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LOOSELY COUPLED, NON-ITERATIVE TIME-SPLITTING SCHEME BASED
ON ROBIN-ROBIN COUPLING: UNIFIED ANALYSIS FOR
PARABOLIC/PARABOLIC AND PARABOLIC/HYPERBOLIC PROBLEMS

ERIK BURMAN!, REBECCA DURST2, MIGUEL FERNANDEZ3, AND JOHNNY GUZMAN?

ABSTRACT. We present a loosely coupled, non-iterative time-splitting scheme based on Robin-Robin
coupling conditions. We apply a novel unified analysis for this scheme applied to both a Para-
bolic/Parabolic coupled system and a Parabolic/Hyperbolic coupled system. We show for both

systems that the scheme is stable, and the error converges as O(At, /T + log Ait)’ where At is the
time step.

1. INTRODUCTION

In the physical world, there are a variety of systems in which two distinct media interact, or are
coupled, across an interface. For the numerical simulation of such systems, it is highly desirable to
develop loosely coupled (explicit) schemes in which the two media are solved sequentially as separate
systems by passing information across the interface via defined coupling conditions. The advantage
of such schemes is in their efficiency; indeed the alternative strong coupling, in which a fully coupled
system must be solved at each time step, may become burdensome when dealing with large and
heterogeneous systems. Additionally, loosely coupled schemes present the ability to used optimized,
existing solvers for each subsystem.

In order to develop efficient, loosely coupled schemes, the coupling conditions must be chosen
appropriately, as poorly chosen coupling conditions can have catastrophic effects for both stability
and accuracy. For example, in the case of fluid-structure interaction (FSI) problems the naive choice
of coupling conditions has been proven to give rise to unconditional instability under certain physical
regimes (see [12, 15, 13]), a phenomenon known as the added mass effect.

The objective of this paper is to present and analyze a loosely coupled scheme based on a Robin-
Robin type coupling condition applied to two relevant model problems: a parabolic-parabolic interface
problem and a parabolic-hyperbolic interface problem. In the continuous case of both of these systems,
the coupling conditions at the interface, 3, take the form

u= 6f_lw, on Y,
viVu-ns +v,Vw-ng =0, on X,

where u and w are solutions to the individual subsystems, and k = 1,2 (see below for more details).
For the loosely coupled scheme with Robin-Robin type coupling, we discretize appropriately in time
and apply the Robin-type coupling conditions

(1.1)

oﬁi?lw"“ + vVt ng = au™ — v Vu - ny, on X,
o™ + v, Vurtt o ny = adk Pt 4 vy Vu o ng, on X
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where 4™ and w"™ are the solutions to the time-discrete scheme, and « > 0 is the so-called Robin
parameter.

1.1. Previous work. The development of loosely coupled schemes has important consequences, par-
ticularly for FSI problems, which may be posed as parabolic-hyperbolic interface problems with an
added pressure term. For parabolic-parabolic interface problems, these schemes have been investi-
gated for simulating problems such as heat transport and windblown particulate flow. In [4, 3], the
authors investigate parabolic-parabolic coupling problems with non-matching grids and heterogeneous
time-steps, using the transmission condition u = w.

Robin-Robin type coupling was proposed in [16] as an iterative domain decomposition method
for solving the Poisson problem. More recently, it has been applied to partitioned schemes for time
dependent interface problems. In [10], the authors investigate a Robin-Robin coupling akin to our
method for advection-diffusion problems, with the intention of applying the methods to the simulation
of sand transport. In [11], Cao et al propose a loosely coupled Robin-Robin approach for the Stokes-
Darcy problem and prove it to be optimally convergent.

In the case of FSI problems, Robin-type interface coupling has emerged as a means to decouple
an incompressible fluid and a thick-walled structure without encountering the added-mass effect men-
tioned above. The success of this method was first explored by Burman and Ferndndez in [9], as a
variation of their scheme developed in [8], which required extra stabilization. Similar methods had
previously been explored for the strongly coupled scheme in [1, 14, 17] and in a Robin-based explicit
method proposed in [2]. Recently, this approach was shown to be stable, but with only sub-optimal
convergence [7, 6, 18].

1.2. Optimal convergence, unified analysis, and the time-semi-discrete framework.

1.2.1. Optimal convergence. The main contribution of this paper is the proof of nearly optimal error
estimates for the method. More precisely, we provide an error analysis for the parabolic-parabolic

and parabolic-hyperbolic systems, resulting in an nearly optimal error estimate of O (At, /T + log ﬁ),

without any additional conditions on the time-step or exponential growth. This is the first proof that
we are aware of for nearly optimal convergence for a loosely coupled, non-iterative scheme on these
types of systems, which is of particular note, since these systems have many similarities to the FSI
problem [7, 6, 18].

As seen in these papers, previous work on the related FSI system has only succeeded in rigorously
proving a sub-optimal error estimate of O(v/T+v/At). For the non-iterative Robin-Robin method,
the previous numerical test for the FSI problem are not fully conclusive as they did not account for
sensitivity to physical parameters or were not sufficiently refined in time. In order to better understand
the convergence rates of Robin-Robin coupling methods, we took a step back and herein perform the
analysis on the simplified cases of parabolic/parabolic and parabolic/hyperbolic coupling. We should
mention that some papers have developed methods where higher-order convergence has been observed
numerically (e.g. second order convergence), such as [9, 5, 2], however these methods relied on sub-
iterations or predictor-corrector approach. A rigorous error analysis of higher-order methods has not
been carried out, to the best of our knowledge.

