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A new strategy for automatic coupling between the inductive PEEC
method and an integral electrostatic formulation
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This paper presents a new strategy for building an equivalent RLMC circuit for electromagnetic interconnections modelling
in the context of the Partial Element Equivalent Circuit (PEEC) method. The method consists in splitting the overall formulation
(RLMC) into two independent formulations (RLM) and (C). Both formulations are used independently to calculate equivalent circuit
elements. Once all the elements are calculated, they are merged into a global electrical model which is solved globally with an
external circuit solver. A coupling with the similar idea was presented a few years ago and showed very good performance for the
modelling of electromagnetic devices where propagative effects are negligible like in power electronics applications. However, the
coupling of the parasitic capacitances C with RLM circuit had to be carried out manually. Our new strategy allows to do it in a
completely automatic way.

Index Terms—Partial Element Equivalent Circuit (PEEC), capacitance extraction, circuit coupling.

THE PEEC method (Partial Element Equivalent Circuit)
has been developed for many years. First introduced

through studies of A. Ruehli [1] and then through a series of
remarkable developments up to now [2], [3], [4], [5], [6], [7],
[8], this method is today a very robust and powerful electro-
magnetic simulation tool which can be used for the modelling
of a wide range of applications such as antennas, PCB, power
electronic devices, shielding or others electromagnetic devices.
More recent works have led to the development of the un-
structured PEEC method allowing the use of unstructured
general meshes thanks to face shape functions (Whitney 2-
form shape functions) [9] for the interpolation of current
density. Starting from the work of F. Freschi [10] which
was limited to conductive surfaces, extensions to volume
regions have been proposed in [11] allowing simulations in a
wide frequency range of problems with dielectric [12], [13]
and magnetic materials [14], [15]. Today, PEEC is a very
general computational method allowing the resolution of full-
wave Maxwell’s equations with few limiting assumptions. The
formulation we proposed in [13], [12] is a very efficient one
for the modelling of low to medium-frequency devices like
power electronics devices. It includes resistive (R), inductive
(L and M) and also capacitive effects (C) but neglects the
propagation in media by lying on the Green’s functions for
the Laplace equation and not considering its Helmholtz’s
extension.The frequency range validity of this formulation is
between 10 kHz and 100MHz where the propagative effects
can be neglected because the devices dimension we aim to
study is about some tens of centimeters (wavelength at 200
MHz is 1.5 m). However, in such problems, the skin effects
have to be taken into account because the conductors have a
width of tens of mm. Besides the capacitive effects can not be
neglected because they generally appear from around 1 MHz
(depending on geometric dimensions of conductors) and are
needed in the modelling of common mode current loop that
develop between tracks and the ground planes.

In this formulation, all the elements of the mesh are associ-
ated to equivalent partial circuit elements. It leads to a global

circuit with a huge number of components of very different
natures and values so a poorly conditioned matrix system. This
point is crucial in particular within the framework of matrix
compression techniques [16], [17] where the convergence rate
of the resolution is the main limitation of the method. An
important research effort has been carried out on the subject.
Much work has focused on the development of efficient
preconditioning techniques in order to accelerate convergence
[18], [17]. This topic of research is still very active because
no “universal” preconditioner has yet been exhibited. This
is why we have investigated others strategies in order to
make PEEC method competitive to simulate problems with
an industrial complexity. Few years ago, an alternative method
has been proposed. It consists in splitting the global (RLMC)
formulation in (RLM) and (C) independent formulations [19],
[20], [21], [22]. Both formulations are used independently to
compute equivalent circuit elements. Once all elements have
been computed, they are merged in a global electric model
which is solved in a global way thanks to an external circuit
solver. An advantage of the approach is that both formulations
do not need to be compatible meaning that different numerical
techniques can be used to solve quasi-static (inductive) or
electrostatic (capacitive) problems. For instance, in [19] and
[20], the inductive problem has been solved with structured
RLM-PEEC method while the equivalent capacitances have
been computed with a boundary element method (BEM). This
approach has led to matrix systems with smaller dimensions
and good condition numbers and has shown its performance
in terms of time and memory for the modelling of complex
industrial power electronics devices. Even if the method has
shown its efficiency, it remains difficult to use by a non-
specialist user. The main difficulty comes from the merge
of both formulations and the building of the final circuit
model. This task is complex and required a high expertise,
the question being mainly the definition of the different
capacitive regions and their connections in the global circuit
to the inductive elements. To make this process automatic is
absolutely necessary if we want the method to be used in
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an industrial context. This is what the paper aims to do by
proposing a new algorithm based on an iterative resolution.
The paper is organized as follows. The first part is dedicated to
the presentation of the inductive RLM-PEEC formulation. The
parasitic capacitances are computed with an equivalent charge
integral formulation presented in part two. It is equivalent to
a BEM approach. The third part of the paper is dedicated
to the coupling strategy principle. It is based on the analysis
of the electric potential distribution obtained after an initial
resolution of the problem limited to the only inductive case.
From the potential map obtained, a set of region is defined
and used to compute with a BEM a set of capacitances which
are introduced in a global circuit model. The resolution of
these circuit equations leads to a new potential map which is
analyzed once more in order to define a new set of regions
associated with a new set of capacitances. Circuit equations
are solved again and the process is repeated until convergence
without any manual intervention of the user. The fourth part
will give more details about the numerical implementation
while the fifth will be dedicated to the validation of the method
demonstrating its performance. The paper ends conclusions.

