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Because of bright starlight leakage in coronagraphic raw images, faint astrophysical objects such as exoplanets can only be detected using powerful point spread function (PSF) subtraction algorithms. However, these algorithms have strong effects on faint objects of interest, and often prevent precise spectroscopic analysis and scattering property measurements of circumstellar disks. For this reason, PSF-subtraction effects is currently the main limitations to the precise characterization of exoplanetary dust with scattered-light imaging.

Forward modeling techniques have long been developed for point source objects (Pueyo 2016). However, Forward Modeling with disks is complicated by the fact that the disk cannot be simplified using a simple point source convolved by the PSF as the astrophysical model; all hypothetical disk morphologies must be explored to understand the subtle and non-linear effects of the PSF subtraction algorithm on the shape and local geometry of these systems. Because of their complex geometries, the forward-modeling process has to be repeated tens or hundred of thousands of times on disks with slightly different physical properties. All of these geometries are then compared to the PSF-subtracted image of the data, within an MCMC or a Chi-square wrapper.

In this paper, we present here DiskFM, a new open-source algorithm included in the PSF subtraction algorithms package pyKLIP. This code allows to produce fast forward-modeling for a variety of observation strategies (ADI, SDI, ADI+SDI, RDI). pyKLIP has already been used for SPHERE/IRDIS and GPI data. It is readily available on all instruments supported by pyKLIP (SPHERE/IFS, SCExAO/CHARIS), and can be quickly adapted for other coronagraphic instruments.

INTRODUCTION

The main challenge of direct imaging of exoplanets and disks is the large flux ratios between faint circumstellar objects and their host stars. Recent progress has been achieved with the combination of extreme-adaptive optics systems with state-of-the-art coronagraphs in the latest generation of ground-based instruments: VLT/SPHERE, 1 Gemini/GPI 2 and Subaru/SCExAO. [START_REF] Jovanovic | The Subaru Coronagraphic Extreme Adaptive Optics System: Enabling High-Contrast Imaging on Solar-System Scales[END_REF][START_REF] Lozi | SCExAO, an instrument with a dual purpose: perform cutting-edge science and develop new technologies[END_REF] Great improvements to the final performance in contrast have also been achieved by the development of observation strategies and of a posteriori image treatment algorithms to subtract the point spread function (PSF) of the star in coronagraphic images.

These algorithms are based on the assembly of a library of PSF references. For each science frames, a linear combination of the PSFs in the library can then extracted to fit and subtract the stellar speckles. Several techniques have been designed to assemble a PSF library. In some cases, the collection of reference images can sometimes be obtained using observations of calibration stars with no known circumstellar companion (Reference Differential Imaging; hereafter RDI). This technique is favored for very stable PSFs (e.g. from space HST/STIS or HST/NICMOS) because the reference calibration star must be observed at a different time. However, for Ground-based telescopes in Near-IR, rapid atmospheric turbulence often makes this observation strategy risky and less effective (with the possible exception of very large reference PSF libraries). Observation strategies have then been developed using a a priori known difference during the observation between the faint astrophysical objects that we seek to detect (disk or exoplanet) and the frame attached to the star residuals (speckles). Each image can then be alternatively treated as a science frame or included in the reference library for other frames in the sequence. Among these techniques, we can cite Angular Differential Imaging (ADI [START_REF] Marois | Angular differential imaging: A powerful high-contrast imaging technique[END_REF] ), which uses the azimuthal motion of the astrophysical signal with respect to the speckles and Spectral Differential Imaging (SDI [START_REF] Racine | Speckle noise and the detection of faint companions[END_REF] ), which uses the radial motion of the astrophysical signal with respect to the speckles, for example in the case of Integral Field Spectrometers (IFS). Finally, some techniques use the inherent properties of the incoming light of the potential astrophysical objects, such as Polarisation Differential Imaging (PDI [START_REF] Kuhn | Imaging polarimetric observations of a new circumstellar disk system[END_REF] ) or Coherent Differential Imaging (CDI 8 ).

Once these libraries have been assembled, several algorithms were designed to create an idela PSF to fit and subtract in the science frame. From the initial algorithms classical ADI (cADI [START_REF] Marois | Angular differential imaging: A powerful high-contrast imaging technique[END_REF] ), Locally Optimized Combination of Images (LOCI [START_REF] Lafreniere | A new algorithm for point-spread function subtraction in high-contrast imaging: A demonstration with angular differential imaging[END_REF] ) and the principal component algorithm (PCA [START_REF] Quanz | PYNPOINT: an image processing package for finding exoplanets[END_REF] ) also called Karhunen-Loève Image Processing (KLIP [START_REF] Soummer | Detection and characterization of exoplanets and disks using projections on karhunen-loève eigenimages[END_REF] ), several optimizations have been proposed, for example adapting the size of the reduction zones [START_REF] Marois | TLOCI: A fully loaded speckle killing machine[END_REF] or changing how linear components are selected. [START_REF] Gomez Gonzalez | Low-rank plus sparse decomposition for exoplanet detection in direct-imaging ADI sequences. the LLSG algorithm[END_REF] Other methods have been developed which use prior knowledge on the speckle noise distribution (e.g. MEDUSAE [START_REF] Ygouf | Simultaneous exoplanet detection and instrument aberration retrieval in multispectral coronagraphic imaging[END_REF] or PACO [START_REF] Flasseur | Exoplanet detection in angular differential imaging by statistical learning of the nonstationary patch covariances. the PACO algorithm[END_REF] ) to separate them from the planet. However, speckle subtraction algorithms create distortion of the astrophysical signal caused by either the aggressive subtraction of the object mistaken for speckle noise (over-subtraction) or, when the planet or disk is present in the library (ADI, SDI), due to the object subtracting itself (self-subtraction). This is a problem not only in the context of a detection, but also for the analysis of a system, because the astrometry (for a planet) or shape (for a disk) and photometry of the object can be altered. Pueyo (2016) [START_REF] Pueyo | Detection and characterization of exoplanets using projections on karhunen loeve eigenimages: Forward modeling[END_REF] derived a second order approximation of the self-subtraction for KLIP, called forward modelling (FM). This has since been applied in the context of Match Filter [START_REF] Ruffio | Improving and assessing planet sensitivity of the GPI exoplanet survey with a forward model matched filter[END_REF] to consistently look for planets on large sets of data. However, all of these algorithms have mainly been applied to planet detection and characterization and not for circumstellar disks.

In this paper, we present a KLIP-FM-based algorithm developed specifically for disks, DiskFM. This algorithm was successfully used to analyze the HR 4796 A disk for GPI and SPHERE/IRDIS data. [START_REF] Chen | Multiband GPI imaging of the HR 4796a debris disk[END_REF][START_REF] Arriaga | Multiband polarimetric imaging of HR 4796a with the gemini planet imager[END_REF] This algorithm is now publicly available, included in the python based pyKLIP * package. [START_REF] Wang | pyKLIP: PSF Subtraction for Exoplanets and Disks[END_REF] This package has been originally designed to be multi-instrument and most features (including DiskFM) are readily available for GPI, SPHERE, SCExAO coronagraphic instruments.

