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ACCURATE COMPUTATIONS OF EULER PRODUCTS OVER
PRIMES IN ARITHMETIC PROGRESSIONS

OLIVIER RAMARE

Abstract: This note provides accurate truncated formulae with explicit error terms to compute
Euler products over primes in arithmetic progressions of rational fractions. It further provides
such a formula for the product of terms of the shape F(1/p,1/p®) when F' is a two-variable
polynomial with coefficients in C and satisfying some restrictive conditions.

Keywords: Euler products.

1. Introduction and results

Our primary concern in this paper is to evaluate Euler products of the shape

()

p=alq]

when s is a compler parameter satisfying Rs > 1. Such computations have at-
tracted some attention as these values occur when s is a real number as densities
in number theory. D. Shanks in [11] (resp. [12], resp. [13]) has already computed
accurately an Euler product over primes congruent to 1 modulo 8 (resp. to 1 mod-
ulo 4, resp. 1 modulo 8). His method has been extended by S. Ettahri, L. Surel
and the present author in [6] in an algorithm that converges very fast (double ex-
ponential convergence) but this extension covers only some special values for the
residue class a, or some special bundle of them; it is further limited to real values
of s.

We will use logarithms, and since the logarithm of a product is not a priori
the sum of the logarithms, we need to clarify things before embarking in this
project. First, in this paper the log-function always corresponds to what is called
the principal branch of the logarithm. We recognize it because its argument vanishes
when we restrict it to the real line and we consider it undefined on the non-positive
real numbers. The second point is contained in the next elementary proposition.
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34 Olivier Ramaré

Proposition 1. Associate to each prime p a complex number a, such that |a,| < p
and a, <K p° for every e > 0. We consider the Euler product defined when Rs > 1

by:
-1
D(s) =] <1 - “P) . (1)
p=>2 p
In this same domain we have
log D(s (2)
p>2 k>1

This is simply because, by using the expansion of the principal branch of the
logarithm in Taylor series, namely —log(l —2) = > ;- 2¥ /k valid for any com-
plex z inside the unit circle, we find that C(s) = —3_ -, log(1 — a,/p®) verifies
expC(s) = D(s), so that C(s) is indeed a candidate for log D(s). The second
remark is that D(s) approaches 1 when Rs goes to infinity while our choice for
log D(s) indeed approaches 0 and no other multiple of 2i7. These two remarks are
enough justification of this proposition.

Remark 1.1. To be axiomatically correct, we should specify that our definition
of log D(s) depends a priori on the chosen product representation, and thus on
the choice of the coefficients (ap),>2. However, since the development in Dirichlet
series is unique, we find that the coefficients in (2) are uniquely defined; this
implies in particular that our definition does nor depend on the chosen product
representation (as it is unique!).

We assume here that the values of the Dirichlet L-series L(s, x) may be com-
puted with arbitrary precision when fs > 1. Our aim is thus to reduce our com-
putations to these ones. Here is an identity to do so.

Theorem 2. Let a be prime to the modulus ¢ > 1 and let G be the group of
Dirichlet characters modulo q. We have

) —1
=D log(1-1/p) =) Zu >~ X(a)log Lp(Ls, x*)
p=aldq], €>1 dV xe@,
p=P

where

Lp(s,x) = [ (0= x(w)/p*) " (3)

p=P

If finding this identity has not been immediate, checking it is only a matter
of calculations that we reproduce in Section 2. A partial identity of this sort has
already been used by K. Williams in [14] and more recently by A. Languasco and
A. Zaccagnini in [9, 7], and [8, (2-5)] is a related formula. It is worth noticing that,
with our conventions, we have the obvious

log Lp(s,x) =log L(s, x) Z log(1 — p%).
p<P
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This leads to the next immediate corollary.