I. UNSTRUCTURED INDUCTIVE RLM-PEEC

Let us consider an electromagnetic quasi-static problem
with linear, homogeneous and isotropic conductive regions.
We have the Maxwell-Faraday equation:

∇×E = −jωB (1)

with ω the pulsation, E,B the electric and magnetic fields
respectively. Considering the free-divergence of B, magnetic
vector potential A and electric scalar potential V are linked
to E by

E = −jωA−∇V (2)

For a problem without any magnetic material, the magnetic
vector potential A is given by:

A =
µ0

4π

∫
Ωc

J

r
dΩc (3)

with J the current density, Ωc the conductive region and r
the distance between the integration point and the observation
point. In our case, we consider a constitutive law linking the
current density J to the electric field E:

J = σE (4)

with σ the conductivity of the conductive region. Equation 2
can be rewritten as follows:

J

σ
= −jω µ0

4π

∫
Ωc

J

r
dΩc −∇V (5)

This equation is the governed equation of the PEEC inductive
formulation. The current density J is interpolated by the first
order face shape functions:

J =
∑

wiIi (6)

where wi are the ith face shape function and Ii the current
flowing through the face i. Equation 5 is discretized using
the Galerkin method with face shape functions as projection
functions. The obtained linear system is [11]:

([R] + jω [L]) {I} = {Ub} (7)

with

[R]i,j =

∫
Ωc

wiwj

σ
dΩc (8)

[L]i,j =
µ0

4π

∫
Ωc

wi

∫
Ωc

wj

r
dΩcdΩc (9)

{Ub}i = −
∫

Ωc

wi∇V dΩc (10)

Matrix [R] is the resistive sparse matrix while [L] is the
full inductive matrix. This system leads to an RLM circuit
presented in Figure 1.7013504 IEEE TRANSACTIONS ON MAGNETICS, VOL. 50, NO. 2, FEBRUARY 2014

Fig. 1. Representation of shape functions of the faces {i, j, k} and {i, j, k, l}
for the reference tetrahedral and reference hexahedra.

where w j is shape function [see Fig. 1.] and I j is flux across
the j th facet. Expressions for w j can be easily computed
for different kind of element [4]. The main property of such
element family is that the normal component of w j is con-
served through each facet, so also ensuring the conservation
of current.

Let us remember some of the properties for these shape
functions

w j · n = ± 1

s j
(8)

divw j = ± 1

ve
(9)

where s j is the surface of facet j and ve is the volume of
element e, which contains the facet j . The sign (±) depends
on the facet orientation.

C. System Assembly Using Facet Elements

Applying the Galerkin method to (4) using wi as projection
functions, a system of linear equations is obtained

[Zb] If = ( [R] + jω [L] ) If = Ub (10)

with

Ri j =
∫

�C

wi .w j

σ
d�C (11)

Li j = μ0

4π

∫

�C

wi .