In Section 2, we will recall the specific challenges of PSF-subtraction techniques in the context of circumstellar disks. These specific challenges makes this kind of approach very costly in computer time and resources. We describe in Section 3 the implementation of DiskFM and the choices that were made to optimize the disk forwardmodeling. The cost in computer time and resources is probably one of the reasons than almost none of the PSF-subtraction algorithms available have tried to show their performance on a large range of injected disk geometries or reduction parameters, which is fairly common for exoplanets. In Section 4, we will test DiskFM on 5 different simulated disks with two different observation methods (ADI/RDI) and three different reduction parameters for each.

PURPOSE OF DISKFM: IMPACT OF PSF-SUBTRACTION ALGORITHMS ON EXTENDED STRUCTURES

Circumstellar (protoplanetary and debris) disks are significantly harder to analyze in the context of PSF subtraction for two reasons: 1. their extended shape makes them extremely sensitive to the ADI/SDI self-subtraction effect, and 2. their complex structures require a large number of parameters (∼ 10) to be accurately modelled. Bottom: DiskFM Forward Models in RDI and ADI modes. Left: KLIP/RDI, only the effect of over-subtraction is impacting the disk. This is most critical for disks with parts in zones with high speckle noise (TWA 7 and small separation regions of HR 4796 A). Right: KLIP/ADI, both the over-subtraction and self-subtraction effects are impacting the disk. The effect is present at all separations and for all geometries. In the case of face-on disks (TWA 7 or HD 181327), self-subtraction due to KLIP/ADI (not shown here) would often prevent detection.

Because disks are extended structures, they are very sensitive to the effect of PSF-subtraction algorithms (over-and self-subtraction). First, planets are very specifically localized in the focal plane, and often a specific set of reduction parameters can be chosen to optimize the signal to noise of the detected candidate once identified, depending on their separation to the host star and photometry. On the other hand, disks often extend at large and small separations and their photometry is locally dependent with often a ratio of a few tens from the brightest and faintest regions of the disk. Second, in the case of ADI and SDI, the astrophysical object itself is in the PSF library, which leads to self-subtraction. In the case of planet, this can be minimized, for example by using an exclusion parameter ensuring that the planet position in the Reference Library frames is distant enough from the planet in the science frames. However, when the astrophysical object is widely extended in the focal plane, exclusion parameters are not as effective and self-subtraction is very significant. Disk analysis without carefully taking into account the effect of self-subtraction has already lead to the publication of nonexistent structures (e.g. the 'streamers' of HR 4796 A 21 were later found to be the effect of self-subtraction [START_REF] Milli | Impact of angular differential imaging on circumstellar disk images[END_REF] ). In the worst cases, face-on disks are totally self-subtracted and cannot be detected. This was particularly clear in the GPI disk survey analysis [START_REF] Esposito | Debris disk results from the gemini planet imager exoplanet survey\textquotesingles polarimetric imaging campaign[END_REF] where out of 26 detected disks, all of the disks with low inclination (i ¡ 70°) are detected only in polarized intensity (PDI reduction) and not in total intensity (ADI reduction). Effects of over-subtraction (in RDI and ADI/SDI cases) or self-subtraction (only in ADI/SDI cases) are shown for a different disk geometries in Fig. 1.

PSF-subtraction effects are currently one the main limitations to the precise characterization of exoplanetary dust with scattered-light imaging. Geometrical disk parameters are affected but can sometimes be extracted at a lower precision directly from the self-subtracted image. However, limitations due to self-subtraction become extremely clear when we try to analyze more subtle properties. Indeed, the absolute photometry (and therefore spectroscopy) or local variations of the photometry as a function of the observing angle cannot be reliably extracted in a self-subtracted disk image. Scattering phase functions (SPFs), linking the scattering properties of the dust to the angle of observation, have long been acknowledged as a unique tool for accessing the size, composition and shape of the grains 24 in solar system or exoplanetary dust.

The first approach to remedy this problem is to use conservative reduction parameters (as opposed to aggressive in the case of planet): [START_REF] Thalmann | Imaging of a transitional disk gap in reflected light: Indications of planet formation around the young solar analog LkCa 15[END_REF] large optimization regions or full frame reduction instead of locally optimized subtraction and/or the selection of only the first PCA modes (hereafter KL modes) in PCA/KLIP (3-10 compared to a few tens in the case of planets). However, this non-aggressive approach leaves a lot of speckle noise in the images, which also impacts the disk analysis. Other approaches have included masking the disk in the library to minimize self-subtraction [START_REF] Milli | Near-infrared scattered light properties of the HR 4796 a dust ring. a measured scattering phase function from 13.6°to 166.6[END_REF][START_REF] Perrin | Polarimetry with the gemini planet imager: Methods, performance at first light, and the circumstellar ring around HR 4796a[END_REF] at the expense of Signal-to-Noise. Unfortunately, this is only possible for certain specific disk geometries and only minimizes self-subtraction rather than prevent it.

Several authors have directly analyzed the effects of over-subtraction and self-subtraction on disks depending on their geometries, as in Milli et al. (2012) [START_REF] Milli | Impact of angular differential imaging on circumstellar disk images[END_REF] for KLIP/PCA and Esposito et al. (2014) [START_REF] Esposito | Modeling self-subtraction in angular differential imaging: Application to the HD 32297 debris disk[END_REF] for LOCI. Finally, Pueyo (2016) [START_REF] Pueyo | Detection and characterization of exoplanets using projections on karhunen loeve eigenimages: Forward modeling[END_REF] analytically measured the effect of KLIP on astrophysical objects for the first 3 terms of the derivation which allowed for generalized and precise forward-modeling. However, producing a FM on an extended disk can be time consuming.

Early uses of this technique for disks as in Mazoyer et al. (2014) [START_REF] Mazoyer | Is the HD 15115 inner disk really asymmetrical?[END_REF] included the determination of the structure of a disk by geometrical analysis to produce a single forward model from a fiducial model. We then analyzed the "photometric" correction to be applied based on the ratio of the fiducial model divided by its FM. However, this approach assumed 1) that geometric and photometric properties of the disks are independent of each other, and 2)that the self-subtraction is identical for all disks of a given geometry. Both of these assumptions have proven to be wrong for a precise analysis.

By definition, self-subtraction is the effect of the disk on itself and bright parts of the disk will have more impact than faint parts of the disk. Therefore, the photometry of the disk also impacts the FM. We conclude that we need to know the best disk model to measure the exact impact of the disk on itself. For this problem, the exploration of a large portion of the parameter space using a Chi-square or Markov chain Monte Carlo (MCMC) analysis is well suited. This is the approach of this paper.

Another interesting approach, presented in Pairet et al. (2018), [START_REF] Pairet | Reference-less algorithm for circumstellar disks imaging[END_REF] is the subtraction of the model in the library directly before doing a more classical ADI. By iterating, the algorithm slowly removes the disk in the library and minimize self-subtraction. This is currently very slow, but most likely improvable. Another approach taken involves the selection of the modes in a Non-negative Matrix Factorization reduction (NMF [START_REF] Gonzalez | VIP: Vortex image processing package for high-contrast direct imaging[END_REF] ). Ren et al. (2018) [START_REF] Ren | Non-negative matrix factorization: Robust extraction of extended structures[END_REF] shows that there is a specific decomposition of the PSF on the PSF library that minimizes the impact of over-fitting the disk in RDI. A recent improvement [START_REF] Ren | Using data imputation for signal separation in high-contrast imaging[END_REF] of this algorithm shows its impressive performance in ADI+SDI+RDI to recover the disk image with theoretically negligible alteration of circumstellar sources.