First-order convergence for a Robin-Robin splitting method has been proven for the Stokes-Darcy
problem in [11], which has parallels to the parabolic/parabolic problem investigated in this paper.
However, the two problems are distinct in that our analysis deals with an impenetrable boundary and
encounters first order terms (specifically Vu - i) on the interface ¥ that must be treated with care.
The authors in [11], on the other hand, able to avoid a gradient term on the interface.

In fact, the key to proving our nearly optimal estimates, unlike in the previous analyses of the
FSI problem, is extending the first order terms from the interface ¥ into the interior using a cut-off
function technique (see Section 5.1.2). We may then apply a summation by parts technique to prove
the lifted terms are nearly first order.
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1.2.2. Unified analysis. Of particular interest to us in this work is the variety of interface problems for
which the Robin-Robin type coupling proves effective. As such, we investigate the coupling’s stability
and convergence for the parabolic-parabolic and the parabolic-hyperbolic interface problems, as we
believe they serve as simplified yet informative models of systems in which Robin-Robin coupling has
been applied successfully. For example, in addition to the Stokes-Darcy problem explored in [11],
the parabolic-parabolic interface problem has significant parallels to the methods introduced in [10],
and the parabolic-hyperbolic interface problem may be viewed as a simplified version of the standard
FSI model without the pressure term and divergence-free condition. However, unlike [10], we do not
present a multi-timestep approach, and we are able to assume a homogeneous time step on the whole
system.

In order to demonstrate the potentially wide applicability of the Robin-Robin type coupling con-
ditions, we present a novel unified analysis for the parabolic-parabolic interface problem and the
parabolic-hyperbolic interface problem, in which the parameter & = 1, 2 serves to distinguish between
the two systems. The success of this unified analysis may have interesting implications, especially
with respect to its use as a domain decomposition method. For example, it may indicate that the
Robin-Robin type coupling does not heavily affect the system beyond the points on the boundary.

1.2.3. Time-semi-discrete framework. In this paper, we are primarily interested in the convergence in
time in order to gain an understanding of the affects of the Robin-Robin coupling conditions. Thus
we choose to only discretize in time and analyze the splitting methods in a semi-discrete framework.
Hence, no spatial discretization is considered in this paper.

It should be noted, however, that if standard finite elements are used for the spacial discretization,
the stress terms vy Vu-ny and VOE 'w-ng in (1.1) will pose an issue with continuity across element
boundaries. Therefore, in order to make our work more amenable to a fully discrete framework,
we cast our scheme as a Lagrange multiplier method, inspired by the fully discrete scheme in [6]
(see Algorithm 2), which was shown to be a result of a variationally consistent representation of the
interface stress involving a lifting operator (see also [15] and [9]).

The outline of the paper is as follows. In Section 2, we present the two interface problems and
introduce the unified form and variational formulation that we use in the remainder of the paper.
In Section 3, we introduce the time-discrete Robin-Robin coupling method for which we provide a
stability analysis in Section 4. Then, in Section 5 we prove the error estimate using a novel extension
from the interface ¥ into the subdomain €y, and in Section 6 we provide a construction for this
extension. Finally, in Section 7 we provide numerical experiments to accompany the results of the
previous sections.

2. THE PARABOLIC-PARABOLIC AND PARABOLIC-HYPERBOLIC PROBLEMS

For the two systems that we will consider, let {2 be a domain that can be decomposed as 2 = QU
where the common interface ¥ = 92y N 0, like that shown in Figure 1. Below, we define the two
interface problems separately before presenting them in their unified form.

2.1. The Parabolic-Parabolic problem. We first consider the standard parabolic problem,

(2.1a) Opy — div (vVy) =0, in (0,7) x Q,
(21b) y(O,ZII) :yO(x)v in Qa
(2.1c) y =0, on (0,T) x 09,

where v is a piece-wise constant function given by

Vg, J]EQf,
2.2 =
o2 o= e
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FIGURE 1. An example of the domains Q, and Q; with interface X.

We may then write (2.1) as an interface problem, where u := y|q, and w :=y
form we will use for the analysis of the method:

Q., since this is the

(2.3a) Owu — vgAu =0, in (0,7) x Qy,
(2.3b) u(0,z) =ug(z), in Qy,

(2.3¢) u =0, on (0,7) x 09\ X,
(2.4a) ow — vsAw =0, in (0,7) x Qs,
(2.4b) w(0,z) =wg(z), in Qs,

(2.4c) w =0, on (0,T) x 99, \ X,
and

(2.5a) w—u=0, in(0,T)x3,
(2.5b) vsVw-ng+vVu-ny =0 in (0,7) x X.

where ny and n, are the outward facing normal vectors for Q2 and €2, respectively.

2.2. The Parabolic-Hyperbolic problem. Similarly, we consider the standard parabolic and hy-
perbolic problems in Q¢ and ), respectively as an interface problem, where v¢ and v, are defined as
in (2.2).

(2.6a) Owu — vgAu =0, in (0,7) x Qy,
(2.6b) u(0,z) =ug(z), on Qy,
(2.6¢) u =0, on (0,7) x 09\ X,
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(2.7a) 0rq — vsAw =0, in (0,7) x Qs,
(2.7b) q =0w, in (0,7) x Qs,
(27C) C](O,.’E) :qO(x)a on st

(2.7d) w(0,2) =wp(z), on Qg

(2.7¢) w =0, on (0,T) x 0904\ X,
and

(2.8a) g—u=0, in(0,T)x3X,
(2.8b) vsVw-n,+v;Vu-ny =0, in (0,7) x X.

where ny and n, are defined as before.