∫

�C

w j

r
d�Cd�C (12)

Ubi = −
∫

�C

wi .gradUd�C . (13)

Matrix [Zb] can be seen as the impedance matrix of the
electrical equivalent circuit generated, If is the vector of
currents through the facets, [R] is the matrix of the resistive
terms, and [L] is the matrix of the mutual inductances. Let
us notice that the resistive matrix [R] is sparse and similar
to a matrix obtained during a classical finite-element method
(FEM) assembly. On the other hand, the inductive part [L] is
fully dense and more representative of integral method-based
assembly. To avoid integral singularity inaccuracies while
the computation of [L], different Gauss points repartition
are considered especially for the computation of the self-
inductance (i.e., Lii ).

Fig. 2. Primal and dual meshes, the black points are the centroid of
elements, red ones are the centroid of the faces on the boundary. (a) Both
Ubi configurations are represented (internal and border facets) and (b) part of
equivalent electrical circuit, Zbj is the impedance, Ubj is the voltage of the
j th branch and Ifj is the current across the j th branch.

Let us define Ue the average values of the voltage on each
finite-volume element �e and U f its average value on each
face �f of the mesh. We have

Ue = 1

ve

∫

�e

Ud�e (14)

U f = 1

s f

∫

� f

Ud� f (15)

with ve is the volume of element e and s f is the surface of
facet f. Let us apply divergence theorem on (12), we obtain

Ubi = −
∫

�

(wi .n)Ud� +
∫

�C

div(wi )U d�C (16)

where � is the boundary of region �C .
Let us now consider the computation of Ubi for an internal

facet i [see Fig. 2(a)]. The first term in (16) is null because
the value of wi vanishes on all others facets of both adjacent
elements sharing facet i . Thus, from (9) and (14), we can
deduce that Ubi is the difference between the averaged voltages
of both elements sharing i .

Let us now consider Ubi for a border facet (i.e., belonging
to the boundary of region �C). From (8) and (15), the value
of the first term in (16) becomes equal to the averaged
potential on the facet. The second term becomes equal to the
volume averaged voltage on the only elements to whom facet i
belongs. Facet orientations have to be considered for properly
computing the values of Ubi .

From the previous considerations, an equivalent electrical
circuit (10) can be generated [see Fig. 2(b)]. The branches
of this circuit are represented by the facets of initial mesh.
Each element of the mesh can then be seen as a node of this
circuit. This electrical circuit is an equivalent representation
of the dual mesh.

D. Resolution of the Electrical Circuit

To ensure the solenoidality of J, we can use a similar
technique to which used for classical structured PEEC method.
In our approach, we have decided to use a circuit solver
resolution based on the determination of independent loops [9].
The general principle consists in finding small topological
loops (minimum number of branches), allowing a very quick
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Fig. 1. (a) Primary and dual mesh (dashed line). The nodes and branches of
the dual mesh are successively nodes and branches of the equivalent electrical
circuit. (b) Part of the electrical circuit with Ubj the voltage at the terminals
and Zbj the equivalent impedance (self and mutual) of the branch j.

This circuit can be coupled with external lumped circuit el-
ements and its final resolution is performed using independent
nodes or independent loops analysis [23]. Let us notice that if
we want to solve a problem with less restrictive assumptions
including capacitive effects, the circuit can be completed with
additional lumped capacitances. The following of the paper
will present a strategy in order to do it in a economic way.

II. EXTRACTION OF PARASITIC CAPACITIES

The problem of extracting parasitic capacitances has a long
history, in which the BEM approach is a widely used method
and has proven to be very efficient because of its ability to han-
dle complex geometries and infinite domains. There are two
alternatives to this method : the direct formulation based on
the integral boundary equation derived directly from Laplace
equation [24] and the indirect formulation based on single-
layer and adjoint of double-layer potential equations (with
dielectric regions) [25], [26], [27], [28], [29]. Several other
developments have also been introduced such as BIM dual or
pure second-kind BIM [30], [31], [32]. The Equivalent Charge
Formulation (ECF) based on the indirect BEM formulation is
chosen in this paper for its simplicity, its reliability and the
possibility to be applied to dielectric multi-domains problems.
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A. Equivalent Charge Formulation

Let us consider a problem composed of several conductive
regions Ωci with a given surface potential distribution and
placed in a surrounding dielectric regions Ωd like presented
in Figure 2. The dielectric materials permittivity of region Ωd
is ε. The permittivity of the free space is ε0. The surface Γc
denotes the union of the boundaries of Ωci regions and Γd is
the boundary between Ωd region and free space. The boundary
Γ = Γc ∪ Γd is the union of both boundaries where charges
appear and has to be determined. Vector n denotes the external
normal to Γd.

