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A Variational Marginalized Particle Filter for Jump Markov Nonlinear Systems
with Unknown Transition Probabilities ™

Cheng Cheng®*, Jean-Yves Tourneret™**

“School of Astronautics, Northwestern Polytechnical University, 710072 Xi’an, China
bENSEEIHT-IRIT-TEéSA, University of Toulouse, 2 Rue Camichel, 31071 Toulouse Cedex 7, France

Abstract

This paper studies a new variational marginalized particle filter for jointly estimating the state and the system mode
parameters of jump Markov nonlinear systems. Contrary to the Markovian assumption usually considered to model
the evolution of the system modes, we introduce conjugate prior distributions for the system mode parameters. The
joint posterior distribution of the state and system mode parameters is then marginalized with respect to the mode
variables. The remaining state vector is sampled using a sequential Monte Carlo algorithm, and the mode parameters
are sampled using variational Bayesian inference. In order to obtain analytical solutions for the different variational
distributions, we use an extended factorized approximation simplifying the variational distributions. A comprehensive
simulation study is conducted to compare the performance of the proposed approach with the state-of-the-art for a
modified nonlinear benchmark model and maneuvering target tracking scenarios.

Keywords: Jump Markov nonlinear systems, marginalized particle filter, variational inference, extended factorized
approximation.

1. Introduction

Jump Markov systems have been widely investigated in the literature, especially for state-space models that are
conditionally linear Gaussian models, i.e., jump Markov linear systems (JMLSs), where a finite-state Markov chain
enables switches between different modes with an appropriate transition probability matrix (TPM). Many algorithms
have been proposed to solve this state estimation problem, mainly based on Gaussian mixture approximations, such
as the interacting multiple model algorithm [1] or the generalized pseudo-Bayes algorithm [2]. In addition, efficient
sequential Monte Carlo algorithms have been defined for JMLSs with a known TPM [3]. However, transition proba-
bilities among different system modes are often unknown in practice [4]. For instance, the target tracking problem can
be formulated as a jump Markov system where a finite number of possible maneuver models correspond to different
target behavior modes and the model switching is usually modeled by a homogeneous Markov chain [5]. The tran-
sition probabilities of this Markov chain are treated by engineers as “design parameters” due to the absence of prior
knowledge about the mean sojourn time for each mode. Other applications where the different modes are defined by
unknown transition probabilities include the vertical take-off/landing of a helicopter [6], the mobile terminal position-
ing in wireless networks [7] and the internet-based networked control system [8]. In general, using an inaccurate TPM
leads to performance degradation for the algorithms used for JMLS state estimation, mainly because the weights of
mode-matched filters depend on the TPM [9].

On the one hand, a wide range of techniques has been investigated to design state estimators that are robust
to uncertain TPs, such as the robust H, filter [10, 11] and the fuzzy £, — L filtering [12, 13]. On the other
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hand, different approaches can be found in the literature for estimating the TPM jointly with the JMLS state. The
proposed solutions consider that the transition probabilities are either deterministic quantities or random variables.
When transition probabilities are treated as deterministic quantities, they can be estimated by a statistical approach
based on the maximum likelihood (ML) principle, such as recursive Kullback-Leibler algorithms minimizing the
Kullback-Leibler divergence between the likelihood function given the TPM and the true likelihood [14, 15]. An
expectation-maximization (EM) algorithm was also studied in [16] for computing the ML estimator of the TPM,
by calculating the ratio between statistics associated with a Markov chain jump between two different modes and
statistics associated with the individual modes. A batch ML estimation of the TPM via convex optimisation was also
investigated in [17]. When transition probabilities are treated as random variables, their posterior distribution can be
derived by using the Bayesian rule. This strategy was proposed in [18] where Dirichlet priors were assigned to the
TPM and the marginal posterior of the TPM was determined using Bayesian inference. Jilkov also proposed in [19]
to approximate the posterior distribution of the TPM based on the minimum mean square error criterion.

The methods mentioned previously are not applicable to nonlinear state-space models, such as jump Markov
nonlinear systems (JMNLSs), which arise in various applications including target tracking [20, 21] and localization
[22, 23]. The state-of-the-art about JMNLS estimation reduces to the Rao-Blackwellized particle filter (RBPF) [7]
and an online EM approach embedded within the RBPF [24], which were proposed for estimating jointly the state and
the TPM of a JMNLS. This paper studies a new variational marginalized particle filtering (MPF) for jointly estimating
the state and the system mode parameters of JMNLS. The principle of the variational marginalized particle filtering
for state estimation in a nonlinear state-space system is to marginalize out the unknown noise and state parameters
of the state-space system, to approximate the posterior distribution of the state using an appropriate particle filter
and to calculate the distribution of the noise parameters conditionally on each state particle using variational Bayesian
inference. The MPF was studied in [25] for mixed linear/non-linear systems. It was combined with a variational Bayes
approximation in [26] to address cases where the additive observation noise has a Student-f distribution, leading to a
robust variational MPF. When the state and measurement equation depend on different modes, it is possible to consider
a jump Markov nonlinear system whose state and measurement equations depend on an unknown mode variable [7].
The transitions between different modes at consecutive time instants are generally governed by a Markov model for
simplicity. The main innovations of this paper are summarized below

e Contrary to the Markovian assumption usually considered to model the evolution of the system modes, we
introduce conjugate prior distributions for the system mode parameters, which allows non Markovian transition
between the different system modes to be considered.

e The joint posterior distribution of the state and system mode parameters is derived using a variational Bayes
MPF

e Since analytical solutions for the different variational distributions cannot be obtained in closed form due to
difficulties in calculating a multivariate log-inverse-beta function, we propose to use the extended factorized
approximation introduced in [27] to obtain closed-form expressions for these variational distributions.

The paper is organized as follows: Section II formulates the joint state and mode parameter estimation problem
for JMNLSs and introduces the conjugate prior distributions for the system mode parameters. Section III studies
the proposed new variational marginalized particle filter, allowing the state of JMNLSs and the corresponding time-
varying parameters to be estimated sequentially. The performance of the resulting filter is evaluated in Section IV
using a modified nonlinear benchmark model and realistic target tracking scenarios. Conclusions are finally reported
in Section V.

