follows from the definition (67) of the domain D,, that

lz] < nt/4 and y < n'/4,
whence i 3
* T Y 1/4
= — > .
Jmu 5 > 2n
Therefore, for all (z, y, z) € D, we have
2 1 2 1
ppme 1oy 2L

n o0/n = nt/4  2/n
f

which allows us to move the integration contour of v from R to R 4 «*, as we did in section 3.3. We then
obtain the same formula as in (57), namely

E, = C, / dx dy dz g(z /dv/duexp w(x,y, 2z, v +u, v+ )+ Gy (u*—i—u,v*—i—v)). (73)
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4.5 Domination

We now search for an upper bound on the modulus of the integrand in (73), uniformly with respect to n.
Namely, we prove the following result:

Lemma 14. There exists K, K1 > 0 such that, for n large enough,
Y(z,y,2, u,v) € D, x R? i)‘ie( (T, y, 2, '+ u, v+ 0) + G (u* + u, v*+v)) < M(z,y,z, u,v),
where the function M : R®> — R is defined by

2% 4 2zy + 8y> 22
M(z,y, 2, u,v) = —#—I—M—&-SM—?—FIQ + Mg (u, v). (74)

with My given by (52).

Proof. Upper bound on the first term: For every (z,v, 2, u,v) € D,, x R?, we have

iz2v* 22y
man y Y~y * ) * = — 2 =1 * - -
(x,y,2, u* +u, v*° +v) i(x + 2y)u™ — iyv 5 + xy o
w2y
2 L T Ay

By definition of the domain D,,, we have |z| < n!/4, whence, for n large enough

2%y VIl < 2yl
x—|—f Vv —nt/4

Hence, for n large enough, we have for every (z,y, 2, u,v) € D,, x R?,

2 2

Re F,(z,y, 2, u* +u, v +0v) < —% —zy — 2% + 3ly| — % (75)

Upper bound on the second term: Let (z, y, z) € D,,. We proceed as in the proof of lemma 9. Going
back to the expression (68) of G,,, we have, for every t € [0, 1],

0Gn /v o i+ — 2itu* alf -
gu (V) = i Z( Vi x/ﬁ(l—a”)>

j J

_ -1
_i+z"1<2itu*_ ol )(1_2ztu Lo )
noVneg \ Ve V(1 -af) vno o y/n(l-al)
We deduce that

oGy, ,
‘au(tu ,'U)

L - - (x+2y) 1\
<\/ﬁ+<2t| |+ Z| |>( 7 \/ﬁ> . (76)

Yet, by the definition (67) of the domain D,,, we know that

1/4 1/4

lz] < n and y < n’t,
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whence
—

S el VA N .
N nit "

Thus, for n large enough, for every (z, y, z) € D,, and every ¢ € [0, 1], we have

1-— 1.

L tet2y) 1

3
Vn Vo To4r

and therefore, inequality (76) becomes

1 8t 4 i,
N +3n(1an);‘o‘?"

<

0Gn ,, »
‘au (tu,v)

Yet, it follows from lemma 3 and from the upper bound (9) that

4 S 1 &= n(lnn
m;{aﬂ:O %;hﬂ O(\f((in)> = o(1).

Thus, for n large enough, for every (z, y, z) € D,, and every t € [0, 1], we have

’ aGn

4t |u*|

<2
T3

5 (tu*, v*)

Integrating this, we get

(x + 2y)? .

(Gl 0] < [Gul0,=0)] + 2] + :

= |Gn(0,=0)| + |& + 2y| +

2 [u*]?

The pointwise convergence of G,, ensures that the sequence G,,(0, —i) converges, and is therefore bounded
from above by a certain K; € R. Therefore, combining (75), (77) and the result of lemma 13, we obtain
the desired inequality. O

We now check that the resulting function is indeed integrable:
Lemma 15. The function eM, where M is defined by (7/), is integrable over R>.

Proof. We have, in [0, +00],

/dxdydzdudveM(x’%ZWW) :/
R -

dx dy eM(2,3,0,0,0) / dze %12 x / du dv eMx (v v)
R R2
We then write

2 + 2xy + 8y° (z +y)* +7y°

M(z,y,0,0,0) = f+|xl+5ly| = - 5 + |z| + 5]y
+y)? + 7y
< —Wﬂwylwly\,

which leads to
/ da dy M @5:0.00) ¢ /daemvaz/sX/dyemmf?y?/ﬁ < oo
R2 R R

The function eM* being integrable over R? according to lemma 8, we obtain a finite integral. O
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4.6 Dominated convergence

We are now in a position to apply the dominated convergence theorem. Following the results of section 4.3,
for all (z, y, 2) € R, we have the pointwise convergence

lim F,(z,y,z, v* +u, v +0v)+Gr(u +u, v* +v) = J(z,y,2, u,v),

n—oo
with

2 22 9 . w2 X 3i(v — 1)
J(I,y,27u,'l}):777y —Yy——=——1u 721@777;111 1+m .

