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des Systémes Thermiques Industriels), 13013 Marseille, France.

4Department of Physics, University of Massachusetts Amherst, Amherst, MA 01003, USA.
(Dated:)

The shape assumed by a slender elastic structure is a function both of the geometry of the space
in which it exists and the forces it experiences. We explore by experiments and theoretical analysis,
the morphological phase-space of a filament confined to the surface of a spherical bubble. The
morphology is controlled by varying bending stiffness and weight of the filament, and its length
relative to the bubble radius. When the dominant considerations are geometry of confinement and
elastic energy, the filament lies along a geodesic and when gravitational energy becomes significant,
a bifurcation occurs, with a part of the filament occupying a longitude and the rest along a curve
approximated by a latitude. Far beyond the transition, when the filament is much longer than the
diameter, it coils around the selected latitudinal region. A simple model with filament shape as
a composite of two arcs captures the transition well and for better quantitative agreement with
the subcritical nature of bifurcation, we study the morphology by numerical energy minimization.
Our analysis of filament’s morphological space spanned by a geometric parameter, and one that
compares elastic energy with body forces, may provide guidance for packing slender structures on
complex surfaces.

INTRODUCTION

The spatial conformation of a slender elastic structure
is a function both of the geometry of the space in which
it exists as well as the forces it experiences. An uncon-
fined elastic filament does not bend or stretch, but when
the elastic filament is confined to a two dimensional sur-
face, the geometrical properties of the surface plays a
role in determining its morphology [1, 2]. Such surface
confinement can arise in a variety of situations such as
a DNA wrapping around histone [3–5], plants climbing
along complex topographies [6], packaging of optic fibre
cables around curved surfaces [7] to long drill strings be-
neath the earth’s surface [8–11]. The role of surface ge-
ometry in determining the shape is crucial in all of these
situations, however in each example the filaments are also
subject to forces (electrostatic, active internal stresses,
gravity, friction) that affect their conformation. For ex-
ample a filament with intrinsic curvature held at one of
its ends, such as a hair [12], takes shapes determined by
the competition between its own weight and the bending
stiffness of the structure [13, 14], where for small mass
density the filament retains its natural shape, and for
denser filaments, the structure undergoes a shape transi-
tion to a morphology determined by the weight.

In this article we explore the general question of how
substrate geometry and external force combine to deter-
mine the shape of a filament by considering the specific
case of an elastic filament on the surface of a spheri-
cal bubble. When a pre-wet filament is introduced on
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the surface of a droplet or a bubble, if the droplet’s
Laplace pressure exceeds a critical value, the filament
buckles [15–19]. In the buckled state the shape of the
drop can change in order to minimize the surface en-
ergy of the droplet and the elastic energy of the fila-
ment [17, 20]. However, since we wish to explore the me-
chanics of the filament in a fixed confining geometry, we
work with highly-bendable filaments so that the spheri-
cal geometry of the substrate remains unchanged by the
filament. In this high-bendability limit, we perform ex-
periments where the forces due to gravity and bending
compete to determine the morphology of a filament con-
fined to the surface of a spherical pendant bubble. When
the gravitational potential energy of the filament is neg-
ligible compared to its bending energy, we find that the
filament lives along a geodesic – a longitude of the sphere
– where it adopts the radius of curvature of the bub-
ble. However when the effects of gravity become impor-
tant, the filament undergoes a transition into a complex
shape. Beyond this transition, the filament lies partly
along a longitude and partly along a latitude at a par-
ticular polar angle. A calculation which accounts for the
energy of these two segments of the filament correctly
captures the shape below the transition length as well as
the threshold control parameters for bifurcation from the
geodesic shape. However, the approximate theory fails
to capture the quantitative details of the shape after the
transition. A numerical minimization of the competing
energies in the system identifies deviations from the ap-
proximate theory and captures accurately the shapes in
experiments. On further increase in the length of the
filament, the filament enters a coiled phase with the fil-
ament aligned on top of itself in layers. In what follows,
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we explore experimentally and by numerical simulation,
a two-parameter phase diagram of the morphology of the
filament in a curved space: one parameter is geomet-
ric, and describes the length of the filament versus the
radius of confinement; the other parameter encapsulates
the competition between elasticity and the external forces
(gravity, in this case).