Nomenclature
Acronyms

EM expectation-maximization




JMLS

jump Markov linear system

JMNLS jump Markov nonlinear systems

KL
MAP
ML
MPF
pdf
RBPF
RMSE
TPM

Kullback-Leibler

maximum a posteriori
maximum likelihood
marginalized particle filtering
probability density function
Rao-blackwellized particle filter
root mean square error

transition probability matrix

Mathematical Notations

o concentration parameter vector of Dirichlet distribution
0 mode parameter vector containing r, u and @
u probability vector for system mode

x state vector

y measurement vector

)T transpose of a vector

E[‘] expectation

w weight of particle

a shape parameter of gamma distribution

b rate parameter of gamma distribution

K number of system modes

k, t, i integer indexes

N number of particles

Ny, number of Monte Carlo runs

r indicator variable for system mode

Other Symbols

X expected quantity

X estimator quantity

x approximate quantity

x~, x* quantity computed a priori and a posteriori




2. Problem Formulation

In this paper, we consider the following discrete-time JMNLS related to a hidden state vector x;, € R" and the
measurement vector y, € R™

x; ~ f(xlxi—1, 1) (1
yi~ g Wilxi, 1) (2)
where t = 1,...,T denotes the rth time instant, r, € {I,---, K} is a discrete variable indicating the system mode

at time ¢, K denotes the number of modes, and f (x;|x,—1,7;) and g (y|x;, ;) are the conditional probability density
functions (pdfs) of the state and measurement vectors associated with the r,th system mode. In order to implement the
state estimation of JMNLS, the statistical structure of the indicator variable r; is generally assumed to be a first-order
finite-state homogeneous Markov chain with a fixed TPM. This paper relaxes this assumption and considers a more
general categorical distribution Cat (-) [28] denoted as

r; ~ Cat (r/lu,) 3)
with
K
Cat (rfu)) = | [u=, )
k=1
where I(r; = k) is an indicator for the kth mode (equal to 1 when r; = k and O otherwise), u, = (u1,,-- -, uK,,)T is a
vector containing the probabilities of the different modes at the #th time instant, i.e.,

Pr(rr=k) =up,, k=1,..K (®)]
with ux, > 0 and Zle ur, = 1. In addition, the probability vector u, = (uy,,--- ,uK,,)T is assigned a Dirichlet
distribution Dir (-),

u; ~ Dir (u|a;) (6)
with
r ZK: At K
Dir (u;|er,) = (Kk—l) 1_[ u:kt"_], (7)
nk:l Iﬂ(CVk,t) k=1
where @; = (@, - ,a/K,,)T is a concentration parameter vector and I (@) £ fooo u* exp(—u)du is the gamma func-

tion. Note that the Dirichlet distribution can reduce to the uniform distribution on the simplex {u;, > 0, Zszl ugy = 1}
or can be more informative depending on the value of the hyperparameter vector ;. This paper assumes that the K
variables @y, are mutually independent and distributed according to gamma distributions

q (o) =y (@riags brs) , ®)

where k = 1,---, K, vy (@rak,, br,) denotes the gamma distribution with shape parameter a;, and rate parameter
(inverse scale parameter) by ,, whose pdf is defined as:

a

_ b a—1
V(ala,b)—r(a)a exp(—ba)lg+(a), )

where Ig+ is the indicator function on R*. Note that conjugate distributions have been assigned a priori to r;, u, and
a,;, which will simplify the analysis. As a consequence, the joint prior of {r;, u,, @} is defined as

K
q (riyuy, @) = Cat (ryfu) Dir o) [ |7 (e, bi) (10)
k=1

When the system is possibly switching between different modes, the parameters r,, u;, @, are time-varying. Thus,
the state estimation problem for JMNLSs considered in this work is defined as estimating jointly the state and time-
varying parameters of a state-space model. The Bayesian strategy adopted in this work is based on the joint posterior
distribution of all unknown variables given the measurements y;., = {y;,-- -, y:}, denoted as p (x1., 0;|y1.,) with x,, =

T . . . . .
{x1,---,x,)and 6, = (r,, u;r,a',T) , which is studied in the next section.
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3. A Variational Bayes Marginalized Particle Filter for the JMNLS

Since the joint posterior distribution p (x.;, 8;]y;.,) of JMNLSs has a complex expression and cannot be calculated
in closed form, we propose to study a particle filter approximating this posterior by using sequential importance
sampling. Following the concept of the MPF [25], the joint posterior distribution of the state and system mode
variables can be factorized as follows

p (X145 0t|y1:t) =p (atlxl:t,yl:t) P (xlztlylzt) s (11)

where the mode vector 6, has been marginalized out in the second term of the right hand side. This paper proposes to
approximate p (x1.|y.;) by using an empirical density following the principle of particle filters

N
pEadyi) = )" o (v, - x1.,), (12)
i=1

where N is the number of particles,  (-) is the Dirac delta function, x’;:t is the ith particle path and wi is the corre-
sponding weight at the 7th time instant, which can be updated as follows

o (X yie)
w; — w;_, (13)
q(xilxt, .y

with ‘ '
X ~q (xtlxll;[q,yl:t)v (14)

wherei = 1,---,N and ¢ (x,lx’i: —1 y1;,) is the optimal importance distribution introduced in [29]. Replacing (12) in
(11) leads to
P Oilyr) & ) whp (611x),.y14) 8 (21 — x1,). (15)

i=1

T
Since the system mode parameters 6, = (r,, u;r, a;r) is dependent of the state x; at the rth time instant, (15) can be

simplified as follows
N

P (x1.4,0ily1.) = Z w;;p (0t|x£»y1:t) 5(x1:t - xi;;) s (16)
i=1

where the conditional distribution p (Htlxﬁ, yl;,) at the tth time instant is the distribution of the mode variables condi-

tionally on the ith particle x!. In this paper, we propose to approximate the distribution p (0,|x§, y1;,) using variational

N
Bayesian inference. As a consequence, samples {x’lzt}i:1 distributed according to p(x1;[|y1i,) are generated using a
sequential Monte Carlo method, and then the posterior distribution of 6, conditionally on x; is calculated according
to variational Bayesian inference and replaced in (16), allowing the joint distribution of the state and system mode

variables to be determined. These two steps are detailed in the following sections.

