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Introduction

A Picard-Borel algebra is a commutative, unital, complex algebra A such that every family (u λ ) λ∈Λ of invertible elements of A which are pairwise linearly independent is linearly independent. This notion was introduced under a different name by Roitman and Sternfeld in [?], in relation with the Gleason-Kahane-Żelasko theorem [?], [?] which shows that every linear functional on a commutative Banach algebra A which does not vanish on the invertible elements and takes the value 1 at the unit element of A is multiplicative.

This notion was considered independently by the author in [?] in his study of a 'test algebra' for the question of continuity of characters on Fréchet algebras, known as Michael's problem, see [?], [?], [?]. It seems natural to call these algebras Picard-Borel algebras since Borel's proof of the Picard theorem on entire functions shows that the algebra H(C) of entire functions on C belongs to this class.

One can consider also weak Picard-Borel algebras, i.e. commutaive unital algebras such that card(C \ Spec A (x)) ≤ 1 for every x ∈ A which is not a scalar multiple of the unit element. This class obviously contains the class of Picard-Borel algebras, but an example of Roitman and Sternfeld given in [?] shows that the two classes do not agree.

In section 2 we discuss some elementary properties of Picard-Borel and weak Picard-Borel algebras. In section 3 we restrict attention to weak Picard-Borel or Picard-Borel algebras which are Fréchet algebras (F -algebras in short). It follows from Shilov's idempotent theorem that the space Spec(A) of continuous characters on A, equipped with the Gelfand topology, is connected if A is a weak Picard-Borel algebra.

It follows then from standard results about closed ideals of H(C) that the usual map a → f (a) is one-to-one on H(C) if A is a weak Picard-Borel algebra and if a ∈ A is not a scalar multiple of the unit element. Similarly the map a → f (a) is one-to-one on H(C \ {0}) if a ∈ Inv(A) is not a scalar multiple of the unit element, which shows by the way that H(C \ {0}) is also a Picard-Borel algebra.

We show also in section 3 that Picard-Borel F -algebras are integral domains, which is the main result of the paper. Since some weak Picard-Borel algebras do have zero divisors, this shows that the class of Picard-Borel F -algebras is strictly contained in that the class of weak Picard-Borel F -algebras. For example the quotient algebra H(C 2 )/z 1 z 2 H(C 2 ) is a weak Picard-Borel F -algebra which is not a Picard-Borel algebra.

Some suggestions for further resarch about Picard-Borel or weak-Picard Borel algebras are given at the end of the paper.

Picard-Borel algebras and the big spectrum property

In the sequel Inv(A) denotes the group of invertible elements of a commutative algebra A with unit element 1 and λ.1 is identified with the complex number λ for λ ∈ C.

As usual σ A (x) := {λ ∈ C : x -λ / ∈ Inv(A)} denotes the spectrum in A of x ∈ A. Definition 1. (i) A weak Picard-Borel algebra is a commutative, unital, complex algebra A such that card(C\σ A (x)) ≤ 1 for every x ∈ A\C.

(ii) A Picard-Borel algebra is a commutative, unital, complex algebra A such that every family (u λ ) λ∈Λ of invertible elements of A which are pairwise linearly independent is linearly independent.

It follows from this definition that every unital subalgebra of a (weak) Picard-Borel algebra is a (weak) Picard-Borel algebra.

A Picard-Borel algebra A will be said to be trivial if Inv(A) = C. is Notice that weak Picard-Borel algebras (resp. Picard-Borel algebras) are those commutative unital complex algebras which have the Picard property (resp. the Borel property) in the sense of [?]. It is very easy to see that a Picard-Borel algebra is a weak Picard Borel algebra. More precisely the following result was proved in [?].

Proposition 1. Let A be a commutative unital complex algebra. then the following conditions imply each other (i) A is a weak Picard-Borel algebra.. (ii) Every family (u j ) 1≤j≤3 of three invertible elements of A which are pairwise linearly independent is linearly independent.