Even assuming that we can find a method that removes all speckles noise and leaves the disk perfectly intact, we argue that we need a careful exploration of large portions of the parameter space. Indeed, geometric parameters and local photometry (i.e. SPF) are not independent. Most notably, the disk stellar offset can have an impact on the local photometry of the disk in scattered light (pericenter glow) and recent work [START_REF] Olofsson | The challenge of measuring the phase function of debris discs. Application to HR 4796 A[END_REF] has shown that vertical thickness of debris disks can affect the determination of their SPFs (for disks with inclinations larger than 60°, which are the majority of disks detected from the ground). Therefore, the method we use in this paper is a careful identification of the biases introduced by KLIP/ADI and KLIP/RDI using KLIP-FM formalism optimized in speed and efficiency in order to be included in an MCMC wrapper.

IMPLEMENTATION DETAILS

The exact analytical description of the KLIP-FM code can be found in Pueyo (2016). [START_REF] Pueyo | Detection and characterization of exoplanets using projections on karhunen loeve eigenimages: Forward modeling[END_REF] We used the same algorithm as for a planet, already coded in pyKLIP. As noted in Pueyo (2016), "in practice FMing with disks is complicated by the fact that [they] cannot be simplified using a simple PSF as the astrophysical model: every hypothetical disk morphology must be explored". Indeed, because of their complex geometries, the calculation of the FM has to be repeated many times on disks with slightly different parameters. All of these geometries are then compared to the reduced image of the data, within an MCMC or a Chi-square wrapper. Once measured for a set of reduction parameters, the Karhunen-Loève (KL) basis does not change and can be saved in a file.

For a new disk model, the forward-modeling is therefore only an array reformatting and a matrix multiplication, which can be optimized for calculation in a few seconds. This is the main purpose of the DiskFM code. The FM is calculated once and the KL basis is saved in a Hierarchical Data Format (HDF5) ".h5" file. The user can later load this file and recalculate a FM in a few seconds only. In previous versions, only the KL coefficients were saved, not the initial data set itself (input images). This was problematic because the same KL coefficients could be used with slightly different datasets (such as the order of the frames not being identical), providing incorrect FMs. We recently updated the code, and all the information necessary is now saved inside the HDF5 file, including initial frames and reduction parameters. As a result, only the HDF5 file and a new model are necessary to produce a FM in the same conditions after an initial reduction is performed.

A DiskFM tutorial can be found on the pyKLIP page † . DiskFM currently only supports KLIP/ADI, KLIP/SDI, KLIP/ADI+SDI and KLIP/RDI reductions (but currently not KLIP RDI+ADI/SDI or non-KLIP reduction methods). DiskFM has currently been used for SPHERE/IRDIS data, GPI IFS mode data [START_REF] Chen | Multiband GPI imaging of the HR 4796a debris disk[END_REF] and GPI pol mode data. [START_REF] Arriaga | Multiband polarimetric imaging of HR 4796a with the gemini planet imager[END_REF] pyKLIP supports data from various instruments and DiskFM should work without change with SPHERE/IFS and SCEXAO/CHARIS. [START_REF] Groff | First light of the CHARIS high-contrast integral-field spectrograph[END_REF] A main goal has been to optimize the speed of this algorithm for ADI or RDI so that it can be incorporated in an MCMC or Chi-square wrapper. DiskFM only provides the tools to do the forward modeling and does not include disk modeling tools or an MCMC wrapper. For the latest version, the one used by the author using emcee package 36 is freely available online ‡ . Time estimation of DiskFM is complicated to extrapolate for every scenario because it is heavily dependent on the number of pixels in your science frame (which drives the FM matrix size) as well as the number of science frames in your sequence (and of course, computer capability of the user). One is encouraged to limit the measurement to zones where the disk has been detected using pyKLIP inner working angle and outer angle working parameters. Binning the science frame can also be used to decrease computation time. In all of the cases, we applied (ADI and RDI reduction for extended disks in normal science sequence for SPHERE and GPI), the FM measurement has been shorter or comparable to the time necessary to produce our disk model with a simple geometric code with no physical dust grain scattering model. [START_REF] Millar-Blanchaer | Imaging an 80 au radius dust ring around the f5v star HD 157587[END_REF] This means that the FM usually, at worse, doubles the time required to explore the parameter space.

If you input multi-wavelength dataset (e.g. IFS cubes sequences) and model, DiskFM will produce a multiwavelength FM. Multi-wavelength disk FM is long because it usually involves many science frames (it can take up to a few tens of seconds to minutes for a single FM depending on the number of wavelengths and frames in the sequence). Therefore, we do not recommend to use this in an MCMC wrapper exploring all parameters at all wavelengths. If one wants to do disk spectroscopy using this method we recommend:

1. Stack each IFS cubes in a single larger bandwidth frame.

2. Fit the best model, treating the stacked frames as a single-wavelength sequence.

3. Duplicate your best model to create a multi-wavelength cube.

4. Use this model in DiskFM to create a multi-wavelength FM corresponding to the initial IFS cubes sequence.

Finally only adjust the photometry in each of the IFS sub-wavelength.

This method assumes that in within an IFS bandwidth, all parameters (disks geometry and SPFs) remain constant and that only the photometry varies. This also relies on the assumption that the FM is a linear function of the total photometry. This linearity assumption, also used for planets, [START_REF] Pueyo | Detection and characterization of exoplanets using projections on karhunen loeve eigenimages: Forward modeling[END_REF] has been verified for disks with DiskFM. We did not show any DiskFM performance tests on disk spectroscopy in this paper.

PERFORMANCE OF DISKFM

In this section we show performance of this code. We used a common approach to test and show performance in planet detection algorithms: inject a disk in an empty sequence and try to recover its parameter with the smallest error bars. With this method tested DiskDM in 30 different cases: different geometries (3), different photometries (one "bright" and one "faint"), different observation modes (ADI and RDI) and finally different reduction parameters (conservative to aggressive).

Description of the test method

We chose 3 well known disks with different geometries to illustrate the performance of the code (see our models Fig. 1, top line):

• the almost face-on HD 181327 [START_REF] Schneider | Discovery of an 86 AU radius debris ring around HD 181327[END_REF] (i ∼ 30°), currently undetected from the ground, probably partly due of ADI self-subtraction.

• the almost edge-on HD 32297 [START_REF] Schneider | Discovery of a Nearly Edge-on Disk around HD 32297[END_REF] (i ∼ 88°), with a very high signal-to-noise ratio, which makes it very sensitive to self-subtraction

• the iconic HR 4796 A 40 (i ∼ 77°), with a unique projected radius and inclination which allow the precise analysis of the SPF, both in polarized and total intensity.

Create a realistic data set

To create realistic sets of data, we used a long GPI H-Spec observational sequence with 56 observations over an hour (60 seconds each) with a large range of parallactic angles (∆PA = 85.4°). The sequence was obtained with GPI, using the star HD 48525, on January 28 th , 2018, and does not contain any astrophysical signal to the best of our knowledge (hereafter "empty sequence"). We cut this sequence in 2 (28 frames in each group, 60 seconds each). The first sequence was used as the "science observation" sequence (28 frames, ∆PA = 59.4°) in which we injected the modeled disks, the second was used as a reference sequence (28 frames). This allowed us to simulate both ADI and RDI reductions for each of our modeled disks.

