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Multi-scale two-domain numerical modeling of stationary
positive DC corona discharge/drift-region coupling

Nicolas Monrolin?, Franck Plouraboué ®*

4 Institute of Fluid Mechanics of Toulouse (IMFT), Toulouse University, CNRS, INPT, UPS, Toulouse, France
b Ecole Nationale de I'Aviation Civile (ENAC), Toulouse, France

ABSTRACT

Corona discharge modeling mostly relies on two, mostly distinct, approaches: high-fidelity,
numerically challenging, unsteady simulations having high-computational cost or low-
fidelity simulations based on empirical assumptions such as constant electric field at the
Keywords: emitter electrode. For the purpose of steady discharge current predictions, high-fidelity
E/?ch;iasc?lsed:;iling models are very costly to use whilst empirical models have limited range of validity
Multi-domain coupling owing thfe subtl.e use of tuned .paramete.rs. We propose an intermediate .a.pproach:. an
Lagrange multipliers asymptotic multi-scale/two-domain numerical modeling based upon generalizing previous
Asymptotic analysis asymptotic axi-symmetrical analysis [1,2]. We show how the initial elliptic (electric
lonic wind potential), hyperbolic (charge transport), non-local (photo-ionization) problem can be
formulated into two local problems coupled by matching conditions. The approach relies
on a multipole expansion of the radiative photo-ionization source term (in two dimensions
for cylindrical emitters). The analytical asymptotic matching conditions derived in [2]
result in flux continuity conditions at the boundary of the two domains. These coupling
conditions are enforced by Lagrange multipliers, within a variational formulation, leading
to a hierarchy of non-linear coupled problems. The proposed approach is both monolithic
and two-domains: two asymptotic regions, an inner-one associated with corona discharge,
and an outer-one, the ion drift region. Numerical convergence and validations of the
finite element implementation is provided. A comparison with various experimental
results convincingly demonstrate the applicability of the method, which avoids tuning
parameters dedicated to each specific configuration, but, on the contrary, exclusively
relies on known and measurable physical quantities (e.g., ion mobilities, photo-ionization
coefficient, ionization electric field, Townsend discharge coefficient, etc...).

1. Introduction and context

DC-corona discharge is a complex phenomenon arising within a gas when the electric field reaches a threshold for which
electron collisions cascade and produce positive and negative ion charged molecules in some confined regions. These con-
fined regions are called ‘corona’ or ‘glowing regions’ where a cold plasma is set-up and ejects unipolar charges in a second
region called the ‘drift region’ in the gas where electrons die-away. Since these unipolar charges can further collide with
neutral gas molecules in the ‘drift region’, under the action of an applied electric field, they can then generate net momen-
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tum and produce ionic wind there. A back-coupling between these two regions comes from the action of photo-ionization.
Light is indeed emitted from the ‘glowing region’ into the ‘drift region’ and produces a small amount of secondary electrons
in a thin zone of the ‘drift region’, of crucial importance to sustain the cold plasma creation. This very brief and synthetic
description of DC-corona discharge depicts its complexity, so that its modeling raises challenges. If one adds the fact that
the time-scales associated with charge creation and electro-drift can be very different, one realizes that the dynamics of
corona, (e.g. associated with so-called streamers), is even more challenging [3-9]. Furthermore the detailed physics of the
modeling associated with the various non-stationary aspects of corona render its comparison with experimental results (e.g.
the so-called Trichel pulses) delicate, either using commercial codes [10] or more elaborated ones [11], albeit feasible in
2D [12]. Nevertheless, at intermediate voltages, above the inception voltage, a steady-state can be sustained, the model-
ing of which is still difficult when coupled with drift-region. Here, we focus our interest on the numerical computation
of steady-state DC-corona discharge which is already a difficult issue, as, for example, studied in [13] for the drift region
or in [14-17] for the corona region. From the applicative view-point, the modeling of steady corona discharge is relevant
in many applications such as electrostatic precipitors [18], EHD (Electro-Hydro-Dynamic) gas pump [19], particle analyzer
[20], miniaturized heat cooler [21,22] and xerography, i.e. electrophotography. In these applications, many configurations
involve corona discharges generated from wires into a cavity, the wall of which are placed at reference potential. In these
cases the Kaptzov assumption (which is correct for a wire in a infinite domain, or centered into an axi-symmetric cavity)
might oversimplify the real electric field at emitters, so that a more elaborated approach taking care of the corona discharge
physics is necessary.

Historically, many approaches have tried to avoid the modeling of the complete coupling between glowing region and
drift region. Most of these approaches relied on experimental measurements, providing some approximate expression of
the electric field and the charge density at the edge of the glowing region. More precisely, these approaches are generally
calibrated for air at atmospheric pressure, and provide the current-potential law I — ¢ needed to set the charge distribu-
tion and the electric field at the frontier between glowing and drift regions. For a single cylindrical electrode (called the
emitter), inside a finite co-cylindrical geometry Townsend’s law has been successfully used [23-25]. Considering non axi-
symmetric drift region problems whilst using axi-symmetric charge injections and/or electric potential (such as Peek’s law)
has also been used (e.g. in point/plane configuration [26], cylinder/cylinder configurations [27], etc...) which might be a fair
approximation is some cases. Nevertheless, in general non axi-symmetric configurations not only the parameters of current-
potential law (and/or charge injection-electric field law) have to be adapted, but also the hypothesis of axi-symmetrical
emitted charges has to be reconsidered. For example, based upon experimental measurements [28,29] have shown that
the current-potential law is modified in the presence of external air flow in the drift region in a tip/plane configuration.
More recently, the modification of the charge injection boundary conditions has also permitted to reproduce experimental
measurements in a point-to-ring configuration [30]. Other experimental evidences calls for non axi-symmetric charges injec-
tions, such as the observations of light intensity variations (in Dielectric Barrier Discharge, i.e DBD, configurations) resulting
from the gas flow effects [31], as recently confirmed by [32]. In this context [33] has recently proposed to use a Robin
boundary condition for the charge density n injection at the drift region edge, I', n(x)|r = B(E(X)|r — Ep).

The boundary condition associated with the drift region is clearly resulting from the interaction between the various
fields (electric potential, ions, electrons) between the glowing and drift regions. This is why many modeling approaches
have considered a coupled multi-domain or ‘hybrid’ approaches in order to model the physics of DC corona [34-37]. A major
issue in this area is to foresee a relevant modeling using physical parameters only, (kinetically based parameters available
from open data-bases) but avoiding the need of dedicated phenomenological parameters. Efforts toward this direction have
been addressed using multi-domain approaches within a partitioned strategy, iteratively seeking for the solution in each
sub-domain with a fixed point method. Nevertheless, in many problems a similar partitioned strategy is known to be less
stable than a monolithic one. Monolithic fully-coupled approaches have also indeed been pursued to numerically compute
the non-linear elliptic/hyperbolic problem associated with electric potential, electrons, ions charge creations, electro-drift
and secondary photo-ionization (Cf [38,39] among others). These monolithic fully-coupled approaches might be interesting
in order to get physically detailed, chemical composition of corona [39]. They have been mainly applied to very simple
corona geometries, since the numerical complexity of the complete physics is difficult to address in complex domains.

In this paper we propose an alternative method both monolithic and two-domain, derived from the asymptotic analysis
of the fully-coupled problem, producing two asymptotic regions, an inner-one associated with corona discharge, and an
outer-one, the drift region. This method generalizes the analytical axi-symmetrical analysis performed in [2] to domains
having any regular shapes for which no analytical solution is available. The approach combines the advantage of being
stable and efficient so as to be able to address potentially complex domains in the drift region. The numerical approach is
also inspired by domain decomposition techniques [40,41] using Lagrange multipliers defined at the interface between two
domains to match suitable boundary conditions between the various fields involved. The idea behind our approach is to
gain understanding on the corona discharge mechanisms so as to set-up an asymptotic hierarchy of main coupled effects,
whilst retrieving irrelevant ones.

The paper is organized as follows. Section 2.1 describes the constitutive model, its underlying physics, the geometrical
setting and context as well as its dimensionless formulation. Section 3 discusses its asymptotic formulation and develops
on the resulting multi-scale/two-domain strategy. Section 4 provides the numerical details of the implementation, the con-
vergence study, and validation test-cases combining previous analytic, numerical and experimental results. Finally section 5
showcases some illustrations and comparison with previously published experimental results.



Fig. 1. (a) Schematic representation of the positive corona discharge problem: collector size L is much larger than emitter diameter a (in black). The origin
of the position vector r in (xy) plane is the emitter center. (b) The two-domain approach of section 3: Q = Q1 U Q,, boundary T is the interface between
Q1 and ;. 9Q° and 9Q° are the surface of the collector and the emitter respectively.

2. Corona discharge model
2.1. Constitutive equations

We consider a positive DC-corona discharge arising into an infinite two-dimensional configuration sketched in Fig. 1a.
Even though, the general ideas and method proposed in this paper might be generalized to 3D, there are hereby distinctly
derived in 2D for notations and methodological simplifications.