We refer to [?] for a (very short) proof of this elementary result. We will discuss in the next section the classical fact that the algebra H(C) of entire functions on C is a Picard-Borel algebra. The simplest example of nontrivial Picard-Borel algebra is given by the algebra

C 0 [X -1 ] ⊕ C[x] of Laurent polynomials, i.e. finite sums of the form q n=-p λ n X n , where p < 0, q > 0, λ n ∈ C, equipped with the usual product, since the invertible elements of C 0 [X -1 ] ⊕ C[x] have the form λX n with λ = 0, n ∈ Z.
A commutative complex unital algebra will be said to have the Gleason-Kahane-Żelasko property if every linear functional φ on A satisfying φ(1) = 1 and Inv(A) ∩ Ker(φ) = ∅ is multiplicative (such algebras are called ordinary in [?]). The Gleason-Kahane-Żelasko theorem shows that this property is satisfied by Banach algebras [?] [?].

As noticed in [?], a nontrivial Picard-Borel algebra A cannot have the Gleason-Kahane-Żelasko property. In fact set C * := C \ {0} and denote by π : Inv(A) → Inv(A)/C * the quotient map. A standard application of Zorn's lemma shows that there exists a subgroup H of Inv(A) such that π(H) = Inv(A)/C * and such that π | H is one-toone. Since the family H is linearly independent, there exist for every family (λ h ) h∈H of complex numbers a linear functional

φ on A such that φ(h) = λ h for h ∈ H. If λ 1 = 1 and if λ h = 0 for h ∈ H, then φ(1) = 1 and φ(x) = 0 for x ∈ Inv(A). It suffices to consider a family λ h such that λ h 2 = λ 2 h for some h ∈ H \ {1} to see that A does not have he Gleason-Kahane-Żelasko property.
In the other direction if we set λ h = 1 for h ∈ H we obtain a character on the algebra span(H) = span(Inv(A)). The author does not know whether Picard-Borel algebras always possess a character.

Denote by C[X, Y ] (resp. C(X, Y )) the set of complex polynomials (resp. rational functions) in two variables, and let A be the set of rational functions of the form

f (X,Y ) Π m i=1 (X+λ i Y +λ 2 i )
, where (λ 1 , . . . , λ m ) is a finite family of complex numbers. Then Inv(A) ∩ Ker(φ) = ∅ for every linear functional φ on A such that φ(1) = 1, since X +λY +λ 2 ∈ Inv(A) for λ ∈ C, and so A is not a Picard-Borel algebra, since A has trivially the Gleason-Kahane-Żelasko property. In the other direction Roitman and Sternfeld show in [?] that the algebra A is a weak Picard-Borel algebra, and so the class of weak Picard-Borel algebras strictly contains the class of Picard-Borel algebras.

Recall that the Jacobson radical Rad(A) of a commutative unital complex algebra A is the intersection of all maximal ideals of A, and that A is said to be semisimple if

Rad(A) = {0}. If p(X) = a 0 + a 1 X + • • • + a n X n ∈ C[X], we set as usual p(x) = a 0 + a 1 x + • • • + a n x n for x ∈ A. Now denote by C 0 [X -1 ] the algebra of polynomials in the formal variable X -1 without constant term, so that C 0 [X -1 ] ⊕ C[X] is the algebra of Laurent polynomials. For f (X) = X n p(X) ∈ C 0 [X -1 ] ⊕ C[X], with p(X) ∈ C[X], n ∈ Z, and for x ∈ Inv(A), set similarly f (x) = x n p(x).
We conclude this section by three easy observations. Proposition 2. Let A be a weak Picard-Borel algebra.

(i) A is semisimple. (ii) If x ∈ A \ C, then the map θ x : p(X) → p(x) is a one-to-one homomorphism from C[X] into A. (iii) If x ∈ Inv(A) \ C * , then the map θ(x) : X n p(X) → x n p(x), (p(X] ∈ C[X], n ∈ Z) is a one-to-one homomorphism from C 0 [X -1 ] ⊕ C[X] into A.
Proof: (i) Let x ∈ Rad(A) and let λ ∈ C * . Then x -λ is invertible, since x -λ does not belong to any maximal ideal of A. So x ∈ C, and x = 0 since x is not invertible.