Each GPI-Spec observation includes four satellite spots. [START_REF] Wang | Gemini planet imager observational calibrations VIII: characterization and role of satellite spots[END_REF] We approximated the PSF during each observation by averaging the images of the four satellite spots to increase the SNR. This PSF was used to convolve all of the modelled disks before injecting them in the sequence.

For RDI, we use 3 KL modes from conservative to aggressive (KL# 5, KL# 10, KL# 20). For ADI we also used 3 KL modes from conservative to aggressive (KL#5, KL# 10, KL# 20), except for the ADI reduction of the face-on disk HD 181327 where we tried to stay as conservative as possible (KL# 1, KL# 3, KL# 5) in order to detect the disk in spite of self-subtraction. The exclusion angle parameter (minimum angle between the disk in the science frame and the disks in the PSF library) was set to 6°. We did a full frame reduction and did not introduce smaller reduction zones in this work. Our goal for this test is to show that DiskFM associated in an MCMC wrapper can accurately recover the injected parameters to within 1σ of the values assumed.

Description of the injected model disks

For these 3 disks we simulate a realistic model using the method described in Millar-Blanchaer et al. (2016) [START_REF] Millar-Blanchaer | Imaging an 80 au radius dust ring around the f5v star HD 157587[END_REF] This code, used both to model our injected disks and to recover them, is a three-dimensional dust density model described by a radial power law, a Gaussian height profile, and a constant aspect ratio (that we set here at 1%). Optically thin scattering is assumed and a 2 component Henyey-Greenstein (HG) function is used as the SPF:

SP F g1,g2,α (θ) = αHG g1 (θ) + (1 -α)HG g2 (θ) (1)
where HG g is the one component HG function of parameter g. We use zodiacal dust parameters measured by Hong (1985): 42 g1 = 0.7, g2 = -0.2 and the weighting parameter α = 0.66. This SPF is plotted in Fig. 2 (red dash-dotted lines) and is representative of the SPF currently observed for most debris disks. [START_REF] Hughes | Debris disks: Structure, composition, and variability[END_REF] This SPF is normalized at 90°(disk ansae), and we multiply the disk by an "absolute photometry" parameter N . We use an inner (R1) and outer radius of the disk (R2). The dust density decreases with a slope β out between these 2 radii. Inside R1, the dust density decreases with a slope β in . We introduce stellar positional offsets, dx (along the minor axis measured in au in the disk plane) dy (along the major axis measured in au in the disk plane). Finally, we complete our model by including two observation parameters, inclination i and position angle P A.

We used reasonable parameter values found in the recent literature for each disk. [START_REF] Chen | Multiband GPI imaging of the HR 4796a debris disk[END_REF][START_REF] Stark | Revealing asymmetries in the HD 181327 debris disk: A recent massive collision or interstellar medium warping[END_REF][START_REF] Duchêne | The gemini planet imager view of the HD 32297 debris disk[END_REF] The value sets for these parameters (hereafter injected disk "True" parameters) for each disks can be found in the bottom lines of Tables 1, 2 and 3. The resulting models (after convolution by the PSF os the instrument) can be found in Fig. 1 (top line). Range of scattering angles that we can probe, depending on the inclination of the observed disk. Scattering information outside of this range cannot be accessed. For some disks (HD 32297 here), other constraints can limit the SPF retrieval, such as parts of the disk that are behind the focal plane mask (FPM) or on the back side of the disk, which is masked by the front side of the disk for this high inclination.

For the face-on disk HD 181327, we had little hope to recover the disk in the ADI-reduced data and the analysis was mainly focused on RDI reduction analysis. Because over-subtraction (the only bias in RDI) does not depend on the disk signal, we only introduced the disk at a single absolute photometry: hereafter HD 181327-like disk. Additionally, because of the low inclination, we did not expect to extract much information from the SPF: the range of scattering angles that we can probe depends on the inclination of the observed disk and is very small for i = 30°(see orange dotted vertical lines in Fig. 2). Therefore, we fixed the SPF parameters and only attempted to recover 9 parameters (R1, R2, β in , β out , i, P A, dx, dy and N ).

For the 2 other disks (HR 4796 A and HR 32297), we specifically wanted to test the effects of absolute photometry on self-subtraction, calculating the disk models at two different photometries, producing 4 different models: hereafter, "bright" HR 4796 A-like disk, "faint" HR 4796 A-like disk, "bright" HD 32297-like disk, "faint" HD 32297-like disk. For these disks we left 8 geometric parameters as free values (R1, R2, β out , i, P A, dx, dy, N ), as well as 3 free parameters for the SPF (g1, g2, α), for a total of 11 free parameters. β in was fixed because this was considered a difficult parameter to fit for high inclination disks.

In total, we produced 5 disks * 2 observation modes (ADI, RDI) * 3 parameter sets (3 different KL numbers) = 30 sequences reduced by KLIP to analyze with DiskFM in a Bayesian analysis to extract parameters.

Bayesian parameter estimation

The detailed process is described in Chen et al. (2020) [START_REF] Chen | Multiband GPI imaging of the HR 4796a debris disk[END_REF] and we will quickly recall the main features. For each sequence, we used Bayesian parameter estimation to derive the best fit values and the Posterior Distribution Functions (PDFs) of each parameters. We used the following steps:

1. We randomly pick a set of free parameters.

2. We generate a model image of the disk (Fig. 3, Top-Left) 3. We convolve the model with the PSF (Fig. 3, Bottom-Left) 4. We FM the convolved model using DiskFM to simulate the impact of the ADI/KLIP or RDI/KLIP on the model (Fig. 3, Top-Middle). 5. We measure a likelihood by comparing the FM to the reduced image (shown in Fig. 3, Bottom-Middle) by measuring:

χ 2 = (Data -F orwardM odel) 2 U ncertainty 2 (2) 
The uncertainty is measured with a technique described in Chen et al. (2020). [START_REF] Chen | Multiband GPI imaging of the HR 4796a debris disk[END_REF] Note that for step 3, the PSF is measured directly from the satellite spots, in GPI-Spec observations. However, the disk rotated onto the satellite spots in some exposures. As we would do in an analysis on real GPI data, we omitted the affected satellite spots from the PSF estimate to keep the PSF as accurate as possible. The resulting PSF is shown in a small vignette on the Bottom-Left of Fig. 3. For this reason, the PSF used in Step 3 above is slightly different from the one actually used to convolve the injected model. This was done purposefully to introduce a small source of error to the PSF and make it more realistic.

We performed these steps hundreds of thousands of times within an MCMC wrapper that maximizes e -χ 2 /2 until the chains converged, using the emcee package. [START_REF] Foreman-Mackey | emcee: The MCMC hammer[END_REF] We used 256 parallel walkers and removed some iterations during the burn-in phase. For this test, we used the "True" parameter value as initial points to reduced the burn-in phase. For each case, we ran 250 iterations for burn-in and then at least 1000 iterations. The priors were chosen flat and relatively large, centered around the "True" parameter values. Finally, we plot the residuals for the best model (Fig. 3, Top-Right), the SNR of the residuals (Fig. 3, Bottom-Right), as well as the Posterior Distribution Functions (Fig. 4). We derived uncertainties based on the 16 th (-1σ), 50 th (median value), and 84 th (+1σ) percentiles of the samples in the distributions (plotted as vertical lines in the corner plots). For each posterior, the parameter "True" value of the injected disk is over-plotted in red lines. We measure the performance of DiskFM for this sequence by its ability to recover the initial True value within 1σ. Finally, in Fig. 5, we show the injected SPF (red dashed line) and recovered SPF (green solid line). We draw 50 random SPFs from the MCMC sampler, after convergence of the MCMC, that we plot in green to estimate uncertainty.