Corollary 3. Let a be prime to the modulus ¢ > 1 and let @q be the group
of Dirichlet characters modulo q. Let further two integer parameters P > 2 and
L > 2 be chosen. We have

1 * 1
H <1 — ps> = exp<YP(S§Qaa|L) +0 (PL§R8>)
p2P,

p=alq]

where

Yp(s;q,alLl) = Z Zu Z xX(a) 1ong (s, x%) (4)
xe@,

£<L dle #la)

and where f = O*(g) means |f| < g

Extension to one variable rational fractions

Once we have such an approximation, we can reuse the machinery of [6] to reach
Euler products of the shape

[T a+Re*)

p=2P,
p=alq]

where R is a rational fraction.

Theorem 4. Let F and G be two polynomials of C[t]. We assume that G(0) =1
and that F(0) = F'(0) = 0. Let 8 > 2 be larger than the inverse of the roots
of G and of G — F. Let P > 2 be an integer parameter. Then, for any integer
parameter L > 2, we have

I (1- 62) e 3 (bo-rli) - bali)VrliaualL) +1)

p=P, 2<y<J
p=alq]

where the integers bg_r(j) and bg(j) are defined in Lemma 6,
|T| < 8max(deg(G — F),deg G)5%(8/P)*F
and Y (s;q,a|L) is defined by (4).

We obtained in [6] an approximation that is much better but only valid for
rational fractions with real coefficients and some residue classes.
One can write a similar theorem for the Euler product
(1~ £y
1/p°)
psp\ GU/P
peA
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Extension to two variables rational fractions

The general form of Euler products that one has to treat in practice is of the shape

II @+Re.p)

p=2P,
p=alq]

where R is a rational fraction of two variables. When s takes a specific rational
value, typically 2, 3/2 or 4/3, this question reduces to the above one though each
of the values of s requires a new rational fraction; this covers most of the cases
when we have to compute a single special constant. In the general case however,
for instance when s = 241, such a trick fails. The theoretical understanding of this
situation is also limited even for ¢ = 1. For instance, if the case of a rational fraction
of one variable is covered by the theorem of T. Esterman in [5] and extended
by G. Dalhquist in [1], no such result is known in the general situation. This
question has been addressed in the context of enumerative algebra, for instance by
M. du Sautoy and F. Griinewald in [4]. The lecture notes [3] by M. du Sautoy and
L. Woodward contain material in this direction. There are several continuations
of Esterman’s work; for instance, one may consider Euler products of the shape
R(p®*,p®?) (with the hope of being able to specify s1), see for instance [2] by
L. Delabarre, but these results do not apply to our case.

We are able to handle some rational fractions by reducing them to the case
treated in the next theorem.

Theorem 5. Let s be a complex number with Rs = o > 1. Let (ar)e<k be a se-
quence of complex numbers and (we)e<k and (ve)e<k be two sequences of real num-
bers. We assume that ugo + vy > 0 and we define A = max(1, max(|ae|)). Let q be
a modulus, a be an invertible residue class modulo q and P > 2kA and L > k be
two integer parameters. We have

11 (1 2 puZiw)exp(ZH)

p>P, 1<Kk
p=alq]
where
wf(Ilocr ag™)
Z = Z M(may,...,mg) Z #YP (Zme(ws + Uf);Qaa‘L> (5)
mi,...,mi 20, f<F <k

1<may+...+mp <L

where M (mi,ma, ..., my) is defined at (18), Ky is defined at (23), Y (s;q,a|L) is
defined by (4) and finally where

((L+k)’“+1+logL+3lZ4>. (6)
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Hence this theorem provides us with an exponentially decreasing error term.
More complicated terms may be handled through this theorem by writing

F(p,p®)  (F+G)(p,p°) p** P

1+ =
G(p,p*) pAstB  G(p,p*)
_ (1L O ) — pAstB ) —pAstBN\ T
- pA5+B pAs+B

This would function when G has a clearly dominant monomial. It typically works
for G(p, p*) = p?*(p? + 1) but fails for G(p,p*) = p**(p + 1). Our most important
additional tool, namely Lemma 11, may be used to obtain results on analytic
continuation, but since we use logarithms elsewhere, the general effect is unclear.
We however provide the next example:

D(s)zl‘[(wl(—z}_l). 1)

