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We study the bending of a book-like system, comprising a stack of elastic plates coupled through
friction. The behavior of this layered system is rich and nontrivial, with a non-additive enhancement
of the apparent stiffness and a significant hysteretic response. A dimension reduction procedure is
employed to develop a centerline-based theory describing the stack as a non-linear planar rod with
internal shear. We consider the coupling between the nonlinear geometry and the elasticity of
the stacked plates, treating the interlayer friction perturbatively. This model yields predictions
for the stack’s mechanical response in three-point bending that are in excellent agreement with our
experiments. Remarkably, we find that the energy dissipated during deformation can be rationalized
over three orders of magnitude, including the regimes of a thick stack with large deflection. This
robust dissipative mechanism could be harnessed to design new classes of low-cost and efficient
damping devices.

Multilayered microstructure layouts are essential
in many biological and engineered materials for en-
hanced mechanical properties [1]. For example,
nacre and nacre-like materials have been investigated
and engineered for their superior stiffness, strength,
and toughness [2–4]. Layered architectures are also
found across scales, from multilayer graphene [5] and
fish scales [6, 7], to deployable mechanisms [8] and
geological stacks [9]. In all these systems, inter-
layer interactions dictate the overall mechanical re-
sponse. Frictional damping across layered elements
is also central to the performance of classic engineer-
ing systems such as mechanical joints [10], turbine
blades [11] and leaf springs [12, 13]. There has been
progress in modeling layered system with a few num-
ber of interfaces [14–16] or when frictional effects
dominate [17]. Still, it remains challenging to pre-
dict how the microscopic architecture and interlayer
interactions of a layered mechanical system give rise
to a specific macroscopic constitutive response, es-
pecially for large deformations.

Here, we study the mechanics of a model layered
system, where the effects of the small-scale structural
layout and friction can be related directly to the
macroscopic response. Specifically, we address the
question: What is the bending response of a book with
internal friction? It is well known that the bending
stiffness of a slender structure scales as its thickness
cubed, ∼ h3 [19]. Naturally, the answer for a book
with n sheets is bound by the two limiting cases
of ∼ (nh)3 and ∼ nh3. The first estimate ignores
the possibility of sliding (infinite friction), whereas
the second neglecting the interlayer shear stresses
(zero friction). As in other related problems stud-
ied recently involving friction [17, 20, 21], there is no
general solution method to tackle friction, especially

when it couples with other ingredients such as elas-
ticity, nonlinear geometry, and multiplicity of con-
tacts. We study this problem by performing preci-
sion nonlinear bending tests of a multi-layered stack
of elastic plates interacting solely through friction
(see Fig. 1a). We quantify the mechanical response
of this book-like system, including the dissipated en-
ergy. Following a dimension reduction procedure, we
develop a beam-like theory based on the centerline
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FIG. 1. (a) Photograph (front view) of the experimental
setup. A stack 1© of n plates (n = 70 here) is placed
on two rollers 2© and loaded by an indenter 3© prescrib-
ing the deflection at mid-span. (b) Loading-unloading
curves of the average intender force per plate, F2(w◦)/n,
for selected values of n. The thin black line corresponds
to the classic, nonlinear prediction for the 3-point bend-
ing of a single plate, n = 1 [18, S.II]. (c) Normalized
incremental rigidity, K/(nB1), and its maxima, K±

m (B
and C symbols for loading and unloading, respectively).
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of the stack. This model takes into account the non-
linear geometry of large stacks and treats friction as
a perturbation.

In our experiments, we quantify the resistance to
bending of a book-like system by performing me-
chanical tests of a stack of n plates in a 3-point bend-
ing configuration (see photographs of the apparatus
in Fig. 1a and [18, S.I]). This canonical testing ge-
ometry is well-established for the characterization of
the mechanics of beams, including in the large deflec-
tion regime [22, 23]. We seek to quantify the effect of
frictional dissipation between the plates on the me-
chanical response of the system. Our stack comprises
n plates made of PolyEthylene Terephthalate (PET,
Partwell group), each with dimensions 2L×W ×h =
220× 30× 0.286 mm3. The number of plates is var-
ied in the range 1 ≤ n ≤ 70. Both faces of the
plates are roughened using sandpaper (K80, Emil-
Lux Gmbh) to avoid interlayer adhesion and ensure
reproducible dry-friction interactions [24]. The 3-
point bending configuration is established by two
fixed lower supports, separated by 2a = 130 mm,
and an indenter located at mid-span. The fixed sup-
ports are set as rollers, comprising two steel cylin-
ders (radius b0 = 6.8 mm) coated with a film of
VinylPolySiloxane (thickness ≈ 100µm) to prevent
sliding, and mounted on air-bearings (IBS Precision
Engineering, pressure ≈ 70 psi) to offer nearly fric-
tionless rotation. The reaction force at the indenter,
F2, is measured by a universal testing machine (In-
stron 5943) under imposed-displacement conditions.
The mid-span deflection is cycled at constant speed
(v = ±1 mm/s) in the range 0 ≤ w◦ ≤ wmax