Fig. 2. Description of the 3D electrostatic problem that consists of one
dielectric region and several volume conductive regions.

The equivalent charge density located on Γ is ρs. This
charge distribution has to be understood as the sum of free
electrical charges and polarization charges. The single-layer
potential created by this charge distribution at a target point
P belonging to the boundary of the conductive regions Γc is
written as:

V (P ) =
1

4πε0

∫
Γ

ρs
r
dΓ (11)

A second integral equation based on the double-layer po-
tential is obtained at point P on Γd by expressing the jump
of the normal component of the electric field.

0 = − (ε+ ε0)

2ε0(ε− ε0)
ρs(P ) +

1

4πε0

∫
Γ

ρs∇(
1

r
).ndΓ (12)

By applying the Galerkin method with piece-wise constant
shape functions to equations 11 and 12 projected on Γc and
Γd respectively, we obtain the following system of equations:



P1,1 · · · P1,n

...
...

Pnc,1 · · · Pnc,n

Enc+1,1 · · · Enc+1,n

...
...

Enc,1 · · · En,n





q1

...
qnc

qnc+1

...
qn


=



V1

...
Vnc

0
...
0


(13)

where q is the total charge per surface element, n and nc
are elements number of the discretized surfaces Γ and Γd

respectively, Vi is the imposed potential of element i of
the conductive regions. The expressions of matrices P/E
coefficients are :

[P ]i,j =
1

4πε0

∫
Γci

∫
Γj

1

r
dΓjdΓci (14)

[E]i,j = 1
4πε0

∫
Γdi

∫
Γj

∇( 1
r ).ndΓjdΓdi if i 6= j

[E]i,i = − (ε+ε0)
2ε0(ε−ε0)si if i = j

(15)

where si is the surface of element i. The linear system is
solved with a multipole accelerated algorithm [25] coupled
with a LU-MUMPS preconditioning technique. Once the
charges q have been obtained, we can compute the free electric
charges qe per element which depend on the nature of the
surface where they are located [33]. For the surface Γd, we
have:

qe = q (16)

For an element belonging to interface Γc, we have:

qe = εrq (17)

with εr the relative permittivity of the dielectric material.
Let us notice that if thin conductive regions are considered
in the problem, the mesh can be reduced by only discretizing
the averaged surface of the volume region. Moreover, multi-
dielectric material regions problems can be efficiently treated
with ECF formulation [28].

B. Equivalent parasitic capacitances

Let us consider a system of two conductors whose surfaces
Γc1 et Γc2 are discretized by nc1 and nc2 elements. The para-
sitic capacitance system in the Kirchhoff sense is expressed in
relation to electric charges qe and potentials V of each surface
element conductor according to the following equations:

qe1 = c1,1(V1 − Vref ) + ...+ c1,i(V1 − Vi) + ...+ c1,nc(V1 − Vnc)
...

qei = ci,1(Vi − V1) + ...+ ci,i(Vi − Vref ) + ...+ ci,nc
(Vi − Vnc

)
...

qenc
= cnc,1(Vnc

− V1) + ...+ cnc,i(Vnc
− Vi) + ...+ cnc,nc

(Vnc
− Vref )

(18)

with nc = nc1 + nc2 , Vi the potential on element i and Vref
the reference potential at infinity assumed to be 0V. Let us
notice that the parasitic capacitance is a distributed parameter.
However, if equipotential surfaces can be predicted on the
conductive regions, lumped capacitances can be associated to
these surfaces, leading to a good approximation of the dis-
tributed effect. Assuming that each surface of two conductors
is considered as an equipotential surface, the model of the
capacitive coupling between them is presented in Figure 3

In such case, equivalent capacities are determined by impos-
ing uniform potentials on conductors and then by solving 13
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1c 1d 2c

0

0 0( 0, ) 

1 0( , )  1( 0, ) 

2 0( , ) 

n

nn

1c 2c

1,2C

1,1C 2,2C

1cV 2cV

refV refV

Fig. 3. Capacitive coupling for a system of two conductors with each of their
surfaces considered as equipotential.

and computing the charges. Lumped capacitances are obtained
with equations 19, 20.