S
o2 p p
Lemma 11 gives us the decomposition

1)m™
D(s)= ] H( W))m

m1,m220, p>2
mi+mo>1

)M(ml,mz)

We check that M(1,0) = M(0,1) = 1 and that M(m,0) = M(0,m) = 0 when
m > 2, whence

D(s) = ¢(

i )M(ml’m). (®)

I (- s

m17m221 p>2

This writing offers an analytic continuation of D(s) to the domain defined by Rs >
1/2. This analysis can be extended to

& Cg
H 1— pib - p25—1

p=2

when C7 and Cs are integers. In general, Lemma 11 transfers to problem to the
analytic continuation of [[ (1 — ¢/p®) for some c but even the case ¢ = V2 is
difficult.

2. Proof of Theorem 2 and its corollary

Proof of Theorem 2. We have to simplify the expression

Z Z“ Z Z Z kpkes : )

=1 d|l XGG p=Pk>1
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We readily check that, when h > 1 and p are fixed, we have

SN ud) D xax @™ =D ud) > x(a)x(p)™

kl=h d|¢ xeG, Elh dk|h xe€G,
=33 ud) > xla)x(p)?
glh dlg Xeéq
= > X(a)x(p) = ¢(@)p=alg
xeéq
and the theorem follows directly. |

Proof of Corollary 3. A moment thought discloses that

|log Lp(s,x)| < log(p(o)

where 0 = Rs. We have furthermore

log Cp(0) < Z 1 < /°° dt 1

o} o — —=

B5PAI) S ne =~ Jp to (0 —1)P°-1
n>P

by our assumptions. We next check that

Z @ Zu(d) Z X(a)log Lp(ls, x?)

£>L d|e Xeéq

2w(6) P
¢ (bo—1)Pto’

<

£>L

Here w(?) denotes the number of prime factors of ¢ (without multiplicity). We
use the simplistic bounds 2¢() < ¢ and ¢o — 1 > 2. This yields the upper bound
W which is no more than 1/ PLo We finally recall that e® —1 < %x when

x € [0,1/4] as the function (e” — 1)/z is non-decreasing (its expansion in power
series has non-negative coeflicients). ]

3. Proof of Theorem 4

We first need to extend [6, Lemma 16] to cover the case of polynomials with
complex coefficients. The ancestor of this Lemma is [10, Lemma 1.

Lemma 6. Let H(t) = 1+ ajt + ...+ ast® € C[t] be a polynomial of degree 6.
Let aq, ..., as be the inverses of its roots. Put sy(k) = of + ...+ ak. The sp(k)
satisfy the Newton-Girard recursion

sp(k)+aisp(k—1)+ ...+ ax—18p(1) + kay = 0, (10)

where we have defined as41 = asyo = ... = 0. We define

bir(k) = 3 3 (/)31 () (11)

dlk
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Lemma 7. Let F and G be two polynomials of C[t]. We assume that G(0) = 1
and that F(0) = 0. Let 8 = 1 be larger than the inverse of the roots of G and of
G — F. When z is a complex number such that |z| < 5 and |1 — (F/G)(2)| < 1.
We have

log(l = 28) = (be-r (i) — ba(i)) log(1 — 29). (12)

Jj=z1
Proof. We adapt the proof of [10, Lemma 1|. We write (G — F)(t) = [[,(1 — ait).

We have @ Yo
—F)(t .
(G—F)(t)_zl—at_ZSGF RE

k>1

This series is absolutely convergent in any disc |t| < b < 1/3 where § = max;(1/|a;]).
We may also decompose (G — F)'(t)/(G — F)(t) in Lambert series as

((G ’f S b ()

j=1

tJl

as some series shuffling in any disc of radius b < min(1, 1/8) shows. The comparison
of the coefficients justifies the formula (11). We may do the same for G instead of
G — F (or use the case F' = 0). We find that

G'-F G —(FFG-FG) —(F'G-FG) 3 F\*
G—-F G  GG-F) G? =
and by formal integration, this gives us the identity
F/G)(t)k
> OO 5™ () — b)) os(1 — ).

k>1 =1

This readily extends into an equality between analytic function in the domain
where |(F/G)(z) — 1] < 1 and |z| < 8. The lemma follows readily. |

Here is now [6, Lemma 17], though for polynomials with complex coefficients.