(ii

) Set C[x] := {p(x) : p(X) ∈ C[X]}. Then the quotient algebra C[X]/Ker(θ x ), which is isomorphic to C[x]
, is a weak Picard-Borel algebra. The ideal Ker(θ x ) is the principal ideal generated by some nonconstant polynomial p (iii) Let x ∈ Inv(A), and let f (X) = p(X)X n ∈ Ker( θx ), where

[X] ∈ C[X] if Ker(θ x ) = {0}. Since C[x]
n ∈ Z, p ∈ C[X]. Since X n ∈ Inv(C 0 [X -1 ] ⊕ C[X]), p(X) ∈ Ker(θ x ), and so f (X) = p(X)X n = 0 if x / ∈ C * .

Picard-Borel algebras which are Fréchet algebras

Recall that a unital Fréchet algebra A (F -algebra) is a complete, metrizable complex algebra the topology of which is defined by a nondecreasing sequence ( . n ) n≥1 of submultiplicative seminorms such that 1 n = 1 for n ≥ 1, where 1 denotes the unit element of A. Since this topology is Hausdorff, ∩ n≥1 Ker( . n ) = {0}. The space of continuous characters on a commutative unital F-agebra A is denoted Spec(A), and is equipped with the restriction to Spec(A) of the weak * -topology σ(A, A ), where A denotes the space of continuous linear functionals on A..We refer to the monograph [?] for the general theory of Banach algebras and F -algebras.

Let A be a F -algebra, let A n be the completion of the quotient algebra A/Ker( . n ) with respect to the algebra norm induced on this quotient algebra by the seminorm . n .

Denote π n : x → x + Ker( . n ) the quotient map from A onto A/Ker( . n ). The homomorphism x + Ker( . m ) → x + Ker( . n ) extends to a contractive unital algebra homomorphism π n,m : A m → A n , and a well-known result of Michael [?] shows that the map π : x → (π n (x)) n≥1 defines a (topological) isomorphism from A onto the inverse limit of the projective system (A n , π n,m ) m≥n≥1 . It follows from this result that σ A (x) = {χ(x)} χ∈Spec(A) for x ∈ A if A is a commutative unital F -algebra. The map π n may be considered as a homomorphism from A into A n with dense range, and to the map π * n : χ → χ • π n is a one-to-one continous map from Spec(A n ) into Spec(A), and Spec(A) = ∪ n≥1 π * n (Spec(A n )). As observed by Rosenfeld in [?], it follows from Shilov'is dempotent theorem for commutative Banach algebras that if Ω is a closed and open subset of Spec(A) then there exists an idempotent u ∈ A such that χ(u) = 1 for χ ∈ Ω and χ(u) = 0 for χ ∈ Spec(A) \ Ω. This gives the following obvious result. Remark 1. Lat A be a commutative unital F -algebra which is a weak Picard-Borel algebra. Then Spec(A) is connected. Since all characters of H(C) are continuous and given by point evaluations, the map λ → χ λ is a homeomorphism from Z(Ker(φ a )) onto Spec(A/Ker(φ a )). If Ker(φ a ) = {0}, then Z(Ker(φ a )) is a discrete connected set, hence a singleton {µ}. It follows then from standard properties of closed ideals of H(C) that Ker(φ a ) is the principal ideal generated by (z -λ) k for some k ≥ 1, and so (a -λ) k = 0. Since A/ker(φ a ) is semisimple, we have k = 1 and a -λ = 0, which proves (i).

Set C * = C\{0}, and if U ⊂ C n is open, denote by H(U ) the algebra of holomorphic functions on U . For f ∈ H(C), n ≥ 0 set f (n) = f (n) (0) n . More generally for f ∈ H(C * ), n ∈ Z denote by f (n) the coefficient of index n of the Laurent series development of f at the origin. If A is a commutative unital F -algebra set f (a) := +∞ n=0 f (n)a n for f ∈ H(C), a ∈ A, and set f (a) = +∞ n=-∞ f (n)a n for f ∈ H(C * ), a ∈ Inv(A). Proposition 3. Let A be a weak Picard-Borel F -algebra. (i) If a ∈ A \ C the map a → f (a) is a one-to-one homomorphism from H(C) into A. (ii) If A ∈ Inv(A) \ C * the map a → f (a)
Since characters of H(C * ) have the form f → f (λ) for some λ ∈ C * , (ii) follows from similar arguments.