3.1. Generating samples xo., using a particle filter
In order to update the weight w! associated with the ith particle at the rth time, the conditional distribution
p (y,,x,lx;;l,yh,,l) appearing in the numerator of (13) is the mixture distribution of the pdfs p (y,,x,, rﬂxifl,yl:,,l)
where r, € {1,--- , K}, i.e.,
P (o xdxl_ yiet) = D p (v xo vl yiac)
a7

DM 1M

g (vl ) £ (%l ) p (llyr )

>~
1l

1
5



wherei = 1,--- ,N and p (r§| yle) is the predictive distribution of the indicator variable r; for the ith particle at the
rth time instant. The predictive distribution is defined as follows

K

p (i) = [ ] (), (1)
k=1
i i
VLAY " :
” means that the quantity are computed a priori. Note that the distribution of u;” is then a Dirichlet distribution
according to (6)

; T
where u;” = (u ) contains the predicted mode probabilities for the ith particle and the superscripts ““-

ui’_ ~ Dir (u,laﬁ’_) , (19)
. . . \T
where @;” = (a/ll’_t, RN a/l,’(_t) is the so-called predicted concentration parameter vector for the ith particle. In order
to maintain some conjugacy between the different considered distributions, we propose to decompose the parameters
a;, as follows
4
o = kt _
o, = i’ k=1,..,K (20)
k,t

where ak . and b’ are the predicted hyperparameters of a gamma distribution associated with the ith particle, i.e.,

l_ pakt 1 bZ’ pbkt 1 1)

where p € (0, 1) is a forgetting factor (this strategy was used successfully in [30] for tracking the parameters of
a randomly drifting stochastic resonator) and the superscripts “+” mean that the quantity are computed a posteriori.

The a priori quantities {u { P a/i’;, ;;, b; t} _, are then used as initial values for variational Bayesian iterations (detailed
K
in the Section 3.2), leading to the a posteriori quantities { u; t,a;, ;, b;}kzl defined as hyperparameters of the

variational distributions associated with the system mode parameters. As a consequence, p (r§ | y1;,) is also a categorical
distribution denoted as

K
p () = [ ] (). (22)
k=1
Replacing (18) in (17) leads to
K
p(vexdxl i) = [ [le (il ri = &) £ (xilxl_y, i = k), 1000 (23)
k=1

The generation of particles distributed according to the marginalized state posterior requires to define an appropriate
importance distribution. In this work, the bootstrap proposal [31] is chosen as the important distribution defined in
(14),i.e.,

K
g (o) = p (el yiat) = [ [UF (bl rd = k) ug 1109, (24)
k=1
According to (23) and (24), (13) can be rewritten as follows

MK g (velxi. rf = &) £ (il ri = k)i, 700

— — Wi, 25)
[T Lf (xr|x;_1, r= k) uk”[]ﬂ(ﬁ—k) ?

where

K
3~ [ U Geleio = w1050, (20
k=1



3.2. Calculating p (Htlxi, yl;,) based on an extended factorized approximation

Considering that it is difficult to calculate the posterior distribution p (Htlxi, yl;,) conditionally on the ith particle
x! in closed form, we propose to approximate this posterior by the variational Bayesian inference. According to the
mean-field theory in the variational Bayesian inference [32], the joint pdf of system mode variables g (6,) can be
factorized into single-variable factors, i.e., g (6;) = ¢q (1) g (u;) q (;). Note that the state x; carries information about
ry and thus serves as an extra measurement in this work. According to the factorized approximation [33], the logarithm
of the marginal likelihood In p (y,, x§|0,, yle) can be defined by using the following identity

Inp (., xil6, y1.1) = L+KL[g (), p (6.1}, y1.)| 27)
with A
P (v x5, 61ly1.1)
L = Eoi ln T
i | 28)
p(yh x;» r[» ut» a’['y]:l‘—l)
= f f f q (re,up, @) In da,du,dr,
q (re,us, ay)
and
i (@)
KL |q(8),p(6/x},y11)| = Eq |In h}
X!,y
P\OHX, Y1 29)

=fff61(”t,una’t)ln q(rt’ut’qt) da,du,dr;,
p (rt» U, arlxé,ylzt)

where £ is a variational objective function used in variational inference, KL [q @),p (Htlxi, yl;,)] is the Kullback-

Leibler divergence between the true posterior and its approximation. Accordingly, the joint pdf p (y,, xi, A yl:t—l) in
(28) can be expressed according to (7), (8) and (23)

)4 (yt, x;7 0t|}’1:t—1) =p (yt|x£7 rt) P (x;|y1:t—1 s rt) q(ry,u, ;)
(30)

F(Zle a,k’t) ﬁ { k=

1 - o . I(r,=k)
= 115 Fany || U677 @k i) s (et i = ) £ (1 = )] J
= S k=1

Since the KL divergence is non-negative, minimizing the KL divergence can be achieved by maximizing the varia-
tional objective function L. Accordingly, maximizing £ can be achieved by computing expectations of In p (y,, x!, 6,y
with respect to g (r;), g (u;) and g («;) in turn, i.e.,

Ing (ry) = gy, [0 p (0o X}, O1lyr1 )] (31)
Inq @) = Egyu, [Inp (v X}, 61ly1.1)] (32)
Ing (@) = Egua, [Inp (v X}, Oily1.1)] (33)

where Eg, x denotes the expectation with respect to the variational distributions of all variables in 6, except those
contained in X. However, analytical solutions for these variational distributions cannot be obtained in closed form
due to the presence of the multivariate log-inverse-beta function defined by

r (Zf:] O’k,t)
Hllc(:l I (ak,,).

In this work, the extended factorized approximation proposed in [27] is considered to derive analytical solutions for
the variational distributions. According to the extended factorized approximation, a lower-bound £ for the variational
objective function L can be defined as follows

MLIB(a;) = In (34)

L>1L (35)
7

)



with

Z— E. | Iﬁ(yz,xi} 0t|yl:t—1) (36)
- q(0)
where Eg, [ln 'ﬁ(y,, xi, A yl;H)] satisfies the following inequality
Eg, [In p (i X1, 61ly1-1)] 2 Eg, [In 5 (1. X Oly1.1)] (37)

Accordingly, maximizing this lower bound Lis asymptotically equivalent to maximizing the variational objective
function £ in (27) [27]. Appendix A explains how the lower-bound £ and Eg, [ln 'ﬁ(y,, xi, 0,|y1:,_1)] can be defined.