EXPERIMENTS AND LENGTH-SCALES

In our experiments the spherical surface is provided by
a pendant soap bubble hanging at the end of a capillary
tube as shown in Fig. 1(a). The bubble is made using
a liquid soap (commercial DAWNTM) in a 1:4 water-
glycerol solution. The high concentration of glycerol with
viscosity 1000 cSt helps reduce the drainage rate provid-
ing longer bubble survival time. We then place a thin
elastic filament made out of silicone on top of the bubble.
These filaments are made by first melting a rod of sili-
cone at 300◦C using a silicone glue gun (Aptech Crown)
and then pulling a small droplet of the melt with tweez-
ers which then sets in a few seconds. The diameters of
the filaments made by this procedure can be varied be-
tween O(10µm)−O(100µm) by varying the pulling rate
manually. The diameter is measured under an optical
microscope, where we also confirm that we have a fila-
ment of uniform thickness. We also soak the filaments
in Sudan Red G dye (SIGMA 17373) solution and dry
them to make them visible in white light. The bubble is
illuminated by a diffuse background light and we use a
Nikon DLSR 5000 camera to observe the conformation of
the filament on the bubble. We wet the filaments in the
soap solution before placing them on the bubble surface
in order to eliminate the effects of the filament surface
energy on the filament morphology. This procedure also
helps us maintain longer bubble survival times as a dry
filament can cause sudden changes in the surface energy
of the interface resulting in rupture. When the wet fila-
ment is placed on the bubble, the change in the surface
energy of the bubble is only due to distortion of the fluid
film around the thickness of the filament. In the exper-
iments one end of the filament is held at the end of the
capillary tube and the other end is left free. The hinged
end of the filament experiences no torque and can rotate
freely about the end of the capillary tube. For a given
filament of length L, we quasistatically increase or de-
crease the bubble radius Rb using a microfluidic pump
attached to the other end of the capillary tube.

In order to describe the phenomenon we observe in
our experiments, we collect in this section the relevant
length-scales that play a role in the determining the fila-
ment morphology. There are several length-scales associ-
ated both with the filament and the bubble; we attempt
to reduce the complexity by working in regimes where
some of these are irrelevant. Since we expect gravity
to be relevant in our experiments, we define the elasto-
gravity length-scale leg ∼ (2EI/(%gπt2))1/3, where E is

the Young’s modulus of the filament material, I the area
moment of inertia of the filament, % the material density,
t the filament thickness and g the gravitational constant.
This is the length scale associated with filament defor-
mation when the weight of the filament is balanced by
bending forces. In the limit of strong capillarity, where
the bubble does not deform, the radius of the bubble Rb
is the only length-scale associated with the 2D spheri-
cal surface. Using these two length-scales we can define
a non-dimensional number that quantifies the relative
importance of gravity and bending as the elasto-gravity
bendability, Ω−1

g = (leg/Rb)
3 = 2EI/(%gπt2R3

b). The
larger the value of Ωg, the stronger the effects of gravity
and the smaller the Ωg, the stronger the effects of bend-
ing. Another non-dimensional number arising purely out
of geometry is Φ = (L/Rb). We call this non-dimensional
number the coiling parameter, since as we will see later
this number helps describe the state of coiling. The two
non-dimensional numbers of interest thus are the coil-
ing parameter Φ and the elasto-gravity bendability Ω−1

g

and the different morphologies of the elastic filament on
the spherical bubble are described in this phase space
spanned by these two nondimensional groups.

In identifying the relevant length-scales in our experi-
ments, we have tacitly made assumptions of scale sepa-
ration in the filament-bubble system that we detail here.
For a spherical bubble made of a fluid of surface tension
γ, fluid density %f , radius Rb and a filament of length L,
Young’s modulus E, material density %, and thickness t,
there are six length-scales that at play in the experiments.
These are L,Rb, t, capillary length lc ∼