◦ . The
geometry and loading conditions ensure that each
plate remains in the elastic regime. Our experimen-
tal apparatus yields highly reproducible and precise
mechanical response measurements (further evidence
provided in [18, S.I]).

In Fig. 1(b), we plot representative curves of the
average load per plate, F2/n, for cycles with am-
plitude wmax

◦ = 50 mm, at selected values of n =
{1, 25, 70}. For n = 1, the response agrees with the
classic prediction for large-deflection 3-point bend-
ing; there is a linear regime followed by a maximal
load with no hysteresis during unloading (see [18,
S.II]). We find that both the maximal load per layer
F2/n and the energy dissipation through friction
(area of the hysteresis loop) increase with n, imply-
ing that the behavior of the stack is not a superpo-
sition of n independent layers. To address this non-
linear response, we introduce the incremental stiff-

ness K(w◦) = a3

6
dF2

dw◦
; the prefactor ensures that

K = nB1 for small deflection and without friction,

where B1 = Eh3W
12(1−ν2) = 1.76 · 10−4 N.m2 is the bend-

ing rigidity of a single plate, E = 2.4 GPa is the
Young modulus and ν = 0.44 is Poisson’s ratio. In
Fig. 1(c), we plot K(w◦)/(nB1), using the same data
as in Fig. 1(b), for a loading-unloading cycle. The
limiting value K(0)/(nB1) for small deflections is 1
for n = 1, and increases with n, implying that, when
n > 1, friction affects even the initial response. In
addition, the loading curves display an increasingly
pronounced hysteresis as n increases: the incremen-
tal stiffness K is different between loading and un-
loading. The maximum stiffness, K±m , provides a ro-
bust measure of the bending rigidity of the stack; we
define one for loading, K+

m, and one for unloading,
K−m .

Having characterized the overall loading response
of our stacks, we proceed by further quantifying the
kinematics of a bent stack. By way of example, we
select a thick stack with n = 70 and focus on two
representative configurations at moderate and large
deflections, w◦/a = 0.4 and 1, see Fig. 2(a1,a2). The
schematic diagram in Fig. 2(c) defines the quantities
used in the geometric analysis: θ is the tangent ori-
entation, and S̃ is the arc length measured along a
specific plate. In Fig. 2(b), we plot the profiles θ(S̃)
for the uppermost and lowermost plates, for the two
selected deflection levels. The profiles of the upper-
most and lowermost plates are different, especially
at larger deflections: the same increment of θ takes
place over a narrower range of arc length S̃ in the
uppermost plate than in the lowermost one. An ap-
propriate model for the stack must account for these
through-thickness variations.

We visualize the extent of shear in our book-like
system by physically painting three red lines on the
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FIG. 2. (a) Snapshots of a deformed stack with n =
70, at (a1) w◦/a = 0.4 (◦) and (a2) w◦/a = 1 (�).
(b) Schematic diagram of the geometric quantities used

in Eq. (1). (c) Tangent angle θ versus arc length S̃ along
the uppermost and lowermost plates (open and filled
symbols, respectively). The predictions (dashed lines)
were obtained by integrating Eq. (2). The predicted pro-
files are superimposed as colored curves in (a1) and (a2).
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lateral face of the stack (see Fig. 2a1,a2), perpendic-
ularly to its centerline in the undeformed configura-
tion. During the deformation ensued by the 3-point
bending test, we find that the two outer lines lose
perpendicularity to the centerline, indicating that
there is significant shear. The non-penetration of
the contacting plates is at the source of this shear
build-up, which is known to arise in parallel bun-
dles of inextensible curves [25]; strong geometric con-
straints couple the layers in the stack. A well-known
model for thick and shearable beams is that of Tim-
oshenko [26, 27]; however, it is inapplicable here as
it assumes that the shear stress has an elastic origin.