For each of the 30 cases, we produced at least 256 walkers * (1250 iterations) = 320,000 (models + FM), which took less than 24h using 48 CPUs on one of Paris Observatory clusters (for a total of 10 million models + FM which took around 10 days).

Results

In the last section, we deliberately showed one of the case where DiskFM was not the most accurate: ADI reduction of the Faint HD 32297 like disk with KL 10 (slightly aggressive reduction). Fig. 3 shows that the disk is well recovered, the residuals do not show any residuals of the disk. Additionally, Fig. 4 shows that the MCMC has converged normally with Gaussian posteriors and that most parameters are recovered within 1σ. However, 5 parameters (R1, β out , P A, N and g2 have not been recovered). For some of these parameters, we can probably blame the geometry of the disk: the parameter g2 is describing the SPF in the back side of the disk. Because of the very high inclination of this disk, the front and back sides of the disk are closer than the resolution of the telescope. As a result, most of the information on the back side of the disk is lost during observation (see disk convolved by the telescope PSF in Fig. 3, bottom left). Fig. 4) shows that the SPF of the disk has been well retrieved in the front side of the disk. Other parameters, like the inner radius R1, should have been recovered despite the challenging geometry: the recovered value found R1 = 69.15 + 0.53/ -0.61 au, therefore the "True" value (70.0 au) is 1.6 σ away from the recovered value. This shows that DiskFM is producing slightly narrow error bars for this geometry, brightness, reduction method and set of reduction parameters. In Annex A, we show some of the best and worst results of our tests. In this section we gathered the results in Tables 1 to 3. Each cell of these tables shows the recovered value with 1σ error bars. The true values are recalled at the bottom of each table.

The disk was detected in all but two instances, for the almost face-on HD 181327-like disk in ADI, with KL numbers equal to 3 and 5 (black lines in Table 1). This is not surprising, as self-subtraction is an expected effect of ADI. The MCMC returned random flat posteriors. In two other instances, the face-on HD 181327-like disk in ADI (with KL# 1) and the "faint" HD 32297 like disk RDI (with KL# 5), the disk was barely detected by visual inspection but not constrained by the MCMC (flat posterior or posterior stacked against one of the prior limit). For the face-on HD 181327-like disk with ADI KL# 1, this is for the same reason as previously described (self-subtraction heavily impacts face-one disks). This detection is shown in Fig. 6 in the Appendix. For the "faint" HD 32297-like disk with RDI KL# 5, we can assume that the KLIP/RDI with conservative reduction parameters does not remove enough speckles to analyze the disk properly. We note that for more aggressive reduction parameters, at least some parameters of the disk are well constrained.

Apart from these 4 sequences, we categorized the estimation of the other parameters in 4 categories: good fit ("True" value within 1σ, green), medium fit ("True" value within 2σ, yellow), bad fit ("True" value within 3σ, orange), dreadful situation ("True" value larger than 3σ, red) and parameter unconstrained (grey). This last category corresponds to flat posteriors or posteriors constrained in only one direction. In practice, finding an unconstrained parameter would warrant re-running the MCMC using a simpler model where this parameter is fixed or constrained with a more narrow prior. Note that unconstrained results are a lot less worrisome than well-converged parameters with estimated values different from "True" value by more than 3σ results (red) which would lead to publications of errors on these parameters. This is fortunately very rare.

In practice, these kinds of "inject and recover" tests should be done in most studies to test, for a given disk, what is the best course of action, as this process is done for point sources in planet studies. We can only give broad guidelines that will help DiskFM users to make first guesses at the method or aggressiveness to analyze their own data:

• ADI is not well suited for face-on disks, as expected.

• Some parameters are extremely difficult to recover, like one of the offsets in the HD 181327-like disk or the g2 parameter in the HD 32297-like disk. For these kinds of parameters, we can speculate if we could recover them in an ideal post-processing case or if this information is already unrecoverable because of telescope resolution. A good test would be to try to extract these parameters directly from a convolved model.

• For ADI, the best reduction is almost always the most conservative. In all cases but one, the best reduction is the most conservative reduction (low KL number) parameters. • ADI gives better results on faint disks than on bright disks. We suspect that self-subtraction more heavily impacts bright disks. For these bright disks, RDI could be a better option in some cases.

• DiskFM currently gives under-estimated error bars in some cases. This could be fixed by slightly increasing the noise levels (the method we currently used assumes speckle noise distribution to be Gaussian in the uncertainty map, which is not accurate.) Note that a multiplication by 2 of all error bars (yellow cells would become green, orange and most reds would become yellow) would lead to much improved results of DiskFM. The estimation of a correct uncertainty map in coronagraphic images is not a problem specific to this algorithm nor to disk imaging 45 ).

Limits of this test study

In this section, we identify a few limits of this study. First, the initial setup of the RDI sequences could have biased these results. Because the reference library used for RDI uses images from the same observing sequence as the science sequence, the reconstructed reference PSF may have been too perfect. In practice, for Groundbased observations, References library are assemble using PSFs from different stars over a larger period of time.

Actual RDI sequences with Ground-based observations might be much more complicated by the fact that the PSF usually varies a lot depending on observing conditions.

From our own experience, [START_REF] Chen | Multiband GPI imaging of the HR 4796a debris disk[END_REF] we know that the quality of the PSF can have a huge impact on the quality of the fit. We tried to artificially slightly degrade our PSF, but in real cases, the difference between the measured PSF and the PSF used while modeling might be larger, leading to larger error bars. Once again, this is not a problem specific to DiskFM nor to disk imaging in general.

In these simple tests, the model science images were generated using the same modelling code that was used to simulate the disk during the MCMC retrievals, which ensured that the disk in the data could be modeled (the injected disk was within reach in our search). This is probably not the case in real data, where the disks are always more complicated than our simple models.

CONCLUSION

In conclusion, DiskFM is a powerful tool to extract physical parameters from a coronagraphic image of a disk in ADI, RDI or SDI. This proceeding shows that DiskFM can sometimes gives under-estimated error bars, which encourage us to estimate more carefully uncertainty maps. We encourage developers of other disk post-processing techniques to reproduce this analysis with their own methods. The planet imaging community is now organizing detection and characterization challenges § that could be imported in the circumstellar disk community, following the method that is shown in this paper, with the goal of aligning our metrics, and goals. 

Figure 1 .

 1 Figure 1. Impact of ADI and RDI on simulated debris disks. Top: Original disk (after convolution by telescope).Bottom: DiskFM Forward Models in RDI and ADI modes. Left: KLIP/RDI, only the effect of over-subtraction is impacting the disk. This is most critical for disks with parts in zones with high speckle noise (TWA 7 and small separation regions of HR 4796 A). Right: KLIP/ADI, both the over-subtraction and self-subtraction effects are impacting the disk. The effect is present at all separations and for all geometries. In the case of face-on disks (TWA 7 or HD 181327), self-subtraction due to KLIP/ADI (not shown here) would often prevent detection.

Figure 2 .