2.3. The generalized system. To avoid redundancy in the analyses, we will work instead with a
unified version that can represent either the parabolic-parabolic system described in (2.1)-(2.5), or
the parabolic-hyperbolic system described in (2.6)-(2.8), depending on the choice of integer, k. More
specifically, when k = 1, we recover (2.3)-(2.5), and when k = 2, we recover (2.6)-(2.8).

Then our generalized system may be written for £ = 1, 2,

(2.9a) Owu — vy Au =0, in (0,T) x Qy,
(2.9b) u(0,z) =ug(z), on Qy,

(2.9¢) u =0, on [0,7] x 09y \ X,
(2.10a) 0rq — vsAw =0, in (0,7) x Qs,
(2.10b) q=0"w, in (0,T) x Q,,
(2.10c) w(0,z) =wg(z), on Qs,

(2.10d) q(0,z) =qo(x),  on Q,

(2.10e) w =0, on (0,7) x 90\ 3,
and

(2.11a) g—u=0, in (0,T)x3,
(2.11b) vsVw-ngs +vsVu-ny =0, in (0,T) x X.

When k =1 we assume that qo = wo and, hence, (2.10d) is redundant in that case.

2.4. Variational form of the generalized system. Let (-,-); be the L2-inner product on ; for
i = f,s. Moreover, let <,> be the L2-inner product on ¥. Let N > 0 be an integer, and define
At =%, and let u™ = u(ty, ), where ¢, = nAt for n € {0,1,2,...,N}. We consider the spaces

Vi ={ve H(Qy) :v="0on 9Q;\3},

Ve ={v e H'(Q,) : v =0 on 90Q,\X},

V, =L*(%).

Define I"*! = vy Vu"! . n; and assuming that "' € L?(X) for all n, the solutions to (2.9)-(2.11)
at time ¢,,41 also satisfy the following problem:
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Find u™* € V¢, q" T, w" Tt € V,, and I"™! € V such that

(2.12a) (0:a" T, 2)s + v (VW V) + (1" 2) =0, 2z €V,
(2.12b) (O™t v) g + (VU™ Vo) — (I 0) =0, veV;
(2.12¢) ("t —oFtw ), =0, reV,
(2.12d) <q"Jrl —unt u> =0, pey,

3. ROBIN-ROBIN COUPLING: TIME DISCRETE METHOD

For the time discrete Robin-Robin method, we use a backward-Euler method for the parabolic
system on ;. When k£ = 1, we also use a backward-Euler method for the resulting parabolic system
on €2, and when k£ = 2, we use a Newmark method for the resulting hyperbolic system on €2,. Thus,
we define the discrete derivative in time

n+l _ ,.n
Ot = v v
At
and the discrete average in time
n+1/2 ,UnJrl +,Un
v =\
2

We will also use the notation

) =0
aJAtv — v7 .7. )
oaw, j=1,

The Robin-Robin splitting method is as follows.

Find ¢" ™ w"™t € Vi, u"™! € Vi, and A" € V, such that, for k = 1,2 and n > 0,
(3.1a) (Oarg™ ™, 2)s + Z/S(Vw"H/k, Vz)s + a(@i;lw"'H —u”, z> + </\", z> =0, zeV,,
(3.1b) ("tVF Okt 1), =0, eV,
(3.1¢) (Oau™ 0) g + (VT o)y — (A" 0) =0, v eV,
(3.1d) {a(u™™ — 9% ™) + (AT =A™ p) =0, pe Vg,

We note here that the two sub-problems in (3.1) are well-posed.
As a consequence of (3.1d) we have

(3.2) (™ — Tt ) = A" = XL on 3.

Similarly, from (3.1b) we can show

(3.3) gtk = 82;110"“, on €,
and thus
(3.4) a(utt — g t/Ry = \r _ \ L on 3

In practice, this splitting method would be implemented sequentially. We assume that information
from the previous time-step is known, specifically ¢”, w™, u™, and A", so ¢"*! and w™' may be
solved using (3.1a) and (3.1b). This solution is then applied as data in (3.1d), which serves as an
interface coupling equation. We may then solve for u"*1 and \"*! using (3.1c) and (3.1d).

In this way, the Robin-Robin splitting method is a loosely coupled scheme for the numerical time

semi-discrete approximation of (2.9)-(2.11).
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4. STABILITY

In this section we prove stability of the method (3.1). We will use the following identity where (-, -)

is an inner product and || - || is the corresponding norm.
1
(4.1) (¢ = ,0) = S(llolI* = [¥l* + 116 = ¢II* — 116 = ¢II).
We need to define the following quantities:
n 1 n (k — 1) n Ata n
2 = |0 By + 51 By + g V0 By + S 0 gy

A n
SN,

2 k)

ST =vp AL VU T e, + (2 = B)us AV T2, + ( 5" = "0,
1, . n Ato n
+ 5 lu a2, + —lla FE — | Fa s
Lemma 4.1. It holds,
N-1
ZN + Z Sn-‘rl _ ZO
n=0

Proof. If we set z = Atq"t1/* and v = Atu™t! in (3.1a) and (3.1c), respectively, and apply (3.3), we
get, for n > 0,

1 n n (2_ k) n n 1 n n
2|| +1||L2 o)t *||U +1||2L2(Qf) + lg" ™ —q H%Z(QS) + 5““ H—u ||%2(Qf)
(k — 1) Vs n n n
+ f”vw +1H%2(QS) + (2 = k)vs At[|[Vw +1||%2(Qs) + vpAtf|Vu HH%Z(Qf)
1 n 1 n (k B ]‘)VS n n
(4.2) = §||q H%Z(QS) + 5““ H%2(Qf) + THVW ||2L2(QS) + At
where
JnJrl — a<azzlwn+1 . un’qn+1/k> . <)\n’qn+1/k> + <)\n+17un+1>.