√
γ/%fg, bendo-

capillary length lbc ∼ (EI/γ)1/3 and finally, the elasto-
gravitational length scale leg described above. Since we
want the bubble to remain spherical throughout the ex-
periments, we ensure this by keeping the capillary length
to be the largest length scale in the system. Moreover
we want the surface energy of the bubble to not af-
fect filament bending i.e., we want the bendo-capillary
length to be very small such that the filament is able
to completely lie on the bubble without affecting the
bubble. This is taken care of by operating in a scale-
separated regime: t � lbc � (L,Rb, leg) � lc. When
the relevant length-scales are (L,Rb, leg), the filament
morphology is governed by the geometry, the bending
force and the self-weight of filament. This separation
of scales in our experiments is established by choosing
a thin (t ∼ O(100µm)) and soft filament (E = 1MPa)
with a bubble size much larger than filament diameter
(L,Rb ∼ O(cm)) leading to an bendo-capillary length-
scale lbc ∼ O(mm). The ratio of capillary force and
bending force can be quantified using inverse capillary
bendability, Ω−1 = (lbc/Rb)

3. Lastly, in our experiments
the tangential strain along the filament is small and thus
are in the inextensible elastica limit [21]. This is ensured
by choosing lm = γ/E ∼ O(nm) � t. We explore the
phase space of filament morphologies by changing the fil-
ament length L, the bubble radius Rb and the filament
thickness t while keeping all the other experimental pa-
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FIG. 1. (a) A soap bubble hanging from the end of a capillary tube of diameter 1mm with gravity pointing downwards. The
elastic filament sits on top of the bubble with one end hinged to the capillary tube. (b) Schematic of the setup in which the

bubble is approximated by a sphere with u(1) being the azimuthal angle, and u(2) being the polar angle on the sphere. Gravity
points downwards, towards the negative z-axis. The filament shown in red is represented using (u(1)(s), u(2)(s)) where s is the
arc-length along the filament.

rameters fixed.

RESULTS

When one end of the filament is hinged to the capil-
lary tube at the north pole of the bubble, with gravity
pointing from north to south, the filament takes different
morphologies, as shown in Fig. 2, when the ratio Φ of
filament length to bubble radius is increased. Initially,
the filament lives along a longitude (see Fig. 2(a)). For
small filament lengths we expect gravity to not play a role
in determining the filament configuration, so the shape
is determined purely by minimizing the bending energy.
For a sphere the great circle has the smallest curvature
and thus the filament lies along a longitude, since bending
energy E ∼ κ2L, κ being the curvature. As we increase
the ratio Φ, the conformation of the filament changes
from that of a longitude, as shown in Fig. 2(b − d). In-
tuitively we recognise that this effect is due to gravity:
the weight of the filament pulls it towards the bottom of
the sphere. At the largest values of Φ, the filament coils
around a fixed latitude in the bottom half of the sphere.

We explore the phase space of morphologies, spanned
by the two variables Φ and Ω−1

g , to ensure that the phys-
ical mechanism we describe is indeed what we observe in
experiments. For a fixed length of the filament hinged
at the north pole a change in the radius of the bubble
Rb changes both variables, causing us to traverse the
morphological phase-space along trajectories Φ ∼ 1/Rb
and Ω−1

g ∼ 1/R3
b . We perform these experiments with

eleven different filament lengths L = 0.5cm − 5cm and
two different filament thicknesses t = 70µm, 100µm. We
show these trajectories for different filament lengths in

Fig. 3(a) by dashed lines. These trajectories and con-
figurations can be reversed by re-inflating the bubble,
except in the regime where the filament coils and self-
contact of the filament leads to irreversibility in config-
urations. Along a given trajectory the green dots cor-
respond to a filament configuration along the longitude,
and red dots correspond to deviations from the longitude
to more complex shapes. Since changing the thickness of
the filament changes the bending stiffness (EI ∼ t4) and
changing bubble size changes the elasto-gravity bendabil-
ity (Ω−1

g ∼ 1/R3
b), we are able to span two orders of Ω−1

g

in the experiments.

The experimental observations are qualitatively ex-
plained by our arguments regarding the role of the geom-
etry (Φ) and gravitational potential energy versus elastic
energy (Ωg). However, a quantitative description of the
nature of the transition from the longitude is desired. In
such a description, we would also like to predict the polar
position at which the filament chooses to situate itself be-
yond the transition point from a longitude to a complex
shape. In order to gain a quantitative understanding we
approximate the shape of the filament as an elastic curve
on a sphere and calculate the transitions between mor-
phologies by minimizing the total energy due to bending
deformations as well as gravity. We validate this with
the experiments and gain further understanding by per-
forming a numerical minimization of the total energy by
approximating the filament as a combination of discrete
elastic rods.
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FIG. 2. (a − f) Filament morphology on the surface of the bubble for different bubble sizes for a fixed filament length of
L = 30mm. For large bubble size the filament stays along a longitude and as the bubble size is decreased, assumes more
complex shapes where it bends smoothly from the longitude along a chosen latitude. The solid line is traced along the filament
for higher contrast, and is shown in orange color along the longitude, and in black where it deviates from a longitude. In (f)
we show the filament in self-contact. Coiling occurs on further decrease in bubble size. The scale bar is 3mm.