To rationalize our experimental results, we build
a 1D model for thick beams that accounts for in-
ternal friction at the interfaces of the layers. Sim-
ilar reduction methods for bundles of slender com-
ponents have recently been employed to describe he-
lical strips [28, 29] or bundled filaments [30], albeit
in different geometries than ours and without con-
sidering friction. The centerline of the stack is rep-
resented as an inextensible curve xbb(S) with arc
length S and curvature κ(S); we reserve the symbol
S for arc lengths measured along the stack’s cen-
terline, whereas S̃ pertains to the arc length along
a specific plate. The transverse coordinate y varies
from −nh/2 at the lowermost plate to nh/2 at the
uppermost one. In the absence of delamination, the
final position of a point belonging to the plate offset
by y from the stack’s centerline writes as

x̃(S, y) = xbb(S) + n(S)y, (1)

where n(S) is the unit normal to the centerline
(Fig. 2c). Note that in our non-Lagrangian parame-
terization, the final position x̃ is viewed as a function
of the arc length S of its projection xbb onto the cen-
terline in the final configuration. Thus, S is different
from the Lagrangian arc length S̃, and S̃(S, y) − S
provides a measure of shear. The two arc lengths
are related as dS̃ = (1 − yκ(S))dS due to the com-
bined effects of curvature and plate inextensibility,
as shown in [18, S.II] by differentiating Eq. (1).

From Eq. (1), the curvature of a plate is κ̃(S̃, y) =
κ(S)(1 − yκ(S))−1. The bending energy E of
the stack is found by summing the contribu-

tions
∫ +L

−L
B1

2 κ̃
2dS̃ from each plate, yielding E =

2 B1

nh2

∫ `
0
ϕ(nhκ(S)) dS, where ϕ(x) = x

2 ln
(

1+ x
2

1− x
2

)
and ` is the arc length where contact with the rollers
takes place, `(w◦ = 0) = a (see [18, S.II]). The range
of the integration to obtain E has been restricted to
0 ≤ S ≤ `, given both the symmetry of the solution
and the fact that the overhanging parts of the stack
beyond the supports remain straight and, therefore,
carry no energy.

The strain energy potential E defines an equiv-
alent nonlinear beam model for the stack, with
an internal moment given by the constitutive law
M(S) = B1

h ϕ′(nhκ). Following a variational ap-
proach (see [18, S.II]), one obtains the governing
equilibrium (Kirchhoff) equations for planar rods,

nB1 θ
′′(S)(

1− n2h2θ′2(S)
2

)2 +

(
F2

2
cos θ(S) + F1 sin θ(S)

)
= 0,

(2)
where primes denote differentiation with respect to
S, F2 is the poking force, and the reaction force at
the support S = ±` is written as F = ∓F1e1 +
(F2/2)e2. The centerline satisfies x′1(S) = cos θ(S)
and x′2(S) = sin θ(S). The boundary conditions
are (θ, x1, x2)S=0 = (0, 0,−w◦) and (θ′, x1, x2)S=` =
(0, a− b sin θ(`), b(cos θ(`)− 1)), with b = b0 + nh/2
as the effective radius of the support.

Solving the boundary-value problem in Eq. (2)
yields the centerline xbb(S); this solution ignores
friction and will be referred to as the elastic back-
bone. The shape of the full stack can be recon-
structed using Eq. (1). In Fig. 2(a), we find excel-
lent agreement between the computed and the ex-
perimental shapes of the uppermost and lowermost
plates. As part of the solution process, one also ob-
tains the poking force F2,bb(w◦).

Next, we address the interlayer friction to ratio-
nalize the hysteresis observed in the experiments.
Treating friction as a perturbation, we use the (fric-
tionless) elastic backbone solution obtained above to
estimate the power Pµ dissipated by friction. This
Pµ is the integral over all the plate-plate interfaces
of the sliding velocity multiplied by the tangential
contact stress. From Amontons-Coulomb law of fric-
tion, the tangential contact stress is the friction coef-
ficient µ times the normal stress Σ(S, y). Given that
the plates are sliding against one another, µ is a dy-
namic friction coefficient. Reconstructing the stress
Σ(S, y) in the backbone solution and carrying out
a partial integration in the transverse direction, one
obtains the expression of the dissipated power as [18,
S.III]

Pµ = µhn |F| |θ̇(`)|+ 2µ

∫ `

0

Q(S) |θ̇(S)|dS, (3)

where dots denotes differentiation with respect to

time and Q(S) =
∫ nh/2
−nh/2 |Σ(S, y)|dy.