Using (3.3) and (3.4) and after some manipulations we have
Jn+1 :a<u” _ un+1 un+1> + i<)\n _ )\n+1 )\n+1> _ <un _ un+1 A" — )\n+1>.
) a b )

If we use we (4.1) on the first two terms we obtain

(0% 1 n

T =S (™ 22y = 1" M i) + 5 (I Z2 0y = 1A 2 ()
a n n 1 n n n n n n
- 5”“ —u" [Ty — %H)\ = A2y — (" — TN A,

Thus, a simple identity applied to the last three terms gives
Jrtt 25(”” ||%2(2) — [lu +1||2L2(2)) + ﬁ(IIA ||%2(2) —[IA +1H%2(2))
« 1
(4.3) - 5”(“” —u"th + a()\" - )\"+1)||2L2(2)

Finally, using (3.4) we have u™ —u™*! + L(Am — A\nH1) = ¢ — gn+1/* and so plugging this result into
(4.2), we arrive at
Zn+1 + Sn-l—l —_ Zn.

Taking the sum yields the final result. ]
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5. ERROR ANALYSIS

In this section we prove the main error estimate. We start by deriving the error equations. We
denote the error variables

Un:un_un’ Qn :qn_qn7
Wn" =w" —w", A"=I"-\"
We assume that we chose the initial conditions of the splitting method to be exactly the initial

conditions of the coupled problem and so these quantities vanish when n = 0. Using (3.1a)-(3.1d) and
(2.12a)-(2.12d), we recover the error equations. We thus have

(5.1a)  (OaQ" T, 2)s + v (VW HVE V2)  + a((@K7 W —U™), 2) + (A", 2) =Li(2) — La(2),
(5.1b) (QmHYE kAWt ) =Lo(r),
(5.1c) (OacU™ 1 0) 5 + v (VU Vo) p — (A" ) =L3(v),
(5.1d) a(UH — R W ) 4+ (AT — A" ) =Ly (p).
where

Li(z) ::@@g“,@ +algitt z) — (W1, 2),,

Lo(r) :=(h5 ™, r)s,

Ly(v) = — (hy ™, 0)y,

La(p) :=alhi*, w) + (g5 ),
and

Rt = 9, "k 9p,qn L, gt =yt

RO = 9um T — Gapum T, gott =t

thrl — 8571Wn+1/k o aZ;IWnJrl,
hz-i-l — 8f—lwn+1 _ aZ;an-&-l.
We note that to determine (5.1a), we used the following form of (3.1a)
(0:q" T, 2) s + v (VW TR )+ (IR ) =0, Vze V.
We also note that as a direct consequence of (5.1b), we may write
(5.2) QnT/k = gk twntl L prtl on Q.
It also follows from (5.1d) that
(5.3) (UM — Wy = A" — AT ang T 4 gi T on X
Thus, using the fact that dF ~'w” = u” on ¥, (5.2) and (5.3) combine so that we may write
5.4 a(UnTL — Qril/k)y = A7 — APHL 4 gntl on 3.
3
where
n k-1 n n
gt = ( ) 1 gntt,

3 =« B g1
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We define the quantities that will allow to perform the error analysis.

2 = Q@ ) + I iy + g VW ) + S [0 B,
A Ry,

ST =V AL VU™ [32 ) + (2 — )AL VIV 2 ) + (2 ; k) 1Q™! — Q|70
oI U B+ U — Qg+ g llgh s

5.1. Preliminary Estimates. Before proving our main result, in this subsection, we will prove some
preliminary results. To this end, we start with the following lemma.

Lemma 5.1. It holds,

At
Zn+1 + Sn+1 _ Zn + AtFn+1 + E gg-‘rl,AnJr1>7

where
Fn+1 — (h111+1’ QnJrl/k)s o (th—H, UnJrl)f o I/S(VVVnJrl/k7 thl+1)s
+ <gg+17Qn+1/k> + <Un+1 _ Un7g§l+1> _ <g§1+1’Qn+1/k _ Un>’
and el
g = agi T+ =g
Proof. To begin, we set z = AtQ" /% in (5.1a) and v = AtU™! in (5.1c) and use (5.2) to get
1 n 1 n (2 — k) n n 1 n n
§||Q T2, + §||U T2, + 5 1Q™ — Q™|72 (0, + §||U U720,
k—1)vs
+ B D2 g )+ (2~ M AT 20, + 0y ALV 20
1 n 1 n (k — ]‘)VS n n
(5.5) = 5”@ H%Z(QS) + §HU H%Z(Qf) + THVW ||2L2(Qs) + AL
where

= — R T = U, QYR — (A, QUEVE) 4 (AL UL — (VIR TRy
+ La(QUFYR) = La(Q"THF) + Ly(U™ ).
We note that the term v, (VW™ +1/k VhIT1)  appears when we apply (5.2) such that
v (VI B ALQPHY2) =y (VI HE Wt — W At
Manipulating the first three terms and using (5.2) and (5.4) we obtain
(ORI g QLR (AR QR Ry 4 (A
=T 4 (Rt QR 4 i<gg+1’AnH> + (it QUTRY — (U — UL gptty,
where
Jithi= (Ut = UL UM + é(A" — AMFL AL — (U = UL AT - AT,
Finally, as we did in the stability analysis (see (4.3)) we get
I =S (0 gy ~ 10 o) + 5 (A sy — 1A 3as)