Notice that if g ∈ H(C) is not constant the map f → f (e g )) is an isomorphism from H(C * ) onto a subalgebra of H(C), which shows that H(C * ) is a Picard-Borel algebra.

We will denote by H 0 (C) the space of entire functions on C vanishing at the origin. We will need the following result. Lemma 1. . Let A be a commutative unital F algebra, and let x, y ∈ A \ {0} such that xy = 0.

(i) e f (x) + e g(y) -

1 ∈ Inv(A) if f ∈ H 0 (C), g ∈ H 0 (C).
(ii) If, further, Spec(A) is connected, the map (f, g) → e f (x) +e g(y) -1 is a one-to-one map from H 0 (C) × H 0 (C) into Inv(A), and the family {u = e f (x) + e g(y) -1 :

f ∈ H 0 (C), g ∈ H 0 (C)} is pairwise linearly independent. Proof: (i) Set U := {χ ∈ Spec(A) : χ(x) = 0}, V := {χ ∈ Spec(A) : χ(y) = 0}. Then U ∪ V = Spec(A).
Since χ(e f (x) + e g(y) -1) = e g(χ(y)) for χ ∈ U and χ(e f (x) + e g(y) -1) = e g(χ(x)) for χ ∈ V, e f (x) + e g(y) -1 is invertible for f, g ∈ H 0 (C), (in fact one can check directly that (e f (x) + e g(y) -1)(e -f (x) + e -g(y) -1) = 1, since (e f (x) -1)(e g(y) -1) = 0).

(ii) Now assume that Spec(A) is connected. Then

U ∩ V = ∅. Let χ 0 ∈ U ∩ V.
If f 1 , f 2 , g 1 , g 2 ∈ H 0 (C), and if e f 1 (x) + e g 1 (y) -1 = λ(e f 2 (x) + e g 2 (y) -1) for some λ ∈ C * , then λ = χ 0 (1) = 1, and so e f 1 (x) + e g 1 (y) = e f 2 (x) + e g 2 (y) . Let χ ∈ U. Then χ(e f 1 (x) ) = e f 1 (χ(x)) = e 0 = 1 and similarly χ(e f 2 (x) ) = e f 2 (χ(x)) = e 0 = 1. Now if χ ∈ V we have similarly χ(e g 1 (x) ) = χ(e g 2 (x) ) = 1, and, again, e f 1 (χ(x)) = e f 2 (χ(x)) . So f 1 (χ(x))f 2 (χ(x)) ∈ 2iπZ for χ ∈ Spec(A).

Since the map χ

→ f 1 (χ(x)) -f 2 (χ(x)) = χ(f 1 (x)) -χ(f 2 (x)
) is continuous on Spec(A), and since its range is connected and contains 0, we have f 1 (χ(x)) = f 2 (χ(x)) for χ ∈ Spec(A), and so

f 1 = f 2 since Card(C \ σ A (x)) ≤ 1.
Since the roles played by x and y are symmetric, we also have g 1 = g 2 , which completes the proof of (ii). Theorem 1. . Every Picard-Borel F -algebra is an integral domain.

Proof: We know that Spec(A) is connected if A is a Picard-Borel Falgebra. Let A be a commutative unital F -algebra such that Spec(A) is connected and suppose that there exist x, y ∈ A \ {0} such that xy = 0. Let f and g be two distinct elements of H 0 (C). Set F := {e f (x) + e f (y) -1, e f (x) + e g(y) -1, e g(x) + e f (y) -1, e g(x) + e g(y) -1}.

It follows from the proposition that elements of F are pairwise linearly independent. But the family F is not linearly independent, since we have (e f (x) +e f (y) -1)-(e f (x) +e g(y) -1))-(e g(x) +e f (y) -1)+(e g(x) +e g(y) -1) = 0. So A is not a Picard-Borel algebra.