 2 Figure2. Range of scattering angles that we can probe, depending on the inclination of the observed disk. Scattering information outside of this range cannot be accessed. For some disks (HD 32297 here), other constraints can limit the SPF retrieval, such as parts of the disk that are behind the focal plane mask (FPM) or on the back side of the disk, which is masked by the front side of the disk for this high inclination.

Figure 3 .

 3 Figure 3. Best-fit model resulting from the MCMC for the "faint" HD 32297-like disk with ADI reduction and a KL# 10. (Top-Left) Best-fit model image; the red and green spots mark the position of the star and the disk pericenter, respectively. (Bottom-Left) Best-fit model image after convolution with an observed GPI PSF (shown in a small vignette at the Bottom-Left). (Top-Middle) Best-fit model image after convolution and FM to reproduce KLIP effect. (Bottom-Middle) Image showing the KLIP-ADI reduced dataset. (Top-Left) Residuals from the MCMC. (Bottom-Right) SNR of the residuals of the MCMC.

Figure 4 .

 4 Figure 4. MCMC posterior distributions recovered for the "faint" HD 32297-like disk with ADI reduction and 10 KL modes used. The diagonal histograms show the posterior distributions of each parameter marginalized over all other parameters.In each plot, the dashed lines show the 16 th , 50 th , and 84 th percentiles. The off-diagonal plots display the joint probability distributions with contour levels at the same percentiles. For each posterior, the parameter "true" value of the injected disk is over-plotted in red lines.

Figure 6 .

 6 Figure 6. Best and worst cases for HD 181327. Top: The disk is barely detected in ADI, even for the most conservative parameters (KL# 1). The best fit does not reproduce the data at all. Bottom: In Aggressive RDI, the disk is mostly extracted.

Figure 7 .

 7 Figure 7. Bright HR 4796 A-like disk, ADI reduction (KL# 10). SPF is recovered but important self-subtraction effects leave noticeable residuals.
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 1 1 Figure5. SPF injected into disk image (red dashed line) compared with the estimated phase function recovered from disk fitting (green solid line) for the "faint" HD 32297-like disk with ADI reduction and a 10 KL modes used. We draw 50 random SPFs from the MCMC sampler, after convergence of the MCMC, that we plot in green to estimate uncertainty. Results for the HD 181327-like disk. The best cases are RDI with 25 KL modes used (more aggressive).

	Faint	ADI										
	'HD											
		RDI										
		Reduction KL # 3 10 20 5	R1[au] 69.9 +/-0.2 69.7 +/-0.2 90 +2/-1 10.9 +/-0.8 88.36+/-0.03 47.64+/-0.02 -2 +1/-2 0.72 +/-0.12 66 +/-4 R2[au] βout i[°] PA[°] dx[au] dy[au] N[ADU] 90 +/-2 11.6 +/-0.9 88.38+/-0.06 47.64+/-0.03 -1 +/-2 0.74 +/-0.14 64 +/-4 Injected Faint HD 32297 ADI (KL#: 10) SPF Fiducial 'Zodiacal light' SPF (Hong et al. 1985) 69.7 +/-0.2 89 +/-1 10.5+0.8/-0.988.38+/-0.03 47.64+/-0.02 -1 +2/-1 0.75 +/-0.13 65 +/-4 SPF Recoreved After MCMC 70.4 +/-0.4 85 +5/-3 15 +/-3 88.4+/-0.1 47.61+/-0.06 -1 +/-3 0.5 +/-0.2 68 +/-10	g1 70 +2/-3 68 +/-1 68 +/-1 69 +4/-5	g2 -7 NC/-3 -14 +/-3 -16 +/-3 -6 NC/-2	α 69 +/-7 66 +/-1 66 +/-1 61 +/-4
		15	70.0 +/-0.7 84 +8/-4	15 +6/-7	88.3+/-0.1 47.61+/-0.08 -1 +4/-5	1.0 +/-0.4	70 +/-20	68 +4/-5	-7 NC/-2	68 +5/-4
		25	70.1 +/-0.6 84 +6/-3	14 +5/-6	88.3+/-0.1 47.61+/-0.08 -3 +/-4	0.8 +/-0.3 71 +19/-18	64 +/-5	-8 NC/-4	70 +5/-4
		Reduction KL # 3 10 20	70.0 R1[au] 70.0 +/-0.5 93 NC/-5 90.0 R2[au] 70.1 +/-0.4 91 +7 /-4 Normalized total intensity 70.0 +/-0.4 89 +6 /-3	12.4 βout 11 +/-2 12 +/-2 12 +/-2	88.3 i[°] 77.0 +/-0.3 26.6 +/-0.2 47.6 PA[°] 76.8 +/-0.2 26.7 +/-0.1 -1.8 +/-0.5 1.0 +/-0.3 -2.0 0.94 dx[au] dy[au] -2 +/-1 0.8 +/-0.4 76.8 +/-0.2 26.7 +/-0.1 -1.7 +/-0.5 1.1 +/-0.3	70 N[ADU] 21 +/-3 21 +/-2 21 +/-3	70 g1 66 +6/-7 71 +/-4 71 +/-4	-20 g2 -11 NC/-7 -20 +/-7 -18 +6/-7	66 α 55 +/-6 64 +/-3 62 +/-3
		5	67 +3 /-5	80 -6/NC	NC	72 +/-2	26 +/ 2	NC	NC	7 +4/-2	83 +/-8	NC	96 NC/-8
		15	67 +3/-4	83 +11/-7	16 +/-9	75 +/-1	25 +/ 1	-3 +5/-4	3 +3/-4	9 +5/-4	83 +/-7	NC	94 NC/-8
		25	67 +/-3 70.0	86 +9/-7 90.0	Behind FPM 13 +9/-7 12.4	75 +/-1 76.8	25 +/ 1 26.64	-3 +5/-4 HD 32297 Back Side 3 +/-4 -2.0 0.94	10 +6/-4 20	76 +/-7 70	NC -20	94 NC/-7 66+A22:O29
		Reduction KL #	R1[au]	R2[au]	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]	g1	g2	α
		3	70.0 +/-0.2 93 +/-4	12.0 +/-0.9 76.9 +/-0.1 26.67+/-0.07 -1.9 +/-0.3 0.8 +/-0.1 72 +4/-5	70 +/-2	-14 +/-4	62 +/-2
		10	69.9 +/-0.1 98 +2/-3 11.08+/-0.5 76.80+/-0.06 26.67+/-0.04 -2.0 +/-0.2 0.8 +/-0.1	73 +/-2	70 +/-1	-17 +/-2	64 +/-1
		20	69.7+/-0.1 98 +1/-3 11.08+/-0.4 76.81+/-0.06 26.71+/-0.04 -2.0 +/-0.2 0.8 +/-0.1	73 +/-2	68 +/-1	-17 +/-2	62 +/-1
		5 70.7+0.4/-0.5 80 +4/-1 22.0 +6/-9 76.0 +/-0.2 26.4+/-0.2 -2.2 +/-0.7 0.75 +/-0.25 76 +15/-20	65 +/-3	-10 NC/-6	76 +/-4
		15 70.3+0.5/-0.7 81 +7/-3	21 +6 /-9 76.2 +/-0.3 26.5+/-0.2 -2.3 +/-0.9 1.2 +/-0.4 72 +17/-22	72 +/-2	-22 +/-9	79 +/-3
		25 70.3+0.6/-0.7 83 +8/-4	20 +6 /-8 76.2 +/-0.3 26.5+/-0.2 -2.2 +/-0.9 1.1 +/-0.4 71 +17/-20	71 +/-2	-22 +/-9	80 +/-3
			70.0	90.0	12.4	76.8	26.64	-2.0	0.94	70	70	-20	66
		Reduction KL #	R1[au]	R2[au]	βin	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]	
		1	NC	NC	NC	NC	NC	NC	NC	NC	NC		x <1σ
		3	ND	ND	ND	ND	ND	ND	ND	ND	ND		1σ < x < 2σ
		5	ND	ND	ND	ND	ND	ND	ND	ND	ND		2σ < x < 3σ
		5	44 +1/-2	52 +2/-1	-8 +1/-2	8 +7/-4	32 +1/-1	98 +2/-3	0.2 +/-0.3 0.7 +/-0.4 98 +11/-13		x > 3σ
		15	42 +/-1	52 +/-1	-13 +3/-5	5 +3/-2	31 +/-1	104 +/-2	0.0 +/-0.3 1.1 +/-0.3 103 +11/-12		No converge
		25	43 +/-1	51 +/-1	-12 +2/-4	6 +4/-3	30 +/-1	104 +2/-2 -0.3 +/-0.3 1.1 +/-0.3 107 +11/-13		No detection
			45.0	52	-7	12.3	30.0	101.0	-0.9	1.37	100	