As mentioned in the introduction, the effective fluid model of the positive DC corona is considered. The production of
positive ions, electrons and negative ions (respective density np, n. and n,) is governed by the impact ionization coefficient
« and the attachment coefficient 7. The ionization coefficient dependency with electric field follows the standard Townsend
form

o = Bexp(—E;/E), (1)

where 8 and E; are two physical parameters which depends on the gas composition, thermodynamic conditions and they
are supposed to be known. E; is the ionization electric field, i.e., the field beyond which the corona discharge lightens. The
impact ionization coefficient @ is assumed to vanish at low electric field intensity E = ||Vg]||. The complete set of equations
describing the electric potential ¢, electron density n., positive and negative ion charges densities n, and n, is

v?2 £ —
QY= P (e +np —np),

V.jp=aje+S, )
Vi.je=(@—n)je+S,
V -jn = Nje,

where e is the elementary charge, je = ee V@, jp = —pnp Ve, and jn = uany, Ve are the local fluxes of the electron,

positive and negative ion charges, je = |je|, associated with their respective mobility (i.e. ue for the electrons, pp, fn
for the positive and negative ion charges). « is the impact ionization Townsend coefficient (1) and n is the attachment
coefficient. In the following we introduce notation

Qef =0 — 1, 3)

and consider that aef is a known smooth function of E. Furthermore, Appendix C shows that both coefficients o and 7
(and thus o) have an exponential dependence with the inverse of the local electric field, similar to (1) that we will be
subsequently used. Finally, S is the source term associated with secondary ionization which is one complex aspect of corona
discharge modeling. Note that, in this formulation, photo-ionization provides an equally balanced source term for electrons
and positive charges, since it both generates an electron and a positive charge out of a neutral molecule. Such a balance
is not always taken into account, but this point will be discussed further in the next section. Even if secondary ionization
is very small compared to the impact ionization, it is necessary to explain the onset and to sustain the discharge. Photo-
ionization is the source of secondary electron and results from a non-local creation coming from a convolution of the charge
flux with a radiative kernel. In 3D, using position vector R =r + ze, built from horizontal position r and vertical distance
along z,



S(R) = V/g(R, R) (@(R)) = n(R)) je(RNPR, (4)

where, again, j.(") = |je(r’)| and S(R) is the number of photo-ionizing events at position R per unit time and volume.
The coefficient y is the secondary electron efficiency, identical to the one introduced by Zheng [42], a dimensionless small
quantity, i.e. ¥ < 1, to account for the photo-ionization cross-section and probability as in [43,44]. The photon radiative
kernel may have different forms [45,1,46,47]. We hereby derive a general theory which can be adapted to any (regular)
form of kernel. In this paper, we restrict our attention to 2D problems being translationaly invariant along z. In this context,
we derive in Appendix B a specific 2D kernel from a well-established 3D one [43,44]. Hence, in the hereby considered
context cylindrical coordinates are used and (4) reduces to

Sm=y / G, v) (@ (') — (")) je)dr, (5)

where the photo-ionization source S(r) also being invariant along z, because it only depends on r. For the sake of simplicity,
in the following, each time we will specify the 2D domain of integration, we will omit the differential increment in all
integrals, i.e. (5) will be denoted

Sm=y f Gr, ) (a () = n")) je (). (6)
Q

The boundary conditions associated with problem (2) are based upon notations of Fig. 1a. The electric potential ¢ fulfills
Dirichlet boundary conditions on the electrodes, with a high tension ¢, applied at emitter and a reference zero potential at
collector, i.e.

@lage = @a,  @lagc =0. (7)

Both n;, and ne fulfill a purely hyperbolic problem so that one upstream boundary condition for each field is needed. In a
positive corona discharge, for positive charges traveling along the electric field lines from the emitter surface 9Q°¢ toward
the collector one 9Q2¢, zero positive charges flux is set at the emitter

Jp -nlyee =0. (8)

Symmetrically, for the electrons and negative charges traveling against the electric field, a zero flux inlet boundary condition
is set at the collector

Jje -y =0, (9)

so that it is assumed that no electrons are injected at collector, which might result in no electrons at all. But a few secondary
electrons are created by photo-ionization nearby the emitter that will feed the corona discharge. This simplified framework
is meaning full since we assume that the electric field at the emitter is much larger than the one nearby collector so that
the generated photo-ionization source term is much smaller there, thus of negligible effect.

2.2. Dimensionless formulation

The first main physical parameters associated with the corona discharge are the applied electric potential difference ¢q,
between the emitter and the collector, being at distance L apart, with a resulting applied electric field magnitude of ¢,/L. It
is interesting to compare this applied field to the “internal” one defined by the electric ionization field E; used in Townsend
relation (1). From this comparison a small asymptotic parameter ¢ is defined as in [1,2]

_ Y

&= .
LE;

(10)
This ratio being small indicates that the applied electric field is small compared to the ionization field of the discharge.
Dimensionless variables are chosen from the external (outer or drift region) length reference L by

~ r ~ N n ~ a
r=_, <p=£, fy=—, a=-, (11)
L Qa n L
with k =e, p,n for electrons, positive ions and negative ions respectively and a the emitter radius. The reference number
density n; is
«_ €0%a [Lp
k eL? Mk .

(12)



Note that contrary to Durbin & Turyn [1] we differentiate the adimensionalization for ions and electrons so that fi, ~ O (1)
in the corona region €1 and i, ~ 0(1) in the drift region ;. This is why the small parameter §, = ng/ny = [p/ e later-
on appears in (25). §,, typically takes values smaller than 10~2 in air. In the following, we also use inner (corona region)
variable scaling

r
€L
so that f = €R. Defining outer non-dimensional gradient V = d;, and inner ones as Vi = d; also lead to V = 1V, It is
interesting to mention that, here, the chosen reference number density n;; differs from previous contributions [1,2] since
it does not contain the electric current I. This choice is justified because the total current I is a priori unknown, but was
taken as control parameter for easier theoretical derivations in [1,2]. Since the purpose of this contribution is to provide
a numerical formulation based on known imposed parameters, the current being one result of the computation, we built
n; on known parameters. Doing so, the non-dimensional equation for the electric potential, will not contain unknown
parameter (such as dimensionless current denoted J in [1,2]). Using dimensionless electric field in (1), as in [1], the reaction
coefficients scale as follows

R= £, (13)

1]
M| =

Q 3 1

gzLazéeXp(——A), (14)
& e ¢E

M

S 15
e (15)
%:Laefzua—n), (16)

with ﬁ: Ble, and E= |@g2)|. Both « and n dimension being the inverse of a reference length-scale, (14)-(16) state that,
this length-scale is the inner one €L. For the sake of brevity, in the following we use & =& — 1) as the effective ionization
coefficient.

Let us now consider the non-dimensionalization of the photo-ionization term (5). First, it is important to mention that,
since the convolution integral arises over Q2 = Q1 U €, it can be decomposed into two distinct contributions from the
corona discharge domain 1 and the drift domain . In these contributions, since the reference length-scale is €L in 4
(resp. L in ), the electric field respectively scales as E = f—if:‘ in Q1 (resp. E = %l:i in Q). Thus, using previously defined
non-dimensionalization and particularly (14)-(16) in (5) leads to

Helz@a '\ ¥ N 5 . 3

S(r)=< 3 ") 5 / G(r, 1) Qep () Je ()d?r + € f G, 1) ey () Je ()d?r | (17)
Q1 Q)

Then, one needs to consider the non-dimensionalization of the hereby considered 2D photo-ionization kernel G. In most

contributions, photo-ionization kernels g(R) are discussed and defined in 3D, with R? = |r — r'|?> + z? the 3D Cartesian

distance, z being the direction orthogonal to the hereby considered plane. As detailed in Appendix B, the relation between
g(R) and G(r,r') = G(Jr — r|) being

R
G(|r—r/|)=/fj§R)2dz. (18)

R
Then, non-dimensionalization of kernel g(R) leads to g(R) = g(R)/L (Cf Appendix B for more details), and from (18)

1 g . 1. .
Gir—rD)=—= | —=—dz=—=G(r-T")). 19
(Ir—r)) LZH{MRZ 2= GE-F) (19)

From using (19) in (17) leads to

n; ~ EYNN A ~ 1 ~ ~ A ~
Sr) = (“ eL;"p") Y / G(r, R) Gof (RN je(R)R' + - / G, 1) Qop () Je ()d?F | (20)
of o)
where we have now re-scaled coordinates in the corona using inner variable R (13), and defining o3 being a dimensionless
(order O (1)) domain €21. Now, realizing that the second term of (20)’s r.h.s. is small because both the Townsend coefficient

& and the attachment term 7 decay as exp(—1/€) in region Q. so does Qs from (3) and (14)-(16), dominating over any
algebraic power in €, one gets,



S(r) = (M) y /G(f, eR) Grop (R")je(R)HA?R 4 0 (M) . (21)

L2
1
So that, one can then define the non-dimensional photo-ionization kernel $ from $ = %zg%yi ie.
50 = [ 6k oR)a R)TeR) = [ GGk R) [are] (22)
fl] le

Then, a multipole asymptotic expansion of (22), together with the form of (19) reads,

S = c(f)/[&ef}e]ﬁgr evc(f).f[&ef}'e]ﬁ, R 40, (23)
5 &

1 1

S(F) = SOF)+ eST(F) +0(€?), (24)

neglecting quadrupolar O (e2) corrections. Using reference charge density (12), outer dimensionless variable  (13) in (2)
whilst using non-dimensionalization (21), leads to the following dimensionless drift region formulation

V2) = —(fip — Sufte — fin), (25)
vj,,=§}e+y§(f), (26)
gz - 1,4 5@, (27)
$ oz g; (28)

where jo = [je| =1leE, jp = |Jp| = ﬁpE- and jp = |jnl =finE.