Considering that maximizing Z can be achieved by computing expectations of In 'ﬁ(y,, xi, 0,|y1;,,1) with respect to
q(ry), g (u;) and g (a;) in turn, the variational distributions can be approximated as follows

Ing (i = k) ~ Eg,, [In 5 (y1, x5, 6ily 11
oc {E [In g ] + Ing (yidef, 7f) + In f (xlll_y, r)} 1y = K, (38)
Ing (@) ~ Eguu, [In 7 (i, %1, 11y 11|

K
o< > (BILG: = 0] +E [ax,] - 1) Inug, (39)
k=1
Ing (@) ~ Eg,\q, [1nﬁ(Yt,xﬁ, 9z|y1;z71)]
K k K
> {ak,, +|¥ [Z ak,t] — W (@) | @ - 1} e, = > (bes = E[Inug,]) e, (40)
k=1 k=1 k=1

where the detailed derivations for (38)-(40) are defined in Appendix B. The expectations appearing in the above
equations to be computed as follows

K
E[lnug] =¥ () - ‘P(Z ak], (41)

k=1

C](”t =k)
E[L =k = —m—, 42
R pTeye @
E[ay] = % 43)
k.t

i+
kit? A
distributions associated with the system mode parameters conditionally on the ith particle x; can be updated as follows

(fork=1,---,Kandi=1,---,N)

As a consequence, the a posteriori quantities uZJ;, a/j{’J;, a,”, and b;; defined as hyperparameters of the variational

u;; = exp [E (ln uj”) +Ing (yt|x§, r= k) + lnf(x§|x§_l, r= k)] , (44)

afy =E[L(r} = k)| + E[a}, . (45)
k

a;:; = a;;’; + ‘P[Z | - (Ek,,)} s (46)
k=1

bj; = bj{; -E [ln u}”] . 7)

Thus p (H,Ixﬁ, ylz,) can be approximated by calculating (44)-(47) iteratively until a stopping rule has been satisfied.
Finally, the proposed variational marginalized particle filter for JMNLSs is summarized in Alg. 1.



Algorithm 1 Proposed variational marginalized particle filter for JMNLSs.

) ) Kk \N
Inputs: {xj_],{a;(’t_],b;” ]}]\ ]}

N
Outputs: {x r.u; %{awbir}k 1}
- fori = l,...,N do

1

2 Compute {a;c . b}{ r,a/,;'; }11;1 according to (21) and (20), and then generate {u}{: }1[::1 by using (19).
3 Generate x' by usmg (26), and then compute w! according to (25).

4. Initialize ukt 0) = ukt, a/kt 0) = a;”, akt 0) = a'i and b“r ) = bi’; wherek=1,---,K.
5. for k=1,...,Kknx do

6 Compute {u; (K)}K according to (44).

7 Compute {ak ; (K)} according to (45).

8 Compute {ak L (1), b“r (K)} according to (46) and (47).

9: if the parameters change by less than 0.1 then
10: stop the iteration;
11: else
12: setk =k + 1.
13: end if
14:  end for
15: end for

16: Normalize @ = w!/ YN, (a);) and perform particle resampling.
17: Recursion: 1 =1+ 1.

4. Experimental results

4.1. Illustrative Example

In order to evaluate the proposed variational marginalized particle filter, we consider as a benchmark model a
JMNLS having the same state equation as in [34, 35] with different observation equations corresponding to different
system modes

X = 0,551 +25- Sl 8cos(1.21) + i, (48)

+Xt71

X+ Vey Vi~ U(-10,10]), ifr,=1

2
X; . 3
v = 2_0 + Vit Vet ™~ N(O, 1) N if ry = 2 (49)
(x; — 10)? .
’2—0 v Vva~N@GB,5), ifr,=3
with
N(,1), ifr, =1
(I.)r“[ ~ N(O, 10), lf Iy = 2
N(0,5), ifr,=3
where t = 1,---, T, the simulation time T is set to 200 s, U ([a, b]) and N (/1, 0'2) are the uniform distribution on

the interval [a, b] and the Gaussian distribution with mean u and variance o2, respectively. We compare the proposed

approach with the RBPF-based online EM approach studied in [24] and the RBPF [7]. The number of particles N was
set to 100 for the three approaches. The forgetting factor used in our experiments was set to p = 0.1. The impact of p
on the algorithm will be studied in Section 4.2 devoted to a target tracking problem. In order to evaluate the different
methods, the maximum a posteriori (MAP) estimates of 7, and the average root mean square errors (ARMSESs) of x,
are defined as
| M
7= argmax N_ k,(m) (50)

N\l
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Figure 1: Typical time evolution of the indicator r, for one realization of the JMNLS governed by the Markov process.

and

B
ARMSE = JWZZ@Q m - x)’, (s1)

=1 m=1

where ., (m) and X; (m) are the mth estimates (m = 1,...,N,,) of the mode probability and state at time instant z. All
algorithms were coded using MATLAB and run on a laptop with Intel i-5 and 8 GB RAM.

4.1.1. CaseA

The JMNLS state and measurement equations are governed by a three-state mode sequence r, € {1, 2, 3}, which is
a first-order three-state homogeneous Markov process with two 3 x 3 TPMs denoted as I1; and I1> associated with the
time intervals 7'y = [0, 100] and 7> = [101, 200] and defined as

090 0.05 0.05 050 025 0.25
I1; ={0.05 090 0.05(,11=(0.25 0.50 0.25{.
0.05 0.05 0.90 025 025 0.50

Fig. 1 displays typical changes of the indicator variable r; over time for one realization of the JMNLS governed by
the Markov process. The different methods have been evaluated using N, = 100 MC simulations of the simulated
JMNLS (one realization of r, being displayed in Fig. 1). The TPM used in the RBPF is set to I[Iggpr = II; (we assume
here that the RBPF does not know that the TPM of the Markov chain governing r, has changed at time 7 = 101).

Fig. 2 compares the MAP estimates of r, for the RBPF [7], the RBPF-based online EM [24] and the proposed
approach with the ground truth. The errors between the ground truth and the state estimates are indicated by the
vertical red bars. The less red bars, the better the estimator. In addition, the corresponding error rates & ! for the
MAP estimates of r, obtained with the three approaches for Case A are reported in Table 1. The error rate of the
RBPF in the time interval T’ is larger than that in the time interval 7'y. This is due to the fact that an inaccurate TPM
provides inaccurate estimates of the mode probabilities obtained with the RBPE. The error rate of the RBPF-based
online EM approach for the MAP estimates of r, in the time interval T is larger than that in the time interval 7).
Since the TPM is estimated based on the ML principle in the RBPF-based online EM approach, less frequent switches
between different modes in the time interval Ty result in slow convergence of the TP estimates to the ground truth
when implementing the ML estimator of the TPM. This slow convergence leads to more inaccurate estimates of the
mode probabilities. Conversely, more frequent switches in the time interval T facilitate the fast convergence of the
TP estimates to the ground truth for the RBPF-based online EM approach, improving the estimation accuracy for the
system mode parameters. Finally, the proposed approach provides the best results since the prior statistical properties
of r; is taken into account without relying on the Markovian assumption for r;, leading to more robustness in the
estimated TP.