4796 like' disk ADI RDI Injected disk "true" parameters Injected disk "true" parameters Disk Type 'HR 181327 like' disk ADI RDITable 2 .

 2 Results for the HD 32297-like disks. The best cases are ADI KL# 3 (conservative) for the faint disk and RDI KL# 15 (relatively aggressive) for the bright disk.

	Disk Type	Reduction KL #	R1[au]	R2[au]	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]	g1	g2	α
				3	70.1 +/-0.6 89 +6/-4	13 + /-3 88.5 +/-0.2 47.7 +/-0.1	1 +5/-4	0.7 +/-0.4	17 +/-3	80 +7/-14 -8 +3 / -6	69 +/-7
	Faint 'HD 32297 like' disk	ADI RDI	10 20 5 15	69.2 +/-0.6 89 +5/-3 69.2 +/-0.6 89 +5/-3 NC NC 69 +/-3 81 +12/-7	10 + /-2 88.3 +/-0.1 47.7 +/-0.1 10 +2 /-3 88.3 +/-0.1 47.7 +/-0.1 NC NC NC NC 89 +3/-1 47.6+0.6/-0.5	-4 +/-4 -3 +/-4 NC NC	0.6 +/-0.4 0.6 +/-0.4 NC 2 +/-2	17 +/-3 17 +/-3 NC 15 +8/6	70 +/-3 71 +/-3 NC NC	-8 +5 / -7 -9 +5 / -7 NC NC	64 +/-3 64 +/-3 NC NC
				25	70 +/-2	84 NC/-7	NC	89 +2/-1	47.6 +/-0.4	NC	2 +/-2	16 +8/7	NC	NC	NC
	Injected disk "true" parameters	70.0	90.0	12.4	88.3	47.6	-2.0	0.94	20	70	-20	66
	Disk Type	Reduction KL #	R1[au]	R2[au]	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]	g1	g2	α
				3	69.9 +/-0.2	90 +/-2	11.6 +/-0.9 88.38+/-0.06 47.64+/-0.03 -1 +/-2 0.74 +/-0.14 64 +/-4	70 +2/-3	-7 NC/-3	69 +/-7
	Brigth 'HD 32297 like' disk	ADI RDI	10 20 5 15	69.7 +/-0.2 90 +2/-1 10.9 +/-0.8 88.36+/-0.03 47.64+/-0.02 -2 +1/-2 0.72 +/-0.12 66 +/-4 69.7 +/-0.2 89 +/-1 10.5+0.8/-0.988.38+/-0.03 47.64+/-0.02 -1 +2/-1 0.75 +/-0.13 65 +/-4 70.4 +/-0.4 85 +5/-3 15 +/-3 88.4+/-0.1 47.61+/-0.06 -1 +/-3 0.5 +/-0.2 68 +/-10 70.0 +/-0.7 84 +8/-4 15 +6/-7 88.3+/-0.1 47.61+/-0.08 -1 +4/-5 1.0 +/-0.4 70 +/-20	68 +/-1 68 +/-1 69 +4/-5 68 +4/-5	-14 +/-3 -16 +/-3 -6 NC/-2 -7 NC/-2	66 +/-1 66 +/-1 61 +/-4 68 +5/-4
				25	70.1 +/-0.6 84 +6/-3	14 +5/-6	88.3+/-0.1 47.61+/-0.08 -3 +/-4	0.8 +/-0.3 71 +19/-18	64 +/-5	-8 NC/-4	70 +5/-4
	Injected disk "true" parameters	70.0	90.0	12.4	88.3	47.6	-2.0	0.94	70	70	-20	66
	Disk Type	Reduction KL #	R1[au]	R2[au]	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]	g1	g2	α
				3	70.0 +/-0.5 93 NC/-5	11 +/-2	77.0 +/-0.3 26.6 +/-0.2	-2 +/-1	0.8 +/-0.4	21 +/-3	66 +6/-7	-11 NC/-7	55 +/-6
	'HR	Faint		10 20 5	70.1 +/-0.4 91 +7 /-4 70.0 +/-0.4 89 +6 /-3 67 +3 /-5 80 -6/NC	12 +/-2 12 +/-2 NC	76.8 +/-0.2 26.7 +/-0.1 -1.8 +/-0.5 1.0 +/-0.3 76.8 +/-0.2 26.7 +/-0.1 -1.7 +/-0.5 1.1 +/-0.3 72 +/-2 26 +/ 2 NC NC	21 +/-2 21 +/-3 7 +4/-2	71 +/-4 71 +/-4 83 +/-8	-20 +/-7 -18 +6/-7 NC	64 +/-3 62 +/-3 96 NC/-8
				15	67 +3/-4	83 +11/-7	16 +/-9	75 +/-1	25 +/ 1	-3 +5/-4	3 +3/-4	9 +5/-4	83 +/-7	NC	94 NC/-8
				25	67 +/-3	86 +9/-7	13 +9/-7	75 +/-1	25 +/ 1	-3 +5/-4	3 +/-4	10 +6/-4	76 +/-7	NC	94 NC/-7
	Injected disk "true" parameters	70.0	90.0	12.4	76.8	26.64	-2.0	0.94	20	70	-20	66+A22:O29
	Disk Type	Reduction KL #	R1[au]	R2[au]	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]	g1	g2	α
				3	70.0 +/-0.2 93 +/-4	12.0 +/-0.9 76.9 +/-0.1 26.67+/-0.07 -1.9 +/-0.3 0.8 +/-0.1 72 +4/-5	70 +/-2	-14 +/-4	62 +/-2
	Bright 'HR 4796 like' disk	ADI RDI	10 20 5 70.7+0.4/-0.5 80 +4/-1 22.0 +6/-9 76.0 +/-0.2 26.4+/-0.2 -2.2 +/-0.7 0.75 +/-0.25 76 +15/-20 69.9 +/-0.1 98 +2/-3 11.08+/-0.5 76.80+/-0.06 26.67+/-0.04 -2.0 +/-0.2 0.8 +/-0.1 73 +/-2 69.7+/-0.1 98 +1/-3 11.08+/-0.4 76.81+/-0.06 26.71+/-0.04 -2.0 +/-0.2 0.8 +/-0.1 73 +/-2 15 70.3+0.5/-0.7 81 +7/-3 21 +6 /-9 76.2 +/-0.3 26.5+/-0.2 -2.3 +/-0.9 1.2 +/-0.4 72 +17/-22	70 +/-1 68 +/-1 65 +/-3 72 +/-2	-17 +/-2 -17 +/-2 -10 NC/-6 -22 +/-9	64 +/-1 62 +/-1 76 +/-4 79 +/-3
				25 70.3+0.6/-0.7 83 +8/-4	20 +6 /-8 76.2 +/-0.3 26.5+/-0.2 -2.2 +/-0.9 1.1 +/-0.4 71 +17/-20	71 +/-2	-22 +/-9	80 +/-3
					70.0	90.0	12.4	76.8	26.64	-2.0	0.94	70	70	-20	66
			Reduction KL #	R1[au]	R2[au]	βin	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]
				1	NC	NC	NC	NC	NC	NC	NC	NC	NC	x <1σ
				3	ND	ND	ND	ND	ND	ND	ND	ND	ND	1σ < x < 2σ
				5	ND	ND	ND	ND	ND	ND	ND	ND	ND	2σ < x < 3σ
				5	44 +1/-2	52 +2/-1	-8 +1/-2	8 +7/-4	32 +1/-1	98 +2/-3	0.2 +/-0.3 0.7 +/-0.4 98 +11/-13	x > 3σ
				15	42 +/-1	52 +/-1	-13 +3/-5	5 +3/-2	31 +/-1	104 +/-2	0.0 +/-0.3 1.1 +/-0.3 103 +11/-12	No converge
				25	43 +/-1	51 +/-1	-12 +2/-4	6 +4/-3	30 +/-1	104 +2/-2 -0.3 +/-0.3 1.1 +/-0.3 107 +11/-13	No detection
					45.0	52	-7	12.3	30.0	101.0	-0.9	1.37	100