1

« n n n n
—§H(U -U +1)+E(A —A +1)H%2(2)~



10 PARABOLIC/WAVE

Using (5.4) we can re-write the last term

n n 1 n n
1" =T 4 — (A" = A" ) Fas,

n n 1 n
=[U" - Q Tk E93+1”%2(2)

n n 1 n 2 n n n
0" = QUM 2y + 5 lgh B + = (QUEVE — U g5 ),

Plugging this back into J"*! we arrive at

5 (10220 = 10" M) + 5 (A" 22 () = A" 2 () = 51U = @ TR s

1 e §
— 5 g5 ey — (g5, QU —UT) — u (VWIHVE, TR,
+ Ll(Qn-l-l/k) _ L4(Qn+1/k) +L3(U7L+1)

+ a<h§+1,Q”+1/k> + é<gg+17An+1> + <ggL+17Qn+1/k> - <g§L+17Un - Un+1>'

Jn—i-l _

We now note, using (5.2), (5.3), and (5.4), that

—La(QTVE) - a(hy ™, QUIVE) = —(ahi ™t 4 gyt - byt QYY)
_<a(Un+1 _ Q7z+1/k) _ (An _ An+1)7Qn+1/k>
= (gnt, QY.

Thus we have
a 1 n o n
5 =2 U ags) — 0™ M ) + 5 (1A ags) — A" 3agsy) = SIU™ — @45 s,
1 n 1 n
_ %||93+1|‘%2(2) 4 Fn-‘rl + a<93+17An+1>~
If we plug in these results to (5.5) we arrive at the identity. O

As the reader can infer we singled out the term %<g§+1, A”+1> as this one needs special care. As
we will see, the terms appearing in F*! can be bounded easily and they will contribute O(At) which
is optimal. In an analogous FSI problem the term corresponding to %<g§’+1, A"+1> was bounded in

[6] and lead to a sub-optimal error estimate O(v/At). One of the main contributions of this paper is
to give an alternative bound of this term that will lead to a nearly first order estimate.

5.1.1. Estimate for F"*t'. We will need a Poincare-Friedrichs type inequality and a trace inequality.

Proposition 5.2. There exists constants Cp and Cy,. such that

(5.6) [vllL2(0,) < Cpl[VvllL2@) Vv e Vs,
and
(57) ||U||L2(Z) < Ctr”VU”LQ(Q) Yo € V.

We now estimate the sum of F™+1.

Lemma 5.3. Let 1 < M < N, then

M-1 M1
n+1 - n - n+1
(5.8) At E < mé%XMZ + E S"T 4+ CD(M),

n=0
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where
M-1
DY =AT 3 (I g + 105 ey + (6 = Dl VA 2qa,))
n=0

M-1 1 02
rary (1455 (ng”“m(z + ||g”“||p<z>>.

n=0
Proof. We see that
M—1
A YT (L QU 4 (LU s (VW TR, )
n=0
N
Si
8T o
M—1

+OAIT Y (I oy + 105 ey + (b = D VR 2o,
n=0

(1™ 1* g + U™ gy + (k= Dyl VW15 22 )

M-1

1 n n n n
<, 20+ OME 3 (7 g+ 10 ) + (6= Do V057 o, ).

Here, we used the fact that hg“ = 0 when k£ = 1, so the term VS(VW”H/’“,th"H)S is only
present when k = 2, as indicated by the factor (k — 1).
We also have the bound

M—-1
At Z (<gff+1» Qn+1//€> + <gg+1’ Un-i-l _ Un> _ <gg+1’ Qn—i—l/k . Un>)

n=0
M-1

—At Z (<gz+1,Qn+l/k _ Un> < n+1 Un>

n=0
+ <gg+17 Ut — Un> - <gg+17 Qn+1/k - Un>>

N=Yrp o2
<CAt Z <a + Vj:) <||9n+1|L2(2) + ||93+ |L2(Z)>

n=0

M—-1

a n n n
+ At Y (FIQE —Un ey + LIVU g, )
n=0

1 M— M—1 1 02
<1 Z EReIND S (a + f> <||g“+l||L2<z> + ||g§:“||%2<z>>’

n=0

where we used (5.7). Combining these two inequalities proves the result. ]

5.1.2. Estimate for ﬁt< ntl A"+1> using a lifting-residual argument. In this section we show how to
estimate the term

ézwz n+1 An+1>
a n=0

The idea is to use (5.1c¢), however, in order to do so we need to extend g”+1 into 2y in such a way
that the extension belongs to V. In particular, the extension needs to vanish on 9Q;\X. This will
not be possible in general and, therfore, we will need to utilize a cut-off function technique.
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We will make two assumptions. The first is that the normal n can be extended from ¥ to Q; in
such that the extension has a bounded gradient. For example, this can be done if the interface X is
smooth. Furthermore, if ¥ is a straight line, this extension is trivial because n will be constant.

Assumption 5.4. There exists i € [W1>(24)]? such that n|s = n.

The second assumption regards the existence of a cut-off function, dependent on At, that is one on
most of 3 such that the gradient can be controlled appropriately in the L? norm.

Assumption 5.5. Assume that the time step is given and satisfies At < % There exists a function
¢ : Qp = R satisfying:

M) 0<o<1,
(ii) ¢ € Vg,

(iii) {x € ¥ : ¢(x) # 1}| = CAt,
(iv) IV@lliaq,) < C(1 +log ar)

where each C represents a general constant independent of At and the physical parameters.

In the following section, we show how to construct such a ¢ in a simple case.
Given the above two assumption we will define the following quantities:

I(z,t) :=Vu(z,t) -7,
L(z,t) :==¢(x)l(x, 1),

gyt =Lt —Ln,

From this we easily see that go'' € V¢ for all n and can easily prove the following result.