It is interesting to note that the non-dimensionalization leading to (25) produces a smaller contribution of electron
density compared to positive charge in the drift region. The main reason is based on flux considerations: the electron
current density at the emitter should balance the ion current density at collector. The ratio between the maximum number
density of unipolar positive ions np and the maximum number density of electrons n. is then given by the mobility ratio
8. One might question this hierarchy in the corona region 1 since the ion number density decreases drastically near the
emitter surface: i, ~ O(1) in drift region but i, =0 at the emitter whilst i, ~ 0(1) in the corona region and fi, =0 at
the collector. In practice this is not a concern since in the corona region, a re-scaling of the coordinates produces O (€?)
small term in front of (25)'s r.h.s., leading to negligible charge effect at leading order in the electrostatic problem (34). In
a nutshell, the space charge plays an important role only in the drift region and is strongly dominated by the positive ions
charge, there. Last but not least, it is important to realize that the negative charges concentration do not play an active role
in the problem. First, in the corona region, negative charges does not contribute to the potential (as any other charges),
for the aforementioned reason of having a negligible impact on electrostatic problem (34). Built into the corona region by
attachment coefficient 1 from electron flux, negative charges only migrate to the emitter so as to produce, together with the
electrons, the necessary (negative) charge flux balance to the positive charges drifting away from it. Secondly, in the drift
region, the only source term for negative charges in (28) is the product of attachment coefficient n with electron flux. As
discussed just after (20), n decay as exp(—1/€) in the drift region, leading to negligible production of negative charges flux,
thus leading to negligible negative ion number density there. This is why, in the sequel, negative charges are not considered.

Dimensionless problem (25)-(28) is complemented with dimensionless boundary conditions

¢|aée:l7 (/)|3§2c:0, (29)

Jp - Mlyge =0, (30)
and

je Ml g =0. (31)

Thus (25)-(28) associated with boundary conditions (29)-(31) and source term (23) represents a coupled non-linear non-
local system of equations. In the following we show how a multi-scale approach can be used to transform it into two
coupled local problems, with notations provided in Fig. 1b.



3. Multi-scale asymptotic expansion

We now seek for a regular asymptotic expansion with respect to parameter € of the problem, neglecting 0(3,),
O(%) as well as 0(e?), but keeping O(y) and O(e€) terms, i.e.

/\

50 ~0

(@, i, Tie, &, Gep) = (9°, 11, 12, &°, dgp) + £(@', 7 (32)

Alg! af)+o<e 5M,w).

€
We also subsequently define dgf = Bef (E9), @° = &(E®), whilst, obviously, E" = |V@"| for n =0, 1. Furthermore, from Taylor
Q°

expanding the electric field expansion £ = E® + €E! + 0(€?) in (14), leads to & = &@° + €@! + 0(€2) with

AR A =0 A
(E9)2 0E 0E

(33)

Since from (3), Qe = & — ), whilst also using notation 70 = n(E‘O). Some explicit relation for n(E) and its derivative are
given in (C.2) and (C.3). In the following, we will index the fields ¢, E‘,ﬁe,ﬁp by ©;, j=1,2 for specifying into which
domain they fall under.

3.1. Corona domain 21 problem

At leading order, the corona problem reads

V2p%, = (34)
Vi (nm] R(pgl) =-a° n EQ] (35)
Vi (neQI ﬁ(pm) = efneQ1 EQ1' (36)

Note that, surprisingly, there is no more source term on the right-hand-side of (34), as opposed to many other two-region
modeling for corona models already proposed in the literature, (e.g. [34,35]), some of them not derived from asymptotic
considerations [36]. This issue is much more benign than what could be though at first sight. As a matter of fact, since
(34) is expressed in internal variable R which is stretched upon the external one, T, R= /€, the resulting re-scaling of
the Laplacian applied on the right-hand-side of (25) multiplies it by an O(e?) term. This means that the charge effect on
the corona region only adds a very small correction to the potential. Furthermore, taking into account this correction when
discarding other O(e?) terms associated with the coupling between ; and €2, is not asymptotically consistent. At order
0 (€), we have

A%@él =0, (37)
5 & 0 5020 Bl _ 5051 £O &

Vi (npglv —i—an] A(pﬂl) =« n€Q1Eﬂl -« neShE —a! ne§21 EQV (38)
. 70

Vi (g, Vaba, +foq, Vi@Q,) = bepfigg, Eq, +Gepiz, EG, +dgpiicg EG . (39)

3.2. Drift domain Q3 problem

For the potential and positive charges in the drift domain, at leading order, the electrostatic (25) and positive charges
conservation problem (26) reads

&2 A0 20

ViPq, =Mpg, (40)

V- (@95,V90,) =y 5", (41)
because the & term is O(%) in €. At order O(¢), we have

&2 A1 21

ViPq, =y, (42)

& 50 oAl A1 A0 a1

V- (0, Vog, +1p0,VE,)=VYS . (43)
Finally, in the following, we will not solve the electron problem in the drift domain 23, but, for now, we leave it as in (27),
but for neglecting the contribution of the @&y term which is O(w), without expanding it in ¢, i.e.

V- (e, Vda,) = ¥ S(B). (44)

Since the photo-ionization term S(F) is evanescent, i.e. exponentially decaying along 7 from (23), so does the electron density
in the drift region. Hence, except for a small evanescent region of width A, i.e,, a very thin layer A/L in dimensionless
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Fig. 2. (a) Schematic representation of sub-domains 1 and 2, being dimensionless version of the ones represented in Fig. 1b, whose common frontier
is " and the frontier of which Bflﬁ and as’zg can pick any arbitrary Lipschitz continuous shapes. (b) Schematic drawing of the conformal mesh I'p at
the boundary I': note that the continuity constraint for ¢ is enforced only at the nodes of the mesh, independently of the number of DOFs, while the
flux continuity is enforced through Lagrange multipliers on edges. The flux continuity is a two-way coupling (double arrows symbol) for elliptic equation
associated with (), and a one-way coupling (single arrow symbol) for the hyperbolic one associated with Lagrange multipliers Ap and Ae.

formulation, the electron density is negligible in the drift region, so that it is not necessary to compute it. Hence we avoid
computing the electron charge density in the drift domain n.q, also because the photo-ionization kernel is computationally
expensive. Instead, the photo-ionization effect is provided into the boundary condition for the electron flux at I", that we
evaluate in next section. This is symbolized in Fig. 1b by the electron flux arrows at I' as well as in Fig. 2b by a feedback
arrow for electron flux. (44) is nevertheless interesting to consider in order to establish the needed boundary condition for
the electron in corona domain, as now discussed.

3.3. Matching conditions

A crucial issue is the boundary conditions to apply to the field ¢, fip and fie in each domain ©; and Q2 as well as at
their interface I' = 3221 N 3Q>. In the following we derive the boundary condition field by field, based on the notation of
Fig. 2a.

o The electric potential ¢ fulfills a global elliptic problem with simple Dirichlet boundary conditions on the electrodes

Plags =1, @lags =0, (45)
So that, at each order

@°lags =1, @°lags =0, (46)

¢'lags =0, @'lagg =0. (47)

Depending on the geometry, a further boundary condition can be applied on open boundaries, for example a Neumann
condition of the type d,¢ = 0, where 3, denotes the outward normal derivative at the boundary. At the interface T,
the “matching” follows the classic domain decomposition methodology as derived by Babuska [40] and revisited by
Magoulés et al. [41]. The potential ¢ must fulfill a “two-way” constraint, i.e. both ¢o, and ¢q, are required to fulfill it.
The conditions at the interface I" are

@a,Ir = @a,Ir, (48)
Véa, -milr = —Véq, -n|r. (49)
The minus sign in (49) comes from the opposite sign of the outward normal depending on which side of the boundary
it is considered: n; = —nj,.
e On the contrary, both fi, and i, fulfill a purely hyperbolic problem since diffusion is neglected. Only one upstream
boundary condition for each field is needed. For positive charges, traveling along the electric field lines from the corona
Q, toward the drift region Q,, the inlet boundary condition is at the emitter

Jo - Milage =Mpdadlage =0. (50)



In the following, we will use 9, = V - n for the projection of gradient operator to the outward normal of a boundary.
This leads to

A5 @°lage =0, (51)
and,

ﬁ;an(ﬁobgi + ﬁganfﬁ] lage = 0. (52)
In 1, no further condition is needed. To enforce ion flux continuity, 2, must be fed with the ion flux coming from
Q1. This leads to a “one-way” coupling, i.e. fipq, directly depends on fi,q, but not reciprocally

Jpe, -M2Ir = —jpe, -mir, (53)

with again a minus sign because of the normal. So the inlet condition of boundary condition of 2, is given by 1 and
no outlet condition is required.

o Symmetrically, for the electrons and negative charges traveling against the electric field, the inlet boundary condition is
set at the collector:

Je - m2|y0 =0, (54)
leading to,

g dn@°lag =0, (55)
and

15 0n¢°lags +A9onP laag = 0. (56)

We assume that no electrons are injected in 2 at the collector, which should result in no electrons at all. But a few
secondary electrons are created by photo-ionization in 2, that will feed € through the interface I'

Jeoq - Mi|r = —jeg, - Mor. (57)

This is again a “one-way” coupling, since jegl directly depends on jegz and not vice-versa. Furthermore, photo-ionization
in drift domain 2, depends on the ionization rate in 1, in a rather complex way. Thus, given (23) in (44) in Q,
domain, leads to

Vje=y (G(?)Mo—l—sVG(?)-M] +O(62)), (58)
with the multi-polar expansion associated with hereby defined mono-polar scalar Mg and dipolar vector M
Mo = / [&ef}'e]w : (59)
Q1
My = [ [l . (60)
Q1

whilst, again, omitting the differential increment in the integrals. Inserting expansion (32) in (59), one finds

Mo = M§ + eM{ + 0(€?), with (61)
= [ o7, &
24
1 ~1 ~0 10 ~0 »~1 10 ~0 A0 £l
Mg = / [O‘ef”emEm + Gropfien, Eg, +aefneQ]E91]R/. (63)
Q4

And, similarly, inserting expansion (32) in (60) keeping only the leading order contribution to the dipolar correction,

g = [ [af 3], & (64)
Q1
Then, (58) reads,



Vije=y (G(?)Mg te (c(?)Mg +%GHMO - er) + 0(62)) . (65)
Realizing from (32) that the electron flux je follows the same regular asymptotic expansion

Je =32+ &jl + 0(e?). (66)

We seek to solve, at each order, the electron flux coming from photo-ionization only. At leading order in €, the forcing
term displays an axi-symmetrical radial dependence,

V- 2=yGFHM]. (67)
The solution of (67) jg can be decomposed into a general (conservative, i.e. divergence-free) contribution jgc and a
particular solution jgp whose divergence equals the right-hand-side photo-ionization term of (67), i.e. ig =ng +ng, and
V3% =0, (68)
V3% =y GiHMY. (69)

Since we consider no-incoming electron from any other source, the general conservative contribution, being unique, is
zero, jSG = 0. Hence, we are left with finding the particular solution jgp. From the axi-symmetry of both the source
term and the boundary I', we can assume that jgp = jg(r)er and thus develop the divergence operator in cylindrical
coordinates, only keeping the radial part. Integrating between 7 (dimensionless radius of boundary I') and infinity
leads to

o
) = ng% / G(P)idi = Mgyo(Fr), (70)
o
with,
o
nin =y s [ cord. (71)
fr

Appendix B provides details concerning G and the explicit computation of yp. Now considering the order O (¢), inserting
(66) in (65), and (32) in (59) one finds

Vil=y (G(?)M}) +8?G(?)M?-er). (72)

The same consideration applies, at this order and the general conservative contribution to jl is thus zero. The electron
flux (72) thus results from two contributions. An axi-symetric one, provided by the M(l) term, and a dipolar one resulting
from Mcl’. The first one, is similar to the leading-order in €, having an amplitude Mg, instead of Mg. Seeking for a
particular solution, from the axi-symmetry of the boundary I', as well as the radial dependence of the photo-ionization
term on the right-hand-side of (72), one finds that,

ji@r) =Mbyo + M2 ey, (73)
o0

) :% f %G ()idF. (74)
fr

Again, one can find an explicit expression for y; (fr) using

m@nzyaﬁ»$§/c®ﬁ. (75)
fr

Hence, provided flux at interface I (70) and (73) we found the electron flux in domain €2, to be

Jeo, -no,Ir = 100r + &5l Ir6) + 0(e?), (76)

with,



P2r= yoMJ, (77)
@) = YoM} +11M0 - nip = YoM} + 11 (M?-excose+M§’.ey sine). (78)

Hence, it is interesting to realize that the only relevant quantities associated with photo-ionization for the corona
discharge modeling are some integrals of the kernel associated with y,(rr) in (71) and y1(rr) in (75) functions. The
prescribed functions yp(rr) and y4(rr) are explicitly computed for the derived 2D kernel in (B.10) and (B.12). Relations
(77) and (78) provide the electron flux, at the interface I' between 21 and Q», given the electron flux inside €.

In the forthcoming section we detail how the missing boundary conditions associated with continuity of electrical po-
tential ¢, positive charge flux j, and electron flux j at T are taken care of by Lagrange multipliers.

3.4. Two-domain variational formulation

The two sub-domains are defined on Fig. 2a. A conformal mesh is used at the interface I" between the sub-domains, as
depicted on Fig. 2b. In this section, all numerical fields will be supposed regular and derivable so as they should pertain
to functional space H'. This choice is a first simple framework, but additional complexity might lead to discontinuous
solutions. For example, if some forced convection from an external flow is super-imposed to the electro-drift convection, it
is expected that, at large Péclet number, some sharp variations of the positive charge density field develop an up-stream
front. If the Péclet number is very large, this front will become a shock, and the regularity of the solutions might be lost.
Nevertheless, at finite Péclet number, a physically reasonable hypothesis, regularity will be preserved. Hence, in a more
general context, preserving the solution regularity necessitates the addition of diffusive terms in all density fluxes. For the
sake of simplicity, we did not consider diffusion here, but it can easily be added to the formulation, so as to preserve
regularity.

3.4.1. Corona domain 21 variational formulation
The corona problem (34)-(36) in 1 is associated with variational formulation involving test functions (uy, vi, wq)

~ [ 908, S+ [ wiangt,
24 EloH
- A - 0
50 A0 50 A0 2020 0
— / N,0,hPo, Vi +/an]Vgle -Vvq —/a Moo, Eq, V1 | _ 0], (79)
o4 Q1 Q1 0
50 A0 50 G0 ¢ ~0 50 0
/neglangoglwl —/neQ]Vgogl - Vwy —/ozefnm]EQl w1
Elos @ Q1
with, again, I::?Z] = Wgﬁgl |, is the modulus of the dimensionless electric field. Using boundary conditions (46) and (51),

whilst leaving the contribution of boundary I' to Lagrange multipliers to be defined later-on, we specialize variational
formulation (79) so as to define the following bi-linear functional fol, for all test functions, i.e. V(uq, vi, wi) € Uy x Vi x W,

£a0 & 0

—/V(pQl -Vup + / Ui 0ng,

ga0 9 Eles

2 i 20 GA0 2020  £0
7o | S, || vi = /"mlv‘/’m Vvi— [ &g Eg Vi , (80)
ﬁ§Q w1 Q Q4
1
~0 ~0 50 Pos0 O ~0 %0

/ nteangoQ]wl —/nte[WpQl -Vwq +O‘efEs21 w1]
00 Q1

with ¢; € HY(Q1), Vi € H1(1) and W; ¢ H' () being functional spaces in 1. Note that on the second line of (80), the
positive charge flux at 8Q; = 3dQ§ UT found in (79) is now omitted since the contribution of 92§ is zero from boundary
condition (51) and the contribution of I' is left to Lagrange multiplier A,. The same consideration applies for the third
line, but for the fact that the contribution of 9Q$ on the electron flux is not zero, whereas the contribution of I' will be
left to Lagrange multiplier A.. The linearized form of (80) is found from computing its Fréchet derivative V(ui, v1, wq) €
Z/[] X V] X W]

~0 ~0
gpﬂl uq 89091
0 0
Vi

0 A A~
7 | | Tpen | | 2
e, w1 on,q



LS ~0
_/V‘S(pﬂl -Vuq + / ui anB(PQl
& 1o
[ 680,998, - i, 9598, w1 — [ 516, £, 1v , (82)
2 i
/ (Sﬁgﬂl 811@?21 + ﬁ(e)fh 8n8¢)(§)21)wl N /(SﬁSSM @(2)821 ’ @ + ﬁgﬂl @8(2\)?21 ’ % + 8[&gfﬁ291 E%J)W]
00 Q1

with, this time, test functions in U; C H})(Sh). Vi c HY(©1) and Wy c H'(€;) since homogeneous Dirichlet boundary
condition is applied to §¢° on 92, where we have used notation for chain rule

81a°n%g EY 1=08a0 EY +a%snd, EY +a°md, SEY, (83)

~0 20 0 ~0 20 0 ~0 50 0 ~0 20 70

8[otgneqn Eq 1= 00gNeq Eq + 0ppdlyg Eq  + dprileq SEg . (84)
HereA, 8@%1 = I:I?21 ((/3?21 +8¢?212— I:I?ZIA@?Z]) = W((ﬁgl +6f2)?21)| - W(ﬁgl\ if found from linearizing E?zl' More preciselyAdenot—
ing £y =V@q, - Vg, and $Eq, = Eq, (P, +8Pq,) — Eq, (§e,), since £ (Pa, +890,) = Vg, - Vg, +2Vq, - Vépa, +
0(8¢q,)?, and since £, (Pa, +38Pq,) — E (Pa,) =8Eq, 2Eq, + 0(8¢q,)), one gets