Lemma 8. We use the hypotheses and notation of Lemma 6. Let B > 2 be larger
than the inverse of the modulus of all the roots of H(t). We have

|be (k)| < 2deg H - B¥ /k.

And we finally recall [6, Lemma 18| that yields easy upper estimates for the
inverse of the modulus of all the roots of F(t) in terms of its coefficients.

Lemma 9. Let H(X) =1+ a1 X +...+asX? be a polynomial of degree §. Let p
be one of its roots. Then either |p| = 1 or 1/|p| < |a1| + |az| + ... + |as].
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Proof of Theorem 4. The proof requires several steps. We start from Lemma 7,
i.e. from the identity

10g<1 = 28) =" (bo-r(j) — ba(i) log(1 — %), (13)

Jj=z2

in the domain |z| < § and |1 — (F/G)(z)| < 1. The fact that the term with j =1
vanishes comes from our assumption that F(0) = F’(0) = 0. To control the rate
of convergence, we notice that, by Lemma 8, we know that |bg_r(j) — ba(j)] <
4max(deg(G — F),deg G)B37/j. Therefore, for any bound J, we have

ta|7+!
> [#lba—r(j) = ba(j)| < 4max(deg(G — F), deg G)

2 G-+ Y

if |t| < 1/f. Furthermore, we deduce that |log(1—z2)/z| < log(1—1/2)/(1/2) < 3/2
when |z| < 1/2 by looking at the Taylor expansion. Thus we have

og(1- 57 ) = 3 (borli) —beli) et =) 41 (1)

2<5<J

where |I;| < 6 max(deg(G — F),deg G)|28|7*1/(1 — |28]). Now that we have the
expansion (15) at our disposal for each prime p, we may combine them. We readily
get

F(1/p)
> os(1- Giim)) = 3 (o e~ Do) 3 lost = 1) + 1o

2K <J p>P,
p=alq] p=alq]

where I satisfies

6J+1 1
| 12| < 6max(deg(G — F), deg G) p; (1= B/P)(J+1)p+1

< 6 max(deg(G — F),deg G)p7+! ( 1 /°° dt )

h (1—B8/P)(J+1) P+l PEE)
6 max(deg(G — F),deg G)(3/P)’ s 1
b (1-B/P)(J+1) <p+ J>

since P > 2 and J > 3. We now approximate each sum over p by using Corollary 3
and obtain

> Lo ( @): D (bo-r(i) = ba (i) Yr(isa,all) + Iy

p2P, 2<5<J
p=alq]
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where I3 satisfies

. N 1L
< ) |bG7F<.7>_bG(])‘ﬁ+|I2|

2<5<J
B 1
< Z 4max(degF,degG)7ﬁ+|Ig|.
2<j<J
Therefore (and since r > 2)
1 2(p/P)*E 3(B8/P)”’ 1 1
15 o PP sE/PYs (1 1y o
2max(deg F, deg G) 1-8/P (1-p/P)(J+1)\P J
and the choice J = 2L ends the proof. |
4. Proof of Theorem 5
d

Lemma 10. We have (, dN’ )= (m,ﬁ/ )

e dm, i,

Proof. The coefficient (dm, d_{\,]/dm,) is the number of partitions of a set of dN’
19 5 k

elements in parts of dmj, - - - ,dm;, elements. The product partitions are partitions.

|

In [15] Witt proved a generalization of the Necklace Identity which we present
in the next lemma.

Lemma 11. For k > 1, we have

k
1= zi= [ (=afreegeMomme), (17)
=1

mi,...,mg 20,
mi+...+mp =1

where the integer M (my, ..., my) is defined by

M(my,...,my) = % > p(d) (ml/dg!]\.[-/.dg;zk/d)! (18)

d| ged(mq,ma,..., my)
with N = my + ... +my. We have M(my,...,my) < k™ /N.