Lemma 5.6. Under Assumptions 5.4 and 5.5 we have

(5.9) ||~n+1 n+1HL2(E < CAtHg;+1HL°°(E
Proof. If we use Assumptions 5.4 and the defintion of g5 we obtain
1957 = 95 2wy =N (1 = 8)g  I2s)
<||gn+1||L°° z)H - ¢HL2(Z)

<CAtHgn+1||L°°(Z)7
where in the last inequality we used assumption (i) and (iii) of Assumption 5.5. O

We will also need the definition of the second-order difference operator:

Un-i—l — 2" + ,Un—l
(At)?

2 ,n __
aAt'U =

Lemma 5.7. Under Assumptions 5.4, 5.5 we have

M-1

1 1
n+1 n+1 - n+1 - n
g < A <7 E S + 7, ax 7" + CU(M).

n=0
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where

(M) :=W1 (M) + Uo (M),

M—-1
Uy (M) :=At Z <(1 + Vf)HgnHHHl(Qf) + ||hg+1||2L2(Qf)>
n=0
M-1
+T(AL? Y 0A" 220, + 191 7200,
n=1
M—
1 +v ~n n
Wo(0) =0t Y (( N B + hflﬂisz))
n=0
M—
TAt L "
HaZthH%Q(Qf) + || HL2(Qf) +— Z g +1||L°°(E)'
Proof. Using the definition of gn+1 we write
M-—1 M—1 M-1
At n n At " n At(k —1 " "
BN (gt ety = AL (gt gty AIEZD S gt oy,
n=0 n=0 n=0

We bound the first terms which is the most difficult one to handle. To this end,

M-1 M-1 M-1
At n At n ~n n At ~n
AU g arety = A5 g g oy 1 805 g oy
n=0 n=0 n=0
We then see if we use (5.9) that
M—1 M—1 M—1
o <92+1 93 LA H Z 195 - +1||1:2(2 32T Z A +1||L2(E
n=0
LOTA e (A1) "=

Z || n+1||L°°(E) + 39T Z HAn+1||%2(E)
n=0

To estimate the second term we use (5.1c) to bound
At(gy™H AT = (UM U™ g5 p + Atwp (VUL Vgt p — At(hs ™, g5t 5.

Thus, we have

At M—1 1 M-1 AtV =
SUS (g A <2 S U g+ S S VU g,
n=0 n=0 "

M,
+CAL Y (( f) 195 12 oy + |h§+1||2L2(Qf)>-

n=0
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After using a summation by parts formula and using that U° = 0, we get

S

-1
(UnJrl o Un7§g+1)f

Q|-
g3
Ll

n 1 - 1 -
(U 792 792+1) E(UM’géw)f - a(ang%)
=1

At)?

QI

M
Z (U™ 03,L™) 5 + = (UM,g%f

M— M—-1

n C’ ~
Z [0A:L ||L2(Qf) + 32HUM||L2 () @”9%”%2@2”-

n=1

1
At
<g3 2 10" e
32T ()

Combining the above inequalities we get

M-—1 M-1
At 41 ana1y Atug il At 1 e At
o 2 (e <SS IO o + g7 1(2||U 320y + 5 1A s
1 M (|12

+§HU 122(0,) + CV2(M)
1= 1
- n+l |~
8§Ojs 5, max 7"+ CUs(M).

To bound 24 k Atlk—1) Zﬁf 01 gt A"+1> is much easier since g7™" already belongs to Vy and we do not
have to use a cut off function technique. Using similar arguments as bounding the other term we can

prove

M-1 M—-1

80D N s ey =0
) nzz:o <gl ) > =78 nE::o
(k—-1)

_|_

S 1gllaSXMZ +C(k—1)¥(M).

O

We would like to mention that there are a few special cases where we can relax (ii) of Assumption
5.5. The first case is when ¥ is straight line and {2y is a rectangle with two sides perpendicular to X.
In this case Vu - n vanishes on those two sides so we do not have to make ¢ to vanish there. Then,
one can construct ¢ so (iv) can be improved: (V| r2(q,) < C. This will give an improved estimate of

O(At) for the final theorem below instead of O(At, /T + 1og(A1t)). The other case is when ¥ does
not touch the boundary of €.

5.2. Proof of the main result. In this section we put the above estimates together to prove our
main result. In order to do this, we need to estimate D(M) and U(M). We will use the Bochner

1/2
norms (0] a0 = (S 1o 9)l13cds) " and [[o]lpoe(ax) = 055 SuDu< eyl (- 8)lLx-
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For X a Sobolev space, it is well known that

tnt1
(5.100) ot = o <cat [ oo o)l
tn
tni1
(5.10) 0t = 001 <0t [ [0Rul ) s,
tn
. tnt1
(5.10¢) Joseo™ ! = 8102 <080 [ 0Ful 5) s,
tn
b
(5.10d) [ 105) s <= 0ol e

The following identity can easily be shown

1 At

2 n 2.
Ox, " = AN Ofv(-,tn + s)ds.

From this we can show that

C

tn+1
(511) O ey < 5 [ 100 9)nayds, i = ..

oo
Using (5.10a) and (5.11) we can prove the following approximation lemma.