4.1.2. Case B
The JMNLS state and measurement equations are governed by a three-state mode sequence r;, € {1, 2, 3}, which
has a categorical distribution, i.e., r, ~ Cat (r,Ju,) where u, = (0.2, 0.5,0.3)". Accordingly, typical changes of the

Isi= x——: % 100%, where Nr and Nt denote the number of false MAP estimates and the total number of samples for r; in the time interval T,
respectively.

10



1]

R=2

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Simulation time (s) Simulation time (s)
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Figure 2: The MAP estimates of r, € {1,2, 3} (100 MC runs) when the JMNLS is governed by the Markov process. White part corresponds to a
zero probability. Black and red parts correspond to probability one, where black denotes the estimates, and red denotes the ground truth when it
does not coincide with the estimates (the less red, the better the estimate).

Table 1: The error rate & for the MAP estimates of r, obtained with different approaches for Case A.

The error rate £ for Case A

- T: = [0,100] T = [101,200]
RBPF 6% 9%
RBPF-based online EM 12% 3%
Proposed approach 4% 1%

indicator variable r, over time for one realization of the JMNLS governed by the categorical distribution are depicted
in Fig. 3 and N, = 100 MC simulations on the realization of the simulated JMNLS (displayed in Fig. 3) have run
for evaluating the different methods. The TPM used in the RBPF is set to IIggpr = II; which is a typical value for
high frequency mode switches [5]. Fig. 4 and Table 2 report the MAP estimates of r, and the corresponding error
rates for the RBPFE, the RBPF-based online EM and the proposed approach, respectively. It is clear that the error rate
associated with the proposed approach for the MAP estimates of r, is lower than those obtained with the RBPF and
the RBPF-based online EM, demonstrating that the proposed approach has a better applicability for the JMNLS with
unknown TPs.

The ARMSE:s of the state estimates obtained with the three approaches for Cases A and B are reported in Table
3. According to the results in Case A, the RBPF provides the best state estimation accuracy when the TP is perfectly
known, ie., on Ty = [0,100]. Conversely, the state estimation accuracy of the RBPF-based online EM and the
proposed approach is worse than that obtained with the RBPFE. Since the system mode parameters are unknown for
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Figure 3: Typical time evolution of the indicator r; for one realization of the IMNLS governed by the categorical distribution.

r=1
r‘=2
r1=3
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Simulation time (s) Simulation time (s)
(a) The RBPF (b) The RBPF-based online EM

0 25 50 75 100 125 150 175 200
Simulation time (s)

(c) The proposed approach
Figure 4: The MAP estimates of r; € {1, 2,3} (100 MC runs) when the JMNLS is governed by the categorical distribution. White part corresponds

to a zero probability. Black and red parts correspond to probability one, where black denotes the estimates, and red denotes the ground truth when
it does not coincide with the estimates (the less red, the better the estimate).

Table 2: The error rate & for the MAP estimates of r; obtained with different approaches for Case B.

The error rate & for Case B

Approaches T = [0,200]
RBPF 17%
RBPF-based online EM 11%
Proposed approach 5%

these approach at the beginning of 7', the system mode parameter estimates are inaccurate estimates, degrading
the state estimation accuracies of the RBPF and RBPF-based online EM. In the time interval 7> = [101, 200] for
Case A, the inaccurate knowledge about the TPM severely impairs the state estimation accuracy for the RBPE. Since
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Table 3: ARMSE:  of state estimates obtained with different approaches.

Approaches Case A Case B
T, =1[0,100] T, =1[101,200] T =[0,200]
RBPF 4.71 5.94 6.07
RBPF-based online EM 5.74 5.78 6.33
Proposed approach 5.46 5.49 5.76

Table 4: Execution times for different numbers of particles in Case A.

Execution times for 100 MC runs (s)

N Proposed method Proposed method ~ RBPF-based
with the stopping rule with 7. =5 online EM
100 340.27 565.58 248.29
200 687.31 996.58 473.95
400 1287.90 1858.55 950.10

the statistical properties of r, can be estimated both using the RBPF-based online EM and the proposed variational
approach, the state estimation accuracy of these two approaches is hardly impacted by the uncertainty regarding the
TPM. According to the results in Case B, the state estimation accuracies of the RBPF and RBPF-based online EM
are degraded when the system mode 7, does not satisfy the Markovian assumption. On the contrary, the proposed
approach provides a better state estimation accuracy, demonstrating a good robustness to a bad knowledge about the
TP of the JMNLS.

When the number of variational Bayesian inference iterations is maximum, the computational complexities of
the RBPF-based online EM and the proposed approach are O (NT') and O (kmax NT), respectively. Table 4 shows the
execution times for 100 MC runs by using different numbers of particles for the RBPF-based online EM and the
proposed approach in Case A (similar results should be obtained in Case B). In addition, the proposed approach was
evaluated with the stopping rule defined as Line 10 of Alg. 1. and the fixed iterations k. = 5 2, respectively. The
computations of the variational Bayesian iterations, that are embedded in the RBPF for updating the posterior pdf of
1y, lead to a higher computational cost. However, it is interesting to note that this cost can be efficiently reduced by
introducing the stopping rule of Line 10 of Alg. 1.

4.2. Application to Target Tracking

This section shows the interest of the proposed variational marginalized particle filter for a generic air traffic
control problem [36, 37]. In order to track an aircraft moving within the x — y plane, the motion of the aircraft is
modeled by using a coordinated-turn of the form [21]

1 sin Q,AT 0 - 1—cos QA AT? 0
QI QI T
0 cosQAT 0 —sinQAT AT
Xr = 0 1—cos Q A, 1 sin Q,AT X1 + 0 Ar? | V-1 (52)
Q, s 2
0 sinQAT 0 cosQAT 0 AT

where x; = (x;, i, y;, )T is a vector containing the position and velocity of the target in the x — y plane, €, is the
turn rate (this model simplifies to the nearly constant velocity model when Q, = 0), AT denotes the sampling period,
the process noise v; is modeled as a zero-mean Gaussian white noise with covariance Q, = 77,212><2, where 7, denotes
the standard deviation and I, is the 2 X 2 identity matrix. Noisy nonlinear observations of the target in the form of

2 According to the simulation results, the parameters in the variational Bayesian iterations change by less than 0.1 for Kpax < 5.
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Table 5: The coordinated-turn model parameters for the different system modes.