Proof. Ouly the bound needs to be proved as the identity may be found in [15].
Each occuring multinomial is not more than (m1 N Mk) by Lemma 10. The multi-
nomial Theorem concludes. ]

Proof of Theorem 5. Let Il be the product to be computed. By employing
Lemma 11, we find that

1 ar H 1_c(m1,m2,...,mk)
Z pquJr’Ue > o<k Me(ues+uvg)
1<e<k mi ...,my, >0, p

mi+...+mp =1

)

)Mml,...,mk)
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with ¢(mg, ..., my) given by
c(my,ma,...,mg) = Hazn". (19)
<k
Each coefficient c(my,...,my) is not more, in absolute value, than A, where

my + ...+ mp = N. Note that, for each ¢, we have R(ugs + v¢) > 1, so that
%thgk my(ugs + vg) = myq + ...+ my = N. It thus seems like a good idea to
truncate the infinite product in (20) whether my + -+ +mp = N < Ny or not
for some parameter Ny > k that we will choose later. We readily find that, when
p =24,

M(ma,...,my)
10g H (1_c(m1,m2,...,mk))

ng@ my(ues+uve)

mi,...,mp =0,
mi+...+my>No

<

N w
(]
=
E
E
e

ma,...,mg 20,
mi+...4+mp>No

=53 (N,jk> (Zkvf,ng

N>Ng

as the number of solutions to my + ...+ my = N is the N-th coefficient of the
power series 1/(1 — z)* which happens to be equal to (1/k!)7%1/(1 — z). We next
check that, with N = Ng +n + 1, we have (n+ 1+ No + k) < (Ng +n + 1)? since
Ny > k, and thus

(&) _ (14 Not+k)(nt+No+ k) (n+ No+2) _ (N0+k)
N(n;k) (n+k)(n+k—-1)---(n+1)- (No+n+1) k .
Hence, when p > 2kA, we have
5 N +k\ (kAN (RA)NF! Ny + k 3 n+k\ (kA)"
k NpN - pNo+1 k k pn
N> N n>=0

< No+k (kA)NOJrl 1
= k pNotl (1 —1/2)k

On summing over p, this yields

C(ml mao, ... mk) M(ma,...,my)
II=1 H H (1_ pEggkme(ugsJ,-W) ) , (20)

mi,...,mg 20, p2P,
1<mi+...4+mp <Ny p=alq]

3 (No+k\ (kA)No+ /1 1
< 2k2 =+ =]
[log 11| < 2 2( k > PN \P N (21)

where
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We next note the following identity

d* Kke(d 1
Z kpk:w = Z fj(’) Z gpfgw (22)

k>1 fz1 g21
where
c when f =1,
d) = 23
#1(d) {cf —cf1 when f > 1. (23)

We truncate identity (22) at f < F where F is an integer, getting

dk d 1 . x(1, |d|)f  fRw
Zk-pkw = Z Kf;‘ )ngfgw +O (_Z rna(f||)10g(]-_p R )>

k>1 f<F g=1 f>F

We next use —log(l — z) < 32/2 when 0 < x < 1/2. We assume that p®* < 1/2
and p®* > 2max(1, |d|) to get

_ 5 max(l|d))’ (1~ p-m) < 3y el d)f _ 3max(1,]d)"

I p 2 FpfRw S (F 4 )pEDRe

f>F f>F

We have reached

11 (1 _ C(ml,mz,...,mk))
p2D, pzlgk me(ugs+uve)
p=alq]

— exp _{ T kp(c(my, ma, ..., my)) > 10g<1 ) mg(u[s+vg)>

F<F f pzP,
p=alq]
+O* 3max(17|C(m17m27~'-amk)|)F+l 1+ P
(F 4 1)PEHD gy me(ucotve) F'Y S pcr mu(ueo + ve)

which simplifies info

H 1fc(m17m2,..,7mk)
pzegk mz(ws—&-w)
p2P,
p=alq]