Lemma 5.8. It holds,

D(N) <CT(At)** (HafJFIQH%%o,T;H(QS)) + (k- 1)Vs||3f+1VWH%%O,T;B(QS)))
2
«
+ CT(At)2||at2u||2L2(O,T;L2(Qf)) + (At)? ((a + 7f)||5tu||%2(o,T;L2(z))
1 1
=+ o320 712 ,
+ <a + yf)” 220,751 (2)))

Jhax Ui (M) <C(At)? <(1 + Vf)”atuH%?(O,T;Hl(Qf)) +(1+ T)”atZUHQL?(O,T;L?(Qf))

+ ||8tul|2L°°(07T;L2(Qf))>7

w0y <can? (1Y) (Lo 1+ log(—= )|V oul?
haxy 2(M) <C(At) Tz 0eullz2 0,712,y + (1 + Og(E))H ull 220,050 0 )

2 2
VfT 2 112 vy 2
ittt 105 ullZ2 0,500 (0,)) + §|W3t“||Loe(o,T;L2(Qf))

T
+ a”atIH%?(O,T;L""(Z))) ‘

Proof. The estimate for D(N) and Wy (M) are straightforward application of (5.10a) and (5.11). For

Uy (M) let us bound the most difficult term. Using the definition of g5, the product rule, Assumption
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5.4 and (i) and (iv) of Assumption 5.5 we obtain

1+v n
a(HE f) S 195 s

n=0

l/ 1+ f M- n n ~ n n
SAt< f ) Z (\V¢\|%2(Qf)||v(u H—u )H%oc(ﬂf)JFHV”H%oc(Qf)”V(U H—u )||%2(Qf)

+ID2 W = w3

V214 vp)\ 2!
<ar( ) Y (14 108G IVE =l + 1D = )l

o
n=0
Here D?u denotes the Hessian of u.
Using (5.10a) we get

M-1 2
1+v ~ v (1+Vf)
At( a f) > IVEET i, SO(At)2<foz2 19eulZa 0,112

n=0

1
+ (1+ log(; DIVOlIZe o, LOC(Qf))>'

We leave the bounds of the remaining terms to the reader. These follow from (5.10a) and (5.11). O
Now we can state and prove the main result of the paper.

Theorem 5.9. Under Assumptions 5.4, 5.5, and assuming that the solution is smooth enough so that
Y defined below and ||V8tu||2L?(0 i1 (0,)) 0re bounded we have

N-1 2 2
Cvi(1 4 vy)(At) 1
n+1 2 f f 2
dnax ™ 4 T; S < C(AD?Y + — (1 +1og( ) IVuullZ20 71 (o).
where

Y i=(At)*h? <55+1Q%2(0,T;L2(QS)) + (k- 1)Vs|5f+lvw%Z(O,T;H(QS)))
I/J% 2 112 o? 2
+ (14 (1+ Q)T 107 ull22(0.75012 0,y + (@ + ij) [0:ullT2(0,7;12(x))
2

1 v
+(=+ ;) 106172 0, 12xy) + (1 + ) (1 + 072) 18sullZ 20,7, 1202,

QI

2

T
(1+ )||3tu||Loo(0THl(Qf))Jr 101172 0. Low ()

Proof. Taking the sum in Lemma 5.1 and using Lemmas 5.3 , 5.7 we have for all 1 < M < N
L M=l 1
M - n+1 < = n
z +2n5705 *212%}(1\/12 + C(¥(M) + D(M)).

Taking the maximum over 1 < M < N we get

1
~ max ZM < C max (¥(M)+ D(M)).
2 1<M<N 1<M<N
Hence, we also get
M-1

n+1
nz:% gntl < ClgjigN(W(M) + D(M)).
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The result now follows after using Lemma 5.8. O

6. CONSTRUCTION OF ¢

In this section, we will provide a construction of ¢ when ¥ is a straight line and Q2 is a rectangle
with two sides perpendicular to 3. The construction carries over to the case when X is a straight line
and the domain €2y is a polygon, but for simplicity we consider the simplified case only. We anticipate
that the construction holds in more general setting when ¥ and Q;\X are sufficiently smooth.

Let Qf = [0,1] x [0,1] which is illustrated in Figure 2. Note that ¥ = [0,1] x {1} marks the
top boundary of Q. We begin the construction by dividing ¢ into five regions, {K;}?_; which are
depicted in Figure 2. We may then define ¢(x) = ¢(z1, z2) piece-wise as follows:

1—(1ilAt)x2’ r e Ky,
17 MRS K2)
(6.1) o(z) == 1_(1:%, z € K3,
4l‘2(]. — l‘l)(]. — At), T € Ky,
4$1$2(1 — At), x € Ks.
b
T
|
1
i K2
|
|
K ' -
1 | A==
|
| K3
1
Zg= 1
a1 Ap
Kg Kyq
wv,:-Aﬁ :tlzl:Af

L
@=3

FIGURE 2. Qf = [0,1]? with the regions {K;}?_;.

It is straightforward to check that this ¢ is piecewise-continuous and satisfies conditions (i)-(iii) in
Definition 5.5. For condition (iv), we note that
2 2(1 — At) 1 2(1- At 2
2 _ —
/Qf|v¢| (oAt leEgn 3 T30 Ay

Thus, if At < %, we have

1
2 <01 +log —
 1¥oP < o +1o 1)
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7. NUMERICAL EXPERIMENTS

In this section, we seek to verify our theoretical results through numerical experiments. As our
analysis above is carried out in a time-semi-discrete framework, the spacial discretization may be
done with any appropriate numerical method. For simplicity, we chose to use linear finite elements
with mesh parameters defined below for each case. To accommodate our Lagrange multiplier method,
we require that the meshes on )y and Q; match at the interface ¥. In all cases below, we set the
coefficients vy = v; = a = 1.

8. NUMERICAL EXPERIMENTS FOR SIMPLE CASE WITH UNIFORM MESH

For our first case, We take 2 = [0,1]? and Q; = [0,1] x [0,3/4] and Q5 = [0,1] x [3/4,1] and of
course ¥ = O N €,. On each subdomain, we use a uniform mesh with h = At. We run the system
to time T" = 0.25.