Geometry and mechanics of the filament

We describe the morphology of the filament in our ex-
periments using the elastic energy and the gravitational
potential energy of the filament. Since stretching and
twisting are extremely high-energy deformations, we con-
sider only bending energy in the inextensible limit. The
total energy of the filament in this approximation is

E =
EI

2

∫ L

0

κ2(s) ds+ %g
πt2

4

∫ L

0

(S(s)− So) · ẑ ds,

(1)

where S(s) ≡ S(u(2)(s), u(1)(s)) is the location of the
filament center-line on the surface of the sphere. So
is a reference location about which the potential en-
ergy is measured, κ(s) the magnitude of curvature along
the arc-length s and ẑ the direction against gravity (see
Fig. 1(b)). For the specific case of a sphere we can ex-
plicitly write the parameterization of the surface as:

S(u(2), u(1)) = w(cosu(2) cosu(1), cosu(2) sinu(1), sinu(2)).

The curvature vector κκκ(s) can be decomposed in the or-
thogonal Darboux frame as:

κκκ(s) = κnN̂ + κg(N̂ × d̂3), (2)

κn being the normal curvature along the surface normal
given by

N̂ =
Su(1) × Su(2)

||Su(1) × Su(2) ||
.

where Su(j) denotes derivative with respect to u(j), j =
1, 2 and κg is the geodesic curvature along the binor-

mal direction (N̂ × d̂3), with d̂3 being the tangent vec-
tor along the curve S(s). The arc-length and the cur-
vature are non-dimensionalized using the bubble radius
Rb and the total energy is non-dimensionalized using
(EI/2Rb) as the energy scale: s̃ = s/Rb, κ̃ = κRb and

Ẽ = E /(EI/2Rb). For a sphere we know that the nor-
mal curvature is a constant everywhere, κn = (1/Rb) and
using this we can rewrite the energy expression as:

Ẽ =

∫ Φ

0

[κ̃2
g + Ωg(S̃(s̃)− S̃o) · ẑ] ds̃+ Φ. (3)

where tildes denote non-dimensional variables.

Limit of zero gravity

In the asymptotic limit of negligible gravity, Ωg →
0, the filament morphology is determined only by the
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FIG. 3. (a) Phase diagram of coiling represented by the non-dimensional elasto-gravity bendability, Ω−1
g and the coiling

parameter, Φ. Circles are experimental data points for a given combination of Φ,Ω−1
g . The green region is when the filament

stays along the longitude, separated from the red region by the solid line representing the theoretical critical coiling parameter
Φc(Ω

−1
g ), which represents the regime of deviations from longitude to the more complex shapes seen in Fig. 2. Φ∗ is the coiling

parameter at which coiling starts for Ω−1
g → +∞ and we see that Φc → Φ∗ for large Ω−1

g . The white region, with orange
experimental points is the regime of coiling. (b) Curvature along the filament, κ̃(s̃) as a function of arc-length, s̃ from numerical
solutions for different values of Φ (shown in the legend) for a fixed Ω−1

g = 0.1. (c) Bifurcation diagram of coiling: Fraction of
filament length along longitude, α as a function of the coiling parameter for fixed values of Ω−1

g . Symbols are from experiments
and solid lines (dashed lines) from theory by minimizing energy expression in Eq. 9 with (without) the constraint of αΦ < π
for different Ω−1

g values shown in the inset. The data points in the gray region indicate that the length along the longitude
never crosses the south pole. Numerical minimization shown in black for Ω−1

g = 0.1 captures the experimental observation
accurately. We also show the critical coiling parameter from the model, Φc, in turquoise. Inset also shows different shapes we
obtain from numerics for different filament lengths.