_ exp—{ Z nf(c(mhmm .. .,mk)) Z log(l _p—fzfgkme(ugs—&-w))

f<F / p2P,

p=alq]
N 3AN(F+1) - P
F+yproN T EN ) S
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We approximate the sum of the logs by Corollary 3 and get

H 1 c(my,mg,...,mg)
pZegk m@(u25+vz)

p=2P,
p=alq]
ke(e(my,ma,...,m
:eXp—{Z s (elm f2 k))Yp(Zmz(uzsﬁ—w);q,a\L)
f<F <k
ANF(1 4+ log F AN+ P
+ 0 (Lt+logF) | 1+ -~ ¢
P (F + 1)P(FFDN FN
We then raise that to the power M (my,ma, ..., my) and sum over the m;’s, getting,

on recalling (5),

NF

mi,...,mg 20,
1<my+...+mEp<No

N(F+1)
. Z 3M(my,...,my)A 1+i .
(F + 1)p(F+1)N EFN

mi,...,mg 20,
1<my+...+mp <No

We now take F' = L. The error term is bounded above by (since P > 2kA)

kAL ([ 2k 3.2¢4 P
pr (k!(1+logL)+k!(L+1)P (1+L)>'

We select Ny = L and we gather our estimates to end the proof. |

References

[1] G. Dahlquist, On the analytic continuation of Eulerian products, Ark. Mat.
1 (1952), 533-554.

[2] L. Delabarre, Extension of Estermann’s theorem to Fuler products associated
to a multivariate polynomial, Bull. Soc. Math. France 141(2) (2013), 225-265.

[3] M. du Sautoy and L. Woodward, Zeta functions of groups and rings, volume
1925 of Lecture Notes in Mathematics, Springer-Verlag, Berlin, 2008.

[4] M. du Sautoy and F. Grunewald, Zeta functions of groups: zeros and friendly
ghosts, Amer. J. Math. 124(1) (2002), 1-48.

[5] T. Estermann, On Certain Functions Represented by Dirichlet Series, Proc.
London Math. Soc. (2) 27(6) (1928), 435-448.

[6] S.Ettahri, O. Ramaré, and L. Surel, Fast multi-precision computation of some
euler products, submitted, page 23p, 2019.

[7] A. Languasco and A. Zaccagnini, On the constant in the Mertens product for
arithmetic progressions. II. Numerical values, Math. Comp. 78(265) (2009),
315-326.



18]

19]

[10]

[11]
[12]
[13]
[14]

[15]

Accurate computations of Euler products over primes in arithmetic progressions 45

A. Languasco and A. Zaccagnini, Computing the Mertens and Meissel—
Mertens constants for sums over arithmetic progressions, with an appendix
by Karl K. Norton, Experiment. Math. 19(3) (2010), 279-284.

A. Languasco and A. Zaccagnini, On the constant in the Mertens product for
arithmetic progressions. I. Identities, Funct. Approx. Comment. Math. 42(1)
(2010), 17-27.

P. Moree, Approximation of singular series constant and automata, with an
appendix by Gerhard Niklasch, Manuscripta Matematica 101(3) (2000), 385
399.

D. Shanks, On the conjecture of Hardy & Littlewood concerning the number
of primes of the form n? + a, Math. Comp. 14 (1960), 320-332.

D. Shanks, On numbers of the form n* + 1, Math. Comput. 15 (1961), 186
189.

D. Shanks, Lal’s constant and generalizations, Math. Comp. 21 (1967), 705—
707.

K.S. Williams, Mertens’ theorem for arithmetic progressions, J. Number The-
ory 6 (1974), 353-359.

E. Witt, Treue Darstellung Liescher Ringe, J. Reine Angew. Math. 177
(1937), 152-160.

Address: Olivier Ramaré: CNRS/ Institut de Mathématiques de Marseille, Aix Marseille Uni-

versité, U.M.R. 7373, Site Sud, Campus de Luminy, Case 907, 13288 Marseille Cedex 9,
France.

E-mail: olivier.ramare@Quniv-amu.fr
Received: 27 November 2019; revised: 16 February 2021






	Olivier RamaréAccurate computations of Euler products over primes in arithmetic progressions