System mode r,
#l #2 #  #4 #
QC/s) 60 30 00 30 60
n(m/s?) 10 05 01 05 10

Parameters

. . ... T .
range, Doppler speed and bearing measurements are acquired by a fixed observer positioned at s, = (sx, sy) ,l.e.,

\/ (6 — 507 + (3 — sy)2

(X + yie)

= 2 1+ € 53
Vi J(-xt _ Sx)z + (yt _ Sy) 1 ( )
— Sy
arCtan(yt—)
Xt — Sx

where the observation noise € is modeled as a zero-mean Gaussian white noise with covariance matrix R,. A target
trajectory was simulated according to the target maneuver models in (52) with 200 time steps with sampling period
AT = 1s, where the turn rate €, takes its values in the set {0, 3,0, -6,0,6,0,-3,0} °/s with changes occurring at
times {30, 60, 75,90, 105, 135, 150, 180}, respectively. The corresponding standard deviation 7, of the process noise
belongs to the set {0.1,0.5,0.1,1.0,0.1,1.0,0.1,0.5,0.1} m/s? and the covariance of the measurement noise was set

to R, = diag [(25 m)*,(2m/s)?, (O.2°)2], where diag [4;, -, Ay] denotes a diagonal matrix with diagonal elements
Ay, -+, dy. The initial state of the target was chosen as xp = (30 km, 120 m/s, 30 km, 0 m/s, 0 °/S)T and the observer
position was fixed to s, = (0 km, 0km)T. We considered five system modes (i.e., K = 5and r, € {1,---,5}) defining

the target motion in the x —y plane. The corresponding parameters in the coordinated-turn model are reported in Table
5. Note that Q = +3°/s and +6°/s correspond to standard and emergency situation turn rates for an aircraft [38], and
the process noise with standard deviation 0.1m/s? is used to model the nearly constant velocity model, whereas the
maneuver is defined by higher standard deviations [36].

In order to evaluate the proposed algorithm, we compared its accuracy for position estimation with that obtained
using the RBPF-based online EM approach and the RBPF, where the TPM used in the RBPF is defined as follows

0.96 0.01 0.01 0.01 0.01
0.01 096 0.01 0.01 0.01
m=(0.01 0.01 096 0.01 0.01].
0.01 0.01 0.01 096 0.01
0.01 0.01 0.01 0.01 0.96

The number of particle N for the three approaches was set to 2000 and Ny, = 100 Monte Carlo simulations were
considered for each filter. The forgetting factor p used in the proposed approach was adjusted as in the illustrative

example.
The first results show the means of @, = (@, ,@s,)" computed using 100 Monte Carlo simulations, which
are depicted in Fig. 5. The estimators ai; (k = 1,---,5) gradually increase when the system stays in the same

mode and tend to a small value otherwise, leading to an accurate posterior distributions for the mode probability
u,. In order to evaluate the effect of different forgetting factors on the mode probability estimate, the means of
U, = (i1, ,1s,)" computed using 100 Monte Carlo simulations with different forgetting factors are compared in
Fig. 6. On the one hand, smooth mode probability estimates can be obtained for a large forgetting factor. On the other
hand, a small forgetting factor allows more abrupt changes in the mode probabilities to be tracked. The RMSEs of
the position estimates obtained using the different approaches are shown in Fig. 7 for the x- and y-axis. The position
estimation accuracy obtained with the proposed approach is better than that obtained with the other two approaches.
This improvement results from a better estimation of the system mode parameters yielding better state estimation.
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5. Conclusion

This paper considered conjugate prior distributions for the system mode parameters of a jump Markov nonlinear
system instead of using the Markovian assumption classically used in this context. A variational marginalized particle
filter was then investigated for obtaining the joint posterior distribution of the state and unknown mode parameters. A
simulation study was conducted for a modified nonlinear benchmark model and for more realistic manoeuvring target
tracking scenarios. The proposed approach was compared to the state-of-the-art, namely the RBPF-based online EM
algorithm and the RBPF algorithm, providing accurate estimates of the system mode parameters at the price of a
higher computational cost. In particular, the proposed algorithm was shown to be robust to uncertainties about the
mode transition probabilities, improving state estimation accuracy when these transition probabilities are imperfectly
known.

We think that the proposed approach could be interesting for jump semi-Markov systems, especially when the
transition probabilities of the embedded Markov chain are time-varying leading to discrete-time non-homogeneous
jump semi-Markov linear systems (JS-MLSs). For instance, the variational Bayesian marginalized particle filter could
be investigated for estimating the time-varying transition probability matrix of non-homogeneous JS-MLSs, in the case
where the distributions of sojourn times for different system modes are independent of the jump instants, as in [39].
Since time-varying transition probabilities are associated with a convex polytope, the application of the proposed
approach to a nonhomogeneous Markov chain with a polytope-structured TPM [40] would also be interesting to
investigate.

In order to obtain a closed-form solution for the unknown system mode parameters of a jump Markov nonlinear
system, the extended factorized approximation was used for maximizing the cost function of interest. Recent work
on stochastic variational inference might solve this problem by applying stochastic optimization to this cost function
[41]. This work is currently under investigation.

Appendix A. The lower-bound Z for the variational objective function £

The log-inverse-beta function being convex over its range, the multivariate log-inverse-beta function is a convex
function of In @y, when ZK « @ms > 1 [42]. Thus the multivariate log-inverse-beta function MLIB(«,) satisfies the

m=1,m#
following inequality according to its first-order Taylor expansion for (In @, - - - ,1n a/K,,)T around (Ina,,--- ,In EK,,)T
K k K
MLIB(e,) > MLIB(@,) + ) | {‘P [Z T+ a,,,) - l11(5,(,,)} @ (Inay, — Inay,), (A.1)
k=1 m=1 I=k+1
where @y, = E [ay,] denotes the expected value of @y, k = 1,---,K and W (-) is the digamma function. Replac-

ing (A.1) in (28), E,, []np (y,, xi, 0,|y];t_1)] appearing in the variational objective function £ satisfies the following
inequality
Eq, [In p (30, X}, 6,ly11)| =