bending energy and the solution amounts to minimizing
the bending energy:

Ẽ ≈
∫ Φ

0

κ̃2
g ds̃+ Φ. (4)

We know that Φ remains fixed for a given filament length,
L and bubble radius, Rb and thus κ̃g = 0 or essentially
any geodesic is a solution. Since we have hinged one end
of the filament, this allows only for longitudes: geodesics
that travel from the north pole to the south pole on the
bubble. In the weak gravity limit, the boundary con-

dition at the free end, where the filament experiences a
torque ∼ EI/Rb, does not modify the trajectory from
the geodesics (as also pointed out in [1, 2]) which for a
sphere are the great circles. Thus the filament takes this
shape for Φ ≤ 2π. When Φ > 2π, we expect coiling
along a geodesic, with deviations from the geodesic due
to self-intersections at finite t/Rb. We define the coil-
ing parameter Φ∗ at which coiling starts as the filament
length at which self-intersection occurs. For Ω−1

g → ∞
the non-dimensional length for coiling is Φ∗ → 2π.
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Finite gravito-bendability effects

In the experiments we have non-zero values for elasto-
gravity bendability and as a consequence the filament
shape deviates from the geodesic and the critical coiling
parameter Φc at which this occurs is expected to be a
function of Ω−1

g . The complex shape we see in the ex-
periments beyond the transition from a geodesic can be
simplified by approximating it to be a combination of a
longitude and a latitude (which is no more a geodesic)
at a given polar angle. This approximation ignores the
smooth transition between latitude and longitude, treat-
ing it geometrically as a sharp kink, with no elastic en-
ergy cost. (We evaluate the effects of this approximation
later in this article via numerical minimization.) The
total energy of such a configuration is given by

Ẽ = Ẽl(αΦ) + Ẽg((1− α)Φ), (5)

where α is the fraction of the filament along the longi-
tude, Ẽl is the energy due to the filament along the longi-
tude and Ẽg is the energy due to the section along the lat-
itude. The parameterization of the filament shape lying
along any latitude with polar angle ξ is given by, u(2) =
ξ, u(1) = s̃/λ, S̃ = (cos ξ cos(s̃/λ), cos ξ sin(s̃/λ), sin ξ).
The inextensibility constraint is enforced by setting λ =
± cos ξ. The energy of this configuration can be calcu-
lated to be,

Ẽg((1− α)Φ; Ωg) = (1− α)ΦΩg(sin ξ + zo) (6)

+

∫ (1−α)Φ

0

κ̃2
g ds̃+ (1− α)Φ,

= (1− α)Φ
[
1 + tan2(ξ) + Ωg(sin ξ + zo)

]
.

(7)

We have used the fact that the geodesic curvature of
any latitude for a spherical metric as κ̃g = tan ξ [22].
Along a longitude the potential energy of any filament
configuration depends on where the starting point of the
filament s̃ = 0 lies. We can denote an arbitrary longitude
by the parameterisation: u(2) = s̃ − ϑ, u(1) = 0 where ϑ
is the polar angle at which the filament is hinged, which
we will set to −π/2 denoting the north-pole. We can
now write the potential energy of the configuration as:
Ẽ p
l = Ωg[cosϑ − cos(ϑ − Φ) + zoΦ]. Since all longitudes

are geodesics, κ̃g = 0 along these curves, leading to the
total energy,

Ẽl =

∫ αΦ

0

Ωg(x− xo) · ẑ ds̃+

∫ αΦ

0

κ̃2
g ds̃+ αΦ,

= αΦ(1 + Ωgzo) + Ωg
[

cosϑ− cos(ϑ− αΦ)
]
. (8)

Lastly the geometric constraint from inextensibility re-
lates α and ξ as: αΦ = (π/2 − ξ) and after setting
ϑ = −π/2, the resultant energy can be written as:

Ẽ = αΦ + Ωg sin(αΦ) + (1− α)Φ
[

csc2(αΦ) + Ωg cos(αΦ)
]
.