Corollary 1. Denote by

A the quotient algebra H(C 2 )/z 1 z 2 H(C 2 ).
Then A is a weak Picard-Borel algebra, but A is not a Picard Borel algebra.

Proof: Denote by π : H(C 2 ) → H(C 2 )/z 1 z 2 H(C 2 ) the quotient map. Then A is not an integral domain, since π(z 1 )π(z 2 ) = 0, and so A is not a Picard-Borel algebra. On the other hand set f

(1) (z 1 , z 2 ) = f (z 1 ) and f (2) (z 1 , z 2 ) = f (z 2 ) for f ∈ H 0 (C), and set (f, 0, λ)(0, g, µ) = (µf, λg, λµ) for f, g ∈ H 0 (C), λ, µ ∈ C. Then the application (f, g, λ) → π(f (1) ) + π(g (2) ) + λπ(1) is an iso- morphism from H 0 (C)⊕H 0 (C)⊕C onto A. Set φ η,ζ (u) = f (η)+g(ζ)+λ for u = π(f (1) ) + π(g (2) ) + λπ(1) ∈ A, (η, ζ) ∈ C × {0} ∪ {0} × C. Then (f (C)+λ)∪(g(C)+λ) ⊂ Spec A (u) (in
fact it is easy to see this inclusion is an equality, but we do not need this). If u / ∈ Cπ(1), then (f, g) = (0, 0), and it follows from Picard's theorem that card(C\Spec A (u)) ≤ 1, which shows that A is a weak Picard-Borel algebra.

Definition 2. Let A be a commutative unital complex algebra. A Picard-Borel (resp. weak Picard-Borel) ideal of A is and ideal I of A such that the quotient algebra A/I is a Picard-Borel (resp. weak Picard-Borel) algebra.

As noticed in [?], the union of a chain of Picard-Borel ideals is obviously a Picard-Borel ideal, and the same remark holds for Picard-Borel ideals. It follows then from Zorn's lemma that every Picard-Borel (resp. weak Picard-Borel) ideal is contained in a maximal Picard-Borel (resp. weak Picard-Borel) ideal. A study of maximal Picard-Borel ideals of the test algebra U for Michae's problem would be of interest to prove (or disprove) the existence of discontinuous characters on U, since the kernel of a discontinuous character would be an obvious example of a maximal Picard-Borel ideal of U.

More tractable questions would concern the classification of singly polynomially (or rationnally) generated Picard-Borel commutative Falgebras, and more generally of commutative Picard-Borel F -algebras which are polynomially or rationnally generated by a finite family of elements (a result of Arens [?] shows that characters on such algebras are continuous).

Also it follows from the proof of Proposition 3 that nonzero closed weak Picard-Borel ideals of H(C) consist in those entire functions vanishing at λ for some λ ∈ C, so that the class of closed weak Picard-Borel ideals and closed Picard-Borel ideals agree in the case of H(C). It seems realistic to try to obtain a description of the class of closed weak Picard-Borel ideals (resp. closed Picard-Borel ideals) of H(C p ) but we will not do this here.

  has no nonzero nilpotent element, all the roots of p[X] have multiplicity one, and C[x] is isomorphic to C k , where the algebra C k is equipped with pointwise multiplication and where k denotes the number of roots of p[X]. Since 0 and 1 are the only idempotents of C[x], we have k = 1. Hence x ∈ C if Ker(θ x ) = {0}.

  is a one-to-one homomorphism from H(C * ) into A.Proof: (i) Denote by φ a : H(C) → A the map f → f (a). The map f + Ker(φ a ) → f (a) is an isomorphism from A/ker(φ a ) onto φ a (H(C)) ⊂ A, and so A/ker(φ a ) is a weak Picard-Borel algebra, and Spec (A/ker(φ a )) is connected.Set Z(Ker(φ a )) := ∩ f ∈Ker(φa) f -1 (0)), and for λ ∈ Z(Ker(φ a )) set χ λ (f + Ker(φ a )) = f (λ). Now assume that Ker(φ a ) = {0}.