C1,1 =

nc1∑
i=1

qei, C1,2 =

nc∑
i=nc1+1

qei (19)

with V1, ..., Vnc1
= Vc1 = 1;Vnc1+1, ..., Vnc

= Vc2 = 0

C2,2 =

nc∑
i=nc1+1

qei, C2,1 =

nc1∑
i=1

qei (20)

with V1, ..., Vnc1 = Vc1 = 0;Vnc1+1, ..., Vnc = Vc2 = 1
C1,2 and C2,1 are capacitances between two same conduc-

tors. In other words, the capacitance matrix obtained from
the above solution should be symmetrical. However, numerical
errors may lead to a loose of this symmetry. One of the most
important causes of this problem is an inadequate surface
meshes of the regions [21]. For complex geometry problems,
the implementation of an adaptive meshing technique can be
useful [21].

III. RLM-C COUPLING MODEL

A. Coupling principle

In this part, we explain our coupling strategy. Figure 4
shows an example of two infinitely thin conductive plates
supplied by a voltage source V at one end and short-circuited
at the other one. Assuming that both plates can be divided into
four equipotential domains, we obtain a system of 8 equivalent
parasitic capacitors which can be evaluated with the ECF
formulation presented in the previous section. By combining
these components with the RLM circuit obtained by inductive
PEEC, we obtain a complete RLM-C coupling (see lower part
of the Figure 4). In order to be able to neglect the propagative
effect, it is necessary to check that the characteristic length of
the problem geometry D is smaller than λ/10 where λ is the
wavelength.

In our approach, the determination of equipotential domains
is an important task which cannot be done a priori except
maybe by an expert user. We propose an alternative in order
to make this determination automatic. The method starts with
the analysis of the potential map obtained from the solution
of the RLM inductive problem. The equipotential domains
are determined and the overall RLM-C circuit is constructed
and solved according to the aforementioned approach. After

1 2

3 4

V

1,2C

3,4C

1,4C2,3C

4

V

refV

refV

1 2

3

1,1C
2,2C

3,3C 4,4C

A

C

D

B

RLMRLM

RLMRLM

Fig. 4. Representation of a RLM-C coupling principle

solving the circuit, the potential map is updated again accord-
ing to the new solution obtained. Such a process has to be
repeated until the difference of the potential maps between two
iterations is sufficiently small. However, we have found that
at low frequencies, convergence occurs immediately because
the potential map changes very little. In other words, it means
that the capacitive effect is only a disturbance of the inductive
effect and a strong coupling is not necessary in order to model
the problem. Of course at higher frequencies, inductive and
capacitive effects are more strongly coupled so iterations are
needed to find a stabilized potential map. If dielectric domains
are added, the connection model remains the same and only
the capacitance values vary according to the free electrical
charges calculations. In order to be able to create the previous
coupled model, two tasks need to be done automatically : the
equipotential domains determination and the localization of the
connection points to the RLM circuit for capacitances. These
will be presented in the following paragraph.

B. Determination of equipotential regions

As mentioned previously, the equipotential domains can be
defined manually during mesh construction, like proposed in
[19]. Another way to proceed is to use the potential distribution
map obtained from the inductive PEEC problem to construct
equipotential domains automatically. The potential of each
surface element is the potential obtained at the corresponding
dual node in the equivalent RLM circuit. Let us suppose we
have computed a solution of the only-inductive problem and
let us choose ncl the number of domains we want to consider
as equipotential, we apply the following procedure:

1) Consider the potential values of all conductive surface
elements, determine their maximum and minimum val-
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ues (Vmax, Vmin) and compute the amplitude of an
equipotential zone ∆V = (Vmax − Vmin)/ncl

2) Group the geometric elements whose potentials at
the dual nodes belong to the same potential interval
[Vmin + n∆V, Vmin + (n+ 1)∆V ]

3) Split zones which do not have a geometric link in each
group of elements obtained in the previous step.