(9)

The equilibrium configuration is given by extremising
the one parameter energy expression 9, achieved by solv-
ing δẼ /δα = 0 for α ∈ [0, 1]. Before we minimize this
expression, we must regularize the unphysical divergence
in energy Ẽ for αΦ → π, which occurs due to the ab-
sence of a cutoff length scale associated with capillary
bendability. This is done by introducing a cut-off length
associated with the capillary bendability (see SI sec. S2
for details). The phase boundary for deviation from the
geodesic shape is represented by the critical coiling pa-
rameter Φc when α first deviates from 1. We plot this
in Fig. 3(a) as the solid curve and find that our simple
geometric theory captures the transition seen in exper-
iments accurately, both at small values of Ω−1

g as well

as Ω−1
g ∼ O(1). We see that the increase in the value

of critical coiling parameter Φc with increase in Ω−1
g due

to reduction in effects of gravity is also captured by the
model. Moreover the trend is consistent with the predic-
tion that Φc → Φ∗ when Ω−1

g →∞.

The transition we see in our experiments in Fig. 2 from
a longitude happens when α changes its value as we tune
Φ for a fixed value of Ω−1

g , however when we change the

bubble radius we modify both Φ as well as Ω−1
g . To com-

pare the value of α from our experiments with the calcu-
lation at fixed Ω−1

g , we hold the bubble size fixed while
we increase the filament length on the surface by feeding
the filament from the top of the bubble. We perform ex-
periments using this protocol for five different values of
Ω−1
g between 0.04− 0.1 and plot the results in Fig. 3(c).

As the bubble is spherical, we are able to calculate the
length of the part of the filament along the longitude
from the 3D coordinates of the point where it deviates
from a longitude. In Fig. 3(c), symbols correspond to ex-
perimental measurements, dot-dashed lines for the theo-
retical minimum energy shapes and solid coloured lines
for the minimal energy shape with αΦ constrained to be
less than π, i.e., the filament cannot cross the south pole.
For small Φ, the filament lies perfectly along a longitude,
i.e., along α = 1. This holds true till just beyond Φ = π
(dashed vertical line), where the filament is long enough
to touch the south pole. At higher Φ, both experiments
and theory show deviations from a longitudinal shape,
i.e. α < 1. We emphasize that the theory corresponds
to a part of the filament lying perfectly on a longitude
and the remainder lying perfectly on a latitude, with a
sharp transition between the two segments with no elas-
tic cost. In experiments, however, the transition between
these two segments occurs smoothly, and the deforma-
tion contributes to elastic energy. Despite this missing
energy at the transition zone, the theory predicts the Φc
well. However for Φ > Φc, we see deviations in the val-
ues of α between the experiments and the theory. This
deviation in magnitude of α is evident in Fig. 3(c) as
all α values from experiments lie below the αΦ = π line
while the theoretical predictions of minimal energy with-
out additional constraint on α (dashed colored lines) lie
above this line. But providing an additional constraint of
αΦ < π to Eq. 9 (solid colored lines) results in reasonable
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FIG. 4. (a− d) Sequence of images in the coiling phase beyond the point of self-intersection where we see the filament starting
to pack on the surface of the bubble. For a very small bubble size as in (d) the curvature of the transition zone starts interacting
with the hinge at the tip of the capillary tube. Scale bar is 3mm. (e) Self-intersecting shape of a filament in numerical simulation
beyond the transition threshold for coiling when Φ = 7 for Ω−1

g = 0.1.

agreement with experiments, despite the simplifying as-
sumption made at the transition zone. Since the theory
neglects the deformation at the transition zone between
the geodesic and the latitude, accounting for this missing
length scale would reduce the length of filament on the
longitude. This thus would reduce α, providing better
agreement with experiment without explicitly adding an
additional constraint. In order to understand the transi-
tion zone, we perform numerical simulations of the fila-
ment shapes using the energy in Eq. 3.

Numerical simulation of filament shapes

We explore the different shapes that the filament takes
on the bubble by numerically minimizing the energy in
the Eq. 3 with the filaments segmented into discrete
linked rods. The total energy of the system can be writ-
ten as