. V@l V@l
SEY = — = (85)
Q2

~0
so that Saef reads

&gf a&gf;fgzl) A?h = (38;’0 B BaEnoo )62?21’
Q 93} Q
_ < & i ) V@Y, Vgl (36)
e(kg,)?  9Eg, B

The derivative of 7 is provided in Appendix C. At order O(€), the variational formulation of (37)-(39) associated with
boundary conditions (47), (52), and (78), again, leaving the contribution of I' to Langrange multipliers, reads V(uy, v, w1) €
Uy x V1 x Wy

) 2091 uq
Fo, Tﬁml N R = (87)
negl w1
—f@@él -Vup + / uq 3,1(/35121
Q1 Eles

£l G50 480 Gal oy G 5150  FO | 2051 RO 4 2050 £l
/.(an]VgoQl +1p0, V@) - Vi —/(oc Neq, Eq, + & Neq Eq, + 0 g Eg Vi

Q Q (88)
Ao 0,08 +7%, 3,08 ywi — | (Al V@S +a%, V@l ) vw ’

e P, e InPg,IW1 ey Y P, e Y0, 1

09 Q1
~1 20 0 A0 ~1 70 ~0 20 1

_/(O‘ef“esz] Eq, 4 Qepeq, Eq, + Aepeq, Eq ) W1

Q1
with again test functions in U; C H(l)(521). Vi c HY(Q1) and Wy ¢ H1(1). It is interesting to note, that, as expected

A1 ~0 A1

) o [[F ) () (&

-7'-91 T¥Q1 | V1 = 8]:91 72891 , | V1 ) ’}{)Q] s (89)

n€Q1 W] neﬂl Wl neﬂl

1

whilst implicitly using &' and &;f given in (33) on the left-hand-side of (89), rather than 6&° and S&Sf given in (86).



3.4.2. Drift domain Qo variational formulation

Again leaving the contribution of boundary I' to Lagrange multipliers to be defined later-on, we specialize variational
formulation of (40)-(41) with homogeneous Dirichlet boundary condition (45) at 9Q to define the following bi-linear
functional Y(uy, va) ey x Vo

[ =998, Fua+ [0+ [ g

]_.o @?22 us _ Q0 Q) Loz (90)
21\ %, )\ v S PN A0 $60 LS ’
pie TpoZ n(/)QZVZ + anZ (pQZ -Vvy
0908 Q2

where 9, denote the outward derivative at 2, edges. Test functions u; and v, are chosen beyond functional space i/, and
Vy with Uy C H}(R2) and V, C H! (). The Fréchet derivative of (90) reads V(u, v) € Us x V5

A0 A0
1)
7o | 082 ). (M2 ). (0 )| =
o, ') (SnpQZ

- 968, Tur+ [ 5o+ [ 938, u

Qz QZ BQE
) R ) R (91)
_ / 8n2928n¢332vz +n2928n6¢>gzvz +/5nggzv¢3§’22 Vv, +ngQZV8¢)?22 Vs
e %

At order O (¢), similarly with previous section one gets

1 ~0 1
1 bq, uz )\ [ _s Y, (Uz %q, 92
on () ()] () (2)- (2 )] .

3.5. Coupled formulation

Finally building together variational forms (80) and (90), with the leading order O (¢%) boundary conditions at I" (48)-(49)
and (77), we arrive at the following monolithic non-linear formulation

(??21 uq _f[‘ kgo”l
Fo N e | [ v ||+ 0 =0,  Y(u1,vi,wp) €U x Vi x Wi, (93)
ﬁg w1
e —fr )\.QW]
[/ 30 Aol
Fo (f)(?z ; <u2 ) + Irte =0, V(uz, v2) €Uy x Vs, (94)
L Ny, V2 fr ApV2
/ (@9, — Pg) =0, Vig € R, (95)
r
/Mp(kp — 9, 0nPg,) =0, Vup € R, (96)
r
[ et =0 =0, Vite. € R, (97)
r

thanks to Lagrange multipliers associated with potential (), positive charge flux continuity (1), and imposed electron

flux }'Blr (77) (xe) at T', whose test functions are respectively denoted iy, tp and fie. The functional space associated with
Lagrange multiplier adjoin test-functions on I' is R ¢ H~1/2(I") [41].

It is interesting to note that the Lagrange multiplier associated to the charged particles only comes one-side in Q5 in
(96) and not in 1 since the last term in the second line of (93) is zero. This one-side coupling results from the purely
hyperbolic nature of the positive charge problems, both in 1 and €2;. At order O (¢) the coupled linear system reads

(?5121 uq _fF }“(ﬂul
]—'5121 1}%91 N + 0 =0 Y(uq,vi, wi) €Uy x V1 x Wy, (98)
n

e w1 —fr)\.gW]



H1 Aol
Fo, (Apfh , <u2 ) + Inke =0 V(uz, v2) €Uy x V2, (99)
Mp, | \ V2 Jrhpva
[ 1ot@d, ~ob) =0 Vit € R, (100)
r
/M,,(Ap — i}, nPg, — Mg, ndh,) =0 Vup €R, (101)
r
/ue(ke—iilr)=0 Vite € R, (102)
r

with imposed electron flux }'g|r (78).
4. Numerical method

Now considering the numerical discretization of the problem and the resulting meshing issues, we chose to re-express
the Corona problem in €1 with external variable r rather than internal one R. This issue renders the numerical implemen-
tation much easier, since, upon the convention of common spatial variable scaling of domains £ and 2, their interface I'
lies at the mesh conformal interface. Choosing a distinct scaling for the inner region discretization €2 and the outer region
€, would have resulted into two distinct interfaces of two distinct meshes, to map one-another, obviously a less convenient
choice of discretization.

4.1. Newton solution for leading order

Non-linear problem (93)-(97) is solved using a Newton method. In this monolithic formulation, the unknown fields
(@, ﬁ25?1 ’.ﬁgﬂl @0, 90,5 49, Ap, 40), with embedded Lagrange multipliers A's, are simultaneously computed. At each k+1
step, their increments
(8P, M)y, 8110, . 809, . 819, . 8240, 819, 812) are found, from the inversion of the Jacobian operator (105)-(109) knowing

step k fields (gbgl , ﬁgﬂwﬁgnl , @gz,ﬁo ,Ag,)\g, 29)k. For notation simplification we will now denote

P2
gbgkl u 8¢° 5¢°
0 0k 50 _ 70 50
3Fq, rAlng1 v ], 81}8 =467y, 81}8 , (103)
Meg, w on, on,

n (81) and

™/ 70k ~0 ~0
2 u 3¢ 8¢

8FQ JET2 < )( A0> =8F3 [ AO], (104)
2> _<”g§22 v s | 5h)

in (91). Linearizing (93)-(97) leads to the formal Jacobian operator for the Newton iteration
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Where, from (62) and (77), §7%|r in (109) is
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539 = yo / (5aefnm] EX +a%seq, EX +&§}‘n2’ghaég]). (110)
Q1

Which from using (85) and (86) reduces to

20 SO0k, (0K 1 veg .
8jelr = VO/ Sfeq, Eq, + (g, + 0k 2) o V0% | (111)
(Eq)” Eg,
Q4
83 = 819, [6e0, 1+ 8 )2, 8¢, 1. (112)
defining the two linear (functional) forms
5108 = o [ GEY S, (113)
Q1
o0k
N 1 Voo, & .
O
51, 180a,1= 70 / W5+ G g P (114)
1

Implementation details of this leading order O(e®) are provided in D.1. At order O(¢), the Jacobian of the Newton is very
similar to the leading order, and again details are provided in D.2. It is shown that, as expected, the O(€) correction is zero
if dipolar corrections are zero; i.e., if M? = 0. Finally, the inversion of the Jacobian matrix is performed using a sparse LU
factorization using the UMFPACK library [48].

4.2. Validation

4.2.1. Mesh convergence study

A conformal mesh is generated in the sub-domain 1 while the unstructured mesh generator of FreeFem++ [49], is used
for the sub-domain Q7. A mesh convergence study has been carried out. The numerical value of each variable at each DOF
is stored in the solution vector u and the quadratic norm of the numerical error, [[u — uyf||> is estimated by comparing the
solution u to a reference solution u,.; computed with a fine mesh: 34000 triangles, i.e. 221000 DOFs! in €7 and 69000
DOFs in €. In sub-domain 1, the three variables are @q,, npq, and neq1, so that the error reads

N
Z,’:W; (@i — (pref D2+ Z 1(np i— np ref, 02+ Z 1(ne i —fe ref, 1)
Npori

lur — Wepqll2 = (115)
with Ny1 + Npi + Net = Npory the number of DOFs in Q4. Similarly in €, the variables are ¢g, and fipe, and the error
then reads

N, ~ ~ N N ~
Zi:wf (i — (Pref,i)z + Zizpf (Np,i — np,ref,i)za
NpoFr2

with Ng2 + Np2 = Npor2 the number of DOFs in 5.