Step 2 and 3 are based on the DBSCAN algorithm with some
adaptations to our problem. DBSCAN (density-based spatial
clustering of applications with noise) is a data clustering algo-
rithm initially proposed in [34] which relies on the estimated
density of clusters to perform partitioning. A recent application
of this algorithm to electromagnetic problem is presented in
[35]. DBSCAN can be applied to the set of surface element
barycenters of our problem. An example of two elements
clusters returned by this algorithm is shown on the right side
of Figure 5. The first is associated to all the black points and
the other one to all the gray points. However, this clustering
technique only based on spatial distance could sometimes not
ensure the connectivity of the elements set in a 3D problem.
For instance, if two plates are very close to each other the
standard algorithm doesn’t detect that they belong to two non-
connected regions.



DBSCAN

ss

Fig. 5. Illustration of element clusters get with DBSCAN algorithm [34]

For this reason we have tuned the algorithm in order to
ensure the geometric connectivity of the elements in a cluster.
In our version the neighbors of an element are found by
analysing the edges it shares with others elements. The cluster
extension algorithm then remains the same than the original
DBSCAN algorithm.

The initial value for ncl is chosen a priory. Figure 6
shows the result obtained with our clustering algorithm on
a meshed conductive plate fed by an external voltage source
at f = 3E8Hz connected at both extremities. For a sake
of simplicity, a ncl = 4 is chosen. The four clusters are
clearly identified with good symmetry properties. Figure 4
presents results which would be obtained with two regions
not geometrically related and with ncl = 4 as well.

C. Determination of the connection points for lumped ca-
pacitances

For each cluster, the connection point of the lumped capac-
itance to the LRM circuit could be in principle chosen at any

A

B

A

B

Fig. 6. The potential map (left) and four corresponding clusters on a plate
at f = 3E8Hz (right).

point of the dual nodes of the domain elements since each
region is considered as equipotential. From a theoretical point
of view, the choice of the collecting point of the capacitive
currents should not affect the final solution. However, if the
region is large (i.e. includes a large number of mesh elements)
this choice may slightly affect the solution because the concept
of equipotential is an assumption. It then seems reasonable to
select a point (or possibly several) where the value of the real
potential is as close as possible to its mean value. According
to equipotential region dertermination algorithm, we propose
to choose as connection point the elements located in the
geometrical center of each cluster (furthest to the border).

(a) (b)

(c)

C C

Fig. 7. Illustration of mesh reduction technique to find the connection point
for capacitances

Each cluster is reduced by excluding the boundary elements
leading to the elements with the highest neighbor density. This
step continues until the cluster can no longer be reduced. This
method depends heavily on the mesh and in the last step,
not only one but a few admissible elements can be found.
The procedure is illustrated in Figure 7. In this case, a single
element is chosen for each adjacent set of remaining elements.
Another example is shown in the Figure 8. In this example,
two elements of the green cluster are found using the presented
strategy. The dark blue elements on the figure are the obtained
connection points and the value of the lumped capacitances are
divided by the number of remaining elements in each cluster.
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12
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1
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11C

refV

22

1
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Fig. 8. An example of capacity coupling for two clusters

IV. ALGORITHM PRINCIPLE FOR FINAL RESOLUTION

A. Single frequency problem

We consider first a problem with a single frequency. The
RLM problem is solved. A first clustering is performed and
lumped capacitances are computed and connected to the RLM
circuit. The RLM-C problem is solved. A new potential map
is obtained which leads to a new distribution of equipotential
regions so a new set of lumped capacitances. The algorithm
stops when the potential map is stabilized. In practice, the
convergence is obtained after one or two iterations. The
solving steps are presented in the diagram of Figure 9.