Ẽ =
∑
j

[κ̃2
j + Ωgz(s̃j)]h, (10)

where κ̃j = (t̂(s̃j) − t̂(s̃j+1))/h and h is the length
of the discrete rods. Along with this, we further have
the constraint that one end of the filament is fixed:
x̂(0) = (0, 0, 1) and that all the coordinates of the fil-
ament lie along the surface of the sphere: ||x̂(s̃j)|| = 1.
We use the fmincon function in Matlab’s optimization
toolbox to find the minimal energy shape of the filament.
We show in Fig. 3(c) inset the shapes we obtain from the
minimization and in Fig. 3(b) the curvature of the fila-
ment for different values of Φ when Ω−1

g = 0.1. The first
part of the filament in the numerical solution has con-
stant curvature, corresponding to it lying entirely along
a longitude, and beyond some arc length, deviates from
this constant curvature. The region deviating from κ̂ ≈ 1
corresponds to the transition zone where effects of the
length scale missing in the theory are now accounted for
in the numerics. We compute the value of α as a function
of Φ where we define α as the length from the location
where κ̃(s̃) reaches its first minimum to the end of the
filament. This is shown as black circles in Fig. 3(c); we
find that the bifurcation is indeed sub-critical and for

larger values of Φ we find that α ∼ 1/Φ away from the
bifurcation point. The sub-critical nature of the transi-
tion can be attributed to a similar mechanism as that
seen in the wrapping of a droplet by an elastic sheet (see
ref. [18, 20, 23]) where the external body force that the
droplet applies on the sheet makes the flat state unsta-
ble and the sheet goes to a wrapped state. The effect
of gravity breaks the up-down symmetry of the filament
configuration and thus leads to a state where the pre-
ferred shape is no more along the longitude. We also
look at the bifurcation when the ends of the filament are
free in SI sec. S1 and find a similar instability mechanism.

Since the contribution to the total energy of the fil-
ament comes from bending and potential energy along
the filament latitude and longitude parts as well as
the energy of the transition zone, we find the scaling
of each of these components. The energy contribution
due to bending scales as El ∼ EIl/R2

b , gravitation to
be Eg ∼ %gt2l2 and bending in the transition goes as
Et ∼ EIleg(1/R2

b + 1/l2eg). These can be written in non-
dimensional terms in with EI/Rb as the energy scale to
get:

Ẽl ∼ Φ, Ẽg ∼ ΩgΦ
2, Ẽt ∼ (Ω1/3

g + Ω−1/3
g ).

Though it might seem at first glance that the transition
zone energy Ẽt has singular contribution since it diverges
in both limits of Ω−1

g → 0,∞, this is however not the case

as the transition zone exists only when Ωg,Ω
−1
g ∼ O(1).

It is also evident from the scaling above that the critical
length for transition Φc ∼ Ω−1

g (which is also the case for
filaments with free ends as shown in SI sec. S1).

Coiled phase

In the coiled phase the packing fraction of the surface
of the bubble is independent of Ω−1

g and is a purely ge-
ometric quantity determined by the length, thickness of
the filament and the bubble radius. In Fig. 4 (a− d) we
show the shape of coils in the experiments where we see
that the filament after self-contact forms complex shapes
but at small bubble radius, aligns with itself, forming
multiple coils. When the size of bubble becomes very
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small, the boundary layer close to the fixed end of the
filament determines the overall orientation and this re-
sults in the tilt of the coil seen in Fig. 4(d). However
in the numerical simulations, in Fig. 4(e), as there is no
interaction between filament points, we see that they self-
intersect and are all now localized at the bottom of the
bubble.

CONCLUSION

Our results can be posed within the broader framework
of confinement and bendability of elastic structures. Con-
finement prescribes the geometric constraints placed on
the elastic object, which in this case is the constraint

of conforming to a spherical substrate of given radius.
Bendability determines the competition between forces
due to elastic deformation and external body forces, grav-
ity in this case. Elastic instabilities in thin sheets [24–26]
have been explored within this framework. The exper-
iments presented here show that this paradigm is also
applicable to filaments: the coiling parameter, which de-
pends explicitly on the curvature of the bubble, is a con-
finement parameter, while the elasto-gravity bendabil-
ity quantifies the relative magnitude of the forces due
to gravity and bending deformation. We have only ex-
plored spherical substrates in this work, however, other
substrate geometries such as negatively curved surfaces,
and surfaces with non-uniform curvature could lead to
different instabilities and morphologies.
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Supplemental Materials: Shapes of a filament on the surface of a bubble