A first convergence study, Fig. 3a, shows that the error scales as NE?)F] in 7 and NE})FZ in €. A similar study shows
that when Np (number of mesh nodes along I') increases at fixed N;q,q1 (number of nodes in the inner radial direction,
Cf Fig. 2b), the error decreases rapidly in €1 (~ NB?)F]) while the convergence rate in 2, remains unchanged (because
the unstructured mesh in 2, remains identical to the previous case). The last study, Fig. 3b, shows that the error in 4
decreases very rapidly (~ Ngf‘) r1) when the radial resolution Nqq1 increases at fixed azimuthal resolution Nr. However,
increasing N,qqq provides a limited improvement since the error saturates for a given Nr. The saturation threshold depends
on Nr. It is interesting to note that the error in sub-domains 2, depends on N, despite the mesh 7y, is rigorously the
same, whatever the value of N,441. This is because the boundary condition on I" is given by the solution in 1.

The last investigation deals with rr, the position of the boundary I'. The impact on the solution is assessed by the net
ion flux at the collecting electrode Tco. In the range of rp considered, the current varies by 3%, showing the robustness
of the solution regarding this parameter. Fig. 3c shows that the ratio rr/a should not be smaller than 3, otherwise Teo is
underestimated, because the ionization region is “cropped”. On the other hand, when rr is too large, the net current slightly
increases, because the space charge term is neglected in the potential equation (34) in €. Indeed, the asymptotic smallness
of the space charge term compared to the potential derivatives is preserved only when r — 0. The yellow-star curve shows
that this effect disappears when the space charge term is added into the potential equation.

luz — w2l = (116)

1 DOFs: Degrees Of Freedom.
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Fig. 3. Convergence of the quadratic error when (a) azimuthal (Nr) and radial (Nyeg1) number of elements are varied simultaneously or when Ny is varied
at fixed Nrgg1, (b) Nreg1 is varied at fixed Nr, (c) rr is varied at fixed number of elements, with and without space charge effects in €21. (d) View of coarse
inner and outer mesh for Ni = Nrgg1 =20 and rr =4a.

Table 1
Parameters associated with positive DC corona discharge at atmospheric pressure, related to Townsend's ionization coefficients provided in (117) and (118).
Note that Ejef = Cef Nges =2.13107 V/m.

B (m?) C (V/m?) Bef (m?) Cef (V/m?) y Ngos (m—3)
291020 8.2410-19 2931020 8.5210-19 2.103 2.510%

5. Physical validation and illustration
5.1. Axi-symmetric configuration

Our formulation is now confronted to real experimental measurements. For this, we chose several sets of experiments
performed in air, in atmospheric conditions, since it is a well documented generic situation for which a consensus of
physical parameters evaluation is reached. Townsend'’s ionization coefficients are chosen by linearly fitting the data obtained
with Bolsig+ solver [50], using cross section database,” with the following parameters

o /N = Bexp (_E/LN)' (117)
and
Cef
aef /N = Bef €Xp (_E/N)' (118)

Table 1 provides an exhaustive description of these parameters. Ngs is evaluated at standard atmospheric pressure and
temperature (Po = 1.0132510° Pa and To = 293 K). In this section, the concentric wire to cylinder geometry is used to

2 7: Phelps database (N2,02), www.Ixcat.net, retrieved on January 31, 2020, «, e Phelps database (N2,02), www.lxcat.net, retrieved on October 10,
2017.
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Fig. 4. Dimensional I-V curve from experimental measurements [51] obtained in a circular axi-symmetric co-cylinder configuration, from analytic matching
[2] and from the numerical two-scale model for ¢ =700 pm, L = 10.35 cm for various value of photo-ionization parameter y.

Fig. 5. Schematic illustration of the two families of non-axi-symmetric cases hereby studied in section 5.2 and 5.2.2. Eccentric cases associated with off-
centered circular emitter and (a) an upper and lower semi-circular collectors studied in section 5.2 (b) an upper and lower half-rectangular collectors
studied in section 5.2.2. In both cases, current anisotropy refers to current ratio iy /iz.

assess the validity of the numerical model. In such a configuration, an analytic solution is available for the current-voltage
characteristic [1,2], which is used to estimate the value of y in air at ambient pressure [2]. The non-dimensional ion current
Ico is retrieved by integrating the numerical ion flux at the collector. Finally, the dimensional current I, can be deduced
from the non-dimensional one I, as follows
peop? -
IcozL_zlco- (119)
The results of the numerical for various values of £ simulation are compared to the leading order of the analytic asymptotic

expansion and to the experimental data of Zheng et al. [51] in Fig. 4. Since the best matching with experiments are found
for y =0.01 in Fig. 4, we will keep this parameter in the following numerical results.

5.2. Eccentric offset configurations

5.2.1. Circular collector

It is not easy to find simple experimental configurations with available quantitative measures in 2D cylindrical config-
uration. A off-centered co-cylindrical electrodes with eccentric positioning of the central emitter, illustrated in Fig. 5a, is
nevertheless studied in [52]. When avoiding the corona description, and using instead some effective boundary condition
for the electric and positive charge fields an appropriate corona model must be chosen since, in non-axi-symmetric cases,
the appropriate fields are not uniform around the emitter. Tirumala & Go [52] compared the uniform charge injection model
to three different “ionization models”. The last one produces much more realistic results in terms of current distribution
at collector. On the contrary, our modeling approach avoid using any dedicated parameter model so that we only use the
generic parameters given in Table 1 without specific parameter fitting associated with the configuration at ends. [52] as-
sessed the degree of non-uniformity by experimentally measuring the currents collected on each half-circular cylinder (iq
and i) containing an offset emitter. The collector radius is 3 mm, the emitter radius 50 and 100 pm and the offset distance
as defined in [52] is 1 mm.

Figs. 6a and 6b, display the current anisotropy i,/i, against the applied voltage. The results obtained in [52] and with
our asymptotic approach are comparable, even though our modeling seems to perform better for smaller wires, whilst [52]
is closer to experiments for larger wires. The discrepancy between our predictions and the experimental measurements
are close to 40%, of comparable discrepancy as those of [52]'s modeling but for no adjustable parameter has been used in
our case. Hence, the current distribution obtained with the two-scales approach compares favorably to the characteristics
method used by [52] but for two major differences (i) [52]'s modeling relies on the assumption that the electric field at
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Fig. 6. Numerical results for current ratio compared to previous modeling and experiments [52] for a non-axisymetric electrode arrangement, for an emitter
of 50 pm (a) and 100 pum (b). (c) Non-dimensional positive ion density for a=50 u, L=3 mm, at V =3800 V: half-left obtained using Kaptzov assumption
(Eq = 1.44 x 107 V/m), on the half-right, obtained with the two-scale/two-domain ionization method.

the emitter has a known fixed value (determined by Peek’s law as any similar corona onset criterion), (ii) the prescribed
electron flux is iteratively determined so as to match the experimental current value. This illustrates the above-mentioned
parametric dependence of most previously published DC-corona numerical modeling. The obvious limitation from using
phenomenological parameter’s is they can only apply to a specific configuration at hand, i.e. a specific gas, at given pressure
and temperature for a cylindrical emitter. On the contrary our approach can provide generic predictions for any gas, in any
thermodynamic conditions, and possibly non-cylindrical electrode. Finally it is interesting to mention that the Kaptzov's
model predictions depicted in Fig. 6a, 6b and 6c are not performed using the usual Peek’s law at the emitter but the
asymptotic prediction provided in [2]. This choice gives a much better prediction for the Kaptzov approximation model
compared with the two-domain model (for example, Peek’s law gives a total current off by more than a factor 3 compared
with the two-domain approach for the 0.33 dimensionless shift in the configuration of [52] explored in Fig. 6¢).

5.2.2. Other external shapes

We now consider a square shape for the external collector as depicted in Fig. 5b. A systematic current-voltage charac-
teristic curves exploration is performed in Figs. 7a and 7b as an illustration. One can observe in Fig. 7a that, for an applied
voltage of 4.2kV, the current level-off by more than a factor two for an emitter offset being one-half of the domain size.
The offset effect on the current is highly affected by the applied voltage, as illustrated in Fig. 7a.

Finally we illustrate in Fig. 8 the versatility of our formulation associated with an unstructured finite-element grid which
is able to handle complex shapes. In principle Lipschitz-continuous boundary is needed, for the formulation to apply, and
provide a solution. From the numerically performed tests, we experience a weak sensitivity of the numerical convergence to
cusps and bumps as the one illustrated in Fig. 8a, with rather sparse grid meshing of 92;. On the contrary, one still needs a
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ion density gradients inside Q1. The circular interface I' can be seen in white. (c-d) Same conventions as (a-b) for the dimensionless potential ¢ = (@1, @2).

very fine meshing of the emitter boundary 39; as well as at the interface between drift-region and corona discharge region
I", because of the various fields high-gradients there. On Fig. 8d, the mesh in Q; has been adapted to the irregular shape of
the collector, but the vertex of the triangulation 7, do not exactly match the vertex of triangulation 7.



6. Conclusion

We present an asymptotically-based two-domain approach of corona discharge within a monolithic formulation. Focus-
ing in 2D configurations (translationally invariant along z), we present a Lagrange multiplier approach taking care of the
coupling between each domain within a weak-formulation and a finite element method. The proposed formulation allows
to take into account both the detailed physics of the corona discharge as well as the associated Townsend discharge coupled
with the drift domain. We believe three main benefits can result from the presented approach

e It avoids using any dedicated parameter modeling but instead uses intrinsic kinetically based physical parameters only
(but for the ionization parameters y, the experimental measurement of which is known to be difficult).

e The finite element discretization is flexible and robust: in principle, it can easily adapt to various geometries, with an
automatic mesh generator [53].

e There is no prescribed surface electric field value and no assumption on the curvature of the emitter surface. This
approach can handle non axi-symmetric emitting surface.