Begin

solve PEEC 

inductive-resistive

problem

get the potential map 

on the surface of 

conductors

calculate equivalent 

parasitic capacitances

resolution

End

clustering

build the RLC circuit

search for connection 

points

Begin

solve PEEC inductive-

resistive problem for 

initial frequency f0

resolution at fi

End

build the RLC circuit

frequencies {fi}

i = imax

N

Y

i: = 0

i: = i+1

number equipotential

domains np

impotant modification

of potential map?

Y

N

Fig. 9. Algorithm diagram for single frequency.

B. Multifrequency problem

If a problem with several frequencies is addressed, the
previous algorithm has to be applied one time per frequency
because the conductor potential map obtained by the solving
of the inductive problem is frequency dependant. It means that
a new RLM-C circuit topology is therefore necessary for each
frequency. However, the generation and the resolution of a
totally new equivalent electric circuit is time-consuming and

in order to speed-up the computation time, we propose to start
at the lowest frequency f0 of the frequency range. The solving
of the following frequency point is initialised with the previous
clusters configuration and the capacitance computation process
is adapted if needed. This strategy enables to save computation
time. To start from the highest frequency would be another
option but in the case of an high frequency, the algorithm
would lead to an huge number of clusters for all the frequency
range. In such a way, its advantage would be lost in term of
computation time. The multifrequency algorithm principle is
presented in Figure 10.

Begin

solve PEEC 

inductive-resistive

problem

resolution at fi

End

build the RLM-C 

circuit

frequencies {fi}

i = imax

N

i: = 0

Y

i: = i+1

Y

N

need to rebuild the 

circuit RLM-C

take new 

potential map

analyse of the 

potential map 

modification

Fig. 10. Algorithm diagram for multi-frequency problem

V. VALIDATIONS

In this section, we propose some validations of the de-
veloped multifrequency algorithm presented in Figure 10.
Three test cases are proposed with a growing complexity.
Performances are compared to classical unstructured PEEC
formulation presented in [13] where lumped capacitances are
associated with each element of the mesh and not to equipo-
tential domains. All the computation times for our approach
include the full solving process i.e. the iteration procedure to
obtain the potential map, the determination of equipotential
domain and the connection points and all linear resolutions.
All problems have converged after two iterations.
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A. Test case 1

A first example is proposed in order to proove the ca-
pability of the approach to catch an high capacitive effect
which occurs even at low frequency. We consider a simple
capacitance composed of two parallel square copper plates
50mm × 50mm × 35µm. Both plates are placed at 1.6mm
from each other and connected to an external circuit composed
of a voltage source of U = 1V , a resistance of R = 104Ω and
an inductance of L = 16H in series. These values have been
chosen in order to get a resonance frequency around 10kHz
for the RLC circuit. The connection points to the external
circuit are located in the middle of the plates (red square in
Figure 11). The frequency varies from 9.7kHz to 10.5kHz.
The mesh is composed of 3,434 triangles and 5,446 circuit
branches. The circuit analysis leads to the generation of 2,017
independent loops and a matrix system involving a total of
2,469 degrees of freedom. The RLM circuit topology obtained
by the algorithm is open since there no electric contact
between the two plates so each plate is considered as an
equipotential region. Two clusters and associated connecting
points which are located in the middle of the red zones are
efficiently found by the algorithm.

Fig. 11. Simple test case composed of two parallel conductive plates
connected to a external voltage source, a resistance and an inductance.

Figure 12 shows the computed impedance obtained by
our algorithm in comparison with the reference computed
with thin shell unstructured PEEC formulation presented in
[13]. The times needed for the clustering and the equivalent
capacitances computation are 0.4s and 12.6s respectively. The
total resolution time (for 41 frequencies) of our method is
95s, much shorter than the 1122s needed for the classical
formulation.
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Fig. 12. Impedance magnitude curves obtained for test case 1.

B. Test case 2

Let us now consider a more complex device consisting of
two 35µm thick copper conductive surfaces separated by a
1.47mm dielectric layer (εr = 4.7) [21] The geometry is
meshed with 1,794 quadrangles surface elements (2,338 circuit
branches). The circuit analysis leads to 998 independent loops
and 1,002 degrees of freedom for the matrix system. Both
copper plates are short-circuited and the frequency range is
from 1.0E6Hz to 2.0E8Hz. The different obtained clusters
(ncl = 12 case) are represented in the Figure 13 and are plotted
in different colors. Connection points for lumped capacitances
are also represented (deep blue elements).