For the Parabolic-Parabolic (k = 1) coupling, we take the exact solution to be

(t,x) = g2t sin(mzy ) sin(mas),
w(t,z) = e~ *™ sin(rxy) sin(mas),
(t,x) = e *™ sin(mx1) cos(maa).
)

x
For the Parabolic-Hyperbolic (k = 2

—~

coupling, we take the exact solution to be
t,x Yelw (1 — z1)z2(1 — x3),
t,x

I(t,2) = (1073)e' @y (1 — 21) (1 — 222).

)= (107
)= (1073)elzy (1 — 21)2o(1 — 22),

In Table 1, we measure the error in the L?-norm at the final time T = 0.25.

k=1 k=2
Rates Errors Rates Errors
At U w U w U Q U Q
2 - - 0.04 0.09 - — | 4.48¢-06 | 9.48e-06

W

-0.30 | 0.59 | 0.05 0.06 2.16 | 1.94 | 1.01e-06 | 2.45e-06
0.22 1 0.93| 0.04 0.03 0.96 | 1.02 | 5.19e-07 | 1.22e-06
1.08 | 1.67 | 0.02 | 9.6e-03 || 0.47 | 0.89 | 3.76e-07 | 6.67e-07
2.43 | 3.71 | 3.5e-03 | 7.3e-04 || 0.74 | 0.88 | 2.25e-07 | 3.62e-07
2.89 | 1.17 | 4.8e-04 | 3.3e-04 || 0.88 | 0.93 | 1.22e-07 | 1.89e-07
1.77 |1 0.85 | 1.4e-04 | 1.8e-04 || 0.94 | 0.97 | 6.36e-08 | 9.69e-08
1.37 | 0.97 | 5.4e-05 | 9.6e-05 || 0.97 | 0.98 | 3.24e-08 | 4.91e-08

TABLE 1. Convergence rates and errors for the parabolic-parabolic problem in the
special case where ¥ is perpendicular to 9f2.

|

oy

-

o)

|~~~ ~[—~[—~]—~
(I SRS ST SIS SIS I ST STE

— [ e | | — [ — [ —
o>

e

Clearly, we can see that all the error terms behave as O(At) as At — 0, which agrees well with our
theoretical results.

8.1. Numerical experiments for less simple case with non-uniform mesh. For our next set
of numerical experiments, we investigate the case where ¥ is not perpendicular to 0. We again
take 2 = [0,1]?, however ¥ is now represented by the line xo = o+ i. Furthermore, we generate
a non-uniform mesh such that the interface X is aligned with the nodes of the mesh (See Figure 3).
We run our method on this grid for At = {(1)"*2}8_. For each n, the maximum element diameter,
Nomaz, 1 given (to 4 significant digits) in the list below. From this we can see that h is roughly O(At).

Additionally, as before, we run to time 7" = 0.25.
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(1, hmaz) = {(0,0.3125), (1,0.1574), (2,0.0794), (3,0.0398), (4,0.0199), (5,0.0099),
(6,0.0050), (7,0.0025), (8,0.0012)}.

104

0.8 4

0.6 4

0.4 4

0.2 4

0.0 4

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 3. An example of the non-uniform mesh for n = 1.

We take the exact solution to be
u(t,r) = (1073)etzy (1 — 21)aa(1 — 22)
w(t,z) = (1073)elzy (1 — z1)aa(1 — x2)
-3
I(t,z) = (1?/5) et (221(1 — 21)(1 — 222) — (1 — 221)22(1 — 22)),

and we note that | = Vu - n no longer vanishes on 0{2.
In Table 2, we again measure the L?-norm of U and W at the final time T' = 0.25. However, we

also measure (AN, VU™ [22,,) "% and (AN, [VW"220,))" ", where N = L.

Rates Errors
At Rate U | Rate W | Rate VU | Rate VIW U w vU vw
(3)? - - - - £.920-07 | 1.276-06 | 4.600-06 | 5.28¢-06
(3)° 1.28 1.87 0.99 1.45 2.02e-07 | 3.48e-07 | 2.33e-06 | 1.93e-06
(5)* 0.59 0.83 1.12 0.78 1.35e-07 | 1.95¢-07 | 1.07e-06 | 1.13e-06
(5)° 0.45 0.87 0.77 0.81 9.85¢-08 | 1.07e-07 | 6.26e-07 | 6.43e-07
(5)° 0.71 0.81 0.66 0.69 6.01e-08 | 6.09e-08 | 3.96e-07 | 4.00e-07
()7 0.89 0.89 0.69 0.69 3.26e-08 | 3.28e-08 | 2.45¢-07 | 2.47e-07
(5)° 0.94 0.95 0.74 0.75 1.69¢-08 | 1.70e-08 | 1.46e-07 | 1.47e-07
(5)° 0.97 0.98 0.79 0.80 8.62¢-09 | 8.63e-09 | 8.44e-08 | 8.45e-08
(3)™° 0.99 0.99 0.83 0.83 4.35¢-09 | 4.36¢-09 | 4.74¢-08 | 4.74e-08

TABLE 2. Convergence rates and errors for the parabolic-parabolic problem for a
more general case.

As before, we see first order convergence in U and W. For VU and VW, the convergence is slower,
however it seems it will eventually approach first order.
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9. CONCLUSION

We analyzed the Robin-Robin splitting method for Parabolic/Parabolic and Parabolic/Hyperbolic
coupled systems in a unified, time semi-discrete framework. This leaves many options for spatial
discretization, and we present numerical experiments using linear finite elements.

Of particular interest to us is the potential extension of these results to the FSI problem. However,
in this case, the presence of the pressure term in Q0 will mean the extension from the interface to the
interior must be handled with care. We hope to further explore this problem in a future paper.
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