As perspectives, most of the presented analysis could be adapted to negative discharge condition, with a distinct treatment
of electron flux at the emitter.

Even for positive DC-corona discharges, at high cathode electric field, one might also consider electron’s emission re-
sulting from ion-cathode collisions (i.e collector). In this case, it is possible to show that this effect can be handled from
considering an additional contribution in the secondary electron flux je|r, as detailed in Appendix F.

With a suitable adaptation of the secondary photo-ionization kernels, and their multi-polar expansion, three dimensional
configurations could also be addressed by a similar asymptotically-based two-domain approach. To be more specific, the
presented approach could be adapted to point-plane source configurations. For a single point-plane tip being ¢-invariant,
the problem has to be re-expressed in the r — z plane rather than in the r — ¢ plane considered here. In this case, three
additional issues have to be faced. First, the photo-ionization effective kernel G will no longer be z-invariant but will
depend on both r and z, G(r,z). Second, the electron density in the drift region should be numerically computed from
solving (44) from defining an additional variational problem. Third, the numerical solution of the electron density in the
drift region should be coupled with the non-linear coupled formulation (93)-(97) with an additional Lagrange multiplier for
the electron flux at I". These developments encompass the scope of the present paper, but should deserve proper attention
for future developments and application of the presented method.
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Appendix A. Nomenclature

a Emittelé_diameter

o = Be~t Townsend discharge ionization coefficient

Oeff = o — 1 Effective ionization coefficient

Su = % Small parameter: positive ion to electron mobility ratio
n Attachment coefficient

€0 Electric constant/vacuum permittivity

€= L‘Lﬂi Small parameter comparing the applied electric field to the ionization field
e Electron elementary charge

E Electric field

E; Ionization electric field

y Photo-ionization coefficient

r Frontier between corona domain £ and drift domain £



g(R,R’) 3D photo-ionization kernel
G(r,r’) 2D photo-ionization kernel

Je Electron charge flux

Jp Positive ion charge flux

Jn Negative ion charge flux

L Typical distance between Emitter and collector

A Typical distance decay of photo-ionization kernel

Ae Lagrange multiplier for electron flux at I’

Ap Lagrange multiplier for positive charge flux at '

Ay Lagrange multiplier for electric potential at I’

We Electron mobility

Up Positive ion mobility

n Negative ion mobility

MS monopolar moment of the photo-ionization kernel k =0, 1
M; Dipolar moment (2D vector) of the photo-ionization kernel
n Outward normal to any domain edge

N Neutral gas number density

Ne Electron number density

np Monopolar positive ion number density

nn Monopolar negative ion number density

ny = “L"—z‘p“’li—i reference number density, k=e, p,n

Q = Q1 Uy 2D domain between emitter and collector
Q1 Corona discharge 2D domain

Q) Drift region 2D domain

S Photo-ionization source term

Q¢ Edge of emitter
0 Edge of collector

© Electric potential

®q Applied electric potential (at the emitter)
R= ﬁ Rescaled coordinate in €24

R =r + ze, 3D coordinate

r 2D coordinate in

H! Sobolev functional space

Uy, Vi, Wi Test functions for variational formulation in Q, k=1,2

Uy, Vi, Wi Functional spaces of test functions in i, k=1,2

e, MUp, e Test functions for Lagrangian mutlipliers Ay, Ay, Ae
Functional space of Lagrangian multipliers in I"

Thj Triangular mesh for finite element P;, j=1,2

Appendix B. Derivation of the 2D photo-ionization kernel and its relevant integrals yp and y;

As discussed in [43,44] 3D photo-ionization kernels are given by

gR)
4T R2

SR) = f IR)) (B.1)

Qp

where the relative 3D distance between points R and R’ is denoted R = ||ﬁ— ﬁ/||, and where the radiative intensity | (ﬁ/) is
here taken proportional to the electron flux in (17), i.e. I(R) = yasf (R) je(R'). The Kernel g is given by [43,44]
exp(—A1R) —exp(—A2R)
gR) =
In(A2/A1)R

(B.2)
where A1 = XminPo,, 22 = XmaxPo,, and Xmin = 0.035Torr~'em™!, )max = 2Torr~'em~! and where Py, is the partial
pressure of molecular oxygen. At atmospheric pressure, Po, = 150 Torr, so that 1/ =1.9mm and 1/1; =33 um. In this
appendix we derive an effective 2D kernel for a cylindrical geometry based upon the integration of 3D kernel (B.2) in (B.1).

Doing so, we decompose each 3D vector R’ into a cylindrical radial term and a longitudinal one along e, i.e: and
R =1 + 2, with, obviously, Z = ?'e,. Now, for any given plane transverse to the cylinder, one can take this plane as the
origin for the cylindrical coordinate system, so that R =1. Furthermore, one has to recognize that, because the source term
is translationaly invariant along the z direction, then I(R") = I(¥'). Defining notation p =r—t’ for the relative 2D (cylindrical)
radial position vector, having amplitude p = |p|, one gets
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Fig. B.9. yorr/y versus dimensional rr plotted between [10 pm, 400 pm] using 1/A1 = 1.9 mm, 1/A2 =33 pm.

R=,/p2+22 (B.3)

Then decomposing the 3D integration domain Q% = Q¢ x R into the product of cylindrical transverse planar domain Qy
by the z direction, one can transform (B.1) using (B.2) and (B.3)

S(f-):/l(f")c(f', i) (B.4)
Q
OO (-1 V4 i o 20
Grr)=G(p=r—r|) = / an(p?+27) (B.5)
Z’eR
expﬂ\l\/m —exp*“\/’w
G(p) = [ SERBRT7 (B.6)
47 In(22 ) (p=+2'%)

This integration along Z’ can be performed so as to obtain an explicit 2D Kernel G

_ 1% 533630 0 AP 3,30
G(P)—m( g <(__ —1.— )(—)>—k2g03<

B.7
: )) (87)
where g’gg (lezz z) is the Meijer G-function [54], and A? with j=1,2 the cube of parameters 1; of 3D kernel (B.2).

Using known relation between Meijer G-function, i.e.
_.3/2,30 0
/fg z)dz_z 903((%,*17*%)

Using (B.7) in (71) leads to

Yo(fr) = % f G(p)pdp. (B.9)

f[*

)»2/0

z) (B.8)

and using integral (B.8) with variable change z = (A;p/2)? with i =1, 2, one gets

5\.,\
i 2) , (B.10)

1()r 2

. 1
Yolr) = ——— Zﬁz(rr/\)Qm(Ol)

with o1 = 1, 03 = —1. Note we have used dimensionless ; = A;L but the product A;rp is dimensionless, so that AFr = AT
Furthermore, since the typical physical range of rr is [50-200] pm, since at atmospheric pressure 1/A; = 1.9mm and
1/x2 =33 um, only Aqrp <« 1, whilst Ao > 1 (see Figs. B.9 and B.10).

Now y1(fr) can be find an explicitly using (75) and relation

)dZ— —g40 ((2 :)101)

o0

30 0
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Fig. B.10. y1/y versus dimensional rr plotted between [10 pm, 400 pm] using 1/A1 =1.9 mm, 1/A2 =33 pm.

5 ))) (B12)

The reduced attachment Townsend coefficient 7/N (m2) depends on the reduced electric field E/N (V.m?2). The value of
n/N can be computed with the solver BOLSIG+ [55] and a cross section database [56]. From the obtained data, we propose
the following expression for the attachment coefficient

C
n B, exp (—E—/'lﬁ)
N~ E/N\Dn
(%)
with By, C; and D coefficients to be determined by fitting to data. For a mixture of 80% N, and 20% O the results are
displayed in Fig. C.11a.

with variable change z = (%ip/2)? with i =1, 2, one gets

2

[2.335-30 0
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Appendix C. Reaction Townsend coefficients
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Fig. C.11. Values of the coefficients determined by fitting BOLSOG+ data. Data plot in normal scale and log scale.



The attachment coefficient in pure dry air at N =2.5¢25 m~3 (P =1013 hPa and T =293 K) is

(%)

= , C2
n (E/E;)D7 (C2)
with g, = B,N =2391 m~! and E, = C,N = 7.428 MV.m~!. Differentiation gives
an _ (En n
(=2 _p. )L C3
IE < E ”) E (C3)
And the non-dimensional version 7 = nL derivative writes
N 1 7]
M _ (2 —p,)|2 (C4)
oE €yE E
i — Ya
with €, = IE,

Appendix D. Finite element Newton Jacobian discretization
D.1. Leading order Jacobian discretization

We now consider two triangulation 7,; of €1 and 7p of Q5 being conformal at I'. The left-hand-side operator of
(105)-(109) is associated with the following Jacobian discrete matrix

0 0 |—(u) 0 0 3¢e
bt o 0| o0 0 0 Snipe,
0 0 0 0 —(,wi) Onea,

0 0 0 0o | (huz) 0 0 500 ok

0 0 0 8.F5 0 (-,v2) 0 sgj,gzz =B~
(1) 0 0 (i) O | O 0 0 5
~{fipey (). tp) —{Odnfo. ) O [ O 0 | 0 () O o
—oJ2, 0 —Jea| 0 0| 0 0 (he) S

(D.1)

Using the space P"(7,) of Lagrange-P" finite elements (n = 2, 3), the matrix 8.7-'10 is built from bi-linear form (81) on
triangulation 7p; in ©1 \ T, and, similarly, 8}'3 built from bi-linear form (91) on triangulation 75, in Q, \ I'. Furthermore,
(transposed) vectors 3j2,, and (Sjgg, are build into triangulation 7,; from linear form (113) and (114).