Fig. 13. Mesh of the serpentine in short-circuit mode with 8 clusters and
their cores found at f = 1E6Hz.

The numerical results are shown in Figure 14. The
impedance curves are plotted with different clusters number
ncl. A system with very few equivalent parasitic capacitances
like ncl = 2 can lead to results with poor accuracy from
1.2E8Hz. When ncl is large enough, accuracy is much
better and results are very similar to whose obtained with
the complete formulation (see for instance ncl = 24 case).
The black dashed line on the graph indicates the frequency
1.6E8Hz associated to λ/D = 10 (i.e from this frequency
the propagative effect can no longer be neglected). In order to
analyse the convergence of our algorithm, the residual norms
of GMRES at f = 1E6Hz (the capacitive effect is very low)
and at f = 3E7Hz (the capacitive effect is quite stronger)
with a relative stopping criterion ε = 1E−8 are presented in
Figures 15, 16 and compared to the classical approach. Even
if the numbers of degrees of freedom is not the same in both
approaches, our method presents an excellent convergence rate
of the linear solver demonstrating that the method significantly
reduce the problems due to the poor conditioning of the
complete formulation. Total resolution times are summarized
in Table I For the ncl = 24 case, 8.5s and 49.s are needed for
the clustering and the capacitances computation respectively.
The total computation time is 320s in this case.

TABLE I
SHORT-CIRCUIT SIMULATIONS TIME FOR 109 SAMPLING

FREQUENCIES(TEST CASE 2)

Test cases ncl = 2 ncl = 8 ncl = 24 Reference
Resolution time (s) 248.1 239.7 320.4 2344.9

Figure 17 shows the impedance magnitudes curve computed
for the open-circuit case. Simulations were carried out with
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Fig. 14. Impedance magnitude curves for the test case 2 (short-circuit mode)
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Fig. 15. Comparison of GMRES convergence rates at f = 1E6Hz

the same mesh and with ncl = 16 clusters. RLM-C equivalent
circuit is built at 23.11Mhz. The results obtained and the
reference results are very close, but the proposed model has
gained a lot in terms of resolution time. With 109 sampling
frequencies, we only need 293s against 2516s for the reference
formulation.
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Fig. 16. Comparison of GMRES convergence rates at f = 3E7Hz
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Fig. 17. Impedance magnitude curves for test case 2 (open-circuit mode)

C. Test case 3

Two previous examples have validated the coupling model
with the use of the PEEC thin shell formulation [36]. We
aim here to test it for the volume formulation. We consider a
micro-coil [12] whose geometry is shown in Figure 18. In this
example, the inductive-resistive circuit has been built using the
PEEC volume formulation [11].

Fig. 18. Micro-coil with 3 spires [12]

The numerical results are shown in Figures 19 and 20. The
mesh contains 4,822 tetrahedrons including 3,552 triangles
on the surface associated to 7,451 circuit branches. The
circuit analysis provide 2,838 independent loops and 2,871
degrees of freedom for the final matrix system. The number
of obtained clusters in our test is ncl = 12. We obtained an
excellent result close to the reference result. The resolution
time for 41 sampling frequencies is 1156s (clustering: 0.5s
and capacitances computation : 14.1s) while 4356s are needed
for the complete formulation.

VI. CONCLUSION

This paper presents a new automatic strategy to build
a complete RLM-C circuit based on the PEEC inductive-
resistive circuit and on set of lumped capacitances calculated
independently from an electrostatic integral formulation. The
results obtained by the proposed method show a very good
correlation with the complete PEEC method but the resolutions
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Fig. 20. Impedance phase depending on the frequency

converge much faster. Of course, this model is not applicable
at high frequency (e.g. λ/D << 10) but is very interesting
in the case of problem with important inductive and resistive
effects but where capacitive effects cannot be neglected. As
discussed in the paper, some additional work remains to be
done to make this model more effective. The most important
thing is developments for the construction of the mesh adapted
to the electrostatic problem, especially with the presence of
dielectric materials with high permittivity.
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