S1. COILING WITH TWO FREE ENDS

In our experiments we held one end of the filament fixed at the bubble’s north pole. However
when both the ends are free the calculation of the critical length Φc for transition between different
morphologies gets simplified. The filament shape is given by either the geodesic or the polar angle
of the latitude based on the energy, which is a function of the coiling parameter and elasto-gravity
bendability. In order to calculate the minimum energy, we use the expressions in Eq. 7, 8 (see
Fig. S1(a) for the functional form when Ω−1

g = 1). The minimum energy stays along the geodesic

up to a critical value of Φ ≤ 5.13 when Ω−1
g = 1. Beyond this critical value of coiling parameter

the solution branch shifts to that of a latitude (shown by a solid gray line), as the energy of the
geodesic exceeds that of the latitude of the same length. The solid line in Fig. S1(b) is the critical
coiling parameter Φc when the filament transitions from a geodesic to a different latitude calculated
as a function of Φ for different values of Ω−1

g . The filament starts coiling only when the filament
wraps a given latitude completely and comes into self-contact. This is indicated by the dashed line
in Fig. S1(b), which is calculated by using the relation Φ∗ = 2π cos(ξc), where ξc is the polar angle
of the latitude configuration.
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Asymptotic behaviour

When both ends of the filament are free, we expect Φc → 2π in the limit of zero gravity just as
seen in the main text. Thus, when Ωg → 0 the selected latitude is described by polar angle ξc → 0.
We have two small parameters ξc, Ωg whose relationship is evaluated by expanding the solution close
to Φ→ 2π as Ωg → 0. From the minimised solution we know that the latitude’s polar angle satisfies,

Ωg cos4 ξc = −2 sin ξc.

Expanding the above expression, we get the leading order behaviour:

ξc ∼ −
Ωg

2
.

We find that ξc is independent of Φ after the transition from the geodesic i.e. Φ > Φc. Further
as gravity becomes stronger the polar angle to which filament migrates moves towards south pole.
This comes from a compromise between bending energy and potential energy where filament chooses
to bend more to reduce the potential energy with increase in Ωg. In order to find the relationship
between the critical filament length Φc at which bifurcation happens in this asymptotic limit, we
expand the full energy expression for a latitude in Eq. 7 to get,

Ẽg = Φ(Ωg(sin ξc + zo) + 1 + tan2(ξc)), (S1)

≈ Φ

(
1−

Ω2
g

4

)
. (S2)

A similar expansion for the energy of a geodesic can be performed to get

Ẽl = Φ− 2Ωg sin
Φ

2
. (S3)

Since we are interested in the region close to Φ → 2π, we have the small parameter δ = (2π − Φ).
The geodesic energy can be written in terms of δ as:

Ẽl ≈ 2π − δ − Ωgδ +O(δ3) (S4)

The criteria for transition is found by solving Ẽg = Ẽl and this gives,

Ω2
gδ

4
−
πΩ2

g

2
= −Ωgδ, (S5)

δ ≈ πΩg

2
. (S6)

We plot in Fig. S1(c, d) the asymptotic expressions derived above for ξc and δ as dashed lines and
compare it with the full solution shown as solid curves.

S2. REGULARIZING SINGULARITIES

In Eq. 9 we have singularities at the south pole of the bubble because the curvature of the fraction
(1−α) of the filament along the latitude diverges as the square of curvature of the latitude portion,
whereas the fraction of length along latitude (1 − α) → 0 contributes only linearly. In order to
avoid this divergence, we need a regularization length scale arising from the missing length-scale
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in the model, the bendo-capillary length lbc. To resolve this divergence we multiply the singular
contribution with a function Λ(β) that suppresses the singularity. The energy then becomes,

Ẽ = αΦ + Ωg sin(αΦ) + ΩgΦ(1− α) cos(αΦ)

+ (1− α)Φ
{

[1− Λ(0)− Λ(π)− Λ(2π)] csc2(αΦ)
}
, (S7)

where Λ(β) = exp

(
− (αΦ− β)2

η(Ω)

)
.

Here η(Ω) is the cut-off non-dimensional length-scale associated with the capillary bendability, as this
is the length scale that acts at the boundary of scale separation. However owing to the limits of scale-
separation when the radius of curvature along a latitude approaches the length-scale associated with
capillary bendability, this energy expression is no more valid. These regularizing terms are relevant
at three locations along the filament i.e. αΦ = 0, π, 2π, as all these locations result in diverging
values of the energy.
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