The non-diagonal terms result from the coupling between Lagrange multipliers and unknowns fields at " in (93)-(97)
are matrix resulting from variational formulation and built upon linear forms acting on field ¢ in £, with test function ©
with notation (A(-), u) defined as

(AC), ) = L — R
¢ — [rA@wu,

where operator A is either scalar multiplication by a field, or a scalar multiplication combined with normal derivative 9,
and £ being either H! for potential or charge density fields or H~1/2(I") for Lagrange multipliers. To be more precise,
in (D.1), the linear operator A(¢) is either identity, ie. A(¢) = ¢, or A(¢) = ¢, Pq,, or A(P) = fipe, dn(¢). Finally it is
important to stress that each Lagrange multipliers A, as well as their adjoint test-functions w (not to be confused with
mobility) are discretized upon Lagrange-P! finite elements over the conformal sets of points of 7j; N T = Tp, N T. Finally
the right-hand-side of (105)-(109) described by vector B% in (D.1) is given by

(D.2)

~ 0k _<)\I;0» U])
(2
A 0
(MK, wy)
Kk
g% _ _ _ (Ao ti2) , (D3)
(MK, va)
8 (PO o) — (@0, o)
k Ok Ok
0 ()\p,ﬂp) - (npél an(pgl»ﬂp)
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the matrix }"? is built from bi-linear form (80) on triangulation 747 in @1 \ I, and, similarly, }"g built from bi-linear form
(90), whereas, the right-hand-side vector of (D.3) uses notation (D.2). In (D.3), the electron flux at the edge of the corona

discharge is j%|r = yo Ja [&2}‘3’2"] from (62) and (77).
D.2. Linear system for dipolar correction
From the electron flux dipolar correction (78) and (63) one defines the following (functional) linear form,
Jinlit,1= o [ G5B il (04)
Q2
and, from (78), (63), (64) and (33),

SEN ~0 1 @‘2’?21 & A1
]e(p[‘szl] =0 [ (Mg, + Tz) 0 Vg, - (D.5)
J (B9, 7" B2,
The linear system (98)-(102) admits the following matrix formulation
A1
0 0 | —(,u) O 0 Lo
Fi 0 0 0 0 0 Mpe,
0 0 0 0 —(,wi) g,
0 0 0 1 (-, up) 0 0 A1 1
0 0 0 Fy 0 (va) 0 Yo | =B
nya,
1) 0 0 | (ptg) O 0 0 0 o
_(nmein(')»Mp) —{()0n Py, Up) 9 0 0 0 (-, Up) 0 A(p
Iy 0 ~Jen| O O 0 0 (i) -
(D.6)

Where .7-'11 is built from bi-linear form (87) on triangulation 7p; in @1 \ I, and, .7-"21 built from bi-linear form (92) on
triangulation 7, in Q2 \ I'. Furthermore, (transposed) vectors jln and jlw are built into triangulation 7; from linear form
(D.4) and (D.5). Right-hand-side vector B! in (D.6) is given by

0
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|
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showing that the dipolar corrections are exclusively due to the (dipolar) feeding of the electron flux from drift domain
associated with dipolar vector M? given by the integral (64) over the leading order fields. Hence, as expected, in the case of

axi-symmetrical drift domains, since M(l) =0, there is no dipolar corrections.
Appendix E. Variational formulation of Kaptzov assumption

The assumption, known as Kaptzov’s assumption, that the surface electric field at the emitter E, remains constant is
often used in simplified corona modeling. It turns out to be a good approximation [51] as long as the electric field value
is correctly chosen. A theoretical justification was recently suggested for axisymmetric configurations [2], based on Durbin’s
work [1]. In a nutshell, it relies on the idea that the corona discharge reaches a self-sustained regime only for one fixed
value of the emitter surface electric field E,.: if Eq < Eg4c, the discharge does not generate enough secondary electrons to be
self-sustained, while the case E; > Eqc leads to an excess of secondary electron. In the absence of any limiting mechanism
this should cause an exponential increase of current. But the natural current amplification due to successive Townsend's
avalanches is counterbalanced by a decrease of the electric field due the surrounding positive space charge, leading to an
“equilibrium” electric field Eq. This value depends on gas properties and the emitter radius, see [2,45,42] for example,
and probably on its geometry even if this last point hast not been widely investigated yet. The competition of the two
aforementioned processes can also lead to oscillations [57].



In most simplified numerical simulations, the ionization layer shrinks and is replaced by an effective boundary condition:
at fixed emitter potential ¢, (resp. electric field E,), the injected charge density at the corona discharge frontier I' is adjusted
until the surface electric field E, (resp. emitter potential ¢,) reaches the desired value (in fact in this approach the emitter
frontier is approximated by the corona surface). This approach necessitates to run the corona simulation several times. The
following approach is fully coupled: the constitutive equations and the constraint on space charge are solved simultaneously
in a few Newton-Raphson steps. We solve the outer equations in the domain Q = €,

A‘/A):_ﬁp n@P|r = Eqc and @lyq, =0 (E1)
V- (fipE) =0 fipE - nlr =4y (E2)
falr —1=0, (£3)

with an additional constraint on potential enforced by equation (E.3). At the first glance the problem defined by the elliptic
equation (E.1) and constraint (E.3) seems ill-posed because at boundary T, the potential has a Neumann condition 8,Q|r =
Eqc and a Dirichlet one ¢, = 1. This over-determination is balanced by the need for an additional upstream condition for
the ion flux of the hyperbolic electro-convection problem. As in [27], this additional flux condition is estimated thanks to
the introduction of a new unknown, the Lagrangian multiplier Ay, which is the flux of positive ions entering the domain at
the emitter, estimated so that the constraint on the potential at the emitter is fulfilled. The variational formulation of this
set of equation writes

/—@gb-@u%—/ﬁpu—i-/Eacu:O Yueld (E4)
Q Q r

/k¢v+ / ﬁpangﬁv—[ﬁp@(ﬁ-@v:O Yvey (E5)
r 1o Q

[ ot -n=0 Vit € R, (E6)
r

and can be solved iteratively. The linearized system at each step writes:

/—@8¢~@u+/8ﬁpu:— /—@@-@u+/ﬁpu+/Eacu Yueu (E.7)
Q Q Q Q r
fax¢v+ /(5ﬁpan</3+ﬁpan5¢)v—/(5ﬁp%¢+ﬁp%¢)-%v:
r Gl Q
(E.8)
- /A(pv—i—[ﬁpan@v—/ﬁp@@-@v Yvey

r Gl Q
[ noso== [ o -1 Vg € R. (E9)
r r

This approach is very close to the one described by Feng [13] as well as more recently in [27] except for an additional
proposed regularization. There is however a difference: the boundary condition for the ion transport equation is specified
as a flux instead of a prescribed Dirichlet value.

Appendix F. Cathode electron emission

In this section we consider the possible additional contribution of Cathode electron emission in our approach. Let us
compute the electron flux in the drift region. We start with the electron flux conservation equation at leading order

Vi =S5m).
Integrating over the drift region volume, whilst denoting J the total contribution of boundaries to flux leads to

ﬁh—hbm=/€a»

Q)



In this paper, we have considered a zero electron-flux contribution at the cathode J¢|sq. = 0. Furthermore we have shown
that the net photo-ionization rate, at leading order, boils down to

fS(r)=J/fG(r,0)rdr~/(a—n)je,
Q- Q1

Q)

which leads to

ﬂnzyfcmmMr/w—mﬂ-
Q) Q1

This first initial footstep shows that the secondary electron flux is proportional to the integral of the ionization rate inside
the corona region. If, on the contrary, we take into account the contribution of additional ion-cathode secondary electrons,
then Jelso. = Ve Jplag. With y¢ a secondary electron emission coefficient for ion-cathode collisions. To evaluate the net ion
flux we integrate the ion conservation equation

Vi =aje,

over the corona volume €21, delimited by the boundary I', to obtain:

B = [ ast
Q1

The total flux of positive ions at the edge of the corona is (at the leading order) the same as the one hitting the collector
surface because of the flux conservation in the drift region

J%mznfaﬁ (F1)
Q2

The net secondary electron flux reduces to

]2|r=ny(r)rdr/(a—n)jg—i-)/c/ajg.
93 Q1 Q21

Since the ionization rate « is orders of magnitude greater than the attachment rate n the integral can be approximated by
Jo, (@ =mjd~ [o @jl, so that

IO ~ V/QWW+% /m—mﬂ (F2)

Q Q

This approximation shows that ion-cathode collision can be taken into account from choosing an adequate value of the
secondary ionization coefficient y,rr =y sz G(ryrdr + ye.
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