true" parameters Injected disk "true" parameters Disk Type 'HR 181327 like' disk ADI RDI Brigth 'HD 32297 like' disk Injected disk "true" parameters Disk Type Bright 'HR 4796 like' disk ADI RDI ADI RDI Injected disk "true" parameters Disk Type Faint 'HR 4796 like' disk ADI RDITable 3 .

 3 Results for the HR 4796 A-like disk. The best cases are ADI KL# 10 (relatively aggressive) for the faint disk and ADI KL# 3 (conservative) for the bright disk.

	Reduction KL #	R1[au]	R2[au]	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]	g1	g2	α
	3	70.0 +/-0.5 93 NC/-5	11 +/-2	77.0 +/-0.3 26.6 +/-0.2	-2 +/-1	0.8 +/-0.4	21 +/-3	66 +6/-7	-11 NC/-7	55 +/-6
	10	70.1 +/-0.4 91 +7 /-4	12 +/-2	76.8 +/-0.2 26.7 +/-0.1 -1.8 +/-0.5 1.0 +/-0.3	21 +/-2	71 +/-4	-20 +/-7	64 +/-3
	20	70.0 +/-0.4 89 +6 /-3	12 +/-2	76.8 +/-0.2 26.7 +/-0.1 -1.7 +/-0.5 1.1 +/-0.3	21 +/-3	71 +/-4	-18 +6/-7	62 +/-3
	5	67 +3 /-5	80 -6/NC	NC	72 +/-2	26 +/ 2	NC	NC	7 +4/-2	83 +/-8	NC	96 NC/-8
	15	67 +3/-4	83 +11/-7	16 +/-9	75 +/-1	25 +/ 1	-3 +5/-4	3 +3/-4	9 +5/-4	83 +/-7	NC	94 NC/-8
	25	67 +/-3	86 +9/-7	13 +9/-7	75 +/-1	25 +/ 1	-3 +5/-4	3 +/-4	10 +6/-4	76 +/-7	NC	94 NC/-7
		70.0	90.0	12.4	76.8	26.64	-2.0	0.94	20	70	-20	66
	Reduction KL #	R1[au]	R2[au]	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]	g1	g2	α
	3	70.0 +/-0.2 93 +/-4	12.0 +/-0.9 76.9 +/-0.1 26.67+/-0.07 -1.9 +/-0.3 0.8 +/-0.1 72 +4/-5	70 +/-2	-14 +/-4	62 +/-2
	10	69.9 +/-0.1 98 +2/-3 11.08+/-0.5 76.80+/-0.06 26.67+/-0.04 -2.0 +/-0.2 0.8 +/-0.1	73 +/-2	70 +/-1	-17 +/-2	64 +/-1
	20	69.7+/-0.1 98 +1/-3 11.08+/-0.4 76.81+/-0.06 26.71+/-0.04 -2.0 +/-0.2 0.8 +/-0.1	73 +/-2	68 +/-1	-17 +/-2	62 +/-1
	5 70.7+0.4/-0.5 80 +4/-1 22.0 +6/-9 76.0 +/-0.2 26.4+/-0.2 -2.2 +/-0.7 0.75 +/-0.25 76 +15/-20	65 +/-3	-10 NC/-6	76 +/-4
	15 70.3+0.5/-0.7 81 +7/-3	21 +6 /-9 76.2 +/-0.3 26.5+/-0.2 -2.3 +/-0.9 1.2 +/-0.4 72 +17/-22	72 +/-2	-22 +/-9	79 +/-3
	25 70.3+0.6/-0.7 83 +8/-4	20 +6 /-8 76.2 +/-0.3 26.5+/-0.2 -2.2 +/-0.9 1.1 +/-0.4 71 +17/-20	71 +/-2	-22 +/-9	80 +/-3
		70.0	90.0	12.4	76.8	26.64	-2.0	0.94	70	70	-20	66
	Reduction KL #	R1[au]	R2[au]	βin	βout	i[°]	PA[°]	dx[au]	dy[au]	N[ADU]		
	1	NC	NC	NC	NC	NC	NC	NC	NC	NC		x <1σ
	3	ND	ND	ND	ND	ND	ND	ND	ND	ND		1σ < x < 2σ
	5	ND	ND	ND	ND	ND	ND	ND	ND	ND		2σ < x < 3σ
	5	44 +1/-2	52 +2/-1	-8 +1/-2	8 +7/-4	32 +1/-1	98 +2/-3	0.2 +/-0.3 0.7 +/-0.4 98 +11/-13		x > 3σ
	15	42 +/-1	52 +/-1	-13 +3/-5	5 +3/-2	31 +/-1	104 +/-2	0.0 +/-0.3 1.1 +/-0.3 103 +11/-12		No converge
	25	43 +/-1	51 +/-1	-12 +2/-4	6 +4/-3	30 +/-1	104 +2/-2 -0.3 +/-0.3 1.1 +/-0.3 107 +11/-13		No detection
	Injected disk "	45.0	52	-7	12.3	30.0	101.0	-0.9	1.37	100		
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APPENDIX A. BEST AND WORST RESULTS OF DISKFM

This appendix shows some interesting DiskFM MCMC results. Fig. 6 shows results for HD 181327 in ADI and RDI. Fig 7 shows the difficult case of the bright HR 4796 A disk.