The first term in Eq. (3) represents the dissipation
by the point-like contact force at the supports, while
the second term is the dissipation everywhere else in
the stack. By symmetry, there is no sliding (hence,
no dissipation) at the poking point. The poking force
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is then derived by a global balance of power as

F2 ẇ◦ = −Ė + Pµ. (4)

Whereas ẇ◦ and Ė change sign between loading and
unloading, Pµ does not, implying that F2 is different
during the two phases.

Before the poking force can be computed from
Eqs. (3–4), the kinematic friction coefficient µ must
still be obtained. Friction coefficients for dry sur-
faces are known to be sensitive to the magnitude of
the normal load [17], which, in our system, varies
significantly depending on both the amount of de-
flection and the position along the stack [18, S.III].
Therefore, an independent measurement of µ may
not be relevant. Instead, we proceed by extracting
µ directly from the experimental data by leveraging
the variations of the stacks stiffness K±m as a function
of n. In the limit of small deflections (see [18, S.IV]),
our model yields K±m = Km,bb ·

(
1± nµ 3

4
h
a

)
with

Km,bb as the bending stiffness of the backbone solu-
tion; with the scaling Km,bb ∼ nEh3W , this yields
K±m ∼ nEh3W (1 ± nh/a), which is in line with the
nh3 scaling anticipated in the introduction while also
including the correction from friction. Exploiting the
linear relation between K±m and n provides the fric-
tion coefficient as µ = 0.52 ± 0.03 (see [18, S.V] for
more details on how K±m and µ where obtained from
the experimental data). The poking force F2 can now
be obtained from Eqs. (2–4) to compute the loading
curves over the entire deflection range. In Fig. 3a,
we compare the predictions from our model (solid
curves) with the experiments (data points), finding
excellent agreement between the two, for different
values of n, with a single parameter µ that was fit-
ted to the data once and for all.

In Fig. 3(b), the energy D dissipated during one
loading cycle is plotted as a function of the scaled
maximum deflection. From the experimental data,
D is measured as the area enclosed by the loading-
unloading curves. The model predictions are accu-
rate over the entire range of parameters, from thin
to thick stacks and small to large deflections; i.e.,
10 ≤ n ≤ 60 and 0.1 ≤ wmax

◦ /a ≤ 1, respec-
tively. For small deflections, the curves collapse onto
a straight line in the logarithmic plot, corresponding
to the power-law Dlin = 9µB1h

2a2 (nwmax
◦ /a)

2
applica-

ble to small deflections (see [18, S.IV]).
In closing, we highlight that the ability of our

centerline-based theory to accurately capture the
mechanical behavior of a stack of frictional plates
was a priori not straightforward, given the non-
conservative nature of the system. We circumnav-
igated this challenge by treating friction perturba-
tively while tracking the localized dissipative regions
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FIG. 3. Predictions of the model from Eqs. (2–4), solid
lines, superposed onto the experimental data (points),
for stacks with different numbers of layers. (a) Load-
deflection response, for loading/unloading cycles. n =
{10, 35, 50, 70}. Dashed-dot line corresponds to the
elastic backbone (without friction). (b) Scaled energy
dissipated in the stack, D/n2, per cycle, as a function
of the scaled deflection wmax

◦ /a. Inset: Raw data for D
versus wmax

◦ /a. n = {10, 20, 30, 50}.

and considering the full coupling between elasticity
and nonlinear geometry. Our methodology is general
and we anticipate that it can be adapted to other
complex systems where friction is important. We
have uncovered a simple mechanism where the en-
ergy dissipated per cycle can be made to vary by a
large amount; this could be harnessed to design new
classes of low-cost and efficient damping devices. As
geometry, elasticity, and friction are the sole ingre-
dients, it should be applicable across a wide range of
length scales. Whereas we focused on a quasi-static
setting, dynamic and impact conditions should also
be included in future research efforts, which we hope
the current study will instigate.

We thank Hervé Elettro, Vicky Nguyen and Jean-
François Molinari for fruitful discussions.
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