K k K (A.2)
MLIB(@,) + Z E,, lv( A + Z al,,] =¥ (@) p ars (Inag, = Inay,) [+ R
k=1 m=1 I=k+1
with
K 1(r,=k)
=1 i iy "=
R =E,, {Z In {Mk; ¥ (@k g, bis) [“k,tgk (vilx)) fi (x,|xH)] }] , (A.3)
k=1
where R denotes the remaining unchanged parts in Eg, [lnp(y,,xi, 0,|y1:,,1)]. Considering that {@;, - ,ak,} are

parameters of the digamma function, the expectation operation in the right hand side (RHS) of (A.2) is not tractable.
However, ¥ (-) and In (-) are concave functions leading to ¥ (E [x]) > E, [¥ (x)] and In (E [x]) > E, [In (x)] by using
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Jensen’s inequality. Thus, the expectation operation in the RHS of (A.2) can be written as follows [42]

k K
E,, {‘P DS a,,,] ~¥ (ak,,)} @ (nag, - In ak,,)}
m=1 I=k+1
k K
= {E(lr ¥ {Z Em,, + Z ayy -y (Ekyt)} Ekyt (Eam [ln (Ik’,] — ]Il 6;{,,)
m=1 I=k+1 (A4)
k K
> {\p {Z Ty + By | Y a/L,D -¥ (ak,,)} @t (Bay, [In ] — Inae)
m=1 I=k+1
k
= {l}f [Z ak,,) —y (ak,,)} s (Eay, I, — Ina,)
k=1

where Eq, W (Zh) @ + 2001 au)| < W (Sho) @ne + Ba, [ 2441 1) and Eq, [In ] - In@, < 0. Using (A4)
in (A.2), the lower-bound £ for the variational objective function £ can be defined as follows

L =By, [In 5y, %}, 6,ly14-1)] - Eg, [Ing 0], (A.5)
where

K k
Eq, [In 7 (yeo x5, 61ly1-1)| = MLIB(@,) + Z {‘P (Z ak,,) -y (5,(,,)} @ty (Bay, [N ] = Ina, ) + R. (A.6)

k=1 k=1

Appendix B. The expression of Eg,\ x [ln ‘ﬁ(y,, x’;, 0, |y1:t_1)]

According to (A.5), the expectations of In 'ﬁ(y,, xi, A yle) with respect to 6, except X (where X is equal to r;, u,,
and a;, respectively) can be defined as follows

K
Eoor, [In 7 (o0 Ouly1ct)| = D~ {Blnw ] + Ing (poll, rf) + In f (il 72)} T = b + €y (B.1)
k=1

with

C) = MLIB@)) + ZK: {‘P[Zk: @

-y (ak,,)} @kt (Eay, [In ] — In@e)

k=1 k=1
K (B.2)
+ Z Ellkj,(lkg [ln (uzkt’ 7 (ak,tlak,h bk,l‘))] )
k=1
where C; denotes terms independent of r;.
K
Egoa, [0 (v L, 6ly1t)| = D BTGy = 0] + Efaw,] = 1} Inug, + Co (B.3)
k=1
with
K k
C, = MLIB(a)) + Z {\P [Z a, | =Y (ak,[)} 7y (E% [In ay,] —In ak,,)
k=1 k=1 B.4)

K
# 2 |10 G b [ () i )7
k=1
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where C, denotes terms independent of u;.

Eg\a, []n ﬁ(yt» xi» 0iy1.1 )] =

K k B B B K (B.5)
Z Ay + v Z Ay | — ¥ (ak,,) A — 1¢In Ak — Z (bk,t -E [ln uk,,])ak,, + C3
k=1 k=1 k=1
with
S i i I(r=k)
C3 = " B, 10 { [ (vle!) £ (bl )|} (B.6)

k=1

where C3 denotes terms independent of «;.

Declaration of Competing Interest

The authors declare that they have no known competing financial interests or personal relationships that could
have appeared to influence the work reported in this paper.

Acknowledgements

We would like to thank the anonymous reviewers for their valuable suggestions, which helped to improve the
quality of the paper.

References

[1] E. Mazor, A. Averbuch, Y. Bar-Shalom, J. Dayan, Interacting multiple model methods in target tracking: A survey, IEEE Trans. Aerosp.
Electron. Syst. 34 (1) (1998) 103-123.
[2] Y. Bar-Shalom, X. R. Li, Multitarget-Multisensor Tracking: Principles and Techniques, YBS Publishing, Storrs, 1995.
[3] C. Andrieu, M. Davy, A. Doucet, Efficient particle filtering for jump Markov systems: Application to time-varying autoregressions, IEEE
Trans. Signal Process. 51 (7) (2003) 1762-1770.
[4] L.Zhang, T. Yang, P. Shi, Y. Zhu, Analysis and Design of Markov Jump Systems With Complex Transition Probabilities, Springer Publishing,
New York, 2016, Ch. Introduction, pp. 1-3.
[5] Y. Bar-Shalom, X. R. Li, T. Kirubarajan, Estimation with Appplication to Tracking and Navigation: Theory, Algorithm and Software, John
Weily & Sons, New York, 2004, Ch. Adaptive Estimation and Maneuvering Targets, pp. 421-480.
[6] K.S. Narendra, S. S. Tripathi, Identification and optimization of aircraft dynamics, J. Aircraft 10 (4) (1973) 193-199.
[7] E. Ozkan, F. Lindsten, C. Fritsche, F. Gustafsson, Recursive maximum likelihood identification of jump Markov nonlinear systems, IEEE
Trans. Signal Process. 63 (3) (2015) 754-765.
[8] L. Zhang, Z. Ning, P. Shi, Input-output approach to control for fuzzy Markov jump systems with time-varying delays and uncertain packet
dropout rate, IEEE Trans. Cybern 45 (11) (2015) 2449-2460.
[9] S.Zhao, F. Liu, State estimation in non-linear Markov jump systems with uncertain switching probabilities, IET Contr. Theory & Appl. 6 (5)
(2012) 641-650.
[10] J. Xiong, J. Lam, Fixed-order robust H,, filter design for Markovian jump systems with uncertain switching probabilities, IEEE Trans. Signal
Process. 54 (4) (2006) 1421-1430.
[11] X.Li,J. Lam, H. Gao, J. Xiong, He and H, filtering for linear systems with uncertain Markov transitions, Automatica 67 (2016) 252-266.
[12] Y. Yin, P. Shi, F. Liu, K. L. Teo, C.-C. Lim, Robust filtering for nonlinear nonhomogeneous Markov jump systems by fuzzy approximation
approach, IEEE Trans. Cyber. 45 (9) (2015) 1706-1715.
[13] Z.-G. Wu, S. Dong, P. Shi, H. Su, T. Huang, Reliable filtering of nonlinear Markovian jump systems: The continuous-time case, IEEE Trans.
Syst., Man, Cybern., Syst. 49 (2) (2019) 286-394.
[14] U. Orguner, M. Demirekler, An online sequential algorithm for the estimation of transition probabilities for jump Markov linear systems,
Automatica 42 (10) (2006) 1735-1744.
[15] R. Guo, M. W. Shen, D. F. Huang, X. H.Yin, L. Z. Xu, Recursive estimation of transition probabilities for jump Markov linear systems under
minimum KullbackLeibler divergence criterion, IET Contr. Theory & Appl. 9 (17) (2015) 2491-2499.
[16] U. Orguner, M. Demirekler, Maximum likelihood estimation of transition probabilities of jump Markov linear systems, IEEE Trans. Signal
Process. 56 (10) (2008) 5093-5108.
[17] G. Wang, ML estimation of transition probabilities in jump Markov systems via convex optimization, IEEE Trans. Aerosp. Electron. Syst.
46 (3) (2010) 1492-1502.
[18] A. Doucet, B. Ristic, Recursive state estimation for multiple switching models with unknown transition probabilities, IEEE Trans. Aerosp.
Electron. Syst. 38 (3) (2002) 1098—1104.