The domination hypothesis is satisfied for n large enough, thanks to lemmas 14 and 15. Thus, by virtue
of the dominated convergence theorem, we have
E, "X* ¢, | dedydzdudvg(z)e!@v=w) = oxC, | dydzdv g(z) e’ Ov=00)
RS R3

In the case of the constant function g = 1, going back to the definition (27) of E,,, we get

Sn

whence C,, = O(1). Recalling the definition (33) of C,,, we deduce the following upper bound on the

normalization constant:
n—1

1 1
L _o0 an). (79)
I, ( i /1 — o
Yet, according to lemma 5, there exists K > 0 such that, for n large enough,

n—1
nlnn

Zln(l—a?) < K i
j=1

Consequently, our estimation (78) becomes

7 = ©

1
n1/4exp<Kndnn> ] (79)

n

Recall now that, as explained at the beginning of section 4.2, for every bounded and continuous function g :

R3 — R, we have
Sn et/

Zn
In view of (79) and given the fact that d,, ~ An3/, this becomes

Sy, nlnn n3/4
9(n3/4) n1/4exp<K —)

dn 8
In the case of the constant function g = 1, we obtain

fn = E,+0(1)+0 = E,+o0(1).

1 "X>* g, "R 27TCn/ dydzdve‘](o’y’z’o’”).
|R3
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Therefore, we have

1
lim C, — (gﬂ/ dydzdveJ(o,y,z,o,v)) .
[R3

n—oo

Thus, for every bounded and continuous function g : R — R we have
: Sn _ I
nILH;o Hn lg <n3/4> ] = mv (80)

I(g9) = /"23 dydzdv g(z) e’ (0:9:2,0.0) (81)

where

4.7 Identification of the limit law

We can write
‘](Ov Y, 2, 0, U) = _y2 + f(y+z2/2) (’U — 7,) s
where, for 8 € R, we write
+oo .
. Jtv
fo v — —z@v—;ln(l—l—W) ,

which is defined and holomorphic on the open set
2 2312
V:{UEC:Tva< 773)\}.

With this notation, equation (81) becomes

I(g) = /ng(Z)/dy6792/dvef(?,+z2/2)(v7i).
R R R

We are now going to move the integration contour of the variable v to get rid of the term —i, which
amounts to cancelling our last displacement of the contour in v (which was nevertheless useful to obtain
an expression satisfying the domination hypothesis). Let # € R. The function ef¢ being holomorphic on
the open set V', Cauchy’s theorem ensures that, for every M > 0,

M 1 M 0
/ dvefe® = / (—i)dtef‘*(*M*”)—i—/ dvef"(“*i)—ﬁ—/ (—i) dt efe M=) |
0

—-M -M 1

Yet, for every v € V' we have

I 2 9\ —1/2
1 9

= exp 93mv—221n<1+|v|> < e@jmv<1+ 9v| ) 7
Jj=1

‘efs(v)
4ri2g4 4rizd

whence

2 71/2
< e“’l(1+9M> Mzt g

1
: fo(£M—it
’/0 (—i) dt efe ) Py

Therefore, taking the limit M — oo we obtain

/dvefe(“) = /dvef"(”fi),
R R
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whence

= /dZQ(Z)/dye_yz/dvef<y+22/2>(”).
R R R

We now fix z € R, and we wish to swap the integral over y and the integral over v. For every (y, v) € R?,

we have
2 71/2 2 71/2 2 71/2
v 9v
eV’ <e ¥ (1 1
H( 47r4)\4 ) ‘ ( +4W4A4> ( +647r4)\4> ’

which is an integrable function (y,v) over R%. Thus, we may swap the two summations, to obtain

ivz? 3iv ) 2
_ e E —ivy—y
/[Rdzg(z)/nadv eXp[ 2 8 (1+27T2/\2 ) 1/[Rdye

) = 3iv
In (14— 82
2 4 ; n( - 27T2)\2j2> ’ (82)

eV H g2z ()

I(g)

Il
B
Q.
N
p=§
N
S—
—
Q.
S
@
o]
ko]
|
-
‘e
N
[\v}
|
E
(v}
|

where we used formula (4) to compute the integral over y. To identify the result announced in theorem 2,
we consider a family (Y;) ez of i.i.d. standard normal variables, and we define the random variable

3 Y7
:\/5}/()—27T2)\2 Z G2

jeznoy 7

We have, when j — 400,

R 2 R .
[P(Yg‘*‘):—/ dye v /? —/ dte VIl = =Vi/2
Y] \/5 o v Y or Jo

Z <|Y| ) Ze Vil < +o00.

jeZ jez

N

whence

Thus, Borel-Cantelli’s lemma ensures that

P(1Z<o0) = P N {ml<u”}) =1

k=1 || >k

Therefore, our random variable Z is almost surely finite, and we can compute its Fourier transform ¢.
For every v € R, we have

. . 3ivY?
¢z (v) = E[e"?] = [E{e““/iy‘)} H E| exp <_27r2/\2jj2>

jez\{0}

Using again our Gaussian integration formula (4), we get
bz(v) = exp | —v* Zln( 2/\2 )
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This function ¢ is integrable, since

2

Yo e R lpz(v)] < e7¥ .

Therefore, the variable Z admits a density f given by the inverse Fourier transform of ¢z, that is to say
Vz € R f(z) = /dv e p4(v).
R

Thus, the equation (82) now reads

Ie) = V7 [ dgCe) [ dve o072
V7 [[dzg(e) [ dveF os00)

V7 [ dzar ().

Replacing this in (80), we obtain

i | g Sh _ Jrdzg(2)f(z%)

n—oo | " n3/4 f[R dz f(ZQ) '
which concludes the proof of the convergence in distribution announced in theorem 2. O
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