18



[19]
[20]
[21]
[22]
(23]

[24]
[25]

[26]
[27]
(28]

[29]
[30]

(31]
[32]

(33]
[34]

[35]
[36]

(371
[38]

[39]
[40]
[41]

[42]

V. P. Jilkov, X. R. Li, Online Bayesian estimation of transition probabilities for Markovian jump systems, IEEE Trans. Signal Process. 52 (6)
(2004) 1620-1630.

K. Achutegui, J. Miguez, J. Rodas, C. J. Escudero, A multi-model sequential Monte Carlo methodology for indoor tracking: Algorithms and
experimental results, Signal Process. 92 (11) (2012) 2594-2613.

C. Nemeth, P. Fearnhead, L. Mihaylova, Sequential Monte Carlo methods for state and parameter estimation in abruptly changing environ-
ments, IEEE Trans. Signal Process. 62 (5) (2014) 1245-1255.

F. Caron, M. Davy, E. Duflos, P. Vanheeghe, Particle filter for multisensor data fusion with switching observation models: Application to land
vehicle positioning, IEEE Trans. Signal Process. 55 (6) (2007) 2703-2719.

A. Giremus, J. Tourneret, V. Calmettes, A particle filtering approach for joint detection/estimation of multipath effects on GPS measurements,
IEEE. Trans. Signal Process. 55 (4) (2007) 1275-1285.

0. Cappé, Online EM algorithm for hidden markov models, J. Comput. Graphical Statist. 20 (7) (2011) 728-749.

T. Schon, E. Gustafsson, P.-J. Nordlund, Marginalized particle filters for mixed linear/nonlinear state-space models, IEEE. Trans. Signal
Process. 53 (7) (2005) 2279-2289.

D. J. Xu, C. Shen, F. Shen, A robust particle filtering algorithm with non-Gaussian measurement noise using Student-t distribution, IEEE
Signal Process. Lett. 21 (1) (2014) 30-34.

Z.Y. Ma, A. Leijon, Bayesian estimation of Beta mixture models with variational inference, IEEE. Trans. Pattern Anal. Mach. Intell. 33 (11)
(2011) 2160-2173.

K. P. Murphy, Machine Learning: A Probabilistic Perspective, The MIT Press, Cambrigde, 2012, Ch. The multinomial and multinoulli
distribution, pp. 35-36.

A. Doucet, S. Godsill, C. Andrieu, On sequential Monte Carlo sampling methods for Bayesian filtering, Statist. Comput. 10 (2000) 197-208.
S. Sirkkd, A. Nummenmaa, Recursive noise adaptive Kalman filtering by variational Bayesian approximations, IEEE Trans. Automat. Contr.
54 (3) (2009) 596-600.

N. Gordon, D. Salmond, A. F. Smith, Novel approach to nonlinear/non-gaussian bayesian state estimation, IEE Proc.-F. Radar Signal Process.
140 (2) (1993) 107-113.

D. G. Tzikas, A. C. Likas, N. P. Galatsanos, The variational approximation for Bayesian inference, IEEE Signal Process. Mag. 25 (6) (2008)
131-146.

C. M. Bishop, Pattern Recognition and Machine Learning, Springer Publishing, New York, 2006, Ch. Approximation Inference, pp. 462—465.
E. Ozkan, V. Smidl, S. Saha, C. Lundquist, F. Gustafsson, Marginalized adaptive particle filtering for nonlinear models with unknown time-
varying noise parameters, Automatica 49 (6) (2013) 1566-1575.

C. Cheng, J.-Y. Tourneret, X. D. Lu, A Rao-blackwellized particle filter with variational inference for state estimation with measurement
model uncertainties, IEEE ACCESS 8 (2020) 55665-55675.

X. R. Li, V. P. Jilko, Survey of maneuvering target tracking. Part I. Dynamic models, IEEE Trans. Aerosp. Electron. Syst. 39 (4) (2003)
1333-1364.

Y. H. Yu, Q. S. Cheng, Particle filters for maneuvering target tracking problem, Signal Process. 86 (1) (2006) 195-203.

X. R. Li, Y. Bar-Shalom, Design of an interacting multiple model algorithm for air traffic control tracking, IEEE Trans. Contr. Syst. Technol.
1 (3) (1993) 186-194.

Z. Ning, L. Zhang, A. Mesbah, P. Colaneri, Stability analysis and stabilization of discrte-time non-homogeneous semi-markov jump linear
systems: A polytopic approach, Automatica 120, 109080 (2020).

Y. Shen, Z.-G. Wu, P. Shi, C. K. Ahn, Model reduction of Markovian jump systems with uncertain probabilities, IEEE Trans. Automat. Contr.
66 (1) (2020) 382-388.

C. Zhang, J. Biitepage, H. Kjellstrom, S. Mandt, Advances in variational inference, IEEE. Trans. Pattern Anal. Mach. Intell. 41 (8) (2019)
2008-2026.

Z. Y. Ma, P. K. Rana, J. Taghia, M. Flierl, A. Leijon, Bayesian estimation of Dirichlet mixture model with variational inference, Pattern
Recogn. 47 (2014) 3143-3157.

19



